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Exercise 1. Let V = (v1,v2,...,v,) C R?" be a (affine) point(!) configuration and

G = (g1,...,9n) € RO=4=1X" 3 Jinear Gale transform for V. A projective
transformation Az + b
x
T = —
(z) ctx + 6

(with A non-singular) is admissible for V if ctv; +§ > 0 foralli =1,...,n.
i) Show that G’ = (A191, X292, ..., \ngn) is a Gale transform of T(V') for
suitable A1, ..., An.

ii) Infer that two polytopes are projectively equivalent if and only if they have
the same affine Gale transform.

(10 points)
Exercise 2. A matrix G = (G1,Go,...,Jn) € RO"™2X" together with o € {—1,4+1}"
specifies an affine Gale diagram (g; is positive, if o; > 0).
i) Show that G’ C G is a coface if and only if
conv(g; € G' 10, >0) N conv(g; € G':0;<0) # 0
i) Show that G is an affine Gale diagram of a k-neighborly polytope
< i) holds for every G’ C G with |G'| =n —k
& for every affine hyperplane H
IGT\H |+ |G- \H"| > k+1.
iii) Fort; <t9 <--- <ty withn >d > 2, define
gi = (ti,t?,...,tzlidiQ)t and o; = (—1)Z
for : = 1,2,...,n. Show that this gives the affine Gale transform of a
d-dimensional L%j—neighborly polytope on n vertices.
(10 points)
Exercise 3. A set B = {b1,bs,...,b} C R% is minimally positively spanning if B is posi-

tively spanning but every proper subset is not.
i) Show that |B| > d + 1.

ii) Show that |B| < 2d.
For that, phrase this in terms of a Gale transform of B.

iii) Characterize those B for which |B| = 2d.
(10 points)

(continued on backside)



Exercise 4. Let G = (g1,...,9n) € R"=4=DX" be the Gale transform of a d-polytope with
n vertices.
i) Show that G’ = (%gl, %gl,gg, . ,gn) is the Gale transform of a polytope
and determine its combinatorics.
i) Let G1 = (91,...,9n,) € ROM=A=1xm1 and Gy = (hy,..., hy,) €
R(n2—d2=1)xn2 he the Gale transforms of a di-polytope P; and a ds-
polytope P, respectively. Describe the polytope for which

o g G, 0 -0
0 -« 0 hy - hp,
is a Gale transform.
(10 points)

Exercise 5. i) Which of the following point configurations are affine Gale diagrams of
polytopes? Why, or why not?

TK] TRT TR

ii) Consider the following diagrams. Verify that they are affine Gale diagrams

and construct the associated polytopes.

(10 points)



