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Hidden Regimes and Model Reduction

« overwiev of the standard clustering methods, their problems
« variational approach: regularized model distance functional
« finite element approach to clustering problem

« manifold clustering

« toy examples

Applications:

« analysis of weather data (regimes, prediction)
«  computational finance (portfolio theory)

« compression of 3D turbulence simulation data
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Let «(t): R' — ¥ C R" be the observed process ¢ € [0, 1]

Define K local models by a model distance functional:

g(x,0;) + ¥xQ—=10,9], 0<g< 4o,

Examples

« Geometrical clustering: #, € W - cluster centers
g(e.0) = |«—6; |
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Let «(t): R' — ¥ C R" be the observed process ¢ € [0, 1]

Define K local models by a model distance functional:

g(x,0;) + ¥xQ—=10,9], 0<g< 4o,

6i.....0k € QR
Examples

« Geometrical clustering: #, € W - cluster centers
2
g(e.0) = |«—6; |
 Gaussian clustering: ¢; = (y;, 2;) - Gaussian parameters

9(,0) = |@—p P
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K (t)) such thatforeach ¢ :

min .
I(t).©
subjected to constraints:
K
> ) = 1, vte[01]
1=1
vi(t) = 0. vte[0,T).i=1,.... K
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usiia G Averaged Clustering Functional
(t), ..., vk (t)) such that foreach ¢
T K
Le.rw = [ > u(t)y 0 = i
subjected to constraints:
K
Y Aty = 1. Vte[0.T]
i—1

7i(t)

A%

0, vtel0.7].i=1,....K

Numerical Method: Subspace lteration (splitting scheme)

No global convergence (non-convex optimization, simulated annealing)
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Geometrical distance: 1, & W - time-independent cluster centers
gle, ) = ||x—8;|>

bied = liwwn®. €01
K n

Ak . e |2 il (Bezdek 1981,
lel i) || L JE r(t),® Hoppner et.al. 1999)
i=1 1=

Iteration number (/) :

(f ,
i dl £

1 i=argmin | x, — H:] = e
0 otherwise,

o _ (L) .
g _ Z_-,f:l i (L),
: o no () o

ijl i (G5)

“Sharp” assigment . problem for overlapping data
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Standard K-Means
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Switching between

Distribution 1 the distrjbutions Distribution 2.

15

2t : e
10t : 101 ot
= : PR
o ")-o:‘.
5} 2 : 5 &
= : ?\u‘:‘
B ; o
+ 0‘& ot [a] : " o
0 elat iy s - : 0 AR
v et .g‘% P S : RN
* _g "’:#:,”o
5} = -5f .,
= H “ é
= ’«é"
10 | [reme——— —— -10f ¢
-18 y : : 0 100 200 300 400 e 10 0 10 20
-20 -10 0 10 20 1 - -

g(c.6) = o6,

K-Means-Algorithm
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colouring from
geometrical clustering

g(c.6) = o6,

K-Means-Algorithm

Problems:
1. Euclidean distance may be not appropriate
2. geometrical clustering gets no use of temporal information



L (~;(t), T, pt;) — min

Problem 1;

w % g
Ext
= E W
.EM:D
===
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Problem1: L (~;(¢), T;, pt;) — min

+ _ . T 2
g(0,0) = |o=TT |
Idea: Essential manifold
0, =7, € R"™""m<<n can be appproximated by
20 R T linear attractive manifolds+switching
|
15p———— +————4|————4: ————— :r————'r ————— e
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H./Schmidt-Ehrenberg/Schutte 06
H. 07
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Geometrical distance: 1, & W - time-independent cluster centers,

introduce the “fuzzifier in = |

K =
ZZ’T;”“J] |2, — 6 |° — min (Bezdek1987)
=1 1 | I'(t).6
= (-1
I'H'::.l - {P = Jl] o 'KH ” 'ri_q' o HJ'—’ ||£: “JL
1 . .
T If I_.,_.;j IS empty.
K ( Tty Y Il )
—p=1 o _git—=1} g
Wit = | TN . . |
doper, () =1 ifI,, isnotempty <1, .
L j 4
U if L, is notempty.i ¢ L., .
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Fuzzy C-Means Algorithm

