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Gunter Rote
Freie Universitat Berlin

¢ Dominating set D:
Every vertex v ¢ D must have
a neighbor in D.

. Co .. : :
h ® Minimal dominating set D:
No proper subset of D is a
dominating set.
o ® ®
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Minimal dominating sets in trees—counting and extremal results

Characterization:

Every vertex v € D must have

a private neighbor:

adjacent to no other vertex in D.

Midsummer Combinatorial Workshop MCW XXII, Prague, July 31 — August 4, 2017



Minimal Dominating Sets

-—
- -~ ~

Glnter Rote, Freie Universitat Berlin

Minimal dominating sets in trees—counting and extremal results

Characterization:

Every vertex v € D must have

a private neighbor:

adjacent to no other vertex in D.

The private “neighbor” can be v itself.

Midsummer Combinatorial Workshop MCW XXII, Prague, July 31 — August 4, 2017
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Minimal Dominating Sets in Trees e Unversiat o ert

How many minimal dominating sets can a tree with n vertices
have, at most?

THEOREM:
The number grows like 1.4195™.
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Berlin

THEOREM. Let A = /95 &~ 1.4194908.

1. The maximum number M,, of minimal dominating sets of a
tree with n vertices is

between 0.649748 - A" and 2)\" 72 < 0.992579 - \™.

2. For every n of the form n = 13k + 1, there is a tree with at

east 95F > 0.704477 - \™ minimal dominating sets.

3. The minimal dominating sets of a tree with n vertices can
be enumerated with O(n) setup time and with O(n) delay
between successive solutions.

Previous bounds: V2~ 1.4142 <\ I I I I I I I

M. Krzywkowski (2013): 4/12161 ~ 1.416756 < \ < 1.4656
P. Golovach, P. Heggernes, M. M. Kanté,
D. Kratsch and Y. Villanger (2015):

Giinter Rote, F
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e LOWER BOUND by example

e COUNTING for a particular tree: dynamic programming
e UPPER BOUND: enclosure by a polytope

e ENUMERATION
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Let a have degree 1 and let b be its neighbor.
THEN: a € D or b € D but not both.
a can always be taken as the private neighbor.
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k = 5 snowflakes
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Minimal dominating sets in trees—counting and extremal results

n=13k+2, ac€D
2:2-2-2-2-3—-—1=95
Y95k — W/95
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n=13k+2, a€D
2:2:2:2:2-3—1=95

k = 5 snowflakes B9k s 13/95
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Dynamic Programming

|dea:

need ROOTED trees!
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SIX Categorles Of Partlal SOlUt'OnS FreieUniversitét; %

¢ Berlin

root r € D: Good Self Lacking

root r & D: dominated  private free
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Composition of Partial Solutions

Good Self Lacking dominated private
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Dynamic Programming Recursion Freie Universtét (M

B Associate a vector
G S L d p f
G G _ _ G _ G (G,S,L,d,p,f)
L - _ _
| f . i B g to every rooted tree.
d| d d — d d - (G = the number of
P|— — — p P — | (partial) solutions of
f | d d p f t — category G, etc.
/GA\ (GB\ / GaAGp+Gadp+Gafp+Safp+Lafs \
Sa Sp Sadpg
L4 . Lp | _ SaGp + LaGp + Ladp
d A dp daGp +daSp +dadp +dapp + faGp + faSB
A PB padp +paps + falp
\fa) \fs) \ fads + faps )
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¢ Berlin
(G, S, L,d,p, f) = (128,192, 448, 640, 64, 256)

0,32,32,32,0,32)




Example (G, S7 L7 dap7 f)

(G, S,L,d,p, f) = (128,192, 448,640, 64,256)  +# MDS =
0,32,32732,0, 32) _ 1094




he Possible Numbers of MDSs Feie Universitst ol 1

N=z8

V,, = { all possible vectors of rooted trees with n vertices }
Vl .= {(07 17 07 07 07 1)}
V, = U Vi * V,—;, forn > 2

1<i<n

M, = the maximum number of MDSs in a tree with n vertices
M, =max{G+S+d+p|(G,S L,d,p, f) € V,}
M,, i1s supermultiplicative:
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he Possible Numbers of MDSs

