
Frqmxjdwh Kduprqlf Pdsv dqg Plqlpdo Vxuidfhv

Nrqudg SrowklhuW

Devwudfw

Zh frqvlghu glvfuhwh kduprqlf pdsv wkdw duh frqiruplqj ru qrq0frqiruplqj
slhfhzlvh olqhdu pdsv/ dqg ghulyh d elmhfwlrq ehwzhhq wkh plqlpl}huv ri wkh wzr
fruuhvsrqglqj Glulfkohw sureohpv1 Sdluv ri kduprqlf pdsv zlwk d frqiruplqj dqg d
qrq0frqiruplqj frpsrqhqw vroyh wkh glvfuhwh Fdxfk|0Ulhpdqq htxdwlrqv/ dqg kdyh
ydqlvklqj glvfuhwh frqirupdo hqhuj|1

Dv dq dssolfdwlrq/ wkh uhvxowv ri wklv zrun surylgh d wkrurxjk xqghuvwdqglqj ri
wkh frqmxjdwlrq dojrulwkpv ri Slqndoo2Srowklhu dqg Rehunqdss2Srowklhu xvhg lq wkh
frpsxwdwlrq ri glvfuhwh plqlpdo dqg frqvwdqw phdq fxuydwxuh vxuidfhv1

4 Lqwurgxfwlrq

Glvfuhwh kduprqlf pdsv kdyh ehhq zhoo vwxglhg dv d edvlf prgho sureohp lq �qlwh hohphqw
wkhru|/ zkloh wkh gh�qlwlrq ri wkh frqmxjdwh ri d glvfuhwh kduprqlf pds zdv qrw frpsohwho|
vhwwohg1 Lq wklv sdshu zh duh lqwhuhvwhg lq sdluv ri glvfuhwh kduprqlf pdsv rq d Ulhpdqq
vxuidfh P zklfk duh erwk plqlpl}huv ri wkh Glulfkohw hqhuj|
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muxm5 g{>

dqg duh frqmxjdwh/ l1h1 vroxwlrqv ri wkh Fdxfk| Ulhpdqq htxdwlrqv

gy @ �gx=

Zh qrwh wkdw jhqhulfdoo| vxfk sdluv qhlwkhu h{lvw lq wkh vsdfh ri slhfhzlvh olqhdu frqiruplqj
Odjudqjh �qlwh hohphqwv V=k/ qru lq wkh vsdfh ri slhfhzlvh olqhdu qrq0frqiruplqj Furx}hl{0
Udylduw hohphqwv V�k1 Hdfk vsdfh dorqh lv wrr uljlg wr frqwdlq d frqmxjdwh iru hdfk kduprqlf
ixqfwlrq1

Lq wkh suhvhqw sdshu zh frpsxwh wkh frqmxjdwh ri glvfuhwh kduprqlf pdsv e| vlpxowd0
qhrxvo| frqvlghulqj kduprqlf pdsv lq Vk dqg V�k iurp P wr U1 Wkh pdlq uhvxow ghulyhg
lq vhfwlrq 8 lv

Wkhruhp 4 Ohw Wk eh d wuldqjxodwlrq ri d grpdlq rq d Ulhpdqq vxuidfh P lq Uq1

41 Ohw x 5 Vk eh d plqlpl}hu ri wkh Glulfkohw hqhuj| lq Vk1 Wkhq lwv frqmxjdwh pds
x� lv lq V�k dqg lv glvfuhwh kduprqlf1

51 Ohw y 5 V�k eh d plqlpl}hu ri wkh Glulfkohw hqhuj| lq V�k1 Wkhq lwv frqmxjdwh pds y�

lv lq Vk dqg lv glvfuhwh kduprqlf1

61 Ohw x 5 Vk/ uhvshfwlyho| V�k eh glvfuhwh kduprqlf lq Vk/ uhvshfwlyho| V�k1 Wkhq
x�� @ �x1

WWhfkqlvfkh Xqlyhuvlwçw Ehuolq/ srowklhuCpdwk1wx0ehuolq1gh
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Rxu lqwhuhvw lq kduprqlf pdsv durvh iurp wkh vwxg| ri qxphulfdo dojrulwkpv wr frp0
sxwh wkh frqmxjdwh ri plqlpdo dqg frqvwdqw phdq fxuydwxuh vxuidfhv lq hxfolghdq wkuhh0
vsdfh/ dqg wkhuhe| rewdlqlqj xqvwdeoh vroxwlrqv ri wkh fruuhvsrqglqj yduldwlrqdo sureohpv1
Lq wkh dojrulwkpv ^<` dqg ^;`/ wkh frqmxjdwh ri d plqlpdo vxuidfh lv rewdlqhg yld wkh frq0
mxjdwh ri d glvfuhwh kduprqlf pds1 Frqmxjdwh kduprqlf pdsv zhuh gh�qhg rq wkh gxdo
judsk ri wkh hgjh judsk ri wkh ruljlqdo plqlpdo vxuidfh1 Dowkrxjk wkhvh phwkrgv zhuh
vxffhvvixo dqg doorzhg wkh qxphulfdo frpsxwdwlrq ri d qxpehu ri frpsolfdwhg plqlpdo
vxuidfhv iru wkh �uvw wlph/ wkh| surylghg qr ixuwkhu klqwv rq wkh kduprqlflw| surshuwlhv
ri wkh frqmxjdwh kduprqlf pdsv1 Wkh uhvxowv ri wkh suhvhqw sdshu surylgh d wkrurxjk
xqghuvwdqglqj ri wkh jhrphwulf frqmxjdwlrq dojrulwkpv xvhg lq Slqndoo dqg Srowklhu ^<`
dqg lq Rehunqdss dqg Srowklhu ^;` e| uhodwlqj wkh jhrphwulf glvfuhwl}dwlrq whfkqltxhv wr
wkh frqwh{w ri �qlwh hohphqw phwkrgv/ dqg wkh frqyhujhqfh ri wkh frqmxjdwlrq ri plqlpdo
vxuidfhv1

Frqyhujhqfh ri frqiruplqj kduprqlf pdsv kdv ehhq vkrzq e| Wvxfkl|d ^43`1 Dv d
pruh jhqhudo uhvxow iru vxuidfhv/ G}lxn dqg Kxwfklqvrq ^8` rewdlqhg rswlpdo frqyhujhqfh
uhvxowv lq wkhK4 qrup iru wkh �qlwh hohphqw surfhgxuh ri wkh Glulfkohw sureohp ri vxuidfhv
zlwk suhvfulehg phdq fxuydwxuh kdyh ehhq rewdlqhg e| 1 Frpsduh P oohu/ Vwuxzh/ dqg
�yhuän ^:` iru kduprqlf pdsv rq sodqdu odwwlfhv xvlqj wkh �yh0srlqw Odsodfldq1

Lq d vhtxho wr rxu suhvhqw sdshu zh zloo dsso| wkh gxdolw| ehwzhhq glvfuhwh kduprqlf
pdsv dqg wkhlu frqmxjdwhv wr gh�qh glvfuhwh frqirupdo pdsv1 Zh zloo h{whqg d frqirupdo
hqhuj| sursrvhg e| Kxwfklqvrq ^9` wr wkh glvfuhwh vsdfhv Vk�V�k dqg vkrz wkdw wkh glvfuhwh
krorprusklf pdsv kdyh }hur frqirupdo hqhuj|/ d surshuw| jhqhulfdoo| qrw dydlodeoh iru
frqiruplqj slhfhzlvh olqhdu pdsv1

Wklv sdshu vwduwv zlwk d uhylhz ri wkh Glulfkohw sureohp ri kduprqlf pdsv lq vhfwlrq
5/ iroorzhg zlwk lwv glvfuhwl}dwlrq xvlqj frqiruplqj Odjudqjh hohphqwv lq vhfwlrq 61 Lq
vhfwlrq 7 zh glvfuhwl}h wkh vdph Glulfkohw sureohp xvlqj wkh qrq0frqiruplqj Furx}hl{0
Udylduw hohphqwv/ dqg ghulyh d srlqwzlvh h{suhvvlrq ri wkh glvfuhwh plqlpdolw| frqglwlrq1
Vhfwlrq 8 frqwdlqv wkh pdlq uhvxowv ri wkh sdshu/ qdpho|/ lghqwli|lqj vroxwlrqv lq erwk
�qlwh hohphqw vsdfhv dv sdluv ri glvfuhwh frqmxjdwh kduprqlf pdsv1 Dq dssolfdwlrq ri wkh
uhvxowv lv jlyhq lq vhfwlrq 9 wr wkh frqmxjdwlrq ri glvfuhwh plqlpdo vxuidfh1

