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Abstract:

Systems of linear extremal equations over Llinearly
ordered sets are considered. These systems include
"maxsum'" and "maxmin' equation systems. Their solution
sets will be characterized in several ways. The
combinatorial structure of these characterizations can
be described by a generalized set covering problem. We
give algorithms for enumerating all minimal solutions

of these generalized set covering problems.
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1. Introduction

Systems of extremal equations, i. e. equations involving max or min
operations, have found considerable interest in the Literature, both
theoretically and from practical viewpoints (cf. the examples below and the

references given there; see also the monograph by U. Zimmermann [19811).

In this paper systems of equations of the following form shall be
considered:

Let Bq, Bp, «o., By, and Xq, X2, «.., X, be Linearly ordered sets; Given
bseB; (i=1,2,...,m) and isotone functions fij: Xj%>81 (i=1,2,000,M;
j=1,2,0..,n), find the set X of all x=(X1,X0,20.,Xp) € X9XXpX...XX,, for

which

P max fij(xj) = bs, for i=1,2,0ae,M,
1553n

This linear system of extremal equations can be interpreted as a vector
equation F-x=b, where in the matrix-vector product F-x multiplication is

replaced by applying a function to an argument and addition is replaced by

the max operation.
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In the examples considered we have Bq=...=Bp=X{=...=X,=:B and

fi5(x) = aj; ® x for some isotone algebraic operation ®:BxB->B and given

elements ajj€eB. Then the system (1) takes the form

“" max ajj®xj = bs, for i=1,2,.00,M.

With different algebraic structures (B,®) one obtains different

specializations of the original problem:

(a) (B,®) is a linarly ordered group, for example the group (R,+).
Applications include for example machine-scheduling problems. Such
systems have been studied extensively by Cuninghame-Green [1979,
chapters 14 and 151 and K. Zimmermann [1976]1 and have previously
been dealt with by Vorob'ev [1963, 19671, K. Zimmermann [e. g.

1973=a, 1973-b, 1974-a, 1974~bl and U. Zimmermann [1979]

(b) ® is the min-operation. Such systems arise in connection with fuzzy
relation equations on fuzzy sets [Czogala, Drewniak, and Pedrycz

19821, [Sanchez 19761.

(c) B={0,1} and ® is the min-operation (equations in the two-element
Boolean algebra). This is a special case of (b). In this case the
system (1') describes the feasible solutions of the set covering
problem, which is a fundamental combinatorial problem with many
applications (see e. g. [Garfinkel and Nemhauser 1972, especially
chapter 8: the set covering and partitioning problemsl}. An
overview of results concerning general systems of equations in
Boolean algebras can be found in [Hammer and Rudeanu 1968,

chapter IIl.
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Most of the cited literature (cf. also K. Zimmermann [1982, 19841) deals
with optimization problems over the set of feasible solutijons described by
a system of type (1). This paper is restricted to describing the entire set
of solutions of the system (1). Several elementary characterizations of the
solution set will be derived in section 2. It turns out that essentially
the solution set has one maximal element but in general several minimal
elements. The set of minimal elements will be characterizea combinatori-
cally as corresponding to the minimal solutions of some sort of generalized
set covering problem. For the special case of the group (R*,-) of positive
real numbers (cf. section 4), the connection between extremal equation
systems and set coverings has been known for a long time (cf. Vorob'ev
(1963, 19671; K. Zimmermann [1973-b, 1974-a, 1974-b] used this connection
algorithmically to solve optimization problems for which the set of
feasible solutions is described by systems of extremal equations and
inequalities). K. Zimmermann [1976] and K. Zimmermann and Juhnke [1979]
considered systems of extremal equations and inequalities over linearly
ordered monoids. The Llatter paper is entirely devoted to characterizing the
set of vectors defined by a system of extremal equations or inequalities.
Section 3 contains two algorithms for enumerating all these minimal
solutions. These algorithms are not fast for the general case, and they are
included only for the sake of completeness and since they are later
specialized for the above examples (a)=(c) in sections 4-6. According to
Lawler, Lenstra, and Rinnooy Kan [1980]1, no algorithm for enumerating the
minimal set coverings the running time of which is polynomial in the
problem size and in the number of minimal coverings is known, nor has it
been proved that the existence of such an algorithm would imply P=NP.
Hence, for the time being, it seems justified to write such exponential
algorithms.

For the second example (maxmin equations) the given algorithm is very
efficient unless the problem degenerates too much (i. e. if many of the b,
values on the right-hand side are equal). For maxmin equations, bounds on

the number of minimal elements are derived, which seem to be quite tight.
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2. The set of solutions of the system (1)

By the isotonicity of fijr the solution set Iij of the equation

fij(X) = bs,
is a convex subset of Xj and may be represented as the difference of two
initial segments of Xj:

Iij = Ujj \ Lij'

with ujj = {xeX; | fij(x>§bi}i and

Lij = {XGXj | fij(X)<bi}'
Lij and uq; could be replaced by the greatest lower bound or the least
upper bound of Iijf respectively, if these were known to exist. It might
help the reader to assume that the infima and suprema exist and to read the
phrases XEU{ 5, x¢uij, xetij, X¢Lij: which shall occur frequently in the
sequel, as denoting xéuij or x<ujj, X>ujj or xéuij, x<L1j or xélij, xZLij
or x>L1j, as appropriate, depending on whether the supremum or infimum is
attained or not,and to read Lijcuij and uijgiij as Lijéuij and Lij>uij or
Li3<ujj and Lijzuij, as appropriate.

(The Symbol ggdenotes set inclusion, and C denotes proper set inclusion. ¢
is the negation of g;. For initial segments a and b like the sets U3 5 and

Lij, agb is equivalent to bCa.)



Now, for all i=1,2,...,m:

max fj5(x;) = bj <=> max 5 x5 < by and max Ti5(x3) 2 bi .

18j8n 1£j%n 1£58n
Since
max fi:(x:) S by <=>
1jM%37 = Py
1258n
for all 18jSn: f45(x5) £ by <=>
for all 155sn: Xj € Uij,
and since

ma x fij(xj) 2 by <=>
1%i%n
for some 1§J§n: fWJ(X]) _2. b1 <=>

for some 1%jSn: X ¢ Lij.

we get the following characterization of the solution set X of (1):

(2) X

T (X,eeaxy) | for all 18jSn: x5 € uj; and
for all 15iSm there is some 15jSn such that
Xy ¢ Lij X,

where uj = N Ujj -

-_—
HA
—
HA
3
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The first condition, "XjEUj, for all j", is easy to check; to visualize the
second condition, let us construct an mxn O-1-matrix R(x) = (rj;(x)), where
ri; Q=1 if and only if xjélsij. The second condition states then that each
row of this matrix must contain at least one 1. For this situation we shall
also say that the sets Pj(5)={i|rij(5)=1} corresponding to the columns
j=1,2,...,n form a covering of the set of rows {1,2,...,m}. Note that the
jth column of the matrix R(x) and with it the set Pj(l) depends only on the
component xj of x.

For a given problem the columns of the matrix R(x) cannot be arbitrary 0-1
columns, since r11j(1)=1 implies rizj(1)=1 if Li1j;2[igj' Rather, we have

at most m+1 possibilities for each column of the matrix, ranging from the
zero column (unless some L1j=0), to the column containing only ones. As X;
increases, the set Pj(f) increases with it stepwise at certain points,
either by one element at a time or by several elements at a time, if the
corresponding sets Lij are equal.,

Given a matrix Rg which fulfills the above condition that ri1j=1 implies
r12j=1 if L11j;2L12j, in all columns j, it is easy to see that (with two
exceptions) an element x can be constructed such that R(x)=Rp: xj must be
contained in all sets Lij with ry;=0 but in none of the sets Lij with
rij=1. The condition ensures that there is such an xj, unless cotumn j
contains only zeros or only ones. In the first case it is necessary in
addition that no Lﬁj in the jth column is empty, in the second case it is

required that no Lij is equal to the whole set Xj.

If Ujgiij for some pair (i,j) then it is clear that for a vector xeX,
riy;(x) cannot be 1. In other words, the "1'" elements of the matrix R(x) are
a subset of the "1" elements of the matrix R=(rij) where

rij:'] <=> LiJCuJ <=> Uj%t«ij-

(Shortly, we will say that the 0=1-matrix R(x) is included in the

0-1-matrix R, or that R is greater that R(x), R;R(ﬁ).)
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Deciding whether the system (1) is solvable

From the above remarks it follows that there can be no solution of (1) if R
contains a zero row. Furthermore, if uj=® for some j, then X is empty as
well. On the other hand, if neither of these conditions hold, then, Llike in
the case that has been discussed, an x can be constructed such that R(x)=R
and Xj€uj for all j (see the example below).