Exercise 1: proof that this formulas are true

1 . .
_ . if L., Is empty.
K (.Ilrr.,-—%‘”_l'llh’)m__r g
(1) TP e, —05 2,
%o (t) = 9 (1), . . |
doper, () =1 ifI,, isnotempty <1, .
Ty J j
0 If Ii.,j_ s notempty, € 1, .
" _xlﬂf,
gll) E_j:l i (t)ae,
L no Dy
Z_‘,l:l i \lj
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Geometrical distance: 1, & W - time-independent cluster centers,

introduce the “fuzzifier i > |

K n
ZZH’I;”“J] I Xy, — 0, ”5-' s ll[lHltE_ﬂ (Bezdek1987)

i=1 j=1
Fuzzy c-Means (m=1.01)
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Time
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Geometrical distance: 1, & W - time-independent cluster centers,

introduce the “fuzzifier i > |

K =n
SN ) ey — 67— ll%ﬁlléi (Bezdek1987)

i=1 j=1
Fuzzy c-Means (m=1.5)
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Geometrical distance: 1, & W - time-independent cluster centers,

introduce the “fuzzifier i > |

K n
ZZH’I;”“J] I Xy, — 0, ”5-' s ll[lHltE_ﬂ (Bezdek1987)

i=1 j=1
Fuzzy c-Means (m=3)
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Geometrical distance: 1, & W - time-independent cluster centers,

introduce the “fuzzifier i > |

K n
SN ) a6 P — 11mlé1 (Bezdek1987)

i=1 j=1

L i I .. LN
100 200 200 400 500 GOD
Timea

Just to “fuzzify“ is not enough!



veritas

, N
gl & Incorporation of Temporal Information 4;,

Problem 2: Iidentification of “persistent states”

Let 7:(-) on te[0,7].,i=1,...,K be differentiable and

LO.T(t) = /U S i) (w4, 6;) — min

. r{t).0
,Y(t)J i=1

] "fi(tk_é 12(&_)

Number Of Jumps _
Time Interval

(Yilter1) — %i(te))”
At

¥ F=l
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Problem 2: Incorporation of temporal information

Let 7:(-) on te[0,7].,i=1,...,K be differentiable and

LO.T(t) = /U > 1) (e, 0:) — min

(t).0
subjected to

T
Vil oy =1 07 () |£Q(U.TJ—/U (Dvi (1) dt < CF < Hoc,

Regularized clustering functional:

LE(@?F(i),EZ) = L(O,I'(¢ —I—EQZ/ (Opy; (t 2 dt — FIE%I})

(H. 08, to appear in SISC)
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Regularized clustering functional: (H. 08, to appear in SISC)

LE(O©.T(t).e?) = L(O©.T( +EQZ/ (Dpys (¢ dz‘%rlgl})
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Regularized clustering functional: (H. 08, to appear in SISC)

LE(O©.T(t).e?) = L(O©.T( +EQZ/ (Dpys (¢ dz‘%rlgl})

Galerkin-Ansatz :

vi(t) = i (t)+9n
N
- Z vk () + On
k=1
where 7" :fgq--@; (t) vg (t)dt, and
L* = L °+0(n)— 11{11)11
Yilt),
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(H. 08, to appear in SISC)

K
E ¥ + €3 Y| — min
— 1.0

subjected to

pasn aq ued 4O asJeds
‘uoneziwiulpy adedsqns aAne.al|

K
S = 1 vk=1...N,
1=1
SEFD >0, Vk=1,...,N:i=1,....K
to [N
where a(f;) = ( v () g, Oi)dt, o [ 'L’N(f)g(ift;@z')dt)
is a vector of FEM-discretized model distancesand H IS

a mass-matrix of the FEM-basis
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Theorem Let for a given observed time series x(t) : R — W C R", the model distance
functional is chosen such that it satisfies (2), W and Q are compact, g(xy, ) is continuously differentiable
function of 6 and

O -
.—LE ('_')*..;“ = 0..
has a unique solution ©F = (67,...,0%) .0 € Q for any fired 5 satisfying (18-19) and %gif (©*,9)

is positive definite. Then for any € > 0 and any finite continuous non-negative finite elements set
{v1(t),va(t),...,on(t)} € L2(0,T) such that the respective mass-matrix H is positive definite, the above
lalgorithm s monotonous, . e., for any 7 > 1

Lo (eUrt 50t < L (el 5H1).