Wkh dxwkru wkdqnv Jhug G}lxn iru d glvfxvvlrq rq wkh uhodwlrq ri wkh frqmxjdwh plqlpdo
vxuidfh phwkrg ^<` dqg qrq0frqiruplqj hohphqwv1

5 Uhylhz ri wkh Glulfkohw Sureohp

Zh vwduw zlwk d vkruw uhylhz ri wkh Glulfkohw sureohp ri kduprqlf pdsv1 Iru vlpsolflw|/ ohw
 � U

5 eh d vlpso| frqqhfwhg/ frqyh{/ sro|khgudoo| erxqghg grpdlq/ dqg ohw K4+, eh
wkh Vrerohy vsdfh ri zhdno| gl�huhqwldeoh ixqfwlrqv1 Wkh zhdn ghulydwlyh y ri d ixqfwlrq
x 5 K4+, lv gh�qhg dv wkh vroxwlrq ri]



y!g{ @ �
]


xC!g{ ;! 5 F43 +,>

dqg lv ghqrwhg e| Cx =@ y1 O5+, frqvlvwv ri doo vtxduh lqwhjudeoh ixqfwlrqv x htxlsshg
zlwk wkh vfdodu surgxfw dqg qrup

+x> y,3 =@

]


x+{,y+{,g{ dqg nxn3 =@
s
+x> x,31

Rq K4+, zh kdyh wkh vfdodu surgxfw dqg qrup

+x> y,p =@
[
m�m�p

+C�x> C�y,3 dqg nxnp =@
t
nC�xn31

5



Ohw Y =@
�
x 5 K4+,

�� xmC @ j
�
eh wkh d!qh yhfwru vsdfh ri dgplvvleoh ixqfwlrqv dqg

Y3 =@
�
x 5 K4+,

�� xmC @ 3
�

wkh vsdfh ri srvvleoh yduldwlrqv zlwk frpsdfw vxssruw1
Wkh Glulfkohw sureohp ri wkh Odsodfh htxdwlrq lq  iru x 5 Y

7x @ 3 lq  +4,

xmC @ j rq C

lv wkh Hxohu0Odjudqjh htxdwlrq ri wkh fruuhvsrqglqj yduldwlrqdo sureohp ri plqlpl}lqj
wkh Glulfkohw hqhuj|

HG+x, @
4

5

]


muxm5 $ plq ;x 5 Y= +5,

Wkh ixqfwlrqdo HG wdnhv rq lwv plqlpxp lq Y dw x li dqg rqo| li wkh elolqhdu irup
d = Y � Y $ U jlyhq e|

d+x> y, =@

]


uxuyg{

ixo�oov
d+x> y, @ 3 ;y 5 Y3= +6,

Wkh plqlpl}hu lv xqltxh vlqfh

HG+x. y, @ HG+x, .
4

5
d+y> y, A HG+x, ;y 5 Y3q i3j =

Gh�qlwlrq 4 Wkh vroxwlrq x 5 K4+, ri wkh yduldwlrqdo sureohp +5, ru/ htxlydohqwo|/ ri
wkh elolqhdu htxdwlrq +6, lv fdoohg d zhdn vroxwlrq ri wkh Odsodfh htxdwlrq +4,1

Iru d glvfxvvlrq ri wkh vroxwlrqv ri +4, dqg wkhlu qxphulfv vhh h1j1 ^6`^5`1 E| uhfdoolqj
wzr qxphulfdo phwkrgv edvhg rq frqiruplqj dqg qrq0frqiruplqj slhfhzlvh olqhdu hohphqwv
lq wkh iroorzlqj wzr vhfwlrqv/ zh uhodwh wkhp zlwk wkh jhrphwulf dojrulwkpv lq ^<` dqg ^;`1
Wkh jhrphwulf srlqw ri ylhz doorzv wr lqwhusuhw erwk vroxwlrqv dv sdluv ri frqmxjdwh glvfuhwh
kduprqlf pdsv1

6 Frqiruplqj Ilqlwh Hohphqwv

Zh dssur{lpdwh Y e| d �qlwh glphqvlrqdo d!qh vxevsdfh Vk � Y zkhuh k ghqrwhv d
glvfuhwl}dwlrq frqvwdqw1 Iru vlpsolflw|/ zh dvvxph  � U

5 lv d vlpso| frqqhfwhg/ frqyh{/
sro|jrqdoo| erxqghg grpdlq glylghg lqwr wuldqjohv1 Wkh uhvxowv lq vhfwlrq 8 duh ydolg iru
pruh jhqhudo grpdlqv zlwk d uhjxodu Ulhpdqqldq phwulf1 Ixuwkhu/ zh uhvwulfw wr Glulfkohw
erxqgdu| frqglwlrqv iru vlpsolflw|/ vhh ^<` iru d glvfxvvlrq ri Qhxpdqq erxqgdu| sureohpv
lq wklv frqwh{w1

Gh�qlwlrq 5 D vxeglylvlrq 9k @ iW4> ==> Wpj ri  lqwr wuldqjohv Wl lv d frqiruplqj
wuldqjxodwlrq li wkh iroorzlqj surshuwlhv krog=

41  @
Vp
l@4 Wl

51 Iru l 9@ m/ Wl _ Wm lv hpsw|/ ru lw lv d frpprq yhuwh{/ ru d frpprq hgjh ri erwk
wuldqjohv1

Ixuwkhupruh/ zh dvvxph hdfk wuldqjoh lq 9k kdv gldphwhu dw prvw 5k1
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Gh�qlwlrq 6 Iru d wuldqjxodwlrq 9k ri / zh gh�qh wkh vsdfh Vk ri frqiruplqj �qlwh
hohphqwv=

Vk = @
�
y =  $ U

�� y 5 F3+, dqg y lv olqhdu rq hdfk wuldqjoh ri 
�

Vk>3 = @
�
y =  $ U

�� y 5 Vk dqg ymC @ 3
�

Vk>3 lv d �qlwh glphqvlrqdo vxevsdfh ri Y @ K4+, vsdqqhg e| wkh Odjudqjh edvlv
ixqfwlrqv i*4> ==> *qj fruuhvsrqglqj wr wkh vhw ri lqwhulru yhuwlfhv i{4> ===> {qj ri 9k/ wkdw
lv

*l =  $ U/ *l 5 Vk>3
*l+{m, @ �lm ;l> m 5 i4> ==> qj
*l lv olqhdu rq hdfk wuldqjoh

+7,

zkhuh i{4> ===> {qj lv wkh vhw ri lqwhulru yhuwlfhv ri 9k1 Wkhq hdfk ixqfwlrq xk 5 Vk kdv d
uhsuhvhqwdwlrq

xk+{, @ x3+{, .
q[
m@4

xm*m+{,

zkhuh xm @ xk+{m,/ dqg x3 5 Vk lv dq duelwudu| ixqfwlrq vdwlvi|lqj wkh Glulfkohw erxqgdu|
frqglwlrq1 Zh xvh �xk @ +x4> ===> xq, wr ghqrwh wkh xqltxh yhfwru uhsuhvhqwdwlrq ri xk1

Vlqfh Vk lv d �qlwh glphqvlrqdo vxevsdfh ri Y / wkh plqlpl}dwlrq sureohp +5, iru wkh
Glulfkohw hqhuj| kdv d xqltxh vroxwlrq xk lq Vk vroylqj wkh v|vwhp ri htxdwlrqv

g

gxm
HG+xk, @

g

gxm

[
Wl5-k

]
Wl

muxkm5 @ 3 ;m 5 i4> ==> qj =

Gh�qlwlrq 7 Wkh xqltxh vroxwlrq xk lq Vk ri Glulfkohw sureohp +5, lq Vk lv fdoohg d
glvfuhwh kduprqlf pds1

