J. reine angew. Math., Ahead of Print Journal fiir die reine und angewandte Mathematik
DOI 10.1515/crelle-2025-0084 © the author(s) 2025

Semistable Lefschetz pencils
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Abstract. We study the geometry and cohomology of Lefschetz pencils for semistable
schemes over a discrete valuation ring. We relate the global cohomological properties of the
Lefschetz pencil and the monodromy-weight conjecture; in particular, we show that if one
assumes the monodromy-weight conjecture in smaller dimensions, then one can obtain a rather
complete understanding of the relative cohomology of the pencil. This reduces the monodromy-
weight conjecture to an arithmetic variant of a conjecture of Kashiwara for the projective line.

1. Introduction

1.1. Background. The theory of Lefschetz pencils is an important tool in the study of
the topology of algebraic varieties which originates in the work of Picard and Lefschetz [37].
The theory has been extended to positive characteristic and étale cohomology by Deligne and
Katz [14]. The idea of Lefschetz is to fiber a smooth projective variety X of dimension n
over a field k after a certain blow-up X - Xintoa pencil ¢: X - ]P’kl such that ¢ is smooth
except for a finite number of quadratic singular points located in different fibers, i.e. ¢ is like
a real Morse function in differential topology. The Leray spectral sequence for the pencil map
¢ allows one to study the cohomology of X. This topological idea was a key ingredient in
Deligne’s first proof of the Weil conjectures [10].

The geometric theory of Lefschetz pencils was generalized by Jannsen—Saito [29] to
smooth projective schemes over a discrete valuation ring. In this note, we study the geometry
and cohomology of Lefschetz pencils of (strict) semistable schemes over discrete valuation
rings.

One motivation for this study is the monodromy-weight conjecture [9, Section 8.5],
[45, p. 23], which is an analog of the Riemann hypothesis part of the Weil conjectures over
a p-adic local field. In [45], Rapoport—Zink studied the monodromy-weight conjecture in terms
of a monodromy-weight spectral sequence of a semistable model, which they define. The key
unsolved problem is that the d-differential in their spectral sequence is not well-understood
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in relation to the monodromy operator N. It turns out that, assuming the monodromy-weight
conjecture is known in smaller dimensions, the analog of this d-differential in the relative
cohomology of the semistable Lefschetz pencil is easy to control. This allows us to reduce
the monodromy-weight conjecture to an unsolved problem about the cohomology of a Picard—
Lefschetz sheaf on P1; see Section 9.3.

1.2. Geometry of semistable Lefschetz pencils. Let @ be a henselian discrete valua-
tion ring with perfect residue field k of characteristic ch(k) # 2. Define K to be the field of
fractions K = frac(©), which we assume to be of characteristic zero. Let X C IP’(19V be a (strict)
semistable projective scheme over (, i.e. its special fiber X} is a simple normal crossings divi-
sor. We endow X with the usual stratification; see the beginning of Section 4. A sufficiently
general linear subspace of codimension two A C Pg gives rise to a pencil map

v 1
¢ X — Py,

where X = Blgnx (X); see Section 5.

A point x € X is called critical if either x lives over K and is a non-smooth point of
¢k or if x lives over k and ¢|z: Z — IP’,i is non-smooth at x, where Z C fk is the stratum
containing Xx.

Roughly speaking, we say that the pencil ¢y: Xi — IP’,; is a stratified Lefschetz pencil
over k if ¢p: X — IP’kl is a stratified Morse function in the usual sense, Definition 3.3, with
at most one critical point per geometric fiber; for the precise definition of stratified Lefschetz
pencil, see Definition 5.1. It is not hard to show that, after a suitable Veronese embedding,
a generic choice of Ay gives rise to a stratified Lefschetz pencil ¢y.

The following theorem has been observed in [29, Theorem 1] in the smooth case.

Theorem 1.1 (see Theorem 5.4). Assume that ch(k) > dim(Xg) + 1 or ch(k) = 0.
Then the following properties hold.

(1) If ¢y is a stratified Lefschetz pencil, then ¢k is a Lefschetz pencil.

(2) The subset S of critical points in X is closed, and with the reduced subscheme structure,
it maps isomorphically onto its image in IP’(}).

(3) Each connected component of S is a trait (i.e. the spectrum of a henselian discrete val-
uation ring) which is finite and of ramification index over O equal to the number of
irreducible components of X}, it meets.

For ch(k) # 2, one only obtains a slightly weaker result which we formulate in Theo-
rem 4.2 for a general stratified Morse function.

1.3. Cohomology of semistable Lefschetz pencils. Let £ be a prime number invert-
ible in @ and assume that the residue field k is finite. Set A = Q, and n = dim(Xg). Let
o: X - Pé be a semistable Lefschetz pencil, i.e. ¢y is a stratified Lefschetz pencil and ¢ is
a Lefschetz pencil.

We endow X with the middle perversity (see Section A.4) so that A[n + 1] € Dé’ Xk, AN)
is a perverse sheaf. In order to understand the relative cohomology of a semistable Lefschetz
pencil, one has to study the degeneration of the classical Picard-Lefschetz perverse sheaf
Lx = PR%pg «(A[n + 1]) in terms of its nearby cycle perverse sheaf Ly = RW¥y,0(Lg)[-1].
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Note that, for i # 0, the perverse sheaf P R? ¢ K,«(A[n + 1]) is geometrically constant, and it can
be analyzed by the weak Lefschetz theorem [4, Théoréme 4.1.1] by cutting with a hyperplane
section.

As a consequence of results of Grothendieck [22, Exposé I] and Rapoport—Zink [45], the
monodromy action on Ly is unipotent (see Proposition 8.8 and Lemma 9.2); in particular, it is
given in terms of a nilpotent operator N:L; — L (—1). This operator induces a monodromy
filtration fil™ on the perverse sheaf L ; see (7.1).

In order to understand the structure of L;, we have to assume that the monodromy-
weight conjecture holds in dimensions smaller than dim(Xg); see Section 9.3. Recall that
the monodromy-weight conjecture is known for dimension at most two [45, Satz 2.13].

Theorem 1.2 (see Theorem 9.4). Assume that the monodromy-weight conjecture is
known over K for dimensions smaller than n = dim(Xg). Then the following properties hold.

(1) Forany a € 7Z, the monodromy graded piece g Ly is pure of weight n + a; in particu-
lar, it is geometrically semisimple [4, Corollaire 5.4.6].

(2) The non-constant part of grg/l Ly satisfies multiplicity one.

In Corollary 9.5, we show that, in order to prove the monodromy-weight conjecture
by induction on n = dim(Xg), one would have to prove that the monodromy filtration of
H O(IP’—I, Lz) agrees with the filtration induced by the spectral sequence of the filtered perverse
sheaf (Lg, filM). We call this the monodromy property; see Definition 7.2. The monodromy
property is of “purely topological” nature and is known to hold in our setting for @ of equal
characteristic. It plays an important role in the theory of Hodge modules [46] and twistor D-
modules [41]. In mixed characteristic, it fits into what we like to call the arithmetic Kashiwara
conjecture (see Conjecture 9.7), motivated by the Kashiwara conjecture in complex geome-
try [30]. We defer the study to a forthcoming work.

Because the monodromy action on Ly is unipotent, it is tame. This tameness generalizes
to all models of IP’}( in the following sense.

Theorem 1.3 (see Corollary 10.7). Assume ch(k) > n + 1. For any closed point x € IP’}(
and any i € 7, the Gal(X/x)-action on H' (¢~ 1(X), A) is tame.

In fact, we prove a slightly weaker result for ch(k) # 2 in Theorem 10.6. For x spe-
cializing to a regular value in IP’,;, Theorem 1.3 is an immediate consequence of the aforemen-
tioned results of Rapoport—Zink about semistable reduction. The proof of Theorem 1.3 uses the
Grothendieck—Murre criterion of tameness and Nakayama’s generalization [42, Theorem 0.1]
of the work of Rapoport—Zink to the log-smooth case applied to a certain blow-up. It also relies
on the tameness statement in the Picard—Lefschetz formula; see Proposition 6.3.

In forthcoming work, we will study the monodromy property in terms of a tilting to equal
characteristic zero, for which the tameness as formulated in Theorem 1.3 plays a role.

1.4. Content. As a technical ingredient, which is not well-documented in the literature
and which is necessary for our study of semistable Lefschetz pencils, we develop the algebraic
theory of stratified Morse functions for special algebraic analogs of Whitney stratifications,
which we call regular stratifications, in Sections 2 and 3.
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In Section 4, we prove the main theorem about Morse functions for semistable schemes.
In Section 5, we generalize without difficulty the usual geometric theory of Lefschetz pencils
to the stratified and semistable context.

In Section 6, we recast the classical cohomology theory of Lefschetz pencils in terms of
perverse sheaves. The only new result is the generalization of a central observation of Katz
[14, Exposé X VIII, Théoreme 5.7] for type (A) pencils to the general case.

Section 7 summarizes properties of the monodromy filtration in the context of perverse
sheaves.

Our presentation of the theory of Rapoport—Zink in Section 8 is novel in that we make full
use of the duality theory of the nearby cycle functor. This allows us to give a clear-cut axiomatic
description of their construction, and of its perverse formulation in [48, Section 2.2]. In order
to give a coordinate-free presentation in the case of 7 /{"Z-coefficients, we use Beilinson’s
Iwasawa twist. As this formalism, which is extremely useful for unipotent nearby cycles, is not
well-documented in the literature, we summarize it in Appendix A.

Our main cohomological results about semistable Lefschetz pencils and the relation to
the monodromy-weight conjecture are studied in Section 9.

Section 10 discusses tameness of the Picard—Lefschetz sheaf.

Notation. By k, we denote a field of characteristic different from 2, which is assumed
to be perfect if not stated otherwise. By (9, we denote a henselian discrete valuation ring with
residue field k. We always assume that K = frac(() has characteristic 0. When mentioning the
dimension of a scheme, we assume that it is equidimensional. By £, we denote a prime number
invertible in k.

2. Morse morphisms and Morse functions

2.1. Morse morphisms. Let X be a scheme locally of finite type over a field F with
ch(F) # 2. For F algebraically closed, we say that X — Spec F is a Morse morphism or
simply that X is Morse if, for any closed point x € X, either X is regular at x or there is an
isomorphism of F'-algebras

(9?(’)6 ~ F[Xo,..., Xa|"/(X§ + -+ X7) forsomen > 0.

Here M denotes the henselization with respect to the maximal ideal (Xp, ..., X,). Over a gen-
eral field F, we say that X — Spec F is a Morse morphism if X @ p F — Spec F is a Morse
morphism, where F/F is an algebraic closure. A non-smooth point of a Morse morphism
X — Spec F is called a non-degenerate quadratic singularity.

Letnow X and Y be schemes on which 2 is invertible. A morphism of schemes ¢: X — Y
is called a Morse morphism if it is locally finitely presented, flat and, for any point y € Y,
the fiber X, is Morse over k(y). Clearly, Morse morphisms are preserved by base change.
Observe that, in [12, Section (3.6)], it is called “essentiellement lisse”; in [29, Section 4], the
terminology “almost good reduction” is used.

Recall the deformation theory of non-degenerate quadratic singularities [14, Exposé XV,
Théoreme 1.1.4].

Proposition 2.1. Suppose that ¢: X — Y is flat and locally of finite presentation such
that $~1(y) is Morse over k(y) for a y € Y with k(y) separably closed. Let x € ¢~ (y) be
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a singular point of $~1(y). Then there exists an isomorphism of (911’, y-algebms
O% . = Oyy[Xo..... Xul"/(XG + -+ + X7 — ),
where a is in the maximal ideal v, C O% 3

Here, on the right, the henselization is with respect to the maximal ideal generated by m,,
and (Xo, ..., Xn).

2.2. Morse functions. Let in the following X be a regular noetherian scheme and let
D be a one-dimensional, regular, noetherian scheme. We always assume that 2 is invertible on
X and on D. Let ¢: X — D be a morphism of finite type. A non-smooth point x € X of ¢ is
called a critical point of ¢; the image ¢ (x) of a critical point x € X is called a critical value
of ¢. In particular, the closed points x with dim, X = 0 are critical. We say that ¢: X — D
is a Morse function if ¢ is a Morse morphism around any point x € X with dim, (X) > 0. We
call a critical point x € X non-degenerate if ¢ is a Morse function in a neighborhood of x.

Note that, in Morse theory, one sometimes asks that additionally a Morse function has at
most one critical point per fiber.

Remark 2.2. The set of critical points of a Morse function ¢ consists of finitely many
closed points; compare the proof of Corollary 2.3 below.

For us, k will be a perfect field of characteristic different from two. For the rest of this
section, we assume that k is algebraically closed, that X and D are of finite type over k and
that ¢: X — D is a k-morphism, n = dim(X). Proposition 2.1 has the following corollary.

Corollary 2.3 (Morse lemma). For x € X a critical point of a Morse function ¢: X — D
with n > 1, there exist k-isomorphisms (9?()6 =~ k[X1,..., Xn]h, (9?) o) = k[T]h such that
Y Oh 4oy = Oxxmaps T 10 X7 + -+ X If n = 0, then Oy =k and $(x)"(T) = 0.

Here the henselizations ™ are with respect to the maximal ideals (X1, ..., X,) and (T).

Proof. It suffices to show the corollary for x a closed point as then, a posteriori, it fol-
lows that there are no non-closed critical points, using that the set of critical points is closed.
Looking at the henselian local presentation of Ox x as an Op 4(x)-algebra from Proposi-
tion 2.1, we see that necessarily & € Op 4(x) is a uniformizer, as otherwise Ox, x would be
singular. |

Let Jy be the Jacobian ideal of ¢; see [24, Section 4.4].

Lemma 2.4. The following statements hold.
(i) Jp = Ox & ¢ is smooth;
(ii) V(Jg) is a finite disjoint union of copies of Spec k < ¢ is a Morse function.