Thus, the existence of a solution of (1) can be decided by checking

n relations u;#0 and mn relations LijCUj .

We define U := {(xq,...,xy) | for all 15jSn: xj € uj} = uqxupx...xup. Thus

U is the set of solutions of the system

max f43(x3) $ by, for i=1,2,...,m.
1%j8n

Let Ly 2= {(xq,una,xpy) | for all 18iSn: x5 € L33 = Lijgxlipxe.oxlyp, for

all 18iSm; then we get

(X],s00,Xg)€Ly  <=> there is no j such that fij(xj) 2 bi,

<=>  max fij(xj) < by.
1<°<

=)=n
Thus Lj contains exactly those elements of U which violate the ith equation

of the system (1), and possibly additional elements which are not contained

in U. Hence we get



Characterization 1:

X=U\ ylLj.
15iSm

The set XqxXpX...xX, with the partial order which is the product of the
linear orders on the sets Xj is a lattice; all of the m*1 sets L and U in

the theorem are ideals in this lattice. They are cartesian products of

initial segments of the sets Xj.

Example 1:

Let n=2, X1=X2=R+U{O} and consider the following set of equations:

max ( min(xq=1,0), min(xp=5,0) ) = 0
max (¢ min(xq=3,0), min(x>=3,00 ) = 0
max ¢ min(xq=2,0), min(xp=1,0) > = 0
max ( max(xq=5,0), xp=7 ) = 0

We obtain the following values for Lijf Uij, and uj:

it |3 Ly | ousg Liz | ujp
1 [0,1) Rt [0,5) R
2 [0,3) R* [0,4) wr*
3 [0,2) R* (0,1 Rt
4 0 [0,51 £0,7) [0,73
uj £0,51 0,73

Lsg is empty. The sets U, Lq, Ly, L3, and X are shoun in figure 1.
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Figure 1 - the sets X, Lq, Lp, and Lz for example 1; S1=X(2i2r2’1),

82=X(11212r1>, and S3=X(1r1r1'1); the set U is the big rectangle.
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The combinatorial structure of the problem (for example the fact that
L3£L2 but L1 and Ly are incomparable, or that there are three minimal
solutions) would not change if for example lp»=[0,4) were replaced by
L>2=0[0,3). Only the order among the l;> is relevant. To emphasize these
combinatorial properties of the problem the matrices R(x) have been
introduced above. For example, for the points x=(2,4)eU and x=(2,2)eU we

get

0
R(2,4) = ] , R(2,2) =
0

RN o YR Y
_.OO -
o -~~00

Thus (2,4)eX, but (2,2)¢X. The matrix R defined above is the full matrix

JUOK NE W N

To construct an xeU sucht that R(x)=R, as was asserted to be possible if
U#@, xq must be an element of uq but it must not be contained in Lyq for
all i for which ryq=1, that is, for all i=1,2,3,4. We get xqel3,5].

Similarly, we get xp=7. Thus, for all xel3,5Ix{7}, R(x)=R.

A second representation of X can be derived from (2):

We can rewrite (2) as follows:

>
It

T X ene,xy) | for all 1%jsn: x5 € uj; and
for all 15iSm there is some k(i), 15k(i)&n

such that in £ Liki } =

{ (XQpeeerxpy) | for all 18jn: xj € uj; and
there is some sequence
k=Ckq,k2,00e,kp) € {1,...,n3M, such that

.

for all 1gism x, . ¢ Lik, 2-
i i
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Let k = (kq,kp,eeu,ky) € {1,.00,n3M,
We define
XK 2= (X9, 000,xp) | for all 18jsn: x5 € uj; and

3
for all 15iSm: XK s ¢ Liki}'

In other words, kij=j states that for every EFXK.the ith row of the matrix

R(x) will contain a 1 in the place rij(ﬁ)'
The following characterization is now an immediate consequence:

Characterization 2:

X = u xKk.
Kell,uue,ndM

Notational remark:

The names 1i,p,q, possibly subscripted, shall be reserved for row indices in
the range [1,m] or L0,ml, whereas the names j,k, and of course also kj,j',

etc., shall denote column indices in the range [1,nl (and sometimes [O,nl).
Likewise p,k, etc. denote vectors of indices of the respective types,

P,K, etc. denote sets of such indices, and P,K', etc. denote sets of

vectors of such indices.

From the definition (3) it follows that Xk.can also be written as:

(=~

{ (X1,eeerxy) | for all 15j8n: Xj € uj

k. 3 =
g VLS =

(g \ Ry x eee e upy VLKD),
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Such a set Lﬁj is equal to some Lij (namely the largest one with k;=j) or

empty.
Thus each XK has the form
4 Xp = (g \ Lp11) x === x (up \ Lpnn),

for some sequence p=(pq,...,pp) with 0Spjsm, if we set lg;=@ for all j.

p is called the sequence generated by k.

This is the point where the isotonicity of the functions i3 is crucial.

Example

With the data of example 1 above, we obtain

x 1, Dax o 0y = [3,51x00,73 2,101, D=y 4y = [3,51x05,7]
XAV Daxp 4y = 13,517y x @122k, 4y = [3,5Ix(7)
X 1,2,D=x5 3y = 13,50x01,71 %212, D=x 5 4y = [3,51xL5,71
x<1,1,2,2>=x<2,4> = [3,51x{72} x(2,1,2,2>=x(2,4) = [3,51x{7}
X217, D=x(3 5y = [2,51x04,71 X¢2,2,1,D=x(3 1y = [2,5Ix(5,7]
xo2,1,22x 5 4y = 12,5047 %221, D=x(3 4y = [2,5]x(7?
x<1,2,2,1>=x(1,2> = [1,51x04,73 x(2,2,2,D=x(q 1y = [0,51xL5,7]
x(1,2,2'2>=x(1,4) = [1,5Ix{7} x<2'2'2:2)=x(0,4) = [0,53x{72}

The solution set X is the union of these sets. AlLL of them are Cartesian
products of convex subsets of Xq and X5, respectively, and are themselves
convex. We see that many sets XK are contained in others but there are
three sets which are maximal with respect to set inclusion:
51:=X(2,2,2,D=x g 1=00,5Ix[5,71, $5:=x{1,2,2,D=x 4 5y=01,51x[4,71, and
S3:=X(1'1'1'1)=X(2,0)=[3,5]X[0,7]. X can be represented as the union of
these three sets only (see figure 1). It is clear that the union in
characterization 2 may be restricted to include only those sets which are

maximal among all XK, The following proposition states the converse of this

statement.
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Proposition: No set which is maximal among all XK can be removed from the

union in characterization 2 without making the characterization invalid.

Proof: The sets XK are dual ideals in the sublattice U of Xqxe==xXpn. We
shall show that this implies that if some set XK is contained in the union
of several other sets $4,52,...,54 (and can hence be removed from the union
in characterization 2) then it must be contained in one of these sets, and
hence it cannot be maximal. Assume the contrary: for each set S,
e=1,2,0..,d, there is an element ﬁeexh\se. The the infimum x5 of these
elements x, is also contained in XK but it is contained in none of the Ses

since XgZxpeSe would imply Xg€Sq.

Thus it makes sense to speak of the minimal set_ﬁﬁ;{1,...,n}m for which
characterization 2 is still true when the index k ranges only over K'.
Except for equal sets X&, this set K' is unique.

We have shown:

Characterization 2':

X = U xk,
ke{1,...,n3M, and

XK is a maximal set

The XK which are empty can of course all be omitted from the union. If U=0
then X=0 and all XK are empty as well; when this case is excluded, then

those k, for which k = @, can be easily identified: if Lik%guki, then Xk
cannot fulfill both defining conditions in the definition of the set XE; on
the other hand, if for each i Liké:ukif then XK is not empty. Therefore the

set of those k, for which XK contains an element is
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K = KixKoxa o oaxKpp
where

Ky = {k | Likcuk} = {k | rik=13 .

The sets Kj are of course just another way to describe the "1" elements in

the rows of the 0=1=matrix R.

1f each set XK has a smallest element $£ (in the partial order on the
lattice Xqx==*xXn), i. e. if the sets Uj\Lij have smallest elements, then
these smallest elements LK correspond to their sets xK one-to-one by the

formula
XK = € x | xeU and x2LK 3,
or

yk =€ x | Wk&Su >, if the set U has a greatest element u.

The above question for a representation of X as the union of the minimal

number of sets in the form of cartesian products is then equivalent to

asking for all minimal solutions of (1), which are just the elements iﬁ_for
Kek'.

