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Definition 1.1:
1. Let [0,T] be an observation intervall, then we call
z(t): [0,T] - ¥ C R" (1.1)
a time series.
2. Let F([0,T],W) be the space of all functions from [0,T] to ¥, then we call
9(z,0) : F([0,T],¥) x Q — [0, 00) (1.2)
the model functional. © € 2, (Q C Rd) are the modell parameters.
3. We denote by “problem of time series analysis” the solution of:

These general definitions will give us the possibility to solve a lot of problems

Example 1.1: (analysis of a time series using a gaussian model) Let
t€{0,1,...,T} and x(t) = z; be normaly distributed with mean ji and variance >.
Moreover, let xg,x1,...,x7 be independend. Our model parameters are choosen to be
O = (u,a?). We look for the best parameters i and 62 for the given dataset.

Since xy are normaly distributed, the density of the xy s

fe= \/;7 exp (—W) : (1.4)

Given the independence of the xy we can calculate the joint distribution of
(x¢),t €40,...,T}:

T 1 T+1 ?_ xt—i'Q T 1)(7 — 2
fw_tl_!)ft_ (\/W) exp [_Z_O( ) ;(;_g + )( 'u) ], (1.5)

where T = Elx] = %ﬂ Zf:o x¢. If we define the Gaussian model functional as

T+1 2 —2)2+ (T +1)(z — p)?

202

g:=—Inf, = In(2mo?) + Z?:O( (1.6)

we can solve the problem of the time series analysis analyticaly by solving the system of

equations:
dg 0Og
=4 — 1.
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thus
99 AT+ - p)

=0 1.8
99 _T+1 Fplm—2*+(T+)@—p)? _ (1.9)
do? 202 204 ' '
The solution is:
==z, (1.10)
1 T
2 —\2
= —-— — )" 1.11
= 1 D=9 (111)
These are the known formulars for mean and variance from statistics. o

Example 1.2: (K-Means clustering) Given a set of points x(t) fort € T C [0,T], we
look for K clusters C,...,Ck. Therefore let v;(t) fori=1,...,K andt € T be the
probabilities for point x(t) to belong to cluster C;. Moreover let

K
d i) =1vteT (1.12)
=1

() >0,vteT,i=1,..., K. (1.13)

Now let C; be the central point of the ith cluster and a point should belong to this cluster, if
the function of distance d(xz(t), C;) < d(x(t),Cy) for all j =1,..., K. Then we can choose
the model parameters according to

@(t) = (01,...,CK,’yl(t),...,’yK(t)). (1.14)

The model function should be

K
9=">_> 7®)llz(t) — Cilla- (1.15)

i=1teT

For given Cy,...,Ck the v/ (t) can be calculated easily: Choose v;(t) =1 if x(t) belongs to
cluster Cy and else v;(t) = 0. On the other hand, for given ~;, the C} can be choosen
optimaly by setting C; to be the mean of all points belonging to the ith cluster. This leads to
the following algorithm:

1. Choose the initial CY,. .., Cg( randomly.
2. Repeat for j =1,2,... unitl some stopping criteria is satisfied:
(a) Choose *yf(t) =1 if z(t) belongs to cluster C;, else ny(t) =0.
(b) Choose Cij by calculation the mean of all points belonging to the ith cluster.

One can prove: Every step of this algorithm improves the result (in sense of making g
smaller). o
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Example 2.1: (Markov chain) In this ezample we will have a closer look at the discrete
time series that satisfy certain independency conditions. Let

x=xz(t),t € {to, t1,...,tn} C [0, T] with equidistant timesteps t; = to + iA; a time series.
Moreover, the set of states shall be UN € RN with 2(t) € ¥ = {1,..., K}. We abreviate

xp = z(tg).

Definition 2.1: A process x is called Markovian or a Markov process, if x satisfies
Plag1 = jlak = ik, ..., 20 = do] = Plagr1 = jlzg, = ixl. (2.1)

If the term above does mot depend on the time ty, the Markov process is called
homogeneous. For a homogeneous Markov processes is the transition matrix P with
P = [pij], pij = Plwg1 = jlog = i] time-invariant. The transition matriz satisfies the
following conditions:

1. 0<p; <1
2. ijij = 1,Vi

P15 = 15, where 15 = (1,1,...,1)T

o

. |\l <1 where X is any eigenvalue of P.