The proof of part (ii) of the lemma is explained in [14, Exposé XV, Section 1.2].
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3. Regular stratifications

3.1. Regular stratifications and critical points. Let X be a noetherian scheme and let
D be a one-dimensional, regular, noetherian scheme. We always assume that 2 is invertible on
X andon D.

Definition 3.1. A stratification of X is a finite set Z consisting of disjoint locally closed
subsets Z C X called strata such that X is the disjoint union of the strata and such that the
Zariski closure Z of a stratum Z € Z is a union of strata. If X is a scheme and Z a stratification
of X, the pair (X, Z) is called a stratified scheme.

For (X, Z) a stratified scheme and x € X, we denote by Z, C X the stratum of x. We
usually endow a stratum with its reduced subscheme structure. What we call a stratification is
called a good stratification in [8, Definition 09XZ]. We call the stratification Z regular if the
closure Z with the reduced subscheme structure is regular for any stratum Z € Z.

Note that, for a morphism of finite type f:Y — X, the set-theoretic pullback f~!(Z)
of Z to Y is in general not a stratification but just a partition of Y into locally closed subsets
which we call the pullback partition. If f is flat, then f~!(Z) is automatically a stratification.

Now assume that X is endowed with a regular stratification Z. Consider a morphism
¢: X — D of finite type.

A point x € X is called a critical point of ¢ (with respect to the stratification Z) if
¢|z: Z — D is non-smooth at x, where Z is the stratum containing x endowed with the
reduced subscheme structure. Otherwise, x is called non-critical. For x € X a critical point,
we call ¢(x) € D a critical value.

Lemma 3.2. The set of critical points of ¢ is closed in X.

Proof. Let C C X be the subset of critical points. As, for any stratum Z € Z, the subset
C N Z is the non-smooth locus of ¢|z: Z — D, we see that C N Z C Z is closed. There-
fore, C is constructible in X. So, by [8, Lemma 0903 (2)], we just have to show that C is
closed under specialization. So consider points x, € {x_l}with x1€Zy1€”Zandx, € Z, € 7.
Assume x1 € C and Z1 # Z,.

First case: Z5 is non-flat over D at x,. Then, of course, Z; is not smooth over D at
X2, S0 Xp € C.

Second case: Z, is flat over D at x,. Then also Z, is flat over D at x,, because
flatness is equivalent to being dominant over D. As Z, < Z is a closed immersion of reg-
ular schemes, there exists a regular sequence a in 07z, x, with Oz, x,/(a) = Oz, x,. Let
7 € Op,¢(x,) be a uniformizer. As 7 is a non-zero divisor on Oz, x,, we see that a, 7 is also
aregular sequence in Oz, x,, so the image of a in U7z, x, /() is also a regular sequence, and it
remains a regular sequence after the base change by the algebraic closure k(¢ (x2))/ k(¢p(x2)).
So, as Oz, 22 BOp 50y k(¢(x2)) is singular, since x; € C and since the non-smooth locus
of the map Z1 — D is closed, then also Oz, x, ®Op.pxs) k(¢ (x2)) is singular, because it is
a quotient of the ring 07, x,®0,, o(xn) modulo a regular sequence. We have shown x; € C.
This finishes the proof. O



Esnault and Kerz, Lefschetz pencils 7

The following definition is copied from stratified Morse theory [20, Chapter 2, Sec-
tion 2.0].

Definition 3.3 (Non-degenerate critical points). A critical point x of ¢ is called non-

—

degenerate if, for Z C X the stratum containing x and for any stratum Z’ # Z with Z C Z,
the following holds:

(1) ¢|z has a non-degenerate critical point at x in the sense of Section 2;
(2) ¢|z is smooth at x.

If every critical point of ¢ is non-degenerate, we say that ¢ is a stratified Morse function.

Lemma 3.4. The set of critical points of a stratified Morse function ¢ consists of finitely
many closed points.

Proof. Any critical point x of ¢ is closed. Indeed, let Z be the stratum of x. Assume
x is not closed in X. Then there exists a proper specialization x” of x. If x’ lies in Z, then
this contradicts Remark 2.2 applied to ¢|z: Z — D. If x’ lies in a different stratum Z’, then
¢|z: Z' — D is non-smooth at x’ by Lemma 3.2. As also ¢|z: Z — D is non-smooth at x’,
this would contradict the condition that ¢ is a stratified Morse function around x’.

To conclude, use that the set of critical points is closed by Lemma 3.2. ]

3.2. Stratified regular immersions. Let (X, Zy), (Y, Zy) be two noetherian schemes
with regular stratifications. Let i: Y < X be a regular closed immersion of codimension c.
We say that i is stratified regular if, for any point y € Y, after replacing X by an open
neighborhood of i (y) and Y by its preimage, the following holds:

(1) the schematic pullback i ~!(Z i(y)) is reduced and equal to Z,;
() ilz,:Zy — Zi(y) has codimension c.

Here Zy is the stratum of y € Y and Z;(y,) is the stratum of i (y) € X.

For a stratified regular closed immersion i:Y < X and for a stratum Z C X, each
connected component of i “1(Z) is a connected component of a stratum of Y. Note that,
locally around x = i(y), a regular sequence for i restricts to a regular sequence for Zy, — Zy
by [39, Theorem 17.4].

If Y is not endowed with a stratification but (X, Zy) has a regular stratification, we
call the closed immersion i:Y <> X stratified regular if the partition i ~!(Zy) is a regular
stratification, and with this stratification, i is stratified regular.

Lemma 3.5. For a stratified regular immersion i:(Y,Zy) — (X,Zx) and a stratum
Z € Zx, the preimage i ~Y(Z) is regular.

Proof. Consider a point y € i~1(Z), x = i(y) and a regular sequence a € Oy  gen-
erating the ideal of i. Then the image of a in 07 y is part of a regular parameter system as its

image in Oz x has this property. o

The proof of the following lemma is similar.
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Lemma 3.6. For a regularly stratified scheme (X, Zx) and for a regular closed immer-
sioni:Y — X and a point y € Y, the following are equivalent:

(1) i is a stratified regular immersion in a neighborhood of y;

(2) for aregular sequence a € Oy ;(y) locally generating the ideal of i, the sequence a|z
is part of a regular parameter system in Oz, i(y)-

i(y)

Let now k be an infinite perfect field and X — IP’]?’ an immersion. Recall the following
Bertini type theorem.

Proposition 3.7. For a regularly stratified scheme (X, Zy ), the following properties are
verified.

(i) For a generic hypersurface H < PN, the map i: X N H < X is a stratified regular
immersion.

(i1) Assume given a closed point x € X contained in the stratum Z. Then there exists a hyper-
surface H — IP’]?] of large degree such that i: X N H — X is stratified regular away
from x and such that the schematic intersection H N Z is singular at x, i.e. H contains
the tangent space to Z at X.

Proof. Part (i) holds by the classical theorem of Bertini. Indeed, i is a stratified regular
immersion if and only if H intersects each stratum transversally by Lemma 3.6.

Part (ii) follows from Bertini theorems for hypersurface sections containing a subscheme;
see [34, Theorem 1]. O

3.3. Stratified local complete intersection (Ici) morphisms. Let (X,Zy) and (Y, Zy)
be two noetherian schemes with regular stratifications. We call a morphism which is of finite
type f:Y — X stratified Ici if, for any locally given factorization

3.1) f=wE X0y 5w

with g smooth and i a closed immersion, we have that i is stratified regular once W is endowed
with the stratification g~!(Zy). If Y is not endowed with a stratification a priori but becomes
regularly stratified by f~!(Zyx) and, with this stratification, f is stratified Ici, we call f
stratified Ici.

Lemma 3.8. The following statements hold.

(1) 1f, for one factorization (3.1) with g smooth and i a closed immersion,
i:(Y,Zy) > (W, g (Zx))

is a stratified regular immersion, then f is stratified Ici.
(i1) The composition of stratified Ici morphisms is stratified Ici.

(iii) Let (X,Zyx) be a regularly stratified scheme and let Y — X be a stratified regular
immersion. Then the blow-up Bly (X) — X is stratified Ici.
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Proof.  'We only prove part (iii), since we use it below. The blow-up along a regular
immersed center is Ici and commutes with base change which preserves the normal bundle
of the regular immersion of the center; see [40, Chapitre I, Théoreme 1]. So we just have to
observe that the blow-up Blynz(Z) is regular for any stratum Z € Zy. Here we use Lem-
ma 3.5 and that the blow-up of a regular scheme in a regular center is regular [40, Chapitre I,
Théoreme 1]. O

3.4. Simple normal crossings varieties. Consider a reduced, separated, equidimen-
sional scheme X of finite type over a perfect field k of characteristic different from two.
Let X(1),..., X(s) be the different irreducible components of X, endowed with the reduced
subscheme structure. For I = {iy,...,ir} C {l,...,s} anon-empty subset, we denote by

X(I) = X(i1) N -+ N X(ir)

the schematic intersection.

We call X a simple normal crossings variety or strict normal crossings variety (snc vari-
ety) of dimension n if X(1),..., X(s) are smooth over k of dimension »n and, for an algebraic
closure k of k and any closed point x € X%, there exists an isomorphism of E—algebras

(3.2) O%cx = k[Xo..... Xa]"/ (X0 Xm).

Here " denotes the henselization with respect to the ideal (Xo, ..., X,). Note that, for an snc
variety X, the X (/) are smooth and equidimensional over k forany @ # I C {1,...,n}.

For an snc variety X over k, let k: X — Z be defined by «(x) = #{i | x € X(i)}. Then
K is upper semi-continuous. We let Z be the set of all connected components of k! (;j) for all
Jj € Z. Then Z is a regular stratification of X, which we will always use in the following. For
each stratum Z € Z, there exists a canonical non-empty subset /z C {1,...,n} such that Zis
a connected component of X(I2). Set X@ = x~1([a + 1, 00)).

In the following, let D be smooth of dimension one over k and let ¢: X — D be a k-
morphism, where X is an snc variety over k.

Proposition 3.9 (Normal crossings Morse lemma). Assume k is algebraically closed.
For a stratified Morse function ¢: X — D with a critical point x € X, there exist a k-algebra

isomorphism as in (3.2) and a k-algebra isomorphism (95‘) bx) = k[T such that
h. gh h
20D 4x) = Ox

maps T to Xo + -+ Xm —I—lel_H +---+X,%.
Here the henselization " of k[T'] is with respect to the ideal (T').
Proof. Set z = ¢(x). Say X is presented by (3.2) at x. Then, after replacing X by an
étale neighborhood of x, there exists a smooth map
h: X — Speck[Xo,..., Xml/(Xo---Xm) =Y

sending x to the origin y € Y. Together with ¢, this defines g = (h,¢): X — Y X D. We
assume n > m and leave the similar but easier case n = m to the reader. Then the map g is
flat. Indeed, by the fiberwise criterion for flatness [8, Lemma OOMP] and as X and Y x; D
are both flat (even smooth) over Y, we just have to check that g|;-1(y): h1(y) = {y}x D
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is flat, which holds as this map is the restriction of the stratified morphism to the stratum
Xo=-=Xm=0).

By assumption, the fiber ¢ ~!(z) is Morse over k(z) = k; thus its restriction to the stra-
tum (Xg = --- = X,, = 0) is still Morse. In other words, the fiber g~!(y, z) is Morse over

k = k(y) ®x k(z). So, by Proposition 2.1, there exists an (9ng yXZ—algebra isomorphism

O% x = k[Xo..... Xn. TI"/(Xo++ Xpm. Xpp ooy + -+ X2 — ) (=1 A)

with o a non-unit in (9})1’><D,yxz ~ k[Xo,....Xm.T]"/(Xo...Xm) (=: B). In A, the hensel-

ization is with respect to (Xo, ..., X», T), in B with respect to (Xo, ..., Xm, T). Write
oa=coXog+ - +cmXm+bT withceg,...,cm,b € B.

As A/(Xo, ..., Xm) is the henselian local ring at x of the stratum containing x, this
ring is regular. This means b € B*. Reparametrizing Y; ~> b%Y,- form < i < n and replacing
¢j by b~1c;, we can assume without loss of generality that b = 1. As A/(T, X1,..., Xm)
is the henselization at x of ¢~1(z) N Z, where Z is a stratum with x € Z \ Z, this ring
is regular, since ¢ is a stratified Morse function. This means ¢y € B*. By a reparametriza-
tion, we can assume without loss of generality that co = 1. Similarly, we can assume that
¢1 = -+ = ¢, = 1. This finishes the proof. O

3.5. Stratified base change for unipotent nearby cycles. Let the notation be as in
Section A.3. Consider regular schemes (X, Zy) and (Y, Zy) of finite type over @ endowed
with regular stratifications. We assume that the (connected components of) Xx and Yk are
strata.

Proposition 3.10. For a stratified Ici morphism f:Y — X over O, the base change
map of unipotent nearby cycles f*Y(Ax,) = U(f*Axy) € D"I(Y, A) is an isomorphism.

Proof. By smooth base change, we can assume without loss of generality that f is
a stratified regular immersion. By Lemma A.2, it is sufficient to show the isomorphism in
restriction to the G-invariants. This means we have to show that f*i* juAx, — i* j« f*Ax,
is an isomorphism. Here i is the immersion of the closed fiber and j the immersion of the
generic fiber. By the exact triangle (A.5) and the fact that the closed fiber is a union of strata,
we only have to show that the map f*i'Ay — i' f*Ax is an isomorphism.

Claim 3.11. For any closed immersion X > X , where X is a union of strata, the
map f*T'Ax — i' f*Ax is an isomorphism.

Consider an open stratum Z C X and set Z1=Z.Set Zy = X \Z.Leti;: Z; — f,
i:Zy — X,i12: Z1 N Zy — X be the closed immersions. By the exact triangle
ilzg*iizﬂlr!AX — il,*ii7!AX D iz,*l.{lr!AX —)?AX — ...,
the corresponding triangle for Y and noetherian induction, we have to show that
Frai)'Ax — @) f*Ax
is an isomorphism, which follows from Gabber’s absolute purity theorem [18, Theorem 2.1.1]
as Z and the schematic pullback f~!(Z;) are regular by Lemma 3.5. O
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4. Semistable Morse functions

Let O be a henselian discrete valuation ring. We assume that K = frac(©) has character-
istic zero and that the residue field k = @ /() of O is perfect of characteristic different from
two. A regular scheme X separated, flat and of finite type over @ is called semistable if X}, is
an snc variety over k. In this section, X is assumed to be semistable. Let D be a scheme which
is separated, smooth and of finite type over @ of relative dimension one.