In the given example, the elements (0,5), (1,4), and (3,0) are the minmal

solutions.
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We have seen (formula (4)) that all sets XK are of the form Xp for some

sequence p. Hence and from characterization 2 follows

Characterization 3:

X = U Xpe

pef0,1,...,m}",
and xé;x

Again, like above, we can prove that the maximal sets among those Xp with

xé;x are essential but all other Xp can be omitted, and we have

Characterization 3':

X = u X
pe0,1,...,m¥N,
xé;x, and

Xp is maximal

pe

Here, "maximal'" means maximal with respect to set inclusion among all sets
XB which are subsets of the solution set X. The set of subsets XE over
which the union in the above formula is taken is equal to the set of sub-
sets Xﬁ, keK', that are used in characterization 2°'.

These characterization 3 and 3' of X are dual to the characterizations 2
and 2', respectively, in the sense that the sequences k which were used
there were sequences assigning a column index k; to every row index i,

whereas the sequences p used here specify a row index P (or no row index,

if pj=0) for each column j.
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The question left is how can it be decided whether for a given sequence p
the set Xp is a subset of the solution set X. We shall answer this
question in terms of the matrices R(x).

From (4) it follows that rpjj(5)=1 for each j, if ﬁﬁng but also rij(ﬁ)=1
for all i for which Lijg;tpjj, i. e. R(x) is greater than or equal to the

matrix Rp defined by

If Rp is not contained in the matrix R, this means that the requirement
thlpjj is in conflict with the requirement XjEU3, for some j, and Xp is

empty. Otherwise there is always some gﬁxp such that R(1)=Rp. (The
definition of R, ensures that (Rp)ij=1 if L1j=m.) Thus, if the columns of
RB do not cover the set {1,...,m}, then ngx. On the other hand, if they

do, then this holds a fortiori for all matrices R(x), leXp, and XE;X.

Like in the case of the sets XE, the sequences p for which the sets Xp are
empty and can surely be excluded, can be described concisely: We have just
seen that Xp is non-empty if and only if R,SR, i. e. if and only if

ijj(: uj for all j, i. e. if rpjj=1 for all j. Therefore the set of those

p for which Xp contains an element is

P‘]XPZX" ° .XPn’
where

Py =<{p | LpCuy 3= Lp | rpy=t 2.

The sets Pj are again just another way to describe the matrix R.

Note that pePix=<+xP, does not imply that X X,



- 17 =

Thus if the sets Mj¢3) := € 18i'Sm | Lj1;Cly;5 3, 0SiSm, are the possible
column sets corresponding to column j, 15jSn, then P, the set over which
the union in characterization 3 is taken, can be characterized by a kind of

generalized set covering problem in the following way:

Generalized set covering problem

For each 15jSn a chain M¢) = ¢ mg3?, my ), ..., Mmj(j) } of

subsets of {1,...,m} is given.

The sequence ﬂp=(Mp1(1),Mp2(2),...,Mpn(n)), which is associated
with the sequence p=(pq1,P2,..-,Pp), Where O§pj§mj, js called a

covering if

U ij(5> = {1,u0.,m.
jsn

HA

1

(Here, a set M of sets is called a chain if in each pair of sets from M one
set contains the other.)

The feasible solutions of the ordinary set covering probtem correspond to
the case: mj=1 and (w. L. 0. g.) Mo(j>=®, for atl j.

Frequently, we shall also call the sequences p coverings.

With this definition, P is just the set of coverings, and we can re-

formulate characterization 3 as follows:

Characterization 4:

X = U Xp.

p is a covering



- 18 -

Since we want to express also characterization 3' combinatorially, we are

interested in coverings p, for which Xp is maximal. The inclusion order for

the sets Xp can be expressed in terms of the sequences p as follows:

M

XB‘= x& <=> for all j: Uj\ijj g; Uj\quj <=>

Lpsi=la;

<=> Xp=@ or for all j: M j(j)g;mpj(j) .

<=> Xp=0 or for all j: <==>

q

Thus, we are interested in coverings which are minimal with respect to the

following partial order:

(Mp1(1),...,Mpn(”)) < (Mq1(1),...,mqn(n>)

iff for all j: m  (ICuy, )
i or atl j j =Mq3

p

We shall also speak of the corresponding sequences p and g as ordered by
the relation £, although this ordering is in general only a preorder since

different sequences p and g may yield the same sequences ﬂp and ﬂq-

Thus, if the sets Mi(j) with Lij=Uj, which yield empty sets Xp, are
removed from the chains ﬂfj) in the given data of the generalized set

covering problem, we get

Characterization 4':

X = u XB.

p is a minimal covering

Example:

For the system of equations of example 1, we obtain the following sets

(),
UNSRF
Mé1) M§1) Mé1) M§1) M21) MéZ) M%Z) MéZ) M§2) MEZ)
1 X X X X X
2 X X X X
3 X X X X X X
4 X X X X X X




- 19 =

An X in line i means that the element i 1is contained in the corresponding
set. Since the element 4 is alway covered by some Mp(1), it need not be
considered. After eliminating it from the table and after renumbering the

sets Mp(j), 0%ps4, in increasing order and identifying equal sets (for each

fixed j) the following table is obtained:

M61) M§1) M§1> M§1) MéZ) MéZ) MéZ) MéZ)

1 X X X X
2 ' X X X
3 X X X X X

which can be represented in a compact form as follows:

For example, the entry "2" in the third line, first column, means that
M2(1) contains all those elements i for which the ith entry in the first

column is not greater than two, i. e. the elements 1 and 3.

The minimal coverings of this generalized set covering problem are (3,00,
(1,2), and (0,3), which yields by characterization 4' the following minimal

representation of the solution set:

P
i

= X@3,0 U X¢1,2) U X¢,3) ©

[3,51x00,71 uy C1,51xC4,73 U [0,51x[5,71 .

Thus, the minimal elements of the solution set are (3,00, (1,4), and (0,5)
(see figure 1). (Remember that the sets have been renumbered, and therefore
X(3,0) is the set which was formerly called X(Z,O)' and so on; see the

values given after equation (4) for this example.)
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There is a variation of characterization 4, which is useful for enumerating

all solutions of the system (1), since it represents X as a disjoint union

of rectangular sets (sets in the form of Cartesjan products).

Assume that for all j the sets Lij, Déiém, are relabeled such that
1g;CLy;C "'C:Lmjj(:Uj (equal sets Lijj occur only once in this sequence),
and that Lij;hj (i. e. 1€P;) if i>mj. Then we can write the set uj\ly;,

which occurs in formula (4), as a disjoint union
(5) uj \ ij = (Lp+1,j \ ij) y (Lp+2,j \ Lp+1,j) Ueeo U Cuj \ Lmjj)’

provided that the set (uj \ ly;) is not empty, i. e. pémj.

We define for each sequence p=(pq,...,py) With Dépjémj

X(B) 1= (Lp1+1’1 \ Lp11) X (Lp2+1’2 \ lp22) X sen (Lpn+1,n \ Lpnn),

where Lmj+1,j is set to uj, for all j.
Then it follows immediately from (4) and (5), that Xp is representable as
a disjoint union:

Xp =

U X(q), where m=(mq,...,my).
Sasm

Characterization 5:

X, the set of solutions of (1), is representable as the disjoint

union of non-empty sets:

X(E) .

Proof: peP and p3g implies geP (P is the set of coverings). That X is thus
representable follows then from characterization 4 and the preceding
equation. That the sets X(p) are non—-empty and that the union is disjoint

follows from the definition of X(p).
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Note the sets in this representation are not the minimal number of disjoint

rectangular sets (sets in the form of Cartesian products of intervals).

Example

From the first table of the sets Mp<j) given for the data of example 1
after characterization 4' we obtain after identifying equal sets Lij and

reordering and renumbering the sets Lij ih increasing order in each column:

M61) M§1) M§1) M§1) MD(2) M1<2) M2(2) M3(2) M4(2)
1 X X X X X
2 X X X X
3 X X X X X X
b X X X X X
Lij | @ £o, to,2) o,3 ]| 0 £o,1 to,4) to,5 [0,7)

mi=3, my=4, Ll;q=uq=00,5]1, Lgo=up=L0,7].

The set of all coverings is
P={ 3,00, 3,1, (3,2, (3,3, 3,4y, 2,2, 2,3, (2,4,

“,2), (1,3, 1,4, 0,3), 0,4 3,

and we get X represented as

X = [3,51x[0,1) U [3,5Ix[1,4) U [3,5Ix[4,5) U [3,51xC5,7) U [3,51x{7} U
[2,3)x[4,5) U [2,3)x[5,7) u [2,3)x{7} u [1,2)xC4,5) u [1,2)xL5,7) U
[1,2)x47} y [0,1)x[5,7) y [0,1)x{7}.
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3. Algorithms for enumerating the minimal solutions of the generalized set

covering problem

In this section, two algorithms for enumerating the minimal solutions of
the generalized set covering problem are presented, and one of them will be
specialized for the set covering problem in section 4. The execution of the
algorithms is illustrated by some examples. The set covering problem, i. e.
the problem of minimizing a certain function over all possible coverings,
is a well-known problem. Since it is NP-hard [Garey and Johnson 19791, the
methods for its exact solution are basically (implicit) enumeration
methods, and therefore ideas from those methods can be used in the
algorithms of this section. For example, in certain cases reductions can be
applied to the data of a given problem to transform it into a smaller
equivalent problem. The reduction rules shall not be treated here; they are
discussed in almost every text on covering problems (e. g. Garfinkel and
Nemhauser [1972, section 8.3: reductions, in chapter 8: the set covering
and partitioning problemsl; or Syslo, Deo, and Kowalik [1983, section 2.2:

covering algorithmsl).

