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Redelmeier [7] described an algorithm for enumerating polyominoes, i.e., connected subsets of

squares in the square lattice.

More generally, this algorithm works for enumerating connected sets containing a specified root
vertex sg in an arbitrary undirected graph G. We are given a threshold k and we wanto to enumerate
all connected graphs up to size k, or only those of size exactly k.

1 Redelmeier’s algorithm

The algorithm maintains a connected subset S C V', drawn black in The neigbors N are
the vertices in V' \ S that are adjacent to some vertex of S. The remaining vertices V' \ (S U N) are

the unseen vertices. They are not shown at all in The neigbors N are partitioned into the
excluded set X (gray) and the untried set U (white).
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Figure 1: Schematic drawing of the sets S, X, U, and branching according to the vertex wu.

From this configuration, the algorithm will generate the set Ci(.S,U) of all connected subsets (up
to the size limit k) that

1. contain S,

2. do not contain any vertex of X.



If |S| = n, or if the untried set U is empty, there is nothing else to do. Otherwise, the algorithm
picks an arbitrary untried vertex u € U and partitions Cg (S, U) into two classes: those solutions that
contain u and those that don’t.

e In the first branch, u is moved from U to S, and in addition, all new neighbors of u (those that
were in the unseen set) are added to the untried set U.

e In the second branch, w is simply moved from U to X.

Both branches are treated recursively.

shows a spanning tree T' of S U N: Whenever a new neigbor v of u is added to U, we
make v a child of u. The resulting tree plays no role for the algorithm, but it helps to understand
the process. The graph G itself will have more edges, but they are not shown.

The general algorithm leaves the choice of u € U open. Redelmeier proposed to organize U as
a stack and take u from the top of the stack. He points out that, with an implementation of the
stack as a linked list, this facilitates the management of the set U for recursive invocations: Instead
of copying U, it can be saved and restored in constant time.

However, this is also true when we organize U as a queue. In that case, we can get constant-time
operations even when impementing the queue in a fixed-size array. (See the prototype implementation

in PYTHON in [Appendix Al)

2 Enumerating spanning trees

We have seen that Redelmeier’s algorithm implicitly creates a spanning tree of S.

A connected set S has in general many spanning trees, but there are ways to associate a unique
spanning tree to S. One can take any spanning-tree algorithm, such as depth-first search (DFS) or
breadth-first search (BFS). The resulting spanning tree will in general depend on the order in which
the incident edges of a vertex are visited. Therefore, we will assume that the incident edges of each
vertex are given in a fixed order, in an adjacency list. E| This defines a unique spanning tree T 4(.5)
for each connected set S, where A refers to some spanning-tree algorithm, possibly with specific
implementation details insofar as they affect the outcome.

This leads to the following approach for generating all connected sets S: We enumerate all span-
ning trees T 4(5).

Depending on A4, this leads to different algorithms. Details to be figured out.

It turns out that Redelmeier’s algorithm corresponds to two algorithms that are obtained in this
way, depending on the organization of the untried set U.

Organizing U as a stack corresponds to the algorithm “QUICKSEARCH”, and organizing U as a
queue corresponds to BFS.

DEFS leads to a different algorithm, which has not been investigated.

QUICKSEARCH refers to the variation of BF'S where the vertices to be explored are organized as a
stack instead of a queue. Knuth [4, Algorithm Q]E| termed this algorithm Quick digraph searchﬂ

Maybe the BFS variant with a queue has advantages when it comes to shortcutting the final
levels of Redelmeier’s algorithm? One might want look at some typical configurations (S,U) that are
generated with some fixed size |S| (in the plane). (But higher dimensions might be different.)

The DFS algorithm has not been explored at all.

Theorem 1. For A = BFS and A = QUICKSEARCH, when A is applied to the induced subgraph G[S]
with root sg, it produces the same tree as Redelmeier’s algorithm, with the appropriate discipline of
organizing U .

Proof. Algorithm A maintains a set R of vertices that need to be explored, either as a stack or as a
queue.

Consider some connected set Sy C V' with |Sp| < n.

We consider two processes:

We may allow the visiting order to depend on the incoming edge, e.g. in a plane graph

2see https://wwu-cs-faculty.stanford.edu/~knuth/sgb.html

3This is a popular trick question for students of graph algorithms: BFS involves a queue, whereas DFS implicitly
involves a stack, through recursion. Therefore, doesn’t the substition of a queue by a stack in BFS lead to DFS?


https://www-cs-faculty.stanford.edu/~knuth/sgb.html

e Following the branches of Redelmeier’s algorithm that lead to Sp.

e Algorithm A, applied to the subgraph G[Sy]. We have to assume that the adjacency lists in
G[Sy] are obtained from those of G by simply omitting the neighbors that are not in Sy, without
perverting the order of the remaining elements.

We claim that we can coordinate to two processes so that the following invariants are maintained:

e The list R of Algorithm A is a sublist of the list U of Redelmeier’s algorithm; more precisely,
R =UnNSy. The common elements appear in the same order.

e The constructed spanning subtree of Algorithm A coincides with the spanning tree T of Re-
delmeier’s algorithm restricted to the vertices of Sp.

