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Abstract

A triangulation of a planar point set S is a maximal plane straight-line graph with vertex
set S. In the minimum weight triangulation (MWT) problem, we are looking for a trian-
gulation of a given point set that minimizes the sum of the edge lengths. We prove that
the decision version of this problem is NP-hard. We use a reduction from PLANAR-1-IN-
3-SAT. The correct working of the gadgets is established with computer assistance, using
geometric inclusion and exclusion criteria for MWT edges, such as the diamond test and the
LMT-Skeleton heuristic, as well as dynamic programming on polygonal faces.

Keywords: Optimal triangulations, PLANAR-1-IN-3-SAT.

ACM Classification (1998): F.2.2 Geometrical problems and computations; G.2.2 Graph
algorithms.

1 Introduction

Given a set S of points in the euclidean plane, a triangulation T of S is a maximal plane straight-
line graph with vertex set .S. The weight of T is defined as the total euclidean length of all edges
in T. A triangulation that achieves minimum weight is called a minimum weight triangulation
(MWT) of S.

The problem of computing a triangulation for a given planar point set S arises naturally
in many applications such as stock cutting, finite element analysis, terrain modeling, and nu-
merical approximation. The minimum-weight triangulation has attracted the attention of many
researchers, mainly due to its natural definition of optimality, and not so much because it would
be important for the mentioned applications. We show that it is NP-hard to compute a minimum-
weight triangulation of a given planar point set. Our proof uses a polynomial time reduction from
PLANAR-1-IN-3-SAT. The input to the PLANAR-1-IN-3-SAT problem consists of a Boolean for-
mula ® in 3-CNF whose associated graph is planar, and the formula is accepted if there exists an
assignment to its variables such that in each clause exactly one literal is satisfied. The associated
graph of ® has one vertex v, for each variable z in ® and one vertex ve for each clause C' in .
There is an edge between v, and v if and only if x or -~z appears in C. PLANAR-1-IN-3-SAT
is NP-complete (see Section 2.2).

1.1 History and previous results

The minimum weight triangulation problem has a long and rich history, dating back to the 1970s.
At the end of Garey and Johnson’s book from 1979 on NP-completeness [15], there is a list of 14
major problems whose complexity status was open at the time of writing. So far, 11 problems from
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this list have been resolved by proving NP-hardness or by exhibiting a polynomial-time algorithm,
the latest one being the deterministic prime number test (see [19] for a recent status update on
the list). With the present paper, only two problems from the original list remain open.

It seems that the MWT problem was first considered by Duppe and Gottschalk [14] who propose
the greedy algorithm for solving the MWT problem which always adds the shortest possible edge
to the triangulation. Later, Shamos and Hoey [32] suggest using the Delaunay triangulation as
a minimum weight triangulation. In 1977, Lloyd [28] provides examples which show that both
proposed algorithms usually do not compute the MWT. He also shows that given a set of edges
of a planar point set, it is NP-complete to decide whether it contains a triangulation.

Later, Gilbert [16] and Klincsek [21] independently show how to compute a minimum weight
triangulation of a simple polygon in O (n3) time using dynamic programming. There have also
been attempts to attack the general problem with dynamic programming techniques. For example,
Cheng, Golin, and Tsang [7] use dynamic programming in order to compute a minimum weight
triangulation of a given point set S in O (nk+2) time if a subgraph of a MWT of S with k connected
components is known. Using branch and cut, Kyoda et al. [25] show how to compute MWTs of 100
points. For large point sets, however, mere dynamic programming becomes absolutely infeasible,
and hence different ideas are needed.

For special classes of point sets, it is possible to compute the MWT in polynomial time. For
example, Anagostou and Corneil [1] give an algorithm to compute the MWT of the vertex set of k
nested convex polygons in O (n%“) time. More recently, Hoffmann and Okamoto [18] show how
to obtain the MWT of a point set with k& inner points in O (6’%5 log n) time.

In another line of attack, researchers were looking for triangulations that approximate the
MWT. The Delaunay triangulation is not a good candidate, since it may be longer by a factor
of Q(n) [24, 29]. The greedy triangulation approximates the MWT by a factor of ©(y/n) [29,
26, 27]. Plaisted and Hong [30] show how to approximate the MWT up to a factor of O (logn)
in O (n2 log n) time. Levcopoulos and Krznaric [27] introduce quasi-greedy triangulations, which
approximate the MWT within a constant factor.

