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Homework # 4 — due May 19, before the lecture

Exercise 1. Let P, () be two finite posets. Then P x @) is a poset by defining

(p1,q1) =ZpPxq (P2,92)
if and only if p1 =p p2 and 1 2@ ¢2 for p1,p2 € P and ¢1,¢2 € Q.
i) Show that every interval of P x @ is of the form [p, p'|p % [g,¢]q.

ii) Show that we have

nexQ((p1,q1), (p2,42)) = pp(p1,p2) - polar, ¢)

for all p1,p2 € P and q1,¢2 € Q.
iii) By using ii) show that the Mdbius function of the Boolean lattice B;, = (2[¥], C)

satisfies
UB, (S7 T) = (_1)|T\S‘
for SCT € By.

iv) Bonus: Let G = (E,V) be a graph. Consider the poset S C 2% of all cycle free
subgraphs ordered by inclusion. Compute the Mobius function of S.

(1424242 points)

Exercise 2. Let II be a finite poset. Recall that { = 6 +7 where n(x,y) = 1 if and only if z < y.
i) Show that for z <y

n'(z,y) =#{r =z <x1 < -+ <2H =Y},
the number of strict chains of length n in the interval [z, y].
ii) Infer that 7 is nilpotent, that is, n = 0 for all n > ny. What is the smallest ny?
iii) Bonus: Can you give an interpretation for (25 — ¢)~!(z,y)?

iv) Show that n}(n)(@),ﬂ) equals the number of surjective order preserving maps
I — [r].



(2424242 points)

Exercise 3. Prove Birkhoff’s representation theorem:

Every finite distributive lattice is isomorphic to the poset of order ideals of some finite
poset.
The definition of “distributive lattice” is in the book draft.
(Hint: Given a distributive lattice II, consider the subposet © consisting of all join-
irreducible elements, i.e. those elements x € II, for which = # y V z for all y # z.
Prove, that IT is isomorphic to 7 (©).)

(4 points)



