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Abstract

Tverberg’s theorem is a classic result in discrete geometry. It states that for any integer
k > 2 and any finite d-dimensional point set P C R of at least (d + 1)(k — 1) + 1 points, we can
partition P into k subsets whose convex hulls have a non-empty intersection. The computational
problem of finding such a partition lies in the complexity class PPAD N PLS, but no hardness
results are known. Tverberg’s theorem also has a colorful variant: the points in P have colors,
and under certain conditions, P can be partitioned into colorful sets, i.e., sets in which each color
appears exactly once, such that the convex hulls of the sets intersect. To date, the complexity of
the corresponding computational problem has not been resolved.

Recently, Adiprasito, Barany, and Mustafa [SODA 2019] proved a no-dimensional version
of Tverberg’s theorem, in which the convex hulls of the sets in the partition may intersect in
an approximate fashion. This allows it to relax the requirement on the cardinality of P. In
fact, they prove a slightly stronger result that is based on the colorful Tverberg theorem. The
argument is constructive, but it does not result in a polynomial-time algorithm.

Here, we present an alternative proof for a no-dimensional Tverberg theorem that leads to an
efficient algorithm to find the partition. More specifically, we show that there is a deterministic
algorithm that finds for any set P C R of n points and any k € {2,...,n} in O(nd[logk]) time

a partition of P into k subsets such that there is a ball of radius O (%diam(!’)) that intersects

the convex hull of each subset. A similar result holds also for the colorful Tverberg theorem.
Given that for both problems, it is not known whether they can be solved exactly in polynomial
time, and given that there are no approximation algorithms that are truly polynomial in any
dimension, our result provides a remarkably efficient and simple new notion of approximation.

To obtain our result, we generalize Sarkaria’s tensor product construction [Israel Journal
Math., 1992] that reduces the Tverberg problem to the Colorful Carathéodory problem. By
carefully choosing the vectors used in the tensor products, we are able to implement the reduction
in an efficient manner.
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1 Introduction

In 1921, Radon [13] proved a highly influential theorem in convex geometry: given a set P of at
least d + 2 points in R?, it is always possible to split P into two non-empty sets whose convex
hulls intersect. In 1966, Helge Tverberg [17] generalized Radon’s theorem to allow for more sets
in the partition. Specifically, he showed that any finite point set P C R? of cardinality at least
(d4+1)(k —1) 4+ 1 can be split into k sets T1,...,T; C P whose convex hulls have a non-empty
intersection, i.e., conv(77) N ---Nconv(Ty) # 0, where conv(-) denotes the convex hull.

By now, several alternative proofs of Tverberg’s original result are known, e.g., [3,6,10,14,15,18,19].
Perhaps the most elegant proof is due to Sarkaria [15], with later simplifications by Barany and
Onn [6] and by Aroch et al. [3]. This proof proceeds by a reduction to the Colorful Carathéodory
Theorem, another celebrated result in discrete geometry. The theorem states that given r > d + 1
finite d-dimensional point sets Py, ..., P, C R? that have a common point y in their convex hulls
conv(Py),...,conv(P,), there is a traversal x; € Pi,...,z, € P., such that conv({z1,...,2,})
contains y. Sarkaria’s proof [15] proceeds by lifting the original points of the Tverberg instance into
higher dimensions using a tensor product, and then uses the existence of the colorful Carathéodory
traversal to obtain a Tverberg partition for the original point set.

On the computational side of things, a Radon partition is easy to compute by solving d+ 1 linear
equations. On the other hand, finding Tverberg partitions is not straightforward. Since a Tverberg
partition is guaranteed to exist if the cardinality of P is large enough, finding such a partition is a
total search problem. In fact, the problem of computing a colorful Carathéodory traversal lies in the
complexity class PPAD N PLS [9,11], but no better upper bound on the difficulty of the problem is
known. Since Sarkaria’s proof can be interpreted as a polynomial-time reduction from the problem
of finding a Tverberg partition to the problem of finding a colorful traversal, the same upper bound
applies to finding Tverberg partitions. Again, as of now we do not know better upper bounds for
the general problem. Miller and Sheehy [10] and Mulzer and Werner [12] provided algorithms for
finding approzimate Tverberg partitions, computing a partition into fewer sets than is guaranteed
by Tverberg’s theorem in time that is linear in n, but quasi-polynomial in the dimension.

Tverberg’s theorem also admits a colorful variant that was first conjectured by Barany and

Larman [5]. The conjecture states that given d + 1 point sets Pi,..., Pyy1 C R?, each interpreted
as a different color, and each set having size at most ¢t = k, there exist k pairwise-disjoint colorful
sets (i.e., each set contains at most one point from each P;) Aj,. .., Ay such that N5 conv(4;) # 0.

Béarany and Larman [5] proved the conjecture for d = 2 and arbitrary k, and for k = 2 and arbitrary
d. The first proof for the general case was given by Zivaljevié and Vreéica [20] through topological
arguments. Using another topological argument, Blagojevi¢, Matschke, and Ziegler [7] showed that
(i) if k£ + 1 is prime, then ¢ = k; and (ii) if £+ 1 is not prime, then k < ¢ < 2k — 2. These are the
best known bounds for arbitrary k. Later Matousek, Tancer, and Wagner [8] gave a constructive
geometric proof that is inspired by the proof of Blagojevi¢, Matschke, and Ziegler [7].

More recently, Soberén [16] showed that if more color classes are available, then the conjecture
holds for any k. More precisely, for Py,..., P, C R? with n = (k—1)d+ 1, each of size k, there exist
k colorful sets whose convex hulls intersect. Moreover, there is at least one point in the common
intersection such that the coefficients of its convex combination are the same for each colorful set in
the partition. The proof makes use of Sarkaria’s tensor product construction.

Recent developments. Recently Adiprasito, Barany, and Mustafa [1] established a relaxed
version of the Colorful Carathéodory Theorem [4]. This version allows for (relaxed) traversals of
arbitrary size r > 1, with a guarantee that the traversal is close to the common point y. Adiprasito,
Barany, and Mustafa [1] also proved a relaxed variant of Colorful Tverberg theorem [5]. This



also gives a relaxation for Tverberg’s theorem [17] that allows arbitrary-sized partitions. The
authors refer to these results as no-dimensional versions of the respective classic theorems, since
the dependence on the ambient dimension is relaxed. Both results were proven using averaging
arguments. The argument for the no-dimensional Colorful Carathéodory also gives an efficient
algorithm to find a traversal that is close to y. However, the arguments for the no-dimensional
Tverberg results do not give a polynomial-time algorithm for finding the Tverberg partitions.