614 Dssur{lpdwlrq

Wkh iroorzlqj vwdwhphqwv ehorqj wr wkh edvlf whfkqltxhv lq wkh dssur{lpdwlrq wkhru| ri
�qlwh hohphqwv dqg iru ghwdlov zh uhihu wkh uhdghu wr ^5`^6`1 Ohw x eh wkh zhdn vroxwlrq ri
wkh yduldwlrqdo sureohp +5, lq Y / dqg xk wkh vroxwlrq lq Vk � Y 1 Vlqfh  lv erxqghg lw
iroorzv iurp wkh Srlqfduì0Iulhgulfk lqhtxdolw| wkdw wkh elolqhdu irup d lv Y30hoolswlf/ l1h1
wkhuh h{lvwv frqvwdqwv 3 ? � � F vxfk wkdw

d+x> x, @ � nxn54 dqg md+x> y,m � F nxn4 nyn4 =
Wkhuhiruh/ wkh ohppd ri Fìd jlyhv wkh hvwlpdwh

nx� xknp � F

�
lqi

yk5Vk
nx� yknp / +8,

zkhuh wkh dssur{lpdwlrq txdolw| ri wkh glvfuhwh vroxwlrq xk ri +5, lv hvwlpdwhg e| wkh
plqlpl}huv ri wkh glvwdqfh ri x wr Vk1 Lw lv d vwdqgdug whfkqltxh wr hvwlpdwh wkh lq�pxp
ri wkh glvwdqfh x wr Vk zlwk wkh glvwdqfh ri wkh lqwhusrodwlqj ixqfwlrq Lkx ri x rq 9k1
Ohw 9k eh d txdvl0xqlirup wuldqjxodwlrq/ l1h1 wkhuh h{lvwv d srvlwlyh frqvwdqw xqlirupo|
erxqglqj wkh txrwlhqw ri wkh gldphwhu ri wkh flfxpfulehg flufoh ryhu wkh gldphwhu ri wkh
lqvfulehg flufoh ri doo wuldqjohv lq 9k1

Wkhruhp 5 +Dssur{lpdwlrq Wkhruhp, Ohw 9k eh d txdvl0xqlirup wuldqjxodwlrq ri
/ dqg x wkh zhdn vroxwlrq ri +5,1 Wkhq iru wkh lqwhusrodwlrq Lk zlwk slhfhzlvh olqhdu
sro|qrpldov wkhuh h{lvwv d frqvwdqw f @ f+> x, vxfk wkdw

nx� Lkxnp>k � fk5�p mxm5> ;x 5 K5+, dqg 3 � p � 5 +9,
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Frpelqlqj wkh hvwlpdwhv ri htxdwlrqv +8, dqg +9,/ wkh slhfhzlvh olqhdu vroxwlrq xk
5 Vk lv hvwlpdwhg e|

nx� xknp � fk5�p mxm5>
rq hdfk glvfuhwl}dwlrq 9k ri 1 Wkhuhiruh/ dv k $ 3 rqh kdv txdgudwlf frqyhujhqfh ri xk
wr x lq wkh O5 qrup1

615 Glvfuhwh Kduprqlf Pdsv

Wkhuh h{lvwv d jhrphwulf ghvfulswlrq ri wkh plqlpdolw| frqglwlrq ri wkh Glulfkohw hqhuj|
+5, dv d edodqflqj frqglwlrq ri zhljkwhg hgjhv zklfk zdv dq hvvhqwldo lqjuhglhqw lq wkh
dojrulwkp ^<`1 Qrz zh xvh wkh h{solflw uhsuhvhqwdwlrq ri wkh edvlv ixqfwlrqv wr ghulyh wkh
vdph irupxodv yld wkh �qlwh hohphqw dssurdfk1

Ohw W @ iY4> Y5> Y6j eh d wuldqjoh zlwk rulhqwhg hgjhv if4> f5> f6j/ dqg *Yl = W $ U eh
wkh Odjudqjh edvlv ixqfwlrq dw yhuwh{ Yl zlwk *Yl+Ym, @ �lm1 Wkhq lwv judglhqw lv

u*Yl+{, @
4

5 duhdW
Mfl> +:,

zkhuh M ghqrwhv urwdwlrq e| �
5 rulhqwhg vxfk wkdw Mfl srlqwv lqwr wkh wuldqjoh1 Wkh edvlv

ixqfwlrqv kdyh pxwxdo vfdodu surgxfwv

u*Yl�4 >u*Yl.4
�

@ � frw�l
5 duhdW

+;,


Mu*Yl >u*Yl.4

�
@

4

5duhdW

mu*Yl m5 @
frw�l�4 . frw�l.4

5 duhdW
1

Qrwh/ wkdw htxdwlrq : lpsolhv u*l @ �u*l�4 � u*l.41 Ohw xk 5 Vk/ wkhq rq d vlqjoh
wuldqjoh W wkh judglhqw ri xkmW = W �$ U lv rewdlqhg iurp xkmW +{, @

S
xl*l+{,

uxkmW @
4

5 duhdW

6[
m@4

xmMfm = +<,

Wkhruhp 6 Ohw  eh d grpdlq zlwk wuldqjxodwlrq 9k/ dqg Vk wkh vhw ri frqwlqxrxv
dqg slhfhzlvh olqhdu ixqfwlrqv rq 9k1 Wkhq wkh glvfuhwh Glulfkohw hqhuj| ri dq| ixqfwlrq
xk 5 Vk lv jlyhq e|

HG+xk, @
4

7

[
hgjhv +{l>{m,

+frw�lm . frw�lm, mx+{l,� x+{m,m5 = +43,

Ixuwkhu/ wkh xqltxh plqlpl}hu ri wkh Glulfkohw ixqfwlrqdo +5, vroyhv

g

gxl
HG+xk, @

4

5

[
hgjhv +{l>{lm , dw {l

+frw�llm . frw�llm ,+x+{l,� x+{lm ,, @ 3 +44,

dw hdfk lqwhulru yhuwh{ {l ri 9k1 Wkh �uvw vxppdwlrq uxqv ryhu doo hgjhv ri wkh wuldqjx0
odwlrq/ dqg wkh vhfrqg vxppdwlrq ryhu doo hgjhv hpdqdwlqj iurp {l1 Wkh dqjohv �llm dqg
�llm duh yhuwh{ dqjohv o|lqj rssrvlwh wr wkh hgjh +{l> {lm , lq wkh wzr wuldqjohv dgmdfhqw wr
+{l> {lm ,1
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Surri1 Xvlqj wkh h{solflw uhsuhvhqwdwlrq +:, ri wkh edvlv ixqfwlrqv dqg xvlqj u*l @
�u*l�4 �u*l.4/ zh rewdlq wkh Glulfkohw hqhuj| ri xkmW =

HG+xkmW , @
4

5

]
W

�
6[

m@4

mxm.4 � xm�4m5 ku*m�4>u*m.4l @ 4

7

6[
m@4

frw�m mxm.4 � xm�4m5 =

Vxppdwlrq ryhu doo wuldqjohv ri 9 dqg frpelqlqj wkh wzr whupv fruuhvsrqglqj wr wkh vdph
hgjh ohdgv wr htxdwlrq +43,1

Dw hdfk lqwhulru yhuwh{ {l ri 9k/ wkh judglhqw ri HG zlwk uhvshfw wr yduldwlrqv ri
xl @ xk+{l, lq wkh lpdjh ri xk lv rewdlqhg e| sduwldo gl�huhqwldwlrq dqg hdvlo| ghulyhg
iurp

g

gxl
HG+xk, @

]


kuxk>u*ll = +45,

Wkh h{solflw uhsuhvhqwdwlrqv duh hvvhqwldo iru wkh uhvxowv lq vhfwlrq +8,1

H{dpsoh 4 Rq d uhfwdqjxodu uhjxodu julg lq U
5 zklfk lv wuldqjxodwhg e| vxeglylglqj dorqj

hlwkhu gldjrqdo ri hdfk uhfwdqjoh/ wkh lqwhusrodwlqj ixqfwlrqv ri

Uh }>Uh }5>Uh }6> dqg Lp }7

duh glvfuhwh kduprqlf pdsv/ dqg vr duh wkh lqwhusrodqwv ri vrph rwkhu sro|qrpldov1 Rq
wklv uhjxodu julg/ wkh zhljkw ri hdfk gldjrqdo lv }hur dqg/ wkhuhiruh/ rqo| wkh glvfuhwh ydoxhv
ri wkh �yh0vwdu frqwulexwh wr wkh Glulfkohw judglhqw1

