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given a set of n objects, s.t. each
can be identified by d features
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Known Results vs. Our Approach

Space Query time Authors

0-ANN

σ = 7
8
c−2 +O(c−3)

1-ANN

dO(1)nρdO(1)n1+σ

σ = 1/c2 ρ = 1/c2

ρ = 7
8
c−2 +O(c−3)

Andoni, PhD Thesis

Andoni, Indyk, N.,
Razenshteyn, SODA’14

dO(1)nO(ε−2+t−2) dO(1)n1/2+t
A., I., Krauthgamer, N.,
SODA’09

desired approximation factor: c = 1 + ε, ε > 0

k-ANN ? ? ? ? ? ?
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General Framework (Preprocessing)

Def.: Let K be a k-flat. Then
C := {p ∈ Rd | d(p,K) ≤ α} is a
k-flat cluster for K with radius α.
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C1

Iteratively find & remove smallest
cluster that contains m ≈

√
n points
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√
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For each Ci, build cluster structure

Approximate k-flat Nearest Neighbor Search | W. Mulzer, H. Nguyên, P. Seiferth, Y. Stein | 3˜



General Framework (Preprocessing)

Def.: Let K be a k-flat. Then
C := {p ∈ Rd | d(p,K) ≤ α} is a
k-flat cluster for K with radius α.

k = 1 k = 2

C1 ≤ C2≤ C3

Iteratively find & remove smallest
cluster that contains m ≈

√
n points

≤ · · · ≤ Cn/m

For each Ci, build cluster structure

For suffix Ci, . . . , Cn/m, build
projection structure
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General Framework (Query)

small parameter t > 0, query k-flat F

C1 ≤ · · · ≤ Ci ≤ . . . Cn/m

1. Find a nt-approximate NN p̂
for F , set α = d(p̂, F )
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General Framework (Query)

small parameter t > 0, query k-flat F

C1 ≤ · · · ≤ Ci ≤ . . . Cn/m

1. Find a nt-approximate NN p̂
for F , set α = d(p̂, F )

2. Query cluster structures of
clusters with radius ≤ αnt with F

query cluster
structure

. . .

3. Query projection structure of
remaining points using F and α

query proj.
structure
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Cluster Structure (Preprocessing)

Given: cluster C as k-flat K and
radius αnt, m points Q in C

Query: k-flat F , find
c-apx NN for F in Q

K
Preprocessing: Build 0-ANN
structure A for Q in K⊥
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Cluster Structure (Preprocessing)

Given: cluster C as k-flat K and
radius αnt, m points Q in C

Query: k-flat F , find
c-apx NN for F in Q

K
Preprocessing: Build 0-ANN
structure A for Q in K⊥

Idea: approximate F by few
”patches” G that are parallel to
K, query A with each G ∈ G
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Cluster Structure (Query)

K

Fcluster flat K : v 7→ Av + a
query flat F : v 7→ Bv + b

with A,B ∈ Rd×k and a, b ∈ Rd

ε = 1/100 log n
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singular value decomposition
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σl ≥
√

1− ε > σl+1

parallel orthogonal
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Projection Structure (Idea)

Given: n points P ⊂ Rd s.t. no
cluster with radius ≤ αnt contains
more that m points

Query: k-flat F , find NN q ∈ Q
Rd

q
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Projection Structure (Idea)

Given: n points P ⊂ Rd s.t. no
cluster with radius ≤ αnt contains
more that m points

Query: k-flat F , find NN q ∈ Q
Rd

αnt

α

p̂ q
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Projection Structure (Idea)

Given: n points P ⊂ Rd s.t. no
cluster with radius ≤ αnt contains
more that m points

Query: k-flat F , find NN q ∈ Q
Rd

αnt

Re

random proj. onto e = O(1/t)-dim
space by JL-Lemma

α

p̂

α

Given: P̄ ⊂ Re

Query: k-flat F̄ ⊂ Re, α ∈ R ,
find R = {p ∈ P̄ | d(F̄ , p̄) ≤ α}

q

q̄
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Projection Structure (Idea)

Given: n points P ⊂ Rd s.t. no
cluster with radius ≤ αnt contains
more that m points

Query: k-flat F , find NN q ∈ Q
Rd

αnt

Re

random proj. onto e = O(1/t)-dim
space by JL-Lemma

α

p̂

α

Given: P̄ ⊂ Re

Query: k-flat F̄ ⊂ Re, α ∈ R ,
find R = {p ∈ P̄ | d(F̄ , p̄) ≤ α}

q

space O(n logO(1/t) n)

query time O(nk/(k+1) logO(1/t) n+ |R|)

q̄
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Summary

Theorem 1: k-ANN can be solved using
space O(dO(1)n1+kσ/(k+1−ρ) + n logO(1/t) n) and
query time O(dO(1)nk/(k+1−ρ)+t).

Theorem 2 (Cluster Structure): For m
points contained in a k-flat cluster with
radius αnt, we can solve k-ANN with
space O(m1+σ + d log2m) and
query time O((n2tk2)k+1m1−1/k+ρ/k).

Theorem 3 (Near Neighbors): We
can solve approximate near neighbor
search for k-flats with
space O(n logO(1/t n) and query
time O(nk/(k+1) logO(1/t) n+ |R|).

random proj. onto O(1/t) dim.
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query time O(dO(1)nk/(k+1−ρ)+t).

Theorem 2 (Cluster Structure): For m
points contained in a k-flat cluster with
radius αnt, we can solve k-ANN with
space O(m1+σ + d log2m) and
query time O((n2tk2)k+1m1−1/k+ρ/k).

Theorem 3 (Near Neighbors): We
can solve approximate near neighbor
search for k-flats with
space O(n logO(1/t n) and query
time O(nk/(k+1) logO(1/t) n+ |R|).

random proj. onto O(1/t) dim.

??? Questions ???
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