3.1. An algorithm for enumerating the minimal solutions of the generalized

set covering problem

In the following we shall assume that for all j the sets Mp<j) for which
LpﬁQUj are removed from ﬁ(j), that the remaining sets in ﬁ(j) are
renumbered such that Mo(j)CM1(j)(:..i:Mmj(j), and that Mo(j)=@. (Otherwise
the elements 1in Mo(j) are always covered and can be eliminated from the

ground set {1,...,m}).

Each set Mp(j) for p>0 has a critical set of elements which distinguish
this set from the next smaller set in M(i). Mp<j)\Mp_1(j). If in a covering
p=(p1,..,pPp) each element in some critical set ij(j)\ij_1(j) is covered
by at least one other set than ij(j), then pj can be reduced and p cannot
be minimal. It is also clear that the converse of this condition is

sufficient for minimality.
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Thus, we obtain

Lemma 1: (criterion for minimality of a covering p):

A covering p=(pq,...,Pn) is a minimal covering if and only if for
each j with pj>0 the critical set ij(j)\ij_1(j) contains an
element which is not contained in any other Mp.,(j') (155'2n,

]

it#3).

The algorithm is based on characterization 4', and it is a variation of the
following program, which is a set of nested loops, which enumerates the

sequences p=(pq{,.=.,Py) in lexicographic order and selects the minimal

coverings.

for pq from 0 to mq do

for pp from 0 to mp do

for py from 0 to m, do
if (p1,---,pp) is a covering
and if it is minimal
then print (pq,e..,pp);
end if

end for;

end for;

end for.

The following recursive procedure represents one level in the set of nested
for=lLoops of the above program. The test for minimality is executed as
early as possible, and the algorithm attempts to exclude the non=coverings

at an early stage.
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procedure GSCP1(j);
{ At this level, (p1,...,pj_1) are fixed and the procedure will select
the values for Pj. 3

for k from j to n do

pmaxy, = m;

{ pmaxy will be an upper bound on the possible values of Pk- X
end for;

for all j' with 1£j'<j and pj|>0 do
U O |
ij'(] )\ij'_1(J );
{ This is the critical set corresponding to j'. }

cs *

. 1

cs 1= ¢s \ U My.,G";
155"<j
jU#
{ remove the elements which are already covered }
for k from j to n do
if Mmk(k)gcs then
agjr == the smallest p, such that Mp(k) contains cs;
{ Mpk(k) must not cover cs, therefore py<gyjr: I
pmaxy := min(pmaxy, qkj|-1);
end if;
end for;

end for;

uncovered := {1,2,...,m} \ U Mp.,<j');
18§1<j )

{ This is the set of the elements uncovered so far. 2}

Y Mpman(k) 2 uncovered then
=K=N

pj := 0; GSCP1(j+1);
for pj from 1 to pmaxj do
cs = ij(j)\ij_1(j);
{ This is the critical set corresponding to j. }
if csnuncovered # @ then
GSCP1(j+1);

end if;
end for;
else { j=n }

Pn := the smallest p such that Mp(”> ;2 uncovered;
print (pq,«««,pPp);
end if;
else € There can be no minimal covering starting with (p1,...,pj-1). 3

end if;
end GSCP1;
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Consider the following generalized set covering problem, which is presented

in tabular form as was already explained in connection with example 1:

| j:

Ov U1 s (NN )

fF NN = - —

S NWN PN
W N = 0N VTN

(The entry "=" in the first column means that the element 6 is not covered

by any set Mp(1).)

Figure 2 shows the solution of this problem with the algorithm GSCP1.

There are six minimal coverings p; In lexicographic order, as they are

produced by the procedure, they are:

(0,0,6)
0,2,5)
0,4,0)
1,0,4)
1,3,3)
(2,0,3)

Example 3:

IRE

W N =] e

N = b

- = g

- W NN

The generalized set covering problem

has six minimal coverings p; In lexicographic order, as they are produced

by the procedure GSCP1 (see figure 3), they are:



iz | j: 123

T: T45 :

2: 126 pmax{=3

3: 2 34 pmax=4

4: 331 pmax3=6

5: 312 :

6: -4 3

j=2:
p1:0 p1=1 p1:2 p1=3
covered: covered: covered: covered:

] 1,2 1,2,3 1,2,3,4,5
cs1=0 cs1={1,2} cs1={3> csq={4,5%
pmaxo>=4 pmaxp=3 pmaxy=2 pmaxp=2
pmax3=6 pmaxz=5 pmaxz=3 pmax3=0

j=3:
p2=0 p2=‘] p2=2 p2=3 p2=4 p2=0 p2=1 p2=2 p2=3 p2=0 p2=‘] p2=2
covered:| [covered:| [covered:] |covered: | lcovered: covered: | |covered: | |csp={2} | |covered: | |[covered:| |covered:| |cso={2}
@ 5 2,5 2,3,4,5 1,2,3,4,5,6 1,2 1,2,5 was 1,2,3,4,5 | 1,2,3 1,2,3,5 1 |was
cs1=0 csq=0 csq=0 csq=0 csq=0 csq1={1,2} fcsq={1,22 :é;:i:ﬁ csq={12 cs1={3} { {cs1={3} ié;:i:g
csp=0 csp={52 | |csp=1{2} | lcsp={3,4} |csp={1,62 csp=0 csp={5} | lesp={3,43 |csp=0 csp={(5} )
pmax3=6 | [pmax3=1 ! |pmax3z=5 | |pmax3=0 pmax3=4 pmax3=5 pmax3=1 STOP pmax3=3 pmax3=3 | Jpmaxz=1 sSTOP
p3:6 p3:5 p3:0 p3=4 p3=3 p3=3

Figure 2 = the tree of recursive calls of the procedure GSCP1 for example 2

If the procedure has determined that there can be no complete covering with the sets
restricted by Pmaxj, pmaxj+q1, .., pmaxnp, then this is not otherwise indicated except
that the respective node in the tree has no sons.
value of pj because the corresponding critical set is already covered, then this is

written in the nodes.

If the procedure excludes some

(This occurs twice in this example. Actually, as the procedure

is written, this test is executed one level higher than it is shown in the diagram.)

_92..



i: | §:1 234
T: T-27
2: 113 - j=1:
3: 211 - pmaxq{=2
pmax2=1
pmax3=3
pmax4=1
j=2:
Jof =0 p1 =1 p1 =2
covered: @ covered: 1,2 covered: 1,2,3
cs1=0 cs1={1,2} cs1=03}
pmaxp=1 pmaxp=1 pmax2=0
pmax3=3 pmax3=2 pmaxz=0
pmax;=1 . pmaxs=1 pmax;=1
j=3: ‘~\\\\\\\\\\\\\\‘> ‘/////////’ ‘\\\\\\\\
p2=0 p2:1 p2:D p2:1 p2=0
covered: covered: _ covered: covered:| |covered:
] 2,3 1,2 1,2,3 1,2,3
csq=0 csq=0 csq={1,2% cs4={1} | |cs4={3}
csp=0 csp=1{2,3} cs>=0 csp={3} | |csp=0
pmax3=3 pmaxz=2 pmaxz=2 pmaxz=0 pmaxz=0
pmaxs=1 pmaxs,=1 pmax4=1 pmax,=0 | |pmax4=1
j=b: %\ /N
p3=0 p3=1 p3=2 p3=3 p3=0 p3=1 p3=2 p3=0 p3=1 p3=2 p3=0 p3=0
covered:| lcovered:| |covered:| |covered: covered: cs3={3} | |covered: covered: covered: csz={1} covered:} |covered:
2 3 1,3 1,2,3 2,3 was 1,2,3 1,2 1,2,3 was 1,2,3 1,2,3
csq=0 cs1=0 cs1=0 csq=0 csq=0 ié;:i:g cs1=0 csq={1,2H {csq={1,2} iéC:igg csq={12} | {csq={3}
csp=0 csp=0 csp>=0 cso=0 csp=1{2,3} " jesp={2} csp=0 csp=0 | lesp={3} | jcsp=0
cs3=0 csz={3} | jcsz={13} | |csz={2} csz=0 STOP csz={1} cs3=0 csz={3> sToP csz=0 cs3=0
pmax4=1 | |pmaxs=1 | jpmax,=0 | |pmaxs=1 pmaxs=1 pmax,=0 pmax;=1 pmax=1 pmax;=0 | lpmax,=1
p4=0 D4=1 p4=0 p4=0 p4=0 I-D_A;_D]

Figure 3 -~ the tree of recursive calls of the procedure GSCP1 for example 3
The same conventions as in figure 2 are used.

