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Abstract1

We describe a simple method to compute an unbiased estimate of the number of nodes of a directed2

acyclic graph (DAG) by following a random directed path. It generalizes in a straightforward way a3

method of D. E. Knuth from the 1960s for estimating the size of a rooted tree. A slight variation4

allows to estimate the number of source-sink paths.5

We extend the algorithm to use many “agents” that walk cooperatively through the graph.6

This extension unifies and generalizes several methods that have been proposed for approximately7

counting the nodes of a tree.8
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52:2 Estimating the Number of Nodes and Paths in a DAG by Following a Random Path

1 Problem statement and the Path Sampling algorithm (Algorithm P)39

We are given a directed acyclic graph (DAG) G = (V, E) and a cost function c : V → R on40

the nodes. The task is to estimate the total cost c(G) :=
∑

v∈V c(v).41

The intended setting of the problem is that G is too large to be fully scanned, but we42

have access to the neighbors of a node and can thereby explore parts of G. In particular, for43

the basic Path Sampling algorithm, we make the following assumptions:44

There is a single source node s0 from which all other nodes can be reached by directed45

paths.46

For any node, we can pick a successor node (i. e., a neighbor via an outgoing arc) uniformly47

at random.48

For any node v, we can determine its outdegree d+(v), i. e., the number of its successors,49

its indegree d−(v), i. e., the number of its predecessors, and we can access its cost c(v).50

The following algorithm computes an unbiased estimate X of c(G) by walking along a directed51

path from the source. Figure 1 illustrates the algorithm on a small example.52

Algorithm P: Path Sampling
// Initialization:
X := 0 // accumulated estimate
u := s0 // current node, starts at the source
W := 1 // weight
loop

// visit u:
X := X + W · c(u) // augment the estimate
if u has no successor, terminate and return X as the estimate
// otherwise, proceed to a random successor v:

(R) pick a node v among the d+(u) successors of u uniformly at random
(U) W := W × d+(u) / d−(v) // update the weight

u := v // go to v

53

Path sampling for trees. Algorithm P was originally developed for rooted trees by Don57

Knuth in 1962. It was first mentioned in a paper of Hall and Knuth [15] in 1965, and it has58

been investigated in its own right in [17], see also [18, Sect. 7.2.2, pp. 46–51, Corollary E].59

For a tree, the indegree d−(v) is always 1, and the weight W is just the product of the60

outdegrees of the visited nodes.61

Our algorithm is a straightforward extension to DAGs. To compensate for the fact that62

there can be several ways to reach a given node v, we divide W by the indegree d−(v) when63

going to v.64

Node costs. The original purpose and the most wide-spread application of Algorithm P is65

to estimate the cost of backtracking or branch-and-bound algorithms. The backtracking tree66

or branch-and-bound tree that such an algorithm traverses may be enormous, while at other67

times, it is of moderate size and the algorithm terminates reasonably fast. If such a program68

has been running for a while, it would be useful to know whether it is just about to finish or69

it would continue running for years. Therefore it is desirable to have a good prediction of the70

remaining running time. In these applications the cost c(v) is the time to process node v.71

In other applications, the nodes represent some combinatorial objects, and one wishes to72

determine the number of these objects. In these situations, one uses uniform costs c(v) = 173
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Figure 1 A DAG G with five nodes v1, . . . , v5. The costs are ci = c(vi) = i, for a total cost of
c(G) = 1 + 2 + 3 + 4 + 5 = 15. There are four sample paths that Algorithm P can take. The expected
estimate is E[X] = 1
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54

55

56

for all nodes v. Avis and Devroye used the tree version of Algorithm P to estimate the74

number of vertices of a polytope [3]. If one wishes to count only the nodes with certain75

characteristics, this can be arranged by choosing c(v) ∈ {0, 1}. With appropriate costs, one76

can gather statistics about various properties of these objects, and of course, one can easily77

track several such estimates simultaneously.78

1.1 Weighted selection79

In line (R), the random successor does not have to be selected uniformly, but we can choose80

arbitrary positive transition probabilities p⃗uv subject to the constraint that they form a81

probability distribution:82 ∑
v

p⃗uv = 1, for all u with d+(u) > 0 (1)83

We call the quantities p⃗uv the forward proportions. (The arrow above the p does not signify84

a vector, but it reminds us of the direction in which p⃗uv operates.)85

Similarly, the incoming edges at a node v need not be weighted equally, but they can be86

weighted by quantities

⃗

quv that sum to 1 for the incoming arcs of each node v:87 ∑
u

⃗

quv = 1, for all v ̸= s0 (2)88

We call the quantities

⃗

quv the backward proportions. (They don’t have a probabilistic89

interpretation, and they can even be negative.)90

The update of the weight when traversing the arc uv in line (U) is replaced by91

(Uq) W := W ×

⃗

quv / p⃗uv.92

ESA’26/S ( fu l l )
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The standard choices are p⃗uv = 1/d+(u) and

⃗

quv = 1/d−(v).93

▶ Theorem 1. For arbitrary positive forward proportions p⃗uv satisfying (1) and backward94

proportions

⃗

quv satisfying (2), Algorithm P produces an unbiased estimate of c(G), i. e.,95

E[X] = c(G).96

We will prove this below as a consequence of a more general statement.97

1.2 No backward proportions: counting paths98

If we omit the backward proportions, we get an estimate of the number of paths starting99

from the source. The weight updated step (U) is replaced by100

(U1) W := W / p⃗uv.101

▶ Theorem 2. For arbitrary positive forward proportions p⃗uv satisfying (1), Algorithm P102

with update step (U1) produces an estimate X whose expected value is103

E[X] =
∑
v∈V

c(v) · #(paths from s0 to v in G).104

As a special case, we can set c(v) = 1 if v is a sink and c(v) = 0 otherwise, and we get the105

number of source-sink paths.106

More generally, we can replace the backward proportions by arbitrary real arc weights107

euv ∈ R. The weight function is extended from arcs to paths in the usual way by defining108

e(P ) as the product of the arc weights along the path P :109

e(P ) = e(u0u1 . . . uk) = eu0u1eu1u2 . . . euk−1uk
110

▶ Theorem 3. For arbitrary positive forward proportions p⃗uv satisfying (1) and arbitrary111

arc weights euv, Algorithm P with update step112

(Ue) W := W × euv / p⃗uv113

produces an estimate X whose expected value is the quantity ce(G) defined as follows:114

E[X] = ce(G) :=
∑
v∈V

∑
paths P from s0 to v

e(P )c(v)115

1.3 Analysis of the expectation116

Proof of Theorem 3. We define for every node v the random variable117

Wv :=
{

the value of W at the time that v was visited, if v was visited
0, if v was not visited

118

Then X =
∑

v∈V Wv · c(v), and therefore, E[X] =
∑

v∈V E[Wv] · c(v), by linearity of119

expectation. The theorem is a direct consequence of the following lemma.120

▶ Lemma 4. For every node v, E[Wv] =
∑

paths P from s0 to v e(P ).121
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Proof. By definition, the expectation of Wv can be written as follows:122

E[Wv] =
∑

paths P from s0 to v

Pr[path P is taken] × (Wv as a result of path P ) (3)123

For a path P = u0u1 . . . uk,124

Pr[path P is taken] = 1
p⃗u0u1 p⃗u1u2 . . . p⃗uk−1uk

.125

If the path P is taken, then126

Wv = eu0u1

p⃗u0u1

· eu1u2

p⃗u1u2

· · ·
euk−1uk

p⃗uk−1uk

.127

Thus, in each product term in (3), the p⃗’s cancel, and the claim of the lemma follows. The128

proof of Theorem 3 is thus also complete. ◀129

Theorem 2 is just a special case of Theorem 3 with uniform arc weights e ≡ 1.130

Proof of Theorem 1 from Theorem 3. Here the weights are the backward proportions131

euv =

⃗

quv. We only need to show the following statement:132

▶ Lemma 5. For every node v,133 ∑
paths P from s0 to v

e(P ) = 1.134

Proof. This is easy to prove by induction on the length of the longest path from s0 to v.135