Inclusion and Exclusion Conditions for MWT Edges. Let us now turn to subgraphs
and supergraphs of the MWT. Gilbert [16] shows that the MWT always contains the shortest
edge. Yang, Xu, and You [33] extend that result by proving that edges which join mutual nearest
neighbors are in the MWT. A larger subgraph of the MWT is identified by Keil [20], who shows
that the §-skeleton, the graph formed by all edges e such that the two circles of radius §|e| passing
through the endpoints of e are empty, is a subgraph of the MWT for a 3 < /2. This is improved
to f < 1.17682 by Cheng and Xu [9], which is nearly optimal, since there is a lower bound of about
1.154701 [20]. The (-skeleton usually has many connected components. Often, the LMT-skeleton
heuristic described by Dickerson, Keil, and Montague [11] yields better results. We describe it in
the next section.

Approaching the problem from the other direction, Das and Joseph [10] describe the diamond
test, which yields a supergraph of the MWT: An edge e can only be contained in the MWT if at
least one of the two isosceles triangles with base e and base angles /8 is empty. This constant
is improved to 7/4.6 by Drysdale, McElfresh, and Snoeyink [12]. The diamond test gives an easy
criterion to exclude impossible edges from the MWT. Usually, this eliminates all edges except a
set of O(n) remaining candidate edges. (This statement is true for random point sets, with high
probability. With bucketing techniques, such a set of O(n) edges can be found in linear expected
time [13].)

1.2 Organization of the Paper

In the following section, we will describe the LMT-skeleton heuristic, which we use to compute
the minimum weight triangulation for our gadgets, and the PLANAR-1-IN-3-SAT problem, which
is the NP-complete problem that we use in our reduction. In Section 3, we describe the gadgets
we need for our reduction. The reduction itself is described in Section 4. We conclude with some
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Figure 1: A rectilinear embedding of the associated graph for the Boolean formula
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final remarks and open problems in Section 5.

2 Preliminaries

2.1 The LMT-Skeleton

The locally-minimum triangulation (LMT) heuristic was introduced by Dickerson, Keil, and Mon-
tague [11]. The idea is that an edge e can only be included in the MWT if it is on the convex hull
or if there is an empty quadrilateral that has e as its diagonal and is either not convex or has e as
the shorter of its diagonals. Such a quadrilateral is called a certificate for e. Edges which do not
have a certificate can be eliminated. This can cause other certificates to fail, and one can iterate
the certificate-checking until the set of remaining edges stabilizes. The set of remaining edges
which are not intersected by any other remaining edge forms a subset of the MWT. It is called the
LMT-skeleton. The remaining edges which are intersected by another remaining edge are called
the candidate edges. Several implementations of the LMT heuristic exist. For our computations
we follow Beirouti and Snoeyink [2]. Other implementations are described by Cheng, Katoh, and
Sugai [8] as well as Hainz, Aichholzer, and Aurenhammer [17].

For most problem instances of reasonable size, the LMT-Skeleton is connected. The MWT can
then be completed by dynamic programming in the polygonal faces of the skeleton. Unfortunately,
this is not always the case [4], not even for random point sets [6]. In combination with the
efficient preprocessing techniques mentioned above, the running time for computing the MWT of
a random point set is observed to grow linearly, but it is not known whether this behavior is true
asymptotically.

In this work, we use the LMT-skeleton heuristic to compute MWTs for our gadgets.

2.2 PLANAR-1-IN-3-SAT
In this section, we describe the PLANAR-1-IN-3-SAT problem, which we will use for our reduction.

Definition 1. Let ® be a Boolean formula in 3-CNF. The associated graph of ®, G (®), has one
vertex v, for each variable x in ® and one vertex ve for each clause C in ®. There is an edge
between a variable-vertex v, and a clause-verter ve if and only if x or ~x appears in C.

The Boolean formula ® is called planar iff its associated graph G (®) is planar.

Lichtenstein [23] showed that 3-SAT remains NP-complete if the input is restricted to a planar
formula (the PLANAR-3-SAT problem). As Knuth and Raghunathan [22] observed, it follows from
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Lichtenstein’s proof that it suffices to consider formulae whose associated graph can be embedded
such that the variables are arranged on a straight line, with three-legged clauses above and below
them. The edges between the variables and the clauses are embedded in a rectilinear fashion (see
Figure 1).

