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Exercise 1. i) Let P, be two posets. Show that every interval of P x @ is of the form
[a, a/]p X [b, b/]Q.

ii) Let P,Q be locally finite. Show that we have
npx(I x J) = pp(l) - po(J)

for all intervals I x J of P x Q.

iii) Show that the Mdbius function of the Boolean lattice B = (2%, C) satisfies
s, (S,T) = (1)1

for S C T € By. [Hint: By is a product.]

iv) For n € N fixed consider the map f< : By, — N with
f<(T) = |T]".
Show that
kUS(n, k) = (f< ps,)([k])

where S(n, k) is the Stirling number of the second kind.
[Hint: k!S(n, k) counts the number of surjective maps [n] — [k].]

(14+1+2+4 points)

Exercise 2. Let P be a locally finite poset with zeta function {( = (p. For F' € I(P) denote by
F¥ = F % F x--- % F the k-fold product of F in I(P).
i) Show that for z <y

Fry) = #{o=wo 2z <Sap < - a1 < =Y}

counts the number of chains of length k in the interval [x,y].

i) Show that for x <y

(C—d)k(x,y) = #{r=x0<z1 <T2 < < Tp_1 < T =Y}



counts the number of strict chains of length k in the interval [z,y].
iii) Bonus: For x,y € P, do you know what (25 — ¢)~!(x,y) counts?
(3+4 points)

Exercise 3. The octahedron or 3-dimensional crosspolytope is the convex polytope
O3 = {(z1,22,23) € R® : [z1] + |wa| + |a3| < 1}

Compute the Ehrhart polynomial of (3.
Bonus: Can you find a combinatorial interpretation of E({3,n) for n € N?

(4+4 points)

Exercise 4. i) For distinct points a,b € Z? let [a,b] = {(1—A)a+Ab : 0 < X < 1} be a lattice
segment. Show that E([a,b],t) = gt + 1 where g = gcd(|a; — b1, |aga — ba|).

i) Bonus: Can you show that there is an affine transformation 7'(x) = Ax + ¢ with

A € R*¥? and ¢ € R? such that T(Z?) = Z* and T'([a,b]) = [0, (7)]?

iii) For two numbers p,q € Z~( use the above and the Ehrhart polynomial of the
special triangle T = conv{(}), (2),0} to show
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ged(p,q) = 2) {qJ +p+q—pq
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(24+4+2 points)