SN

. If the process is reversible, thus m;p;; = mjpj;; for some m™ we get: X € R.

Now we want to solve the minimization problem:

O = arg ngn g(x,0). (2.2)

Using the homogeneous Markovian property of x we can state:

T
Plz = (x0,21, ..., 27)|P] = P[z(0) = z0] [ [ Par_y 20 (2.3)
t=1

Remark: We start by expressing this probabilities depending on the whole series to time t.
Then we use the Markov property to truncate all but the last dependency and in the end we
use the homogeneous property to express the probabilities by the components of P.

Now we denote by N;; the number of jumps from i to j during the lifetime of x. Then we

can write:

K K
Plz = (20,1, ...,27)|P] = Plz(0) = zo] [ [] »i}". (2.4)
i=1j=1

Using g(-) = —In() we get

K K
g(P) = —In(Plz = (xg,...,27)|P]) = — In(P[z(0) = x]) — Z ZNZ-]- In p;j. (2.5)
i=1 j=1



We use only the condition Vi : Zj pij = 1, the other ones will be satisfied automaticaly (has

to checked afterwards). Using the Lagrange technic we get the extended problem

g(P,u) = —log Pl

i=1 j=1
Now we can write the derivatives
o N
9 — Y + M’L
Opij Pij
Setting this equal to zero we get
. _ Ny
Dij = —~-
i
Now we put this into the condition to get

Using this for pj; we get:

*

p. [p—
YN

This is a good point to introduce the robustness

Z Z Nz] lnp,] + Z g

1 :Zp?j = ;ZNZ‘j,uf :ZNUVZ"
J b J

K
> pij—1
=1

(2.6)

(2.7)

(2.8)

Definition 2.2: Robustness is a measure of the influence of small perturbations on the
optimal solution.

Since g as a function of © is convex, we have a closer look at the second derivative

Pg, .. Ny, Ny)?
2 (pij) = 2] (pij) = M

Ipi D Nij

We will need some convergence for stochastic objects, so we define

Definition 2.3:

1. X,, converges almost surely (a.s.) to X if P[X,, — X] =1
2. X,, converges in probability to X if P[| X, — X| >¢] — 0

3. X, converges in distribution to X if E[X,,] — E[X]

(2.11)

Thus we can state: The more information we have (thus Njj; is large) the more stability we
have in the solution.

o
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We start by bringing some definitions back in mind:

Definition 3.1: The expectation E,[X (w)] can be calculated by

/ X(w (3.1)

The variance of a random variable is defined by
Vary[X ()] = E[(X - E[X])(X —E[X])T]. (3.2)

This is a good point, to repeat the Central Limit Theorem:

Theorem 3.1 Let X,,, X,, : Q — R be a sequenze of iid random variables with E[X,] = u,
Var|X,] = o2 for all n. Moreover, let
1 N
LN oy
Sy = NZim Xz (3.3)
Voad

Then S, —% N(0,1) in distribution. Moreover, the probability for Se to be in an intervall

[a,b) is given by
1 b x?
Pla < S, <b:/ex <—>dm. 3.4
[ oo ] m u p 9 ( )
The second important theorem is the Law of Large Numbers:
Theorem 3.2 Let X,, iid with E[X,] = p < oo and Var[X] = 0% < co. Then

N
1
Pll=
&
=1

> X
Now let ¥ = {1,2,3,..., K} be the state space and P the transition matrix for a Markovian
process. Moreover v € RE with 0 < v; < 1 and ZZ v; = 1 should be a vector of state

probabilites, i.e. this is a distribution. Then we have the sequence of distributions starting
by some v? given by

0.2

— > < —.
Rl =€l = N2

(3.5)

o= pTyt, (3.6)
Translating the fixed point theorem of Banach to our setting, we get:

Theorem 3.3 If the eigenvalue A = 1 has a geometric size of 1, thus the sub space of the

eigenvectors has dimension 1, then v’ =% &, Where 7 is the stationary distribution.
This leads us to the Law of Large Numbers for Markovian processes
Theorem 3.4 Let m be unique and f : ¥V — R. Then
[f1=2_mf0)- (3.7)
JEY
IfE]|f]] < oo, then

almost surely.