™ D Berlin
R s/

n | /M, M, hull™V, hullV,
111 1 1 1 1
2 | 1.41421356237310 2 1 1 1
3 | 1.25992104989487 2 2 2 2
4 | 1.41421356237310 4 2 2 4
5 | 1.31950791077289 4 4 4 7
6 | 1.41421356237309 8 3 5 13
7 | 1.36873810664220 9 6 9 24
8 | 1.41421356237310 16 7 13 45
0 | 1.38702322584422 19 11 19 85
10 | 1.41421356237310 32 14 32 159
11 | 1.40157620020641 41 17 39 308
12 | 1.41421356237309 64 24 73 588
13 | 1.40739771128108 85 26 85 1180
14 | 1.41421356237309 128 30 144 2326
15 | 1.41209815120249 177 30 176 4753
16 | 1.41421356237310 256 36 279 0591
P ¢y 40 1 Ypp—

Gi nta]RZe, Fri
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11 | 1.4015/020020041 41 1/ 3Y Vo,
tre| PogsihbacPbusobers 6f MDSs24 73 preie niversit:G8 B
—13——1-4073C SEac;s s 0 C
14 | 1.41421356237309 128 30 144 2326
15 | 1.41209815120249 177 30 176 4753
16 | 1.41421356237310 256 36 279 9591
17 | 1.41397457411881 361 39 337 19793
18 | 1.41421356237309 512 51 492 40638
19 | 1.41553085871039 737 47 612 34641
20 | 1.41421356237310 1024 66 841 176255
21 | 1.41608793848702 1489 53 1055 369635
22 | 1.41421356237310 2048 4 1320 775935
23 | 1.416562521373841 3009 62 1641 1634901
24 | 1.41421356237309 4096 93 1969 3451490
25 | 1.41666558384650 6049 75 2435 7303232
26 | 1.41421356237310 8192 111 2805 15481733
27 | 1.41675632056381 12161 87 3456 32868146
28 | 1.41421356237309 16334 119 3871
29 | 1.41670718070637 24385 102 4656
30 125 5329

1.41421356237310

Giinter Rote, Freie Universitat Berlin Minimal dominating sets in trees—counting an
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Glnter Rote, Freie

27 167563205638 3456  gm,
he B@s ;bjezd\lméem of ME}&; 119 Fraea}m@ltaté 1} ertn
29 1.416707138070637 24385 102 4656 4
30 | 1.41421356237310 32768 125 5329
31 | 1.41666501243844 48897 116 6227
32 | 1.41449859435768 65960 123 7248
33 | 1.41657202787702 07921 129 8436
34 | 1.41526678247498 134432 130 9719
35 | 1.41648981352598 106097 146 11277
36 | 1.41569656428574 272224 151 12878
37 1.41639156076937 3902449 177 14890
38 | 1.41609068088382 551302 166 16931
39 | 1.41630342192653 785400 103 19088
40 1.41634892845829 1113808 184 22214
41 1.41621264079532 1571329 209 24075
42 | 1.41658315523612 2249920 217 28344
43 | 1.41613031644569 3143681 212 30029
44 | 1.41668758343879 4520600 238 35068
45 | 1.41605010185075 6288385 220 36809
46 | 1.41678485046458 9119680 240 42438
47 | 1.41597689193916 12578817 233 44773
48 | 1.41682808199910 18332576 273 50002

49 | 1.41590722737106 25159681 260
50 | 1.41686791092506 36852608 287
51 | 1.41584303000330 50323457 264
52 | 1.416857982090446 73955200 203
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he Possible Numbers of MDSs

nMn
142 I LN LN DLALLA LLIL BLAJNL A DLLULL DOLULL LA PLL LLL
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1416 - /"“*%*
1414 ®=ore o ¢ oo H—/
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n
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Majorization and Convex Hull FreieUniversitéit“

V,, = { all possible vectors of rooted trees with n vertlces}
Vl .= {(07 17 07 07 07 1)}
Y, = U Vi * Vp—i, forn > 2

1<i<n

(G17‘917L17d1 P1, fl) (G27527L27d27p27f2)
—> omit (G17SI7L17dlap17fl) from Vn

G>S>Landd>p

x" Is a bilinear operation
—> |t suffices to keep the convex hull vertices of V),

Giinter Rote, Freie Universitat Berlin Minimal dominating sets in trees—counting and extremal results Midsummer Combinatorial Workshop MCW XXII, Prague, July 31 — August 4, 2017



Majorization and Convex Hull
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hulls in two dimensions
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hulls in two dimensions
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Majorization and Convex Hull

nMn
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/r/w/t?%‘g%éizj; 1"
1 100