Convergence to a local optimum only!

(coupling to some global opimizer necessary)
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V= arg}nian (©,7) <) Exit Times 70"
1) |
{ vi(tk_; Yi(tk_)
¥t
0 i )

€2 controls the persistence of the clusters

Exercise 2: calculate the mean time the Markov chain with

a given stationary transition probability matrix P will spend

In the state 1.

s
<
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L (~;(t), T;, pt;) — min
g(0,0:) = |lo—0:],
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L (~;(t), T;, pt;) — min
g(.00) = |62
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How to determine the optimal K: probabilistic model assumptions
a posteriory

: — - 2
g(e.0) = |o—6 |
5o :
|
\
\
1
)
\}
aF .
A
A
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E 3f o .
(a \
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A
2F B---0---0---0---0----0---9
‘\
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A
A"
A
1F B---©
~7 -6 - -4 -3 =2 -1 0 1 2 3
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How to determine the optimal €: standard L-Curve approach
from Tikhonov-regularized linear least-squares problems
(Cullum(79), Hansen(99))
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L (~;(t), T;, pt;) — min

. _ . T .12
g(x,0;)) = ||x—TT, x|
- — :
(] (7)) T J— —_—
O C
=9
05 2
Qo 3
D5 5
S w3
L T £
S o
= 1} - —
m » » » » » »
o= 90° 200 400 600 800 1000 12C o= 25°
10 T T —~ T T T T Time 10 T . . .
st ¢ st °
. Angle cx between .
1 the distributions 1
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Toy Example

Error of FEM-Based Clustering

0.02 v .

E c—— }sz}u1=0.5
E 0015F - v ONO |t }"2”“1:0'25 1
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w 1
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[ .
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0005. ey, ..T.-T.-""',- -

0 20 40 60 80

Angle between the clusters (°)
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Effect of Regularization

8 0.4 2
2..._..._................_...... — —— —
S 18
— 0.3
o 9
E 44 16
(D) o
g P . 0.2 y
c g) .
it - —_ 'g 01 12
- . - . o
200 400 Eﬁr{i]nqne 800 1000 1200 CC) 0 0 500 1000 1500 1
- Time
Original switching between Switching between
the distributions the distributions identified by

L (~;(t), T;, pt;) — min
g(x,0;) = |o—TT e |



Application: meteorology
cooperation with R. Klein
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Wind Jets transport moisture from Jet-Blocking
US to Europe

Jet-Blocking results in “indian summer” and “blackberry cold®
in Europe
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Weather Data in Europe: 29x20 grid (44 years)
(Data from H.Osterle, PIK)
Up to 4 hidden states are statistically separable

Looking through Markovian e: analysis of exit times
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Weather Data in Europe: 29x20 grid (44 years)
(Data from H.Osterle, PIK)
Up to 4 hidden states are statistically separable

'y =+
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e) ? ;
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=E S 0.51 I| ' J
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Hidden State 4: Jet Blocking Situation
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Stochastic Prediction: Markov+SDESs (H./Klein/Dolaptchiev/Schiitte, SIAM MMS 06,
H., JAS 08,
H./Dolaptchiev/Eliseev/Mokhov/Klein, JAS 08)

uondiiosap [ealweuAp paosnpay

2(t) = T (2 — pi) |
(1) Fi (2(t) — i) + 2, W (1)

|
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Weather Data in Europe: 29x20 grid (44 years)
(Data from H.Osterle, PIK)
Up to 4 hidden states are statistically separable

1 Day temperature predictions

Feal Temperature Pred|cted Temperature (1 Day, Hih- PCA S0DE) Predicted Temperature (1 Day, splme extrapolatmn)

2(t) = T} (¢ — ps)
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(H. Markowitz 1952, Nobel Price 1990)

Mathematical Analysis of available Financial Information
Shares in Portfolio @ 01-03-2004 (1084)

Portfolio Amount
15.0 - - : -
N.ASDAQ — B‘E i |JJ'\..
Transportatio|——— i = ‘i
n __| EBond, = L W et
Apercent g ;E hl.h#.nl.ﬁ
e 4 [ [
DAY 30 —— ’ A"
< A Vg
Flatinum Erent Qil w u,u-’w’\ﬂ',. e
(UsD) (USD) = Al
Euro(USD) Silver(UsD) G gl MMV
0 50 100 150 200 250 300 350 400 450 500
@ Bond, 3percent @ Erent Qil{USD) @ SilveriUsD) © Euro(UsD) Time

@ Platinum{UsD)y « DAX 30 ¢ NASDAQ Transportation
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Given a probability space [ﬂj F, P) a stochastic process (or random process) with

state space X iz a collection of X~valued random variables indexed by a set 7 ("time"). That
15, & stochastic process Fis a collection

{Fi:teT}

where each 15 an X~valued random variable.

