
Kay Rülling 24. April 2019

Exercise sheet 1
Cohomology of sheaves on schemes

In the following all rings are assumed to be commutative with 1.

Exercise 1.1. (1) Let R be a ring. Show that the category of
R-modules (with objects the R-modules and morphisms the R-
linear maps) is an abelian category.

(2) Show that the category of rings (with objects all commutative
rings with 1 and morphisms the ring homomorphisms) is not
abelian.

Let A be an abelian category and ϕ : C• → D• be a morphism of

complexes in A. We say ϕ is a quasi-isomorphism if H i(ϕ) : H i(C•)
'−→

H i(D•) is an isomorphism for all i. (Here H i(C•) = Ker diC/Im di−1C

denotes the i-th cohomology group of C•.)

Exercise 1.2. Let k be a field and set R = k[t]/(t6). Consider the
complex D• with D0 = R/(t2) and Di = 0 for all i 6= 0 and the
complex C•

. . .
·t3−→ R

·t2−→ R
·t3−→ R

·t2−→ R→ 0→ 0 . . . ,

where Ci = 0, for all i ≥ 1 and Ci = R, for all i ≤ 0.

(1) Show there is a unique morphism of complexes ϕ : C• → D•

which in degree zero is given by the natural surjection R →
R/(t2).

(2) Show that ϕ is a quasi-isomorphism.

Exercise 1.3 (5-Lemma). Let R be a ring and let

A //

f1
��

B //

f2
��

C //

f3
��

D //

f4
��

E

f5
��

A′ // B′ // C ′ // D′ // E ′

be a commutative diagram of R-modules with exact rows.

(1) Assume f1 is surjective and f2, f4 are injective. Show f3 is
injective.

(2) Assume f5 is injective and f2, f4 are surjective. Show f3 is
surjective.
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In particular, if f2, f4 are isomorphisms, f1 is surjective and f5 is
injective, then f3 is an isomorphism.

Exercise 1.4. Let k be a field and let P1
k = Proj k[X0, X1] be the

projective line over k. Let x, y ∈ P1
k be two distinct closed points and

denote by i : Z = {x} ∪ {y} ↪→ P1
k the closed immersion (Z has the

reduced scheme structure). Let I = Ker(OP1
k
→ i∗OZ) be the ideal

sheaf defined by Z.

(1) Show that

0→ I → OP1
k
→ i∗OZ → 0

is an exact sequence of sheaves of abelian groups on P1
k.

(2) Let Γ(P1
k,−) be the global section functor (from the category

of sheaves of abelian groups on P1
k to the category of abelian

groups). Show that

0→ Γ(P1
k, I)→ Γ(P1

k,OP1
k
)→ Γ(P1

k, i∗OZ)

is exact.
(3) Show that

Γ(P1
k,OP1

k
)→ Γ(P1

k, i∗OZ)

is not surjective.