Note that our semistable concept is sometimes called strictly semistable in the literature.
We always endow a semistable scheme X with the standard stratification with strata being the
connected components of X and the strata of X as in Section 3.4.

4.1. Main geometric theorem. Recall the local structure of semistable schemes.

Lemma 4.1. If k is algebraically closed and x € X is a closed point, there exists an
isomorphism of O-algebras (9;‘( L = 0[Xo,..., Xnl"/(Xo -+ Xm — 1) for some 0 < m < n.

Here the henselization " is with respect to the ideal (i, Xo, ..., X,). Our main theorem
about stratified Morse functions for semistable schemes is the following.

Theorem 4.2. Assume that X is proper over O. Let ¢: X — D be an Q-morphism such
that ¢y: Xy — Dy is a Morse function. Then

(1) ¢x: Xx — Dk is a Morse function,

(ii) the specialization map sp: | Xk | — | Xk | on closed points induces a bijection between the
critical points {xg } of ¢x and the critical points {xy } of Pr;

(iii) for a critical point xk of ¢k, let m be codimy, (Z), where Z C Xy is the stratum of the
point xp = sp(xg), then the schematic closure S of xg in X is a trait of ramification
degree m + 1 over O;

(iv) ¢ls: S — D is a closed immersion if ch(k) + m + 1.

Here we use the word trait for the spectrum of a henselian discrete valuation ring.
The proof of the theorem relies on the following semistable version of the Morse lemma,
the proof of which is almost verbatim the same as the proof of Proposition 3.9.

Proposition 4.3 (Semistable Morse lemma). Assume that k is algebraically closed and
that ¢: X — D is an O-morphism such that ¢y.: X;. — Dy is a Morse function. Let x € X be
a closed point. Then there exist isomorphisms of O-algebras

Ob sy = O[T, Oy, = 0O[Xo.....Xn]"/(Xo-++ X — um),
where u is a unit in O[Xo, ..., Xm]h such that

(i) if x € Xy is non-critical, then qbg: (9?)’¢(x) — (91;‘(,)C sends T to Xy+41, in particular
n>m;

(i) if x € Xy is critical, then qbg: (9% o) (9;‘( L sends T to
Xo+ -+ Xm+ Xpyq + + X1

where m = n is allowed.
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Here the henselization  of O[T'] is with respect to the ideal (7, 7') and the henselization
of O[Xo, ..., X,] with respect to the ideal (7, Xo, ..., Xp).

4.2. Local version and proof. Theorem 4.2 follows immediately from the following
local version.

Proposition4.4. Let ¢p: X — D be an O-morphism such that ¢y X — Dy is a Morse
function with only one critical point xj. € Xj. Let m be the codimension in Xy, of the stratum
containing xy. Then, after replacing X by a small Zariski neighborhood of xj, the mor-
phism ¢x: Xx — Dk has precisely one critical point xg € Xk, and it satisfies the following
properties:

(1) xg is non-degenerate;

(ii) the schematic closure S of xk is a trait which is finite of ramification index m + 1 over

O with S = {x},
(iii) the morphism ¢|s: S — D is a closed immersion if ch(k) + m + 1.

Proof. Case m = 0. This is classical and follows from Proposition 2.1.

Case m > 0. After base change by @ — 9", we can assume that k is algebraically
closed. We can check the uniqueness of xx and the required properties of the map S — Spec O
after formally completing X at xi. Note that the map S — Spec O is finite, because O is
henselian. We can also assume without loss of generality that @ is complete.

Let Jy be the Jacobian ideal sheaf of ¢ and set J = J¢,xk@X,xk- Set I = (J : 7®°),
ie. ] ={ua € @X,xk | Na € J for some N > 0}. Set

A= 0Oxx /1.

Take a presentation as in the semistable Morse lemma, Proposition 4.3. By abuse of
notation, we will identify / and J with their preimage in O[Xo, ..., X,]. We can assume
without loss of generality that n = m by using that the external sum of Morse functions is
a Morse function and using case m = 0 above.

Lemma 4.5. There exist elements uy, ..., um € O[Xo, ..., Xm] such that the ideal 1
is generated by the power series

4.1 Xo—Xi —uiXoX; (1=i=<m),
4.2) Xo+ Xy —um.
Here u € O[Xo, ..., Xm]™ is the unit from the semistable Morse lemma (Proposition 4.3). In

particular, A # 0 is finite flat over O.
Before proving Lemma 4.5, we observe the following.

Claim4.6. Ler I’ C O[Xo, ..., Xm] be the ideal generated by the elements (4.1)—(4.2)
for arbitrary uy, ..., um € O[Xo, ..., Xm] and for an arbitrary unit u € O[Xo, ..., Xm].
Then A" = O[Xo, ..., Xm]/I' is a discrete valuation ring which is totally ramified of degree
m + 1 over O.
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Proof.  The implicit function theorem implies the existence of formal power series

fl,...,fn E@[[X]]

with the property f; € X + X20O[X], such that X; = f;(Xo) € A’. Then the formal power
series

h=Xfi(X)- fm(X) —u(X, 1(X)..... fm(X))7 € O[X]

satisfies
heX™ 4 7O[X] + X" T20[X]

with constant coefficient indivisible by 72. So, by the Weierstra preparation theorem, /& = vh
with v € O[X]* and i € O[X] is an Eisenstein polynomial of degree m + 1.
As h(Xo) = v~ (X9)h(Xo) = 0 € A’, we obtain a surjective @-algebra homomorphism

0:0[X1/(h) — A", X+ X,.

This im[llies that A’ is finite over @, but then, by [39, Theorem 22.6], A’ is also flat over O. As
K[X]/(h) is a field by the Eisenstein irreducibility criterion, and as A’ ® 9 K # 0, we deduce
that 6 is an isomorphism. o

Proof of Lemma 4.5. Note that J is the (continuous) Jacobian ideal of the local ring
homomorphism
O[T] — O[T, X1,...,Xm]/(2),

where g = X1+ X;n (T — X1 — ... — Xin) — un is the element from the semistable Morse
lemma in which we made the substitution Xo = T — X1 — ... — X};;. So J is the ideal gener-
ated by the m + 1 elements

(1<i fm):axig=—2X1---Xm+X1---)?,--~-Xm(T— 3 Xj)—nuui
i#j>1
= (Xo—X)X1-Xi X — muu;, and Xo -+ Xon — um

in the coordinates X, ..., X;,. Here the partial derivative dx; is the one killing 7, X; for
i#j>landu; = u_laxi u. Multiplying the expression on the right side of the equation for
Ox; g by XoX; and substituting umr for X - -- X,,, we obtain the element (4.1) times us.

Let I’ C O[Xo,..., Xm] be the ideal generated by the elements (4.1) and (4.2) with the
u; as above. We have just shown 71" C J. A simple calculation shows that J C I’. There-
fore, I = (I’ : w) = I, where the second equality follows from Claim 4.6. We have shown
Lemma 4.5. ]

Now parts (i) and (ii) of Proposition 4.4 follow by combining Claim 4.6 and Lemma 4.5.
For part (iii), observe that ¢|s: S — D is given locally by the ring homomorphism O[T] — A
which sends 7" to

Xo + f1(Xo) + ...+ fm(Xo) € (m + )Xo + XGA

with the notation of the proof of Claim 4.6. So this ring homomorphism is surjective if m + 1
is invertible in . |
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5. Geometry of Lefschetz pencils

5.1. Stratified Lefschetz pencils. Let X be a projective scheme over k together with
a regular stratification. Fix a closed immersion ¢: X — IP’]?’ .

A k-rational point V' of the Grassmannian Gr(2, H O(IP’,?’ ,0O(d))) is called a pencil of
hypersurfaces of degree d. The base A of the pencil is the intersection of two different hyper-
surfaces of the pencil. The pencil map is the canonical map IP’,?’ \A—->P(V) = IP’Ii sending
a point to the unique hypersurface of the pencil containing it. The compactified pencil map (or
for short just pencil map) is the induced morphism Bly (IP’,?’ ) — IP’,&.

Definition 5.1 (Lefschetz pencil). A pencil of degree d hypersurfaces is called a Lef-
schetz pencil for X if

(i) the base A of the pencil intersects each stratum Z < X transversally,ie. AN X — X
is a stratified regular immersion of codimension two;

(ii) the pencil map X \ (AN X) — Pkl is a stratified Morse function and has at most one
critical point per geometric fiber.

If, for a Lefschetz pencil for X, we set X = *Bly (IP’,?’ ), then we obtain the pencil map
¢: X - ]P’kl. Note that, as A — IP’IiV and AN X — X are regular closed immersions of the
same codimension (= 2), we have an isomorphism Blgnx (X) = 1*Bly (IP’,?' ) (see [40, Chap-
itre I, Théoréeme 1]). The pullback of the stratification of X to X is a regular stratification by
Lemma 3.8. The compactified pencil map ¢: X - Pkl is a Morse function which has no critical
points over A N X.

Proposition 5.2. For d large, there is an open dense subset of Lefschetz pencils of X in
Gr(2, H(PY . 0(d))).

Proof. For simplicity of notation, we replace ¢ by its composition with the Veronese

embedding Nt
IP’,?’ — IP’,S a1

of degree d, so now P(V/) is a line in the dual space Iﬁ’]ﬁv . We also assume for simplicity that k
is algebraically closed.

For a smooth closed subscheme Z C X, let Z C Iﬁ’,ﬁv be its dual variety, i.e. the closure
of the set of hyperplanes H with H N Z singular. For d > 1, the reference [14, Exposé XVII,
Proposition 3.5] implies that Zisa hypersurface and a line P(V) in Iﬁ’,ﬁv with associated base
AC IP’,?' is a Lefschetz pencil for Z if and only if

(I) A intersects Z transversally and
(II) P (V') does not intersect Zsing,

The critical values are P(V) N Z. By Proposition 3.7, we obtain that, for d > 0, the dual
varieties Z for strata Z € Z are different. Then any pencil V which satisfies (I) and such that

(U Z)Smg NP(V) =g

Z€Z
is a stratified Lefschetz pencil. The set of those V' is clearly open and non-empty by the theorem
of Bertini. m)
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5.2. Semistable Lefschetz pencils. Let X be a projective semistable scheme over O of
relative dimension »n. Fix a closed immersion t: X — IP’(Igv . Recall that we endow X with the
standard stratification as in Section 4.

An O@-point V' of the Grassmannian Gr(2, H O(Pg ,0O(d))) is called a pencil of hyper-
surfaces of degree d. This is the same as a rank 2 free (-submodule of H O(Pév ,O(d)) which
has a free complementary submodule.

Definition 5.3. If V} defines a stratified Lefschetz pencil for X and Vi defines a Lef-
schetz pencil for Xk, then we say that V defines a semistable Lefschetz pencil for X . The set of
critical points resp. critical values is the union of the set of critical points resp. critical values
of the pencil maps ¢x and ¢.

Note that if V} defines a stratified Lefschetz pencil, the base A has the property that
AN X — X is a stratified regular immersion by Lemma 3.6. So if, under this assumption, we
set X = Blynx(X) = (* Bly (Pg), then we get the pencil map ¢: X > ]P’é which is stratified
Ici by Lemma 3.8.

Let us recall the properties we showed in Theorem 4.2 in the case of large residue
characteristic.

Theorem 5.4. If ch(k) > n + 1 orch(k) = 0 and V}, defines a Lefschetz pencil for Xy,
then V defines a Lefschetz pencil for X. Moreover, the set of critical points on X is closed and
maps isomorphically (as a scheme) onto the set of critical values. Each connected component
of the critical points is a trait which is finite and of ramification index over O equal to the
number of irreducible components of Xy, it meets.

In case 0 < ch(k) <n + 1, we cannot combine Proposition 5.2 and Theorem 4.2 to
deduce the existence of a Lefschetz pencil over ¢, since using them, it is not clear whether
¢k has at most one critical point per geometric fiber. However, one easily proves the following
proposition.

Proposition 5.5. For d large, there is an open dense subset in Gr(2, H O(Pliv ,O(d)))
such that if Vi lies in this subset, then V defines a Lefschetz pencils for X.

Proof. Let BF C Gr(2, H O(IP’I],V ,O(d))) be the Zariski closure of all non-Lefschetz
pencils over F for F = K or F =k. Then Bf is notdense in Gr(2, H*(P¥, 0(d))) for F = K
and F = k. Thus Bg ®g k is a proper closed subset of Gr(2, HO(]P’,?’, O(d))), so the open
subset

Gr(2, H(P{.0(d) \ (Bk ®o k U B)

has the required properties. m|

6. Reminder on the cohomology of Lefschetz pencils

In this section, we reformulate the classical results about the cohomology of Lefschetz
pencils in terms of perverse sheaves. This has the advantage that one gets rid of the unpleasant
dichotomy of cases (A) and (B) in [14, Exposé X VII].
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6.1. Picard-Lefschetz theory. Let { be a prime number invertible in k and let A be
equal to Z/L"Z or be an algebraic field extension of Qg. Let f: X — Speck be a smooth
projective morphism of schemes, n = dim X . In this section, we use the perversity associated
to8y: X — Z, 8x(x) = dim {x}; see Section A.4.