We might be interested in the leaving time, this is the average time we stay in a specific state:
T(Z) = min{t >0: Xy =i, Xigt # Z} (3-9)

The average leaving time would be:
Elr(i)] = At > k(1 — pi)pl; ! (3.10)
k=1

where At is the step size we use during the time. We can calculate this by using:

- At
N = E ko _—"
E[r(i)] = At k:()p” 1 —pi (3.11)

if and only if p; < 1. This is a measure for the metastability of the time series.
Definition 3.2: Forz € ¥,y € ¥ we write x — y if P[X; = y|Xo = x| > 0 for some t.
Then y is called attainable from z. We write x — y— z as z < y.

We can use this to define communication classes:

Theorem 3.5 Let K be the set of close disjunct communication classes (thus z,y € K €
K& x < y), then A =1 is #K times an eigenvalue.

Theorem 3.6 Let C be a close, disjunct communication class and Pc with pc g = pr for
k,l € C. Then there exists an irreducible Markovian process with transition matriz Pco.
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Definition 4.1: Fy,..., E; are called cyclic or periodic classes, if
P[ml S Ek+1|l’0 S Ek] =1 (4.1)

and Eqy1 = Ey.

Example 4.1: (deterministic chain) We have a markov chain with transistion matriz
010
P=1120 0 |. (4.2)
0 01

Then this chain has two communication classes C; = {1,2} and Cy = {3}. C} can be split
in two periodic classes. o

Definition 4.2: If for all cyclic classes E1, ..., Eq of a Markov chain d =1 then the chain
is called aperiodic.

Theorem 4.1 The following statements are equivalent:
e P has K eigenvalues with |\| =1

e d=K

Theorem 4.2 Frobenius-Perron Let a Markov chain be irreducible and aperiodic, then
A1 = 1 is a unique eigenvalue and |N;| < 1 for i > 1 and there exists a unique stationary
distribution 77 = 7T P.

If A, B C S where S is the state space of a Markov chain, then

Plzy € Blog € Al =Y Pz € Blag = [|P[zg = Iz € A (4.3)
leA
= Z Plz1 = m|zg = | Plzg = |z € A] (4.4)
leA
meEB Pim



Example 4.2: (stochastic periodic markov chain) Let P be the transition matriz for a
Markov chain with

0

P= 1 (4.5)

= O o=
= O NI

A =1 is two times an eigenvalue of this matriz, we have C1 = {2} and Cy = {1,3}, thus by
exchanging the states 2 and 8 we get the block structure. For this blocks the assumptions of
Frobenius-Perron are satisfied and indeed: Ay = 1 is unique and 7' = 1 respectively

% = (%, %)T are the unique stationary distributions. o

Definition 4.3: Let (X,), be a sequence of outputs of a Markov chain, with X,, € {1,2}
and (p1,01) and (p2,09) two parameter sets. Now let O; ~ N (ux,,0%,). This is called a
(Gaussian) Hidden Markov Modell (HMM).
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This time, we will have a closer look to so called Gaussian Mixture Models (GMMs) and
Finite Mixture Models (FMMs). Let u;,6; be sequences of mean and variance for some
gaussian processes. Let f; be the density of N (u;,0;). Now we construct the density function

F=> ayfy (5.1)
Yy

with Zy ay =1and 0 < oy < 1. Where f, and o depend on the random variable Y. For
the Likelyhood operator I we can define the problem as

T
0 = L = PIX; = 2
© = argmaxL[O|zo, ..., 27] argmgxt:HO [Xi = 2,/©] (5.2)
Given this we could use the Loglikelihood £, thus:
) T
= 1 PX; = x|V = PlY; = .
o argmgxtzzg 0g (%: (Xt = 24|Y; =y, OIP[Y; y]) (5.3)

Now we reduce this to the problem with marginal distribution:
O = arg mgxlog L[®|X] = arg max log </ Plxo,...,z7, y|@]dy> (5.4)
y

where Y :  — ). Defining a family of lower bounds B(©) with
B(©) <logL[®, 2], VO (5.5)

we let ©° be the first i elements of this family with

log L[©|x] = log P[xo, . ..,27|0] = log/ Plz,y|O] dy (5.6)
y
P[X,Y]
= 10g/ f(y) dy (5.7
) 1) :
P[X, Y]}
=logk 5.8
B |17 >
Now we use the Jensen inequation to get
PIX, Y]]
logL[®|z] > E lo 5.9
sLiBl] > By, flog (59)
Theorem 5.1 Jensen inequation Let u: D C R — R be a convex function then:
Efu(X)] > u(E[X)) (5.10)
This leads us to the formal equation:
Plx,Y|©
LB = {Bf(@) = Ef(y) [log [f(Yv)}:| } (5.11)

