FREIE UNIVERSITAT BERLIN WS2011
Institut fur Mathematik
Prof. Raman Sanyal

Combinatorial Reciprocity Theorems
Homework # 3 — due Dec 5

Exercise 1. i) Let ) -, f(n)t" = % be a rational generating function with ¢(t) = 1+ aqt +
-4 agt? and degp > deg g. Show that there is a finite exceptional set E C N
and a function g : N — C such that g(n) =0 for n € N\ E such that

d

d
fn+d) + > aifn+d—i) = gln+d) + > aigln+d—i)
i=1 =1

for all n € N.

i) Bonus: Consider N™ as a poset with the componentwise partial order and let I C
N" be a filter, i.e. if a = b € I then a € I. Show that there are a',a?,...,aM €
N™ such that

I = {CLEN” :axa forsomeizl,...,M}.
[Hint: Consider projections (b1,...,by) + (b1,...,bn—1).]
iii) Let I C N™ be a filter and let
Fk) = #{b €T by +by+-+b, =kl

Show that f(k) is a polynomial for k& > 0 sufficiently large.
[Hint: This is easy if M = 1 and I = {a = a'}. In case of more generators the
existence of joins and inclusion-exclusion might help.]

Bonus: Can you say what the exceptional set is?
(2444442 points)

Exercise 2. For k > 1 fixed, let fi(n) = nk.
i) Show that there are numbers ay, ..., ap41 such that

frln+k+1) + arfy(n+k) + -+ + app1fe(n) = 0.

ii) This implies that the generating function is rational

D frln) = 2i(f)

= qk (1)



Exercise 3.

Exercise 4.

What is g (t)?

iii) Bonus: What is py(t)?
[Hint: Ask Google.]

iv) What is the rational generating function for
n
ge(n) = > fu(i)?
i=0

(1414342 points)

Let A € C%*? be a diagonalizable matrix with distinct eigenvalues A, Ao, . .. s Ap-
For fixed 4, j € [d] show that there are by, b2, ..., b, € C such that

(A")ij = DIAT + badi + o+ + byl
[Hint: A;; = el Aej where ey, ..., eq is the standard basis.|

(3 points)

Bonus: Let f : N — C and, for N € N, let Hy(f) be the Hankel determinant
Hy(f) = det(f(i+j —2))ijen)- Eg for N =4 thisis

F0) FQ) £ IE)
o e e @
Hald) = det\ by 53 1) 165)
[3) f4) 1) £(6)

Show that >~ -, f(n)t" is a rational generating function if and only if there is an
Ny such that Hy(f) =0 for all N > Nj.
[Hint: Show sufficiency (=) first.]

(8 points)



