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∧ooo – conjunction
⊃ooo – implication

≡ooo – equivalence

ATPHOL’06-[3] – p.71



c©Benzmüller, 2006

Typed λ-Calculus: Logical Constants
HO

L

AT
Pλ

We gain expressive power by combining typed λ-calculus with
logical constants.
=α

oαα – equality at type α

Παo(oα) – universal quantification over type α

Σα
o(oα) – existential quantification over type α

Intuition: [Σα .λxα.Co] is to true iff {xα|C} is nonempty.

Church’s Classical Type Theory: HOL

ATPHOL’06-[3] – p.71



c©Benzmüller, 2006

HOL: Abbreviations
HO

L

AT
Pλ

[Ao ∨ Bo] means [∨ooo Ao Bo]

[Ao ∧ Bo] means [∧ooo Ao Bo]

[Ao ⊃ Bo] means [⊃ooo Ao Bo]

[Ao ≡ Bo] means [≡ooo Ao Bo]

[Aα =α Bα] means [=α
oαα Aα Bα]

[∀ xα.Ao] means [Παo(oα) .λxα.Ao].

[∃ xα.Ao] means [Σα
o(oα) .λxα.Ao].

ATPHOL’06-[3] – p.72



c©Benzmüller, 2006

HOL: Expressing Properties
HO

L

AT
Pλ

[λxι.x
2 − 1]

ATPHOL’06-[3] – p.73



c©Benzmüller, 2006

HOL: Expressing Properties
HO

L

AT
Pλ

[λxι.x
2 − 1]

[λxι.[MINUSιιι [SQUAREιι x]1ι]]ιι

ATPHOL’06-[3] – p.73



c©Benzmüller, 2006

HOL: Expressing Properties
HO

L

AT
Pλ

[λxι.x
2 − 1]

Term of type o expressing existence of an f with two roots:

[∃fιι.∃nι.∃mι.[[f n] =ι 0ι] ∧ [[f m] =ι 0ι] ∧ ¬[n =ι m]]o

ATPHOL’06-[3] – p.73



c©Benzmüller, 2006

HOL: Expressing Properties
HO

L

AT
Pλ

[λxι.x
2 − 1]

Term of type o expressing existence of an f with two roots:

[ ∃fιι
︸︷︷︸

Σιιλfιι

.∃nι.∃mι.[[f n] =ι 0ι] ∧ [[f m] =ι 0ι] ∧ ¬[n =ι m]]o

ATPHOL’06-[3] – p.73



c©Benzmüller, 2006

HOL: Expressing Properties
HO

L

AT
Pλ

[λxι.x
2 − 1]

Term of type o expressing existence of an f with two roots:

[∃fιι.∃nι.∃mι. [[f n] =ι 0ι]
︸ ︷︷ ︸

[=ι [f n] 0]

∧[[f m] =ι 0ι] ∧ ¬[n =ι m]]o

ATPHOL’06-[3] – p.73



c©Benzmüller, 2006

HOL: Expressing Properties
HO

L

AT
Pλ

[λxι.x
2 − 1]

[λxι.[x
2 − 1] = 0]

ATPHOL’06-[3] – p.73



c©Benzmüller, 2006

HOL: Expressing Properties
HO

L

AT
Pλ

[λxι.x
2 − 1]

[λxι.[x
2 − 1] = 0]

[λxι.[=
ι [MINUSιιι [SQUAREιι x]1ι] 0ι]]oι

ATPHOL’06-[3] – p.73



c©Benzmüller, 2006

HOL: Expressing Properties
HO

L

AT
Pλ

[λxι.x
2 − 1]

[λxι.[x
2 − 1] = 0]

Term of type o expressing existence of a set (characteristic
function) P with two elements

[∃Poι.∃mι.∃nι. [Pm] ∧ [Pn] ∧ ¬[m = n]]o
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Given constants: <oιι, ABSιι, MINUSιιι
We can give the usual ε− δ definition of limits.
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Suppose ι corresponds to real numbers.
Given constants: <oιι, ABSιι, MINUSιιι
We can give the usual ε− δ definition of limits.
LIMoιι(ιι):

[λfιι.λaι.λLι.∀ει.[ε > 0] ⊃ .∃δι.[δ > 0]

∧ .∀xι.[|x− a| < δ] ⊃ [|[f x]− L| < ε]]

Similarly can define continuity, differentiation, etc.
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Some definitions are naturally expressed using type variables:
Consider the notion of subset:
For each type α we can define ⊆o(oα)(oα) to be:

λXoα.λYoα. [∀zα. [X z] ⊃ [Y z]]

We can think of α as a type variable and ⊆o(oα)(oα) to be
polymorphic. In any particular occurrence of ⊆o(oα)(oα) we should
be able to instantiate the type variable α.
Example: (using infix notation)

[λUoι. [U ⊆o(oι)(oι) Xoι]] ⊆o(o(oι))(o(oι)) [λUoι. [U ⊆o(oι)(oι) Yoι]]
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There is no surjection from a set A onto the power set P(A) of A.