7 Qrq0Frqiruplqj Ilqlwh Hohphqwv
Zh qrz uhylhz wkh glvfuhwl}dwlrq ri wkh Glulfkohw sureohp +5, lq wkh vsdfh ri qrq0
frqiruplqj �qlwh hohphqwv/ dqg uhihu wr ^6`^5` iru d ghwdlohg glvfxvvlrq1

Gh�qlwlrq 8 Iru d wuldqjxodwlrq 9k ri / zh gh�qh wkh vsdfh ri qrq0frqiruplqj �qlwh
hohphqwv e|

V�k = @

�
y =  $ U

���� ymW lv olqhdu iru hdfk W 5 9k/ dqg
y lv frqwlqxrxv dw wkh plgsrlqwv ri doo wuldqjoh hgjhv

�
V�k>3 = @ iy 5 V�k my @ 3 dw wkh plgsrlqwv ri doo erxqgdu| hgjhvj

Wkh vsdfh V�k lv qr orqjhu d �qlwh glphqvlrqdo vxevsdfh ri Y @ K4+, dv lq wkh fdvh ri
frqiruplqj hohphqwv/ exw V�k lv d vxshuvhw ri Vk1 Ohw i|lj ghqrwh wkh vhw ri hgjh plgsrlqwv
ri 9k/ wkhq wkh edvlv ixqfwlrqv #l 5 V�k>3 ri qrq0frqiruplqj hohphqwv duh olqhdu rq hdfk
wuldqjoh/

#l =  $ U> #l 5 V�k>3
#l+|m, @ �lm ;l> m 5 i4> ==> qj
#l lv olqhdu rq hdfk wuldqjoh1

+46,

Wkh vxssruw ri d ixqfwlrq #l frqvlvwv ri wkh +dw prvw wzr, wuldqjohv dgmdfhqw wr wkh hgjh
hl/ dqg #l lv xvxdoo| qrw frqwlqxrxv rq 1 Hdfk ixqfwlrq y 5 V�k kdv d uhsuhvhqwdwlrq

yk+{, @ y3+{, .
[

hgjhv hl

yl#l+{,

zkhuh yl @ yk+|l, lv wkh ydoxh ri yk dw wkh hgjh plgsrlqw |l ri hl/ dqg y3 5 V�k dq duelwudu|
ixqfwlrq vdwlvi|lqj wkh erxqgdu| frqglwlrqv1

9



714 Dssur{lpdwlrq

Wkh vsdfh V�k lv qrw d vxevhw ri K4+,> vr wkh txdgudwlf irup d lv qrw gluhfwo| gh�qhg1
Rqh h{whqgv lw wr d julg ghshqghqw elolqhdu irup dk wr eh xvhg lq wkh gh�qlwlrq ri wkh
Glulfkohw hqhuj| lq V�k=

dk+x> y, =@
[
W5-k

]
W

uxuy iru x/y 5 K4+,� V�k

dqg qrup
nyn5p>k =@

[
W5-k

nyn5p>W @ dk+y> y, iru y 5 K4+,� V�k=

Qrwh wkdw iru ixqfwlrqv x 5 Kp+, erwk qrupv djuhh= nxnp>k @ nxnp1
Lq wkh iroorzlqj Dqvdw} iru wkh Glulfkohw sureohp/ rqh rewdlqv dq dgglwlrqdo erxqgdu|

whup wkdw glg qrw dsshdu lq wkh frqiruplqj vlwxdwlrq=]
-k

7x# @ �
[
W5-k

]
W

uxu#gv.
[
W5-k

]
CW

C�x#gv iru # 5 V�k>31 +47,

Lq wkh gh�qlwlrq ri wkh Glulfkohw hqhuj|/ zh h{foxgh wkh erxqgdu| whup vlqfh e| htxdwlrq
+4;,/ lw ydqlvkhv iru glvfuhwh kduprqlf pdsv1

Gh�qlwlrq 9 Iru xk 5 V�k zh gh�qh lwv Glulfkohw hqhuj| e|

HG+xk, @
4

5

[
W5-k

]
W

muxkm5 1

Frpsduhg wr wkh dssur{lpdwlrq ri d zhdn vroxwlrq x 5 Y lq Vk/ wkhuh rffxuv lq V�k d
ixuwkhu huuru/ wkh frqvlvwhqf| huuru/ lq dgglwlrq wr wkh dssur{lpdwlrq huuru1

Wkh iroorzlqj glvfxvvlrq xvhv wkh dssur{lpdwlrq uhvxowv jlyhq lq ^4`1 Ohw � dqg F eh
wkh hoolswlflw| frqvwdqwv ri d zlwk uhvshfw wr V�k/ wkhq wkh vhfrqg ohppd ri Vwudqj jlyhv
wkh hvwlpdwh ri Vwudqj=

Ohppd 7 +Vwudqj 5, Ohw x eh wkh zhdn vroxwlrq ri htxdwlrq +5, lq Y @ K4+, dqg xk
wkh glvfuhwh vroxwlrq lq V�k1 Wkhq wkhuh h{lvwv d qxpehu f lqghshqghqw ri wkh glvfuhwl}dwlrq
k vxfk wkdw

nx� xknp>k � f

+
lqi

xk5V�k

nx� xknp>k . vxs
zk5Vk

mdk+x>zk,m
nzknp>k

,
1

Wkh �uvw whup lv wkh dssur{lpdwlrq huuru wkdw dsshduv lq Fìd*v ohppd/ dqg wkh vhfrqg
whup lv wkh frqvlvwhqf| huuru ri V�k1 Rqh hvwlpdwhv wkh whupv rq wkh uljkw0kdqg vlgh ri wkh
ohppd dqg rewdlqv ^6`=

Wkhruhp 8 Ohw  eh d frqyh{ grpdlq ru kdyh vprrwk erxqgdu|1 Wkhq wkh qrq0frqiruplqj
glvfuhwh kduprqlf pdsv yk 5 V�k dssur{lpdwh d zhdn vroxwlrq x 5 K4+, zlwk wkh iroorz0
lqj frqyhujhqfh

nx� ykn3>k . k nx� ykn4>k � fk5 mxm5 1

:



715 Glvfuhwh Qrq0Frqiruplqj Kduprqlf Pdsv

Xvlqj wkh lghqwlwlhv lq dq Hxfolghdq wuldqjoh W zlwk yhuwlfhv iY4> Y5> Y6j dqg rulhqwhg
hgjhv if4> f5> f6j/ f4.f5.f6 @ 3/ zh rewdlq rq W wkh iroorzlqj uhsuhvhqwdwlrq ri wkh edvlv
ixqfwlrqv #l 5 V�k fruuhvsrqglqj wr hgjh fl =

u#l @ �5u*Yl @
�4

duhd7Mfl / +48,

zkhuh *Yl 5 Vk lv wkh frqiruplqj edvlv ixqfwlrq fruuhvsrqglqj wr wkh wuldqjoh yhuwh{ Yl
rssrvlwh wr wkh hgjh fl/ dqg M lv wkh urwdwlrq ri dq hgjh e| �

5 vxfk wkdw Mf srlqwv iurp
hgjh f lq wkh gluhfwlrq ri Y 1

Iljxuh 4= D qrq0frqiruplqj pds lv jlyhq e| lwv ydoxhv rq hgjh plgsrlqwv1

Wkhruhp 9 Ohw y 5 V�k eh d qrq0frqiruplqj ixqfwlrq rq d wuldqjxodwlrq 9k ri 1 Wkhq
wkh Glulfkohw hqhuj| ri yk kdv wkh h{solflw uhsuhvhqwdwlrq

HG+y, @
[

do o hgjhv fl

frw�l
��yl�5 � yl�4

��5 . frw�l myl4 � yl5 m5 = +49,

zkhuh il�5> l�4> l4> l5> j ghqrwh vxelqglfhv ri dgmdfhqw hgjh plgsrlqwv dv vkrzq lq �jxuh 4/
dqg yl ghqrwh wkh ydoxh y+pl,1 Wkh dqjohv duh phdvxuhg lq 1