2



where f is a density function with f : ) — R. This leads to the Expectation-Maximization
(EM) algoritm. This algorithm consists of two steps: Expectation and Maximization. We
have a look at the first step. Here we try to solve the following problem:

Biax = arg A Bf(©") (5.12)

With fy f(y) dy = 1, therefore we define the Lagrangian

J(f,0") = B§(0") + A (1 - /yf(y) dy) ) (5.13)
with dJ J(f +eg) — J(f)
o eg) —
aF =i - (5:14)

For some testfunction g. We will have a look at the result during the next lecture.
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Last time we defined a family of lower bounds to use the EM-Algorithm. In step one (the
expectation step) we need to solve the following problem:

Hl?XBf(@) with / fly)dy=1 (6.1)
Yy
Thus we use the Lagrangian J to get
17.0) = By(@)+A( [ ) dn—1) (62)
aJ .
af = 0 (How do we solve this?) (6.3)
oJ
— =0 6.4
Y (6.4)
Equation (6.3) is not a typical problem, here we have to use a variational differential:
oJ .. J(f+eg)—-J(f)
a7~ ili% 5 =0 (6.5)
= 0=A+logP(z,y|0") — (1 +log f(Y)) (6.6)

To get the following solution

P(x,y|0'))

“(y) = 2 = P(y|z, 00 6.7
Now we use this within our family to get
; P(z,y(©)
B+ (© :/Pyx,@@ log — 22 gy 6.8
And thus
B (0 —/IP’ ylz, 0D) log ——L =L gy 6.9
_ / P(y|z, 00 log P(2|0) dy (6.10)
Yy
:/P(y\x,@(i))dylogIP’(:c\@(i)) (6.11)
y
= log P(x|0®) = log L(0Y|z) (6.12)

Thus, since By < logL we have the maximum property. Now we can proceed to the second
step: Our new problem is

argm@axBf*(@) = argmgx/[?(y|x, 0 log Plz,y|0) (6.13)

— Iy
Yy P(y|z, @(Z))
= arg m@aX/IP’(yb:, @(i)) logP(z,y|O) dy =: arg max Q(i)((%) = QU+
y
(6.14)

Theorem 6.1 Let 0% be output of the algorithm above. Then L(OUHD|z) > L(0W|z).



Proof:
log L(O7z) > B0+ = max B(6©) > B (09) =log L(0Y|z) (6.15)

O
Nevertheless, solving these problems is no trivial task. Let’s have a closer look to the

solutions: If the timesteps are statistical independend we get

T T
f* = Plylz, %) = T P(yelz, 0@) = T () (6.16)
t=1 t=1
with »
3 P($t7y|@ ! )
]P)(y\f'?n@(l)) = — = 7(y) (6.17)
Zglle P(xta y’@(z))
then
fr=ny). (6.18)
Now we might use this for Q(¥):
' K
QW(©) = () log P(z;,Y; = y|O©) (6.19)
y=1
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While the theory of the last lectures was for general Mixture Models, we will now have a special
look at Gaussian Mixture Models. Let G(-, uy, X) be the density function of N'(u,, X,), thus

1 _
G(z, py, Xy) = > exp (*(95 - My)TEy 1(55 - My))
where z is used to normalize the measure. Additionally let
ay = P(Y =y|0)

with © = (p1,..., ux, X1,..., 2K, 01,...,ax). Then we write a Lagrangian:

K
J©)=QWO)+ A > a1
y=1

and differentiate with respect to © and set those to zero.