In our reduction we will use a variant of PLANAR-3-SAT in which we ask for an assignment
to the variables such that in each clause exactly one literal is set to true.

Definition 2. In the PLANAR-1-IN-3-SAT problem we are given a collection ® of clauses con-
taining exactly three variables together with a planar embedding of the associated graph G(®) as
described above.

The problem is to decide whether there exists an assignment of truth values to the variables of
® such that exactly one literal in each clause is true.

Proposition 1. PLANAR-1-IN-3-SAT is NP-complete.

Proof. Tt is clear that the problem is in NP. For completeness, we describe a reduction from
PLANAR-3-SAT. Let I be an instance of PLANAR-3-SAT, i. e., a 3-CNF formula ® and a
planar, rectilinear embedding of the associated graph. We describe how to transform I into an
instance of PLANAR-1-IN-3-SAT. We consider the clauses of ® one by one.

If clause C contains only one literal, it can easily be eliminated. If clause C contains two
literals, say « and y, we can replace it by two three-variable clauses (z Vy V z) and (z V y V —z2),
where z is a new variable. A clause C' = (x V y V z) with three literals z, y, and z can be replaced
by

(z,7,a) A (y,7,0) Aa,b,q) A (=, B,¢) A (2,8,d) A(c,d,r) N (Bye, f) AN (B, —e,=f) . (1)

Here, we denote a 1-IN-3 clause by a triple (I1,l2,13). The clause (l1,l2,13) is satisfied if exactly
one of the literals Iy, o, I3 is true.

Lemma 1. Given z, y, and z, the expression (1) is satisfiable iff vV y V z holds.

Proof. Among the literals e, f, —e, = f in the last two clauses, precisely two must be true, and
thus 8 = 0. From the clauses (—y, 3,¢) and (z,3,d) we then conclude that ¢ = v and d = —z.
The clause (¢,d,r) is therefore into —¢ V —d, since the variable r appears nowhere else which is
equivalent to ¢ — -d <= ~ — z. Thus, satisfiability of the last five clauses is equivalent to
v = z.

Now, for v = 1, the first three clause can only be fulfilled by z = y = 0, and in this case we
must have z = 1. For v = 0, the first two clauses reduce to x = —a and y = —b. Since ¢ appears
nowhere else, the clause (a,b,q) is equivalent to —a V —-b <= x Vy. The value of z can be
arbitrary in this case. O

We need to add additional variables and clauses to make sure that x and z are reachable from
all other clauses. More precisely, we add variables g, h, ¢, ' and variables j, k, [, 2’ and clauses
(9,h,i) A (=g, =h, i) A (z,4,-2") and (4, k,1) A (=, =k, 1) A (2,1,-2"). These clauses ensure z = z’
and z = 2":

Lemma 2. (g,h,i) A (g, —h,i) A (z,i, ~x') is satisfyable iff x and ' have the same value.

Proof. The first two clauses imply 7 = 0, and then the last clause says that x and —z’ must have
opposite values. O

Other clauses that lie above the variables and were nested between x and y (resp. y and 2)

can now refer to 2’ (resp. 2’) instead of x (resp. z).
It is clear that this transformation can be carried out in polynomial time, and by construction,
the original formula is satisfiable if and only if the transformed formula has a 1-IN-3 assignment.
O
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Figure 2: The modification for a clause = V y V z with three literals. Negations are indicated by
little crosses.

3 The Gadgets

In this section we describe the gadgets which are needed in our reduction. Our gadgets require a
large number of points, and we rely on computer assistance to verify them. We implemented the
LMT heuristic for minimum weight triangulations as described by Beirouti and Snoeyink [2] in
C++ as an Ipelet for Otfried Cheong’s extensible drawing editor Ipe! [31], which we used as a front-
end and user interface. For the calculations we used double-precision floating point arithmetic.
We verified the results of our heuristic using an independent implementation of the LMT heuristic
by Reinhard Hainz from TU Graz, prepared under the supervision of Oswin Aichholzer. The
source code for our implementation and XML files containing the exact coordinates of our gadgets
are available on the Internet.? The coordinates are given as precise decimal numbers which are
multiples of 0.000001. The scale was chosen for convenient representation of the gadgets in Ipe.