_2_2_
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The procedure has been written in a style which rather aims to be under-
standable than efficient. If it should be implemented on a computer, many
simplifications can be made, and the data structures for the representation
of the sets should be chosen with care. For example, the critical sets cs
need not be recomputed each time, but are readily representable as an array
CSpj of Llists with little storage expense. An array count; could be
maintained which counts by how many sets each element i has been covered so
far. To simplify the determination of Akjte there could be a two-
dimensional array pminij which stores for each i and j the smallest p such

that ieMp(j) (or infinity, if there is no such p).

With these modifications, the Loop " for all j' with 15j'<j and p;+>0 "

could be implemented as follows:

for all j* with 15j'<j and p;1>0 do
for k from j to n do
q:=0;

for all i iﬂ_csp ;v do

j'l
if countj=1 then
g := max{q, pminij-);
end if;
end for;
pmaxk := min(pmaxy, g=1);
end for;

end for;

This part of the program will then take at most 0(mn2) steps, taking the
upper bound of m for the number of elements of the critical sets. Neverthe-
less, the algorithm is not efficient. If the test

"iE oy Mpman<k>;; uncovered "

kSn

]

HA

is passed it is not guaranteed that a minimal covering starting with
(p1,p2,,..,pj,1) will be found, except in the case where all critical sets

are of cardinality 1. In this last case the algorithm cannot run into dead
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ends and the time can be bounded as follows: When the algorithm has been
successful in finding a minimal covering p, then at each level j (from 1 to
n=1) on the chain of recursive calls of the procedure, there have been at
most pmaxj+1§m+1 recursive calls of GSCPT1(j+1). One of them has Llead to the
minimal covering p, the rest of the calls have either returned after the
failure of the test

"if oy Mpmaxk(k) 2 uncovered "
jSkEn

without any further recursive subcalls or they have lead to other minimal
coverings. Therefore, at most (n=1)(m+1) plus one (for the call at Llevel
j=1) calls can be booked on the account of the minimal covering p, each
call taking at most 0(n2) elementary steps. This yields a time bound of

0 (mn3) per detected minimal covering. This time bound, which holds even
only in this special case, is very high, especially when there are many
minimal coverings. In this latter case, the anticipated test for covering,
which takes the most part of the work in the procedure, might be omitted,
since it will be satisfied anyway most of the times. In detail this means
that the two loops " for k from j to n ", where the pmaxy are determined,

are executed only or k:=j ", and the test

"oy Mpmaxk(k) ;2 uncovered "
jSksn

is omitted except when j=n. The procedure takes now only 0(mn) elementary
steps. It is also conceivable to use both versions of the procedure
together: the abbreviated one for small j, and the extended one for the
last few levels (j=n-s, n=s+1, ..., N=1), when the work for the extended
version is not so large (0(mns)), but the time savings through the anti-

cipated test can still be considerable.

The seguence in which the pj are considered in (pq,...,p,) may be chosen
arbitrarily, and it certainly plays a role in the performance of the

algorithm.
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3.2. Another algorithm for enumerating the minimal solutions of the

generalized set covering problem

There is an algorithm based on characterization 2', which 1is dual to the
algorithm in the preceding section. In principle one approaches the problem
as in the previous algorithm (which is based on characterization 4'),
generating all sequences keK in a systematic way, and testing at the end
whether the generated solution set is maximal or not (i. e. whether the
generated covering is minimal or not). However, since each minimal covering
is to be enumerated only once, there should be a one-to-one correspondence

between the sequences k generated and the minimal coverings.

Let a minimal covering p=(pq,...,py) be given. With this covering we can

uniquely associate a set of pairs

klp) =L Gij,3) | p;>0 I,

where, for each j with pj>0:

ij is the smallest number (the critical element ) among the
(8) elements of the critical set ij(j)\ij_q(j) which are

covered only once.

(That there is such an index 15 follows from the minimality of the
covering.)
(Since the ordering of the elements 1 is irrelevant, this condition is

somewhat arbitrary.)
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Example:

In example 2, (1,3,3) and (1,0,4) are minimal coverings, which can be

represented as follows:

-
N
W

-

[e=]

b~

T: X T: X
2: X o 2: X
3 X 3: X
4o X o 4 o
5: (s o] 5: o]
6: X 6: o}

k(p)=L(1,1),(3,2),(6,3)}
k:

«1,0,2,0,0,3)

= |=

(p)={(1,1),(3,3)}
=(1,0,3,0,0,0

Here the three columns represent the elements of the three sets Mp1(1),

MpZ(Z)' and Mp3(3), and the X's are the critical elements of those sets. In
the first example, each set contains only one critical element that is
covered only once, and hence k(p) is uniquely determined. In the second
example, the set Mp1(1) contains two such critical elements, and hence
(1,1 could be replaced by (2,1) in the set k(p) if condition (8) did not

ensure uniqueness by requiring to select the smallest possible ij.
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For each i, 18iSm, there is at most one pair (i,j) in k(p). Thus, k(p)
could be regarded as a partial sequence {(i, ki)Y of elements from
{1,.0.,nY. These partial sequences are also given in the above example,
where entries k; which are not present are represented as zeroes. With such
a partial sequence k, a unique set XK can be associated just as with

ordinary sequences ke{1,...,n}M (compare (3)):

3 xk = L (xq,...,xy) | for all 153Sn: x; € uj; and

for all (i, kj)ek: Xk 5 £ Liki }.

Conversely, by formula (4), a sequence pe{0,1,...,m}" is generated by a
partial sequence k and the set xk just as by a full sequence k. Thus, a
one-to-one correspondence between those sequences k and the desired
solution sets has been established. However, not for all partial

sequences k, the sets Xk are solution sets, or, equivalently, not every
sequence p generated by a partial sequence k is a covering. Even if p is a
covering, it need not be minimal, or k need not conform to condition (8).
Only when all these conditions are satisfied we can accept k. Every partial
sequence k satisfying these conditions can be extended to a full sequence
by choosing each of the remaining ki to be any j for which ij(j) covers 1.
The set XX does not change when this extension is made. The set of all
those extended sequences k is just the minimal set K' (cf.

characterization 2 and the discussion preceding it).

In the following algorithm, which is presented in a way analogous to GSCP1,
the partial sequences k are represented as sequences

(k1,0ee,ky?el0,1,...,n3M, yhere k; is set to 0 if k; is not present in k.
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procedure GSCP2(i);
{ At this level, (kq,...,kj-9) are fixed and the procedure will select

the values for kj.
1f i=m+1, however, the procedure tests whether the sequence p
generated by k=(kq,...,kg) is a minimal covering and whether k

conforms to condition (8). 2}

if iSm then
if i u Mo G then
1550 2
ky == 0; { i is already covered. }
GSCP2(i+1);
else
for all ki from 1 to n with kjétkq,...,kj-9} do
if ieMmki(ki) then
P; := the smallest p such that ieMp(ki);
if Ci'<ilkii#0> n Mpki<k1’) = 0 then
GSCP2(i+1);
else { Mpki(ki) would cover the critical element of
some other critical set. }
end if;
Pk := 0; { reset Pk s to its previous value }
end if;
end for;
ki :=0; yet-to-be-covered := yet-to-be-covered y {i};
GSCP2(i+1);

yet-to-be-covered := yet-to-be-covered \ {i};
{ restore previous value 2}
end if;
else € i=m+1 2
for all i'eyet-to-be-covered do

if it ¢ U< ij(j) { in this case p is not a covering; 1}
15j2n

or if j

- HA

is contained in some critical set ij(j)\ij_1(j),

for some 15jén with p;>0, but there is no other j',

155'Sn, j'#j, such that i'eij.(j')

{ in this case k does not conform to condition (8),
since i' is covered only once and hence the
critical element ij of ij(j) is i' or smaller,
and p has already been output before with kij=j- X

then return from procedure;

end if;
end for;
{ (p1,...,py) has passed all tests.
print (pq,...,Pp);

end if;

end GSCP2;
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This procedure uses some global variables which must be initialized as

follows:

program initialize-for-GSCP2;
for j from 1 ton do
pj = 0;
end for;

yet=to-be-covered :

I
=
~s
H-‘

The set yet=to-be=covered will contain
those elements i which are Left uncovered
in the procedure at level 1i; these
elements must eventually be tested for
being covered. 2}

GSCP2(1);

end.

The tree of calls of the procedure for the data of example 3 is given in

figure 4.