• Suppose A corresponds to type ι.

• Then P(A) corresponds to type (oι).

¬∃ goιι.∀ foι.∃ xι . g x =oι f
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Classical Higher-Order Logic (HOL)
(Church’s Type Theory)
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Classical Higher-Order Logic (HOL)

Expressivity FOL HOL Example

Quantification over
- Individuals ! ! ∀X p(f (X ))
- Functions - ! ∀F p(F (a))
- Predicates/Sets/Rels - ! ∀P P(f (a))

Unnamed
- Functions - ! (λX X )
- Predicates/Sets/Rels - ! (λX X "= a)

Statements about
- Functions - ! continuous(λX X )
- Predicates/Sets/Rels - ! reflexive(= )

Powerful abbreviations - ! reflexive =λR λX R(X ,X )
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Classical Higher-Order Logic (HOL)

Expressivity FOL HOL Example

Quantification over
- Individuals ! ! ∀X ι pι!o(f ι!ι(X ι))
- Functions - ! ∀F ι!ι pι!o(F ι!o(aι))
- Predicates/Sets/Rels - ! ∀P ι!o P ι!o(f ι!ι(aι))

Unnamed
- Functions - ! (λX ι X ι)
- Predicates/Sets/Rels - ! (λX ι!ι X ι!ι "= ι!ι!p a)ι)

Statements about
- Functions - ! continuous(ι!ι)!o(λX ι X ι)
- Predicates/Sets/Rels - ! reflexive(ι!ι!o)!o(= ι!ι!o)

Powerful abbreviations - ! reflexive(ι!ι!o)!o =
λR(ι!ι!o) λX ι R(X ,X )

Simple Types: Prevent Paradoxes and Inconsistencies
C. Benzmüller — Higher-Order Automated Theorem Provers — APPA@VSL’2014 5



Classical Higher-Order Logic (HOL) / Church’s Simple Type Theory

Simple Types α ::= ι | o | α1 ! α2
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Classical Higher-Order Logic (HOL) / Church’s Simple Type Theory

Simple Types α ::= ι | o | α1 ! α2

Individuals

Booleans (True and False)

Functions
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Classical Higher-Order Logic (HOL) / Church’s Simple Type Theory

Simple Types α ::= µ | ι | o | α1 ! α2

Possible worlds

Individuals

Booleans (True and False)

Functions

C. Benzmüller — Higher-Order Automated Theorem Provers — APPA@VSL’2014 6



Classical Higher-Order Logic (HOL) / Church’s Simple Type Theory

Simple Types α ::= µ | ι | o | α1 ! α2

HOL Syntax

s, t ::= cα | Xα | (λXα sβ)α!β | (sα!β tα)β

| (¬o!o so)o | (so∨o!o!o to)o | (∀Xα to)o

Constant Symbols
Variable Symbols
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Classical Higher-Order Logic (HOL) / Church’s Simple Type Theory

Simple Types α ::= µ | ι | o | α1 ! α2

HOL Syntax

s, t ::= cα | Xα | (λXα sβ)α!β | (sα!β tα)β

| (¬o!o so)o | (so∨o!o!o to)o | (∀Xα to)o

Constant Symbols
Variable Symbols
Abstraction
Application
Logical Connectives
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Classical Higher-Order Logic (HOL) / Church’s Simple Type Theory

Simple Types α ::= µ | ι | o | α1 ! α2

HOL Syntax

s, t ::= cα | Xα | (λXα sβ)α!β | (sα!β tα)β

| (¬o!o so)o | (so∨o!o!o to)o | (∀Xα to)o
︸ ︷︷ ︸

(Π(α!o)!o (λXα to))o
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Classical Higher-Order Logic (HOL) / Church’s Simple Type Theory

Simple Types α ::= µ | ι | o | α1 ! α2

HOL Syntax

s, t ::= cα | Xα | (λXα sβ)α!β | (sα!β tα)β

| (¬o!o so)o | (so∨o!o!o to)o | (Π(α!o)!o (λXα to))o

Terms of type o: formulas

HOL is (meanwhile) well understood
- Origin [Church, J.Symb.Log., 1940]

- Henkin-Semantics [Henkin, J.Symb.Log., 1950]

[Andrews, J.Symb.Log., 1971, 1972]

