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st 1 Model Distance Functional ‘g:

Let «(t) : R' — ¥ C R” be the observed process t € [0, 7]

Define K local models by a model distance functional:

g(x,8;) + ¥xQ—10,9], 0<g<+o0,

Examples

 Geometrical clustering: #; € W - cluster centers
g(e.0:) = |x—0; |
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Let «(t) : R' — ¥ C R” be the observed process t € [0, 7]

Define K local models by a model distance functional:

g(x,8;) + ¥xQ—10,9], 0<g<+o0,

O,.....0k € Q c RY
Examples

 Geometrical clustering: #; € W - cluster centers
2
g(e.0:) = |x—0; |
 Gaussian clustering: #;, = (p;,2;) - Gaussian parameters

g(c.6) = |w—p [P
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What is “clustering”?

Find T'(t) = (v1(#)....,7k(t)) suchthatforeach t :

Z’“r"«.i(f)g (r,6;) — min,

— r'(t),0

subjected to constraints:
K

> vty = 1. vte[0.7]

0, vtel0.7].i=1,....K

=,
P
=~
R
1/
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Find I'(¢) = (y1(¢)....,7k(t)) suchthatforeach 1 :

L(© / (¢,6;) — min ,

T(t).0

subjected to constraints:

Y ity = 1. wtel0.1]

1=1

v ( t )

AV,

0, vtel0.7].i=1,....K

Numerical Method: Subspace Iteration (splitting scheme)

No global convergence (non-convex optimization, simulated annealing)
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it (U K-Means clustering: problems

Geometrical distance: ¢, & W - time-independent cluster centers

g6,y = |lao—0;|°.

t;. g = L.... noe 0,7
I{ i
Yilt) || we — 0; || : (Bezdek1981,
ZIZL ’ j} ” rt'f t H B lHHl'il-} Hoppner et.al. 1999)
= T=
Iteration number (/) :
ZOt) — 1 i=argmin || zy — 91|12,
LI;_ ‘i — ,
o 0 otherwise,
TR () PP
”f” o Zj:] [ I:"’_;)If.fj
i — T H_|j,lf:.|r_‘II } .
ZJ:l i htg)

“Sharp” assigment . problem for overlapping data
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Index of Cluster
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Standard K-Means
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Switching between

Distribution 1 the distrjbutions Dllstrlbutlon 2.

15

15

10} : il ' 10 e
= : N H P
'-g : : »’2‘;’:"
5l =1 5f Fere
o nn ey
0 . o\,.’,.ﬁ‘,_".{ " a8 0 o P,
AN TN LA 5 S
’ 3 T
5 = -5 ¢
3 e
+
-10} ] 1 frem——— —— -101 ‘
-15 ' : ; : : : 13 ' : '
55 0 > 10 20 0 100 2(130 300 400 20 -10 0 10 20

T K
LO.T(t) — /U > ut)g (e 0) — min

r(t).e
. _ . 2
g(c.0) = [le—6,|P

K-Means-Algorithm
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il & K-Means clustering: Toy Example |l ‘g:

colouring from
geometrical clustering

i(t)g (w.0;) — FI&%J__}_);

g(w.0:;) = |[lw—0 |,

K-Means-Algorithm

Problems:
1. Euclidean distance may be not appropriate
2. geometrical clustering gets no use of temporal information



L (~v;(t), T;, pt;) — min

Problem 1:

libertas |

0
n
=
Eh
» .2
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I
<

Problem1: L (v;(#), Ty, pt;) — min

: _ : T .12
g(e.by) = |o—-TT x|
|ldea: Essential manifold
0, =7, € R"™""m<<n can be appproximated by
T linear attractive manifolds+switching
| | | | 30~
_____ R A
15 : : —i :— }—
10p---- e e — - 20~
| | | (X ‘j) .
5f———- b 2 a:,__._- 10+
o 0.____'___;_J__-___- Nt = :_X___.
_——v: : :_( t4{) : t 0~
5-___-F_J|______L_____|._____| _____ —————
| | | | | 10+
10 ———- T R e e
| | | | | 20+
L] i S iy
| | | | I _38-
_ ] ] i ) H
0 0 o 10 20 30 TE— —
X 100 "ap 20 10 0

H./Schmidt-Ehrenberg/Schitte 06
H. 07
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<

Geometrical distance: #; & W - time-independent cluster centers,

introduce the “fuzzifier i = |

K n
Z Zﬁ.'j”f_fﬂ | e, — 6, ||'} i 11121(;1 (Bezdek1987)
. . ' ),
=1 7=1
L, ={pe{l....K} |z —6 " =0
vy = Ap e {L LK =6 7= 0
¢ '1 - '
T if I_.,,!j s empty,
"-.,""H. .r.r_|; i )
(i) p=1 ( = *"'jf_“IIJ,
T lfh:' = 4 o : . _
D orer, Ve () =1 If I_,,.?J_ s notempty, 7 = 1, .
a J
0 If Ii.,J_ s notempty.: € 1., .




veritas

el 3 Fuzzy C-Means Algorithm

I
<

libertas

Geometrical distance: #; & W - time-independent cluster centers,

introduce the “fuzzifier i = |

K n
ZZT;H“J\J | ay, — B ”3 — 11%:%1(;1 (Bezdek1987)

i=1 j=1

Fuzzy c-Means (m=1.01)

Index of Cluster

Index of Cluster
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Time
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Geometrical distance: #; & W - time-independent cluster centers,

introduce the “fuzzifier® m -

1

K n
SN ) a6 12—

i=1 j=1
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Index of Cluster

1min (Bezdek1987)
[(t).0f

Fuzzy c-Means (m=1.5)
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Geometrical distance: #; & W - time-independent cluster centers,

introduce the “fuzzifier i = |

K n
ZZTTHHJ‘J | ay, — B ”3 — 11%:%1(;1 (Bezdek1987)

i=1 j=1

Fuzzy c-Means (m=3)

Index of Cluster
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Geometrical distance: #; & W - time-independent cluster centers,

introduce the “fuzzifier* m = |

K n
Zz,ﬁuf_f D, =6 7 — 11%#%.1@1 (Bezdek1987)

i=1 j=1

ML IEsEd | .. 1811
o0 200 300 400 500 GOO

Just to “fuzzify” is not enough!
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1‘,»

Problem 2: identification of “persistent states”

Let v:(-) on tc[0,7],i=1,...,K be differentiable and
Opvi € L2(0,T) i e.:
7T K
L(©.1(t = ~i(t)g (e, 6, in ,
©r®) = [ 3t (en6) — min
n{(t) 1 i=1
i UERS
Number Of Jumps _
Time Interval
_ e (iltran) = 3(te))”
k=1 At
; ) -
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Problem 2: Incorporation of temporal information

Let v:(-) on tc[0,7],i=1,...,K be differentiable and
a{;"}"'«g‘, - ,C-Q (U. T) , . e.:
T K
L(O.T(t) = ~ ()9 (4. 6,) — min .
O = [ 3 b (o) — muin

subjected to

T
i i 2 i
Vil oy =1 9y () ﬁg(U.T)/U (Oy; (£))" dt < Cp < 400,

Regularized clustering functional:

K T
€ 2 L 2 AN 2 s :
L©.0(0). ) = L©O.1(0)+e3 | @)t — min,

(H. 08, to appear in SISC)
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Regularized clustering functional: (H. 08, to appear in SISC)

LE(©,T(t).e?) = L(O.I(t +E?Z/ (Dev; ( dz‘—r»FI%I}J
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Regularized clustering functional: (H. 08, to appear in SISC)
K T
€ 2 L 2 Y A 2 R -
LE(O.T(#),2) = L(O.T() +e ;:1:/0 (@3 (£))” dt — min

Galerkin-Ansatz :
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(H. 08, to appear in SISC)

>
] K 0w 2
L® = Z [aT(Qi)’% + EQ’?‘«?H’?@:} — min S
i=1 e » 0
. @
subjected to o
K 3 §
~(k+1) R AT
> A = 1, Vk=1....,N, >z
i=1 g =3
< (k+1) , D E-
Vi > 0 Vh=1,...,] N:i=1...., K Qo
=
=
to tN
where a(6;) = ( pvn(t) g, 0)dt, oo [, t’h’(t)g(i*t;@i)dt)
is a vector of FEM-discretized model distancesand H IS

a mass-matrix of the FEM-basis
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Theorem Let for a given observed time series x(t) : R' — W C R", the model distance
functional is chosen such that it satisfies (2), W and Q2 are compact, g(x4, ) is continuously differentiable
function of 8 and

(i_;;

~LE(Oe 5 = 0.

has a unique solution O = (07, ...,0k).0;x € Q for any fired 5 satisfying (18-19) and %gfﬁ (©0%,9)
is positive definite. Then for any €2 > 0 and any finite continuous non-negative finite elements set
{or(t),va(t), ..., on(t)} € L2 (0,T) such that the respective mass-matrix H is positive definite, the above
algorithm ts monotonous, 7. e., for any j > 1
L (@mu ;,_U+1]) < Le (@m ,}m)
L — ) 1 *

i

Convergence to a local optimum only!

(coupling to some global opimizer necessary)
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L (~;(t), T;, pt;) — min
g(e.0:) = [lo—0 |
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How to determine the optimal K: probabilistic model assumptions
a posteriory

2
g(0,0) = |lc—6; |
510 &
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1
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How to determine the optimal €: standard L-Curve approach
from Tikhonov-regularized linear least-squares problems
(Cullum(79), Hansen(99))
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