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We have a straight-line drawing of the graph K4 in the plane on 4 vertices
p1, p2, p3, p4. We write [pipj . . . pn] for the signed area of the polygon pipj . . . pn.
We assign to each edge ij a stress

ωij :=
1

[pipjpk][pipjpl]
,

where the triangles in the denominator are the two triangles incident to ij, i. e.,
{i, j, k, l} = {1, 2, 3, 4}. Then there will be equilibrium at every vertex pi, see
Figure 1a: ∑

j:ij∈E

ωij(pj − pi) = 0, for every i, (1)

where E denotes the edge set of the graph. (This equilibrium stress is determined
by (1) up to a constant factor.) Moreover, if we pick two arbitrary points a and b
and define

fij := [pipja] · [pipjb],
then the following identity can be shown [2]:∑

1≤i<j≤4

ωijfij = 1 (2)

Regarding this fact, a reviewer of [2] wrote: “I believe there is some underlying
homology in this situation. Given the fact that motions and stresses also fit into a
setting of cohomology and homology as well, the authors might, at least, mention
possible homology descriptions.” These connections are still unexplored.

However, by experimenting, I found that the formula (2) generalizes to the
graph of a k-sided pyramid (or the k-wheel) with tip p0 and vertices p1, . . . , pk

pi

pj

ωij(pj − pi)

p1 p2

pk p0

. . .

. . .

(a) (b)

Figure 1: (a) equilibrium at the vertex pi, (b) a 5-wheel (k = 5)
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around the base, see Figure 1b. Again, a stress satisfying the equilibrium condi-
tions (1) is unique up to a scalar multiple. We can compute such an equilibrium
stress by the following formulas:

ωi,i+1 :=
1

[pipi+1p0][p1p2 . . . pk]
, (3)

ω0i :=
1

[p0pipi−1][p0pipi+1]
· [pi−1pipi+1]

[p1p2 . . . pk]
(4)

for i = 1, . . . , k, where indices are taken modulo k. These stresses satisfy the
generalization of (2): ∑

ij∈E

ωijfij = 1 (5)

Are there other graphs for which stresses can be defined by an analogous formula
such that (5) holds? Of course, one could just overlay two pyramids, for example,
and get a double-pyramid, but then the stresses are no longer such simple products
and quotients of face areas.

Formulas (2) and (5) hold for a whole class of different functions fij. For
example, we may replace fij by the path integral of the function ‖x‖2 over the
segment pipj.

Incidentally, the stress (3–4) lies behind the so-called Wachspress coordinates,
which are used for barycentric interpolation and which go back to E. Wachs-
press [3], see also [1]. The equilibrium condition in the central vertex p0 says that
p0 is the weighted barycenter of the surrounding vertices if we take the weights ω0i

and normalizes them to have sum 1.
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