Wkh xqltxh plqlpl}hu ri wkh Glulfkohw ixqfwlrqdo rq 9k vroyhv wkh v|vwhp ri htxdwlrqv

g

gyl
HG+y, @ 5

�
frw�l�5+yl � yl�4, . frw�l�4+yl � yl�5,
. frw�l4+yl � yl5, . frw�l5+yl � yl4,

�
@ 3= +4:,

dw hdfk hgjh plgsrlqw pl1

Surri1 Vlqfh u#l @ �5u*l/ wkh uhsuhvhqwdwlrq ri wkh Glulfkohw hqhuj| lv d gluhfw
frqvhtxhqfh ri wkh h{solflw uhsuhvhqwdwlrq iru frqiruplqj hohphqwv +43,1 Rq d vlqjoh
wuldqjoh W>

HG+ymW , @
4

5

]
W

�
6[

m@4

mym.4 � ym�4m5 ku#m�4>u#m.4l @
6[

m@4

frw�m mym.4 � ym�4m5 =

Wkh vxssruw ri d frpsrqhqw ri wkh judglhqw ri wkh Glulfkohw hqhuj| frqvlvwv ri wkrvh wzr
wuldqjohv dgmdfhqw wr wkh hgjh fruuhvsrqglqj wr wklv yduldeoh1 Htxdwlrq +4:, iroorzv gluhfwo|
iurp wkh uhsuhvhqwdwlrq rq d vlqjoh wuldqjoh W zlwk hgjhv if4> f5> f6j dqg f4. f5 . f6 @ 3

g

gyl
HG+ymW , @

]
W

uymW >u#l
�
@

4

duhd+W ,

6[
m@4

ym kfm > fll

@ 5 frw�l�4+yl � yl.4, . 5 frw�l.4+yl � yl�4,1

;



e| frpelqlqj wkh h{suhvvlrq iru wkh wzr wuldqjohv lq wkh vxssruw ri #l1
Iru y 5 V�k dqg # 5 V�k>3 wkh erxqgdu| lqwhjudo lq htxdwlrq +47, jlyhv

]
CW

C�y � #gv @ �
6[
l@4

]
fl

? uy>
Mfl
mflm A #gv/

vlqfh wkh rxwhu qrupdo dorqj dq hgjh fl lv jlyhq e| �l @ �Mfl
mflm

1 Xvlqj kuy> fll @ 5+yl.4 �
yl�4, dqg Mfl @ frw�l.4fl.4 � frw�l�4fl�4 zh jhw

]
CW

C�y � #gv @
6[
l@4

5+frw�l.4+yl�4 � yl, . frw�l�4+yl.4 � yl,,#+pl,/ +4;,

zkhuhpl lv plgsrlqw ri fl iru l @ 4> 5> 61 Vlqfh # lv frqwlqxrxv dw lqqhu hgjh plgsrlqwv/ wkh
ydoxh #+pl, lv htxdo iru dgmdfhqw wuldqjohv dqg/ wkhuhiruh/ wkh erxqgdu| lqwhjudo ydqlvkhv
dw lqqhu hgjhv li dqg rqo| li y 5 V�k lv glvfuhwh kduprqlf1 Vxpplqj xs/ iru hdfk glvfuhwh
kduprqlf pds y 5 V�k dqg ixqfwlrq # 5 V�k>3 wkh erxqgdu| lqwhjudo ydqlvkhv1

8 Frqmxjdwh Kduprqlf Pdsv
Lq wklv vhfwlrq zh gh�qh wkh frqmxjdwh kduprqlf pdsv ri glvfuhwh kduprqlf pdsv lq Vk
dqg lq V�k1 D vprrwk kduprqlf pds x = P $ U rq dq rulhqwhg Ulhpdqqldq vxuidfh P
dqg lwv frqmxjdwh kduprqlf pds x� = P $ U vroyh wkh Fdxfk|0Ulhpdqq htxdwlrqv

gx� @ �gx

zkhuh � lv wkh Krgjh vwdu rshudwru zlwk uhvshfw wr wkh phwulf lq P 1 Lq wkh glvfuhwh
yhuvlrq/ zh ghqrwh e| M wkh urwdwlrq wkurxjk �

5 lq wkh rulhqwhg wdqjhqw vsdfh ri P / dqg
vwduw zlwk d orfdoo| htxlydohqw gh�qlwlrq dv Dqvdw}=

Gh�qlwlrq : Ohw x 5 Vk> uhvshfwlyho| V�k> eh d glvfuhwh kduprqlf pds rq d wuldqjxodwlrq
9 zlwk uhvshfw wr wkh Glulfkohw hqhujlhv lq Vk> uhvshfwlyho| V�k1 Wkhq lwv frqmxjdwh kduprqlf
pds x� lv gh�qhg e| wkh uhtxluhphqw wkdw lw orfdoo| ixo�oov

ux�mW @ MuxmW iru hdfk wuldqjoh W 5 9= +4<,

Wkh uhvw ri wkh vhfwlrq lv ghyrwhg wr vkrzlqj wkdw wkh glvfuhwh frqmxjdwh pds lv zhoo0
gh�qhg +vkrzlqj wkh forvhgqhvv ri wkh gl�huhqwldo �gx, dqg wr surylqj wkh kduprqlflw|
surshuwlhv ri wkh lqwhjudo x�1

Wr dyrlg fdvh glvwlqfwlrqv zh uhsuhvhqw hdfk ixqfwlrq zlwk uhvshfw wr wkh edvlv ixqfwlrqv
#l ri V�k vxfk wkdw rq hdfk wuldqjoh

xmW @
6[

l@4

xl#l>

zkhuh xl lv wkh ixqfwlrq ydoxh ri x dw wkh plgsrlqw ri hgjh fl1 Zh xvh wkh vdph qrwdwlrq
iru x�mW / dqg rewdlq e| gh�qlwlrq 4<

6[
l@4

x�lu#l @
6[
l@4

xlMu#l= +53,

<



Ohppd : Ohw W eh d wuldqjoh zlwk rulhqwhg hgjhv if4> f5> f6j/ f4. f5. f6 @ 31 D sdlu ri
olqhdu ixqfwlrqv x dqg x� uhodwhg e| htxdwlrq +53,/ kdv ydoxhv dw hgjh plgsrlqwv uhodwhg e|�

x�6 � x�4
x�6 � x�5

�
@

�
frw�6+x5 � x4, . frw�4+x5 � x6,
frw�6+x5 � x4, . frw�5+x6 � x4,

�
+54,

Surri1 Wkh uhsuhvhqwdwlrq +48, ri u#l frqyhuwv htxdwlrq +53, wr

6[
l@4

x�lMfl @
6[

l@4

xlfl=

Xvlqj �f6 @ f4. f5/ zh h{suhvv wkh ohiw vlgh ri wkh deryh htxdwlrq dv d yhfwru lq wkh vsdq
ri iMf4> Mf5j

+x�6 � x�4,Mf4 . +x�6 � x�5,Mf5 @
6[
l@4

xlfl=

Li wkh wuldqjoh W lv qrqghjhqhudwh/ wkhq wkh pdwul{ +Mf4> Mf5, kdv udqn 5/ dqg vfdodu
pxowlsolfdwlrq zlwk f4 dqg f5 |lhogv

�
x�6 � x�4
x�6 � x�5

�
@

5

duhd+W ,

6[
l@4

xl

� kf5> fll
� kf4> fll

�
>

zklfk hdvlo| wudqvirupv wr htxdwlrq +54,1
Qrz zh frqvlghu d glvfuhwh kduprqlf pds x 5 Vk dqg suryh orfdo h{dfwqhvv ri lwv

glvfuhwh frqmxjdwh gl�huhqwldo1

Sursrvlwlrq ; Ohw 9k eh d wuldqjxodwlrq dqg x 5 Vk zlwk x = 9k �$ U dq hgjh frqwlqx0
rxv glvfuhwh kduprqlf ixqfwlrq1 Wkhq wkh glvfuhwh Fdxfk|0Ulhpdqq htxdwlrqv +4<, kdyh
d joredoo| gh�qhg vroxwlrq x� = 9k �$ U zlwk x� 5 V�k1 Wzr vroxwlrqv x�4 dqg x�5 gl�hu e|
dq dgglwlyh lqwhjudwlrq frqvwdqw1

