THE p-DAUGAVET PROPERTY FOR FUNCTION SPACES

ENRIQUE A. SANCHEZ PEREZ AND DIRK WERNER

ABSTRACT. A natural extension of the Daugavet property for p-convex
Banach function spaces and related classes is analysed. As an appli-
cation, we extend the arguments given in the setting of the Daugavet
property to show that no reflexive space falls into this class.

1. INTRODUCTION

A Banach space B is said to have the Daugavet property if every rank one
operator T: B — B satisfies the Daugavet equation

[ld + T = 1+ ||T],

where Id is the identity map on B. In the setting of Banach function spaces,
several recent papers have analysed for which ones the Daugavet property
is satisfied. The main examples are L!(x) and L>(u) whenever u does not
have any atoms (see [7, Section 2]). Also, if K is a compact Hausdorff
topological space without isolated points, the space C'(K') has the Daugavet
property; this space is a function space, but not a Banach function space in
the sense that we use in this paper.

Some modifications of the Daugavet property have also been introduced in
order to provide a weaker property for extending the techniques and results
that arises for spaces with the Daugavet property to a bigger class of spaces
(see for example [4, 9, 10, 11]). In this paper we consider what we call
generalized function spaces (to be defined at the end of the introduction), a
new class that includes p-convex Banach function spaces and C(K)-spaces,
whose definition is partially motivated by the one of a K-representable space
given in [5]. Our generalization of the Daugavet property is the following.

Definition 1.1. A constant 1 p-convex (generalized) function space X is
said to have the p-Daugavet property if and only if for every rank one oper-
ator T: X — X, the equation

sup [|(f? +T(/)")/| = (1+ || T|7)"/»
feBx

is fulfilled. We call this equation for an operator 1" the p-Daugavet equation.
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We remark that we deal with a different p-version of the Daugavet prop-
erty in our paper [13].

The aim of this paper is to characterize the p-Daugavet property and
provide a description of the structure of the spaces that satisfy it, as well
as to exhibit a class of spaces having the property. As applications, and
following the same steps as for spaces with the Daugavet property, we prove
that no reflexive constant 1 p-convex generalized function space has the p-
Daugavet property. From the methodological point of view, we adopt the
Banach lattice aproach to the Daugavet property (see [1, 2]) but use the
geometric tools that were introduced later ([7]).

We use standard notation. All the Banach spaces considered in the paper
are supposed to be defined over the reals. Let Y be a Banach space. By and
Sy are the (closed) unit ball and the unit sphere, respectively. Y* denotes
the dual space of Y. The slice S(y*,¢) defined by y* € By and € > 0 is
given by

S(y*e)={y € By: (y,y") 21— ¢}.

Let (2,3, u) be a measure space. A Banach function space X (u) is an
ideal of the space L°(u1) of classes of measurable functions (the usual y-a.e.
order is considered) that is a Banach space with a lattice norm || - || such
that for every A € ¥ of finite measure, x4 € X (p) (see [8, Def. 1.b.17]). If
the measure 4 is fixed in the context we simply write X for X (u). X (u)*
stands for the positive cone of X (x) and in general, if S C X (u), we will
write ST for its positive part SN X (u)*.

Let us now recall two basic geometric properties of Banach lattices. If X
is a Banach lattice, it is called p-convez if there is a constant K such that
for each finite sequence (z;); in X,

H (ZZ"; ’$i|p)1/pHX < K(Zzn; \|xi||§<)l/p.

An operator T: X — F on a Banach lattice X is p-concave if there is a
constant k such that for every sequence (x;);" ; in X,

(f: HT(m)H%)W <k (f: mp)”pHX.
=1 =1

The quantities M ®) (X) and M, (T') are respectively the best constants in
the above inequalities. If T is the identity map, we also say that X is p-
concave and denote the corresponding constant by M, (X). Throughout
the paper we assume that the p-convexity constants of the spaces are equal
to 1; we will write that the space X is constant 1 p-convex for short.

In order to extend these lattice notions to a bigger family of spaces, we
introduce the class of generalized function spaces (g.f.s. for short). Let
1 < p < . Let A be a set and consider a family of measure spaces
{(As, %5, 15): 6 € A}. Let (R4s),, be the space of classes of us-a.e. equal
measurable functions, usually denoted by L°(As,pus). For each element
f € Tlsen(®?9),;, the modulus | f| is defined pointwise by |f|(6) = | f(5)].
Let X be a Banach space of (classes of) functions f € [[sca (R9),, such
that | f| € X and with a norm with lattice properties when the natural order
inherited in X from the product is considered. Thus, X is a Banach space
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of functions whose values at each point § are classes of ug-a.e. equal real
functions such that the modulus of each element belongs to the space, too,
and with a lattice norm; notice that the counting measure on Aj is also
admissible, which is important for including C'(K) spaces. The measure p;
will not be written explicitly if it is not relevant in the context.