Contributions. We prove no-dimensional variants of the Tverberg theorem and its colorful
counterpart that allow efficient algorithms to find the partition. Our proofs are inspired by
Sarkaria’s proof [15] and the averaging technique by Adiprasito, Barany, and Mustafa [1]. For the
colorful version, we additionally make use of ideas from Soberén’s proof [16].

More precisely, our results are as follows:

e Sarkaria’s method uses k vectors in R*¥~! to lift the points in the Tverberg instance to a
colorful Carathéodory instance. We refine this method to vectors that are defined with the
help of a given graph. The choice of this graph is important in proving good bounds for our
results and in the algorithm. We believe that this generalization is of an independent interest
and may prove useful in other scenarios that make use of the tensor product construction.

e We prove an efficient no-dimensional Tverberg result:

Theorem 1.1 (efficient no-dimensional Tverberg theorem). Let P C R? be a set of n
points, and let k € {2,...,n} be an integer.

— For any choice of positive integers r1, ..., Ty that satisfy Zle r; = n, there is a partition
Ti,..., Ty of P with |Ty| = r1,|Ta| = ra,...,|Tk| = ri, and a d-dimensional ball B of

radius
ndif.im(P) 10[log, k] —-0 (W diam(P)> ,
min; r; n—1 min; 7;

such that B intersects the convex hull of each Tj.

— The bound is better for the case n =rk and r1 = --- =rp =r. There exists a partition
Ty,..., Ty of P with |Ty| = |Tz| = --- = |Tx| = r and a d-dimensional ball of radius
k(k—1)

diam(P) = O (jﬁdiam( P))

n—1
that intersects the convex hull of each Tj.

In either case, we can compute the partition in deterministic time
O(nd[logk]).

e and a colorful counterpart (for a simple example, see Figure 1):

Theorem 1.2 (efficient no-dimensional Colorful Tverberg). Let P, ..., P, C R? be n
point sets, each of size k, with k being a positive integer, so that the total number of points is
N = nk. Then, there are k pairwise-disjoint colorful sets Ai,..., A and a d-dimensional ball
of radius

2k(k —1 k

<N> max diam(P;) = O (\/N max diam(B))

3
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Figure 1: Left: a point set on three colors and four points of each color. Right: a colorful partition
with a ball containing the centroids (squares) of the sets of the partition.

that intersects the convex hull of each A;. We can find the A;’s in deterministic time

O(Ndk).

The colorful result is similar in spirit to the regular Tverberg result from Section 2, but for
computational considerations, it currently does not make sense to use the colorful version to solve
the regular Tverberg problem.

Compared to the results of Adiprasito et al. [1], our radius bounds are slightly worse. More
precisely, they show that both in the colorful and the non-colorful case, there is a ball of radius

(@) (ﬁdiam(P)) that intersects the convex hulls of the sets of the partition. They also show

this bound is close to optimal. In contrast, our result is off by a factor of O(v/k), but the proof
technique of Adiprasito et al. [1] gives only a brute-force 20(7) algorithm, which is not efficient. Our
approach, however, gives almost linear time algorithms for both cases, with a linear dependence on
the dimension.

Adiprasito et al. first prove the colorful no-dimensional Tverberg theorem using an averaging
argument over an exponential number of possible partitions. Then, they specialize their result for
the regular case, obtaining a bound that is asymptotically optimal. Unfortunately, it is not clear
how to derandomize the averaging argument efficiently. To get around this, we follow an alternative
approach towards both versions of the Tverberg theorem. Instead of a direct averaging argument,
we use a reduction to the Colorful Carathéodory theorem that is inspired by Sarkaria’s proof, with
some additional twists. We will see that this reduction also works in the no-dimensional setting,
i.e., by a reduction to the no-dimensional Colorful Carathéodory theorem of Adiprasito et al., we
obtain a no-dimensional Tverberg theorem, with slightly weaker radius bounds, as stated above.
This approach has the advantage that their Colorful Carathéodory theorem is based on an averaging
argument that permits an efficient derandomization using the method of conditional expectations [2].
In fact, we will see that the special structure of our Colorful Carathéodory instance allows for a
very fast evaluation of the conditional expectations, as we fix the next part of the solution. This
results in an algorithm whose running time is O(nd[log k]) instead of O(ndk), as given by a naive
application of the method. With a few interesting modifications, this idea also works in the colorful
setting.

Outline of the paper. We begin by describing our extension of Sarkaria’s technique in Section 2
and then use it in combination with a result from Section 3 to prove the no-dimensional Tverberg
result. In Section 3, we expand upon the details of an averaging argument that is useful for the



Tverberg result. Section 4 is devoted to describing an algorithm to compute the Tverberg partition.
In Section 5 we give a corresponding result for the colorful Tverberg setting and describe an algorithm
to compute the required partition. We conclude in Section 6 with some observations and open
questions.

2 Tensor product and no-dimensional Tverberg theorem

In this section, we prove a no-dimensional Tverberg result. Let diam(-) denote the diameter of any
point set in d dimensions. Let P C R? be our given set of n points in d dimensions. We assume
for simplicity that the centroid of P, that we denote by ¢(P), coincides with the origin 0, i.e.,
> zep T = 0. For ease of presentation, we denote the origin by 0 in all dimensions, as long as there
is no danger of confusion. Also, we use (-, -) to denote the usual scalar product between two vectors
in the appropriate dimension.

Tensor product. Let z = (z1,29,...,74) € R and y = (y1, 42, ..., Ym) € R™ be any two vectors
in d and m dimensions, respectively. The tensor product ® is the operation that takes = and y to
the dm-dimensional vector

TRY = (TYL, - TYm) = (T1YLs -+ -, TaY1, T1Y2s - s TalYm—1, L1Yms - - - » LaYm) € RI™.