For A = Qy, a perverse sheaf F € Df,’ (X, A) is called geometrically semisimple if

Fr € D2(Xg, A)

is semisimple. For X geometrically connected, a geometrically semisimple perverse sheaf
Fe Dé’ (X, A) has a canonical decomposition F = F¢ @ F" into a geometrically constant part
F¢ = f*(F)[n], where F' € Df (Speck, A) is situated in degree 0, and a part F* which has
no non-trivial geometrically constant subsheaves; see [4, Corollaire 4.2.6.2 and following com-
ment]. We say that a geometrically semisimple perverse sheaf F on X satisfies multiplicity one
if Fz is a direct sum of pairwise non-isomorphic irreducible perverse sheaves. Let C = A[n]
be the constant perverse sheaf on X.
Fix an immersion X — IP’,?’ . Consider a Lefschetz pencil with center A as above and

X = Blxna(X).

Let ¢: X — IP’kl be the pencil map. We call the perverse sheaf L = PR%,C on IP’Ig the associ-
ated Picard—-Lefschetz sheaf.

Theorem 6.1. Assume A = Q. Then the following properties are verified:
(i) PR $+C is a geometrically semisimple perverse sheaf for all i € 7;
(ii) PR!¢«C is geometrically constant for i # 0;
(iii) L™ = (PR%¢,C)™ satisfies multiplicity one.
More precisely, if X is geometrically connected, then either
(A) there is no skyscraper in L and L"° is geometrically irreducible or

(B) L"¢ is a sum of one-dimensional skyscrapers at the critical values of ¢.

Remark 6.2. By [14, Théoreme 6.3], the Lefschetz pencil is of type (A) if the degree
of the pencil is sufficiently large. For n odd, type (B) does not occur.

From a modern point of view, Theorem 6.1 (i) is simply the decomposition theorem for
proper morphisms [4, Théoreme 6.2.5], while Theorem 6.1 (ii) is a simple consequence of
the weak Lefschetz theorem. The proof of Theorem 6.1 (iii) uses the local Picard—Lefschetz
formula; see [14, Exposé XV]. In the following, we recall the part of the local theory which we
use explicitly in this paper.

Consider a point x € IP’kl. Fix a geometric point 77, over the generic point

Nx € Spec 01%’/%”“'

Set Gx = Gal(7,/nx). Consider 7,:7, — IP’,;, ix:Speck(x) — IP’,i. The A-module of pre-
vanishing cycles at x is defined by

Vy = H_l(x,cone(i:L - i;jx,*jfcl-))'
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Note that all other cohomology groups in degree different from —1 vanish as L is perverse. One
can deduce this directly from the definition of a perverse sheaf or interpret it as a special case
of [25, Corollaire 4.6] applied to the identity morphism.

The following proposition is a consequence of the Picard—Lefschetz formula [14, Ex-
posé XV].

Proposition 6.3. Let x be a critical value of ¢.
e [fn is even, there is a canonical isomorphism Vy = A(—%) up to sign.

» Ifn is odd, there is a canonical isomorphism Vy = A(—%) up to sign.

The proposition means that the homomorphism of Gy — Aut(Vy)/{+£id} is given in
terms of a power of the cyclotomic character. In particular, the order of im(Gy) C Aut(Vy)
divides 2 if Gy acts trivially on A(1).

6.2. The middle primitive cohomology. The results of this section are due to [14,
Exposé XVIII, Théoreme 5.7] for Lefschetz pencils of type (A). In Proposition 6.4, we formu-
late our result, and in Remark 6.5, we explain what this means in the novel case of Lefschetz
pencils of type (B).

Let A be an algebraic field extension of Qg, C = Ax|[n], n = dim(X). Consider the
Lefschetz operator L: H' (X%, C) — H'*T2(X%.C(1)) associated to the given polarization. By
the hard Lefschetz theorem [12, Théoréme 6.2.13], the canonical map from the kernel of L to
its (Tate twisted) cokernel is an isomorphism in degree 0. We write this group

Hprim = HO(XE’ C)L ; HO(XE’ C)L
Let L = PR%¢,C be a Picard—Lefschetz sheaf as in Theorem 6.1.

_Proposition 6.4. The Gal(k / k)-module Hpim is canonically a direct summand of the
Gal(k / k)-module H° (P}, L).

Proof. Set X° = X \ (X N A),¢p° = ¢p|xo.LetY — X be a generic hypersurface sec-
tion in the fixed Lefschetz pencil; in particular, Y is smooth over k. Observe that
Y°=Y\(YNA) and X°\Y°=X\Y
are affine. We study the commutative diagram

Q¢

Ye
HO(P},PR%7C) —— Hg’(xkz, C)L —=» HOXy,C)L

=
=

(6.1) HO(IELI,L) 2

o)

T Q
HO(P},PRO$2C) «—— HO(X2,C)p «—— H°(X1. O,

where YT and Y, are induced by the Leray spectral. Below, we will show that the horizon-
tal maps are isomorphisms. We deduce that E is injective and A is surjective. So we see
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that the upper part of the diagram induces an injection Hpim — H O(IP’l, L) with splitting
H 0(IP’—l, L) — Hpim induced by the lower part of the diagram.

In order to show that the upper and the lower horizontal maps in (6.1) are isomorphisms,
it suffices by duality to consider the upper part of the diagram. In the sequel, the cohomology
groups are meant to be with coefficients in C, and we assume that k = k. We now proceed by
a series of claims (I)—(VI).

(M HY(X°) — HO(X) is injective. This follows from a diagram chase in the following

commutative diagram with exact rows:

H Y (X) - H Y (ANX) — HY(X°) —— H(X)
TL ZTL
H™3(X) — H3ANX) — H72(X°) =0.

The right vertical Lefschetz arrow is an isomorphism by the hard Lefschetz theorem. The
vanishing of the right bottom group follows from the exact sequence

0=H2(X\ Y1) ® HI2(X \ Y2) » HZ2(X°) — H /(X \ (Y1 U Y2)) =0,

where Y7 and Y, are two different hypersurfaces of the fixed Lefschetz pencil. Indeed, the
weak Lefschetz theorem implies that the groups on the right and on the left vanish in this exact
sequence.

(I1) It holds
o\L o o L :
HY(X°)E S ker(H)(X°) — HX(Y®)),  H°(X)" =im(HJ(X \'Y) - H°(X)).
For the first inclusion, use that L: H2(X°) — H2(X°)(1) is the composition of
HJ(X®) = HJ(Y®) — HX(X®)(1).

For the second equality, use the exact sequence H2(X \ Y) — H%(X) — HO(Y) and the
description of L: H%(X) — H%(X) as the composition H%(X) — H°(Y) — H?(X)(1), in
which the second arrow is injective by the weak Lefschetz theorem as H'(X \ Y) = 0.

(I) The maps ker(H2(X°) — H2(Y°)) = HO(x°)E = HO(X)L are isomorphisms.
The first (injective) map is well-defined by (II). The second map is injective by (I). From (II),
we get a surjection HO(X \ Y) — H?(X)E, which factors through these maps as

X\Y =X°\Y°.
In particular, (IIT) implies that €2, is an isomorphism.

V)0 — HO(P!.PRO¢?C) - HO(X°) £ H™'(PL,PR'¢7C) is exact. This sequence
is induced by the perverse Leray spectral sequence, and the exactness follows since

HYPL.G) =0

for any perverse sheaf G and @ < —1 and since PR%¢;C = 0 for a < 0 by the weak Lefschetz
theorem.
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V) pR1<;5!°C is smooth. Let E C X be the exceptional divisor of the blow-up X > X.
Then E = (AN X) x P! and ¢% := ¢|g: E — P/ is given by the projection; see [14, Ex-
posé XVIII, 2]. We consider the exact sequence

PROGEC|E — PR'¢;C — PR $.C.

Then the perverse sheaf on the left is smooth by smooth base change and the one on the right
is smooth by Theorem 6.1.

(V1) It holds ker(B) = ker(H2(X°) — H2(Y°)). By (V) and proper base change, the
restriction map
H ' (PL.PR'¢;C) - HX(Y°)
is injective.
The combination of (III), (IV) and (VI) gives the isomorphism Y. O

Remark 6.5. If a geometrically connected X has a Lefschetz pencil of type (B), Propo-
sition 6.4 combined with Proposition 6.3 yields an isomorphism

n\oer
Hprim = A<_§> s

where r is the number of critical points, which is canonical up to signs on each summand on
the right. For Lefschetz pencils of type (A), the complement in the direct sum decomposition
in Proposition 6.4 is calculated in [14, Exposé X VIII, Théoréme 5.7].

7. Monodromy filtration and weight filtration

7.1. Monodromy filtration for perverse sheaves. Let k be a field. Let X, Y be sepa-
rated schemes of finite type over k. Let A = Z/€"Z or let A be an algebraic field extension
of Q. We use the notation of Section A.3.

Consider a perverse sheaf F € D"!(X, A) with its nilpotent endomorphism

N:F — F(=D)W™.

Note that if Q@ C A, there is a canonical isomorphism between the Iwasawa twist and the Tate
twist F(—1)™ =~ F(—1) by Section A.2, so in this case, one can also write N:F — F(—1).
We use the perverse t-structure from Section 6. Consider the two filtrations by perverse

subsheaves of F,
fil, F = kerf[N*T1:F - F(—a — )],

fil F = im[(N(1)"™)?:F(a)"™ — F]
for a € Z. We denote by gr, F, gr* F the corresponding graded subquotients. Set
g’ F = fil, F N il F/(fil,—; F + il *1 F) N fil, F N fIP F.
The monodromy filtration is the increasing convolution
(7.1) Y F= > fil,FNfiI°F,
b—c=a

filtration. See [48, Section 2.1], where one finds a proof of the following lemma.
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Lemma 7.1. The following statements hold.

(1) The canonical map
@ gry F = gMF
b—c=a

is an isomorphism.

(i) N sends fil}' F to il , F(—a)™Y for all a € Z, and it induces an isomorphism
Na
gMF — g™ F(—a)™

foralla > 0.

(iii)) The monodromy filtration is the only finite filtration of F by perverse subsheaves which
satisfies (ii).

Definition 7.2. For f: X — Y a proper k-morphism and for F € D"!(X, A) perverse,
we say that the monodromy property holds (for F and f) if

(7.2) iMPR! f,F = im[PR’ fi i)' F — PR’ f,F]

in the category of perverse sheaves for all a,i € Z.

Remark 7.3. A variant of a conjecture of Kashiwara [30] says that, for k separably
closed and A an algebraic extension of Qy, any F = {/(G) € D"!(y~1(0), A) Cc D"I(X, A)
produced by the unipotent nearby cycle functor {r for a morphism X — A}c and a semi-
simple perverse G € D_ (X, A) satisfies the monodromy property for any proper morphism
f:X — Y.If ch(k) = 0, one can deduce this conjecture from the work by T. Mochizuki [41]
or by applying the method of Drinfeld [15]. If ch(k) > 0 and G is arithmetic in the sense
of [16, Definition 1.4], one can deduce it from the work of [36] and Gabber [3, Section 5].

7.2. mw pure sheaves. Assume now that & is a finite field, that A is an algebraic exten-
sion of Qg and that F € D"!(X, A) is mixed and perverse. Then there is a canonical weight
filtration ﬁl;V F C F; see [4, Théoréme 5.3.5].

Definition 7.4. We call the mixed perverse sheaf F monodromy-weight pure (or mw
pure) of weight w € Z if grM F is pure of weight w + a for all a € Z, i.e. if ﬁlg’[ F= ﬁlzv+w F.

Recall the following well-known result; see e.g. [17, Theorem 2.49] for the case of
X = Spec(IFy).

Proposition 7.5. For fixed w € Z, the mw pure perverse sheaves F € D™(X, A) of
weight w form an abelian subcategory of all perverse sheaves closed under extensions.

Proof. Mixed perverse sheaves form an abelian category for which every morphism is
strict with respect to the weight filtration [4, Théoréme 5.3.5]. On the other hand, for a mor-
phism of perverse sheaves F — G in D™!(X, A) which is strict with respect to the monodromy
filtration, the monodromy filtration on the kernel and cokernel is the induced subspace and quo-
tient filtration. This shows that the mw pure perverse sheaves in D"!(X, A) form an abelian
subcategory. Similarly, one sees that this category is closed under extensions. m)
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Assume in the following that f: X — Y is a proper k-morphism.

Proposition 7.6. If F is mw pure, the monodromy spectral sequence
thq — PRPT4 f glll’lp F= pRp+qf*F

degenerates at the E,-page.

Proof. The perverse sheaf PRP T4 f, grl\_/[p F is pure of weight w + ¢ if F is mw pure of
weight w; see [4, Corollaire 5.4.2]. So the differentials d», d3, . . . vanish by weight reasons. O

Proposition 7.7. If F is mw pure of weight w, the following are equivalent.
(1) The monodromy property holds for F and f.
(ii) PR’ fiF is mw pure of weight w + i for all i.

(iii) The map N¢: Ez_“’iJr“ — Eg’i_“ (—a) is an isomorphism for alla > 0 and i € 7.

Proof. (1) = (ii): By [4, Corollaire 5.4.2], the filtration on the right of (7.2) is the shifted
weight filtration.

(ii) = (ii1): As in the proof of Proposition 7.6, the perverse sheaf £ ai+a is the weight
w + i + a graded piece of PR’ fiF, so if the weight filtration agrees up to shift with the
monodromy filtration on PR f,F, we obtain part (iii) by Lemma 7.1 (ii).

(ii) = (i): Similarly, this follows from Lemma 7.1 (iii). O

8. Rapoport-Zink sheaves

The study of the nearby cycle functor for the constant sheaf on a semistable scheme orig-
inated from [22, Exposé I]. In the complex analytic framework, a more precise calculation was
envisioned in [50], which was made precise in the étale setting by [45, Abschnitt 2]. How-
ever, the latter approach is not formulated in terms of perverse sheaves, which was done later
in [47, Theorem 3.3] in the setting of £-modules, and by [7,48] in the étale setting. In this
section, we give a summary of the theory based on the duality of the nearby cycle functor.

We make systematic use of the notion of Iwasawa twist developed by Beilinson, which
is necessary in order to give a coordinate free description; see Appendix A.

8.1. Constant sheaf. Letk beafield. Let f: X — Spec k be a simple normal crossings
variety of dimension 7. Let A be Z /£"Z or an algebraic extension of Q. Set w = f'A. We
use the notation introduced in Section 3.4. We consider the perverse t-structure on Df (X, AN)
as in Section 6.1.

For a perverse sheaf F € Dé’ (X, A), we denote by fil F the largest perverse subsheaf of
F supported in codimension at least a. Set C = Ay [n]. Note that C is perverse as f is a local
complete intersection (Ici) [33, Lemma 6.5]. In this subsection, we recall the description of its
support filtration fils C from [48, Section 1.1]. We refer to Section 3.4 for the notation used
below. In particular, X (@) denotes the union of all strata in X with codimension at least a,
and for a set of irreducible components I of X, we denote the intersection of the irreducible
components in / by X (/). These are closed subschemes of X .
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Let 7: X — X be the normalization and set

a+1
Agf) =AY and Agf) = /\ A fora > 0.
A
Note that if one chooses an ordering X (1), ..., X(r) of the irreducible components of X, then

AY = B Axion-nxio-

1<ig<-<ig<r

o) Agfa)[n — a] is perverse.
The canonical map Ay — m«n*Ax = Ag(o) defines a Koszul complex

kox = [AL - AP > AP ..,
where Ag)) is placed in degree 0, which resolves Ay, i.e. we have a quasi-isomorphism
C = Kox|n].
We consider the truncation filtration
fil? Koy = [0 > AW - AUt ..,
By descending induction on a and the exact triangle
(8.1) i+ Koy — fil? Koy — AW [—a] — fil%+! Kox[1],

we deduce the following lemma.

Lemma 8.1. The following statements hold.
(i) fil* Koy [n] is perverse for all a € 7.
(i1) The isomorphism C = Koy [1] induces an isomorphism of perverse subsheaves
fil§ C = fil Koy [n]
foralla € 7.
(ii1) There is a canonical isomorphism
K: A;f)[n —a] = grd C
which induces a canonical perfect pairing ¢®: grd C ® gr§ C(n —a) — .
Following the sign convention of M. Saito in [46, Section 5.4], one should incorporate
the sign (—1)2(=1/2 in the perfect pairing Ay [b] ® Ay[b](h) — g'A for a smooth scheme

g:Y — Speck of dimension b. The reason is that we have a shift —1 in the unipotent nearby
cycle functor s, so we need this sign for Proposition 8.7 below to hold.

Lemma 8.2. For any point x € X @tV with a > 0, it holds
Homp (A®[n —a],C)z = 0.
Proof.  We reduce to the case when A = ;. We consider the exact sequence of perverse

sheaves
o
0— AY TV —a—1] > fiigc/ait2c S AP —a] - 0.
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As End(Agz)[n —al) = Agf), a homomorphism
o: AP0 —a] — fil° C/fi 2 C

defined étale locally around x forces the boundary map Agf) [n—a] — A;?H) [n — a] to van-
ish on the image of «a o o. This image is a direct sum of Ay(r)[n —a] with #/ =a + 1.
Therefore, on those summands, the boundary map has to vanish, but from its description in
the Koszul complex, it does not vanish on any summand; thus there is no such summand and o
can only be zero. On the other hand,

Homp (AP [n —a], 1972C) =0, Homa (AP [n —a], C/fil¢ C) = 0,

as A;f)[n — a] is a simple perverse sheaf with support of dimension n — a and there are no
such subquotients in the perverse sheaves on the right sides. Therefore,

HomA(A&“)[n —al,C) = HomA(Ag)[n —a], il C/fi*t2 C).

This finishes the proof. ]

Proposition 8.3. There are canonical isomorphisms of étale sheaves on X,

0 b > 0,
Homy (¢ C, il C) = forb>az
Ax@ fora>b >0,
0 for la —b| # 1,
Exl‘}\(/\x(”[l’l — a], Ax(J)[I’l — b]) = AX(J) fora +1= b, a >0,

AX(I)(_l) Jora = b+1,b>0,

for I and J sets of irreducible components of X anda = #1 — 1, b = #J — 1.
Proof. We prove the first case in the first isomorphism. The complex fil§ C is sup-
ported on X @) in degree a — n by the exactness of the Koszul complex above and therefore

Hom (fil2 C, fil3C) = 0 fora < b.
For the second case in the first isomorphism, one has to show that the canonical map

Ax@ — Homp (fil¢ C, fil§ C)

is an isomorphism. This is clear away from X @+1) g5 there fil C = Ag?). We prove isomorphy
at the stalk of a fixed geometric point X over x € X by descending induction on a using the
exact sequence of sheaves

Homp (AP [n — a], fil¢ C) — Hom (fil¢ C, filg C) — Hom (127" C, filg C)

induced by (8.1). For x € X @+1) the stalk at ¥ of the sheaf on the left vanishes by Lemma 8.2
and the canonical map

A — Homp (fild*! C, il C)x = Homa (fildT! C,fildT! C)%

is an isomorphism by the induction assumption, so A — Hom (fil§ C, fil§ C) is an isomor-
phism.
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The second isomorphism is immediate if / = J, so assume I # J. Write [ = K U [’
and J = K U J’ and observe

l+a—b=1+#I"—#J" <2#I' = 2codimy, (X(I) N X(J)).
If the inequality is strict, then

Exty (Ax(ny[n —al, Axn[n = b)) = Hy v, Ax) =0

by purity. Else 1 = #I" + #J’. If #I’ = 1 and #J’ = 0, then by purity,
Exty (Ax(nln — al, Axyln = b)) = Axy(=1).

If#1' = 0and #J' = 1, then Exty (Ax(r)[n — al. Ax(nln — b)) = Ax). O

8.2. Rapoport-Zink sheaves. We use the notation of Sections 7.1, 8.1 and of Sec-
tion A.3. We consider the corresponding derived category of A-sheaves with a continuous
unipotent Zg(1)-action D™!(X, A); see Section A.2. Any object F in D™!(X, A) has a canoni-
cal A-linear nilpotent morphism N'V:F — F(—1)!'. For simplicity of notation, we also write
N for NV

We define the category RZP™(X, A) of pre-Rapoport—Zink sheaves. Its objects are pairs
(RZ, 1), where RZ € D™(X, A) is a perverse sheaf and

1:C > ker[RZ 2> RZ(—1)™]

is an isomorphism. A morphism ¢:(RZ,rz) — (RZ/,tgz) in RZP*(X, A) is a morphism
$:RZ — RZ’ in D"!(X, A) such that ¢ o 1z = tgz. Note that RZP(X, A) is a groupoid by
Lemma A.2.

The category of Rapoport—Zink sheaves RZ(X, A) is now defined as a full subcategory
of RZP*(X, A).

Definition 8.4. We call (RZ,:) € RZP*(X, A) a Rapoport—Zink sheaf (RZ-sheaf) if
() [compatibility of filtrations] .1 (fil* RZ) = filZ C for all a € Z;

(ii) [polarizability] there exists a perfect pairing
p:RZ®aw RZ™ — w(—n)
in D"!(X, A) such that the induced pairing
gy RZ® gl RZ™ — w(—n)
coincides with the pairing

RN
gy RZ® erd Rz~ 9, grd RZ ® gt RZ™ (—a)™

Tl a
— 21§ C® gr§ C(—a) - w(—n)

for all @ > 0, where ¢¢ is defined in Lemma 8.1 (iii).

Here we use the notation as in Section A.2 for Iwasawa module sheaves and w = f'A.
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Remark 8.5. (i) For an RZ-sheaf (RZ, t), we have canonical isomorphisms

NbD

grf RZ — gr8*b Rz(=b) <— g0 C(-b),

eMRz= P AP (p)n—p—ql.
pP—q=a
Na L

gr, RZ = fil* RZ N fily RZ(—1)% «— fil¢ C(—a).

(ii) The local extension class of grj RZ by gry_, RZ, resp. the local extension class
of gry RZ by ngH RZ are, using the last identification in (i), given by (1,1,...,1) on the
D Ax(r) factors, resp. on the @ Ay factors (forgetting the Tate twists), where the sum-
mands come from the formula in Proposition 8.3. The latter is clear by comparing with the
extensions in C and one deduces the former from the polarizability in Definition 8.4. All other
contributions in the extension of gr’ RZ by grg/[_1 RZ are trivial by Proposition 8.3.

Proposition 8.6. For A an algebraic extension of Qy, the following properties hold.
(1) For k a finite field, an RZ-sheaf in RZ(X, A) is mw pure of weight n.

(i) If additionally X is proper over k, then the groupoid RZ(X, A) is either empty or con-
tractible. So, in this case, our axioms uniquely determine an RZ-sheaf if it exists.

Recall that a groupoid (or to be precise its nerve) is contractible if it is non-empty and
there is exactly one morphism between any two objects.

Proof. For part (i) observe that A§g+b) [n —a — b](—=1)? is pure of weight n + b —a.
Then the statement follows from Remark 8.5 and Lemma 7.1.

For part (ii), let (RZ,t) be in RZ(X, A). We first show that the only automorphism of
this RZ-sheaf is the identity by showing that a A™-linear ¢: RZ — RZ which vanishes on the
image of ¢ has to be zero. By Remark 8.5 and Proposition 8.3, we obtain an isomorphism of

sheaves

H (er, RZ RZ) Ax@w(a—>b) fora>b >0,
omp (gr ,gr o~
Al St 0 for0 <a < b,

which induces an isomorphism

H%(X,Axw) fora=5b>0,
Homy (gr, RZ, gr, RZ) = ( xw) fora -

0 else,
by weight reasons. So ¢ is strict with respect to the filtration fil, RZ; in other words, it suffices
to show that gr, ¢ vanishes for all a € Z. One checks this by ascending induction using the
commutative diagram

gr, RZ L gr, RZ

! J!

gla—1 RZ(_I) o ¢’ glg—1 RZ(_I)’

in which the vertical maps are injective.
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Now we show that, up to isomorphism, there is at most one RZ-sheaf (RZ, () on X. One
can build the RZ-sheaf successively along the monodromy filtration via the extensions

(8.2) 0 — it  RZ — i RZ — oM RZ — 0,

where the graded piece on the right is described by Remark 8.5. We will use a weight argument
to show that this extension class is uniquely characterized by the description of RZ-sheaves in
Remark 8.5.

As Hom (grM RZ, grg/[_i RZ) has weight at most —2i for i > 1 by Remark 8.5 and X
proper, we obtain

H'(X,Homp (gr)' RZ, g™ . RZ)) =0 fori > 1
by applying the Hochschild—Serre spectral sequence. So
Ext) (erY RZ, g ; RZ) — HO(X, Ext} (gr} RZ, gr ; RZ))

is injective for i > 1 and the group on the right vanishes for i > 1 by Proposition 8.3 and
weight reasons. This argument demonstrates that the extension class of gr¥ RZ by grg/l_1 RZ is
determined by Remark 8.5 and that the map

Ext) (e Rz, il¥ | RZ) — Exth (2r¥ Rz, ™ | RZ)

is injective. So the extension class (8.2) is uniquely determined by the properties of an RZ-
sheaf. O

Let f: X — Y be a proper k-morphism. For an RZ-sheaf (RZ,(), we can write the
monodromy spectral sequence from Proposition 7.6 explicitly as

83) EPT= @ PRIFULAET(=i)n - p—2i]) = PRPY £(R2)
i>max(0,—p)

Note that, for A an algebraic extension of Qg and k finite, E f’ 1 is a pure perverse sheaf of
weight n + g by [4, Corollaire 5.4.2].

8.3. Construction via nearby cycles. Let X be a semistable scheme over O with
generic fiber j: Xg — X and special fiberi: X; — X, n = dim(Xg). Note that

PH TG ju A+ 1]) = Aln]

is the constant perverse sheaf which we also denote C; see Remark A.3. Set RZ = y(A[n + 1])
and let 1: C — RZY be the isomorphism induced by the fundamental exact triangle (A.4). Let
p: RZ ® ov RZ™ — @ (—n) be the perfect pairing defined in Section A.6.

The following proposition is essentially shown in [48], so we provide only a sketch of
a proof. Another argument in the setting of £D-modules is given in [47, Theorem 3.3].

Proposition 8.7. The above (RZ, 1) together with the pairing p satisfy the properties of
a Rapoport—Zink sheaf from Definition 8.4.

Proof sketch. Ttis shown in [22, Exposé I] that N acts trivially on #%(RZ) foralla € Z.
In [48, Lemma 2.5], it is shown that the fundamental exact triangle (A.4) induces the horizontal



Esnault and Kerz, Lefschetz pencils 27

quasi-isomorphisms in the commutative diagram for a > —n,

~

HT(RZ)[~a — 1] [0 JeaTL(i* j,0(1)) = L

I | “|

H(RZ)[—a](=1) —— [H(i*j«C) ﬂ) Jfa+1(i*j*C(1)) ﬂ e

Here {7} € H'(Spec K, A(1)) is the tame symbol of 7. Note that, by the purity isomorphism
(8.4) HO* jC)(1) = A (—a),

the objects in the diagram are perverse sheaves and the right vertical map is a monomorphism.
So, by definition of the filtration fil,, we obtain that fil, RZ = t=%"" RZ.
The isomorphisms
8.4)

~ (
@ORZ 5 H4 (i *juC) (D —a] = AP (—a)n —a]
are dual to the isomorphisms

A%)(n)[n —a] = gré C(n) — grd RZ(n)

in view of (A.7) and the definition of the purity isomorphism.
Finally, the purity isomorphism (8.4) also induces the right vertical isomorphism of
complexes in the commutative diagram in D f (Xi, N),

H"(RZ)[n] <—— | Kox [n] ]

l\ I

H R[] — [0 —— HG* jLO(1) - Flon(i*j,0(2)) - L.

This proves parts (i) and (ii) of Definition 8.4 for (RZ, () and the polarization p. O

Proposition 8.8. The nearby cycles RWx ;9 () are unipotent and in particular tame,
i.e. the canonical map (A) — RVx, o (A)[—1] is an isomorphism.

Tameness is shown in [45, Satz 2.23]; for a simple proof, see [26, Theorem 1.2]. Under
the assumption of tameness and a semistable case of absolute purity [45, Korollar 3.7], the
unipotence was shown much earlier by Grothendieck; see [22, Exposé I].

9. Cohomology of semistable Lefschetz pencils

In this section, we establish a close connection between the monodromy-weight conjec-
ture and properties of the cohomology of semistable Lefschetz pencils. We assume that & is a
finite field.

9.1. The monodromy-weight conjecture. For X a projective semistable scheme over
O, we know by Proposition 8.8 that the inertia subgroup of Gal(K /K) acts unipotently on

H'(Xg,Qp) = H' (Xg, RVx/0Qy)
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for all i € Z, which means that it is given in terms of a nilpotent operator
N:H'(Xg, Q) - H' (XK. Qe(-1)):

see [22, Exposé I] and Section A.2.

The operator N induces the monodromy filtration il H? (X%, Q) as in (7.1). We say
that H' (Xg, Q) is mw pure of weight i if grM H' (X%, Qy) is pure of weight a +i as a
Gal(k / k)-module. Equivalently, its associated perverse sheaf in D™ (Spec k, Q) is mw pure
of weight 7 in the sense of Definition 7.4.

Consider the following property depending on an integer n > 0.

(mw),, For all projective, semistable X over O with dim(Xg) < n, the cohomology groups
H'(Xx,Qy) are mw pure of weight i foralli € Z.

Remark 9.1. Deligne conjectures that (mw), holds for all n (see [9, Section 8.5]), the
so called monodromy-weight conjecture in the semistable case. In fact, the general monodromy-
weight conjecture follows from the semistable case by de Jong’s alteration theorem. For a gen-
eral exposition, see [25, Section 3].

Grothendieck’s degeneration theory of abelian varieties essentially implies (mw)1; a sim-
plified argument was given by Deligne [22, Exposé I, Section 6, Appendice]. Using their
spectral sequence (8.3), Rapoport—Zink showed (mw), (see [45, Satz 2.13]).

In equal positive characteristic, the conjecture is a theorem which is essentially due to
Deligne; see [12, Théoréeme (1.8.4)] and [28].

The monodromy-weight conjecture was shown by Scholze for set-theoretic complete
intersections in ]P’II(Y or more generally in a projective toric variety in [49, Theorem 9.6]. See
[49, after Conjecture 1.13] for a summary of further results for special varieties.

9.2. A Lefschetz pencil approach. Set A = Q,. For schemes of finite type over O,
we use the perversity as in Section A.4. In particular, for X regular and flat over (@ with
dim(Xg) = n, the sheaf C = Ax[n + 1] is perverse. Recall that the unipotent nearby cycle
functor

U DY (Xg. A) — D"(Xi. A)

maps perverse sheaves to perverse sheaves; see Section A.3.
Let¢: X — IF’é be a semistable Lefschetz pencil as in Definition 5.3. In this section, we
study the cohomological degeneration over @ of the perverse Picard-Lefschetz sheaf

Lk = PR%px «C € D2(PL, A).

In Section 10, we study the tameness of Lx. Let Ly := {s(Lg) be the unipotent nearby cycles
of Lg; see Section A.3.

Lemma 9.2. The perverse sheaf Lg is unipotent along P}, i.e.

U(lg) — RYp/0(Lk)[-1]

is an isomorphism.

Proof. Consider the RZ-sheaf (RZ, ¢) on X, as in Section 8.3 with

RZ = y(C) — R¥%,0(C)[—1].
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where the last isomorphism is Proposition 8.8. So, by proper base change,

R¥pl /0 (Lk)[—1] = Rey «RZ

has a unipotent inertia action. |

In [10], Deligne uses Lefschetz theory to prove the Weil conjectures over a finite field,
so it is natural to try to use the following proposition to proceed analogously over the local
field K.

Proposition 9.3. Assume that n is fixed and that (mw),—1 holds. Let X be a projective,
semistable scheme over O with dim(Xg) = n. Then H*(Xg, A) is mw pure of weight a for
all a € 7 if there exists a semistable Lefschetz pencil ¢: X — IF’Clg such that

0.1) H™' (P, L) = HO (P, Ly)
is mw pure of weight n for the Picard—Lefschetz sheaves

Lx = pROqSK,*C on IP’}( and L = V(Lg) on Pkl.

Proof. Recall that a direct summand of an mw pure structure is again mw pure, Proposi-
tion 7.5. Isomorphism (9.1) follows from proper base change and Lemma 9.2. Fix a semistable
Lefschetz pencil as in the proposition with associated Lefschetz operator

L:H'(X%.C) — H'T2(X%.C(1)).

Let Yx — Xk be a smooth fiber of the pencil over K. By the hard and weak Lefschetz
theorems, the restriction map

H'(X%.C) — H'(Y%.C)

is an isomorphism for i < —2 and a split injection for i = —2 with inverse the composition of
L

H2(Yg,C) > H°(X%.C(1)) —« H?(X%.C).

So we conclude by the Lefschetz decomposition and by Proposition 6.4 (C has a different shift
there). O

9.3. Main cohomological theorem. By Proposition 8.6, the Rapoport—Zink sheaf RZ
as in the proof of Lemma 9.2 is mw pure of weight n, so in order to check whether (9.1) is mw
pure of weight #n, it would suffice to answer positively the following two questions in view of
Proposition 7.7. Recall that the monodromy property is defined in Definition 7.2.

(D Is Ly mw pure of weight n?
(IT) Does the monodromy property hold for Lz and IP’EI — Spec k?

In Theorem 9.4, we give a positive answer to (I) assuming the monodromy-weight conjecture is
known in smaller dimensions. Question (II) can be seen as an arithmetic variant of a conjecture
of Kashiwara [30] (see Section 9.4) about the topology of complex varieties. The complex
version has been proved by T. Mochizuki [41]. We defer the study of the arithmetic variant to
a forthcoming work.
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Theorem 9.4. Assume (mw)y,—1 holds. Then the following properties are satisfied.

(1) The sheaf RZ satisfies the monodromy property for ¢y in the sense of Definition 7.2. In
particular, Ly as in Proposition 9.3 is mw pure of weight n and the monodromy graded
pieces gri Ly are semisimple for all a € Z.

(11) The non-constant part of grg/[ Ly satisfies multiplicity one in the sense of Section 6.1 for
alla € 7.

Corollary 9.5.  Assume (mw),—1 holds. In order to show (mw)p, it would “suffice” to
show the monodromy property for L and the morphism IPL — Spec k.

Proof of Corollary 9.5. By Theorem 9.4, the perverse sheaf L is mw pure of weight n.
Then, by Proposition 7.7, the monodromy property for Lz and for the morphism Pf — Spec k
implies that H O(IP’k , Lx) is mw pure of weight n. We finish the proof using Proposmon 93. O

Proof of Theorem 9.4.  'We check the mw property for RZ and ¢ via the criterion of
Proposition 7.7 (iii) for f = ¢ and F = RZ. By the characterizing property of the monodromy
filtration, Lemma 7.1 (i1),

(92) Na: El—a,i+a ; Eilai—ll(_a)

is an isomorphism for a > 0 in view of the definition of the spectral sequence. By Remark 8.5
and by Theorem 6.1, E f 1 is geometrically constant for p + ¢ # 0. So the non-constant part
of the d;-differential vanishes, which means

©-3) EPO = (EPOy© g H((EP™ e L (gPa) Dy (prH1aye),

“ E3]

Recall that the upper indices and “nc” stand for the geometrically constant part and the
geometrically non-constant part as in Sectlon 6.1.

On the first summand on the right of (9.3), the map N ¢ is an isomorphism in the bidegrees
as in (9.2) as observed above. The second summand is geometrically constant, so we only need
to check that the map of perverse sheaves in D"!(x, A),

(9.4) N E;%%a| [-1] » E$ % (—a)¥ | [-1],

is an isomorphism for a > 0, where x € Pkl is a closed non-critical value, which we will
assume to be k-rational after possibly replacing k by a finite extension.

Lift x arbitrarily to an O-point s: Spec @ — Pg. By Lemma 3.6, Y := ¢~ '(s) — X is
a stratified regular immersion of semistable schemes (see Section 3.2), where X and Y have
the standard stratification as in Section 4. Then, by Proposition 3.5, we get the base change
isomorphism of perverse sheaves RZ|y, [-1] = {(C|y, [—1]). Note that

(fily' RZ) |y, [-1] = il (RZ|y, [-1]).

because no irreducible perverse constituent of RZ is supported on Y. In particular, the spectral
sequence in (9.4) is nothing but the monodromy spectral sequence for H*(Yx, A) with respect
to the model Y. Finally, by our assumption (mw),—1, we get the isomorphy of (9.4). This
proves part (i).
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Part (ii) is then clear as the critical values of ¢y coming from different strata Z of X k
are disjoint, but these critical values are just the non-smooth loci of PR (¢ |Z)«A[dim Z].
As the non-constant parts of these perverse sheaves satisfy multiplicity one by Theorem 6.1
individually, so does their direct sum. |

Example 9.6. If case (B) in Theorem 6.1 holds for the Lefschetz pencil ¢x: Xg — IP’L,
the monodromy property for Ly is clear, because this perverse sheaf is then a direct sum of
a constant perverse sheaf and of skyscraper sheaves.

9.4. Arithmetic Kashiwara conjecture. Motivated by the Kashiwara conjecture in
complex geometry [30], we suggest that the following arithmetic Kashiwara conjecture holds.

Let @ be a strictly henselian discrete valuation ring. We do not have to assume that
K = frac(O) has characteristic zero or that the residue field & is perfect in this subsection. Let
X be a proper scheme over (.

Conjecture 9.7. For a perverse sheaf Fg € Dé’ (Xk.Qy) such that its base change
F& to a separable closure K of K is semisimple and arithmetic (in the sense of [16, Defini-
tion 1.4]), the following holds for the perverse sheaf Fr = U (Fg):

() g Fy is semisimple for all a € Z,

(ii) Fy satisfies the monodromy property with respect to the morphism X — Speck; see Def-
inition 7.2.

The condition of being arithmetic in the conjecture cannot be omitted by a counterex-
ample of T. Mochizuki. In equal characteristic, one can establish many cases of the conjecture
by a spreading argument and the techniques mentioned in Remark 7.3. We defer the study to
a forthcoming work, a special case of this spreading is presented in [52].

As a corollary to the results in Section 9.3, we obtain the following.

Corollary 9.8. The arithmetic Kashiwara conjecture for X = Pé and for mixed char-
acteristic O would imply the monodromy-weight conjecture.

Remark 9.9. There exists a version of the monodromy-weight conjecture for the opera-
tor N on the monodromy spectral sequence over any strictly henselian discrete valuation
ring @; see [28, Conjecture 1.2]. By [28, Remark 6.2], one can reduce this conjecture to the
case in which the residue field k of @ is a perfection of a finitely generated field. An immedi-
ate generalization of our argument shows that the arithmetic Kashiwara conjecture would also
imply this version of the monodromy-weight conjecture.

10. Tameness of the cohomology of semistable Lefschetz pencils

10.1. Reminder on log structures. For a background on log geometry, see [43]. In
this subsection, we do not assume that the residue field of O is perfect. Let X be a scheme
flat and of finite type over @. Let j: Xx — X be the open immersion of the generic fiber.
Let M — Oy be a log structure. We always endow Spec (O with the canonical log structure
defined by N — @, 1 +— m. If the fine and saturated (fs) log scheme (X, M) is log smooth
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over (9, then it is log regular; in particular, X is normal. If additionally the trivial locus of the
log structure is Xg, then M = Ox N j (9;;[(, so the log structure M is not an extra datum. If
no explicit log structure is given on X, we say that it is log smooth over O if it is fs and log
smooth over (9 with respect to the log structure M = Ox N j« (D;K. By abuse of notation, we
also call a scheme log smooth if it is pro étale over a log smooth scheme over .

Our basic source of log smooth schemes over @ stems from the following lemma, which
is a consequence of [43, Theorem II1.2.5.5, Example IV.3.1.17].

Lemma 10.1. The morphism of fs log schemes Spec Z[N™] — Spec Z[N] induced by
the monoid homomorphism 1 — (1, ..., 1) is log smooth and saturated.

Recall that, for a saturated morphism of fs log schemes, the base change in the category
of log schemes and in the category of fs log schemes coincide [43, Proposition 2.5.3].

Example 10.2. Let X = SpecO[X1,..., Xn]/(X1++- Xy — 7€) with 1 <m < n and
e > 0. Then X is log smooth over @. This follows from Lemma 10.1 since X is smooth and
strict over the log smooth schemes Spec(Z[N™] ® 7] O), where we use from left to right the
monoid homomorphisms N — N7 1+ (1,...,1),N = O, 1 + =°.

Example 10.3. Let
X =SpecO[Xy,....Xn. T1. 5]/ (T1Tr — 71, X1 -+ Xpy — TETS)

with 1 <m <n and e,d > 0. Then X is log smooth over (. This follows from Lemma 10.1
since X is smooth and strict over the log smooth scheme

Spec(ZIN"] ®zny (Z[N?] ®@z[n) ),
where we use from left to right the monoid homomorphisms

N—>N" 1~ (,....1)), N> N2 1~ (d,e),
N — N2, 1+ (1,1), N -0, 1~ 7.

10.2. Reminder on tame coverings. In this subsection, we do not assume that the
residue field of O is perfect. Tame étale coverings have been studied systematically for the
first time in [21, Exposé XIII] in the form of the so called Grothendieck—Murre tameness. The
notion of curve tameness was first studied by [51] and later in [32].

Consider an excellent discrete valuation ring A, K = frac(A4), and a finite field extension
K C L.Let B C L be the integral closure of A. Then L is a tame extension of the discretely
valued field K if the residue field extensions of A C B are separable and the ramification
indices at all maximal ideals of B are coprime to the residue characteristic.

