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Abstract. A normal (0, 1)-polytope none of whose regular triangulations is unimodular
is constructed.

Let? c RN be anintegral convex polytope, i.e., a convex polytope any of whose vertices
hasinteger coordinates. Li€{t;, tl‘l, R VB t,gl, s] denote the Laurent polynomial ring
over a fieldK . We write K[P] for the subalgebra oK [t1, t; %, . . ., tn, ty, ] which is
generated by all monomid$' - - - ty"swith (s, . . ., an) € PNZN. Anintegral convex
polytopeP is callednormalif the subalgebr& [P] is normal, i.e., integrally closed in

its quotient field. We are interested in the combinatorial properties of integral convex
polytopes as follows:

(i) P possesses a unimodular regular triangulation;
(i) P possesses a unimodular triangulation;
(iiiy P possesses a unimodular covering; and
(iv) P is normal.

We then have the hierarchy & (ii) = (iii) = (iv). How about the converse of each of
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the above three="? First, no counterexample of an integral polytope is known for the
converse of ()= (ii). Second, there exist many integral polytopes which disprove the
converse of (ii}= (iii). However, we do not know &0, 1)-polytope which disproves the
converse of (ii)= (iii). Third, no counterexample of an integral polytope is known for
the converse of (iiix= (iv).

The purpose of the present paper is to give fitet normal (0, 1)-polytope which
possesses no unimodular regular triangulation. We refer the reader to, e.g., [2] for fun-
damental definitions and results on, e.g., initial ideals, toric idealshi@r bases, and
regular triangulations.

Let G be a finite connected graph on the verteX\s68) = {1, ..., d} having no loop
and no multiple edge. ¥ = {i, j} is an edge of5 joiningi € V(G) with j € V(G),
then we defing(e) € R by p(e) = g + g . Here,g is theith unit coordinate vector
in RY. We write Pz c R for the convex hull of the finite sdip(e); e is an edge of
G} c RYand callPg theedge polytopef G. Itis known, e.g., [1, Corollary 2.3] th@g
is normal if and only if, for arbitrary two odd cycl€s andC’ in G having no common
vertex, there exists an edge @fjoining a vertex ofC with a vertex ofC’. It follows
from [2, Corollary 8.9] that no regular triangulation 8§ is unimodular if and only if
no initial ideal of the toric idealg of K[Pg] is square-free.

Throughout the remainder of the paper,&tlenote the finite connected graph with
10 vertices and 15 edges below.

Then, dimPg = 9 and the normalized volume &g is equal to 56. By virtue of the
above combinatorial criterion for the normality of edge polytopes, we easily see that
Ps is normal. Now, in order to show that no initial ideal kf is square-free, we first
compute the Graver basis tf by [2, Algorithm 7.2]:

Grg = {XgX12X15 — XgX11X13, X6X11X14 — X7X12X15, XeXgX14 — X7X9X13,
X4X13X15 — X5X11X14, XaXoX13® — XsXgX12X14, XaXgX12X15° — X5XoX11°X14,
XaXgX13 — XsX7X12, XaXgXgX15 — X5X7XgX11, XaXe”XgX1a — X5X7°XoX12,
XoX12X14 — XaX13X15, XoXoX11X14 — XaXgX152, XoXgX12°X14 — X3XgX11X132,
XoX7X12” — X3XgX11X13, X2X7XoX12 — XgXeXeX15, XoX7Xg2X11X13 — XgXeXgZX152,
XoX7°XgX12® — X3Xe?XgX11X14: X2XeX11X14” — X3X7X13X15%, XoX4X12 — X3XsX11,
X2XaXgX13 — X3X5XgX15, XoXaXeX14 — XaXsX7X15, XoXa?XoX13” — X3X5°XgX11X14,
XoXa%XgX13 — XaX52X7X11, XoXa?XgZXgX14 — XgX52X7”XgX11,
Xo?XaXoX12X14 — Xa?X5XgX152, X1X12X14 — X10X11X13, X1XoX14 — XgX10X15,
X1X7X12°X15 — X6X10X11°X13, X1X7XoX12 — X6XgX10X11, X1X7X9X13 — XeXg2X10X15,
X1XeX142 — X7X10X13X15, X1X5X12X14° — XaX10X13°X15,
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X1X5X7%Xg?X12 — XaX6”Xg?X10X15, X1XaX12X15 — XsX10X11°,

X1X4X9X13 — X5XgX10X11, X1XaX?X13® — X5XgZX10X12X15, X1X4X6X14 — X6X7X10X11,
X1XaXe?X14% — X5X7°X10X12X15, X1 X4 XeX13X15 — X52X7X10X117,

X1X3X15 — X2X10X11, X1X3X9X13 — X2XgX10X12,

X1X3XeX14 — X2X7X10X12, X1X3X5X14 — X2X4X10X13,

X1X3XsX7Xg — XoXaXgXgX10, X1X3ZXeX13X15 — X2?X7X10X127,

X1X3%X5X15 — X2?XaX10X12, X1Xa?X6X7X15 — X2?Xa?XeX10X13,

X12X4XoX12X14 — X5XgX10°X11%, X12X3XgX14 — X2XgX10°X11,

X1%XgX7X9?X13 — XoX6XgX107X11, X12X3XeX14> — XoX7X10°X11X13,

X1%Xg?X5XgX14 — X2XaXgX10°X12}-

It follows that each of the two terms of each of the above five underlined binomials
can be divided by no term of the binomials belonging3ns. Hence, with respect to

an arbitrary term order, each of the five underlined binomials can be reduced by no
binomial belonging tdGrg. Since, in general, the Graver basis contains the universal
Grobner basis, every reduceddbrier basis of s is a subset oG rg. Thus, with respect

to an arbitrary term order, all of the five underlined binomials must appear in the reduced
Grébner basis of. Hence, the toric idedlg has a square-free initial ideal only if we
can find a term order such that all of the initial terms of the five underlined binomials
are simultaneously square-free. Now, suppose that there exists such a term arder
choose a nonnegative weight vector= (w1, . .., wis) Which represents-. Since the
initial terms of the five underlined binomials are simultaneously square-free, the weight
vectorw satisfies the following five simultaneous inequalities:

ws + wg + w12 + w14 > w4 + w9 + 2w13,
w2 + w9 + w11 + wia > w3 + wg + 2wis,
w3 + we + w11 + w13 > w2 + w7 + 2w,
w7 + w10 + w13 + w15 > w1 + ws + 2wia,
w1 + ws + w12 + w15 > w5 + w1 + 2w11.

Since the sum of the left-hand sides of the five inequalities is equal to that of the right-
hand sides, the above simultaneous inequalities have no solut®i.itdence, there
exists no term order such that all of the initial terms of the five underlined binomials in
Grg are simultaneously square-free. Thus, no initial ideal of the toric ideahn be
square-free.

In [1] we show that all normal edge polytopEs of finite graphsG possess unimod-
ular coverings.

Remark. The edge polytop®¢ discussed abovdoespossess a unimodular triangu-
lation. This fact was first verified by Firla and Ziegler by means of an integer program-
ming approach. Hence, this edge polytope yields the only known counterexample for
the converse of (i}= (ii). No other example of an integral polytope which possesses
a unimodular triangulation and which possesses no unimodular regular triangulation is
known. Moreover, an analysis by De Loera (using his program PUNTOS) shows even
stranger behavior of this edge polytope: Neither a triangulation with the maximal number
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of simplices nor a triangulation with the minimal number of simplices is achieved by a
regular triangulation.

We are grateful to the referee for pointing out the above remark.
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