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[214] H. Fakhoury. Préduaux de L-espace: Notion de centre. J. Funct. Anal. 9 (1972) 189–207.
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655–659.

[564] J. H. Shapiro. Subspaces of Lp(G) spanned by characters: 0 < p < 1. Israel J. Math. 29
(1978) 248–264.

[565] A. L. Shields and D. L. Williams. Bounded projections, duality, and multipliers in
spaces of analytic functions. Trans. Amer. Math. Soc. 162 (1971) 287–302.

[566] A. L. Shields and D. L. Williams. Bounded projections, duality, and multipliers in
spaces of harmonic functions. J. Reine Angew. Math. 299/300 (1978) 256–279.

[567] T. J. Shura and D. Trautman. The λ-property in Schreier’s space S and the Lorentz
space d(a, 1). Glasgow Math. J. 32 (1990) 277–284.

[568] B. Simon. Trace Ideals and Their Applications. London Mathematical Society Lecture
Note Series 35. Cambridge University Press, 1979.

[569] B. Sims. “Ultra”-Techniques in Banach Space Theory. Queen’s Papers in Pure and Applied
Mathematics No. 60. Queen’s University, Kingston, Ontario, 1982.

[570] B. Sims and D. Yost. Banach spaces with many projections. In: B. Jefferies, A. McIntosh,
and W. Ricker, editors, Operator theory and partial differential equations, Miniconf. North
Ryde/Austral. 1986, pages 335–342. Proc. Cent. Math. Anal. Austral. Nat. Univ. 14, 1986.

[571] B. Sims and D. Yost. Linear Hahn-Banach extension operators. Proc. Edinburgh Math.
Soc. 32 (1989) 53–57.

[572] I. Singer. Bases in Banach Spaces I. Springer, Berlin-Heidelberg-New York, 1970.

[573] M. A. Smith and F. Sullivan. Extremely smooth Banach spaces. In: J. Baker,
C. Cleaver, and J. Diestel, editors, Banach Spaces of Analytic Functions. Proc. Conf. Kent,
Ohio 1976. Lecture Notes in Math. 604, pages 125–137. Springer, Berlin-Heidelberg-New
York, 1977.

[574] R. R. Smith. An addendum to ‘M-ideal structure in Banach algebras’. J. Funct. Anal.
32 (1979) 269–271.

[575] R. R. Smith. On Banach algebra elements of thin numerical range. Math. Proc. Cam-
bridge Phil. Soc. 86 (1979) 71–83.

[576] R. R. Smith. The numerical range in the second dual of a Banach algebra. Math. Proc.
Cambridge Phil. Soc. 89 (1981) 301–307.

[577] R. R. Smith and J. D. Ward. M-ideal structure in Banach algebras. J. Funct. Anal.
27 (1978) 337–349.

[578] R. R. Smith and J. D. Ward. Applications of convexity and M-ideal theory to quotient
Banach algebras. Quart. J. Math. Oxford (2) 30 (1979) 365–384.

[579] R. R. Smith and J. D. Ward. M-ideals in B(�p). Pacific J. Math. 81 (1979) 227–237.

[580] A. R. Sourour. Isometries of norm ideals of compact operators. J. Funct. Anal. 43
(1981) 69–77.

[581] N. E. Steenrod. A convenient category of topological spaces. Michigan Math. J. 14
(1967) 133–152.

[582] Ch. Stegall. A proof of the theorem of Amir and Lindenstrauss. Israel J. Math. 68
(1989) 185–192.



372 Bibliography

[583] M. H. Stone. Applications of the theory of Boolean rings to general topology. Trans.
Amer. Math. Soc. 41 (1937) 375–481.

[584] E. Størmer. On partially ordered vector spaces and their duals with applications to
simplexes and C∗-algebras. Proc. London Math. Soc. 18 (1968) 245–265.

[585] E. L. Stout. The Theory of Uniform Algebras. Bogden & Quigley, Tarrytown-on-Hudson,
1971.

[586] I. Suciu. Function Algebras. Noordhoff, Leyden, 1975.

[587] F. Sullivan. Geometric properties determined by the higher duals of a Banach space.
Illinois J. Math. 21 (1977) 315–331.

[588] C. Sundberg. H∞+BUC does not have the best approximation property. Ark. Mat. 22
(1984) 287–292.

[589] V. S. Sunder. On ideals and duals of C∗-algebras. Indian J. Pure Appl. Math. 15 (1984)
601–608.