— 50

1.416 -

1.414

1.412

1.41

1.408

1.406

[N N N N N S S I I I N N I v | O

5 10 15 20 25 30 35 40 45 50 55
n

Giinter Rote, Freie Universitat Berlin Minimal dominating sets in trees—counting and extremal results Midsummer Combinatorial Workshop MCW XXII, Prague, July 31 — August 4, 2017



~ \ Ve
N Berlin

@\ ~|

NS4S

V1= {(07 17 07 07 07 1)}
V, = U Vi * V,—;, forn > 2
1<i<n
PROPOSITION:

Find a bounded (convex) set P such that
(0,1,0,0,0,1)/\ € P and PP C P
Then M,, = O(\").

Proof: V,, € A" P by induction on n
In fact, \* := lim /M,, is the smallest A for which P exists.
Automatic method: try some . Set @) := {(0,1,0,0,0,1)/A}.

Repeatedly set @ := hull™ (Q U (Q * Q)) until convergence or
divergence sets In.

Giinter Rote, Freie Universitat Berlin Minimal dominating sets in trees—counting and extremal results Midsummer Combinatorial Workshop MCW XXII, Prague, July 31 — August 4, 2017



he Polytope P

Let A = 5/95 ~ 1.4194908.
V1 = V7 * V32 —
(%)

V3 = V9 * U9
Vg = V9 * Ug
Uy = V9 * Uy
Vg =— Vg * Ug
U7 = V2 * Vs
Vg = V9 * Vg
Vg = Vg * Ug =

V10 = VU7 * V3 = V4 * Vs

Us3 = Vg4 * V19
Us4 = VU2 * U3 = V19 * U4

Us5 = V33 * V26

AN NSNS N STN SN S,N NN TN

Minimal dominating sets in trees—counting and extremal results

P = hull+(vl, ce ,?)55)
0.9,0,0,0,0,0)
0,1,0,0,0, 1)\~
1,0,0,1,0,0)\ 2
0,1,1,1,0,1)\°
1,1,0,1,1, 1)\~
0,1,3,3,0, 1)\
1,1,1,2,0,2)\7°
1,3,0,1,3,3)\7°
0,1,7,7,0, 1)\ 7
2,1,3,6,0,2)\~ 7

(63,961, 0, 63,1922, 961)\~23

= (992, 1, 63,2016, 0, 32)\~ 23

(127,3969,0,127, 7938, 3969) A~27

Midsummer Combinatorial Workshop MCW XXII, Prague, July 31 — August 4, 2017



Berlin

he POlytOpe P Freie Universitéit \
Let A = /95 ~ 1.4194908. P := hullt(vy,...,vs5)

Need to prove that v; *x v; € P:
Some products are exactly equal to another vertex:

Vg * Vg = V3, V13 * Vs = V27, U1 * V32 = V1

Others are proved by checking inequalities that were found by
linear programming:

Vg * Vg5 < 0.3078 v29 + 0.3709 vog 4+ 0.3010 v 4+ 0.0203 voy

0.3078 4 0.3709 4+ 0.3010 4 0.0203 =1

Coefficients with 4 decimal digits.
Smallest margin =~ 0.000004.

Giinter Rote, Freie Universitat Berlin Minimal dominating sets in trees—counting and extremal results Midsummer Combinatorial Workshop MCW XXII, Prague, July 31 — August 4, 2017




Exact Computation is Necessary ree Universit

R\
Berlin

o v3z = (31,1,1,32,0,32)A~ 13
5 . Q o = (31,1,1,32,0,32)/95
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o v3z = (31,1,1,32,0,32)A~ 13
i o P i o = (31,1,1,32,0,32)/95
5 .' '. 0 5 Voo * V32 = Vo
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o v3z = (31,1,1,32,0,32)A~ 13
i o S i . = (31,1,1,32,0,32)/95
5 .' '. 0 5 Voo * V32 = Vo
" N - vy = (0.9,0,0,0,0,0)
O U1 * V39 = U1

Giinter Rote, Freie Universitat Berlin Minimal dominating sets in trees—counting and extremal results Midsummer Combinatorial Workshop MCW XXII, Prague, July 31 — August 4, 2017



Everything is in the

ransition Matrix

Freie Universitat £(\. S ) Berlin
CNS[E575

G S L d p f
G|lG - - G — G
S|IL - — S — G
L, L - — L - G
d| d d — d d -
p|— — — p Pp -
f | d d p f f —

(axb)xc=(axc)xb

(axup)*uy = a*uy

Minimal dominating sets in trees—counting and extremal results

... plus the “start vector”
u; = (0,1,0,0,0,1) € V4
and the “end weights”
(1,1,0,1,1,0):

M(a) =((1,1,0,1,1,0), a)

“right commutative law”

Twin leaves don’t matter.

