Typed A\-Calculus

We can avoid Russell’s paradox using simple types.


Benzmüller, Christoph


Typed A\-Calculus

We can avoid Russell’s paradox using simple types.
Simple Types:

o Base type of propositions


Benzmüller, Christoph


Typed A\-Calculus

We can avoid Russell’s paradox using simple types.
Simple Types:

o Base type of propositions

. Base type of individuals


Benzmüller, Christoph


Typed A\-Calculus

We can avoid Russell’s paradox using simple types.
Simple Types:

o Base type of propositions

. Base type of individuals

(af) (or (B — «)) Type of functions from ( to «


Benzmüller, Christoph


Typed A-Calculus

We can avoid Russell’s paradox using simple types.
Simple Types:

o Base type of propositions
. Base type of individuals

(af) (or (B — «)) Type of functions from ( to «

One may include arbitrarily many base types ¢!, ..., ", ....


Benzmüller, Christoph


Typed A\-Calculus

We can avoid Russell’s paradox using simple types.
Simple Types:

o Base type of propositions
. Base type of individuals

(af) (or (B — «)) Type of functions from ( to «

We often omit parenthesis in types. (a3+v) means ((af)y)


Benzmüller, Christoph


Typed A-Calculus

We can avoid Russell’s paradox using simple types.
Simple Types:

o Base type of propositions

. Base type of individuals

(af) (or (B — «)) Type of functions from ( to «

We often omit parenthesis in types. (a3+v) means ((af)y)
Likewise (y — 8 — «) means (y — (8 — «))


Benzmüller, Christoph


Typed A-Calculus

We can avoid Russell’s paradox using simple types.
Simple Types:
o Base type of propositions

. Base type of individuals

(af) (or (B — «)) Type of functions from ( to «

We often omit parenthesis in types. (a3+v) means ((af)y)
Likewise (y — 8 — «) means (y — (8 — «))

Note that the type (a37v) (or (v — 8 — «)) is the type of a (Curried)
function of two arguments which returns a value of type «.
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Typed Variables x,,

Typed Constants and Parameters P,,
Application |F,3Bg|, —0Or [Fs—aBsla
A-abstraction [Ays. Ag]as — OF [Ays. Anls—a

Examples:
[AXq.Xo| term of type (a«) — identity on type o

[A\ys. x| term of type (a3) — constant x-valued function
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This is shorthand for
[Ax. [MINUS [SQUARE x] 1}]

where MINUS, SQUARE and 1 are constants.
Is there a corresponding typed term?
Assume the type of individuals . corresponds to real numbers.

x and 1 should be real numbers (type ¢)
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Consider the untyped term
Mx. [x* —1=0]]
This is shorthand for
Mx.[= [MINUS [SQUARE x| 1] 0]]
where =, MINUS, SQUARE, 0 and 1 are constants.

Already know types of MINUS, SQUARE and 1.
0 should be a real number (type ¢)

= takes two real numbers and returns a truth value (type (owt))
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Typed )\-Calculus: Assigning Types

The basis for such an algorithm is the following deduction system:

C:a el Cvariable, parameter or constant

Hyp
rl—TACZCM
[,y : 1A A« [FraF: a8 THAB: (G
Lam App
[ ra [Ay. Al : af3 1A [FB]:

We can assign the type o to a term A in context [ whenever we can
derive

rl—TAAZCk
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Typed )\-Calculus: Assigning Types

Untyped Term: [Ax. SQUARE x]]

Goal: Find a type « such that
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~ and ¢ are both ¢
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Untyped Term: [Ax. SQUARE x]]

Goal: Find a type « such that

SQUARE : (1) F1a [XAx. [SQUAREX]] : o

Bist

Hyp
App

Hyp
SQUARE : (¢t),x: ¢t F1a SQUARE : (10) SQUARE : (¢t),x: tF1a x 1t

SQUARE : (t1),x : t F1a [SQUAREX] : ¢
SQUARE : (¢2) F1a [Ax. [SQUAREX]] : ¢t

So [\x. [SQUARE x]| can be assigned the type (..) in context
SQUARE : (w)

Corresponding Typed Term: [\x,. [SQUARE,, x, ||

Lam
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Typed )\-Calculus: Assigning Types

Untyped Term: [Ax. = [xx]]
Goal: Find a type « such that — : (0o) F1a [Ax. = [xX]] :

Only remaining subgoal:
—: (00),x : (0€) 1A X 1 €

This goal cannot be solved since (o¢) cannot equal e.

Hence [A\x. |- [xx]|| cannot be typed — avoiding Russell’s Paradox.
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Typed \-Calculus: (7

B-reduction:
[Ays - Aa] Bgl —p Aalys/Bg]
n-reduction:
AYs-Fapys] —n Fag
Facts:

Bn-normalization terminates for typed terms.

Every typed term has a unique Sn-normal form.


Benzmüller, Christoph
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