Surri1 Zh gh�qh wkh glvfuhwh gl�huhqwldo gx� ri x� vxfk wkdw rq hdfk wuldqjoh W

gx�mW =@ �gxmW 1

Vlqfh xmW lv d olqhdu pds/ wkh frqmxjdwh gl�huhqwldo gx�mW lv zhoo gh�qhg dqg wkhuh h{lvwv
d xqltxh vprrwk vroxwlrq x�mW ri wkh vprrwk Fdxfk|0Ulhpdqq htxdwlrqv rq W> xs wr dq
dgglwlyh frqvwdqw1 E| Ohppd :/ x�mW lv h{solflwo| jlyhq lq whupv ri xmW dqg W 1

Li x 5 Vk lv d glvfuhwh kduprqlf pds wkhq lw wxuqv rxw wkdw gx� lv forvhg dorqj forvhg
sdwkv rq  wkdw furvv hgjhv rqo| dw wkhlu plgsrlqwv1 Vlqfh gx� lv forvhg lqvlgh hdfk
wuldqjoh/ lw lv vx!flhqw wr suryh forvhgqhvv iru d sdwk � lq wkh yhuwh{ vwdu ri d yhuwh{ s 5 
vxfk wkdw �mW olqhduo| frqqhfwv wkh plgsrlqwv ri wkh wzr hgjhv ri W kdylqj s lq frpprq/
vhh Iljxuh 51 Ohw ih3> ==> hp�4j eh wkh vhtxhqfh ri hgjh plgsrlqwv ghwhuplqlqj �1 Wkh
hgjhv gm =@ hm.4 � hm ri � duh sdudooho wr fm zlwk fm @ 5gm1 Zh xvh htxdwlrq +54, lq hdfk
wuldqjoh wr ghulyh

]
�

gx� @
p[
m@4

]
�mWm

�gxmWm @
p[
m@4

? MuxmWm > gm A

@ �4

5

p[
m@4

? uxmWm > Mfm A@ 3>

43



Iljxuh 5= Gxdo hgjh judsk � durxqg d yhuwh{1

vlqfh x lv kduprqlf lq Vk> vhh htxdwlrq +45,1 Wkhuhiruh/ gx� lv forvhg dorqj wkh gxdo
hgjh judsk wkurxjk wkh hgjh plgsrlqwv ri 9/ dqg x� 5 V�k lv joredoo| gh�qhg rq vlpso|
frqqhfwhg uhjlrqv ri 1

Iru d kduprqlf pds x 5 Vk> wkh iroorzlqj sursrvlwlrq suryhv kduprqlflw| ri wkh
frqmxjdwh pds x� 5 V�k1

Sursrvlwlrq < Ohw x 5 Vk eh d glvfuhwh kduprqlf pds rq d wuldqjxodwlrq 9k dqg ohw
x� 5 V�k eh d vroxwlrq ri wkh glvfuhwh Fdxfk|0Ulhpdqq htxdwlrqv +4<, jlyhq e| Sursrvlwlrq
;1 Wkhq x� kdv wkh vdph Glulfkohw hqhuj| dv x> dqg x� lv glvfuhwh kduprqlf lq V�k1

Surri1 Ohw x� eh wkh vroxwlrq ri wkh glvfuhwh Fdxfk|0Ulhpdqq htxdwlrqv +4<, iru d
glvfuhwh kduprqlf pds x 5 Vk1 Wkhq zh vkrz wkdw x� lv d fulwlfdo srlqw ri wkh qrq0
frqiruplqj Glulfkohw hqhuj| lq V�k e| uhzulwlqj wkh Glulfkohw judglhqw +4:, ri x� lq whupv
ri ydoxhv ri x1

Rq d vlqjoh wuldqjoh W @ if4> f5> f6j zlwk hgjh plgsrlqwv pl rq fl>zh qrwh wkdw


MuxmW >u#l

�
@

5

duhd+W ,
+x+pl�4,� x+pl.4,, ;l 5 i4> 5> 6j > +55,

zklfk iroorzv gluhfwo| iurp ux @
S6

m@4 x+pm,u#m dqg

kMu#m >u#ll @
;?
=

3 m @ l
5

duhd+W , m @ l� 4
�5

duhd+W , m @ l. 4
=

Ohw W4 ^ W5 ghqrwh wkh wzr wuldqjohv iruplqj wkh vxssruw ri #l dv vkrzq lq �jxuh 61
Xvlqj htxdwlrq +55, zh rewdlq

g

gx�l
HG+x

�, @

]
W4^W5

kux�>u#ll
@ 5+x+pl�5,� x+pl�4,, . 5+x+pl4,� x+pl5,,=

Vlqfh x lv olqhdu zh fdq uhzulwh wkh gl�huhqfhv dw hgjh plgsrlqwv dv gl�huhqfhv ri x dw
yhuwlfhv rq wkh frpprq hgjh ri W4 dqg W5/ dqg rewdlq

g

gx�l
HG+x

�, @ x+Ym�4,� x+Ym�5, . x+Ym5,� x+Ym4,1 +56,

Wklv htxdwlrq uhodwhv wkh hqhuj| judglhqw ri x� wr wkh ixqfwlrq ydoxhv dw yhuwlfhv ri x1 Zh
hpskdvl}h wkh idfw wkdw wkh ghulydwlrq ri wkh htxdwlrq grhv qrw xvh hgjh frqwlqxlw| ri x/
zklfk zloo doorz xv wr xvh 56 lq wkh surri ri Wkhruhp 431 Wkh uljkw kdqg vlgh ri +56,

44



Iljxuh 6= Qrwdwlrq ri hgjh plgsrlqwv lq sdlu ri wuldqjohv1

ydqlvkhv li dqg rqo| li
xmhl lq W4 @ xmhl lq W5 . frqvwdqw1

Wkhuhiruh/ wkh kduprqlflw| ri x� iroorzv iurp/ dqg lv htxdo wr/ wkh hgjh frqwlqxlw| ri
x 5 Vk1

Wkh iroorzlqj pdlq wkhruhp vwdwhv wkh frpsohwh uhodwlrqvkls ehwzhhq kduprqlf pdsv
lq Vk dqg V�k/ dqg lqfoxghv wkh suhylrxv sursrvlwlrqv dv vshfldo fdvhv1

Wkhruhp 43 Ohw 9k eh d wuldqjxodwlrq ri d Ulhpdqq vxuidfh P 1

41 Ohw x 5 Vk eh d plqlpl}hu ri wkh Glulfkohw hqhuj| lq Vk1 Wkhq lwv frqmxjdwh pds
x� lv lq V�k dqg lv glvfuhwh kduprqlf1

51 Ohw y 5 V�k eh d plqlpl}hu ri wkh Glulfkohw hqhuj| lq V�k1 Wkhq lwv frqmxjdwh pds x
lv lq Vk dqg glvfuhwh kduprqlf1

61 Ohw x 5 Vk> uhvshfwlyho| V�k / eh glvfuhwh kduprqlf lq Vk> uhvshfwlyho|1 V�k1 Wkhq
x�� @ �x1

Surri1 41 Wkh �uvw vwdwhphqw zdv suryhg lq sursrvlwlrqv ; dqg <1
51 Ohw y 5 V�k jlyhq e| y @

S
yl#l eh glvfuhwh kduprqlf1 Dorqj wkh olqhv ri wkh

surri iru wkh fruuhvsrqglqj Sursrvlwlrq ; frqfhuqlqj Vk> zh gh�qh y�mW +xs wr dq dgglwlyh
lqwhjudwlrq frqvwdqw, dv wkh zhoo0gh�qhg lqwhjudo ri

gy�mW =@ �gymW ;W 5 9k/

zklfk xqltxho| h{lvwv vlqfh ymW lv olqhdu1 Xvlqj wkh vdph dujxphqwv dv lq wkh surri ri
Sursrvlwlrq < dqg uy� @ Muy> zh ghulyh dq htxdwlrq iru y wkdw lv lghqwlfdo wr htxdwlrq
+56, iru x =

g

gyl
HG+y, @ y�+Ym�4,� y�+Ym�5, . y�+Ym5,� y�+Ym4,/

zkhuh Ymn duh yhuwlfhv dv ghqrwhg lq Iljxuh 61 Vlqfh y lv kduprqlf/ zh fdq fkrrvh wkh
lqwhjudwlrq frqvwdqwv ri y� vxfk wkdw y� ehfrphv hgjh frqwlqxrxv dqg olhv lq Vk1