For the source v = s0, the claim follows directly from the fact that the degenerate path136

P = s0 with no arcs has weight 1.137

For a node v ̸= s0, let u1, . . . , ud be the predecessor nodes of v, with d = d−(v). Then138

∑
paths P from s0 to v

e(P ) =
d∑

i=1

 ∑
paths P ′ from s0 to ui

e(P ′)

⃗

quiv

139

=
d∑

i=1

 ∑
paths P ′ from s0 to ui

e(P ′)

 ⃗

quiv =
d∑

i=1

⃗

quiv = 1,140

since each parenthesizes expression in the last line is 1, by the induction hypothesis, and the141

backward proportions sum to 1, by assumption (2). ◀142

2 Experiments143

To test the accuracy of the estimation, we tried the algorithm on two families of DAGs whose145

size we know. The reader who is more interested in the theoretical properties of the estimate146

is encouraged to skip the experimental sections with the tables. The Python programs by147

which these preliminary experiments were conducted are available in a public repository1,148

together with tables of the results of more extensive experiments.149

In our experiments, we have so far investigated only the basic version of the algorithm150

for node counting, and we have worked exclusively with uniform costs c(v) = 1.151

Some more interesting potential applications of the method are mentioned in Section 6.3.152

1 https://github.com/guenterrote/estimate-DAG144

ESA’26/S ( fu l l )
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2.1 Permutations153

The nodes of the permutation DAG are the n! permutations of the elements {1, 2, . . . , n}.154

The source node is the decreasing permutation n, n − 1, . . . , 3, 2, 1, and the successors of a155

permutation are the permutations that can be reached by swapping two adjacent elements156

that are out of order, as in bubblesort. The sink is the sorted permutation 123 . . . n. Figure 2157

shows a random path from the source 54321 to the sink 12345 for n = 5, leading to the158

estimate X ≈ 25.6296. (The true size is 5! = 120.)159

54321 d+ = 4, d− = 0, W = 1, X = 1
/\

54231 d+ = 3, d− = 1, W = 4, X = 5
/\
45231 d+ = 2, d− = 2, W = 6, X = 11

/\
45213 d+ = 2, d− = 2, W = 6, X = 17

/\
45123 d+ = 1, d− = 3, W = 4, X = 21

/\
41523 d+ = 2, d− = 2, W = 2, X = 23
/\
14523 d+ = 1, d− = 3, W = 1.3333, X = 24.3333

/\
14253 d+ = 2, d− = 2, W = 0.6667, X = 25

/\
12453 d+ = 1, d− = 3, W = 0.4444, X = 25.4444

/\
12435 d+ = 1, d− = 3, W = 0.1481, X = 25.5926

/\
12345 d+ = 0, d− = 4, W = 0.0370, X = 25.6296

Figure 2 A path in the permutation DAG160

We have tested the algorithm for the permutation DAG for n = 8 and n = 9. Table 1161

displays the average of up to m = 107 repetitions of Algorithm P. The true value n! is162

displayed in the last row. We see that the values gradually converge to an estimate that is in163

the right ballpark.164

We also show the empirical standard deviation (the square root of the empirical variance)165

of the first m samples, as well as value of the largest sample. The last row gives the precise166

theoretical value of the standard deviation of the random variable X, computed by the167

method of Section 3.168

We see that the standard deviation is rather high, at least one order of magnitude higher169

than the mean. We also see that the largest estimate is very much larger than the mean.170

After m = 1000 estimates for n = 8, we have seen an estimate of around 4.83×107, leading to171

the outlier mean of 77,136. These phenomena indicate that the estimate is unreliable. Indeed,172

in the context of backtracking trees, it has often been observed that, while the estimate173

produced by Path Sampling is unbiased, it has a high uncertainty, and the information it174

gives is sometimes useless.175

For such situations, Chatterjee and Diaconis [8, Section 2] proposed to look at the quantity176

χ̂ = max{X1,...,Xm}
X1+···+Xm

, see also [18, Eq. (34), p. 50]. A value of χ̂ close to 1 indicates that the177

mean is essentially determined by a single sample that dominates the other samples by far.178

Chatterjee and Diaconis argue that a reasonable policy is to trust the experiments when χ̂ is179

small. Our tables show the Chatterjee–Diaconis score χ̂ in the last column.180
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Permutations
181 n = 8 n = 9
182 m mean ± std. dev. max. χ̂ mean ± std. dev. max. χ̂

183 101 39,331.8 ± 59,061.9 1.42×105 0.36044 48,168.7 ± 56,348.3 1.68×105 0.34803
184 102 28,772.5 ± 64,855.0 3.42×105 0.11875 134,918.1 ± 4.87×105 4.21×106 0.31195
185 103 77,136.0 ± 1.55×106 4.83×107 0.62640 188,542.8 ± 1.33×106 2.93×107 0.15514
186 104 44,629.3 ± 6.57×105 4.83×107 0.10826 221,679.5 ± 2.23×106 1.49×108 0.06720
187 105 42,382.8 ± 1.13×106 2.89×108 0.06821 372,754.8 ± 1.75×107 4.94×109 0.13250
188 106 39,837.5 ± 8.32×105 3.63×108 0.00912 347,645.5 ± 1.23×107 4.98×109 0.01433
189 107 40,820.6 ± 1.92×106 5.16×109 0.01265 351,350.7 ± 2.59×107 4.64×1010 0.01320
190 40,320 ± 1.642×106 #visited = 29 362,880 ± 1.614×108 #visited = 37

Table 1 Algorithm P for the permutation DAG. The number of visited nodes is always 1 +
(

n
2

)
,

equaling the number of layers, because all source-sink path have the same length.
191

192

2.2 Cubes and Klee-Minty cubes193

We take the graph (i. e., the edge skeleton) of the unit cube in n dimensions and orient its194

edges by some generic objective function. It turns out that, on these instances, Algorithm P195

works impeccably! At distance d from the source, all nodes have indegree d and outdegree196

n − d. Hence the accumulated contributions to X are 1 + n +
(

n
2
)

+
(

n
3
)

+ · · · +
(

n
d

)
+ · · · = 2n.197

We always get the correct answer.198

Since the behavior of Algorithm P for standard cubes is so uninteresting, we apply the199

algorithm to Klee-Minty cubes instead. Klee and Minty, in 1972, defined a perturbation of200

the unit n-cube for which they could show that the simplex algorithm, with certain pivot201

rules, visits all 2n vertices and thus takes exponential time [16].202

Figure 3 shows a version of this polytope with integral vertices, inscribed in a box with203

exponentially increasing side lengths rather than a cube. The arcs are oriented in the direction204

of the last coordinate xn. This orientation of the arcs agrees with the original Klee-Minty205

cubes. Our version of the Klee-Minty cube in n dimensions is defined by the following linear206

program:207

Maximize xn208

subject to the following 2n constraints:209

0 ≤ x1 ≤ 1
xi−1 ≤ xi ≤ 2i − 1 − xi−1, for i = 2, . . . , n

(4)210

We see that the n-dimensional Klee-Minty “box” has a floor facet and a ceiling facet, where211

xn is at its lower bound xn = xn−1 or at its upper bound xn = 2n − 1 − xn−1, respectively.212

Both the floor and the ceiling is an affine image of an (n − 1)-dimensional Klee-Minty box.213

The floor has the original orientations, and in the ceiling, all orientations are reversed.214

Algorithm P essentially performs the simplex algorithm with the random-edge pivot rule.229

For the expected number of steps of this pivot rule on Klee-Minty cubes, there is an easy230

upper bound of O(n2) [14]. A matching lower bound of Ω(n2) is known only for a random231

start vertex [4].232

Table 2 shows the results of two runs, with n = 10 and n = 12 dimensions. In comparison236

to the permutation DAG, we see that the estimate is less accurate, even though the cubes237