[590] D. G. Tacon. The conjugate of a smooth Banach space. Bull. Austral. Math. Soc. 2
(1970) 415–425.

[591] M. Takesaki. On the conjugate space of an operator algebra. Tôhoku Math. J. 10 (1958)
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Symbols

X,Y, . . . Banach spaces
A,B, . . . Banach algebras
X∗ dual space of X
X∗ predual space of X
XR complex Banach space X considered as a real space
J# cf. Remark I.1.13
X� cf. Definition IV.3.8
Xs the complementary L-summand of an L-embedded space X
Jθ metric complement of J
Y ⊥ annihilator of subspace Y ⊂ X
Y⊥ elements being annihilated by Y ⊂ X∗

JD M -ideal of continuous functions vanishing on the set D
X ∼= Y X is isometric to Y
X � Y X is isomorphic to Y
d(X,Y ) Banach-Mazur distance between X and Y

BX closed unit ball of X
SX unit sphere of X
BX(x, r) {y ∈ X | ‖y − x‖ ≤ r}
iX natural embedding of X into X∗∗

πX∗ natural projection from X∗∗∗ onto X∗

PJ (x) set of best approximations to x from J
‖T ‖e essential norm of T

K R or C
T complex numbers of modulus 1
D open unit disk in the complex plane
S {z ∈ K | |z| = 1}
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378 Symbols

A disk algebra
Hp, Hp

0 Hardy spaces
hM , �M Orlicz sequence spaces
HM , LM Orlicz function spaces
Λ(N), Λ̃(N) cf. Section VI.6
d(w, 1) Lorentz sequence space
Lp,1, Lp,∞ Lorentz function spaces
� p(n) n-dimensional � p-space
� p(X) vector valued � p-space
L0(µ) space of (equivalence classes of) measurable functions
L1

Λ,MΛ space of Λ-spectral L1-functions resp. measures
C0(S) space of continuous functions on S vanishing at infinity
C(S) space of continuous functions on S (S compact Hausdorff)
M(S) space of regular Borel measures on S

Mult(X) multiplier algebra of X
Z(X) centralizer of X
Cun(X) Cunningham algebra of X
Multinn(A) inner elements of Mult(A)
Zinn(A) inner elements of Z(A)
aT (·) symbol of T ∈ Mult(X)

M
w∗

weak∗ closure of M
M

w
weak closure of M

int M interior of M
ex M extreme points of M
sexp M strongly exposed points of M
co M convex hull of M
lin M linear hull of M
EX ex BX∗/∼ where p ∼ q if they are linearly dependent
ZX ex w∗

BX∗ \ {0}
kerT kernel of an operator T
ranT range of an operator T

L(X,Y ) space of bounded operators from X to Y
K(X,Y ) space of compact operators from X to Y
Kw∗(X∗, Y ) space of weak∗-weakly continuous compact operators from X∗ to Y
A(X,Y ) space of approximable operators (i.e. norm limits of finite rank

operators) from X to Y
F (X,Y ) space of finite rank operators from X to Y
N(X,Y ) space of nuclear operators from X to Y
L(X), . . . corresponding space of operators from X to X

X⊗̂εY completed injective tensor product
X⊗̂πY completed projective tensor product
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X ⊕1 Y direct sum of X and Y equipped with the sum-norm
X ⊕p Y direct sum of X and Y equipped with the � p-norm
X ⊕∞ Y direct sum of X and Y equipped with the max-norm

σ(X, J∗) cf. Remark I.1.13
sop strong operator topology
wop weak operator topology

H (A) hermitian elements of A
e unit of a unital Banach algebra
La, Ra multiplication operator x �→ ax resp. x �→ xa
Ma multiplication operator in the commutative case
SA state space of A
MA maximal ideal space of a function algebra A
AJ cf. Proposition V.3.5
Π(X) {(x∗, x) ∈ BX∗ ×BX | x∗(x) = 1}
V (T ) spatial numerical range of T ∈ L(X)
v(a,A) numerical range of a ∈ A

Γ dual group of a compact abelian group G

f̂(·) Fourier transform of f ∈ L1(G)
ϕγ character f �→ f̂(γ) on L1(G)
fx translate of f ∈ L1(G), fx(y) = f(xy)

〈·, ·〉 natural duality
χA indicator function of a set A
{f ≤ a} {x | f(x) ≤ a}
{A complement of A
dens X density character of X
P/X cf. Lemma I.1.15
dµ metric of convergence in measure
d(x, Y ) distance of x ∈ X to Y ⊂ X
αL one-point compactification of the locally compact space L
δx Dirac measure





