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Abstract

Recently, an AI model produced a proof showing that there exist an ϵ > 0 and arbi-
trarily large point sets P in the plane that contain at least |P|1+ϵ many point pairs of
distance 1. A refined exposition was subsequently given by Alon et al. [1]. This re-
sult refutes a conjecture of long standing. Its proof employs techniques from algebraic
number theory. Since this result illustrates unexpected AI capabilities, it seems desir-
able that even readers without a background in algebraic number theory should have
an opportunity to follow and evaluate the reasoning behind it. To this end, this paper
first reviews, in compact form and without proofs, the notions from algebraic number
theory and their properties, as they are used herein. Then it gives a compact version of
the proof in [1].
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1. Introduction

P. Erdős [2] raised the question how often the same distance can occur among n
points in the plane. An upper bound of O(n3/2) was proven and an upper bound of
O(n1+o(n)) was conjectured for many years. Quite recently, this conjecture was dis-
proven by an internal model at OpenAI that showed that there exist an ϵ > 0 and
arbitrarily large point sets P in the plane that contain at least |P|1+ϵ many point pairs of
distance 1.

This result is remarkable for at least two reasons. First, because it has been found
by an Artificial Intelligence, which raises questions about the intellectual capabilities
of current AI systems. And second, because the proof uses non-trivial results and
techniques from algebraic number theory, perhaps at the level of a two terms master
course on this topic.

Noga Alon et al. [1] presented a "human-digested, somewhat simplified and some-
what generalized" version of the AI proof, along with historical remarks and comments
on the novelty of some of the ideas used in the proof. Also included are the individual
views of nine experts in the field who provide valuable insight. Yet, it seems desirable
that even readers without a background in algebraic number theory should be enabled
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to see for themselves how the proof works, in order to evaluate and, perhaps, appreci-
ate, the reasoning behind it.

To this end, this paper first reviews the concepts from algebraic number theory
and their properties which are used in the proof, keeping the presentation as lean as
possible. For proofs one could consult, e.g., Lang [4] or Lorenz [5]. With these pre-
requisites in place the proof from [1] is re-formulated in compact and contiguous form.
The author acknowledges discussions with ChatGPT+.

2. Some facts from algebraic number theory

2.1. Number fields

A number field, K, is an extension of the field of rational numbers, Q, that is of
finite dimension n as a vector space over Q; dimension n is called the degree of K.
Then each element α of K is algebraic, i. e., it fulfills a polynomial equation

αm + qm−1α
m−1 + . . . q1α + q0 = 0

with m ≤ n and coefficients qi from Q. The polynomial f (X) = Xm + qm−1Xm−1 +

. . . q1X+q0 of smallest possible degree m for which this holds is the minimal polynomial
of α. The analogue of the ring of integers Z is the ring R of algebraic integers in K,
defined as the set of elements γ ∈ K satisfying

γm + zm−1γ
m−1 + . . . + z1γ + z0 = 0

with m ≤ n and coefficients zi from Z. Just as Q is the field of quotients from Z, every
element of K can be written as a quotient of two elements of R. See Figure 1.

2.2. Ideals

Arithmetic in R differs from what is known for Z. In general, prime numbers have
to be replaced with prime ideals. An integer ideal of the ring R is a subset A that
contains 0, is closed under addition, and multiplication with arbitrary elements from R.
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Figure 2: The decomposition of a prime number into prime ideals

Among them are the principal ideals (γ) = γ · R. Two ideals A,B can be multiplied as
follows

A · B := {a1b1 + . . . + arbr} where ai ∈ A, bi ∈ B and r ≥ 1.

An ideal A is said to be a divisor of B iff there exists an ideal C such that A · C = B.
holds. Since the ring R is a Dedekind ring, prime ideals are exactly the ideals without
proper divisors.

Surprisingly, the unique factorization into prime numbers known from Z carries
over to prime ideals P in R: Each ideal A different from zero has a unique decomposi-
tion

A = Pe1
1 · P

e2
2 . . .P

eg
g

with exponents ei. Of particular importance is the case where A equals a principal
ideal (p) generated in R by a prime number p from Z; then the exponents ei are called
ramification indices. If all of them have value 1 then p is said to be un-ramified in K,
If some of them are larger than 1 but none is divisible by p, prime p is called tamely
ramified in K. Moreover, if a prime number p is un-ramified and decomposed into n
different prime ideals in R, prime p is said to split completely in K. See Figure 2.

The set of integer ideals so far considered can be enlarged by fractional ideals.
They become integer ideals after multiplication with a suitable element of R. The
enlarged set of ideals forms the ideal group I(K) of K. Taken modulo the subgroup of
all principal ideals, the class group Cl (K) results, whose order h(k) is called the class
number of K. The ring R has unique prime number factorization if and only if h(K) = 1
holds, i.e., if all ideals of K are principal ideals.