Straightforward calculations show that for any vectors z,2’ € R% y,y' € R™, the operator ®
satisfies:
(i

) z@y+2'ey=(r+2)®y,
(i) z@y+rey =2 (y+y), and
)

(il) (z®@y, 2’ ®y') = (z,2")(y,v).

By (iii), the Lo-norm ||z ® y|| of the tensor product x ® y is exactly ||z||||y||. For any set of vectors
X ={x1,29,...} in R? and any m-dimensional vector ¢ € R™, we denote by X ® ¢ the set of tensor
products {z1 ® ¢, 22 ® q,...} C R¥™. Throughout this paper, all distances will be in the Ly-norm.

A set of lifting vectors. We generalize the tensor construction that was used by Sarkaria to prove
the Tverberg theorem [15]. For this, we provide a way to construct a set of k vectors {q1,...,qr}
that we use to create tensor products. The motivation behind the precise choice of these vectors
will be explained a little later in this section. Let G be an (undirected) simple, connected graph of k
nodes and let

e ||G|| denote the number of edges in G,
e A(G) denote the maximum degree of any node in G, and

e diam(G) denote the diameter of G, i.e., the maximum length of a shortest path between a pair
of vertices in G.

We orient the edges of G in an arbitrary manner to obtain a directed graph. We use this directed
version of G to define a set of k vectors {qi,...,qx} in ||G|| dimensions. This is done as follows: each
vector ¢; corresponds to a unique node v; of G. Each coordinate position of the vectors corresponds
to a unique edge of G. If v;v; is a directed edge of G, then ¢; contains a 1 and ¢; contains a —1
in the corresponding coordinate position. That means, the vectors {q1,...,qr} are in RI9I. Also,



Zle ¢i = 0. It can be verified that this is the unique linear dependence (up to scaling) between the
vectors for any choice of edge orientations. This means that the rank of the matrix with the ¢;s as
the rows is k — 1. The squared norm ||¢;||? is the degree of v;, for each vertex v;. For i # j, the dot
product (g;,q;) is —1 if v;v; is an edge in G, and 0 otherwise.

For any set {u1,...,ur} of k vectors, each of the same dimension, we note that property (iii) of
the tensor product leads to the following relation:

2

k kE k
Z u; @ Giy uj @ qj) :ZZ w;, ui){Gi, 45)

k
Z Ui @ q;
i=1

k
i—1 i=1j=1
k k
= Z wi, ui)(Gis Gi) + 2 Z uuu] %7% Z || H%HQ Z <Uz'auj>
= 1<i<j<k vlijE[g]
= > lu—yl? (1)

v;v; EE[G]

where E[G] is the set of edges of G.

As an example, such a set of vectors can be formed by taking G as a balanced binary tree with k
nodes, and orienting the edges away from the root. Let ¢; correspond to the root. A simple instance
of the vectors is shown below:

The vectors in the figure above can be represented as the matrix

a 1 1 0 0 0000
0 10 1 1 0000
| |10 -1 0 0 1100
al~"lo o -1 0 0011
s 0 0 0 -1 00 0O
where the i-th row of the matrix corresponds to vector ¢;. As ||G|| = k — 1, each vector is in RF~1,

The norm ||g;|| is one of v/2, v/3, or 1, depending on whether v; is the root, an internal node with
two children, or a leaf, respectively. The height of G is [log k] and the maximum degree is A(G) = 3.

Lifting the point set. Let P = {pi,...,p,} C R% Our goal is to find a (relaxed) Tverberg
partition of P into k sets. For this, we first pick a graph G with k vertices, as in the previous
paragraph, and we derive a set of k lifting vectors {qi,...,qx} from G. Then, we lift each point of
P to a set of vectors in d||G|| dimensions, by taking tensor products with the vectors {qi,...,qx}.
More precisely, fora=1,...,nand j=1,...,k, let

Da,j = Da @ qj € Rd”g”-



Fora=1,...,n, welet P, = {pa1,...,Dak} be the lifted points obtained from p,. We have,
1Paill = llgjllIpall </ A(G)l|pall-
By the bi-linear properties of the tensor product, we have

1

k
=2 (ra®qj) = (pa®<2q])) 1pa®0) 0,
=1

=N
<.

so the centroid ¢(P,) coincides with the origin, for a = 1,..., n.

The next lemma contains the technical core of our argument. It shows how to use the lifted
point sets to derive a useful partition of P into k subsets of prescribed sizes. We defer its proof to
Section 3.

Lemma 2.1. Let P = {p1,...,p,} be a set of n points in RY and let Py, ..., P, denote the point
sets obtained by lifting each p € P using the vectors {qi,...,qx}-

For any choice of positive integers ri,...,7; that satisfy Zle r; = n, there is a partition
Ti,..., Ty of P with |Ty| = r1,|Ta| = ra,...,|Tk| = ri such that the centroid of the set of lifted
points T :={T1 @ U---UT, ® qr} (which is a traversal of P,...,P,) has distance less than

A(G) ..
0= 4/—0—"=d P
3n—1) iam(P)
from the origin 0.

The bound is better for the casen = rk andry = --- = r, = 7. There exists a partition Ty, ..., Ty
of P with |Ty| = |Ta| = - -+ = |Tx| = r such that the centroid of T :={Th ® ¢ U---UT} @ qx} has
distance less than

gl ..
=4/—-=d P
1= gy ()

from the origin 0.

Using Lemma 2.1, we show that there is a ball of bounded radius that intersects the convex hull
of each T;. Let a1 = "L,..., oy = “E be positive real numbers. The centroid of T' can be written as

=1 x€T; =1 x€eT; =1 L=y

ZZx@qzii (Z m) ®Qi_i: (:Zx) ®Qi_£aici®%

where ¢; = ¢(P;) denotes the centroid of T;, for i =1,... k.
Using Equation (1),

||2 Zazcz®QZ = Z |evici _O‘jch2' (2)
v EE[G]
Let 1 = ajc1, 29 = aoca, ..., 2, = agcg. Then
k k re 1 1 n
K3
ZZ‘Z:ZO@CI:Z* *ZP :*Zp]_(),
n \r; n “
i=1 i=1 i=1 peT; J=1



so the centroid of {z1,...,x;} coincides with the origin. Using ||¢(7T")|| < 6 and Equation (2),
Yoo lwi—alP = Y e —aje)? <62
v;v;€E[G) vV €E[G]