Index

ace of diamonds lemma, 170
annihilator, 1
AP, see approximation property
approximate unit, 217
approximation of the identity

shrinking compact, 298
approximation property, 58

bounded, 58
compact, 58
metric, 58

and M -embedded spaces, 118
unconditional, 343

metric compact, 58, 294
and M -embedded spaces, 118
and M -ideals of compact

operators, 295, 301, 306
unconditional, 343

Arens multiplication, 216
Arens regularity, 216, 219, 250
Asplund space, 126

Baire functions, 209–211
Banach-Mazur distance, 112, 120, 124
Banach-Stone theorem, 341–342

for Bochner L1-spaces, 287
for operator spaces, 274, 275

BAP, see approximation property,
bounded

barycentric calculus, 28
basic inequality, 340
basis

subsymmetric, 331
symmetric, 304
unconditional, 303

Bergman space, 150
biface, 81
Bishop-Phelps theorem, 270
Bishop-Phelps-Bollobás theorem, 270
Bloch spaces, 105, 123, 151
blocking technique, 242
Boolean algebras of projections, 46–47
Borsuk-Dugundji theorem, 64
bounded extension property, 14, 64
Buhvalov-Lozanovskii theorem, 183

c0-subspaces, 78, 132, see also
�p-subspaces

CAP, see approximation property,
compact

centralizer
and structurally continuous

functions, 39
connection with M -ideals, 39
definition, 36
of an injective tensor product, 288,

339
of Cσ-spaces, 90
of C∗-algebras, 236
of dual spaces, 39
of G-spaces, 88, 89
of JB∗-triples, 257
of L(X,Y ), 264, 274
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of M -embedded spaces, 116
of the bidual, 40, 116
of unital Banach algebras, 221

characteristic of a subspace, 67, 133
Chebyshev subspace, 49, 52
cochain complex, 236
cohomology groups, 236–239, 259–261
compact abelian groups, 189, 203–207
compact operators, see M -ideals of

compact operators
completely bounded maps, 257–259
convergence in measure, 179, 202
convex combinations argument, 242,

295
CΣ-spaces

definition, 83
ultraproducts of, 91
vs. Cσ-spaces, 91

Cσ-spaces
centralizer of, 90
definition, 83
structure topology of, 95
vs. CΣ-spaces, 91

C∗-algebras
and M -embedded spaces, 120
Arens regularity, 219
biduals of, 219
centralizer of, 236
M -ideals in, 234

Cunningham algebra
definition, 39
of a projective tensor product, 285
of L1-spaces, 39

Daugavet’s equation, 342
Dauns-Hofmann theorem, 39
density character, 126, 139
Dirichlet problem, 98
disk algebra

and linear extension operators, 64
dual of, 158
extreme functionals on, 4
M -ideals in, 4, 24, 85
quotient by, see space C/A

Douglas algebras, 151–153

E(n)-space, 99
essential norm, 292

F -projections, 46
F. and M. Riesz theorem

abstract, 109
classical, 4, 190

finite dimensional decomposition, 303
Fourier transform, 189
function algebras

M -ideals in, 233
function module, 47

G-spaces
centralizer of, 88, 89
complex, 100
definition, 83
extreme functionals on, 89
M -ideals in, 83
structure topology of, 86
vs. square Banach spaces, 94

Gelfand-Naimark theorem, vi
grade

of a pseudoball, 50
of an M -ideal, 67, 98–99

Haar invariant sets, 190–192
Hahn-Banach extension operator, 135
Hahn-Banach smoothness, 10, 44, 96,

125, 147
strong, 44

Hankel operator, 112
Hardy spaces, 104, 105, 158, 170, 183,

320
harmonic functions, 97
Hausdorff metric, 54
HB-subspaces, 44, 333
hermitian element, 218, 219
hermitian operator, 17, 36, 40, 246
hyperstonean, 47, 273

injective tensor product
centralizer of, 288, 339
definition, 265
dual space of, 265
M -ideals in, 282–284
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structure topology of, 288
inner M -ideals

characterisation, 227
definition, 225
in commutative Banach algebras,

232
in L(X), 243–250
in unital Banach algebras, 225–232
of compact operators, 295

inner multiplier, 225
integral operator, 265
interpolation set, 97
intersection properties of balls, see