What has been said in connection with the programmin style and the
implementation of GSCP1 on a computer applies also to GSCP2. The time can
be bounded by 0(mn) steps per call of the procedure and by 0(m) for the
final test (when i=m+1). The total time of the program can again only be

bounded exponentially, even in relation to the produced output.



kq1=4
p4=1

kq1=1 k1=3
p1=1 p3=2
ko=0% jko=1 ko=2| <k2=0 k2=1
p1 =1 p2= 7 p1 =1
M1(1) M1(1)
covers covers
1, but 1, but
kq#0. kq#0.
k3=2 k3=3 k3= k3=
p2=1 p3=1 no c.

kq1=0

k2=3 ko=1 ko=2 ko=3 ko>=0
p2=1 p3=3 pq=1 p2=1" |p3=3
&))]
M3 \
covers
1, but o
kq#0. '
kz=0 kz=1 kz=2 k3=3 kz=2 kz=3 kz=0 kz=0 kz=1} |k3= kz=
p1=2 p2=1 p3=3 p2=1 p3=1 | lno c. p1=2| |p2=1 | |p3=
mo (1) "0101" was M3(3) M2(2) no c. ! no c.| jno c.
covers already covers covers
1, but Llisted 1, but 2, but
kq#0. with kp=2 kq#0. ko#0. 0030
instead
of kz=2.

Figure & - the tree of recursive calls of the procedure GSCP2 for example 3

If the procedure sets kj:=0, because the element i is already covered then the
corresponding node is drawn in a thick rectangle. The parallelograms are the nodes
where ki is set to 0, but i is not covered yet, but is included into the set
yet-to-be-covered. At the last lLevel (i=3), these nodes are omitted (deviating from the
procedure as given in the text), because if the element 3 is not covered at this level

then it will not be covered at all.
At the last Llevel, the test on the elements in the set yet-to—-be-covered are executed.
If the generated sequence p is not a covering, then this is indicated as "no c.". In

one case (when k=(4,0,2)), the previously uncovered element 2 is the smallest critical

element in the set My
coverings p are given in the circles.

but k2=0, contradicting condition (8). The detected minimal
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4. Special case (a) Maxsum (minsum, resp.) equations

Here we have X1=...=X,=B1=...=By=:B, where (B,®,%) is a linearly ordered
group, and in (1) fi5(x) = ajj®x for given elements ajjeB. The most
common examples are the real groups (R,+,2) and (R%,-,%) and subgroups of
them,
If we specialize the results of the preceding sections for this probLemkwe
obtain

I = { xeB | aij8x=bj Yy=A aij_1®bi Y,

and, with Cij:zaij_1®bi'

ujj = { xeB | xécij >, and

—
o
I

= { xeB | X<cij .

uj = n ujj = L xeB | xécj Y, where cj := min cij.
18iSm 1%igm

For the sequences p with non-empty Xp (see the discussion after the
characterizations 3 and 3') we obtain
. = . . = .<.
Pj =1{p [ Lpf:uJ Yy={p | cpjScy e
Since always ijng, we can urite

Py = {p | Cpj=cj }.

In the generalized set covering problem referred to in characterization 4
there is only one set in each|ﬁ(j)={@,Pj}, apart from the empty set Mo(j).

My == {p | 1%pSm, cpj = min cy5 ¥,

1%78m

writing M5 instead of M1(j).
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Therefore, in this case, the generalized set covering problem referred to

in characterization 4 reduces to the

Set covering problem

For each 15j8n a subset Mj of {1,...,m} is given.

The set PC{1,2,...,n> is called a covering if
UMy = {1,00a,Mm).

peP
We are interested in coverings which are minimal with respect to

set inclusion.

In contrast with the formulation of the generalized set covering problem,

we have written sets PC{1,...,n} instead of sequences pe{0,1}N,

Either of the algorithms for the generalized set covering problem described
above can be specialized for the set covering problem, but there is a
simplification only for the program GSCP2, which will be described now.
In its formulation the sets K; from the discussion after
characterization 2' are used. We have (see also the remark after
characterization 3'):

Ki = €3 | Cijécj Y=L | Cij=Cj Y= {3 | ﬁeMj }.
A necessary and sufficient condition for the existence of a solution of the

system (1) is that no set K; is empty.

As a rather straightforward specialization of GSCP2 with slight variations
in formulations, the following procedure should not be difficult to

understand.
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procedure SCP(i);

{ At this level, the values of kq,...,kj-9 are fixed and the procedure
will select the values for kj, and P;.q is the set generated by
(k1,000sk5-1,0,00.,0).

If i=m+1, however, the procedure tests whether the set P, generated by

k=(kq,ea,ky) is a minimal covering and k conforms to condition (8). %

if iSm then
if Pj-1 n Ky # @ then
ki == 0; { 1 is already covered. ¥
Pj = P3-1s SCP(i+1);
else

for all kjeKy do
ji,{i'<i|kiu¢0} N Mki = @ then
Pi = Pj-qulkyl}; SCPCi+1);

end if;
end for;
ki = 0; yet=to-be=covered := yet-to-be-covered y {il};

Py 1= Pi-qs SCP(i+1);
yet-to-be-covered := yet=to=be-covered \ {i};
{ restore previous value 2}
end if;
else € i=m+1 3
for all i'eyet-to-be-covered do
Af [PpnKyrl < 2 then

{ 1" is not covered at least twice in U Mj }
JEP
return from procedure;

end if;
end for;
print (Py);
end if;
end SCP;

Before calling SCP(1) initially, the sets yet-to-be-covered and Pg must be

set to 0.
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If the linearly ordered group B is bounded from below by some element z,
then the procedure produces all minimal solutions of (1). Setting for each
Pﬁ;{1,,..,n} which is reported

i, if jePy

Xj={ o for all 15i&n,

z, if jéPg
one obtains a list of the minimal solutions.
The largest solution is the vector (cq,...,c,), if the solution set is not
empty.
(Analogous results are of course obtained for the minsum problem with a

linearly ordered group bounded from above, the set of maximal solutions,

and the smallest solution.)

Since the set of minimal solutions correponds one-to-one to the set of
minimal coverings, and the latter set is a set of pairwise incomparable
subsets of €1,...,n} (an anti-chain), it follows by standard combinatorial
results that the number of minimal solutions is not greater than

an. |2

n
<Ln/2j) ~ nef

This bound can however only be attained tightly if the minimal coverings
are either all sets with |[n/2] or all sets with [n/2] elements, i. e. ifm

is equal to the above number or greater.
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5. Special case (b) Maxmin (minmax, resp.) equations

Here we have X1=...=X,=Bq=...=Bp=:B, where (B,S) is a linearly ordered set,
and in (1) f4;() = minaj5, x) for given elements aj;eB.

If we specialize the methods of the preceding sections for this problem we

obtain
{ xeB | xSby 2, if ajj>bj
ujj = € xeB | minta;;,x8b; I =
B, if aj;3b;
and
{ xeB | X<bi }, if aijgbi
Lij = € xeB | min(ayj,x)<by I =

B, if aj;<b;
Thus, for each i, there are only two possibilities for the sets Lij- For
the sequences p with non-empty Xp (see the remark following the
characterizations 3 and 3') the possibility Lij=B can be excluded, since
then we can never have LijCUj- Thus, with
Pj = {p | ijCUj 3,

we can conclude: 1ieP; => |

j = { xeB | x<bj J.

ij
Therefore, in the generalized set covering problem referred to in
characterization 4 we have:

n) = 0y v € M) | qep; 3, with

My = L0 | 1SitEm, Ll > =

' | 184'Sm, i'ePj, bjrShy ¥ =

€i' | 15i'Sm, bjrSby > NPy,

The first set in this last intersection is independent of j, and the second

set depends only on j.
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Example 4:

Let B be the set R of non-negative real numbers, let m=6, n=5, and let

the matrix A and the vector b be defined as follows:

12 10 20 20 10 10
8 1 8 310 8

(ass) = 8 8 7 612 besy = 8

1] 11 3 3 1 {2 P 3|
2 2 3 3 3 3
11 3 1 3 3

The upper bounds on the sets uj are then

uj: 10 <« 10 10 8

and we get the following data for the set covering problem:

i

R BE

N

- = N N

fles ip0 |

[ R LAV §a N

= = =y NI W N
I

O~ U NN N —
i = =11

The Llines in the table form three groups: Line 1; Llines 2 and 3; and Llines

4, 5, and 6, corresponding to the three values of the right sides bj.