We bound the distance from 1 to every other z;. For each ¢, we associate to x; the node v; in
G. Then the shortest path from v; to v; in G has length at most diam(G). Let that path be denoted
by (vi,vi;, Vi, - . ., v, v;). Using triangle inequality and the Cauchy-Schwarz inequality,

o1 — ]| < [lon = @y || + sy, — @i | + -+ |2, — 2]
< Jdiam(G)y/ll1 — w2 + llzsy — w2+ + [l — 52

<\/diam(G) | 3 |ai — ;|2 < \/diam(G)s. (3)

ViV EE[g]

Therefore, the ball of radius 8 := /diam(G)d centered at x; covers the set {z1,...,zr}. That
means, the ball covers the convex hull of {z1,...,2;} and in particular contains the origin. Using
triangle inequality, the ball of radius 23 centered at the origin contains {x1,...,zx}. Then the norm
of each x; is at most 23 which implies that the norm of each ¢; is at most 23/c;. Therefore, the

ball of radius
28 2ny/diam(G)é

min; oy min;r;
centered at O contains the set {ci,...,cx}. Substituting the value of ¢ from Lemma 2.1, the ball of
radius
2n\/diam(G) / diom(P _ ndiam(P) \/ 2diam(G)A(G)
min;r; (n— 1 min;r; n—1
centered at 0 covers the set {cl, ceey Cl )

Optimizing the choice of G. The radius of the ball has a term \/diam(G)A(G) that depends
on the choice of G. For a path graph this term has value /(k — 1)2 and for a star graph this is
Vk —1. If G is a balanced s-ary tree, then the Cauchy-Schwarz inequality in Equation (3) can be
modified to replace diam(G) by the height of the tree. Then the term is y/[log, k|(s 4+ 1) which is
minimized for s = 4. The radius bound for this choice of G is

ndiam(P) [10[log, k]

min;r; n—1
as claimed in Theorem 1.1.
Balanced partition. For the case n =rk and vy =--- = r;p = r, we give a better bound for the
radius of the ball containing the centroids ci,...,ct. In this case we have a1 = ag = --- = o, =

* = 1. Then Equation (2) is

n
1
le(M)*= > HOéz‘Cz‘—OéjCjHQ:ﬁ > lei =gl

vv;€E[G) viv; EE[G]

Since ||c¢(T)]| < 7, we get

> e — ol <k (4)

ViV EE[g]



Similar to the general case, we bound the distance from c; to any other centroid c;. For each ¢, we
associate to ¢; the node v; in G. There is a path of length at most diam(G) from vy to any other
node. Using the Cauchy-Schwarz inequality and substituting the value of v, we see that

diam(G) |9 ||

K —1) kdiam(P)

ler = ¢jll < Jdiam(G) [ 37 fles = ¢jl[? < y/diam(G)y =

vivjeE[Q]

_ ./ % diam(G)||g||diam(P). (5)

Therefore, a ball of radius ./%\/diam(g)ﬂgﬂdiam(P) centered at ¢; contains the set ci,..., k.

The factor y/diam(G)||G|| is minimized when G is a star graph, that is, a tree with one root and
k — 1 children. Then the ball containing cy, ..., c; has radius

k(k —1)

n—1

diam(P),
as claimed in Theorem 1.1.

As balanced as possible. When k& does not divide n, but we still want a balanced partition,
we take any subset of ng = k| 7| points of P and get a balanced Tverberg partition on the subset.
Then we add the removed points one by one to the sets of the partition, adding at most one point
to each set.

As shown above, there is a ball of radius less than
hull of each set in the partition. Noting that

1 < k+2 1
vVnop—1— \/ E Vn—1

(k+2)(k—1)
(n—1)

k(k—1)

no—1

diam(P) that intersects the convex

a ball of radius less than diam(P) intersects the convex hull of each set of the partition.

3 Existence of a desired partition

This section is dedicated to the proof of Lemma 2.1. Like Adiprasito et al. [1], we use an averaging
argument to obtain the result. More precisely, we bound the average norm 0 of the centroid of the
lifted points 71 ® g1 UTo @ go U - - - U T}, ® g, over all partitions of P of the form T, ..., T}, for which

the sets in the partition have sizes 71, ..., r; respectively, with Zle i = n.

Each such partition can be considered as a traversal of the lifted point sets P, ..., P,. Thus,
consider any traversal X = {z1,...,2,} of P1,..., P,, where z, € P,, for a =1,...n. The centroid
of X is ¢(X) = %ﬂja We bound the expectation n’E (|lc(X)|?) = E (||ZZ:1 xaHZ), over all

possible traversals X. The expectation can be written as

n 2 n
E( z_:lma ) =E (Z:lllxa\|2+ Z 2<xa,xb))

1<a<b<n

1<a<b<n

) (é u:caHQ) +2E ( 3 <xa,xb>) .



We next find the coefficient of each term of the form |z, and (z,, ) in the expectation. Using
the multinomial coefficient, the total number of traversals X is

Furthermore, for any lifted point z, = p, j, the number of traversals X with p,; € X is

n—1 B (n—1)!
Tla"-vrj_lw'-ark _Tl! """ (7']—1)|7’k'

Tl (= Dy,

So the coefficient of [|z4||* = ||pa;|* is = 2. Similarly, for any pair of points

(%a,b) = (Pa,isPb,j), there are two cases in which they appear in the same traversal:

e i = j: the number of traversals is - The coefficient of (za, x) = (pa,i; pe,j) in
the expectation is hence %

. The coefficient of

e i # j: the number of traversals is calculated to be Py s § [ e (7;]__1)! ..... o

(Da,i»bj) in the expectation is n(’;f_ﬂ -

Substituting the coefficients, we bound the expectation as

B (g mu?) +2E ( > <xa,xb>)

1<a<b<n

n k k
ri(r; — 1) 7T
= > llpagl® + 2 Y S pegprg) L nin=1) > (Paipvy ﬁ
a=1j=1 1<a<b<n \j=1 1<i£j<k
r n 2 k
— Z -J Z Hpa,]’ ﬁ Z Z <pa,i7pb,j)7“n“j - Z<pa,jupb,j>7‘j
=1 " a=1 mn 1<a<b<n \1<ij<k =1
k n
1 2
= er <n Z ||Pa,j 2) + n(ni— 1) Z Z <pa7iapb,j>ri7'j
j=1 a=1 1<a<b<n 1<i,j<k
k
2
- n(n — 1) g pa,japb,j

We bound the value of each of the three terms individually to get an upper bound on the value of
the expression. The first term can be bounded as

k 1 n 1 k n 1 k n
> 7 ( > :Ilpa,jH2> ==> 7 (E Hpa||2!qa'||2> == > rillasl? | D lIpal®
7j=1 a=1 7j=1 a=1 7j=1 a=1

3\'*

ndiam(P)? )

k n n
( 3 )Zupa||2=;m(g)n)Zupan%A(g)( :
a=1 a=1

10



: 2
where we have made use of the fact that S°7_; ||pa||*> < % (see [1, Lemma 7.1]). The second
term can be re-written as

2
( _1) Z Z pazapbj rirj = Z Ty Z <pa,i7pb,j>
nn 1<a<b<n 1<ij<k 1<%]<k 1<a<b<n
Z rirg | Y. (Pa ® i, b ® q5)
1<z,]<k 1<a<b<n
Z rir (Y. (Paspe) (45 5)
1<z,]<k 1<a<b<n
2
:ﬁ Z Tirj<Qi»Qj> Z <paapb>
nn 1<ij<k 1<a<b<n

2
= > (i) Y (pasm) | <0,
n(n —1) ((vi,vj)EE'[g} 1<a<b<n

where we have again made use of [1, Lemma 7.1] to bound the term

Z (Das Do) :_7Z’|pa“2 <0.

1<a<b<n
The second term is non-positive and therefore can be removed since the total expectation is always
non-negative. The third term is

& k
_n(n2—1) 2 Z(pa,jvpb,j>rj:_n(n2_1) Yo D (Pa®aspe @ q5) T

1<a<b<n j=1 1<a<b<n j=1
2

k
Rl Yo D (pason)llgilPr

1<a<b<n j=1

k 1 ndiam(P)?
- (Zlnqju%j) (71(71—1) 13;@ —2( pmpb) (ZH%H%) <n(n—1) 5 )

iam(P)? n iam(P)?
< (ZHW )d ) < 2RO

Collecting the three terms, the expression is upper bounded by

diam(P)2A(G)n n diam(P)?A(G)n  diam(P)?A(G)n (1 n 1 ) _ diam(P)2A(G)n?

2 2(n—1) 2
which bounds the expectation by:

1 (diam(P)2A(Q)n2> _ diam(P)%A(G)

n—1

n? 2(n—1) 2(n—1)
This shows that there is at least one traversal such that its centroid has norm less than

A(G)

diam(P) n—1)’

as claimed in Lemma 2.1.
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Balanced case. For the case that n is a multiple of k, and ry = --- = 1, = ¢ = r, the upper
bound can be improved:

e the first term in the expectation is

k 1 n
> (n 5 ||pa,ju2> S S sl = 3 el
j=1 a=1

] la=1 ] la=1

k n
- % (Z ’quQ) Z Ipall? = —2||g” Z pall® < 2Hg||
Jj=1 a=1

(ndiam(P)2
a=1

. ) < r||g||diam(P)?,

e the second term is zero, and

e the third term is less than
9 diam(P)? . o | diam(P)* )2 diam(P)?  r||G||diam(P)?
(Zquu >( (ZM!) T VR e ey st

The expectation is upper bounded as

r iam(P)?
n’E (HC(X)H2> < r||G||diam(P)? + Hg’(‘s_lgp)

r||G||diam (P)? 1 r||G||diam (P)? Gl|diam(P)?
— B (jor?) < PR (LY riglden(P? _ |9l

which shows that there is at least one balanced traversal X whose centroid has norm less than

Gl .
mdlam(P),

as claimed in Lemma 2.1.

4 Computing the Tverberg partition

We now give a deterministic algorithm to compute no-dimensional Tverberg partitions. The
algorithm is based on the method of conditional expectations. First, in Section 4.1 we give an
algorithm for the general case when the sets in the partitions are constrained to have given sizes
r1,...,7k. The choice of G is crucial for the algorithm.

The balanced case of 71 = - -- = r} has a better radius bound and uses a different graph G. The
algorithm for the general case also extends to the balanced case with a small modification, that we
discuss in Section 4.2. We get the same runtime in either case:

Theorem 4.1. Given a set of n points P C R?, and any choice of k positive integers r1,...,T
that satisfy Z _ 11 =n, a no-dimensional Tverberg k-partition of P with the sets of the partition
having sizes ri,...,r can be computed in time O(nd[logk]).

12



4.1 Algorithm for the general case

The input is a set of n points P C R? and k positive integers r1,. .., 7, satisfying Zle r; = n. We
use the tensor product construction from Section 2 that are derived from a graph G. Each point of
P is lifted implicitly using the vectors {q1,...,qx} to get the set {Py,..., P,}. We then compute a
traversal of {P,..., P,} using the method of conditional expectations [2], the details of which can
be found below. Grouping the points of the traversal according to the lifting vectors used gives us
the required partition. We remark that in our algorithm we do not explicitly lift any vector using
the tensor product, thereby avoiding costs associated with working on vectors in d||G|| dimensions.