E(n)-space, n-ball property,
n.k.IP

intersection property IP, 74
relation with proper M -ideals, 77,

78
IP, see intersection property IP

JB∗-algebras, 254–255
JB∗-triples, 255–257

L-embedded spaces
among subspaces of L1(µ),

179–188, 195
connection with Riesz sets, 191
contain copies of �1, 132, 170, 176
definition, 101
duals of M -embedded spaces, 102,

164, 176, 188, 195
examples, 150, 158, 199
extreme points, 166, 177
metric projections, 165
preduals of, 163
property (V ∗), 132, 173
proximinality, 165
Radon-Nikodým property, 126,

176–179, 197
stability properties, 159–163, 199,

200
vs. semi L-embedded spaces,

200–201
weak sequential completeness, 132,

169, 172
L-ideals, 2

L-projections
definition, 1
in L1(µ), 6
in the dual of an M -embedded

space, 116
L-summands

complementary, 2
definition, 1
in a projective tensor product, 286
in biduals, see L-embedded spaces
in L1(µ), 6
in smooth spaces, 6
in strictly convex spaces, 6
in subspaces of L1(µ), 15
vs. M -summands, 7

L1-preduals, 81–92
and intersection properties of balls,

99
and M -embedded spaces, 119
complex, 99–100

Lp-projections, 45
�p-subspaces, 132, 170, 176, 208, 314,

318, 324, 331
Lp-summands, 45
liftings

linear, 59, 259
nonlinear, 55, 166

Lindenstrauss-Tzafriri theorem, 331
linear extension theorems, 64, 96–98
Lipschitz projections

onto M -ideals, 56
onto semi L-summands, 44

local reflexivity, 217, 259
locally uniformly rotund, 142
Lorentz spaces, 103, 105, 327
LUR, see locally uniformly rotund

M -embedded spaces
among C∗-algebras, 120
among L1-preduals, 119
among L∞-spaces, 134
among quotients of C(G), 195
and M -ideals of compact

operators, 291, 295
Asplund property, 126
centralizer of, 116
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characterisation, 113
contain copies of c0, 132, 145
decomposition, 119
definition, 101
duals of, 102, 164

among subspaces of L1(µ), 188,
195

norming subspaces, 125, 133
Radon-Nikodým property, 126,

176, 197
weak∗ topology on the sphere,

291, 297
weak∗

examples, 105, 124, 148–151
M -ideals in, 116
projectional resolutions of the

identity in, 140
property (u), 133, 213
property (V ), 129
Radon-Nikodým property, 126, 132
renormings, 123, 124, 142, 213
shrinking Markus̆evic̆ basis, 142
stability properties, 111, 112
unique extension property, 117
unique preduals, 122, 163
weakly compactly generated, 142

M -ideals
and Douglas algebras, 151–153
and nest algebras, 253
characterisation by maximal

measures, 25
characterisation by n-ball property,

18
complete, 259
definition, 1
extreme, 67, 73
grade of, 67, 98–99
Hahn-Banach smoothness, 11
in A(K), 5
in an injective tensor product,

282–284
in biduals, see M -embedded spaces
in C0(S), 3
in C(K,X), 284
in commutative Banach algebras,

232

in C∗-algebras, 234
in function algebras, 233
in G-spaces, 83
in JB∗-algebras, 255
in JB∗-triples, 257
in K(X,Y ), 285
in L1-preduals, 81
in L(X), 243–250
in L(X,C(K)), 275–281
in M -embedded spaces, 116
in quotients of C(K), 16
in smooth spaces, 6
in strictly convex spaces, 6
in subalgebras of C∗-algebras, 252
in subspaces of C(K), 14–15
in the disk algebra, 4, 24, 85
in unital Banach algebras, 221,

224–232
inner

characterisation, 227
definition, 225
in commutative Banach

algebras, 232
in L(X), 243–250
in unital Banach algebras,

225–232
intersections of, 10, 84–85
maximal, 276
nontrivial, 1
of compact operators, 289–332

and approximation property,
295, 301, 306

and �p-subspaces, 318, 324
and M -embedded spaces, 291,

295
and renormings, 328–332
and subsymmetric bases, 331
and symmetric bases, 305
and unconditional bases, 304
characterisation theorem, 299
examples, 289, 302, 308, 322,