Note that, if f € X, we can write it at each point § € A as f(d) =
sign{f(0)}|f(6)| and define the map i, from X taking values in []5c o (R?%),,
by means of its pointwise evaluation

ip(£)(6) == sign{FO)IFO), fe X,
Here, sign{a} denotes the sign of the real number a. We use the notation
fP=1ip(f);
we caution the reader that for even integers fP need not be the same as |f|P.
The map i), is clearly an injection; we denote by iy, (i.e., i1/,(9) = g'/P for
every g € i,(X)), the inverse map.
We say that a Banach space of functions as above is a constant 1 p-convex

generalized function space if for every finite family of elements z1,...,z, €
X the function (31, 27)!/? belongs to X and

(St < (3 )
=1 =1

It can easily be seen that this class includes for instance constant 1
p-convex Banach function spaces (take A a singleton), C(K)-spaces and
C(K,Y)-spaces, where Y is a constant 1 p-convex Banach function space.

é

2. THE p-CONVEXIFICATION OF THE DAUGAVET PROPERTY

Let X be a constant 1 p-convex g.f.s. Consider the linear space Fx ) of
functions from X to the corresponding product [ (R%%),, that are finite
sums of the elements of the set

Sxp= {qb: X — H(RA‘S)%: ¢ =1ipoT, T: X — X linear and continuous}.
deA

Define the function norm on the space Fx, by

p

Wl = sup | (Zj o) v= g@-( f) € Py

Clearly, this formula is independent of the representation that is used for
the element ¢ as a sum of elements of Sx,. It can easily be checked that
it is a norm on the space Fy ,, just taking into account that ||| - |/?|/% is a
norm in i,(X) since X is a constant 1 p-convex g.f.s. and that the map i, is
one-to-one.

Lemma 2.1. Let X be a constant 1 p-convex g.f.s. Suppose that T and S
are operators from X into X such that

Sup TP+ SCHPIPI = (ITIP + NS [7) M. (2.1)

€Ebx
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Then for every a, 3 > 0,
1

sup [[|(aT(1))” + (BS(F)17] = (laT||” + 5S]7) /.

feBx
Proof. Consider the functions ¢ and ¢ in Sx, defined by ¢ = 4, o T" and
¢ =iy oS and note that ||¢|ry, = TP and ||¢|[ry, = [S]|P. Therefore,
by (2.1) we have that

16+ ellex, = ollrx, + [lellrx,-
This implies, by Lemma 11.4 in [2] (or [15, p. 78]), that for every couple of
non-negative real numbers a and b,
lad + bollry, = alldllry, + bllellry,-

But this can be rewritten as

Sup Na(T(H))P +b(SUNPIVPI = all TIP + 0S|

€Bx

Thus, the result holds just by considering o = a/P and g = b/P. U

Proposition 2.2. Let X be a constant 1 p-convez g.f.s. Suppose that T"
X — X is the rank one operator given by T(f) := (f,g*)g, where g* € X*
and g € X. The following statements are equivalent:

(1) supsepy IlF7 +T(HPIVPllx = (L+[|T]7)" 7.
(2) For every e > 0 there is an element h € S(m,e) such that

1
G+ 22
g

Proof. Let us prove first that (1) implies (2). By Lemma 2.1, we can assume
that the norm of T is one, just by replacing T' by T/||T|| = T/||gllllg*]l, and
representing the resulting operator with two norm one elements that we still
denote by g and g*. Let ¢ > 0. Take h € Sx such that

AP + T (R)P| V7| = 2 e

We can assume that (h, g*) > 0 (otherwise, replace h by —h). Notice first
that since X is constant 1 p-convex,

L+ (hy g )P lgll = IRPIP IS + TRV > 2 ¢,

which implies that (h,g*) > (1 —&)'/? > 1 — e. Consequently, g € S(g*, ).
On the other hand, also by the constant 1 p-convexity of X,

2~ < ||I? +T(h)|VP|%
< IRP + g 1P + T ()P = gP P
= [[IW7 + ¢" VI + 1111 — (ho g)")g” 1717
< I1RP + 1P + (1= (B g")P)llg P
< 107+ g? 7|1 + e

This gives the result.
For the converse, first notice that the inequality

Sup P+ TCHP VPN < 1+ |77

€Ebx
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always holds, by the constant 1 p-convexity of X. By Lemma 2.1, we can
assume that ||g|| = 1 and ||g*|| = 1, and then ||T'|| = 1. Let ¢ > 0 and
h € S(g*,¢) such that

Ilg” + hP[YP|PP > 2 — 2e.
Then, again by the constant 1 p-convexity of X,
2 — 2 < |||g" + BP[VP|P = |[|gP — T(h)P + T(h)” + h*|"/7|]P

< |llg” = T(RYPIM2IP + ([T (h)? + hP|/7||P

< (1= (hy g")?) + IIT ()P + BP[P|P

< (L= (1 =)+ |IT(h) + h?|/7|P.
Since this holds for every € > 0, we obtain the result. (]
Example 2.3. Let X (u) be a constant 1 p-convex Banach function space.
Consider the set P of positive rank one operators from X (u) — X (u), i.e.,

P={T"X - X:T=g"®g, g* € (X(W")", ge(X(n)"}.

Proposition 2.2 gives directly the following result by taking into account
that the supremum in (1) of Proposition 2.2 can be computed using just
positive elements.

The following assertions are equivalent:

(1) For every positive rank-one operator T' € P,

sup [[|f7+T(f)]7|lx = (1+ | T|P)"P.
feBx
(2) For every € > 0, every g € S;; and every g* € S}E* there is an
element h € (S(g*,))" such that

llg” + RP[VPIP = 2 — 2¢.

For instance, LP-spaces satisfy the statements above, since they are p-
concave and M, (LP) = 1. This includes the case of ¢7; recall that the
Daugavet property is not satisfied for ¢!, so the property given by the equiv-
alent assertions above, at least for the case p = 1, is strictly weaker than
the Daugavet property. We will show that this is also the case for p > 1
but in a more dramatic sense, since LP(u) over an atomless measure p does
not satisfy the p-Daugavet property. The reader can find more information
about what is called the positive Daugavet property in [3, Section 5].

Besides this example and taking into account the purpose of this paper,
the main application of Proposition 2.2 is the geometric characterization of
the p-Daugavet property that is given in the following result.

Corollary 2.4. Let X be a constant 1 p-convex g.f.s. The following are
equivalent:

(1) X has the p-Daugavet property.
(2) For every e > 0, every g € Sx and every g* € Sx- there is an
element h € S(g*,¢) such that

llg? + b7 > 2 - 2.
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We now define a new class of spaces that we call (p,C)-representable
spaces. This definition generalizes in a sense the one given in [5, Defini-
tion 2.3].

Definition 2.5. Let 1 < p < oo and let I be an index set. Consider a
family K = {Kj: i € I} of (disjoint) compact Hausdorff spaces. Let X be a
Banach space. We say that X is (p, K)-representable if there exists a family
(Xk) keUse; K of constant 1 p-convex Banach function spaces or C(K)-spaces
such that:

(i) Each z € X can be identified linearly with its coordinates in the
product eru‘el K, Xk, and if ¢ € I, the restriction of x to the prod-
uct Hk‘eKi X} belongs to X. Also, for every finite family z1,...,z, €
X, the element (3, 25)1/P that is defined pointwise by means of
its representation belongs to X.

(ii) Consider the space @;c; C(Kj;), where the sup norm for the sum is
considered. If z € X, for every (¢;)ic;r € @Pje; C(K;) the product
(pi)z = (piz|;) belongs to X.

(iii) For every z € X,

||| = sup{(z ||z (k; Hp> : F' C I finite, k; € Kj} < 0o

jeF
(iv) For every z € X, i € I and ¢ > 0, the set
{k € Ki: [lz(R)| = (1 = &)l|,[I}
is infinite.

Remark 2.6.

(1) If Fis a finite subset of I, we write x| for the element x|, =
> _icr T|; that coincides with the projection of = in the coordinates
belonging to erUieF K Xk

(2) Notice that since each space X has lattice properties, by the de-
scription of the norm required in (iii) for every (¢;) € Bgee,
and z € X, |lpz|| < ||lz|.

(3) Straightforward calculations show that if the space X is (p, K)-
representable, then it is a constant 1 p-convex g.f.s.

(4) The chief example of a (p,)-representable space is the fP-sum

fe 7 L™ (1s); here p; is a positive nonatomic measure. Recall that
every space L>°(£2, %, ) is lattice isometrically isomorphic to some
C(K) with K a compact Hausdorff space [14, p. 104], and if p is
nonatomic, then K is perfect so that (iv) of Definition 2.5 holds.
Note that, by construction, @%.; L>(y;) is a constant-1 p-convex
g.f.s.