Wkh kduprqlflw| surshuw| ri y� iroorzv iurp wkh forvhgqhvv ri y1 Ohw y� @
S

y�l *l 5
Vk> dqg wkhq vsolwwlqj u#l @ �u#lm �u#lm.4 lq hdfk wuldqjoh/ zh rewdlq

g

gy�l
HG+y

�, @

]
-k

�
uy�>

g

gy�l
uy�

 
@

]
vwdu+sl,

kMuy>u*ll

45



@
[
m

]
Wlm

�
Muy>�4

5
+u#lm .u#lm.4

 

@
[
m

]
Wlm

4

duhdWlm
++ylm.4 � ylm�4, . +ylm�4 � ylm ,,

@
[
m

ylm.4 � ylm @ 3

vlqfh y 5 V�k lv forvhg rq wkh sdwk durxqg hdfk yhuwh{ sl1 Wkhuhiruh y� lv fulwlfdo iru wkh
Glulfkohw hqhuj| lq Vk1

61 Wkh wklug vwdwhphqw lv d gluhfw frqvhtxhqfh ri wzlfh dsso|lqj wkh � rshudwru wzlfh/
zklfk urwdwhv wkh judglhqw lq hdfk wuldqjoh e| � lq wkh sodqh ri wkh judglhqw1

Fruroodu| 44 Wkh frqmxjdwlrq lv d elmhfwlrq ehwzhhq glvfuhwh kduprqlf pdsv lq Vk dqg
V�k/ zkhuh hdfk sdlu +x> y, ixo�oov wkh glvfuhwh Fdxfk| Ulhpdqq htxdwlrqv1 Ixuwkhu/ erwk
pdsv kdyh wkh vdph Glulfkohw hqhuj|1

Surri1 Wkh surri ri Wkhruhp 43 dqg wkh suhylrxv sursrvlwlrqv vkrz wkdw/ iru d sdlu
+x> y, ri kduprqlf frqmxjdwh ixqfwlrqv x 5 Vk dqg y 5 V�k/ wkh kduprqlflw| frqglwlrq ri x
lv htxdo wr wkh forvhgqhvv frqglwlrq ri y/ dqg wkh forvhgqhvv frqglwlrq ri x lv htxdo wr wkh
kduprqlflw| frqglwlrq ri y1

Wkh htxdolw| ri wkh Glulfkohw hqhujlhv iroorzv gluhfwo| iurp wkh Fdxfk|0Ulhpdqq htxd0
wlrqv1

9 Dssolfdwlrq wr Plqlpdo Vxuidfhv

Zh dsso| wkh uhvxowv ri wkh suhylrxv vhfwlrqv wr wkh frpsxwdwlrq ri wkh frqmxjdwh ri d
plqlpdo vxuidfh1 Vlqfh wkhvh uhvxowv duh fruroodulhv ri wkh suhylrxv vhfwlrqv dssolhg wr wkh
frqmxjdwlrq phwkrg lq ^<` zh uhihu wr wkh ruljlqdo zrun iru ghwdlov rq wkh plqlpl}dwlrq
dojrulwkp1

Ohw I = P $ U
6 eh d plqlpdo lpphuvlrq ri d Ulhpdqq vxuidfh P lqwr U

6 zlwk
qrupdo yhfwru �hog Q = P $ V

5 dqg gl�huhqwldo gI 1 Wkhq wkh frqmxjdwh plqlpdo vxuidfh
I � = P $ U

6 zlwk qrupdo �hog Q� = P $ V
5 lv gh�qhg dv vroxwlrq ri wkh v|vwhp

gI � @ �gI +57,

Q� @ Q

zkhuh � lv wkh Krgjh vwdu rshudwlrq zlwk uhvshfw wr wkh lqgxfhg phwulf rq P 1 Iurp wkh
v|vwhp ri gl�huhqwldo htxdwlrqv lw lv reylrxv wkdw d plqlpdo vxuidfh dqg lwv frqmxjdwh duh
lvrphwulf dqg kdyh sdudooho qrupdo yhfwruv dw fruuhvsrqglqj srlqwv lq wkh vprrwk fdvh1

Fxuuhqwo|/ rqo| wkh phwkrg ri Slqndoo dqg Srowklhu ^<` vhhpv wr doorz wkh frqmxjdwlrq
ri d qxphulfdoo| frpsxwhg glvfuhwh plqlpdo vxuidfh zlwk uhdvrqdeoh uhvxowv1 Wkh pdlq
gl!fxowlhv duh wr surylgh dffxudwh F4 gdwd iurp qxphulfdoo| rewdlqhg plqlpdo vxuidfhv
uhtxluhg iru wkh v|vwhp 571 Lq ^<` wkh glvfuhwh frqmxjdwlrq dojrulwkp lv edvhg wkh frqfhsw
ri glvfuhwh kduprqlf pdsv/ exw wkh phwkrg glg qrw xqyhlo wkh yduldwlrqdo surshuwlhv ri
wkh frqmxjdwh vxuidfh1 Lq wkh iroorzlqj zh �uvw vkrz wkh duhd plqlpdolw| ri wkh frqmxjdwh
glvfuhwh plqlpdo vxuidfh/ dqg vhfrqg/ ghvfuleh d sudfwlfdo dojrulwkp e| uhirupxodwlqj wkh
frqmxjdwlrq phwkrg ri ^<` lq whupv ri wkh frqmxjdwlrq ri kduprqlf pdsv xvlqj frqiruplqj
dqg qrq0frqiruplqj ixqfwlrqv ghulyhg lq wkh suhvhqw sdshu1

Iru vlpsolflw|/ frqvlghu d Sodwhdx sureohp zlwk Glulfkohw frqglwlrqv= iru d jlyhq forvhg
erxqgdu| fxuyh � � U

6 �qg d vlpso| frqqhfwhg plqlpdo vxuidfh P � U
6 zlwk CP @ �1
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Fruroodu| 45 Ohw P eh d frqiruplqj +uhvshfwlyho| qrq0frqiruplqj, wuldqjxodwlrq zlwk
ydqlvklqj judglhqw ri wkh glvfuhwh duhd ixqfwlrqdo dw doo lqwhulru yhuwlfhv1 Lwv frqmxjdwh
vxuidfh P� lv frqvwuxfwhg e| urwdwlqj doo wuldqjohv e| �@5 lq wkh rulhqwhg wuldqjoh sodqhv/
dqg e| dvvhpeolqj sdluv ri dgmdfhqw wuldqjohv dw wkh plgsrlqw ri wkhlu frpprq hgjh1

P� lv d fulwlfdo srlqw ri wkh duhd ixqfwlrqdo lq wkh vsdfh ri qrq0frqiruplqj +uhvshf0
wlyho| frqiruplqj, wuldqjxodwlrqv zlwk �{hg Glulfkohw erxqgdu|/ dqg P� lv xqltxh xs wr
wudqvodwlrq1

Surri1 Vlqfh P lv duhd plqlpdo/ wkh lghqwlw| pds

lg = P $ P

lv d frqirupdo/ glvfuhwh kduprqlf pds zlwk

duhd+lg+P,, @ HG+lg = P $ P,=

Dsso|lqj wkh frqmxjdwlrq dojrulwkp ri wkh suhylrxv vhfwlrqv wr wkh kduprqlf frruglqdwh
ixqfwlrqv ri lg jlyhv d frqmxjdwh pds lg� = P $ P� zklfk lv glvfuhwh kduprqlf1 Vlqfh lg�

lv urwdwlrq e| �@5 lq hdfk wuldqjoh/ lw lv lvrphwulf rq hdfk wuldqjoh dqg frqirupdo1 Wkhuh0
iruh/ P� lv d fulwlfdo srlqw ri wkh glvfuhwh duhd ixqfwlrqdo lq wkh fodvv ri qrq0frqiruplqj
+uhvshfwlyho| frqiruplqj, wuldqjxodwlrqv1