We now describe a procedure to find a traversal that corresponds to a desired partition of
P. We go over the points in {Py,...,P,} iteratively in reverse order and find the traversal
Y =(y1 € Pr,...,yn € P,) point by point. More precisely, we determine y,, in the first step, then
Yn—1 in the second step, and so on. In the first step, we go over all points of P, and select any
point y, € P, that satisfies E (c||(21, 22, ..., Zn—1,Yn)||?) < E (c||(z1,22,...,Tn_1,75)||*). For the
general step, suppose we have already selected the points {ys41,Ys+2,---,Yn}. To determine ys, we
choose any point from P, that achieves

E (”C(CCl7.’1727 sy Ls—15Ysy Ys+1y - -+ 7yn)||2) S E (”0(1171711327 cey sy Ys+1s- -+ 7yn)||2) . (6)

After the last step, we get the required traversal. The expectation E(||c(z1, %2, ..., Zs—1,Yss- - > Yn)||?)
can be expanded to

s—1 n 2 1 s—1 n 2
E c(ZazH—ZyZ) :721[?, ZLUH- Z Yi | +Ys
P i—e n i=1 i=s+1
2
1
2 E sz‘i‘ Z Yi +||y8H2+2<yS’ (Zml_‘_ Z yl)>
i=s+1 i=s+1
2
1
2 E le+ Z Yi +||118H2+2<ys’ (Z‘m) + Z y’>
i=s+1 i=s+1
We pick a ys for which E(||c (331, T, ..., Ts_1, ys, . ,yn)||2) is at most the average over all choices of

ys € Ps. As the term E (H 1 T; + ZZ si1Yi is constant over all choices of y5, and the factor

% is constant, we can remove them from consideration. We are left with

Hysu?+2<ys, (zxz>+ 3 yz>uysu +2<ys, <z>>+2<y S . @

1=s+1 i=s5+1
Let ys = ps ® g;. The first term is

sl = llps ® aill* = Ips|®lla: -

Let 7},...,r}; be the number of elements of T1,...,T} that are yet to be determined. In the

13



beginning, r; = r; for each i. Using the coeflicients from Section 3, E ( 2 11332) can be written as

s—1 s—1 k s—1 r s—1
]E(sz> = me :ZS 1 2-Pij ZS Pi @ qj
=1 =1 7=1 7j=1 =1 7j=1 =1
1 k s—1 1
:S—lzlrz <z;pz>®% ( 12P@>®<ZTQJ)—CS 1®<quj>’
j= i=

s—1
where ¢, = 28:1 * is the centroid of the first (s — 1) points. Using this, the second term can be
simplified as

k k
<ys, (Z :r:z>> =2 <ps ® Gis Cs—1 ® (Z r}qj) > =2 (ps, Cs-1) <q¢, Zr§~q3>
i=1 j=1

= 2(ps, Cs-1) (7";||QZ||2 - Z T;) = (ps, cs—1) R,

ViV GE[g]

where R; = 2 (r;quHQ — 2viv;€E[G) r;) The third term is

n n n
2<ys, > yi>=2 > (ys,yi) = Z <ps®qz,pg®qzj>—2 Z (ps: i) @ir 4i;)

j=s+1 i=s+1 Jj=s+1
=2 <ps, Soplal?P— > p> = <ps,2 (Hqu2 p— > p>> = (ps, Ui),
pET; pET]’/\’Uz”UjEE[g} peT; pETj/\ijeE[g]

where U; = 2 (H%HZ PO EpeTj/\vivjeE[g] p) and Tj is the set of points in ps11,...,p, that was
lifted using g; in the traversal. Collecting the three terms, we get the expression

s llgl|* + (ps, cs—1) Ri + (ps, Us)
= asN; + BSR’L + <p37 Ul>7 (8)

where N; = ||g;||?, as := ||ps]|? and Bs := (ps, cs). The terms as, Bs, ps are fixed for the iteration s.

Algorithm. For each s € [1,n], we pre-compute the following:
e prefix sums Y »_ pq, and
e o, and ;.

With this information, it is straightforward to compute a traversal in O(ndk) time by evaluating
the expression for each choice of ps. We describe a more careful method that reduces this time to

O(nd[logk]).
We assume that G is a balanced p-ary tree. Recall that each node v; of G corresponds to a
vector ¢;. We store G augmented with the following additional information for each node v;:

e N; = |l¢||?: recall that this is the degree of v;.

e N7': this is the average of the N; over all elements v; in the subtree rooted at v;.

14
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e 7;: as before, this is the number of elements of the set T} of the partition that are yet to be

determined. We initialize each 7 := r;.

e R =2 (T;NZ‘ — vy eE 7"3-), that is, r{N; minus the 7 for each node v; that is a neighbor of
v; in G, times two. We initialize R; := 0.

e R:': this is the average of the R; values over all nodes v; in the subtree rooted at v;. We
initialize this to 0.

e T; u;: as before, T; is the set of vectors of the traversal that was lifted using ¢;. wu; is the sum
of the vectors of T;. We initialize T; = & and u; = 0.

o U; =2 (HqZH2 ZpeTip - ZpGTj/\vivjEE[g} p) =2 (ulNZ - EviijE[g] uj)' This is a weighted
difference in the vector sums that correspond to v; and its neighbors in G. This is initialized
as 0.

e U?': this is the average of the vectors U; for all nodes v; in the subtree of v;. U is initialized
as 0 for each node.

Additionally, each node contains pointers to its children and parents. N*!, R are initialized in one
pass over G.
In step s, we find a i € 1...k for which Equation (8) has a value at most the average

1 (& 1 (& 1 (& (&
A, :% (Z asN; + ﬁst + <p57 UZ)) = as% (Z NZ) + /88% (Z RZ) + <p5’ E (Z UZ)>
i=1 i=1 i=1

i=1
- astt + /BsRit + <p87 Ulst>7

where v is the root of G. Then y; satisfies Equation (6).

To find such a node v;, we start at the root v1 € G. We compute the average A, and evaluate
Equation (8) at v;. If the value is at most A,, we report success, setting ¢ = 1. If not, then for at
least one child v, of v1, the average for the subtree is less than A, that is,

asN;jf + Bsté + (ps, Uf,f} < A,.

We scan the children of v; and compute the expression to find such a node v,,. Then we recursively
repeat the procedure on the subtree rooted at v,,, and so on until we find a suitable node. There is
at least one node v in the subtree at v, for which Equation (8) evaluates to less than Ag, so the
procedure is guaranteed to find such a node.

Let v; be the chosen node. We update the information stored in the nodes of the tree for the
next iteration. We set

e ri:=r,—1and R, :== R; — 2N,. Similarly we update the R; values for the neighbors of v;.

o We set T; :=T; U{ps}, u; := u; + ps and U; := U; + 2N;ps. Similarly we update the U; values
for the neighbors.

e For each child of v; and for each ancestor of v; on the path to the root, we update R** and U*’.

