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Change-Point Detection

Computational Finance

Stock market crash of 1987:
S&Pa00S Stock Index
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ldea: identify the change in the market by the change
of the Black-Scholes model parameters
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Reaction coordinate
Z(t) — Fh-(t) (Z - uh.(t)) T Eh(t)w(t) Fh.(t),gh.(tje R™*"
h(t) e {1,....s}, fyeR™

e An intuitive model for fluctuation around a stable conformation.

>

« Allows formulation in context of FEM-clustering (see previous lectures).

This leads to the following mathematical question:

Market | :
>7 = {z1.20,...21)

to} such that

Istherea ¢ € {t{,....

Zl = {211, Zoy ... Zt} and Zg — {Zt_H, AT, S ZT}
are generated by linear SDE’s with different parameters?
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s Model Selection Problem

In fact, we arrived at a model selection problem:

Is a model with parameter space 91 — {Flg le ul} or with
92 — {F].j Zl:n ulj FQ;. ZQ:' uﬂjt}

the right model for // — {zlﬁ Z9. .. -ZT}?

Problem: In nested models, the model with more parameters does always capture
the dynamic of the observed time series better!

Approaches:
e Likelihood partition with penalty term for parameters.

» Hypothesis test (Likelihood-ratio statistics).

 (Objective) Bayesian strategies

First: How to parameterise a single linear SDE?
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Time series generated by linear SDE's...

P=F(z—p)+XW 2 cR"
Z = {Zl, C e -ET}With Z = z((,ﬁ — I)T)

The solution of a linear SDE Iis a Gaussian process, Iff the initial value is constant
or Gaussian distributed (cf. Arnold 1974).

1 1 f B
27 R(7)| "2 exp (2 tr ((Z.H_l Ht)(z.pr_l py) R(7) l))

pe =+ exp(TF)(z — p)
R(T) = / exp(—F (7 — s)) VX exp(—F'(1 — s))ds
0

E.g.: p(ze41 | 20) =

Allows easy construction of a Likelihood function.

But analytical maximisation wrt. /', X', pt is not possible.

Alternative: maximisation wrt. = (exp(7F'), L' 1", ) (Horenko/Schiitte 2008)



s .. are VAR prozcsses.

Separation from trend and random noise shows the autoregressive structure...

Zev1 = N(p+ exp(TF)(z — p). R)
= (I —exp(TF))p + exp(tF)z, + N(0, R)

...enables a compact notation...

X — L ! ¢ = (I —exp(TF))p exp(TF))
Y - (I}X —|_ ¢ n+1x T-1 =1 = 27T nx n+1
B ) j/? — (.ZQ ... 'ZT) nxi_l: (.,\’(0 R} soee J\F(U R))
...and provides a likelihood function in ¢ R
: (T—1) :
/ _ . 'p—1
L(®,R|7Z) - (\/ﬁ) exp (Qm«Y@X)(YM)R >)

Easy matrix calculus shows:

o =YX'(XX)!
R=(Y —dX)(Y —OX) /(T —1)




s Higher order

Up to now we have a )
VAR(1) model: zip1 = Aopp + A1z, + N (0, R)

Ag = (I —exp(7F))p
Aq = exp(TF)

p
Generalisation to VAR(p): zZio1 = A + Z Az + N(O,R)
i=1

Results in a marginal change of estimators

T
Yo [ d=YX'(XX)!

\zp “ e zT—l/ j% — (Y o (T)X)(Y o (IA)X)!/(T o p)
Y = (ZP—H ..... ZT)
o = (flg[.l, 441 4-42 Ce flp)

Allows modelling of non-Markovian effects!



s Moment Matrix

Numerically the estimator & — YX"(XX")_l is bad.

Better: use the Cholesky factorisation of the (regularised) moment matrix

XX' XY’ Ul Uy Ul, U -
M=MZ)= — 11 ~11 11 Y12 TN
I ) (YX! YY!) ( U Ul U+ Uy UQQ) v
Dimension: o — (71 Uys)'
n(p+1)+ 11 ( 1“ )
R= 7 Ul

(Neumaier/ Schneider 2001)
* M contains all statistical relevant information of the time series.

L{@,R|Z‘;:Lf@,ﬂ|ﬂ.f):( _ )

VI27R|

- exXp (—% t-l'liliﬂ-fgg — Moy @ — &M + EM oo (FZ'IR_I))

=l

* Information from different time series can be combined



% Change point detection — Bayesian approach

Hy :Z ={zy,z9,...2zp} was generated by a single VAR(p) process.
H, : the parameters change attime t (p +1 <t < 1)),

Use Bayesian formula to compute the most probable model:

P|Z|H:| P H; |

> P[Z|H]P[H]]
[P H;|: Prior knowledge about model, set e.g.

P[H,|2] =

1 ]' B
i [H.;.] = B (no change) L [Hi] = Q(T — )

P[Z|H,], obtained via integration in parameter space:

t > (0 (change)

P [Z‘Hﬂ] — /})(Z‘ Epl. RI)WI(@L Rl)d@ﬂfﬂl
J..J[Z|Hf] — f})(Zﬂ fﬁl, Rl)ﬂl(fpl- lej)(Zg‘ 'Efjg_. RQ)TTQ( Epg. Rg)dfpldﬂldfpgdﬂg

Problem: specification of the prior distributions 71 (@1, R1) and ma( Po, Ro) ?



s The prior problem

Standard priors are only defined up to a constant, e.g.
d+1 . ,
m(@ R =all Ty PIZ| H] P[H]
PH|Z] = ;, ;,
mo(®, R) = eo| R~ T 'S, PIZIH PTH]]
Exclude H, to avoid the model selection problem:
__ AP\ Z\H | 12
H_J[H”Z] _ 1 [ J i]/w
A1 P2 H;] L]

Evaluation is analytical possible in terms moment matrices

My = M(Zy) Zy ={z1.....2¢ )
My=M(Z)  %2= 1%t 410071

d(d—1) m — dp —
I[M] =7~ |Un|™|V/7 Un |+ er( 21 J)

?

The most likely change point 7, can be obtained easily.




s Fractional Bayes

Still needed: a decision between H and Ht :
Fractional Bayes: Take a fraction of the likelihood to normalise the prior, i.e.
(0. R) < L"(®.R|Z) |R" % 0<b<1

L(®.R|Z)— L* (@, R|Z)
B T[My]1[Ms]

Again an analytical solution: I*[Hy,] = [[M)I[Ms] + I[M; + (1 — b)M,]

An online change point algorithm can be constructed:
while [°[change] < o do

Get new data Zy = {z4,,.... 25}
Get data Zy = {zo..... 24} . Determine candidate change point t,
Wl({pﬂ) :)LL(@R|ZI) le{zA ..... z-t*_]_}
ta — 17 +1 Zo=A{z4. ..., Zip )
tp — tr + ty mo(P. R) < L°(®. R|Zy)
P[change] «— 0 L(®.R|Zy) — L' &, R|Z5)
Compute P|change| according to Bayes.
| g — g +1,
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