327, 336
inner, 295
stability properties, 290, 301,

318
proper, 65, 284
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and pseudoballs, 69
contain copies of c0, 72, 78
relation with the IP, 77, 78

proximinality, 50
real vs. complex, 16
sums of, 10
unconditional expansion into

elements of, 31, 303
vs. algebraic ideals, 227, 231–234,

243, 246
vs. L-summands, 7
vs. M -summands, 3, 65–73
weak∗ closed, 67, 93

M -projections
almost, 338
belong to the centralizer, 36
definition, 1
in C0(S), 3
in dual spaces, 9, 39

M -summands
characterisation by intersection

properties of balls, 66
complementary, 2
definition, 1
in C0(S), 3
in dual spaces, 9
in L(X,Y ), 273, 274
in unital Banach algebras, 224
vs. L-summands, 7
vs. M -ideals, 3, 65–73

MAP, see approximation property,
metric

maximal measure, 25
MCAP, see approximation property,

metric compact
metric complement

definition, 49
of an M -ideal, 57
of K(X,Y ), 293

metric projection
continuity of, 54
continuous selection for, 55
definition, 49
in L-embedded spaces, 165
Lipschitz selection for, 95

Michael-PeGlczyński theorem, 64

modular sequence spaces, 336
modulus of continuity, 168
Mooney-Havin theorem, 170
(Mp)-spaces, 306–321, 324, 336–339
µ-closed set, 183
µ-continuous functional, 186
multiplier, 33

inner, 225
multiplier algebra, 33

of dual spaces, 39
of function algebras, 34

n-ball property, 18
strict, 19

Nehari-Hartman theorem, 112
nest algebras, 253
nicely placed

sets, 190–199, 203–207
subspaces, 190

n.k.IP, 99
norm attaining operators, 293
numerical range, 218

spatial, 17, 246

1 1
2 -ball property, 95–96

Orlicz spaces, 102, 105, 146, 329–332

p-set, 233
peak set, 15, 233
PeGlczyński’s linear extension theorem,

64
π1-space, 96
principle of local reflexivity, 217
projectional resolutions of the identity,

135–145, 153–155
projective tensor product

Cunningham algebra of, 285
definition, 285
L-summands in, 286

property (M), 296
sequential version, 300

property (M∗), 296
sequential version, 300

property (Mp), 306
property (u), 132–133, 213
property (V ), 127–132
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property (V ∗), 127–132, 172–176
property (X), 147
proximinality

definition, 49
of H∞ + C, 111
of L-embedded spaces, 165
of M -ideals, 50
of K(X), 339–341

pseudoballs
and proper M -ideals, 69
definition, 50
grade of, 50

quasiballs, 79

Radon-Nikodým property
and Riesz sets, 192
of duals of M -embedded spaces,

126, 176
of L-embedded spaces, 176–179,

197
renormings, 65, 80, 328–332

of M -embedded spaces, 123, 124,
142

Troyanski’s renorming theorem,
145

resultant, 25
Riesz sets, 190–199, 203–207
Riesz theorem, see F. and M. Riesz

theorem
RNP, see Radon-Nikodým property
Rudin-Carleson theorem, 97
Ruess-Stegall theorem, 266

Schreier space, 148
selection, 50, 55, 95
semi F -idealoids, 46
semi L-summands, 43

in biduals, 200–201
semi M -ideals, 43–44
separable complementation property,

145
Shapiro sets, 190–199, 203–207

and M -embedded spaces, 195
shrinking compact approximation of

the identity, 298

smooth points
in operator spaces, 319

Sobczyk’s theorem, 64
space C/A, 105, 112–113, 168, 197, 204,

321
space H∞ + C, 105, 111–113, 152
split face, 5
square Banach space, 94
stable Banach spaces, 324
state space, 218
strongly exposed points, 127
structure topology

definition, 38
Hausdorff separation property of,

86
of an injective tensor product, 288
of Cσ-spaces, 95
of G-spaces, 86

3-ball property, 19
restricted, 19
vs. 2-ball property, 22, 99, see also

semi M -ideals
translation invariant subspaces, 189
Troyanski’s renorming theorem, 145
Tsirelson space, 327
type, 323

u-ideals, 211–214
of compact operators, 343–344

ultraproduct, 91
unconditional expansion of the identity,

303, 343
unconditional metric approximation

property, 343
unconditionally converging operator,

128
unique extension property, 118
unique preduals, 122, 163

strongly, 121, 123

Vidav-Palmer theorem, 219
von Neumann algebras

preduals of, 158, 176
two-sided ideals in, 234

weakly compactly generated, 142
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weakly null type, 323
wuC-series, 127