T
051 (8) = > (W) (—(wr — py) (= )" + ;1 log(=(5,))) = 0
t=0
T
Oy J(©) = =2 7u(y)(— (w1 — 1)) = 0
p t=0
HJ(O)=) oy —1=0
y=1
— u(y)
92,7(0) =Y 'V';y —A=0
t=0 Y

Now we start to solve these equations

M* _ Et YLt
v Zt Tt
1
X, = Z%(xt - MZ)(»’Ut - MZ)T
t

Y Zt Yt

1 T
Oy === 6y = t(y)-
v Zyv(y)zt:7 ! ;7 Y

(7.1)

(7.2)

(7.3)

(7.8)

(7.9)

(7.10)

At this point, the lecture was continued by a computational and graphical example, this will

not be included in this file.
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During this lecture, we will have a look at high-dimensional problems. Therefore we assume
there are some correlations between the different dimensions. Now we want to keep as much
information as possible while reducing the dimensions. Thus let T' be a matrix where the
columns define a basis of some submanifold. Moreover, the colums should be orthonormal.

Then we have a look at

Z (s = ) = TT7 (2 = )3 — min, 777 = 17"
for some u. To solve this, we use once more the Lagrangian principle:

L= (e —p) =TT (s — w5+ Y Xij(TTT — 1™7™)
t ij=1
= (@ — ) =TT (@ — w3 + "2 0 (7T - 1)e
t

Where e is a vector full of ones. Let’s have a look at the first part of the L:

(e = p) = TT" (2 — p)ll3
(e = p) = TT" (2 — )" (2 — p) = TT" (w1 — )
=((zr = )" (2 = p) = (g = ) "TTT (2 — p) = (¢ — )" TT" (24 — p)
+ (2 — )" TTTTT (24 — )
=((we — )" (e — p) = (e — )" TT" (2 — )
=(ze — )" (1 =TT") (2 — )

—

Thus
oL
7(,9” = —2Q Et (SCt —

By setting this to zero, we get

Z(xt—,u)G Kern(Q) 3 ¢,72 = — Zazt, =Z+¢.

t

‘We need one more derivative:
oL T
3T = -2 Et (x¢ — p)(zg — )" T — 2T\

Now we set this to zero, too:

> (= p) (e — )" = =TA

(8.1)

®© o oo o 0
© o0 N O Ot =
D — D D

(8.10)

(8.11)

(8.12)

(8.13)

For m = 1 this is an eigenvalue problem. Thus we can solve this problem step by step
by solving m eigenvalue problems. Therefore, this approach is called “principle components



analysis”. Let us have a closer look at this stuff:

Y (e —p) =TT (@ — )" (@ — p) = TT (2 — ) (8.14)

=t D (@ =) (@ — p) =Y trace(T” (z — p)(z — p)"T) (8.15)

= i(wt =) (2 — ) — tl:ace(TT > (@ —p) (e — )" T) (8.16)
| t —Cov

= (2 — )" (x; — p) — trace(TTAT) (8.17)

- Z<x — )T (w0 — ) — trace(A) (8.18)

= Xn: A (8.19)
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This time we have a look at autoregressive processes. Therefore let Z = {z,.. zt} with

€ R? be a time series. Normally, we are looking for some f : R* — R? such that Zk+1 =
f (Zk) and || Zj41 — Zj41|| should be as small as possible. Now we add additional information
to this function, thus Zk+1 = f(Zy, Z-1,- .., Zr—p). We will use some general assumptions
throughout this lecture:

1. f should be affin multilinear, thus Zi=v+A1z_1+ Aszpo+- -+ Apz—p with v € R4
and A; € RIxd,

2. The error e, = z — Z; € R? should be white noise, thus &; is a stochastic process with
Eley] =0Vt and Eleiel] = RVt and Eleiel] =0V, s # t.

Definition 9.1: A stochastic process Z = {z:} is called « VAR(p)-process (Vector
AutoRegressive), if a process € = {e;} exists such that

Zt+1 =V + Alzt + AQZt_l + -+ Apzt_p+1 + Et+1 (91)

with e;,v € R* and A; € RI*4,

There are two different ways to initialize VAR(p)-processes:

1. We assume Z to be stationary (e.g. we started the process at t = —00).
2. We initialize Z with arbitrary values (z1,...,2p).

For now, let p = 1, thus

Zy=v+ A1zi_1 + & (9.2)

For some given zy we get
21 =v+ A120 + €1 (9.3)
zo=v+AiI(v+ A1 +20+e1) +e2= (I + A+ A2z + Arer + €9 (9.4)
=T+ A +-- +At1u+Az0+ZAlgtk (9.5)
Zoo = tlgglo 2= —A) v+ ZA15t k (9.6)

if and only if (A1) < 1, where 0(A;) is the spectral radius of A;.