Both algorithms remove a vertex from the top of a stack or from the beginning of a queue. The
difference is that the respective list (stack or queue) R in Algorithm .4 contains only a subset of the
vertices of the corresponding list U in Redelmeier’s algorithm (namely, the subset U N Sp).

Suppose Redelmeier’s algorithm picks a vertex u € U.

If u ¢ Sp, Redelmeier’s algorithm follows the branch where u is not included in S. The vertex u
is simply removed from U, while Algorithm A does nothing. The invariants are maintained.

If u € Sy, the new neighbors of uw are added to U, and edges to the parent node u are added to T'.
Algorithm A does the same thing, but only for those neighbors that are in Sy. The elements are
inserted in the same order at the same end of the list (top of the stack or end of the queue). The
invariants are maintained. O

With the help of this connection between Redelmeier’s algorithm and spanning-tree algorithms,
we might be able to answer the following question:

Given S and U, does the configuration (S,U) arise in Redelmeier’s algorithm?
Or in a better formulation:

Given S, in which configuration (S,U) is S generated in Redelmeier’s algorithm?

3 Other work

3.1 Komusiewicz and Sorge

Komusiewicz and Sorge [0, Section 3.1] give an algorithm for connected subgraph enumeration that
is somewhat different.
It can be cast into the framework of Redelmeier’s algorithm in the following way:

1. The sets X LUU = N are not explicitly represented. Instead, the algorithm maintains a subset
W C S, and then X := N(W)\ S, and U := N \ X. (The set S is called P in [6].)

2. The algorithm selects the vertex v of lowest index in S\ W, according to some numbering
of the vertices, and adds w to W. It will now determine the fate of the vertices in the set
Q@ := N(v)\ (X US). (Note that these are not the “new neighbors” of Redelmeier’s algorithm,
but some subset of U.)

3. The algorithm generates 2/2! branches by distributing Q to X and S in all possible ways.
(Formally, this is done by adding to S each of the 2!@l subsets M of Q. The complementary
subset @ \ M is thereby implicitly added to X.)
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A Redelmeier’s algorithm with a queue

nmnn

Redelmeier's algorithm with the untried set organized as a queue.
Prototype tmplementation.

The queue ©1s implemented as an array.
mnimn

from collections import defaultdict

nmax = 10
PRINT_SOLUTIONS = False

queuelength = mmax * 3 + 10 # polyomino plus neighbors plus safety buffer

Q

= [0] * queuelength

occupied_or_adjacent = defaultdict(bool)
count = defaultdict(int)

for x in range(nmax):

occupied_or_adjacent[x,-1] = occupied_or_adjacent[-x,0] = True
# lower border and starting cell

polyomino = defaultdict(str)

def construct(stackbegin, stackend, n):

""Current polyomino has n cells.
UNTRIED points are stored in {[stackbegin] ... {[stackend-1]."""
count [n] += 1
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if PRINT_SOLUTIONS:
polyomino[0,0]="S" # mark the start position

print_grid(polyomino, text = f" {n=}, number {count[n]}")

print ()
if n>=nmax:
return
for i in range(stackbegin, stackend):

#print (f"{n=} {i=} {stackbegin}t:{stackend} {Q[stackbegin:stackend]}",)

#print_grid(occupied_or_adjacent)

x,y = Q[i]

# include the cell (z,y):

polyomino[x,y] = "X" # needed only for printing

#occupied_or_adjacent[z,y] = "S" # helpful for debugging
new_neighbors = [nbr for nbr in ((x-1,y),(x,y-1),(x+1,y),(x,y+1))

if not occupied_or_adjacent [nbr]]
for k,nbr in enumerate(new_neighbors):
occupied_or_adjacent [nbr]=True
Q[stackend+k] = nbr

# recursive call:
construct(i+l, stackend+len(new_neighbors), n+1)

for nbr in new_neighbors:
occupied_or_adjacent[nbr]=False # undo the mark;
polyomino[x,y] = " " # needed only for printing

nbr becomes "unseen'

#occupied_or_adjacent [z,y] = True # reset the debugging marker

def print_grid(GRID, text=""):
# print the pattern represented in the dictionary GRID
xmin = min(x for x,y in GRID.keys())
xmax = max(x for x,y in GRID.keys())
ymin = min(y for x,y in GRID.keys())
ymax = max(y for x,y in GRID.keys())
pattern = [["." for _ in range(l+xmax-xmin)] for
for (x,y),letter in GRID.items():
if letter is False:
letter = " "
elif letter is True:
letter = "X"
pattern[ymax-y] [x-xmin]=letter
print("\n".join("".join(l) for 1 in pattern)+text + f",

Q[0] = (0,0) # The starting square (0,0) is put on the queue
construct(0, 1, 0) # start the enumeration
for i,val in sorted(count.items()):

print(£"{i:2} {val:6}") # results

in range(l+ymax-ymin)]

{xmin}<=x<={xmax}, {ymin}<=y<={ymax}")
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