Lq sudfwlfdo dssolfdwlrqv wkh dvvxpswlrq ri wkh suhylrxv fruroodu|/ l1h1 kdylqj d glvfuhwh
plqlpdo vxuidfh wr vwduw zlwk/ lv kdugo| vdwlv�hg1 Riwhq/ plqlpdo vxuidfhv duh frpsxwhg
e| vroylqj d yduldwlrqdo sureohp zkhuh wkh qxphulfdo phwkrg vwrsv ehiruh uhdfklqj wkh
devroxwh }hur ri wkh judglhqw1 Wkh phwkrg ri ^<` doorzv wr flufxpyhqw wklv gl!fxow| e|
dsso|lqj wkh frqmxjdwlrq wr kduprqlf pdsv lqvwhdg ri plqlpdo vxuidfhv1 Kduprqlf pdsv
duh txdgudwlf sureohpv zklfk fdq eh frpsxwhg h{dfwo| frpsduhg wr wkh qrq0olqhdu surfhvv
ri duhd plqlpl}dwlrq1

Zh dssur{lpdwh d plqlpdo vxuidfh P yld d vhtxhqfh ri kduprqlf pdsv rq vxuidfhv1
Zh uhfdoo wkh lwhudwlrq surfhvv lqwurgxfhg lq G}lxn ^7` iru plqlpdo vxuidfhv lq U

6/ dqg
h{whqghg e| Rehunqdss dqg Srowklhu ^;` wr V

6=

Dojrulwkp 46 Wr frpsxwh wkh frqmxjdwh P�
k ri wkh Sodwhdx sureohp Pk zlwk Glulfkohw

erxqgdu| frqglwlrq �=

41 Ohw P3 eh d wuldqjxodwhg lqlwldo vxuidfh zlwk erxqgdu| CP3 @ �1

51 Ohw Pl eh d vxuidfh zlwk erxqgdu| �/ wkhq frpsxwh wkh vxuidfh Pl.4 dv plqlpl}hu
ri wkh Glulfkohw hqhuj|

4

5

]
Pl

mu+Il = Pl $ Pl.4,m5 @ plq
P>CP@�

4

5

]
Pl

mu+I = Pl $ P,m5 =

Wklv xqltxho| gh�qhv d Odsodfh0Ehowudpl kduprqlf ixqfwlrq Il zkrvh lpdjh Il+Pl, @
Pl.4 lv wkh qh{w vxuidfh1

61 Vhw l $ l. 4/ dqg frqwlqxh zlwk vwhs 5 xqwlo wkh duhd judglhqw ri Pl lv uhdvrqdeoh
vpdoo1

71 Frpsxwh wkh kduprqlf frqmxjdwh I �l ri Il = Pl $ Pl.41

81 Vhw Pk =@ Pl.4 dv qxphulfdo dssur{lpdwlrq ri wkh Sodwhdx vroxwlrq/ dqg vhw P�
k =@

I �l +Pl, dv dssur{lpdwlrq ri wkh frqmxjdwh plqlpdo vxuidfh1
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Wklv dojrulwkp jhqhudwhv d vhtxhqfh ri glvfuhwh vxuidfhv iPlj dqg yhfwru0ydoxhg kdu0
prqlf pdsv iIl = Pl $ Pl.4j zklfk frqyhujhv wr d plqlpdo vxuidfh li qr ghjhqhudwlrq
rffxuv1 Lq rughu wr h{whqg wkh frqmxjdwlrq whfkqltxh ri wkh suhylrxv vhfwlrqv wr wkh frp0
sxwdwlrq ri wkh frqmxjdwh ri d plqlpdo vxuidfh zh doorz wkh vxuidfhv Pl wr eh hlwkhu doo
frqiruplqj ru doo qrq0frqiruplqj wuldqjxodwlrqv1 Lq wklv fdvh wkh frruglqdwh ixqfwlrqv
ri hdfk Il duh glvfuhwh kduprqlf ixqfwlrqv hlwkhu lq Vk ru V�k/ dqg wkh lpdjh I �l +Pl,
ri wkh frqmxjdwh kduprqlf ri Il lv d jrrg dssur{lpdwlrq ri wkh frqmxjdwh plqlpdo vxu0
idfh1 Wkh wzr dssur{lpdwlrqv Pk dqg P�

k duh hlwkhu d frqiruplqj dqg d qrq0frqiruplqj
wuldqjxodwlrq/ ru ylfh0yhuvd1

Uhihuhqfhv
^4` G1 Eudhvv1 Ilqlwh Hohphqwh1 Vsulqjhu Yhuodj/ 4<::1

^5` V1 F1 Euhqqhu dqg O1 U1 Vfrww1 Wkh Pdwkhpdwlfdo Wkhru| ri Ilqlwh Hohphqw Phwkrgv1
Vsulqjhu Yhuodj/ 4<<71

^6` S1 Flduohw1 Wkh Ilqlwh Hohphqw Phwkrg iru Hoolswlf Sureohpv1 Qruwk0Kroodqg/ 4<:;1

^7` J1 G}lxn1 Dq dojrulwkp iru hyroxwlrqdu| vxuidfhv1 Qxphu1 Pdwk1/ 8;=936�944/ 4<<41

^8` J1 G}lxn dqg M1 H1 Kxwfklqvrq1 Ilqlwh hohphqw dssur{lpdwlrqv dqg wkh glulfkohw
sureohp iru vxuidfhv ri suhvfulehg phdq fxuydwxuh1 Lq K10F1 Khjh dqg N1 Srowklhu/
hglwruv/ Pdwkhpdwlfdo Ylvxdol}dwlrq/ sdjhv :6�;:1 Vsulqjhu0Yhuodj/ Khlghoehuj/ 4<<;1

^9` M1 H1 Kxwfklqvrq1 Frpsxwlqj frqirupdo pdsv dqg plqlpdo vxuidfhv1 Surf1 Fhqwu1
Pdwk1 Dqdo1/ Fdqehuud/ 59=473�494/ 4<<41

^:` V1 P oohu/ P1 Vwuxzh/ dqg Y1 Vyhudn1 Kduprqlf pdsv rq sodqdu odwwlfhv1 Whfkqlfdo
Uhsruw 4:/ PSL Ohls}lj/ 4<<:1

^;` E1 Rehunqdss dqg N1 Srowklhu1 Dq dojrulwkp iru glvfuhwh frqvwdqw phdq fxuydwxuh
vxuidfhv1 Lq K10F1 Khjh dqg N1 Srowklhu/ hglwruv/ Ylvxdol}dwlrq dqg Pdwkhpdwlfv/
sdjhv 474�4941 Vsulqjhu Yhuodj/ Khlghoehuj/ 4<<:1

^<` X1 Slqndoo dqg N1 Srowklhu1 Frpsxwlqj glvfuhwh plqlpdo vxuidfhv dqg wkhlu frqmxjdwhv1
H{shulp1 Pdwk1/ 5+4,=48�69/ 4<<61

^43` W1 Wvxfkl|d1 Glvfuhwh vroxwlrqv ri wkh Sodwhdx sureohp dqg lwv frqyhujhqfh1 Pdwk1
ri Frps1/ 7<=48:�498/ 4<;:1
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: Iljxuh Dsshqgl{

:14 Kduprqlf dqg Krorprusklf Pdsv rq d Vtxduh Julg

Frqiruplqj kduprqlf pds x 5 Vk
lqwhusrodwlqj Uh }5

Frqmxjdwh kduprqlf x� 5 V�k lv
d qrq0frqiruplqj pds

Krorprusklf sdlu +x> x�, +427 gudzlqj,
frpsduhg zlwk h{dfw vroxwlrq +julg,

x� glvsod|hg plggoh 427 ri hdfk wuldqjoh1
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:15 Dssolfdwlrq wr Plqlpdo Vxuidfhv

Frqiruplqj fdwhqrlg Qrq0frqiruplqj Frqmxjdwh

Qrq0frqiruplqj gxdo ri Kholfrlg Frqiruplqj Kholfrlg

4:


