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Outline

@ Discretization of Geophysical Flow Equations
e Equations
@ Classical Discretizations

© Multilevel Method
@ Blended Scheme
@ Scale Splitting
@ Sparsity Pattern
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Three Dimensional Compressible Flow Equations

Non-dimensional form:

pt+ V- (pv) =0
1 1 1
(p'v)t+V-(pvo'v)+WVp—i—%prv:—mpk
(pe)e + V- ([pe + plv) =0
2
p 2 PY
=P w2
pe=1tMW

@ slow advection, Rossby waves
o fast acoustic and gravity waves

~~ (semi) implicit discretizations
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Model Equations

1D Linear Acoustics:

my + Py =0
pit+ Cmy =q(t, %), e<1

Desire:
@ remove under-resolved modes
@ minimize dispersion relation for marginally resolved modes
@ correctly compute “slaved” dynamics induced by source term
°

no resonance for high wavenumber low frequency source terms
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Model Equations — Classical Discretizations
Implicit trapezoidal rule:

mntl — mn 1 (8])” N ap"+1>

At 2\ oz ox
pn+1 _ pn _ 02 omm N amn-i—l N nt1/2
At 2 ox ox a
o A-stable, symplectic
Backward differencing (BDF(2)):
Smntt —2mn + It 0 i
At Oz
3 1, n—
§pn+1 — 2pn —+ ipn 1 _ _cgimn—i-l + qn+1
At ox
@ L-stable, multistep method
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Model Equations — Under-resolved Scales

@ staggered grid, 512 grid points, periodic b.c., CFL = 10

@ simple wave, ¢ = 1, single scale data

Implicit trapezoidal rule BDF(2) scheme
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Model Equations — Under-resolved Scales

@ staggered grid, 512 grid points, periodic b.c., CFL = 10

@ simple wave, ¢ = 1, multi scale data

Implicit trapezoidal rule

BDF(2) scheme
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Model Equations — Under-resolved Scales
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Model Equations — Dispersion Relation and Amplitude
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dashed: trapezoidal rule, dashed-dotted: BDF(2), black line: cont. s
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Model Equations — Dispersion Relation and Amplitude
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Model Equations — Balanced Modes

1D Linear Acoustics:

my + Py =0
P+ *my = q(t, 2)

q(t, 2) = sin(wt) cos(A%) exp(—(Z=%)?)

3 gg

Asymptotics:
m=0(), p—po(t) = (’)(52) ase—0

Scaling should be reproduced by the numerical scheme,
especially, when At > % = #.
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Model Equations — Balanced Modes

Up to small perturbations introduced by variation in time:
Amy~q(t, L) and pa0
Balance should be reproduced, at least for At — oo!

Implicit trapezoidal rule:

op"

1 om™ amn+1 aanrl
22 _ n+1/2
¢ 2 < or + or > 1 and ox

BDF(2) scheme:

28mn+1 ., nd aanrl
ox ox
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Classical Schemes — In Summary

Desired properties:

@ minimize dispersion, preserve amplitude for well resolved modes
~> trapezoidal rule
@ solution should rapidly relax to balanced mode in case of short wave

number forcing
~ backward differencing formulas

Look for strategy to combine two aspects into one single, scale-dependent
time integrator
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Multilevel Method — ldea

Consider:
@ a separation of pressure and momentum into quasi-spectral

ComponentS:
Vnpm Un
p=>p", m=>3 m
v=0 v=0

@ two time discretizations of linear acoustics:

0
0

1 1 -1 -1
Sl(pn+ ’mn-i- ,pn,mTL’pn ’mn j

n+1 n+l , n n ,n—1 n—1
SZ(p , M P ,m P , M )

)
)

@ perform a convex combination of the two schemes with scale
dependent weights (blending):

VM
> @) S ™) + (1= p() S () =0
v=0
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Multilevel Method — Implicit Trapezoidal Rule/BDF(2)
Implicit Midpoint Rule:

2At21 8 n+l __ RHSp n+1l __ F n ,n ,ntl

481‘2 p - TR » ™M - TR(m PP )

BDF(2):

4 0
( 2At29 812) pn-l-l — RHS%D ’ mn+1 — FBD(mn, mn—lapn—l-l)

Blended scheme:
v A=)\ 02
1 2 2(#_ —>_ (v),n+1
Z( cap (B )

=3y RESEY + (1 - 1) RHSEY
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Scale Splitting — pressure

P, R™): Multigrid prolongation /restriction:

—o0 o— —o0 o—
/N \ /IN /
I3t 3 i1 3 3
/1N N/ I \/
—o0 o— —o0 o—
VM
Scale dependent portions of unknowns p = Z p(”), where
v=0

p(O) — (R(O) o R(l) 0---0 R(VM—1)> D
and

p(V) — (] _ pv=1) 4 R(V—1)> o (R(V) o RV o... 06 R(VM—1)> P
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Scale Splitting — momentum

o staggered grid: p node centered, m cell centered
@ need different splitting operators to be consistent wrt. level

@ momentum corresponds with pressure gradient, i.e.

m <> Py
//K\ //i\ *’ 1/\1 1/\1 T
4/\/\/\;%/\ / N\
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Sparsity Pattern

64 64

128 128

192 192

256 £ 256 M
64 128 192 256 64 128 192 256

Trap/BDF(2) Trap/extreme BDF

@ pattern depends on weighting function pu,

@ cannot be solved efficiently with standard iterative methods
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Model Equations — Under-resolved Scales

o staggered grid, 512 grid points, periodic b.c., CFL = 10

@ simple wave, ¢ = 1, multi scale data

Multilevel Method
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Model Equations — Under-resolved Scales

o staggered grid, 512 grid points, periodic b.c., CFL = 10

@ simple wave, ¢ = 1, multi scale data

Multilevel Method
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Model Equations — Balanced Modes

@ staggered grid, 256 grid points, periodic b.c., CFL =8, ¢ = 0.1

o q(t,%) = sin(wt) cos(AZ) exp(—(

Implicit trapezoidal rule
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Model Equations — Balanced Modes
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Model Equations — Balanced Modes
@ staggered grid, 256 grid points, periodic b.c., CFL =8, ¢ = 0.1

e q(t, g) = sin(wt) cos(/\f) exp(—(%ly)

Multilevel Method
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Model Equations — Balanced Modes
@ staggered grid, 256 grid points, periodic b.c., CFL =8, ¢ = 0.1

e q(t, g) = sin(wt) cos(/\f) exp(—(%ly)
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Summary

@ (semi) implicit solution of geophysical flow equations
@ analysis of classical schemes
@ multilevel method
e multigrid techniques
@ Outlook
» efficient solution
» incorporation into semi-implicit method
» more than one space dimension
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