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Successive lower bound maximization

«—log likelihood
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s General form of EM algorithm

Algorithm 3 General EM-algorithm
Input: Time series z = {xqg = X(to)

ry = X(tny)}, initial guess of

qqqqqq

parameters 0(°) tolerance tol.

A

Output: Maximum likelihood estimate ©.
(1) Set i = 0.
(2)i:=1i+ 1.
(3) Expectation step (E-step):
Compute the function G(8,60).
(4) Maximization step (M-Step):
9U+1) = arg maxg G(,0())
(5) If AL > tol, go to Step (2). Otherwise, terminate.

g;(gﬂ 9(1)) — Ep{Y‘;‘gﬂ(ﬂ) [lOg p(:r'? Y | 9)]

- f ply | z.60W)log p(x,y | 6)dy.
Sy
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Biomolecular Conformations as Metastable Sets

distance [4]
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@ Hidden Markov Models (HMMSs)

state (observable state , hidden state )

KXK transition matrix between metastable states
b: probability density for output from hidden state
e.g., Gaussian distribution

probability distribution of initial state
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; ¢ Hidden-Markov-Modell
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Hidden Markov Models (HMMs): Example

] Modellparameter
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0.002 0.998
by N(—2,1.5)
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Hidden Markov Models (HMMs): Example
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HMMs: basic notation and properties

HMM parameters:
b(z;0;) = p(Xi=a|Y:=]),

pij = pYi=j|Yi1=1),
pi = p(Yo=7j).
0 = (“J;; Pij p;) = (191,---.01« PLlse - s DKKsPLs- - P"R)

p(Xe | Y, Xee1, Xy, Yo 1, Y1) = p(Xe | YY),
p(Ye | Xv:t—1,Yo.e-1) = p(Ye | Yioq).

p(Xtctgn | Yeren) = ][] p(Xe|Yo).
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s HMM Likelihood

p(XlztaYD:t) (C:R) P(Xt | }/taXlzt—laYO:t—l) p(Yt ‘ Xl:t—laYO:t—l) *P(Xlzt—layozt—l)a
= p(X¢ | Ye) - p(Ye | Yict) - p(Xit—1. Yo:6-1)-

H ) p(Ye | Y1) - p(Yo).

L = ZP(XlzTgYU:T:jD:T)

Jjo:T

T
= Y TT PO Ye =50 pYe = o [ Yoor = o 1) - plYo = i)

Jo:.T s=1

Christof Schitte, FU Berlin 9



s HMM Likelihood

L = ZP(XlszYU:T:jD:T)
Jo:T
I
= > []p(Xc[Ye=30) - p(Ye = s | Yorr = jo 1) - p(Yo = jd}
Jo.T s=1
/I\ HMM parameters:
- K K K b(m;ﬁj) = p(Xi=2x2|Ye =),
E_J;j;”'jél pij = p(Ye=7|Yi1=1),
pi = p(Yo=j).

\ T
L) = L0 Xer =2rr) = > ][ 095 pi_ib. - pios

Jjo:T s=1
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G(6,6")

G-function for E-step

E o vo rlx1 00 log p(Xy7, Yo7 | 6))
Z p(Yo.r = jo:r | X1, 09) - log p(X1.7, Yo = jor | O))

Jo:T

p(Ye =j | X1.7,0)
p(Yipr = J.Ye =i | Xp.1,0)
p(Y;H‘l :j ‘ Y;f — i?‘XliT?Q)'
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@ General properties

Y5 ( p(Ye =7 | Xy.1,0)
§ii(t) = pYepr =5, Ye=1i| Xy, 0)
nij(t) = pYiga =7 Y =14, Xu7,0).