ESA’26/S ( fu l l )
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Figure 3 An integral Klee-Minty cube in n = 3 dimensions with the directed path through all 2n

vertices. The edges are oriented upwards in the vertical x3-direction.
215

216

Klee–Minty cubes
217 n = 10 n = 12
218 m mean ± std. dev. max. χ̂ mean ± std. dev. max. χ̂

219 101 882.1 ± 2,154.3 6.96×103 0.78904 1,046.4 ± 2,134.4 6.81×103 0.65084
220 102 181.2 ± 717.4 6.96×103 0.38409 478.4 ± 1,484.8 1.21×104 0.25341
221 103 961.4 ± 11,280.5 2.85×105 0.29669 1,787.6 ± 24,370.0 6.97×105 0.38967
222 104 711.4 ± 18,195.4 1.69×106 0.23742 1,118.3 ± 16,573.2 1.05×106 0.09420
223 105 1,146.6 ± 1.42×105 4.42×107 0.38589 1,499.9 ± 36,213.5 5.76×106 0.03842
224 106 854.8 ± 65,844.1 4.42×107 0.05176 2,649.3 ± 3.50×105 2.71×108 0.10227
225 107 866.6 ± 85,253.1 1.02×108 0.01178 3,542.4 ± 2.27×106 6.58×109 0.18583
226 1,024 ± 3.246×109 4,096 ± 1.034×1019

227 #visited: avg = 15.7, max = 78 #visited: avg = 20.6, max = 94
Table 2 Algorithm P for Klee-Minty cubes228

have much fewer nodes. The theoretical standard deviation is very large (around 1019 for238

n = 12), but this high standard deviation is not observed empirically.2239

Appendix B gives some details about the representation that we used for the vertices of240

the Klee-Minty cubes.241

3 Computing the variance of X242

For test DAGs that are small enough so that one can iterate through all nodes, it is possible243

to compute the variance of the random estimate X for Algorithm P exactly.244

We use the following basic result about a mixture of distributions:245

2 This extreme clash between the predicted and the observed standard deviation raises the suspicion of
an error in the formulas or a programming error. However, for small values of n, the empirical standard
deviation converges very well to the predicted standard deviation.

233

234

235
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▶ Lemma 6 (Mixture of distributions). Consider d random variables Z1, . . . , Zd with means246

µi and variances vari. Let Z be the mixture of these variables with proportions α1, . . . , αd,247

that is, Z is set to Zi with probability αi, where
∑d

i=1 αi = 1. Then Z has mean248

µ =
d∑

i=1
αiµi249

and variance250

var =
d∑

i=1
αi

(
vari + (µi − µ)2)

=
d∑

i=1
αivari +

∑
1≤i<j≤d

αiαj(µi − µj)2. (5)251

These equations can be seen as instances of the law of total expectation E[Z] = E[E[Z|Y ]]252

and the law of total variance var(Z) = E[var(Z|Y )] + var(E[Z|Y ]), where Y ∈ {1, . . . , d}253

is a random variable that determines which Zi is chosen. The last expression in (5) is an254

alternative formula, which is sometimes more convenient for hand calculation when d is255

small.256

Let us apply this to Algorithm P. For each node u, we define the random variable Du(W )257

to be the value of all future additions to X, assuming that u is entered with weight W . Since258

the operations on W consist of multiplications by random quantities that are independent259

of W , it is clear that Du(W ) is a linear function of W , i. e.,260

Du(W ) = FuW,261

for some random factor Fu that depends only on the graph G, together with the forward262

proportions p⃗uv and the arc weights.263

We now show how the mean and the variance of the variables Fu can be computed264

in reverse direction of the arcs, proceeding from the end of the DAG towards the source,265

Eventually we arrive at the final estimate X = Fs0 , and var(Fs0) is the quantity that we are266

looking for.267

Let u be a node with d successors v1, . . . , vd. Then Fu is c(u) plus a mixture of the d268

random variables euvj
/p⃗uvj

· Fvj
, each taken with probability αj = p⃗uvj

. Let µj and varj269

denote the mean and variance of Fvj . Then, by Lemma 6, the mixture has mean270

µ0 =
d∑

j=1
p⃗uvj

·
euvj

p⃗uvj

· µj =
d∑

j=1
euvj

µj271

and variance272

var(Fu) =
d∑

j=1
p⃗uvj

·

[(
euvj

p⃗uvj

)2
· vari +

(
euvj

p⃗uvj

µj − µ0

)2
]

273

=
d∑

j=1

1
p⃗uvj

[
e2

uvj
varj +

(
euvj µj − p⃗uvj µ0

)2
]

274

To get the expectation of Fu, we must not forget to add the cost c(u):275

E[Fu] = c(u) + µ0 = c(u) +
d∑

j=1
euvj

µj (6)276

For a node u with no successors, the formulas specialize to var(Fu) = 0 and E[Fu] = c(u).277
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For the special case of uniform forward proportions p⃗uvj = 1/d, we get the following278

formulas:279

var(Fu) = d·
d∑

j=1

[
e2

uvj
varj +

(
euvj

µj − µ0

d

)2
]

= d·
d∑

j=1
e2

uvj
varj +

∑
1≤i<j≤d

(
euvi

µi − euvj
µj

)2
280

4 Importance Sampling281

How can we use the freedom to pick the successor according to an arbitrary distribution282

in order to get a better estimate? For a rooted tree, it is known what the ideal forward283

proportions p⃗uv are: They should be proportional to the cost of the subtrees rooted at the284

children v of node u. If the forward proportions are chosen in this way, the estimate X will285

always deliver the correct answer.286

In practice, one can choose the probability p⃗uv of going from u to v based on the properties287

of v in the graph, e.g., the number of successors or predecessors, or on characteristics of the288

combinatorial objects that the node v represents. We are entering the realm of heuristic289

arguments, and the success of any particular rule depends on the type of problem.290

We have tried the simple rule to choose the probabilities proportional to the outdegrees291

of the successor nodes v. (If the outdegree is 0, we have taken 1 instead, to avoid zero292

probabilities.) Vertices with large outdegree are more likely to reach many nodes. For the293

permutation DAG, the outdegree (and hence indegree) of a successor v differs by at most ±1294

from u, and hence the effect of the outdegree tends to amplify. This is why it seems to make295

sense to choose the outdegree as a criterion.296

Permutations
297 n = 8 n = 9
298 m mean ± std. dev. max. χ̂ mean ± std. dev. max. χ̂

299 101 10,564.8 ± 11,944.9 3.32×104 0.31394 234,362.6 ± 4.41×105 1.28×106 0.54434
300 102 15,677.9 ± 28,749.5 1.85×105 0.11808 315,348.3 ± 1.03×106 6.34×106 0.20111
301 103 47,912.4 ± 4.33×105 1.23×107 0.25653 281,586.0 ± 1.10×106 1.40×107 0.04980
302 104 39,265.0 ± 2.24×105 1.23×107 0.03130 312,165.1 ± 3.48×106 2.36×108 0.07569
303 105 40,970.8 ± 3.82×105 6.63×107 0.01619 411,450.9 ± 2.05×107 6.05×109 0.14698
304 106 39,777.6 ± 4.31×105 2.35×108 0.00592 360,495.0 ± 1.13×107 6.05×109 0.01678
305 107 40,289.8 ± 5.41×105 7.25×108 0.00180 372,028.6 ± 4.02×107 1.01×1011 0.02708
306 40,320 ± 6.316×105 #visited = 29 362,880 ± 4.665×107 #visited = 37

Table 3 Algorithm P for permutations with Importance Sampling by outdegree307

The results are shown in Table 3. We see that the theoretical standard deviation goes down308

by a factor between 2.6 and 3.5 in comparison with Table 1. In terms of empirical behavior,309

the comparison is not clear. The experiments are haunted by the occasional occurrences310

of rare events, such as unusually early appearances of high estimates like 6.05 × 109 and311

1.01 × 1011 for n = 9.312

We tried the same method also for Klee-Minty cubes, with similarly inconclusive results.313

Appendix A reports these results, as well as some further experiments of only theoretical value,314

where the size of the reachable node set is taken into account for the forward proportions.315

In a different setting, namely the enumeration tree for pseudoline arrangements, it has316

been observed that the degrees of nodes and their children are strongly correlated, see [22,317
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Appendix E5, Fig. 14], suggesting that importance sampling should be helpful. It indicates318

that forward proportions chosen proportional to the outdegrees would underestimate the319

true size of the subtrees, and thus the influence of the outdegrees on the probabilities should320

be even stronger than just proportional. However, an experimental evaluation has not been321

done yet. The nodes in the deeper levels of these enumeration trees have typically several322

hundred to thousands of successors.323

5 Employing a team of agents324

5.1 The Team Sampling family of algorithms325

Instead of making many independent repetitions of following a single path with Algorithm P, it326

is better to let several “tokens” or “cooperative agents” move through the graph simultaneously.327

From now on, we assume that the arc weights euv are positive.328

We propose the following general scheme. The algorithm maintains a list A of active329

nodes, and for each element v ∈ A, a positive weight W [v].330

Algorithm TS: Team Sampling331

1. [Initialize] A = {s0}; W [s0] := 1; X := 0.332

2. While A is nonempty, perform any of the following two steps:333

2E. [Expand successors] Choose an arbitrary node u of A, and remove it from A.334

Set X := X + W [u] · c(u). // Augment X335

For each successor v of u:336

If v is not present in A, insert v into A and clear its weight: W [v] := 0.337

Then, increase its weight to W [v] := W [v] + W [u]euv.338

2C. [Condense] Choose an arbitrary subset S of A with at least 2 elements.339

Pick a random node u from S, with probabilities proportional to the weights W [u].340

Replace S in A by the single element u, and set W [u] to the sum of the weights in S.341

3. [Terminate] In the end, return X.342

The choice between Step 2E and Step 2C, and the choice of u in Step 2E or of S in Step343

2C can be done according to some rule, depending on any information that has been stored344

or that is currently at hand, or even randomly. The weights can be taken into account. We345

prove in Section 5.4 that, whatever choices the algorithm makes, it returns an unbiased346

estimate X of the quantity ce(G) that was defined in Theorem 3.347

Algorithm P is a special case of this algorithm where Step 2E is always directly followed348

by Step 2C for the whole set A, i. e., the successors of the current node. In contrast to349

Path Sampling, Algorithm TS as formulated does not allow a nonuniform selection among350

the successors through forward proportions p⃗uv. Section 5.5 will show how a nonuniform351

selection can be accommodated by generalizing the condensation step 2C.352

It can happen that a node v is removed from A and later reinserted. For example, in the353

graph of Figure 1, after initially expanding v1 into the set A = {v2, v3}, the algorithm could354

first expand v3, and later v2, reinserting v3 into A. This is obviously a waste of effort, and it355

can be avoided by choosing the nodes in Step 2E in some topological order of the DAG. In356

many applications, it is easy to obey this rule. For example, the permutation DAG is graded:357

All paths from the source to a node v have the same length. More generally, we may have358

some rank function r : V → Z or r : V → R such that r(v) > r(u) for all arcs uv. When we359

have the graph of a polytope, oriented by some generic linear objective function f , then f can360

serve as a rank function for the nodes. In other instances, it may not be straightforward to361
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find out if a node v is reachable from a node u. In any case, the correctness of the algorithm362

does not depend on any proper order in which the nodes are chosen.363

Keeping multiple copies of the same node. In the above formulation of Step 2E, we check364

the presence of a node v in A before trying to insert it, but this is actually not necessary.365

We can also insert a fresh copy of v into A with a separate weight W [v], (which is initialized366

to 0 as usual). Accordingly, we have to treat A as a multiset. When such a duplication367

is detected, it is of course expedient to condense multiple copies of the same node v, as a368

special case of Step 2C; but again, the correctness of the algorithm does not depend on this.369

The general scheme of Team Sampling offers a lot of freedom. We describe and test two370

strategies that specialize this scheme, Bucket Sampling and Crowd Sampling, both inspired371

by methods that have been proposed for trees in the literature.372

5.2 Bucket Sampling (Algorithm BS)373

This strategy is modeled after the algorithm of Pang C. Chen [9] from 1992, which was374

proposed for trees under the name heuristic sampling; Knuth called it Chen subset sampling375

[19, Section 7.2.2.9, Algorithm C]. Nodes with similar characteristics are lumped together in376

a group S that is to be condensed. The idea is that, if the groups are formed in a sensible377

way, any element u ∈ S is as good a representative of S as any other element.378

Formally, the algorithm uses a heuristic function h : V → U from the nodes V to some379

universe U , which is used to index the buckets to which the nodes are assigned. Ideally, the380

criterion by which nodes are grouped would be that the nodes have similar subtrees (when G381

is a tree) or similar sets of successors (when G is a DAG). However, these characteristics are382

usually not available or expensive to compute, so one has to settle for some easier “heuristic”383

characteristics. In our experiments, we have chosen the outdegree as the heuristic function.384

In the original algorithm of Chen [9], a node and its ancestor node cannot be in one385

bucket, and what we call a bucket is called a stratum. This requirement, together with a386

proper order of processing the strata, ensures that the algorithm visits at most one node387

per stratum. With our relaxed notion of heuristic function, the stratum terminology is less388

appropriate, and we have chosen the term bucket instead.389

Depending on the character of the universe U , the list of buckets can be organized in an390

array, a hash table, or a priority queue.391

Conceptually, each bucket could store a list containing the (multi-)set of nodes v with392

the same values h(v). The algorithm repeatedly chooses some nonempty bucket, condenses393

it, and expands the chosen representative.394

However, the following considerations, which were already made for the original heuristic395

sampling method of [9], show that one only needs to store at most one node per bucket.396

Suppose we condense a set S = {u1, u2, u3}, resulting in a representative u′ ∈ S, and later397

condense the set {u′, u4, u5, u6}. It can be easily checked that the total effect is the same as398

condensing the set {u1, u2, u3, u4, u5, u6} in one go. Thus, if we known that u1, u2, u3 will399

eventually be condensed (possibly together with more elements that are not yet known), it400

makes sense to condense them right away, in order to save space.401

Therefore, we store at most one node per bucket. In the expansion step, we generate402

successor nodes and insert them into their buckets. Whenever a node is inserted into a403

bucket that is already occupied, we immediately condense the set of these two nodes. (This404

procedure corresponds to the reservoir sampling method of selecting a sample from a data405

stream.)406
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The resulting algorithm with the modified main loop is shown here:407

Algorithm BS: Bucket Sampling408

1. [Initialize] A = {s0}; W [s0] := 1; X := 0.409

2. While A is nonempty, perform the following step:410

BS-2E. [Expand successors] Choose an arbitrary node u of A, and remove it from A.411

Set X := X + W [u] · c(u). // Augment X412

For each successor v of u:413

If A contains no node v′ with h(v) = h(v′),414

Insert v into A and set W [v] := W [u]euv.415

Otherwise, i.e., if A contains a node v′ with h(v) = h(v′),416

[Condense v and v′] Compute W̄ := W [v′] + W [u]euv.417

With probability W [v′]/W̄ , set W [v′] := W̄ (and ignore v).418

With the complementary probability, replace v′ by v in A, and set W [v] := W̄ .419

3. [Terminate] In the end, return X.420

Experiments. We have tried this approach for the permutation DAG and the Klee-Minty421

cubes. As a heuristic function, we have taken the outdegree. In each step, we have selected422

the nonempty bucket with the largest outdegree and expanded the node stored in this bucket.423

The rationale behind this choice is that nodes closer to the root tend to have larger outdegree.424

For the permutation DAG, it would have been natural to used the level (rank) as additional425

information, but we have ignored this for simplicity.426

The results are shown in Tables 4 and 5. The number of iterations (reported as “#visited”)427

is larger than for Path Sampling, and in addition, each visit incurs more work than for428

Path Sampling; therefore we went only up to m = 106 repetitions. One can see that Bucket429

Sampling with our very simple bucketing strategy improves the estimate. The standard430

deviation is reduced to a reasonable scale, in particular for the smaller instances.431

We also report as “#generated” the total number of successor nodes that are generated432

and inserted into buckets; this quantity is representative of the total work of the algorithm.433

Our digraphs are regular graphs, of degree n − 1 for the permutation DAGs, and of degree n434

for the Klee-Minty cubes. On average, half of the incident edges are outgoing edges. Thus435

the number of generated nodes should be roughly the number of visited nodes times (n−1)/2436

or n/2, respectively. The actual number of generated nodes (“#generated”) is just slightly437

smaller than what one would expect from this calculation.438

Permutations
439 n = 8 n = 9
440 m mean ± std. dev. max. χ̂ mean ± std. dev. max. χ̂

441 101 34,023.3 ± 41,991.4 1.48×105 0.43367 186,271.5 ± 1.09×105 3.38×105 0.18146
442 102 47,540.9 ± 69,429.7 4.77×105 0.10031 277,473.9 ± 4.23×105 3.41×106 0.12283
443 103 39,992.2 ± 47,453.0 4.77×105 0.01192 333,151.4 ± 5.89×105 7.63×106 0.02289
444 104 39,758.2 ± 54,078.2 1.14×106 0.00286 362,520.5 ± 1.09×106 7.77×107 0.02143
445 105 40,183.6 ± 59,067.6 2.87×106 0.00071 361,473.8 ± 1.01×106 1.17×108 0.00324
446 106 40,336.0 ± 61,807.6 5.89×106 0.00015 363,775.1 ± 9.37×105 1.71×108 0.00047
447 40,320 362,880
448 #visited: avg = 74.3, max = 95 #visited: avg = 109.6, max = 144
449 #generated: avg = 247.1 #generated: avg = 414.9

Table 4 Bucket Sampling for the permutation DAG.450
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Klee–Minty cubes
451 n = 10 n = 12
452 m mean ± std. dev. max. χ̂ mean ± std. dev. max. χ̂

453 101 1,183.2 ± 1,423.3 4.64×103 0.39191 2,930.8 ± 2,237.0 7.84×103 0.26759
454 102 1,171.8 ± 2,521.9 1.91×104 0.16258 3,486.7 ± 5,502.1 3.70×104 0.10600
455 103 1,111.9 ± 3,284.9 7.72×104 0.06940 3,711.8 ± 13,201.9 2.79×105 0.07510
456 104 1,022.8 ± 3,526.0 2.42×105 0.02371 3,964.3 ± 18,223.7 1.15×106 0.02899
457 105 1,014.0 ± 3,282.6 3.22×105 0.00318 3,993.5 ± 27,014.1 4.98×106 0.01246
458 106 1,031.1 ± 4,959.5 2.97×106 0.00288 4,104.4 ± 44,370.2 2.05×107 0.00500
459 1,024 4,096
460 #visited: avg = 193.2, max = 1328 #visited: avg = 543.1, max = 4889
461 #generated: avg = 936.6 #generated: avg = 3096.1

Table 5 Bucket Sampling for Klee-Minty cubes.462

5.3 Crowd Sampling (Algorithm CS)463

This strategy is inspired by the stochastic enumeration (SE) algorithm, which was proposed464

in 2013 by Reuven Y. Rubinstein [23] to count the number of nodes of a tree. The algorithm465

has a budget parameter B, imposing a limit on the number of nodes that we want to keep466

for further expansion. The algorithm consists of an alternating sequence of expansion and467

condensation phases. The main loop is as follows.468

CS-2E [Expansion]469

Expand every node of the current set A.470

Let A′ denote the resulting multi-set (or set, after identifying duplicates).471

CS-2C [Condensation]472

If |A′| ≤ B, let A := A′.473

Otherwise, randomly partition A′ into B sets S1∪· · ·∪SB of size ⌊ |A′|
B ⌋ or ⌈ |A′|

B ⌉. Condense474

each set Si to a single element, and let A be the set of these B elements.475

We call this method Crowd Sampling, because the samples are treated more like an476

unorganized crowd than a cooperating team.477

Tables 6 and 7 show the results of this method. We also report the number of nodes478

that were saved by condensing multiple copies of the same node after the expansion step479

(“#saved”). Compared to our Bucket Sampling experiments (Tables 4–5), we see that the480

standard deviation is further reduced, at the expense of a larger number of visited nodes.481

The number of visited nodes can be controlled by adjusting the parameter B.482

The purpose of Step CS-2C is to reduce the size of the active set A′ to B. The method we483

have proposed is a straightforward way to achieve this, but one can think of many methods484

that are more sophisticated, taking into account the weights, for example.485

5.4 Correctness of the Team Sampling scheme512

We use the notation P(v → w) for the sum of all path weights from v to w:513

P(v → w) =
∑

paths P from v to w

e(P )514
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Permutations
486 n = 8 n = 9
487 m mean ± std. dev. max. χ̂ mean ± std. dev. max. χ̂

488 101 37,629.0 ± 21,347.7 7.31×104 0.19427 335,864.8 ± 5.66×105 1.93×106 0.57459
489 102 41,642.1 ± 31,007.1 1.77×105 0.04256 463,857.8 ± 7.90×105 6.76×106 0.14564
490 103 40,783.3 ± 34,004.7 2.51×105 0.00616 385,896.2 ± 7.23×105 1.26×107 0.03273
491 104 40,390.6 ± 36,143.8 7.15×105 0.00177 365,727.5 ± 6.22×105 2.78×107 0.00760
492 105 40,330.1 ± 34,894.1 8.50×105 0.00021 366,894.1 ± 5.96×105 2.89×107 0.00079
493 106 40,336.7 ± 35,324.7 1.18×106 0.00003 363,448.7 ± 5.95×105 6.57×107 0.00018
494 40,320 362,880
495 #visited: avg = 260.3, max = 266 #visited: avg = 341.1, max = 348
496 #generated: avg = 893.2 #generated: avg = 1329.5
497 #saved: avg = 189.6 = 21.2% #saved: avg = 256.0 = 19.3%

Table 6 Crowd Sampling for the permutation DAG with a budget B = 10.498

Klee–Minty cubes
499 n = 10 n = 12
500 m mean ± std. dev. max. χ̂ mean ± std. dev. max. χ̂

501 101 1,508.5 ± 1,520.0 4.91×103 0.32530 2,741.1 ± 2,785.5 9.82×103 0.35839
502 102 939.6 ± 998.9 5.31×103 0.05647 4,860.2 ± 14,275.1 1.38×105 0.28425
503 103 1,028.3 ± 1,292.8 1.62×104 0.01578 3,988.3 ± 8,651.3 1.38×105 0.03464
504 104 1,001.7 ± 1,342.2 4.10×104 0.00409 4,124.8 ± 11,867.5 6.98×105 0.01692
505 105 1,018.4 ± 1,442.2 6.95×104 0.00068 4,069.6 ± 12,271.1 1.07×106 0.00263
506 106 1,024.6 ± 1,483.7 1.28×105 0.00012 4,082.1 ± 13,309.8 3.93×106 0.00096
507 1,024 4,096
508 #visited: avg = 709.3, max = 1441 #visited: avg = 937.7, max = 1839
509 #generated: avg = 2486.1 #generated: avg = 3892.1
510 #saved: avg = 392.2 = 15.8% #saved: avg = 416.2 = 10.7%

Table 7 Crowd Sampling for Klee-Minty cubes with a budget B = 10.511

▶ Lemma 7. Suppose that at some stage in Algorithm TS, we have a current estimate Xcurrent
515

and a current active set A with weights W [v] for v ∈ A. If we perform only expansion steps516

(Step 2E) until the end of the algorithm, then the value of the estimate X at termination can517

be predicted deterministically, and it is518

Xcurrent +
∑
v∈A

W [v]fv, (7)519

for some factors fv that depend only on the graph G, the costs c(v), and the arc weights evw:520

fv =
∑

w∈W

P(v → w)c(w) (8)521

In particular, an expansion step does not change the value of (7).522

Proof. It is clear that the last sentence implies the whole lemma, since, at termination,523

A = ∅, and Xcurrent is the final value of X.524
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Let v1, . . . , vd be the d = d+(u) successors of u. Then fu satisfies the relation525

fu = c(u) +
d∑

i=1
euvi

fvi
. (9)526

Expanding vertex u ∈ A adds c(u)W [u] to Xcurrent, and it adds euvi
W [u] to each W [vi], so527

the expression (7) increases by W [u](c(u) +
∑d

i=1 euvifvi). On the other hand, u is removed528

from A, causing a decrease by W [u]fu. By (9) these two changes cancel out. ◀529

We now show that the value of (7) is also left invariant by a condensation step. In530

contrast to the expansion step (Lemma 7), this hold only in expectation:531

▶ Lemma 8. After a condensation step, the expected value of
∑

v∈A W [v]fv is the same as532

before.533

Proof. Condensing replaces a set S by one of its members u ∈ S, where u is chosen with534

probability W [u]/
∑

v∈S W [v]. Let A′ = A \ S ∪ {u} be the new active set, and let W ′ denote535

the new weights. The new weight of u is W ′[u] =
∑

v∈S W [v]. The weights in A \ S are536

unchanged. Thus we get537

E

[ ∑
v∈A′

W ′[v]fv

]
=

∑
v∈A\S

W [v]fv +
∑
u∈S

(
Pr[u is chosen] × W ′[u]fu

)
(10)538

=
∑

v∈A\S

W [v]fv +
∑
u∈S

 W [u]∑
v∈S

W [v] ×
∑
v∈S

W [v]fu

 (11)539

=
∑

v∈A\S

W [v]fv +
∑
u∈S

W [u]fu =
∑
v∈A

W [v]fv, (12)540

as claimed. ◀541

▶ Theorem 9. Algorithm TS produces an estimate with the same expectation as Algorithm P:542

E[X] = ce(G) =
∑
v∈V

P(s0 → v)c(v)543

Proof. Lemmas 7 and 8 together imply that, at any time during the algorithm,544

E[Xfinal] = Xcurrent +
∑
v∈A

W [v]fv.545

If we apply this to the starting situation of Algorithm TS, with A = {s0}, W [s0] = 1, and546

Xcurrent = 0, we get E[Xfinal] = fs0 , which equals the claimed quantity. ◀547

We mention that this analysis gives a combinatorial interpretation of the expectation of548

the random variables Fv introduced in Section 3 to compute the variance of the estimate X.549

Comparing (9) with (6) and taking note of the fact that µj in (6) stands for E[Fuj
], we see550

that fv and E[Fv] satisfy the same recurrence relation. If v is a sink, (9) and (6) specify the551

same values fv = E[Fv] = c(v), which can be used as initial conditions. Thus:552

▶ Proposition 10. The expected value of Fv equals fv. ◀553
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5.5 Generalized Condensation554

The Team Sampling algorithm shown above proposes a specific method for the Condensation555

Step (choice of probabilities and weight update). We will see that this is just one of many556

possibilities.557

As mentioned, Crowd Sampling was modeled after the Stochastic Enumeration algorithm558

of Rubinstein [23], which works for trees. For a tree, the algorithm becomes very simple:559

In the expansion step, all backward proportions

⃗

quv are 1, and hence the children just get560

the same weights as their parents. If the resulting set A′ of children is too big, it is simply561

replaced by a random sample of size B, and the weight is accordingly multiplied by |A′|/B.562

All nodes have the same weight.563

Our Crowd Sampling method mimics the behavior of this algorithm only when |A′| is a564

multiple of B. Otherwise, Crowd Sampling generates nodes of different weights, introducing565

irregularities into the process. In fact, for DAGs, nodes of different weights appear already566

for a different reason. For a set with weights, the meaning of “a random sample of size567

B” is not obvious; see the survey [12] for two different potential interpretations. Let us568

take an engineering approach and formulate what is required to ensure that the estimate569

remains unbiased. It will turn out that this actually leaves a lot of freedom in performing570

the condensation step.571

Assume that the set S contains k nodes with weights W1, W2, . . . , Wk. Suppose we decide572

that Step 2C should randomly select the i-th node with probability pi, and assign weight W ′
i573

to it in case it is selected. If we look at (10–12) in the proof of Lemma 8, we see that what574

we need for unbiasedness is the equation575

p1W ′
1f1 + · · · + pkW ′

kfk = W1f1 + · · · + Wkfk. (13)576

Since we don’t know the values fi, this equation should hold for all f1, . . . , fk. Comparing577

coefficients leads to k equations578

piW
′
i = Wi, (14)579

for i = 1, . . . , k. Together with the equation
∑k

i=1 pi = 1, this gives k + 1 equations for 2k583

unknowns pi, W ′
i , which is by far not enough to define a unique solution.3584

The basic condensation step of Algorithm TS chooses W ′
i = W̄ := W1 + · · · + Wk and585

pi = Wi/W̄ , but it is not clear why this choice should be preferable over other choices. In586

fact, we can select arbitrary probabilities pi (for example, uniform probabilities) and set587

W ′
i := Wi/pi. In this way, we can reinstate the forward proportions of Algorithm P, which588

Algorithm TS in its original form could not handle.589

The generalized condensation step for Algorithm TS is thus as follows:590

2C′. [Condense] Choose an arbitrary subset S = {u1, u2, . . . , uk} of A with k ≥ 2 elements.591

Choose positive probabilities pi with p1 + p2 + · · · + pk = 1.592

Pick a random node ui from S according to this distribution.593

Replace S in A by the single element ui, and set W [ui] := W [ui]/pi.594

3 We may even permit
∑

pi < 1, effectively throwing away the sample with probability 1 −
∑

pi. In the
single path variation (Algorithm P), the algorithm gets a chance to finish early and take a rest. This
comes, of course, at the expense of a larger fluctuation of the estimate.

580

581

582
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5.6 The variance for Team Sampling strategies595

For particular strategies that specialize the Team Sampling procedure, it should in principle596

be possible to extend the results of Section 3 and compute the exact variance of the estimate X597

if the whole graph G with all forward and backward proportions is given. The general idea598

is that each condensation step contributes to the variance, because it replaces a set S by a599

single sample.600

Knuth [19, Section 7.2.2.9, Theorem V] has given a method to compute the variance for601

Chen’s version [9] of Bucket Sampling, where the heuristic function partitions the nodes into602

strata in an acyclic way. It would be interesting to get a similar analysis for Crowd Sampling.603

5.7 Relation to dynamic programming604

Many counting algorithms are based on dynamic programming, or the transfer-matrix method605

as it is sometimes called depending on the implementation. We show that these algorithms606

can be seen as a special case of Bucket Sampling.607

We illustrate this with the problem of counting directed animals, following Conway [10].608

A directed animal (see Figure 4) is a polyomino in the first quadrant such that every occupied609

cell, except the cell at the bottom-left corner, has an occupied cell to its left or at its bottom610

(or both). Directed animals are theoretically well-understood [13], and they are chosen in611

our example for illustration only.612

Figure 4 A directed animal with 29 cells613

Figure 5a shows an enumeration tree T for the directed animals. The animals have been614

turned by 135◦ and grow from top to bottom. The black cells are the cells that are already615

part of the animal, and the shaded cells are the adjacent cells below the chosen cells whose616

inclusion has not been decided yet. At each tree node, we take the leftmost undecided cell in617

the highest row (shaded in blue) and decide whether it is excluded (marked by a cross) or618

included (turned black). If there is only a single shaded cell, it has to be included. In this619

way, we try out all possibilities of generating a directed animal. We stop when we have 4620

black cells, and hence the 13 leaves of this tree represent the directed animals of size 4.621

The main idea of dynamic programming is that we don’t need to remember the whole624

animal as it is built: For determining how to continue, it suffices to know the pattern of625

the grey cells and the number of black cells. Nodes for which this information agrees have626

equivalent subtrees. By merging such nodes, we arrive at the DAG G shown in Figure 5b.627

The directed animals correspond now to the source-sink paths in G.628

The DAG G is smaller than the tree T from which it originated. (For larger examples629

than the one shown in the picture, the reduction in size is more impressive.) However, for630

the single-path algorithm (Algorithm P), it makes absolutely no difference whether it moves631

in the tree T to count leaves according to Theorem 1 or in the DAG G with update rule (U1)632

to count source-sink paths according to Theorem 2. (In this spirit, Conway’s reference to the633

DAG in [10, Fig. 2] as a “tree” is perhaps not completely off-track.)634

We can use Bucket Sampling with a heuristic function h that maps the nodes of the635

tree T to the corresponding nodes in the DAG G. It turns out that, in this way, we arrive636
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Figure 5 (a) an enumeration tree T for directed animals and (b) the associated dynamic-
programming DAG G, adapted from Conway [10, Fig. 1 and 2]

622

623

essentially at the classic dynamic-programming algorithm for counting objects by the DAG:637

We scan the DAG top-down, adding the weight of each node to all its children. Since only638

nodes with equal subtrees are thrown together in one bucket, the algorithm gives the exact639

result.640

The possibilities of Bucket Sampling, of course, go beyond this: We are allowed to merge641

nodes whose subtrees are different (but hopefully at least similar). The transition from the642

tree to the DAG, which is crucial for the speed-up in dynamic programming, is, however, not643

essential for Bucket Sampling, because it is always implicitly included. Perhaps, advantages644

of working with a DAG instead of an enumeration tree will show up in connection with other645

Team Sampling strategies.646

6 Conclusion647

We have proposed two very general methods for getting unbiased estimates for the size of a648

DAG. There is ample opportunity to come up with more ideas and try them out; we have649

barely scratched the surface with our experiments. For example, one can combine the ideas650

of Bucket Sampling and Crowd Sampling, allowing up to B nodes to occupy one bucket.651

For the choice of forward proportions p⃗uv, Importance Sampling gives some guidelines652

about what one wants to achieve (see Section 4). By contrast, the role of the backward653

proportions

⃗

quv is not understood at all. One may even allow them to become zero:

⃗

quv = 0654

effectively means that the sample is ignored when the algorithm traverses the arc uv.655

6.1 Provable approximation quality?656

Vaisman and Kroese showed that Stochastic Enumeration is a fully polynomial randomized661

approximation scheme (FPRAS) for counting the number of nodes of trees, for most trees in662
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a certain (rather restricted) class of random trees [26, Theorem 4.34]. It would be interesting663

to see whether Path Sampling or Team Sampling leads to an FPRAS for some combinatorial664

counting problems. We mention a few such problems below.665

6.2 Extension to arc weights666

The extension to estimating the sum of all arc weights in an arc-weighted graph is straightfor-667

ward: When proceeding from u to v, the algorithm adds W · d+(u) · c(uv) to X, where c(uv)668

is some cost function associated to the arc uv. Conceptually, we could simply subdivide669

every arc and let the newly inserted nodes take over the role of the arcs.670

6.3 Some applications671

6.3.1 Vertices of a polytope672

For a polytope, a linear objective function induces an orientation of the graph of the polytope:673

It directs each edge in the direction of improvement of the objective function, provided that674

the objective function is sufficiently generic and does not assign the same value to adjacent675

vertices.676

Avis and Devroye have used the tree version of Algorithm P to estimate the number of677

vertices of a polytope [3]. The simplex algorithm generates a path from each vertex of a678

polytope to the optimum vertex, and thereby defines a spanning tree of the vertices. This679

spanning tree is at the core of the reverse search method for enumerating all vertices, and it is680

the tree to which Avis and Devroye apply Algorithm P. Salomone, Vaisman, and Kroese [24]681

have applied the Stochastic Enumeration method (or Crowd Sampling) to this tree.682

However, the graph of a polytope whose edges are oriented by an objective function is692

naturally a DAG. We intend to compare our approach against the tree-based estimation693

methods of [3] and [24].56
694

6.3.2 Polyominoes695

Various type of polyominoes have been counted by the transfer-matrix method, which is a696

dynamic-programming algorithm for counting that avoids to enumerate the polyominoes697

individually, see [5, 6] for recent advances, and [10] for an overview that includes also698

other problems. As discussed in Section 5.7, many dynamic-programming algorithms can699

be interpreted as accumulating (possibly weighted) source-sink paths in a DAG. These700

algorithms are run on huge DAGs to get exact counts, exhausting limits of computer time701

and memory consumption. With our approach, the same ideas can be leveraged to get702

4 In the statement of this theorem, the budget parameter B for the algorithm is not specified. It must be
set to kB′, where B′ is defined in [26, Theorem 4.1, p. 52], depending polynomially on the tree height
and the maximum degree k, as well as the parameters of the random tree model (Radislav Vaisman,
personal communication, July 2025).

657

658

659

660
5 Our discussion ignores an important technicality: The objects that the simplex algorithm visits are

actually the feasible bases, and for polytopes that are not simple, a vertex can correspond to several
bases. The standard way to treat such degenerate or nonsimple polytopes, where more than n facets
meet in a vertex, is to perturb the constraints, resulting in a simple polytope, and count only one of the
many vertices that correspond to a vertex of the original polytope. See [3] for details.

683

684

685

686

687
6 We mention that the permutation DAG is also obtainable as the graph of a polytope, namely the

permutahedron: The vertex coordinates of the permutahedron are given by the inverse permutations
of the permutations that form the nodes of the permutation DAG as described here. For any generic
objective function, the directed graph of the permutahedron edges is isomorphic to the permutation DAG.

688

689

690

691
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estimates far beyond the polyomino sizes for which exact computation is feasible. This might703

be an alternative to Markov-chain based sampling techniques [25]. With appropriate weights704

c(v), one can also gather statistics about various properties of polyominoes.705

6.3.3 Triangulations of a planar point set706

Alvarez and Seidel [2] have given an algorithm with runtime O(2nn2) for counting the707

triangulations of an n-point set in the plane. They model triangulations as source-sink708

paths in a DAG with n2n−3 nodes. Our algorithms can therefore be readily applied. The709

quality of the resulting approximation remains to be explored. The state of the art about710

approximate counting of triangulations is rather weak: There is only a subexponential-time711

approximate counting method with a subexponential multiplicative error [1]. The current712

fastest algorithm for exact counting takes time nO(
√

n) [20].713

6.3.4 Linear extensions of a two-dimensional partial order714

If we start from an arbitrary permutation π = (π1, . . . , πn) in the permutation DAG, the715

reachable nodes are the linear extensions of a two-dimensional partial order ≺, which is716

defined by the rule i ≺ j :⇔ i < j ∧ πi ≤ πj . Thus our path sampling methods can be used717

to estimate the number of linear extensions of such a partial order. The computation of718

indegrees must be adjusted to count only those predecessor permutations that can be reached719

from π.720

Counting the linear extensions is #P-complete, even for a two-dimensional partial order,723

as proved by Dittmer and Pak [11, Theorem 1.3].7 In any case, there already exists a fully724

polynomial randomized approximation scheme for the number of linear extensions of an725

arbitrary poset, because the number of linear extensions is directly related to the volume of726

the order polytope, and the polytope volume can be approximated by Markov chain Monte727

Carlo methods, see for example [7, Section 3] for details and references. Our path sampling728

methods might lead to alternative approximation schemes that are simpler.729
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A Importance Sampling for Klee-Minty cubes811

As mentioned in Section 4, we have tried Importance Sampling by outdegree also for Klee-812

Minty cubes. In comparison to Table 2, the results of Table 8 show a substantial improvement813

in the theoretical standard deviation, by several orders of magnitude. Like for permutations,814

the comparison in terms empirical behavior is not at all clear. Even with 10 million samples,815

the fluctuations are too high to make a reasonable assessment.816

Klee–Minty cubes
817 n = 10 n = 12
818 m mean ± std. dev. max. χ̂ mean ± std. dev. max. χ̂

819 101 87.5 ± 102.1 3.34×102 0.38153 2,028.6 ± 3,386.0 1.02×104 0.50207
820 102 358.4 ± 995.7 7.46×103 0.20824 2,533.0 ± 13,646.2 1.33×105 0.52576
821 103 649.8 ± 3,521.7 9.34×104 0.14378 1,699.2 ± 9,894.0 1.79×105 0.10549
822 104 904.4 ± 24,382.4 2.38×106 0.26310 2,084.0 ± 30,840.8 2.62×106 0.12584
823 105 863.3 ± 15,913.2 2.91×106 0.03368 2,686.7 ± 62,038.0 1.05×107 0.03895
824 106 963.2 ± 33,681.1 1.74×107 0.01808 4,501.2 ± 8.53×105 6.49×108 0.14407
825 107 986.2 ± 58,292.5 9.65×107 0.00979 4,392.0 ± 1.20×106 3.00×109 0.06841
826 1,024 ± 2.141×106 4,096 ± 7.762×1010

827 #visited: avg = 22.4, max = 80 #visited: avg = 29.2, max = 104
Table 8 Algorithm P for Klee-Minty cubes with Importance Sampling by outdegree828

A.1 Importance Sampling by the size of the reachable set829

As mentioned, when Path Sampling is applied to a rooted tree, the ideal forward proportions830

are known: The probabilities p⃗uv should be proportional to the cost of the subtrees rooted at831

the children v of node u. For DAGs, it is not clear whether such a perfect choice of forward832

proportions that completely eliminates variations of X exists. As a substitute for the size of833

the subtree rooted at v, we may take the size Rv of the node set reachable from v.834

For Klee-Minty cubes, we are in the lucky situation that the size Rv of the reachable set835

is readily available: The Klee-Minty cube of dimension n has a directed Hamilton path, in836
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which the last coordinate xn increases in an arithmetic progression 0, 1, 2, . . . , 2n − 1, see837

Figure 3. Thus, Rv = 2n − xn(v).838

We made two experiments where Rv is taken into account for computing the forward839

proportions. We emphasize that this is not suitable in practical applications: If the size of840

the reachable set were available, there would be no need to compute an estimate by running841

Algorithm P. However, the experiment teaches us what we might be looking for in the choice842

of forward proportions.843

In the first experiment (Table 9), we simply chose the probabilities p⃗uv for the successors844

v of a node u proportional to Rv. We see no improvement over simply using the outdegree.845

In the second experiment (Table 10), we took into account the fact that a node v with846

large indegree is visited from several predecessors. We therefore chose the probabilities847

proportional to R(v)/d−(v). Here we get much better estimates, and we see a substantial848

reduction of the standard deviation. While these weights are not perfect, they indicate849

the direction in which one should look. Conceivably, a perfect choice of parameters can be850

obtained by adjusting also the backward proportions

⃗

quv.851

Klee–Minty cubes
852 n = 10 n = 12
853 m mean ± std. dev. max. χ̂ mean ± std. dev. max. χ̂

854 101 202.2 ± 217.4 6.97×102 0.34488 994.4 ± 1,564.7 4.56×103 0.45878
855 102 473.9 ± 1,054.7 9.21×103 0.19432 1,171.3 ± 3,682.9 3.44×104 0.29384
856 103 976.3 ± 10,248.4 2.90×105 0.29717 2,154.3 ± 16,630.3 4.04×105 0.18755
857 104 1,121.8 ± 30,028.1 2.82×106 0.25136 2,337.7 ± 30,091.7 2.26×106 0.09668
858 105 897.2 ± 13,521.5 2.82×106 0.03143 3,107.8 ± 98,543.9 2.37×107 0.07613
859 106 1,026.2 ± 61,065.3 4.95×107 0.04828 3,255.6 ± 1.65×105 7.04×107 0.02163
860 107 1,006.2 ± 65,644.4 1.29×108 0.01282 3,635.2 ± 1.01×106 3.11×109 0.08555
861 1,024 ± 2.080×106 4,096 ± 6.025×1011

862 #visited: avg = 22.4, max = 80 #visited: avg = 29.2, max = 112
Table 9 Algorithm P for Klee-Minty cubes with Importance Sampling by the size of the reachable

set
863

864

Klee–Minty cubes
865 n = 10 n = 12
866 m mean ± std. dev. max. χ̂ mean ± std. dev. max. χ̂

867 101 583.2 ± 611.6 2.07×103 0.35412 2,778.3 ± 5,045.8 1.67×104 0.60117
868 102 1,299.8 ± 4,881.0 4.77×104 0.36690 2,231.1 ± 5,569.1 4.60×104 0.20638
869 103 897.7 ± 2,388.1 4.77×104 0.05313 4,351.1 ± 55,366.3 1.74×106 0.39894
870 104 976.6 ± 3,751.7 1.52×105 0.01551 3,611.7 ± 46,923.6 4.00×106 0.11076
871 105 1,066.5 ± 19,675.0 5.92×106 0.05552 3,851.3 ± 58,920.5 1.00×107 0.02597
872 106 1,034.9 ± 12,622.9 6.65×106 0.00643 4,031.7 ± 1.21×105 7.25×107 0.01799
873 107 1,023.2 ± 8,554.4 9.69×106 0.00095 4,043.8 ± 1.38×105 2.93×108 0.00725
874 1,024 ± 1.071×104 4,096 ± 9.419×105

875 #visited: avg = 42.5, max = 112 #visited: avg = 58.7, max = 160
Table 10 Algorithm P for Klee-Minty cubes with Importance Sampling by the size of the reachable

set divided by the indegree
876

877
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B Details about implementing Klee-Minty cubes878

The natural way to associate a bit vector (y1, . . . , yn) to the vertices of a Klee-Minty cube879

(4) (Section 2.2) is derived from the standard cube: yi = 1 if xi is at the ceiling, i. e.,880

xi = 2i − 1 − xi−1, and yi = 0 if xi is at the floor, i. e., xi = xi−1. The n neighbors of881

(y1, . . . , yn) are obtained by simply flipping a single bit. The downside of this representation882

is that it is not easy to see whether an edge is improving.883

Our program uses a different representation (z1, . . . , zn), which was introduced by Gärtner,884

Henk, and Ziegler [14]:885

zn = yn886

zn−1 = yn ⊕ yn−1887

zn−2 = yn ⊕ yn−1 ⊕ yn−2888

...889

z1 = yn ⊕ yn−1 ⊕ yn−2 ⊕ · · · ⊕ y2 ⊕ y1890

It is the sequence of partial sums of the yi’s using addition modulo 2, or the exclusive-or891

operation ⊕.892

The outgoing arcs are identified by the zero bits in this representation. If we follow893

such an arc, we must flip the i-th bit together with all lower-order bits. The reason is that894

while the orientation of all incident edges with higher index is maintained, the lower-index895

directions are perverted.896

More concretely, we represent a vertex by the n-bit integer (znzn−1 . . . z2z1)2. It turns897

out that the value of this integer is equal to the xn-coordinate of the vertex.898

C Purdom’s partial backtracking method899

Purdom [21], in 1978, suggested the following variation of Knuth’s Path Sampling algorithm900

for trees: Instead of proceeding to a single child, proceed to at most m randomly selected901

samples among the children. The parameter m can itself be chosen at random. In particular,902

Purdom looked at the setting of binary trees, and he proposed to choose m = 2 or m = 1903

with probability p and 1 − p respectively.904

Purdom analyzed analytically the number of visited nodes as well as the variance of the905

estimated tree size, for a certain class of random binary trees. He also made experiments906

with a backtracking program.907

This method could be easily adapted to DAGs, but it will probably not compete with908

the more sophisticated Team Sampling methods, which allow a more direct control of the909

number of visited nodes. Still we want to cite one sentence from the conclusion of the paper:910

“The analysis suggests that good results can be obtained by choosing the number of branches911

to investigate so that each level, from the root down to the bulk of the nodes, is examined at912

about the same frequency.” This is in line with the strategy of the Crowd Sampling scheme,913

which sets a fixed budget B. In case of a tree, Crowd Sampling would indeed look at up to914

B nodes in each level.915
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