Definition 9.2: A VAR(1)-process is called stable, if 0(A1) < 1. This is equivalent to
det(I —sA) #0 for s <1.

Now we expand this theory to VAR(p)-processes by splitting these into VAR(1)-processes:

Zy =2, 21 -y 2t—p1) 7 = [1,0,...,0]F (9.7)
Al A,

1 0
121: 7§t:[5t701"'7]T (98)

0 I 0

0
Zy =0+ A%_1 + & (9.9)
Thus a VAR(p)-process could be called stable, if 0(A) < 1 or det(]—Ayjs—Ags*—---—A,sP) #

0 for all s < 1. A stable VAR(p)-process started by ¢ = —oo will be stationary. How about
prediction?
Zev1 = Elzeralz, -z pral = v+ Arze + -+ Apzppia (9.10)

Multi-step prediction works the same way, we simply use the predicted values to calculate
the missing ones recursively. The error is €ry1. For multi-step predictions the errors sum up,
thus:

J
Zitj — Zt4j = Z Al (9.11)
=1

The expectation of the error is always zero, thus the guess is unbiased. Moreover, this is a
minimal MSE-estimator. As a last point, we try to estimate the parameters of the VAR(p)

model. Let Z = {z1,...,2r} where the first p elements are used as initial values. We define
O = (1, A1, Ag, ..., Ap) € RPUPHY (9.12)
Y = (2p11, Zpi2, - - - 27) € R*TP) (9.13)

1

2t
X = . € R (9.14)

Zt—p+1

X = (Xp, Xps1,..., Xp) € RUPHDX(T—p+1) (9.15)

Thus z; = ®X;_1 + & for t > p. Then we get

2 X1 =X X + e X (9.16)
E[z X[ = E[®X; 1 X[ ] (9.17)

The lefthand side of this equations could be estimated by

1 1
ElaX )~ — Y uX] = jYXT, (9.18)



while the righthand side is approximatly

T

1 1
E[®X, 1 X ]~ 5 X, X, = mXXT. (9.19)
1=p+1
Putting these estimators together, we get:
VYXT=oxxT = o =vxT(xxT)! (9.20)
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Let Z; € R™ with

P
Lifr = Z Ai(T)Zt—ir + B(T)etyr (10.1)
i=0

with A;(7), B(t) € R™*", E[e;] = 0 and E[e] £4,] = 6(t1 — t2). Then we get

E(Zii-] =Y Ai(T)E[Zi i) (10.2)
=0

Now we multiply the Z;;, by ZtT_jT for  =0,1,... to see
P

ElZur 27 5 = 3 ADEZiin ZE 1) (10.3)
=0

Definition 10.1: We denote by p(t — 7) the auto-covariance. We define
olt — 7) = El(Z — B[Z])(Z, — EIZ,])7). (10.4)
A special property of the auto-covariance is p(t — 1) = p(T —t).

This allows us to write the equation (10.3) as

p

p(L=)7) = A(r)p((j — i)7), (10.5)

=0

This is the Jule- Walker-equation. Now let Z; be an auto-regressive process of order p. There-
fore let

a = [Ag, Ay, ..., A,) € R PR (10.6)
and
YT =(Zps1,..., 27), (10.7)
Zy Zpy1 .. Zr
xXT=| : e ) (10.8)
Zo Zv ... Zry
el = (epy1...e7) (10.9)
Then we can write
Y = Xa +eBT (10.10)
and thus
E[Y — Xa] =E[eBT] =0 (10.11)
so we try to solve
|Y — Xa|| — min. (10.12)



We denote by & so solution of this problem, therefore we get
a=XTx)"'xTy (10.13)

For ergodic Z; the (X Tx ) is just the empiric auto-covariance matrix. If Z is periodic, then
we might get an eigenvalue of zero, thus the problem is no longer solveable. By changing the
problem to

lY — Xa|| + I'||a|| — min, (10.14)

we might get better results. Thus we define:

Y =[Y0 (10.15)
X =[XT] (10.16)

Then we can solve the problem ||Y — Xal| by using

aXTX)'XTY = (XX +1TT) ' XxTY (10.17)
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