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Homework # 3 — due November 7th

Please work in pairs. Try to solve all the problems but mark two solutions. Only these will
be graded. You can earn 20 points on every homework sheet (10 per exercise). You can get
extra credit by solving the bonus problems. State who wrote up the solution.

Exercise 1. Let C = {z € R?:alz <0 i=1,...,m} be a convex polyhedral cone.
i) Show that if C U (—C) =R9, then C' = R? or C is a halfspace.

ii) Infer that, if C' is bounded by m > 2 irredundant halfspaces, then any
r & C'U(—C) has the property that ajr # 0 for all i and a%r > 0 and
alr < 0 for some j, k.

(10 points)
Exercise 2. Let C' = cone(U) C R be a convex polyhedral cone (U finite).
i) Prove that C is pointed if and only if 0 is a face, that is, C N H = {0} for
some supporting hyperplane H = {z : ¢’z = 0}.
ii) With this hyperplane show that C,, = C' N (p+ H) is a polytope for any

pe C\{0}.
iii) Deduce that there is a unique inclusion-minimal subset U’ C U such that
C = cone(U).
(10 points)
Exercise 3. i) Let Q = {x € R? : Az < b} be a polyhedron. Show that lineal(Q) =
ker A.

i) Let K C RY be a closed convex set and L := lineal(K). Show that for
any point p € K the convex set Fp =Kn((p+ Ll) is pointed and that
K=K,+ L.
(10 points)
Exercise 4. Let A, B C R? be convex polyhedral cones. Show that
i) ACB= A°D B°
i) (AUB)° = A°NB°
iii) If Ais a linear subspace of R?, then A° = AL,
)

iv) A is pointed if and only if A° is full-dimensional (i.e. dim A = d).

(10 points)

(continued on backside)



Exercise 5. Let C C R? be a full dimensional convex polyhedral cone and let R?) = {z €
R™:x; >0foralli=1,...,m}. -
i) Show that there is an n and a linear map 7 : R — R? such that C' =
m(R%).
ii) Let 7 : RY — R® be a surjective linear map (a projection) and let L = ker 7.
Show that
m(C)° = c°n Lt
iii) Show that there is some m > 0 and a linear subspace L C R™ such that

C is linearly isomorphic to R N L.

(10 points)