Let now X be a regular, separated scheme of finite type over K = frac((). Consider
a proper normal scheme X over (9 which contains X as an open subscheme. Consider an étale
covering f: X’ — X. For a point x € X of codimension one, we call X’ — X tame over {x_}
if the normalization X of X in X' is tame in the above sense with respect to the discrete
valuation defined by x.
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We say that X’ — X is curve tame (or for short just tame) if, for any closed point x € X,
the finite morphism (X’ xx x) — x is tame with respect to the unique extension of the discrete
valuation from K to k(x). The following lemmas are a consequence of [32, Theorem. 4.4].

Lemma 10.4. If O C O is a finite extension of henselian discrete valuation rings and
U C X is a dense open subscheme, then (i) < (ii) = (iii) with

(1) X' — X is curve tame;
(i) U’ = X' xx U — U is curve tame;
(iii) the base change X ;9/ — X Is curve tame.

If moreover O is a tame extension of O, then all conditions are equivalent.

Assume moreover that X \ X is a simple normal crossings divisor. We say that X’ — X
is Grothendieck—Murre tame if it is tame over all irreducible components of X \ X.

Lemma 10.5. Under the above assumptions, an étale covering X' — X is curve tame
if and only if it is Grothendieck—Murre tame.

A constructible sheaf F on X is called tame if, for any closed point x € X, the Gal(x/x)-
representation Fx is tame.

10.3. Tameness of Picard-Lefschetz sheaves. Consider a semistable Lefschetz pencil
of X and let ¢: X > Pé be the pencil map. Let U C IP’II( be the set of regular values over K.
Consider the constructible sheaves L' = R'¢x A on PL fori € Z and set L = P, L'

Note that L is tame over the prime divisor P,i of IP’}D by Proposition 8.8, since X has
semistable reduction over the maximal point of IP’kl. We do not know whether L is tame over ¢.
The main result of this section is the potential tameness of L. In order to formulate it, let K’/ K
be a finite splitting field of all the field extensions k(x)/K for x € IP’}( \ U andlet @' C K’ be
its ring of integers. Recall that we can bound K’ by Theorem 4.2. In the following, p = ch(k).

Theorem 10.6. The sheaf Lg: on PL, is tame if p # 2.

From Theorem 10.6 and Lemma 10.4, we deduce the following corollary. In fact, by
Theorem 4.2 (iii), we can choose K’/ K to be a tame extension under the assumption p > n + 1.

Corollary 10.7. For p > n + 1 or p = 0, the sheaf L is tame.

Proof of Theorem 10.6.  'We will assume without loss of generality that A = Z /{Z and
that @ is strictly henselian. The major part of the proof consists in showing the following claim.

Claim 10.8. Ly, is a tame local system.
Assuming Claim 10.8, let us prove Theorem 10.6. The sheaf L’ is unramified over IP’}(

for i ¢ {n —1,n} by Theorem 6.1, so Lemma 10.4 and Claim 10.8 imply that L? is tame in
this case. With the notation of Section 6.1, consider a critical value x € P Il<,. We have the exact
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sequence
(10.1)  0— H" '(Xz) » H" '(X7,) — Vs —» H"(X3) — H"(X7,) — 0,

where we omit the coefficients A for simplicity. We consider the action of Gy = Gal(7,/nx)
on this sequence, where 1, € Spec (9%1 .. 18 the generic point. The order of
K’ 9

im(Gy) C Aut(H*(fﬁx))

is coprime to p by Lemma 10.5, Claim 10.8 and the Abhyankar lemma [22, Exposé XIII,
Proposition 5.2] applied to a semistable model Z of P 11<, over (9’ as in the proof of Claim 10.8
below. Here we use the Abhyankar lemma in order to see that, for the specialization v € Zj
of x,

im(1 (Spec(Oy ,[1/7]) \ §%,7,)) C Aut(Ly,)

is prime to p, where S* is as in the proof of Claim 10.8. The order of im(G) C Aut(V¥) is
coprime to p by Proposition 6.3.

So, from the exact sequence (10.1), we deduce that the order of im(G) C Aut(H’ (X))
is coprime to p fori € {n — 1,n}. This means that the action of Gal(X/x) on Lk = Hi(Xz)is
tame. O

Proof of Claim 10.8. By replacing (' by a further tame extension, we can in the fol-
lowing assume that the ramification index e of @’/ satisfies ¢ > n + 1; see Lemma 10.4.
(We use this assumption in the proof of Lemma 10.11 below.) Let 7’ € @’ be a uniformizer.
Let S — IP’(19, be the set of critical values. We construct a semistable model of ]P’Il</ and check
Grothendieck—Murre tameness over this model, which is sufficient by Lemma 10.5.

By our assumption on 0’, we deduce that S is the union of the images of finitely many
sections of Pé/ — Spec O’'. There is an iterated blow-up 6: Z — IP’(lg/ of closed points in the
smooth locus over O’ such that the strict transform S <> Z of S is a finite disjoint union
of sections of Z — Spec (9’; this is a special case of Néron desingularization; see [1, Corol-
lary 4.6]. As in the process we only blow up smooth closed points, the scheme Z is semistable
over O'.

Let z be a maximal point of Z; such that 6(z) is a closed point of P! . Consider the
henselian discrete valuation ring R = (9%, .- Then

. mh
02. (9]}\)(19”9(2) — R

sends both 7’ and T to uniformizers, where 7/, T € (9}1;1 6(2) is a regular parameter system.
Say T = —vrn’ withv € R*. ¢

Let x € X (= X) be a non-critical point of ¢ and denote by abuse of notation its
unique preimage in X g under the morphism Xz — X by the same symbol. Then, by Proposi-
tion 4.3, we obtain an isomorphism of R-algebras

(9;‘1%’6 = R[Xo..... Xn]"/ (X0 Xm — um, Xm41 + v7')
which after a coordinate transformation can be rewritten as
(9;(R,x =~ R[Xo,..., Xn—l]h/(XO o Xy — 7).

Here the henselization " is with respect to the maximal ideal generated by 7’ and the X;.
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In particular, Xg is log smooth over R around x by Example 10.2. By a similar calcu-
lation, one sees that, at a critical point x, the scheme Xpg is at least nearly semistable over R
as defined in Section 10.4 below. By Proposition 10.9 applied over R, we see that Lg~ is tame
over the divisor {Z_} forall i € Z. So Lk~ is Grothendieck—Murre tame over O’. |

10.4. Nearly semistable reduction. In this subsection, we do not assume that the res-
idue field k of O is perfect, but we assume that k is separably closed for simplicity. A scheme
X which is flat and of finite type over O is said to have nearly semistable reduction at x € X if
either it is log smooth at x over @ with the standard log structure 1 — 7, a uniformizer of @, or
if there is an isomorphism of (9-algebras (9}}’ , = A. Here A is of the following form: consider
an (0-algebra

B =0[Xo..... Xm]"/(Xo -+ Xpn —un®),

where m > 0, u € (O[Xo, ..., Xm]")* and where e > m + 1. Here the henselization " is with
respect to the ideal (7, Xo, ..., Xm). Setaw = Xo + -+ + Xj, + w € B. Then A4 is of the form
A= B[ Xmits- Xn"/ (X1 + -+ X2 — )

for some n > m.

Proposition 10.9. Assume that X is nearly semistable at all points of its closed fiber.
Then the following properties are satisfied.

() If X is proper over O, then the action of Gal(K/K) on H*(Xg, A) is tame.
(ii) The action of Gal(K/K) on RW¥yx 09(A) is tame.

Proof. Without loss of generality, A = Z /{Z. Part (i) follows from part (ii) and proper
base change. If X is log smooth around x € Xy, then part (ii) follows from [42, Theorem 0.1].
So, for part (ii), we have to consider a closed point x € X with (9;‘(’x >~ A. Write g: Xy — ¥y,
for Spec(A) — Spec(B), y = g(x). Observe that the critical values of g are Y "' = V(«). Set

¥ =Bl (1) > Y, and X =X, xy, ¥ 5 X,

Let ¥ € X be a closed point over x with image 7 € Y.

Consider the morphisms of henselian local schemes g5: X5 — Y5 and h 5: Y5 — Spec 0.
We consider the object F = cone[Ay; — Rgx «AX;] of Df(f: A) which is constructible
by [44, Corollaire 6.2] in which we do not have to perform the modification by [44, Proposi-
tion 4.1]. We need to show that R¥5 /0 (A)x = [RIZ;;,* Rg5 «AX<|R is tame, since then, by
proper base change, (RoxRV%/0(A))x = RVx/9(A)x is also tame. By [42, Theorem 0.1]
and Lemma 10.11, we obtain that R¥y,9(A)5 = Rhy «(A)g is tame. So it remains to show
that R¥§ /0 (F)5 = Rhy«(F)g is tame.

Lemma 10.10. J'(F) vanishes fori # n —m — 1 and #" "™ 1 (F) = jL, where
ji Y5\ oTlyet & ¥5

Here L is a A-rank one local system of order 1 or 2. In the latter case, L becomes trivial after
taking a square root of o~ (at).

Proof. Combine [14, Exposé XV, Section 2.2] and [44, Proposition 4.1]. O
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We can locally factor o~ («) in the ring OF 5 as ™8, where the vanishing locus of B is
contained in the exceptional divisor of the blow-up, i.e. f is invertible over K, while o does
not vanish on the exceptional divisor.

Lemma 10.11. Etale locally on the exceptional divisor, Y looks like Example 10.2 or
Example 10.3 with o invertible or corresponding to the variable X p,41. In particular, Y5 and
its closed subscheme V (a®) are essentially log smooth over O and the immersion is strict.

Proof. 1t suffices to consider without loss of generality the following two blow-up charts
of Y over Y. For simplicity of notation, we assume that k is algebraically closed.

First chart. Y contains as an open subscheme the spectrum of the ring
B[XVO, ey va]/(j(vlf[ — Xi, XVO e va _ une—m—l),

where 1 <i < m. On this chart, o® = )?0 + -+ )?m + 1. Consider a closed point y of the
exceptional divisor in this chart which satisfies without loss of generality

Xo()=-=Xa(® =0 and Xz (5)..... Xu(7) #0.

We obtain
(91% ;= 0Xo..... Xml'/ (X Xz — €™,

in which o*" is a unit or & = X 1. In this case, (9}% _ is as in Example 10.2.
.y
Second chart. Y contains as an open subscheme the spectrum of the ring
B[X1,..., Xm 71/ (Xi Xo — Xi, #Xo — 70, X1 -+ Xy —uig™ om0y,

where 1 <i < m. On this chart, &« = 1 + X; + --- + X, + 7. Consider a closed point y of
the exceptional divisor in this chart. We can assume without loss of generality 7(y) = 0 as
other points are already in the first chart above. Say for simplicity that

Xi(3) = =Xz(3) =0 and Xz41(5,..., Xm(¥) # 0.

Then we get

(9;5 ~ O[Xo.... X, T|"/ (R X0 — 0, X1 -+ Xjz — A" HIxET™T,

in which o*" is a unit or & = Xy 1. In this case, (9;3; _ is as in Example 10.3. O
.y
We resume the proof of Proposition 10.9. We argue case by case.
First case: L is constant. Consider the exact sequence of sheaves on Y5,
0— jij*A = A = ii*A — 0,

where i: o1 (Yt — }7; is the closed immersion and j the complementary open immersion.
The corresponding long exact sequence for Rh3 «(—)K, [42, Theorem 0.1] and Lemma 10.11
imply the requested tameness for Rhy «(jiL) k.
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Second case: L is non-constant (in particular, £ # 2). Let }”\5; — )7;, be the Kummer
covering corresponding to adjoining the square root of «*. Then, by Lemma 10.11, Y 7 and
its closed subscheme V(a™) are essentially log smooth over (@ and the immersion is strict, as
Kummer coverings are log smooth.

Consider the morphism of log schemes

I?y — Spec Z[T], T — B.
Consider the Kummer log étale covering
Spec Z[T'] — Spec Z[T], T + (T")?
and the corresponding Kummer log étale covering of fs log schemes
Y5 = Ty ®gp O[T - V5.

Note that this fs log base change agrees with the ordinary base change over K. Then Yyl‘ and
its closed subscheme V(™) are log smooth over ©.

Consider the finite morphism u: Y;L — Yj; of degree 4. Then the pullback of the local
system L along g is trivial and F is a direct summand of R« u*F as £ # 2 and as F vanishes
on the rarPiﬁcation locus of . We can now argue for u*(F) on YJ'~,‘ as we did in the first case
for F on Y. O

A. Nearby cycle functor

In this appendix, we describe basic properties of the étale nearby cycle functor in a coor-
dinate free fashion using so called Iwasawa twists. We hope that this coordinate free presenta-
tion makes the Verdier duality theory and the discussion of Rapoport—Zink sheaves in Section 8
more transparent. Nothing we present was not known to people in the early 1980s. We recast
the theory using the pro-étale topology.

A.1. Reminder on constructible sheaves. Let Y be a noetherian scheme. For any
ring A, let Sh(Y, A) be the category of pro-étale sheaves of A-modules and D(Y, A) be its
derived category; see [5,31]. Assume in the following that A is a complete local noetherian
ring with maximal ideal m. We define a constructible A-sheaf F as a pro-étale sheaf of A-
modules such that F = lim,, F/m"F and such that, for all n > 0, the pro-étale sheaf of A /m"-
modules F/m”F comes from an étale constructible sheaf of A/m”-modules; see [8, 09BS].
Let Sh. (Y, A) be the category of constructible A-sheaves.

One can show [35] that Sh. (Y, A) forms a noetherian abelian subcategory closed under
extensions of the category of all pro-étale sheaves of A-modules. One also shows [8, 09BS]
that, for F € Sh.(Y, A), there exists a stratification Z of X such that F|z is smooth for all
Z el.