After the last step of the algorithm, the sets T1,...,T} are the required partition of P. This
completes the description of the algorithm.
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Proof of Theorem 4.1 for the general case Computing the prefix sums and ag, 35 takes
O(nd) time in total. Creating and initializing the tree takes O(k) time. In step s, computing the
average A, and evaluating Equation 8 takes O(d) time per node. Therefore, computing Equation 8
for the children of a node takes O(dpu) time, as G is a u-ary tree. In the worst case, the search for v;
starts at the root and goes to a leaf, exploring O(u[log, k]) nodes in the process and hence takes
O(du[log, k) time. For updating the tree, the information local to v; and its neighbors can be
updated in O(dp) time. To update R*" and U$! we travel on the path to the root, which can be of
length O([log, k]) in the worst case, and hence takes O(du[log, k1) time. There are n steps in the
algorithm, each taking O(du[log, k]) time. Overall, the running time is O(ndu[log, k]) which is
minimized for a 3-ary tree. 0

4.2 Algorithm for the balanced case

In the case of balanced traversals, G is chosen to be a star graph as was done in Section 2. Let
q1 correspond to the root of the graph and g, ..., g, correspond to the leaves. In this case the
objective function asN; + s R; + (ps, U;) from the general case can be simplified:

o for i =2,... k, we have

Ri =2 (T;W -2

V;V; S

and

UiZQ(ZPHQiHQ_ > p)=2(2p—2p)-

peT; pET]‘ AV V; EE[Q} peT; peTy

e for the root v,

ViVj ek j:2

k
R; =2 (r;quHz — Z 7"3) =9 ((k —1)r] — Zré) ,
and

Ui:2(|QiHQZp_ > p)=2<(k—1)zp— > p).

peT; pET; \v;vj EFE[]] peT; pETRU---UT},

We can augment G with information at the nodes just as in the general case, and use the
algorithm to compute the traversal. However, this would need time O(ndu[log, k]) = O(ndk) since
1= (k—1) and the height of the tree is 1.

Instead, we use an auxiliary balanced ternary rooted tree T for the algorithm. 7 contains k
nodes, each associated to one of the vectors q1,...,q; in an arbitrary fashion. We augment the
tree with the same information as in the general case, but with one difference: for each node wv;,
the values of R; and U; are updated according to the adjacency in G and not using the edges of
T. Then we can simply use the algorithm for the general case to get a balanced partition. The
modification does not affect the complexity of the algorithm.
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5 No-dimensional Colorful Tverberg

In this section we prove Theorem 1.2 and give an algorithm to compute a colorful partition. The
general approach is similar as in the previous sections, but now the lifting and the averaging steps
need to be modified.

Let q1,...,qr be the set of vectors derived from a graph G as in Section 2. Let 7 = (1,2,...,k)
be a permutation of [k] = {1,...,k}. Let m; denote the permutation obtained by cyclically shifting
the elements of 7 to the left by (i — 1) positions. That means,

m=(1,2,... . k—1k)
mo=(2,3,...,k1)
m3=(3,4,...,1,2)

= (k,1,2,... . k—2k—1).

Let Py, ..., P, be finite point sets in RY, each of cardinality k. Let P, = {p11,...,p14} and

k

Prj=> pLi®dn0
i=1

be the point in RU9I that is formed by taking tensor products of the points of P} with the permutation
mj of q1,...,q, and adding them up, for j = 1... k. For instance, P1 4 = p1 ®q4 +p2®@qs5+- - - +pr ®¢q3.
This gives a set of k points P{ = {P1 1, P12,..., Py }. Furthermore,

k kok k k
Zl P ;= Z Zpu @ qr; (i) = Z 2 PLi @ ;i) = lel,i ® (Z; qﬂj(i))
j= i= j=

k
j=1i=1 i=1j=

k k 1
=2 Pi® (Z qm> =0, (9)

so the centroid of P coincides with the origin. In a similar manner, for Ps,..., P,, we construct
the point sets Py, ..., P/, respectively, each of whose centroids coincides with the origin. We now
upper bound diam(Py). For any point P ;, using Equation (1) we can bound the squared norm as

k 2 k 2
2
2
[ Pral|* = Z P1m @ Gry(m)|| = Zpl,ﬂgl(l) Qaf = Z le,ﬂ;l(Z) _pl,wgl(m)"
m=1 =1 v, um €E[G]
< > diam(P)? < ||G||diam(Py)?,
Ul,UmEE[g]
so that || Py ;|| < +/||G||diam(P). For any two points P ;, Py j € P,

[ PLi — Prgll < [P

+ 1Pl < Gl diam(Pr) + y/[|G]|diam(P1) = 24/[|G|diam(Fy).

Therefore, diam(P)) < 24/]|G||diam(Py). We get a similar relation for each P/. Now we apply the
no-dimensional Colorful Carathéodory theorem [1, Theorem 2.1] on the sets Py, ..., P.: there is a
traversal X = {z1 € P{,...,z, € P} such that

di P! 2 2
[e(X), 0] <6 = max;diam (F;) < HgHmaXidiam(Pi) = Mmaxidiam(ﬂ-).
V2n V2n N
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Let x1 = P, 22 = Py, ..., = Py, where 1 <'iq,...,i, <k are the indices of the permutations
of m that were used. That means,

]zj ijl®qm ijw ®Qm
Then, we define the colorful sets Aq,..., A as:

A= {Pl,will(i)’pm;(z‘)’ P (“} ’

that is, A; consists of the points of Py, ..., P, that were lifted using ¢; for ¢ = 1...k. By definition,
each A; contains precisely one point from each P]( , 80 it is a colorful set. Let ¢; denote the centroid
of A;. We expand the expression

1 n 1 n k 1 n k
“X) =32 Pt = 2 D Pt D, 0= 1 3 D P hm) i
j=1 j=1i=1 j=1m=1
1 kK n
= - Dia-1tm X Gm = — p7r (m) & gm = pw_lm ® qm
nzz jm o (m) Z Z 7 Z Z Jmi o (
m=1j=1 m—l m= 1
k
:Zcm(g)Qm
m=1

Applying [|e(X)[* < 6%, we get

k
Z Cm & Gm
m=1

where we again made use of Equation (1). Using the Cauchy-Schwarz inequality as in Section 2,
the distance from ¢; to any other ¢; is at most \/diam(G)d. Substituting the value of 4, this is
2kd1am( )G

2
= Y lla—cal®<d,

Vi, Um EE[g}

max;diam(P;). Now we set G as a star graph, similar to the balanced case of Section 2
with v as the root. Therefore, a ball of radius

2k(k —1
(Nmaxidiam(Pi)
centered at c; contains the set {ci,...,cy}, intersecting the convex hull of each A;, as required in

Theorem 1.2.