C(K;)

Proposition 2.7. If X is (p, K)-representable, then it has the p-Daugavet
property.
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Proof. Take two elements x € Sx and x* € Sx+~ and € > 0. There is a finite
set F; C I such that

(1 -2l < (3 Nald?) "

1€l

On the other hand, the set {x\F x € Bx, F C I finite} is clearly dense
in Bx and hence norming for X*. Consequently, there is a finite set F C I
and an element z € Sx such that

€ * *
(1= 5) 12"l < (2] 7).

Take F' = F1UF; and N = |F|. As in the proof of Lemma 2.4 in [5], for each
i € F, (iv) in Definition 2.5 provides a sequence of different points (w; , )5 ;
in K; such that for each n,

lz);(win)ll > (1 =)'/l

An application of Uryson’s lemma in each K; provides a sequence of nor-
malised disjointly supported functions (f; )5, such that f;,(w;,) =1 for
every n. For every ¢ € F, the sequence (f;y), converges pointwise to 0,
and consequently it converges weakly to 0 in C'(K;). Therefore, the func-
tion (fin): [Lier Ki — RY defined in each coordinate as f;,(w) converges
weakly to 0 in @ C(K;).

As a consequence of the requirements in Definition 2.5, for each v € X,
the linear map J: @;cp C(K;) — X given by J((¢i)) = > icp iv); is well-
defined and continuous, and so weak-to-weak continuous. This implies that
the sequence (yy,)02,, where

Yn = Zfi,nxh + Z(l - fi,n)2|i
i€l i€Fy

(note that only Fy appears in the second sum) converges weakly to z|p,
in X. Notice that all these elements have norm < 1. Therefore there is an
index m such that (y,,,x*) > 1 —e. Take y := y,,. Finally, note that

1/p
e+ 710 2 (3 M+ 171
el

(3 lws ) + (s o) "

ieF

— 9l/p <Z |2 (ws ) ”p) w

i€l
1
> 921 )V (3 feli?) "
i€l
> 2l/p(1 — )/,

v

This completes the proof. O

Corollary 2.8. The space @b ; L°°(1;) has the p-Daugavet property.
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Remark 2.9. A direct consequence of the definition of (p, K)-representable
spaces is that every representable space in the sense of [5, Definition 2.3],
which is represented on a compact set K and over a product [[;.x Xk
of constant 1 p-convex Banach function spaces or C(K)-spaces and for
which the requirements in (i) of Definition 2.5 are fulfilled, is in fact (p, K)-
representable; it is enough to consider a one point set 1.

3. THE p-DAUGAVET EQUATION FOR WEAKLY COMPACT OPERATORS

The proofs of the following results hold by adapting the techniques used
in the ones for the case of spaces with the Daugavet property, so we only
sketch the parts that are different. For the Daugavet property, Theorem 3.1
was first proved in [7] and Proposition 3.4 in [6].

Theorem 3.1. Let X be a constant 1 p-convex g.f.s. and with the p-Daugavet
property. Then every weakly compact operator satisfies the p-Daugavet equa-
tion. Consequently, X cannot be reflexive.

Proof. Let us show first the following claim:

o Let X(u) be a constant 1 g.f.s. If for every e > 0 there are a slice
S(g*,0) and an element g € Sx such that T(S(g*,9)) is included in
the ball B:(g), then T satisfies the p-Daugavet equation.

In order to see this, note that we can assume that ||T|| = 1. Take ¢ > 0,
and note that we can also assume that 0 < 6 < e. By Proposition 2.2 there
is an element h € S(g*, §) such that ||(h? + ¢7)'/P||x > 2 — 2¢; it follows that
IT(h) — gl|x <e. Thus

Sup (P + TP > (1(RP + T (R)P) 7|1
€Bx

> [[(W + g” = (" = T(W)") /7|1
> [[(h? + ") PI = Nl (g” = TR P11
> 2 2e — (g = T(W))7|I%.

Now notice that the inequality
llg” = T(RYIMPI < llg = TP+ p(2k(@)P/* |lg — T(R)|

holds (Lemma 2.4 in [13]), where k(p) is defined to be 1 if p > p/ and
k(p) = o' /p)—1 it p < p'; it can be proved using the pointwise estimates
given in [12, Section 2.2], Holder’s inequality for Banach function spaces and
the constant 1 p-convexity of X. Therefore, we obtain that

2—2 — |lg—T(h)|% >2— 2 — P — p(2k(p))P/Pe.

