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—— Abstract
Let D be a straight-line drawing of a graph in the plane, and let ¢ be a positive integer. We say

that D has a nearest-neighbor decomposition into ¢ parts if there are point sets P, ..., P. such
that D is the union of the nearest neighbor graphs on Py, ..., P.. We study the complexity of
deciding whether it is possible to draw D as the union of ¢ nearest-neighbor graphs.

1 Introduction

Let P C R? be a finite planar point set, and let C be a finite set of colors. A coloring is a
function o : P — C' that assigns a color to each point in P. For any color ¢ € C, we write
P.={pe€ P|o(p) =c} for the points in P that were colored with c.

The nearest-neighbor graph for a color ¢ € C, N, is the embedded graph with vertex
set P, and a straight-line edge between p, q € P, if and only if p is the nearest neighbor of ¢
among all points in P,, or vice versa.! We will consider N, both as a combinatorial graph,
consisting of vertices and edges, and as a subset of the plane, consisting of the points in P,
and the line segments that represent the edges. We write W = (J . IV, for the union of the
nearest-neighbor graphs of all colors. Again, we consider N both as a graph and as a set.

We are interested in the following problem: suppose we are given a drawing D, i.e., a
graph that is embedded in the plane and whose edges are represented by (possibly crossing)
straight line segments. Our general task is to construct a point set P, a set of colors C, and
a color assignment o, such that the union W of the nearest-neighbor graphs for P and C
equals D, considered as subsets of the plane. We call W an NN-decomposition of D with
vertex set P, and we call |C| the color-number of N. See Figure 1.

* This research was started at the 4th DACH Workshop on Arrangements and Drawings, February 24-28,
2020, in Malchow, Germany. We thank all participants of the workshops for valuable discussions and
for creating a conducive research atmosphere.

T Supported in part by ERC StG 757609.

¥ Supported by the Swiss National Science Foundation within the collaborative DACH project Arrange-
ments and Drawings as SNSF Project 200021E-171681.

§ Supported by the German Science Foundation within the research training group ‘Facets of Complexity’
(GRK 2434).

9 Supported in part by ERC StG 757609 and by the German Research Foundation within the collaborative

DACH project Arrangements and Drawings as DFG Project MU 3501/3-1.

Partially supported by FWF within the collaborative DACH project Arrangements and Drawings as

FWF project I 3340-N35

We assume general position but our notion is different: Three points can be on a line but we require

that the pairwise distances between the points are all different. Note that our notion of nearest-neighbor

graph is undirected, but a directed version also exists.
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Figure 1 (a) A drawing. (b) A set of points with 3 colors. (c) The 3 nearest-neighbor graphs.

Related work. Our problem is motivated from automated content generation for puzzle
games: van Kapel introduces a version of connect-the-dots puzzles in which the task is to
connect dots based on colors rather than numbers [7]. In this puzzle, points may have
multiple colors; see Figure 2. He implemented a heuristic approach for generating such
puzzles which works well for small instances, but for larger instances generates too many
colors to be practical [5].

Figure 2 (a) Multi-colored points with 5 colors: blue, red, green, yellow, and orange. (b) The
orange nearest-neighbor graph. (¢) The union of all nearest-neighbor graphs. Picture taken from [5].

The nearest-neighbor graph of a set of points in the plane is well understood [1, 6]. It is a
subgraph of the relative neighborhood graph of the points [4, 6], which in turn is a subgraph
of the Delaunay triangulation. The problem of recognizing whether a given abstract graph
can be realized as a nearest-neighbor graph of a point set is open and conjectured to be hard.
In contrast, testing whether a given embedded graph is a (single) nearest-neighbor graph is
easy.

Results. We show that testing if a drawing can be decomposed into ¢ nearest-neighbor
graphs so that every vertex of the drawing is a vertex of at least one of the graphs, is
polynomial for ¢ < 2, but NP-hard for ¢ > 3. If we allow edges of the nearest-neighbor graphs
to cross without requiring a vertex at the crossing, the problem is already hard for ¢ = 2.

2 Existence of NN-Decompositions on Special Points

Let D be a straight-line drawing. The segments of D are the inclusion maximal line segments
in D. If s is a line segment with s C D such that s is not a segment of D, we say that
s is covered by D. The special points of D are the endpoints of the line segments in D
and the intersection points between two segments in D. We require a stronger general
position assumption, namely that the pairwise distances between the special points of D
are all distinct. We consider the special case of our problem where the vertex set of the
NN-decomposition must consist of the special points. We investigate the question under
which circumstances it is possible to find such a special-point NN-decomposition of D.
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Figure 3 This drawing highlights the possible violations that make a drawing non-plane.

2.1 The Plane Case

A drawing D is called plane if its segments intersect only at their endpoints, i.e., no segment
of D contains a special point in its relative interior; see Figure 3 for an illustration.

» Lemma 2.1. Let D be a plane drawing. Suppose there is a special-point NN-decomposition
N of D. Let o be the underlying coloring of N. Then, for any connected component C of D,
the coloring o assigns the same color to all special points in C.