—
—
|
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G-function for E-step

G(6,6Y) = E, oo, r1x1 .00y log p(X1: 1, Yo 1 | 6)]
= Z p(Yo.r = jo.r | Xo.7,00) - log p(Xp.1, Yo.r = jo.7 | 0)

Jo:T

p(Yo.r = Jo.r | X1, 0) = p(Y.r =jgur | Yo =Jo, Xv.7,0) - p(Yo = jo | Xv.1,0)
= pYi7=ju7r | Yo =Jo. Xvu:7,0) - v0(jo)
= p(Yo.r = jo.r | Yo = Jo. Y1 = j1. Xv.7,0)
(Y1 =j1 | Yo = jo, X1:1,0) - 70(jo)
= p(Yor =jor | Y1 =71, X1.7.0) - 1051 (0) - 70(jo)
T

= HT?jt_l._jt(t) - 70(Jo)

t=1

Christof Schitte, FU Berlin



G-function for E-step

G(Qﬁ 6.(1)) — EP(YD:TLKI:T_‘&“-]) [logp(XliT:' YD:T ‘ 9)]

— Z p(YﬂiT — jD:T | Xl:T:Q(i)) ’ logp(XlzTaYD:T :jU;T ‘ 6")]
jD:T /

T
p(Xur =21, Yo =jor) = ] o) pio_i - -
=1

= Hﬁjt—l,jt(t) - 70(Jo)

t=1
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HMM G-function: general form

Lemma When using a superindex on the £ variables in order to indicate
that these variables correspond to the parameter set 89, and keeping in mind
that the p;; and b; come from the parameter set 0, we get

G(6,600) = G1(8,09) + G2(6,01) + G3(6,6)

T—1
Gi(8,60) = SN &) - logpra,

t=0 k.l
| T—1
G2(0,00) STt 1) log b(wiga; 0h),
t=0 |
G3(0,01) 1(0) - log py..

14
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s General M-step problem:

Corollary Let A = (M1,...,Ax), and k be Lagrange multipliers. The
M-step of the EM-algorithms has to mazimize wrt. § = (pij. ), K, and \:

Qc({?,m,/\;ﬂ(i)) = (b, 6'( ) + ZA‘I” Zp;,;g —1) + h(z pr — 150)
k

under additional non-negativity constraints (49). This maximization prob-
lem can be decomposed into two independent problems:

Go (6,200 = gcl(pu A 0D) + Go(9;:00) + Goslpy, r;01)

Ge1(pij, N 01)) = Z > D) Togp + > MY pu— 1),
,!: z

t=0 k|l

Ga(0;;01) = ZZ log b(z; ;).

Gea(pj, r:00) = Z logpr + K sz —1),

[

where Ge 1, G2 and Ge.3 have to be mazximized on their respective orthogonal
subspaces under the respective additional non-negativity constraints for G. 1,
ﬂ??ad g}CTS-
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Result of M-step for Gaussian HMMs

b(x: ;) = Gy, X5).
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Result of M-step for Gaussian HMMs

b(x: ;) = Gy, X5).
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s Direct evaluation infeasible

£(6) = £ Xrr = ru7) zn brs: 03.) - Divrd. i
Jo:r §=1

Using this formula:

Computation of likelihood requires operations

Similarly bad scaling for etc.
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s Forward-Backward

Oﬂ?(f) — p(}/i:j* Xlit):‘
Bi(t) = p(Xegr7 | Y= 7).

Lemma The following three formula allow to compute ~;(t), &r(t).
and the likelihood L from the forward-backward variables and the respective
parameter set pi. and O

£ o= XX

~ _ Qv (I‘)Bj(t)
o > a(t)5(t)
Gr(t) = =2 (t)pjr b(@e1; V%) B (t + 1)
: 2k 0 (Opjreb(wiq1; i) B (t + 1)
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@ Recursion formula

The forward-backward variables satisfy the following recursion formula:
o;(t) = b(Xe,05) ) prj olt = 1),
k
Bi(t) = > b(Xsr,0k) pyr Bi(t + 1),
k
where the forward recursion for o ;(t) has the initial condition
a;(1) =b(X1, 7)) - py,

while the backward recursion for (3;(t) starts with

B;(T) = 1.
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@ Recursion formula

The forward-backward variables satisfy the following recursion formula:

2
L
Pt

[
L

|

b(Xt,0;) Y prj okt — 1),
k
Bi(t) = Z b(Xty1,0k) pjik Br(t + 1),
k
where the forward recursion for o ;(t) has the initial condition
(1) = (X1, 9;) - pj.

while the backward recursion for (3;(t) starts with

B;(T) = 1.
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EM algorithm for Gaussian HMMs

Algorithm 5 HMM-Gauss: EM-algorithm for HMM with Gaussian output
probahilities
Input: Time series X .7 = ., initial guess of parameters

00 = g 00 o), Y = e 2, k=1, K,

tolerance tol.