The gadgets will be composed in order to simulate a PLANAR-1-IN-3-SAT formula, so the
figures shown in this section show details of the overall construction. The optimal triangulations
we show were computed only for the local gadgets. The part of the triangulation that is of interest
is inside the wires, the outer triangles can be ignored. We will frequently indicate this by shading
the unimportant parts. gadgets.

3.1 Wires

A wire provides a means to transport information from one location in the plane to another. For
our construction we use the wire conceived by Jack Snoeyink (see [2]). Its main building block is
the wire piece shown in Figure 3. Its LMT-skeleton is shown in Figure 4.

4444444-44444

Figure 3: A wire piece. The wire piece Figure 4: The LMT-skeleton of a wire piece.
can be extended arbitrarily by mirroring the Solid edges are skeleton edges, dashed edges
point set along the dashed lines. are candidate edges.

The wire piece has a vertical axis of symmetry, and it terminates in two isosceles triangles
that are indicated in Figure 3. The wires in all our gadgets can be extended arbitrarily along
the terminating triangles by inserting an appropriate repetition of wire pieces. This is shown in
Figure 5. This wire has two symmetric optimal triangulations, which are used to encode logical
values and transport them over long distances. We will call these two states L and R (see Figure

Lhttp://ipe.compgeom.org
2http://www.inf.fu-berlin.de/inst/ag-ti/people/rote/Software/ MWT/
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6). The state L will be used to represent the truth value 1 (true), the state R will correspond to
0 (false). Note that a rotation of a wire by 180° leaves the wire in the same state.

Figure 5: A long wire.

All our gadgets with will have the same terminal triangles at which they can be connected. The
terminal triangles occur in two sizes (for “thick” and “thin” wires) and four orientations (rotated
by multiples of 90°). (An exception are the resizing gadgets in Section 3.5, with also occurs in
intermediate sizes.)

The wire has some flexibility in its construction. It can be bent to achieve a turn by 90 degrees,
see Figure 8. By connecting straight wires and right angle turns, we can transport state from one
location in the plane to another. By closing a wire into a loop, we get a gadget that has two
optimal triangulations of equal weight, thus representing two possible states of a logical variable.
Figure 9 shows one possible state of a loop resulting from combining four right angles. All this
has been known before [2]. In the next sections we shall discuss how to connect variables to wires
and how to construct the clauses.

3.2 Connecting Two Wires

In this section we describe how to connect two wires. As we mentioned above, it is possible to
bend a wire piece. When we take this operation to an extreme, we obtain the wire piece shown in
Figure 10 and 11.

By adding additional points adjacent to the corner of the wire piece, it becomes possible to
“break out” through the boundary and to transmit information out of the wire segment. Figure
12 shows how to do this. The small wire leaving the corner ends in a thinner wire scaled down by
a factor of about 1/5. We will refer to wires of the two sizes shown in Figure 12 as thick wires and
thin wires. Thus, we can use the thin wire in order to transport information from one thick wire to
another as shown in Figure 13. We will refer to this gadget as the Cy connection. The wire pieces
on the left and right side represent pieces of two thick wires, For each of the four combinations of
states of the two thick “input” wires, we can compute the shortest triangulation. Table 1 which
shows the lengths of the respective triangulations inside the wire, up to the first ten significant
digits. The intermediate thin wire is also in one of the two states L and R, which is indicated
by a small letter in the table. Configurations RR and LL are symmetric to each other, and the
configuration of the thin wire is forced by the triangulations of the thick wires. In configurations
RL and LR, the symmetric triangulation of the thin wire is also possible.

According to Table 1, the most favorable configuration is RL. In order to enforce an equality
constraint between the inputs, we want to favor configurations RR and LL over the other two
configurations. Thus we penalize the state R for the left input by moving the points a along the
line Oa by a small distance (approximately 0.4558), and symmetrically, we penalize the state L
for the right input by moving a’ along 0’a’. (The precise amount of movement is not important.)
This increases the weight of configurations RL, RR, and LL, and configuration RL receives twice
as much penalty. The resulting weights are shown in Table 1. Now configurations RR and LL are
cheapest. We call this gadget the C; connection. By inserting wire pieces and 90° turn into the
thin wire, we can construct more complicated forms of this gadget.
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Figure 6: The two states that can be transported by the wire. There are several optimal triangu-
lations of the shaded parts filling up the space around the wire; these triangulations are irrelevant
for the state.
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(a) state L (b) state R