Proof. Suppose D has a connected component C in which o assigns two distinct colors.
Then, C contains a segment s = uv whose endpoints are colored differently. However, the line
segment uv must be covered by W, and thus, there exists a segment ¢t in N that contains w,
v, and another special point of D (since the segments in N are derived from nearest-neighbor
relations between points of the same color). By our general position assumption, the segment
t is not in D, so N is not an NN-decomposition of D, a contradiction. <

Let C be a connected component in a plane drawing D, p a special point in C. We denote
by a(p) the special point in C \ {p} that is closest to p. We denote by b(p) the set of special
points in D that are strictly closer to p than a(p). By definition, b(p) C D\ C. Let C; and Co
be two distinct connected components. We say that C; and Cs; are incompatible if there is a
special point p € C; such that b(p) N Cy # 0, or vice-versa.

We call the connected component C NN-representable if C is the nearest-neighbor graph
of its special points. By Lemma 2.1, if C is plane, then NN-representability is equivalent to
special-point NN-decomposability.

Let D be a straight-line drawing. We denote by V' = {C; }1<;<, the connected components
of D. We define E as the set of pairs {C;,C;} where C; and C; are incompatible. We say that
the graph G := (V, E) is the incompatibility graph of D.

» Theorem 2.2. Let C be a set of colors with |C| < 2. There is a polynomial time algorithm
for the following task: given a plane drawing D, is there a special-point NN-decomposition of
D with color set C'?

Proof. Let D be a plane drawing. By Lemma 2.1 each connected component is colored with
one color if there is a special-point NN-decomposition of D. This means every connected
component of D is NN-representable if there is a special-point NN-decomposition of D. This
can be checked in polynomial time, as we only need to compute the nearest-neighbor graph

of the special vertices. If the test is negative, the algorithm answers that there is no solution.

Otherwise, we construct the incompatibility graph G of D, and we check whether G can
be colored with C. This takes polynomial time since |C| < 2 (for |C| = 2 check whether G is
bipartite, for |C| =1 check that G has no edges). Note, that if G was not C-colorable, then
there exists at least one incompatible pair {C;,C;} which was assigned the same color. Since
by definition b(p) N C; # O for a p € C;, such a coloring would create a non-existing edge
between C; and C;. If possible, we give all special points in a component C the color assigned
to the corresponding vertex in GG. Since all connected components are NN-representable, this
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Figure 4 A 5-wire of length 5 and the general incompatibility graph of a k-wire of length 5.
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Figure 5 A 5-chain of length 5 and the general incompatibility graph of a k-chain of length 5.

is also a special point NN-decomposition of D. If G cannot be colored with C, then there
is no special point NN-decomposition of D. Assume to the contrary that there is a special
point NN-decomposition of D. Since every point of a connected component has the same
color, we color the corresponding vertex in G with the same color. But then we would have
a coloring of G, which contradicts that G cannot be colored with C. <

» Theorem 2.3. Let C be a set of colors with |C| > 3. The following task is NP-complete:
giwven a plane drawing D, is there a special-point NN-decomposition of D with color set C'?

Proof. Gréf, Stumpf, and WeiBlenfels [3] showed how to reduce k-colorability to k-colorability
of unit disk graphs. Our proof is inspired by theirs. Let k = |C|. We show the NP-hardness of
coloring the special points of D with k > 3 colors by means of a reduction from k-colorability.
We make use of four types of gadgets: k-wires, k-chains, k-clones, and k-crossings. They are
depicted in Figures 4 to 7, together with their incompatibility graphs. The symbol consisting
of a number x in a circle denotes a clique of size x. A vertex v connected to such a symbol
means that there is an edge between v and all the vertices of the clique. These incompatiblity
graphs are exactly the gadgets defined by Graf, Stumpf, and Weilenfels. Note that each
connected component in these gadgets is NN-representable. The gadgets shown are for k = 5.

In Figures 4 to 6, there are several sets of four segments that are very close and nearly
vertical. For other values of k, the gadgets are analogous, but with £ — 1 almost vertical
segments instead of four. Similarly, in Figure 7, there are five sets consisting of three close
segments. For other values of k, there are five sets of kK — 2 segments. In Figures 4 and 5,
k-wires and k-chains are drawn as if they were on a line, but they may also bend with a
right angle. Note that in Figures 4 to 7 some vertices are specially marked with larger empty
circles. These vertices will be called extreme vertices.

In Figure 7, there seem to be points lying on a segment between two other points.
Actually, these points are shifted by a sufficiently small € > 0, to ensure our general position
assumption.
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Figure 6 A 5-clone of length 4 and and the general incompatibility graph of a k-clone of length 4.

Figure 7 The 5-crossing gadget (left); the incompatibility graph of the k-crossing gadget (right).
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Figure 8 An example graph G with four vertices (left). Converting G' to an NN-graph (right).