2.3. Embeddings and Galois groups
A number field K of degree n has n different embeddings σi into the complex num-

bers C. Such an embedding is an injective map, compatible with the field operations,
that leaves each element of Q fixed. It is called real if σ(K) ⊂ R holds; otherwise it is
called complex. Complex embeddings occur in conjugate pairs σ,σ. If r1 denotes the
number of real embeddings and r2 the number of conjugate complex pairs, r1 +2r2 = n
holds.
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Example. Consider K = Q( 3
√

2), the smallest field over Q containing 3
√

2. K is of
degree 3. The real number 3

√
2 is a root of the minimal polynomial

f (X) = X3 − 2 = (X − 3
√

2) (X − ζ 3
√

2) (X − ζ2 3
√

2)

where ζ = − 1
2 +

√
3

2 i satisfies ζ2 = ζ and ζ3 = 1. For each embedding σ we have
0 = σ( f ( 3

√
2)) = f (σ( 3

√
2)). Hence, σ maps 3

√
2 to a root of f (X). There is one real

embedding of K with σ1( 3
√

2) = 3
√

2, and two conjugate complex embeddings satisfying
σ2( 3
√

2) = ζ 3
√

2 and σ3( 3
√

2) = ζ2 3
√

2. The product of all three roots equals 2, the
negative of the constant coefficient −2 of the minimal polynomial f .

For two number fields L ⊃ K the extension L/K is called normal if, for each α ∈ L
with minimal polynomial f (X) over K, all roots of f are contained in L. If L/K is nor-
mal and of degree n, it is Galois, and there exists a Galois group G(L/K) of n bijective
mappings that map L onto itself, leave all elements of K fixed, and are compatible with
the field operations. In the above example the extension K = Q( 3

√
2)/Q is not normal.

But if ζ = − 1
2 +

√
3

2 i is adjoined to Q( 3
√

2) then the extension Q( 3
√

2, ζ)/Q is Galois of
degree 6. Its Galois group consists of the automorphisms {id, σ, σ2, τ, τσ, τσ2}, where
σ( 3
√

2) = ζ 3
√

2 and σ(ζ) = ζ, while τ denotes complex conjugation. These mappings
induce all possible six permutations of the three roots of X3 − 2.

2.4. The discriminant
Now let γ1, . . . , γn be an integral basis of the ring R of integers over Z, allowing

each γ ∈ R to be expressed uniquely as γ =
∑n

i=1 ziγi with coefficients zi from Z. Using
the regular determinant, one defines the discriminant dK of K by

dK := det
(
(σiγ j)1≤i, j≤n

)2
While dK is always in Z it may well be negative.

The discriminant is a link between different quantities that are going to occur in the
proof below. First, it allows to associate with the ring of integers R a geometric size.
To this end one picks all r1 real embeddings of K, and one from each pair of conjugate
embeddings, to obtain a map σ from K into Rr1 × Cr2 , as shown in Figures 3 and 4.
Restricted to the ring R, this map σ generates a lattice Λ spanned by the images of the
basis vectors γi and coefficients from Z. Then the following holds for the volume of its
ground mesh M = Λ/Zn:

vol(M) = 2−r2
√
|dK |. (1)

Second, discriminant dK is closely related to the prime numbers that ramify in K:

p is ramified in K ⇐⇒ p | dK (2)
p is tamely ramified in K =⇒ exponent of p in dK is ≤ n (3)

Third, dK is related to the class number hK by

hK ≤ |dK | if n ≥ 4 (4)

4



Z

K

Q

RZγ1 ⊕ Zγ2 ⊕ . . .⊕ Zγn

Rr1 ×Cr2
σ = (σ1, . . . , σr1, σr1+1

, . . . , σr1+r2)

Figure 3: Map σ, to be applied to the integers R of K.
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Figure 4: A lattice Λ generated in R2 and its ground mesh M = Λ/Z2.
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3. The lower bound

We want to prove the following result.

Theorem 1. (OpenAI ’26, refined by Alon et al. [1]) There exist ϵ > 0 and a sequence
of point sets Pi in the plane where |Pi| → ∞ such that each set Pi contains at least
|Pi|

1+ϵ point pairs of distance 1.

3.1. High degree number fields with prescribed prime behavior
The proof of this theorem is based on the following consequence from deeper re-

sults in class field theory whose complete proof would exceed the scope of this write-
up. A sketch of the proof will be given in Subsection 3.6, after the proof of Theorem
1.

Lemma 1. Given the set of prime numbers T := {3, 5, 7, 11, 13, 17} and p := 101,
there exist number fields L j of arbitrarily large degree f j where

1. only primes from T can ramify in L j, and only in a tame way
2. prime p is completely split in L j

3. all embeddings of L j are real

Let K j be the number field that results from adjoining to L j the complex number i.
Then the degree of K j over L j equals 2, and over Q, 2 f j; see Figure 5. By construction,
K j has only complex embeddings, f j of which form the lattice Λ j of the integers R j in
K j.

By (2), (3) from above and Lemma 1, 1., one has |dL j | ≤
∏

q∈T q f j . In K j the primes
in T remain tamely ramified, and no other prime can ramify in K j—except 2. In fact,
already in Q(i) one has (2) = (1 + i)2, which is not a tame ramification. Nonetheless,
the contribution to dK j of the prime 2 can be shown to be upper bounded by 22 f j using
the standard formula for discriminants in towers.

Therefore, we obtain

|dK j | ≤ r2 f j where r := 2
∏
q∈T

q, a constant. (5)
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3.2. Finding elements in K j that are of size 1 in each complex embedding
By Lemma 1, 2., p = 101 splits completely in L j. Since 101 ≡ 1 mod 4, the prime

101 also splits in Q(i). Therefore, each of the f j many primes over 101 in L j must split
into two conjugate pairs after adjoining i. Thus, we have in K j

(101) =
f j∏

l=1

PlPl

with pairwise different prime ideals. Let k be a constant to be determined later. Of the
(k + 1) f j many integral ideals

f j∏
l=1

Pal
l Pl

k−al , where 0 ≤ al ≤ k,

at least
(k + 1) f j

h(K j)

must fall into the same class of Cl(K j), by the pigeonhole principle. The quotient of

any two of them is a principal ideal. So, one obtains at least (k+1) f j

h(K j)
principal ideals of

type

(α) =
f j∏

l=1

Pal−a′l
l Pl

a′l−al
.

Dividing by conjugates results in

(α/α) =
f j∏

l=1

P2al−2a′l
l Pl

2a′l−2al
.

Since none of these exponents is below −2k, the ideal (p)2k (α/α) is integer. In
other words, α/α is an element of p−2kR j and will be mapped to the scaled lattice
p−2kΛ j. Moreover, for each complex embedding σ of K j, and for each γ ∈ K j, one has
σ(γ) = σ(γ), so that

|σ(α/α)| = σ(α/α) σ(α/α) = σ(α/α) σ(α/α) = 1.

To summarize, let U := {(x1, . . . , , x f j ) ∈ p−2kΛ j; |xi| = 1 ∀ i}. Then,

|U | ≥
(k + 1) f j

h(K j)
as shown above (6)

≥
(k + 1) f j

|dK j |
by (4) (7)

≥
(
(k + 1)r−2) f j by (5). (8)

For short, let δ := p−2k, a constant once k has been fixed.
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3.3. Constructing a point set P with many unit distance pairs
For R ≥ 2 let BR := {(x1, . . . , x f j )} ∈ C f j ; |xi| < R ∀i} be a polydisk. The first step

is in translating the lattice δΛ j in such a way that many lattice points are contained in
BR−1. To this end, the following lemma is helpful.

Lemma 2. Let Λ be a lattice with ground mesh M and B a compact set, as before.
Then there exists an element a ∈ M such that

|(a + Λ) ∩ B| ≥
vol (B)
vol (M)

(9)

holds.

Proof: For lattice points λ ∈ Λ let Bλ := {a ∈ M; a + λ ∈ B}. Then B equals the union
of all sets Bλ + λ because each point of b ∈ B can be obtained by adding some a ∈ M
to the local origin λ of a cell containing b. Therefore,∫

M
|(a + Λ) ∩ B| =

∫
M

∑
λ

a ∈ Bλ =
∑
λ

∫
M

a ∈ Bλ =
∑
λ

vol(Bλ) ≥ vol(B).

In the second step, one adds all elements of the set U in (6) to all points of the
translated lattice a + δΛ j inside BR−1. All resulting points are situated in BR, because
the elements of U are of length 1, and each pair of points can be generated at most
twice.

Let W := (a + δΛ j) ∩ BR. Using the notations in Figure 3, the map σ followed by
the sth coordinate map, for s = 1 . . . f2, equals the embedding σs of the field K j into
C, which is injective. Therefore, the projection of W results in a point set P in C ≃ R2

that has the same cardinality as W.
The number ν(P) of unit distance pairs of P can now be bounded from below by

2ν(P) ≥ ((k + 1)r−2) f j
( π(R − 1)2

vol(M)1/ f j

) f j
by (8), (9) (10)

≥
( (k + 1)πR2

2δ2r3

) f j
(11)

using R − 1 ≥ R/2 and the upper bound to the volume of ground mesh M given by

δ−2vol(M)1/ f j = δ−2
(
2− f j δ2 f j

√
|dK j |
)1/ f j

by (1), observing that

stretch factor δ applies to 2 f j real coordinates

=
1
2
|dK j |

1/2 f j

≤
1
2

r by (5).