Since this holds for every € > 0, we have proved the claim.

For finishing the proof let ¢ > 0 and take into account that we are as-
suming that the norm closure T'(Bx) = K is a weakly compact set, and
therefore it is the closed convex hull of its strongly exposed points. Thus,
there is a strongly exposed point fp € K such that 1—¢/2 < || fo|| < 1. Then
there is a slice S such that T'(S) C B:(fo) (see the proof of this for example
in [2, Theorem 11.50] or [7]). Since B, /5(fo) C Be(fo/llfoll), the claim gives
the result. Finally, note that the space X cannot be reflexive, for otherwise
the operator —Id would satisfy the p-Daugavet equation. O



THE p-DAUGAVET PROPERTY FOR FUNCTION SPACES 9

A relevant consequence of Theorem 3.1 is that no LP(u) space for 1 < p <
oo satisfies the p-Daugavet property; recall that for p = 1 and an atomless
measure  the space L'(p) has the Daugavet property (see [1, Theorem 3.2]
or [7, Example, p. 858]). Here is another corollary.

Corollary 3.2. Let 1 < p < co. If a constant 1 p-convex Banach function
space has the p-Daugavet property, then every p-concave operator satisfies
the p-Daugavet equation.

Proof. Each such operator factorizes through an LP space (see [8, Corol-
lary 1.d.12]), and so it is weakly compact. (]

Related arguments can also be used for proving that there are no ideals
in such spaces being isomorphic to L? spaces.

Corollary 3.3. In a constant 1 p-convex Banach function space with the
p-Daugavet property, p > 1, there are no p-concave band projections.

Proof. Assume that Q: X — X is such a projection; there is another disjoint
projection P such that Id = Q + P. Then

sup [[(f” = QNI = sup [(P(f) + Q)Y = QUHM)'I

f€Bx feBx
= sup [[(P(f)" + Q(f) = QUHM'?|
feBx
= sup |P(f)] <1< (1+[Q")"
feBx
which contradicts Corollary 3.2, since —@) is p-concave. (]

Moreover, the same computation gives that in a constant 1 p-convex Ba-
nach function space with the p-Daugavet property there are no projection
bands being isomorphic to LP spaces or to any reflexive Banach space. Fi-
nally, note that if X is order continuous, then every ideal is the range of
a positive contractive projection, so there are no ideals isomorphic to L?
spaces as Banach spaces (see [8, Proposition 1.a.11]).

Let us finish the paper with a suitable version of the non-existence of
unconditional bases for Banach spaces with the p-Daugavet property. We
recall that no Banach space with the Daugavet property has an uncondi-
tional basis [6] and does not even embed into a space with an unconditional
basis [7]. Let X be a g.f.s. and consider an unconditional basis B := {e:
n € N} with projections P4, where A is a finite subset of N. Write Q4
for the complementary projection Id — P4. We say that B satisfies a lower
p-estimate if there is a constant k > 0 such that

Qall > sup [(kf? = Pa(H)?) 7],
feBx
Notice that every unconditional basis satisfies a lower 1-estimate with the
constant k = 1. (Indeed, this is so for every Schauder basis.) Also, if the
natural lattice structure associated to an unconditional basis is considered
and X becomes a g.f.s. over the counting measure, the basis satisfies a lower
p-estimate for every 1 < p < o0, also with the constant k = 1. None of
these cases can occur if X is a Banach space with the Daugavet property or
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a constant 1 p-convex g.f.s. with the p-Daugavet property, respectively. The
following result generalizes these examples.

Proposition 3.4. Let X be a constant 1 p-convex g.f.s. that has the p-
Daugavet property. Then X does not have an unconditional basis with a
lower p-estimate.

Proof. Let B := {en: n € N} be an unconditional basis for X with a lower
p-estimate. For every finite subset A C N denote by P4 and Q4 the cor-
responding projections on the subspaces generated by the elements of the
basis with subscripts in A and N\ A, respectively. Since Id = P4 + Q4, B
has a lower p-estimate and by Theorem 3.1 — P4 satisfies the p-Daugavet
equation, there is a constant k£ > 0 such that

1Qall = jes, Ik S? + (= Pa(O)PIPIlx = (K177 + || Pal|?) /.
X

If we define V' = sup{||P4||: A finite} and W = sup{||Qal||: A finite}, clearly
W < V. Since by the inequalities above W > (kP + VP)1/P we obtain

that V = W = oo, a contradiction with the fact that B is an unconditional
basis. O
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