The main property of a k-wire is that in any coloring with k colors of its incompatibility
graph, the extreme vertices are assigned the same color. In contrast, in a k-chain, the extreme
vertices are assigned different colors. In a k-clone of length ¢, there are £ extreme vertices.
In any coloring with colors from C, all extreme vertices have the same color. Finally, for the
k-crossing, opposite extreme vertices must have the same color; a pair of consecutive extreme
vertices (e.g., top and left extreme vertices) may or may not be assigned the same color [2].

Now we follow the proof of Grif, Stumpf, and Weilenfels. Suppose we are given a graph
G = (V, E). We describe a drawing D whose incompatibility graph can be colored with color
set C if and only if the vertices of G can be colored with C. Refer to Figure 8. For each
vertex v of degree § in G, we draw a k-clone of size 4. The clones are drawn so that they are
arranged on a horizontal line and such that their upper points have the same y-coordinate.
Then, for each edge {u,v} € E, we draw it on the plane as two vertical segments, each
incident to one k-clone, and one horizontal segment that connects the two upper points of
the vertical segments. We do that such that for any pair of edges, their horizontal segments
have distinct y-coordinates. Then we replace each crossing between a pair of edges by a
k-crossing. Finally, let us consider one edge {u,v} € E, and let us orient it arbitrarily, say
toward v. We replace each part of the edge between two k-crossings by k-wires of sufficient
length. If there are no crossings, we replace the edge by a k-chain. Otherwise, the part of
the edge between u and the first k-crossing is replaced by a k-wire, and the part between the
last k-crossing and v is replaced by a chain. As the points of distinct gadgets are sufficiently
remote (except for pairs of gadgets that are connected on purpose), the incompatibility graph
of this drawing is the union of the incompatibility graphs of the individual gadgets.

It is possible to find positions with a polynomial number of bits such that all pairwise
distances are distinct but at the same time the positions are sufficiently close to the prescribed
positions. This concludes the reduction. <

2.2 The non-plane case
We show that if drawings are not required to be plane, the problem is hard for two colors.

» Theorem 2.4. Let C be a set of colors with |C| = 2. The following task is NP-complete:
given a drawing D, is there a special-point NN-decomposition of D with color set C'?

Proof. We reduce from Not-All-Equal 3SAT (NAE-3SAT). Let ® be an NAE-3SAT formula
with variable set X and clause set Y. Let Gg be the associated bipartite graph with vertex
set X UY, where two vertices x and y are adjacent if and only if x is a variable that appears
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Figure 9 Structure of the conversion of the NAE-3SAT formula with clauses ¢1 = (21, 2, ~x3),
c2 = (—z1, 3, x4), and c3 = (z2, 3, 2s5) into a 2-color N graph.

in clause y. We draw G4 as follows: clauses are represented by vertical segments on the
y-axis of length 3. Variables of degree § are represented as horizontal segments on the z-axis

of length 0. Each edge {z, y} is drawn as the union of one vertical and one horizontal segment.

The vertical segment is incident to the variable gadget for . The horizontal segment is
adjacent to a clause gadget for y. See Figure 9 for an example.

We use some gadgets from the proof of Theorem 2.3. We replace each variable by a
2-clone of length . We replace each clause by the gadget in Figure 10 (see Figure 11 for
assignments where all literals have the same color), and each crossing by the gadget in
Figure 12. In Figure 12, some points have been colored. Note that this does not correspond

to an assignment of truth values, but is supposed to provide visual information for the reader.
The distance between a green point and a blue point is 1 — ¢, for a sufficiently small ¢ > 0.

The distance between a blue point and the red point is 1. The distance between the red
point and an orange point is 1 4+ . The blue point on the left and the orange point on the
right are finally shifted by a suitable n > 0 with 1 < €, so that no two points are at the
same distance from the red point. The points in the clause gadget that are on the vertical
connected component on the left side are arranged so that this connected component is
NN-representable. Finally, each part of an edge between two gadgets is replaced by a 2-wire
of suitable length. We have thus obtained a drawing D.

We claim that @ is satisfiable if and only if there exists a special-point NN-decomposition
of D with two colors. First, notice a clause gadget has a special-point NN-decomposition if
and only if two of the horizontal segments on the right side are assigned different colors. In
the non-plane crossing gadget opposite segments are assigned the same color. All of them
may be assigned the same color, as in Figure 13a, or consecutive segments might be assigned
different colors, as in Figure 13b. Therefore, by associating the colors of C' with truth values,
D has a special-point NN-decomposition if and only if ® is satisfiable. <
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Figure 10 A clause gadget with a valid assignment. For the highlighted vertices the dashed circle
indicates the distance to the nearest neighbor of the same color.

— — o
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(a) The top and bottom right vertices connect (b) The vertical connection from the marked
to the vertices to their left. vertex does not span the full height.

Figure 11 Invalid assignments on the non-plane clause gadget where all three incoming wires
have the same color.
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Figure 12 A non-plane crossing gadget.
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Figure 13 Two valid assignments on the non-plane crossing gadget. (a) All extreme segments
are assigned the same color. (b) Opposite segments are assigned the same color.
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