Figure 7: Symbolically, we refer to the two states by L and R, according to the direction (left or
right) in which the triangles incident to the boundary of the wire are inclined when looking from
the boundary.

input best triangulation weight in Cp weight in C; relative to (b)

(a) 01 = RL | ReL (or RLL) 3634.078764. .. | 3634.290718... 0.004333...=: ¢,

(b) 00 =RR | RLR 3634.180409. .. 3634.286385... 0

(¢) 11=LL | LrL 3634.180409. .. 3634.286385... 0

(d) 10=LR | LLR (or LrR) 3634.290543 . .. 3634.290543 ...  0.004158...=:¢1
(b"), (¢/) RrR* or LLL* 3634.188899. .. 3634.294876... 0.008491...=¢; 4+ €2

Table 1: The weights for the four triangulations in Figure 13, for the initial configuration (Cp)
and after the perturbation (C7). The numbers represent the total length of the edges inside the
wires only. The two triangulations in the last line are marked* because they are not optimal.
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Figure 8: The wire turns around the corner by a right angle. Other turns can be implemented by
mirroring along the dashed lines.
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Figure 10: A bent wire piece. The central dashed line shows the axis of symmetry, and the dashed
lines at the boundary indicate where other wire pieces will be connected.
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Figure 11: Two ways to triangu- Figure 12: Transporting information out of the wire into a
late the bent wire. smaller attached wire.

3.3 Storage Loops

A storage loop is our basic building block for storing a bit. It is composed from right angle gadgets
from Section 3.1 and C connections from Section 3.2, see Figure 14.

Lemma 3. In an optimal triangulation, the thick wire forming a storage loop is always uniformly
triangulated, either in the L state or in the R state.

Proof. This can be checked by a computer calculation. We know that the LMT-skeleton, and thus
the wire boundaries must form part of the optimal triangulation.

Let us take a closer look at the LMT-skeleton at some section of a wire (see Figure 16). Every
minimum-weight triangulation must either use edge x or edge y. Thus we just have to look at a
small number of possibilities (a binary choice for each thick and thin wire occurring in the gadget)
and calculate the optimum triangulation for each possibility.

Moreover, if the triangulation uses edge x, two edges z’ and z” that form a triangle with x are
also forced to be in the triangulation. Thus, in either case we have an edge that connects the two
boundaries of the wire. We therefore get a connected subgraph and can compute the optimum
triangulation by dynamic programming. O

3.4 Variables

A variable is constructed by linking together an appropriate number of storage loops with thin
wires, as shown in Figure 17. In each storage loop — except the first and last one — two C}
connections are used to connect the storage loops together and two C; connections are available
to transport the information out of the variables to the clauses. If an exit to the top or the
bottom of the variable is not needed, we replace the Cy connection by the simple Cy bent wire
piece without an attached thin wire. By Lemma 3, there are two possible ways to triangulate each
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Figure 13: The four ways to connect two wires.
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Figure 14: A storage loop in state L (storing 1). This building block has four symmetric “ports”
for Cy or C connections. See Figure 15 for a close-up view.

Figure 15: A close-up view of the upper connection in the storage loop of Figure 14. This is the
beginning of a thin wire that can connect the storage loop to other loops. (Like most illustrations
in this paper, this figure shows the optimal triangulation of the point set which is a section of an
intended larger construction, as it was calculated by the computer.)

Figure 16: The LMT-skeleton of a part of the storage loop. Exactly one of edges = and y is
included in the MWT. If z is included, also x’ and 2" will be forced into the MWT, so in any case
the LMT-skeleton becomes connected.
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Figure 17: Building a variable from the storage loops.
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Figure 18: Extracting the state from the thin wire (state 0).

storage loop, but the C; connections ensure that all storage loops are triangulated in the same
way, since otherwise the weight of the triangulation increases. The following lemma is established
in the same way as Lemma 3.

Lemma 4. In an optimal triangulation, a thin wire connecting two storage loops is always uni-
formly triangulated, either in the L state or in the R state (no matter how the thin wire is composed
of straight pieces and 90° turns.) O

From Table 1 we see that the penalty for a mismatched C connection is at least e; =~ 0.004158.