In the procedure GSCP2, the order of processing of the indices i in the
hierarchy of recursive calls is arbitrary. If they are processed in order
of non-increasing bj, then an anticipation of the final test, whether a

minimal covering has indeed been produced, is possible:
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Assume that the procedure is at some instant called at lLevel i, and all
indices i' with b;i1>b; have been processed, i. e. those ki are fixed. The
procedure will now select some k; and some set Mpki(ki) which is the
smallest set of the form Mp(ki) that covers the element i. If there is such
a set at all, i. e. if iePki then

Moy, (447 = €188 | byrSby 20 Py C T 15i'Sm | byeSh; 3,
i. e. no i' with bjt>b; can become covered at this level, nor at any lower
level. Therefore the test for covering which is normally executed at the
end for each i'eyet—-to-be-covered can already be carried out at this Llevel
if bji>by.
We can thus conclude that if the indices 1 are processed in order of
non=-increasing b;, then each block of equal b; can be processed completely
before control is passed to the level of the next lower bj. It turns out
that the processing of one block of equal bj; involves just one set covering
problem. These facts are reflected in the following procedure, which lLooks
very short and elegant but uses a subroutine for enumerating all minimal

solutions of a set covering problem. A specialized version of procedure

GSCP1 or procedure SCP can be used here.

Let's assume that the set {bq,...,bp} contains r different values:
b(1)y>b(2)>===>b(g)>=*">b(ry, and define

I(gy == { i | bi=b(gy Y-
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procedure MAXMIN(s);

{ At this level, the procedure will select the sets which cover I(gy. }

1! { iel¢gy | i¢ u P; }; { the set of uncovered elements }
p;>0

Jl

€3 | p3=03;

for all minimal solutions J(Sﬁ;J' of the set covering problem

U Pj ;Q 1°
jed (s)

for all jed¢g) do pj :=s; end for;
if s<r then MAXMIN(s+1);
else print (p1,e..,Pn)7

end if;
for all jed(¢g) do pj := 0; end for; { reset to previous value. ¥

end for;

end MAXMIN;

PqseeesPp Must be initialized to 0 before the call to MAXMIN(1).

If the set I' is empty then there is only one minimal covering: J(q)=0@, and
control passes straight through to the next level.

The condition J(S)gﬁ' is not necessary for the definition of the set
covering problem but helps only to make it smaller, because a set Pj with
jéd' could not cover any element in I', since the elements which might have

been covered by Pj are already removed from I'.

The variables pj are to be understood in such a way that their values now
mean the parenthesized ordered indices of b:
XB = { (Xq,000,xp) |

for all 15isn: inb(pj) if p;>0; and xjeuj Y.

Figure 5 shows the tree of calls of procedure MAXMIN for example 4.
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Figure 5 - tree of calls of the procedure MAXMIN for example 4

Each node corresponds to a call of the procedure MAXMIN; in each node the local set
covering problem whose minimal solutions have to be determined is given: The rows
are labeled by the elements of I', and the columns are labeled by the elements of
J'. An entry X in some place in the matrix indicates that the element which cor-
responds to the row is contained in the set P; corresponding to the column. If the
set I' is empty this has been indicated as "-". The children of each node are
labeled by the minimal covering solution to which they correspond. In the last row,
the sequences (p1,..,p5) which are produced by the program are given.

The data of the problem is repeated in the upper Lleft corner, but only the sets Pj
and the division of the rows into groups with equal right-hand side bj is given.

-0 -
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1f the set B is bounded from below by some element z, then the procedure
will report the minimal solutions of (1) as the elements (b(p1),..u,b(pn)),

with the convention that b¢py=z.

When |I¢gy|=1, then |I1'|21 and the set covering problem becomes trivial.
The procedure can then be coded in the following way, which is similar to
procedure SCP. The sets

K1‘={j|1'€Pj}={j|‘l1'jCUj}

are again used.

procedure MAXMIN1(s);
{ |I¢gyl=1 and I(gy=L{ik.

{ At this level, the procedure will select the set which covers i. %

ifKyn L] | pj>0 } # 0 then

if s<r then MAXMINT (s+1);
else print (pq,e=-,Pn)7
end if;

else

for all kjeKy do

pki R

if s<r then MAXMINT (s+1);
else print (pq,ee.,Pp);
end if;

pki «= 0; { reset to previous value. }
end for;
end if;

end MAXMINI;
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The maximal number of minimal solutions of maxmin equations

Let N(m,n) be the maximal number of minimal solutions that a system of
maxmin equations of size mxn may have. The above algorithm can be use to
estimate this number. For the purpose of deriving an upper bound, I assume
Ww. L. 0. g. that all bj are different and that b1>bo>===>b.

Note that the behavior of the algorithm and hence also the number of
minimal elements reported is completely determined by the sets Ky. Let's

call this number N(Kq,...,Ky), then N(m,n) is defined as

NCm,n) = max NCKY oo K)o
for all i:
KiCL1,eeu,nd

At each call of the procedure there are two possibilities, corresponding to
the outermost alternation in the procedure: either the procedure passes
control straight through to the next level, or it tries all possibilities
in Kij. Suppose that (Kq,...,K;) is a family of subsets of {1,...,n}. Note
that {j|pj>0} = {kq,kp,ees,k;3-93\{0} at level i. The last level in the
hierarchy of recursive procedure calls is the level m. The number of calls
to this level is equal to N(Kq,...,Ky-q). Lets assume that the number of
calls where Kmn{jlpj>0} is empty is a. Then in these calls the procedure
will output |Kp| minimal solutions, and in the remaining calls it will

output one minimal solution. Thus we have

NCKY,aoe, Kp) as Kyl + (N(Kg,eue,Kpap)-ad=1 =

NCKYpoen,Kp=1) + a=(|[Kyl=1) .

The number a is the number of possibilities that no element of K, has been

selected in the first m=1 steps. It can be written as follows:
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a = NGq\Kpp o oo Kpeq \Kp) S NCm=1,n=[Kp 1) .

Here N(m=1,0) is of course 0, unless m-1=0.

Putting these results together gives:

NCKq,eeosKp) S NCKq,oou, Kyaq) + NCm=1,n=[Kp | = (|Kp|=1)

Using induction on m, we obtain:

NCKY,eeasKp) S NP+ ) NG=T,n=[K5 D= (K5 1=1),
25ism

or, since N(K)=|Kql,

1+ Y NG=1,n=]K; =]k 1=1),
1

HA

(10)  NCKq,ane,Kp)

A

ism

if we set N(O,n)=1, for all n.

By taking the maximum over all (Kq,...,Kyp) with Ké;{1,...,n}, and setting

dij:=|K;]:

(1) N(m,n) £ 1 + max ) NG=1,n=d{)=(di=1),
(d,d2,e0e,dp)  18iSm
15d;%n
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This bound can still be enhanced, by the following observation. If two sets
Kiv and K;, i'<i, are equal (or more generally, if Ki-gxi), then

NCKY oo sKiv,aen, Ki=1,K5 K540 000 ,Kp) =

NK] poeasKityoua K=, Ki41s0ee,Ky) =

NCK paae oKt pana,Kiaq,Kit] oo Kp {1310

For if Kj1=K; then at level i the case Kiﬂ{jlpj>0}#ﬂ can never occur,
because some Pj with jeK-ugki has been set to i' at Llevel i'. Therefore
nothing changes in the number of minimal elements produced, if Level i is
omitted altogether. Adding a one-element set at the end again changes
nothing.

Therefore we can always assume without loss of generality that there are no
equal sets in (Kq,...Ky,) except sets of cardinality 1.

In the transition from inequality (10) to inequality (11) for
N(m,n)=max(N(Kq,...Ky)) it suffices to take the maximum over all sequences
(K1,00.Kp) with no equal sets except sets with only one element. Since
there are (Q) different subsets of {1,...,n} of cardinality k, and since
the sequence (dq,...,dy) represents the cardinalities of the sets
Kisee=,Kp, we may impose the following additional restriction on the

sequence (dq,...dp) in formula (11):

(12)  for all k22: |Gildi=k3] £ ) .
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The bounds on N(m,n) from formula (11) can easily be computed recursively,
if N(m=1,n) and all N(m',n') with m*<m and n'<n are knowun.
The problem of determining the bound N(m,n) subject to the conditions (11)

and (12) can be formulated as a transportation problem:

The set of sources is {1,...,n}, with a supply of (ﬂ) units at
source k, for k22, but with unlimited supply at source 1. There are
m sinks, numbered from 1 to m, each with unit demand. The cost of
sending one unit from source k to sink i is N(i-1,n-k)-(k=1), and
the total costs of a solution is the sum of the unit costs. We are

Looking for a maximum cost solution satisfying all demands.

If the shortest augmenting path method is used to solve the transportation
problem, then the problem for N(m,n) can be solved starting from the
problem for N(m=1,n) using just one augmenting path, since the costs are
independent of m and each sink has a demand of one unit, and therefore the

maximum flow after adding sink m increases by 1.