Let Ao be a localization of A. We set Sh.(Y, Aos) = She(Y, A) ® Ao. Let ¢ be an
endomorphism of F € Sh.(Y, Ao) and assume that A, is artinian. Then there exists a unique
decomposition F = F"! @ F"V stable under ¢ such that ¢ is nilpotent on F™! and invertible on
Finv. Uniqueness is clear, while for existence, we define

F'! = ker(t":F — F) and F™ =im(t":F — F)
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for n > 0. One can check the property on a stratification as above, on which it reduces to the
case of finite A.-modules where it is the classical Weyr—Fitting decomposition [6, Proposi-
tion 2.2].

Let D.(Y, A) be the triangulated subcategory of complexes with constructible cohomol-
ogy sheaves inside the derived category of pro-étale sheaves of A-modules D(Y, A). Let
D é’ (Y, A) be the triangulated subcategory that additionally has bounded cohomology sheaves.
Define Dé’ (Y, A,) as the Verdier localization “up to isogeny” Di’ (Y,A) ® Ao, foraring Ao
which is a localization of A.

For a morphism of noetherian schemes f:Y; — Y3, there are natural functors

f*I Shc(Yz, A) — Shc(Yl, A)
and f*: Df (Y2,A) - D f (Y1, A). From this f*, one deduces the derived pushforwards
Rfi, Rfi: DE(Y1,A) — DE(Y2, A)

by the usual adjunctions whenever they have a chance to exist [27, Introduction, Théoréme 1].
One also gets the exceptional pullback f': D? (Y2, A) — Dé’ (Y1, A) by adjunction.

If A is more generally a filtered colimit A = colim; A; of complete local noetherian
rings A; with flat, finite transition homomorphisms, we set D.(X, A) = colim; D.(X, A})
and similarly for a localization A, of A. This might depend on the system of the A ;.

A.2. Iwasawa twists. In this subsection, we collect some results from [2, 38].
Let G be a profinite group which is isomorphic to Zy. We do not fix an isomorphism.
Let A be a noetherian complete local ring with residue characteristic £. Consider the “Iwasawa
algebra” A™ = A[G]. The augmentation ideal 3 = ker(A™ — A) is generated by a non-
zero divisor [£] — 1, where £ € G is a topological generator. Indeed, such a choice induces an
isomorphism
All] S AY, - [E] - 1.

Let Y be a noetherian scheme. Consider the derived category of sheaves of torsion
Iwasawa modules “with vanishing p-invariant” up to isogeny

D™ (Y, Ao) := [D(Y,A™) N RTY(DE(Y, A))] @4 Ao.

Here R: D(Y, A™) — D(Y, A) is induced by the homomorphism A — A™. Let D™(Y, A,)
resp. D™ (Y, A,) be the full subcategory of D™V (Y, A,) on which ¢ is nilpotent resp. invertible.
For the rest of this subsection, we assume that A, is artinian.

Lemma A.1. We have the decomposition D™ (Y, Ao) = D"(Y, Ao) ® D™ (Y, Ao).

Proof. The two subcategories D"!(Y, A,) and D™ (Y, A,) of D™(Y, A,) are ortho-
gonal, as in the classical Weyr-Fitting decomposition [6, Proposition 2.2]. In particular, if
an object has a decomposition, then it is unique. In order to show that an object decom-
poses, we use the exact triangle 7<?F — t=F — #?(F)[—a] — t=%F[1], induction on a
and the above decomposition H¢(F) = F%(F)"! @ #%(F)™ . In fact, this induces the required
decomposition

T=9F = hofib(#“ (F)"'[—a] — t=*F"'[1]) @ hofib(}*(F)™[—a] — t=*F™[1]). o
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If we work with an arbitrary profinite group H in place of G =~ Z,, we have to slightly
reformulate. Let Sh. (Y x BH, A), Df (Y x BH, A), etc. be the H -equivariant versions of the
definitions from Section A.1; for example, for F € Sh.(Y, A), the H-action factors through
a finite discrete quotient of H on F/m” for all n > 0. We obviously have an equivalence

D2(Y x BG, Ao) = D™(Y. Ao).

Consider an epimorphism H — G of pro-finite groups whose kernel W has pro-order
coprime to £; then we denote by

Nil: D2(Y x BH, Ao) — D" (Y, As), F > (F7)nl

the projection to the nilpotent part of the W -invariants; see Lemma A.1.

For F € D™ (Y, A,) and a € Z, we call F(a)™ = F ® oiv 3¢ the Iwasawa twist of F.
Note that 3 C A is an invertible ideal. Clearly, if G acts trivially on F, there is a canonical
isomorphism between F(a)™ and the Tate twist

F(a) = F®z, G®°,

since 34/34T1 =~ A ®z, G®,

For F € D™ (Y, A,), let FO ¢ D?(Y, Ao) be the derived G-invariants. The canonical
action map F ® yw § — F can be written as N'™V:F — F(—1)!V. Then we obtain the funda-
mental exact triangle

Iw

(A.1) SO N F(—D)™Y — FO71].

For the derived G-coinvariants Fg, we have a canonical isomorphism Fg = FZ(1)[1].
Any F € D"I(Y, A,) is derived t-complete and there is an isomorphism F ® o A = Fg.
Together with the derived Nakayama lemma [8, Lemma 0G1U], we obtain the following.

Lemma A.2. A morphism F — G in D"N(Y, A,) is an isomorphism if F¢ — G is an
isomorphism.

The group inverse G — G, g — —g induces an involutive ring isomorphism
inv: AV — AV
preserving 3. We denote the sheaf F € D' (Y, A) with the inv-twisted action by F~. The
involution applied to the Iwasawa twist induces an isomorphism in D™ (Y, A),
(A.2) inv(a) = ide ® inv®: (F(@)™)™ = (F7)(a)™v.

Let w € Dé’(Y, A) be a dualizing sheaf and let D(F) = Homp (F~, @) be the Verdier
dual of F € D™ (Y, A), where the action of A™ on = is trivial.

We obtain a commutative diagram, which clarifies in which sense N is compatible with
duality,

D(F(—1™) —2Y | ppy

(A.3) inv(—l)T TN‘W(l)IW

Hom(F~(—1)™Y, w) == D(F)(1)™.
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Note that, in this duality statement, the strength of Iwasawa twists becomes obvious, as pre-
vious attempts to write down this compatibility looked quite ad hoc; see Deligne’s letter to
MacPherson [13].

For Q C Ao and F € DMI(Y, A,), there is a canonical isomorphism between Tate and
Iwasawa twists crry: F(@) = F(a)'™Y for a € Z, which for a = 1 is induced by the homomor-
phism

G— (3/3")®zQ, g log(lg)).
where v > 0 is chosen such that 3V acts trivially on F. This gives us a canonical nilpotent map
N:F — F(—1) such that

F(—1)
N
F / | eTiw
o
F(—1)

commutes. This means that g € G acts by exp(g/N): F — F, where gN:F — F is the contrac-
tion of the Tate twist. So we see that, in this case, the fundamental exact triangle reads

F¢ - F 2 F-1) — FOqL.

Via the identification c¢tpy, isomorphism (A.2) becomes multiplication by (—1)%, so by abuse
of notation, we can write the commutativity of (A.3) simply as D(N) = —N(1).

A.3. Unipotent nearby cycles. Let @ be a strictly henselian discrete valuation ring
such that the prime number £ is invertible in (. Let K be the fraction field of @ and let k be the
residue field. In this appendix, we do not need to assume that k is perfect or that ch(K) = 0.
Let K be a separable algebraic closure of K. For simplicity of notation, we just write A for the
coefficient ring, which could be a localization of a noetherian complete local ring or a filtered
colimit of such as in Section A.1, and we drop the notation A, used above.

Let /: X — Spec O be a scheme of finite type. Set H = Gal(K/K) and let H — Z¢(1)x
be the tame character of H. We set G = Z;(1)z. In the following, we use the notation of
Section A.2. Let j: Xxk — X and i: X; — X be the immersions of fibers and consider the
morphism of topoi j: Xx — X x BH and jx: Xx — Xk.

Recall [14, Exposé XIII] that the nearby cycle functor is defined as

RWy,0: D(Xg, ) — D(Xg x BH,A), F > i*RJuji(F).

Deligne showed [11, Chapitre 7] that Ry, preserves bounded constructible complexes. Note
that we have the identity

(R¥x,0)V = i*RJ%: D(Xk, A) — D™ (X, A),

with the morphisms of topoi J: Xgw — X x BG and Jx: Xgw — Xk, which is useful for
the general residue field case in Section A.7.
From now on, we assume that A is artinian. We write

U = Ux/s = Nil RUy 9[—1]: D2 (Xk, A) — D" (Xy, A)

for the shifted unipotent nearby cycle functor; see Lemma A.1.
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The fundamental exact triangle (A.1) applied to {(F) now reads

(A4) WE X G E D™ s % F — (P[]

as [R ]« j*(F)] = j.(F). Here we omit the right derived sign for j. as j« is perverse t-exact
for the t-structure in Section A.4. This fundamental triangle gives a dévissage for {7(F) in terms
of i* j«(F). A further dévissage of the latter is accomplished by the exact triangle

(A.5) i*G—i*j.j*G —i'G[l] = i*G[l]
for G € D2(X, A).

A.4. Perverse sheaves. Assume in the following that A = Z /"7 or that A is an
algebraic field extension of Q. For f: X — © separated and of finite type,

@ = f'A()[2] € D2(X. A)

is a dualizing sheaf, i.e. for F Df(X, A) and D(F) := R Homy (F, @) € Df(X, A), the ca-
nonical map F = D(D(F)) is an isomorphism.

We always work with the (middle) perverse t-structure on Di’ (X, A) induced by the
dimension function

8x (x) = trdeg(k(x)/k(f(x))) + dimgpec 0 ({ f (x)})
as in [19]. This means that
FePDZO(X.A) < H'(i2F)=0

forall x € X andi > 8x(x) and F € P DZ°(X, A) < D(F) € P DZ°(X, A).
Concretely, this means that, for Xg regular, connected of dimension #n, the sheaf

Aln +1] € DX (Xk. A)

is perverse, and for Xj regular connected of dimension n, the sheaf A[n] € Dé’ (Xg,A) is
perverse.

Gabber showed (see also [2, 13]) that R¥[—1] and therefore s are perverse t-exact with
respect to this perverse t-structure; see [25, Corollaire 4.5].

Remark A3. If G e Df (X, A) is perverse with no non-trivial subobjects or quotient
objects supported on Xy, i.e. G = jij *G, then

i*G[—1] =P H ' (i*j.j*G) and i'G[1] = PHO(*j.j*G)

are the (shifted) perverse constituents of i* j.j*G € ? DE_l’O] (X5, A) and (A.5) is the corre-
sponding truncation exact triangle.

A.5. Base change. Let the notation be as in Section A.3 and let f:Y — X be a mor-
phism of finite type.

For f proper and K in Di’ (Yy), the canonical proper base change map { o f = frop
is an equivalence of functors from Dé’ (Yn.A) to D"(Xs, A).



42 Esnault and Kerz, Lefschetz pencils

There exists also a canonical base change map
frow— o f*

of functors from DC]? (Xy, A) to D™(Yy, A) which is an equivalence if f is smooth. Note that
we get an induced morphism of exact triangles (A.4),

FAUF) M AR (DY —— f5i% i F —— P[]

l l ! l

Y ) S YR DY —— ¥ fF —— Y P[]

for F € Dé’ (X7, A). Similarly, we have a morphism of exact triangles (A.5),

fHi*G —— fri%jej*G —— iG] — f*i*G[1]
i*f*G —— i*juj*[*G —— i'[*G[l] — i* f*G[l]
for G € D2(X, A).
A.6. Compatibility with Verdier duality. Write wx, = f/(A), wx = f'(A(D)[2])

and wy, = wx|x,. Consider F,F’ € Dé’ (Xp, A) and assume they are endowed with a pairing
p:F ®A F' — wyx,. As  is lax symmetric monoidal up to a shift, the composition of

YF) @ Y(F) = Y(F @ F)[=1] 5 y(S ADI]) = fUAM]) = £ A1) = ox, (1)

induces a pairing (p): V(F) ® o W(F')™ — wx, (1) in DY(X, A), where G acts trivially on
the codomain.
By an analogous construction, one gets a pairing

(A6) i* juF @4 i juF = wx,[1].

Via these pairings, the fundamental exact triangle (A.4) becomes self-dual in the sense
that we get a commutative diagram

W) —Y s YE DY —— i F ——— 5 (P[]

| | ! 1

DAEND™ XYL Dy(F)) —— DG*juF)[1] —— DW(E))(1)™[1]

in D2(X;, A).
We say that p is a perfect pairing if it induces an isomorphism F — D(F’). Gabber
showed the following property; see [25, Théoréme 4.2].

Lemma A.4. [f pis a perfect pairing, then
(i) the pairing \(p) is perfect and
(i1) the pairing (A.6) is perfect.
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A.7. Non-separably closed residue field. If the residue field k of the henselian discrete
valuation ring @ is not assumed to be separably closed, we proceed as follows. For k finite, the
theory is laid out in detail in [23]; see also [14, Exposé XIII] for background on the Deligne
topos.

Let K C K be the subfield generated by all £”-th roots of unity and by all 7/ for
n > 0. Let k be the residue field of K. Fix a splitting o of the exact sequence of profinite
groups

0>G=241)>G—>5—0,

where G = Gal(K/K), g = Gal(l; / k). Such a splitting is for example induced by a choice of
compatible £"-th roots of 7 for n > 0. Consider the morphisms of topoi j: Xg — X xpz BG
and Jx: Xg — Xk. The splitting o induces an isomorphism

(A.8) D™(Xy, A) = D2 (Xy xpz BG,A),

where Iwasawa module sheaves on X} are defined as before with A™ now a ring in the category
of pro-étale sheaves on Xy . We define the unipotent nearby cycle functor

U = Nili* 7. J5[1]: D2 (Xg, A) — D™(Xy, A)

using the identification (A.8).

This construction clearly depends on the splitting 0. However, for A = Z /{7 or for A
an algebraic extension of Q; and for F € Df (X, A) perverse, the monodromy graded pieces
g (F) (see Section 7) do not depend on the splitting o in view of the proof of [4, Proposi-
tion 5.1.2].
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