Computation. The algorithm follows a similar approach as in Section 4. The input consists
of the sets of points Pp,..., P,. We use the permutations 1,...,m of ¢1,...,qx to (implicitly)
construct the point sets P, ..., P.. Then we compute a traversal of P/, ..., P! using the method of
conditional expectations. This essentially means determining a permutation 7;, for each P;. The
permutations directly determine the colorful partition. Once again, we do not explicitly lift any
vector using the tensor product, and thereby avoid the associated costs.

We iterate over the points of {P{,. .., P}} in reverse order and find a suitable traversal Y = (y; €
Pl,...,yn € P’) point by point. Suppose we have already selected the points {ysi1,Ys+2, -, Yn}-
To find ys; € P., it suffices to choose any point that satisfies

E (HC(CCl,fEQ, ey Ls—1yYsy Ys+1y - - - 7yn)||2) S E (”C(l‘bfﬂQ, vy Ly Ys41y- - 7yn)||2) . (10)
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Specifically, we find the point y, for which the expectation E(||c(z1, 22, ..., Ts 1, s, - - Yn)||?) is
minimum. As in Equation 7 from Section 4, this is equivalent to determining the point that
minimizes

||y8||2+2<ys, (sz> + Z yz> = IIysH2+2<ys, (sz>>+2 Ys, Zn: yi).  (11)

1=s5+1 1=s+1

Let ys = Zi?:l Ps,i @ (i) for some permutation 7 € {71, ..., 7 }. The terms of Equation 11 can
be expanded as:

e first term:

I* =

Hys Zpsz ® dr (i) Psx—11) —

:2‘

vum EEI[G]

Hzpsw 1) @q

using Equation 1.

e second term: the expectation can be written as

s—1 s—1 k 1 s—1
E(Z%):ZZPM = > Pj|=0
i=1 i=1j=1 i=1 \j=1

w\H

as in Equation (9).

e third term: let 7j . ,,...,7;, denote the permutations selected for P, , ..., P) in the traversal,
respectively. Then,

n n n k n k
Z Yi = Z .5 Z sz’,l & Qﬂ'jl.(l) = Z Z pi,fr.fl(m) & Gm
i=s+1 i=s+11=1 i=s+1m=1 Ji
k n k
:Z Zplﬂ (m) ®qmzz Zp®qm’
m=1 \i=s+1 7i m=1pecAl,
where, A C A, is the colorful set whose elements from Psi1,..., P, have already been

determined. Let Sy, = > c 4 p for each m =1... k. Then, the third term can be written as

k k k
<y57 Z yz>—2<zpsz®(h(z Zsm®Qm>ZQZZ<psz®qﬁ Sm®Qm>

i=s+1 = i=1 m=1
k k k k
:22 <ps7r ()®lesm®Qm>:2ZZ<ps7r 7Sm> (a1, gm)
=1 m=1 I=1m=1
k
=2 Z <<ps,7r1(m)7sm> ||QTI’LH2 - Z <ps7r 1 l)7 )
m=1 vvm €EE[G]
k
=2 Z < ps,w*l(m)quH2 - Z ps,wl(l)) 7Sm> .
m=1 v vm EE[G)
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If 7 is the permutation selected in the iteration for Py, then we update A; = A; U {p,,-1(;)} and
Si = Si+psr-1( foreach i =1,... k.

For each permutation m, the first and the third terms can be computed in O(||G||d) = O(kd)
time. There are k permutations for each iteration, so this takes O(k?d) time per iteration and
O(nk?d) = O(Ndk) time in total for finding the traversal.

Remark 5.1. In principle, it is possible to reduce the problem of computing a no-dimensional
Tverberg partition to the problem of computing a no-dimensional Colorful Tverberg partition. This
can be done by arbitrarily coloring the point set into sets of equal size, and then using the algorithm
for the colorful version. This can give a better upper bound on the radius of the intersecting ball if
the diameters of the colorful sets satisfy

diam(PLUP,U---UP,)
V2

Howewver, the algorithm for colorful version has a worse runtime since it does not utilize the
optimizations used in the reqular version.

max;diam(P;) <

6 Conclusion and future work

We gave efficient algorithms for a no-dimensional version of Tverberg theorem and for a colorful
counterpart. To achieve this end, we presented a refinement of Sarkaria’s tensor product construction
by defining vectors using a graph. The choice of the graph was different for the general- and the
balanced-partition cases and also influenced the runtime complexity of the algorithms. It would be
a worthwhile exercise to look at more applications of this refined tensor product method. Another
option could be to look at non-geometric generalizations based on similar ideas.

The radius bound that we obtain for the Tverberg partition is vk off the optimal bound in [1].
This seems to be a limitation in handling Equation (4). It is not clear if this is an artifact of
using tensor product constructions. It would be interesting to explore if this factor can be brought
down without compromising on the algorithmic complexity. In the general partition case, setting
ry = -+ =1} gives a bound that is \/[log k| worse than the balanced case, so there is some scope
for optimization. In the colorful case, the radius bound is again vk off the optimal [1], but with a
silver lining. The bound is proportional to max; diam(P;) in contrast to diam(P, U---U P,) in [1],
which is better when the colors are well-separated.

The algorithm for colorful Tverberg has a worse runtime than the non-colorful case. The
challenge in improving the runtime lies a bit with selecting an optimal graph as well as the nature
of the problem itself. Each iteration in the algorithm has to look at each of the permutations
m1,...,7T and compute the respective expectations. The two non-zero terms in the expectation are
both computed using the chosen permutation. The permutation that minimizes the first term can
be determined quickly if G is chosen as a path graph. This worsens the radius bound by vk — 1,
but it is still not good enough. Computing the other (third) term of the expectation still requires
O(k) updates per permutation and therefore O(k?) updates per iteration, thereby eliminating the
utility of using an auxiliary balanced tree to determine the best permutation quickly. The optimal
approach for this problem is unclear at the moment.
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