3.5 Negation

Now let us turn to negation gadgets. In configurations LL and RR in Figure 13 the thin wire
contains the negation of the value transported in the thick wire. Thus, we need to extract the value
from the thin wire and transfer it into another thick wire. We do this by copying the information
from the thin wire to a sequence of wires that gradually become thicker and thicker.

First, we extract the state from the thin wire, this is shown in Figure 18. Here, we insert two
thin copies of the original Cj connection into the thin wire that connects two thick wires (which
may be part of some storage loop). The two Cy connections are connected to two Cj connections
on another copy of the thin wire by a “micro-wire” (which appears like a very dense circular arc
in the picture). The Cy connections are arranged in such a way that either we get a combination
of configurations RL and LR or a combination of configurations LL. and RR. As can be seen in
Table 1, the latter combination is cheaper and thus ensures that the two thin wires are in the same
configuration. We chose to connect the two wires in this way instead of using the C; connections,
because this configuration turns out to be more stable.

Having extracted the state from the thin wire, we transport it into a thick wire using the
resizing gadget shown in Figure 19. The resizing loop is almost identical to the storage loop,
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Figure 19: Resizing the negated state.

except that the right or left half is enlarged by a factor of 1.001. The whole point set is still
symmetric with respect to the horizontal axis, and there are two optimal states as in Figure 14.
The construction has some flexibility, and such a set can be constructed for any rational factor
between 1 and 1.001.

By composing an appropriate number of these devices, it is possible to scale up the the wire
and its state to any desired degree. This is outlined in Figure 20. As with the original storage
loop, there are exactly two possible ways to triangulate the resizing loops, and the thin wires
ensure that the triangulations are consistent (Lemmas 3 and 4).

Lemma 5. Let K be the cost of the optimal triangulation within all wires if the two upper blocks
in Figure 20 are in the same state and the lowest block is in the opposite state. If these three blocks
are in any other combination of states, then the cost is at least K + 1074, O

The reason for resizing the wire in this seemingly complicated way is that each individual loop
is in a stable state, and thus one can analyze the components of the gadget (the loops and the C4
connections) in isolation. Our initial attempts to have a single wire that gradually increases its
width failed.

Now, to boost the penalty for a triangulation that does not enforce the negation, we connect
many tracks in parallel as shown in Figure 21. In this gadget, the inputs and outputs of the
negation blocks are connected by normal Cy connections. Thus, all inputs and outputs must be
the same, or we will incur the penalty for a mismatched connection. Thus, if one of the negation
gadgets is not triangulated correctly, we will either incur the penalty for an inconsistency in the
outputs or all of the negation gadgets will be incorrect. Then, each of the negation gadgets will
be penalized. If we connect sufficiently many negation gadgets, this total penalty will always be
larger than the penalty €1 for a mismatched connection.

The negation gadget becomes very large and needs several million points, but still the amount
of space needed is constant. The resizing loop must be repeated approximately 2000 times to
achieve the desired enlargement factor 1.0012°°° > 5. The coordinates are also multiplied by 1.001
in each step. One arrives at coordinates which are multiples of gq := 107090,
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Figure 20: Schematic outline of a track of the negation gadget. The detailed picture of the upper
middle part is shown in Figure 18. For clarity, the size increase between successive stages has been
exaggerated. The enlarged half of the resizing loop (+) is alternately on the left and on the right
hand side of the gadget and connects to the next resizing loop in the chain. The first and the last
loop have uniform size (U).

Figure 21: Outline of the complete negation gadget.
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Figure 22: Outline of the clause gadget. The inputs arrive from above.

a [ v 6 | penalty
0 0 0 1 €1

0 0 1 0 €9

0 1 0 1 3e1

0 1 1 0 €1

1 0 0 1 1S5

1 0 1 0 3e

1 1 0 1 €1

1 1 1 0 €9

Table 2: The different ways to triangulate the clause gadget.

3.6 Clauses

Using the connection gadgets, we build a clause gadget by connecting four storage loops «, 3,~,d
as shown in Figure 22. The connections are annotated according to their type. Let e; ~ 0.004158
and €2 ~ 0.004333 be the the two penalties we incur when a C7 connection is not triangulated
correctly. More precisely, we incur a penalty of £; when the “left” wire of the C; connection is in
state 1 (or L) and the “right” wire is in state 0 (or R), and so on. Note that we can control which
wire is the “left” and the “right” input by bending the wire appropriately. Thus, for example, in
the C; connection between « and 3, the “left” wire is 3.