Probability Density Function: =

7.8
Pr(43 <X <78) = f(z)dz 4

4.3

Expectation Value:
E[X):LXCIP = /j‘p[:;r)d;r —

Variance:

Var(X) = /[:r — 1)’ p(x) dz S



http://upload.wikimedia.org/wikipedia/en/8/89/Boxplot_vs_PDF.png
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ol d| Application: Minimal Risk Portfolio ‘g:

Let PS (T)GE R be a stochastic price process and & & R"

is a portfolio, then C(T, :I?) = <PS (T)j :17> the portfolio price

Maximize Yield and Minimize Risk




mr@l & Application: Minimal Risk Portfolio ‘g:

Let PS (T)GE R be a stochastic price process and & & R"

is a portfolio, then C(T, :I?) = <PS (T)j :17> the portfolio price

E(c)—aVar™ (c—E(¢c)) — maxX
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Let PS (T)GE R be a stochastic price process and & & R"

is a portfolio, then C(T, :I?) = <PS (T)j :17> the portfolio price

E(c)—aVar  (c—E(¢)) — 1nax

Numerical solution possible

Exercise 3: write the above maximization problem in vector-matrix

form. What kind of constraints on x will be meaningful? Under which

conditions on [slzMEaW&eIq does this constrained maximization problem

have a unique solution for a fixed &
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Persistent Regimes in Financial Data: Market Phases

Market Phases are hidden
in multiple, noisy data-series

Stock market crash of 1987:
SAPS00D Slock Index

34n

20

Jan

280
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241

220 + t t t t t t t t t t
r— F— F— F— — F— — F— F— — F— — F—
o oo i} [om} w o0 fn) un} [om} w o fn) )
[} )] m o m o m m o m [l m [}
= =5 2 & & & 5 5 & L8 £ = O
[} (=) ol = (=] k- + o = (=] (=] o -
o o ) [ap} [} [} [} [a} [} - -— — -—

SIFES Mark.et Timing - 2002 - Bt fwwe.zniperat

/. Horenko, Ch. Schiitte,
German Patent 10 2007 014 921.4 on

22.03.2007
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Minimal Risk Portfolios

Persistent Regimes in Financial Data: Market Phases

Market Phases are hidden
in multiple, noisy data-series

34n

20

Jan

280

260

241

220

Stock market crash of 1987:
SAPS00D Slock Index

4'1;:»

4] &
= (=]

=
=

Partfolio Risk

~-@--Markowitz Portfolios

—* - Phase-Specific Partfolios
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Portfolio Yield, %
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-
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Example: analysis of DNS data
(with R.Klein)
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fine-grid spatial patterns < coarse-grid stencil data
Issues (1st phase):

¢ Structure of fluctuations

¢ Fluctuations vs. mean flow

¢ Coarse-grid dynamics

DNS by G. Gassner (IAG, Uni Stuttgart)

Aim: construction of reduced stochastic models for subscale phenomena

SPP 1276 “MetStrom* Project

based on available DNS data or data-based model reduction
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DNS Data: Compression

Fluid Flow in 3D
1.2 TB Data (Data from R.Klein/M.Uhlmann, FU)

Criginal Data

15 x 80 GB = 2.000 EUR 1 USB with 2 GB = 20 EUR 1CD=0.2 EUR

z(t) = T (2t — 1) .
2(t) = F;(=(f) — pq) + 3X;W(2)



Take—Home-Messages :

1. Variational approach to time series analysis. No explicit probabilistic

assumptions needed (difference to GMM/HMM)

2. Probabilistic assumptions can be done a posteriory (determination

of K)

3. Regularization controls the persistence of regimes.
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Thank you for attention!
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