Midsummer Combinatorial Workshop MCW XXII, Prague, July 31 — August 4, 2017



| Berlin

Everything is in the Transition Matrix — feic unversieae &2
Ko i

G S L d p f

GG - — G — G

S|L - — S — G| . plusthe “start vector”

L/ L - - L - G| u =(010,00,1) €WV

d| d d — d d — | andthe “end weights”

p|l— — — P P —| (1,1,0,1,1,0):

fld d p f f —| M@a)={(1,1,011,0)a)
(axb)xc=(axc)xb “right commutative law"
(axup)*uy = a*uy Twin leaves don't matter.

(axuy)* (bxuy) =(axuy) - M(bxup)
— M((a*xuy)*x(bxuy))=M(@axuy) - M(bxu)
— supermultiplicativity

Giinter Rote, Freie Universitat Berlin Minimal dominating sets in trees—counting and extremal results Midsummer Combinatorial Workshop MCW XXII, Prague, July 31 — August 4, 2017
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Open Questions Frefe Universitit (ol
\ 112553:,115//

e A theory of “eigenvalues’ of bilinear operations?

Given a transition matrix, a start vector, and end weights,
how fast is the growth?

e "‘Gray code” enumeration of minimal dominating sets?

Assume: Every vertex is adjacent to at most one leaf.
Want: O(1) changes between successive sets.
Preferably computable in O(1) time, after O(n) setup
(constant delay).

Giinter Rote, Freie Universitat Berlin Minimal dominating sets in trees—counting and extremal results Midsummer Combinatorial Workshop MCW XXII, Prague, July 31 — August 4, 2017



/é\fs,,
G ray C O d es 7 Freie Universitit |

Output-sensitive enumeration:

The minimal dominating sets of a tree with n vertices
can be enumerated with O(n) setup time and with
O(n) delay between successive solutions.

Can it be done with O(1) delay?
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Output-sensitive enumeration:

The minimal dominating sets of a tree with n vertices
can be enumerated with O(n) setup time and with
O(n) delay between successive solutions.

Can it be done with O(1) delay?
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G ray COd es7 Freie Universitat "

Output-sensitive enumeration:

The minimal dominating sets of a tree with n vertices
can be enumerated with O(n) setup time and with
O(n) delay between successive solutions.

Can it be done with O(1) delay?

N TN N I

Have to cluster leaves with a common neighbor.
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| Berlin

. \3' STITIZ \
E numera t lon Freie Universitat ‘@ o .”"
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Implementation by Generator Functions s uniers: (o

Generator functions in PYTHON:

def enumerate_basis_node_S(K):
yield [a] # category S
def enumerate_basis_node_f (K):
yield [] # category f, empty list
def enumerate_union_node(K):
for D in enumerate_solutions(K.childl):
yield D
for D in enumerate_solutions(K.child2):
yield D
def enumerate_product_node (K):
for D1 in enumerate_solutions(K.childl):
for D2 in enumerate_solutions(K.child2):
yield D1+D2 # concatenation of lists
# main call:
for D in enumerate_solutions(target_node):
print D
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Message flow along an arc:

> V+NEXT (downward)
< DONE (upward)

> VENEXT
< DONE

> V-ENEXT
«— LAST
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Message flow along an arc:

> V+NEXT (downward)
< DONE (upward)

» VAHNEXT \
« DONE - any number of VISIT-DONE pairs:

— VISIT
+— DONE

> V-ENEXT
«— LAST
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Implementation by Message Passing

program for a product node

program for a product node

VISIT — | VANEXT —
. VISIT — child 1 . V4+NEXT — child 1
< DONE from child 1 .« LAST from child 1
. VISIT — child 2 . V4+NEXT — child 2
. < DONE from child 2 . < LAST from child 2
< DONE < LAST

basis node for vertex a, representing {{a}}

basis node for vertex a, representing {0}

VISIT — VISIT —
report “a € D" report “a ¢ D"

< DONE : < DONE

VANEXT — VANEXT —
report “a € D" report “a ¢ D"

< LAST : < LAST :
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