Lemma 6. The weight of the shortest triangulation of the clause gadget achieves its minimum
value W when exactly one of the input wires carries the state 1. In any other triangulation, the
weight is at least W 4+ g9 — e1 = W 4 0.00017.

Proof. We claim than, among the 16 ways to triangulate the four storage loops of the clause gadget,
the minimum possible penalty is £1. We have connected v and § by two parallel negation gadgets.
As discussed above, we can ensure that the penalty for a mis-triangulated negation gadget is at
least 1. Thus, if § and « are not opposite, the penalty is at least 27 > ;. Table 2 lists all
possibilities with § # + and the according penalties. The cheapest configurations are 0001, 0110,
and 1101, with penalty €, as desired. O
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4 The Reduction

Theorem 1. Minimum weight triangulation is strongly NP-hard.

Proof. A rectilinear embedding of the given PLANAR-1-IN-3-SAT formula can be constructed on
a grid of size O(n) x O(n). The reduction procedure then simply replaces the edges, variables and
clauses of PLANAR-1-IN-3-SAT formula by the appropriate gadgets.

We have constructed gadgets of various (constant) sizes, and for connecting them, we may
wish to have wires of arbitrary lengths available. We solve this by using two different wire pieces
for the thin wire. We know that all gadgets are embedded on a grid of size g = 1076990, So
we use a “native” thin wire piece of length L; < 30 from Figure 12 and an extended version
of length Ly 4 €¢. These two storage loops can be combined to build wires any length larger
than 900 x 10%°%°. This length is also more than enough to ensure that edges are long enough to
accommodate two 90° turns at their endpoints. Thus, we can realize any rectilinear layout with
90° turn and straight wire pieces, after blowing it up sufficiently.

This procedure yields a point set .S. By construction, the boundaries of all wires belong to the
minimum-weight triangulation of S. One can argue that the properties that we have proved for
single gadgets remain true when we put them together to create the set S: the gadgets which are
far away do not interfere with each other since the additional edges would fail the diamond test.

The faces outside the wires are simple polygons and can be triangulated using dynamic pro-
gramming. For each gadget, we know the desired “ideal triangulation” and can calculate its weight.
Adding up these weights and the weights of the faces outside the wires yields a target weight W.
By construction, the input instance is 1-IN-3 satisfiable iff the minimum weight of a triangulation
of S is W. Otherwise, the weight of the shortest triangulation is at least W + 0.00017. (The
smallest penalty for not satisfying a clause or otherwise violating one of the consistence conditions
is the difference between €9 and 1 in Table 2, see Lemma 6.)

The set S has O(n?) points (being a subset of an O(n) x O(n) grid), and hence the triangulation
has O(n?) edges. By calculating all edge lengths with an absolute error of O(1/n?), the reduction
algorithm can thus calculate, in polynomial time, a threshold W such that the input formula is
satisfiable iff there is a triangulation of length at most w. O

5 Conclusion

Several interesting open problems remain. First of all, it is not known whether the MWT problem
is in NP, since it is not known how to compare sums of euclidean lengths in polynomial time[5],
but this difficulty is more of an algebraic nature. To define a variant of MWT which is in NP, one
can take the weight of an edge e as the rounded value [||e||2]. With appropriate scaling, our proof
also establishes NP-completeness for this variant.

Our result shows that it is NP-hard to approximate the MWT with a relative approximation
error better than O(1/n?). This does not rule out the existence of a PTAS. So far, attempts to
extend techniques from geometric approximation algorithms to the MWT problem have only led
to constant factor approximations (see [3] for a survey).

Our current proof relies on (heavy) computations involving floating-point numbers. However,
after the initial calculation of edge lengths, the computations involve only additions and compar-
isons of a few hundred positive values, and thus the numerical error is well under control. Still,
the construction of the gadgets has required some delicate fine-tuning. We are working towards
more “localized” arguments that would not need to consider a storage loop as a whole, as well as
on independent and more reliable verifications of our constructions, using interval arithmetic.

By adding additional points, we hope to modify the gadgets in such a way that it is sufficient
to use the (-skeleton for proving that the walls of the wires and gadgets belong to the MWT. This
would provide a more directly accessible (even visual) correctness proof of the gadgets than the
LMT-skeleton, which requires a computer program.
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