Output: Maximum likelihood estimate ©.
(1) Set i = —1. Set formally £~ =0.
(2)i=i+1.

(3) Expectation step (E-step): a(t) = by, 0y) z Prej okl — 1),
(3.1) Compute forward-backward variables r:r': Y(t) and ,J': 1( D k

via forward-backward recursion as given in Lemma 4.4 g;(t) = Z BX 1 Ue) pyn Bi(E + 1),
using parameter set (pi':j:' ,tfi'fj:'_. pg:;:'] :

(3.3) Compute <€

(4) Convergence check:
i) _ li— - ; O — Aid y
If £00 — £0-1) = o], go to Step (5). Otherwise, terminate and set © = (), £ = Z Z o (1) 3;(t)
(5) Maximization step (M-Step): ‘ ; 8.(6)
Compute the new optimal parameter estimates T () = _@i(t)P;(E)
{ : 16004 Zj ﬂjﬂf:'ﬁj“,"
+1) " .
:I "| 2l f = -?
Z*:? 19 (t) Einlt) E;L ﬂp};b(rt_‘_li?_?;_ ,31 t+1)
S(i+l) '"r'r-l" LGJ
Pr - i
z 79
SiH)
Aty = L:, Z "
‘i"
1 T
i) T (1) _ _ T
Er - "rl‘f':l Z T “J[Tt .I[’['i",:I[Tt )
v ot=1

(6) Go to Step (2).
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EM algorithm for Gaussian HMMs

Algorithm 5 HMM-Gauss: EM-algorithm for HMM with Gaussian output
probahilities
Input: Time series X .7 = ., initial guess of parameters

00 = g 00 o), Y = e 2, k=1, K,

tolerance tol.

Output: Maximum likelihood estimate ©.
(1) Set i = —1. Set formally £~ =0.
(2)i=i+1.

(3) Expectation step (E-step): a(t) = by, 0y) z Prej okl — 1),
(3.1) Compute forward-backward variables r:r': Y(t) and ,J': 1( D k

via forward-backward recursion as given in Lemma 4.4 g;(t) = Z BX 1 Ue) pyn Bi(E + 1),
using parameter set (pi':j:' ,tfi'fj:'_. pg:;:'] :

(3.3) Compute <€

(4) Convergence check:
i) _ li— - ; O — Aid y
If £00 — £0-1) = o], go to Step (5). Otherwise, terminate and set © = (), £ = Z Z o (1) 3;(t)
(5) Maximization step (M-Step): ‘ ; 8.(6)
Compute the new optimal parameter estimates T () = _@i(t)P;(E)
{ : 16004 Zj ﬂjﬂf:'ﬁj“,"
+1) " .
:I "| 2l f = -?
Z*:? 19 (t) Einlt) E;L ﬂp};b(rt_‘_li?_?;_ ,31 t+1)
S(i+l) '"r'r-l" LGJ
Pr - i
z 79
SiH)
Aty = L:, Z "
‘i"
1 T
i) T (1) _ _ T
Er - "rl‘f':l Z T “J[Tt .I[’['i",:I[Tt )
v ot=1

(6) Go to Step (2).
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@ Hidden Markov Models (HMMs): Example

Startwerte EM Ausgabe EM Modellparameter
0.5 0.5 0.9969 0.0031 0.997 0.003
0.5 0.5 ) 0.0026 0.9974 ) ( 0.002 0.998 )
by N(—-3,2) N(—1.9, 1.50) N(—2,1.5)
bo N(3,2) N(3.01,1.01) N(3,1)
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Hidden Markov Models (HMMs): Example

Startwerte EM Ausgabe EM Modellparameter
0.5 0.5 0.9967 0.0033 0.997 0.003
0.5 0.5 0.0023  0.9977 0.002 0.998
by N(—=3,2) N (—0.995,1.47) N(—1.,1.5)
ba N(3,2) N(1.01,0.998) N(1.1)

sooo
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