Once the constants k, and thereby, δ, have been fixed, constant R in (10) can be chosen
sufficiently large to ensure that ν(P) and |P| tend to infinity with f j.
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3.4. An upper bound to the size of point set P

Let γ be a nonzero integer in R j. As in the example in subsection 2.3, the product
of the images σ(γ) taken over the embeddings of K j equals, up to its sign, the nonzero
absolute coefficient of a normed polynomial whose coefficients are in fact integers from
Z because of γ ∈ R j. Therefore, there must be an embedding σ satisfying |σ(γ)| ≥ 1.
Consequently, each nonzero lattice point of δΛ j has at least one coordinate of absolute
value at least δ.

In particular, for two distinct w,w′ ∈ W the difference w − w′ has such coordinate.
This implies that w and w′ of W are well separated. Namely, if w ⊕ Bδ/2 and w′ ⊕ Bδ/2
had nonempty intersection then there would be b, b′ ∈ Bδ/2 such that w + b = w′ + b′

holds, implying
|w′i − wi| = |bi − b′i | ≤ |bi| + |b′i | < δ

for all coordinates i, a contradiction. Therefore, |W | · vol(Bδ/2) ≤ vol(W ⊕ Bδ/2) ≤
vol(BR+δ/2) ≤ vol(B3R/2) and

|P| = |W | ≤
vol(B3R/2)
vol(Bδ/2)

(12)

=

(
π (3R/2)2) f j(
π (δ/2)2) f j

=
(9R2

δ2

) f j
. (13)

3.5. The growth of ν(P) in terms of |P|

From (11) and (13) we obtain the first inequality in

log 2ν(P)
log |P|

≥
log (k+1)πR2

2δ2r3

log 9R2

δ2

≥ 1 + 2ϵ. (14)

If we choose k > 18r3/π − 1, the second fraction in (14) becomes a constant greater
than 1. Thus, we can bound it away from 1 as shown in the second inequality, with
some ϵ > 0. This implies

ν(P) > |P|1+ϵ

for |P|ϵ > 2, thus proving Theorem 1..

3.6. Sketch of the proof of Lemma 1

A Galois extension is called abelian if its Galois group is abelian, i.e., if the order
of applying its mappings does not matter. One of the main results in class field theory
is in establishing a correspondence between all finite abelian extensions of a number
field K and certain factor groups of its ideal group I(K); compare Subsection 2.2.

An interesting special case is the following. Let K be a number field, and let H(K)
be the maximal un-ramified abelian extension of K, denoted the Hilbert class field of
K. Then, by the correspondence, the Galois group G(H(K)/K) is isomorphic to the
class group Cl(K) of K. So, if all ideals of K are principal ideals one has h(K) = 1,
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hence H(K) = K. Otherwise, one can iterate the construction and consider the Hilbert
class field H(H(K)), and so on. This way, a class field tower

Q ⊂ K ⊂ H(K) ⊂ H(H(K)) ⊂ . . .

arises. Only finitely many primes ramify in the starting extension K/Q, while every
subsequent extension H(K)/K,H(H(K))/H(K), etc., is un-ramified. Thus, if the tower
were infinite, it would satisfy the first part of condition 1 in Lemma 1.

Golod and S̆afarevic̆ [3] proved that infinite class field towers exist, for example for
the starting field K = Q(

√
−3 · 5 · 7 · 11 · 13 · 17) (which is not totally real, as required

in condition 3 of Lemma 1). Their proof is based on the following fact. Let p be a
prime number. A group is called a p-group if each of its elements becomes id when
raised to a suitable power pm. The theorem states that in non-trivial finite p-groups the
minimum number d of generating elements and the minimum number r of relations
between these generators satisfy

r >
d2

4
. (15)

Using class field theory one can build a class tower

Q =: L0 ⊂ L1 ⊂ . . . ⊂ Lr ⊂ Lr+1 ⊂ . . . ⊂ Q̃ (16)

in the following way. Each field Lr+1 is the maximal abelian extension of Lr of degree
a power of 2, un-ramified outside of T , fully split over 101, and totally real.

Every odd prime q that ramifies in some Lr must have ramification indices that
divide the degree of Lr over Q, which is a power of 2. Hence, they cannot be divisible
by q itself, i.e., the ramification can only be tame. This shows that each field Lr satisfies
the conditions in Lemma 1.

If Q̃/Q were of finite degree, its Galois group G(Q̃/Q), as a finite 2-group, would
have to satisfy inequality (15). But a closer analysis of the ranks involved reveals that
this is not the case; see [1]. Therefore, the class tower (16) contains fields Li of arbitrary
large degree over Q, and Lemma 1 is proven.
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