- Extens./Intens. [BenzmüllerEtAl., J.Symb.Log., 2004]

[Muskens, J.Symb.Log., 2007]

HOL with Henkin-Semantics: semi-decidable & compact (like FOL)

C. Benzmüller — Higher-Order Automated Theorem Provers — APPA@VSL’2014 6



Higher-Order Automated Theorem Provers
(HOL-ATPs)
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HOL-ATPs

TPS ... ?(Andrews/Miller/Pfenning/. . . )

LEO-I/LEO-II (myself/. . . )

Isabelle (Blanchette/Nipkow/Paulson)

Satallax (Brown)

Nitpick (Blanchette)

agsyHOL (Lindblatt)

coqATP (Camarero)

︸ ︷︷ ︸

• all accept TPTP THF0 syntax
• can be called remotely via SystemOnTPTP at Miami
• they significantly gained in strength over the last years
• they can be bundled into a combined prover HOL-P

C. Benzmüller — Higher-Order Automated Theorem Provers — APPA@VSL’2014 8



HOL-ATPs

EU FP7 Project THFTPTP

Collaboration with Geoff Sutcliffe and others (Chad Brown, Florian
Rabe, Nik Sultana, Jasmin Blanchette, Frank Theiss, . . . )

Results
THF0 syntax for HOL (with Choice; Henkin Semantics)
library with example problems (e.g. entire TPS library) and results
international CASC competition for HOL-ATP
online access to provers
various tools

More information: [SutcliffeBenzmüller, J.FormalizedReasoning, 2010]

http://cordis.europa.eu/result/report/rcn/45614_en.html

C. Benzmüller — Higher-Order Automated Theorem Provers — APPA@VSL’2014 9



HOL-ATPs: CASC Competitions since 2009

2009: Winner TPS

2010: Winner LEO-II 1.2 solved 56% more (than previous winner)

2011: Winner Satallax 2.1 solved 21% more

2012: Winner Isabelle-HOT-2012 solved 35% more

2013: Winner Satallax-MaLeS solved 21% more

C. Benzmüller — Higher-Order Automated Theorem Provers — APPA@VSL’2014 10



Some Applications in
Mathematics & Philosophy & AI
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Some Applications: Mathematics

ATPs as external reasoners in Interactive Proof Assistants

[KaliszykUrban, Learning-Assisted Automated Reasoning with Flyspeck, JAR, 2014]

Flyspeck project: formal proof (in HOL-light) of Kepler’s Conjecture

automation of 14185 theorems studied by Kaliszyk and Urban

they developed AI architecture employing various external ATPs in
which 39 % of the theorems could be proved in a push-button mode
in 30 seconds of real time on a fourteen-CPU workstation

subset of 1419 theorems extracted from Flyspeck theorems

next slide: performance of THF0 provers on these 1419 problems

C. Benzmüller — Higher-Order Automated Theorem Provers — APPA@VSL’2014 12



Some Applications: Mathematics
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Some Applications: Philosophy

Theoretical Philosophy and Metaphysics

[Benzmüller&Woltzenlogel-Paleo, AutomatingGödel’sOntologicalProof, ECAI, 2014]

First-time verification/automation of a modern ontological argument

Gödel’s/Scott’s proof of the existence of God

Remember Leibniz: Two debating philosophers . . . Calculemus!

Gödel’s argument employs Higher-Order Modal Logic

See also the talk by:

Bruno Woltzenlogel-Paleo, NCPROOFS WS, July 20, 12:15 (FH, SR104)

C. Benzmüller — Higher-Order Automated Theorem Provers — APPA@VSL’2014 14



Germany
- Telepolis & Heise
- Spiegel Online
- FAZ
- Die Welt
- Berliner Morgenpost
- . . .

Austria
- Die Presse
- Wiener Zeitung
- ORF
- . . .

Italy
- Repubblica
- Ilsussidario
- . . .

India
- Delhi Daily News
- India Today
- . . .

US
- ABC News
- . . .

International
- Spiegel International
- United Press Intl.
- . . .

Many more links at: https://github.com/FormalTheology/GoedelGod
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Some Applications: Artificial Intelligence

Quantified Conditional Logics (QCLs)

[Benzmüller, AutomatingQuantifiedConditionalLogicsInHOL, IJCAI, 2013]

known as logics of normality or typicality

many applications: action planning, counterfactual reasoning, default
reasoning, deontic reasoning, reasoning about knowledge, . . .

examples [Delgrande, Artif.Intell., 1998]:
“Birds normally fly, penguins normally do not fly and all
penguins are necessarily birds.”

not yet widely studied

no direct provers implemented so far

automation of QCLs possible in HOL (via semantic embedding)

cut-elimination as a side result
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