The values obtained in this way are shown in the tables 1 and 2. The
entries of table 1 are the correct values of N(m,n) for nS4. The first
bound which is not tight is the bound for N(6,5)=29, which can be proved by
enumerative techniques and case distinctions.

Table 3 disproves a conjecture of Czogala, E., J. Drewniak, and W. Pedrycz

[1982, at the end of section 31, that N(n,n)<2nh,
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Table 1: Upper bounds for N(m,n) from (11) and (12)

1: 123 4
2: 124 6
3: 125 8
b: 12610
5: 12612
6: 12614
7: 12616
8: 12618
9: 12620
10: 126 22
1M: 126 24
12: 126 24
13: 12 6 24
14: 126 24
15: 12 6 24

13
18
24
30
36
42
48
54
60
66
72
7
81

6
12
20
30
42
54
68
84

102
122
144
168
192
216
240

16
28
44
64
88
118
154
196
244
298
358
424

8
20
38
64

100
148
208
280
364
466
588
732
900

496 1092
573 1308

Table 2: Upper bounds for N(n,n)

from equations (11) and (12)

1 1
2 2
3

4 10
5 24
6 54
7 118
8 280
9 648
10 1456
" 3432
12 8028
13 18285
14 43206
15 101433
16 232788
17 550825
18 1296372
19 2990840
20 7083052
21 16701918
22 38672898
23 91655159
24 216458550
25 502530194
26 1191761402

27 2817844839
28 6555357096
29 15555628432
30 36812236936
31 85780683920
32 203664882290
33 482305473371
34 1125422750160
35 2673230788463
36 6334226103548
37 14797659376246

38 35162131303894

25
52
92
152
236
344
480
648
852
1096
1394
1752
2176
2672

126 168
216 300
344 500
520 796
756 1212
1064 1772
1456 2500
1944 3432
2540 4608
3272 6072
4172 7872
5264 10056

Table 3: An example
exhibiting that N(8,8)2258

i Kj

1 {1,2,3,4,5,6,7,8 1%
2 {1,2,3,4 by
3 < 4,5,6 by
& €1, 6,7
5 { 2, 6, 87
6 ( 3, 7,8 %
7 L 2, 5, 7 )
8 {1, 5, 8}



- 51 =

An upper bound independent of m, which might be guessed by looking at the

first four columns of table 1, can be proved to be tight for Llarge m:

Nem,n) £ n! ;

furthermore, N(m,n)=n! if and only if m22N-n-1 .

Proof:

Step 1: We start by proving that m22N-n-1 implies N(m,n)2n!

Let m=2N-n-1 and take (Kq,Ko,...,K,) to be the sequence consisting of all
different subsets of {1,2,...,n} with at least two elements in the
following order: Kq={1,...,n}; next come all subsets of cardinality n=1 in
arbitrary order, then all subsets of cardinality n-2 in arbitrary order,
and so on; the subsets of cardinality 2 are last. To complete step 1 of the
proof we shall show that for each permutation (gq,d7,...,0,) of the set
{1,...,n} there is a sequence (kq,...,ky) by which the algorithm MAXMIN1
produces a minimal covering, and (kq,...,kp) coincides with the sequence
(d1,ee2,0n-1) Wwhen the elements kj with k;=0 are removed.

This can be seen as follows:

At level 1 the procedure can choose kq=qq to be any of the n elements

in K4. Among the sets Kj with cardinality n=1 there is exactly one set Kig
which is disjoint from {kq}={gq} such that the second alternative is chosen
in the procedure. (In all other cases k; is set to 0.) k12=q2 can then be
chosen as any number different from gq. Among the sets K; with cardinality
n=2, which come next, there is exactly one set Ki3 which is disjoint from

{aq,02}, and ki3=q3 can be chosen to be any number different from g4

and gp, and so on.
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Step 2: The inequality N(m,n)Sn! can be derived from formula (11) with the
restriction (12) by induction on n.

For n=1, it is certainly true.

Combining terms with equal d; in the sum (11), and inductively replacing

NCGi=1,n=-k) by the bound (n-k)!, yields

N(m,n) 1 + max y Y oONCGI=1,n=k)=(k=-1) $
(d1,d2,e0e,dp)  15kEn 15i5m
15diSn di=k
$1 o+ max y ¥ o=k e(k=1) £
(d1,d2,¢00,dp)  18kSn 1598m
18d;Sn di=k
(13) $1+ max Y o 1€ ldi=kd ] s n=k) 1= Ck=1) .
(d1,d2,.00,dp)  15kSn
1§di§n

For k=1, the term under the rightmost sum does not contribute anything, and

for k22, restriction (12) can be applied:

(14 N(m,m) £ 1+ ) MYetn=k)1s(k=1) = 1 + n! = ) Ei% .

k
18kEn 1%kEn

IA
A

By induction, this last sum can easily be proved to be 1-1/n!, which yields
the desired inequality.
In the transition from (13) to (14), equality can of course only be

achieved if equality holds in (12). For this it is necessary that

m= ) ICG1Sism,di=k] 2 ] () = 2M-n-1 .
12kSn 23k

1A

3n

Therefore, if m<2N=n=1 then N(m,n) is less then n!.
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6. Special case (c) The set covering problem

Here we have Xq=...=X4=Bq1=...=By={0,1}, where ({0,13,%) is the two-element
Boolean algebra ¢{0,1},V,A,0,1), where V is written for max and A for min,

and in (1) fij(x) = min(aij, x) for given elements a1j€{0,1}.

If aij=0 then fij(X)=O;
if aij=1 then fij(x)=x.

Hence, with K5:={j|a1j=1}, we canh write the system (1) as:

max xj = bs, for i=1,2,c0.,m,

jeKy

If bj=0, then the corresponding equation is equivalent to the condition
that all Xj with jeK; are 0. If all the equations with b;=0 are applied in
this way and the corresponding varjables are eliminated from the remaining
equations, one gets, after appropriate renumbering, a system of equations

of the form:

max xj = 1, for i=1,2,6e.,m,

jeky

Clearly, this is a set covering problem: we are looking for a subset of the
sets {Pj|1§j§n}, where P;={i|jeK;}, which covers the set {1,2,...,m}. A

solution (xq,...,x,) of the above system corresponds to a covering

{Pj|xj=1}.

The set covering problem has been discussed in the previous section.
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Systems of set equations of the form

U (a_ij n xj) = b.i’ fOt" 1'-_-1,2,...,[",

-
HA
—i.
HA
>

where aijs bj, and the unknowns xj are subsets of a given common ground set
S, can be decomposed into unrelated systems of type (1') over the two
element Boolean algebra, by regarding each element of the set S separately.
More generally, if the algebraic structure (B,®) is the direct product of
the Llinearly ordered structures (Bg,®g), seS, for some index set S, then
each equation of the system (1') over (B,®) is equivalent to a system of
|S| unrelated equations of the same form over the structures (Bg,®g), since
the max and ® operations as well as the = sign can be taken componentwise.
Thus, the system (1') is equivalent to |S| unrelated systems of the form
(1'), one system for each seS. In the case mentioned above, the set algebra
of the subsets of a ground set S, (P(S),u,n), is the direct product of |s|
copies of the Boolean algebra ({0,1},V,A). (P(S) denotes the power-set of

S.)
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7. Conclusion

AlL the general results in section 2 carry over to systems with antitone
functions fij or to systems with the maximum operation replaced by the
minimum operation; by inverting the Llinear order on the sets X1,X2,ue0,%n
or on the sets B4,Bp,...,By, such systems can be transformed into

equivalent systems of the original type.

In section 2, the equalities were treated by splitting them into two
inequalities with "$" and "2" and treating these inequalities separately;
hence the methods and results of section 2 can also be applied to systems
where the equality sign is replaced by "$" or "2" in some or all of the
equations of the system (1). Furthermore, the methods can be extended to

handle also strict inequalities ("<" and '">") without difficulty.

In all the given examples and in all applications that are reported in the
literature, the functions fij(x) can be written in the form ajj® in some
algebraic structure. It is important to stress that the general results are
not algebraic in nature, but order-theoretic: they rely only on the linear
ordering of the ground set and on the monotonicity of the functions fij-
Partially ordered sets By which are direct products of linearly ordered
sets can be handled like in the last part of section 6. If the isotonicity
condition of the functions fij is relieved, then the structure of the

solution set becomes very complicated, since the crucial property that the

sets “j\Lij form a chain (for fixed j) does not hold any more.

Finally we remark that in order to minimize a function of the form

max Cj(X') or min Cj(xj)
15jSn 15isn

with isotone functions CjiXy=>C (C is a linearly ordered set) over the set
of feasible solutions described by the system (1), it is not necessary to

enumerate the minimal feasible solutions (cf. U. Zimmermann 1979, 19811,

K. Zimmermann [19821). However, for minimizing other isotone functions

c(X9,...,X), enumerating the minimal feasible solutions might be useful.
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