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Introduction

"Divide and conquer." | This saying has become one of the basic principles in
mathematics and, in particular, in numerical analysis and ienti c computing.
And it will be a central feature of our approach to the problems which we
study in this work. The domain decomposition methodswe are going to apply
to our problems | both on an analytical and on a computational level | are
certainly the most prominent characteristic of this principle in our approach.
Nonetheless, they are not the only one.

The starting and end point and the basis for the questions rased and investi-
gated in this work is the Richards equation It arises from the physical prin-
ciple of mass conservation and serves as a mathematical mddg#escribing the
saturated-unsaturated uid ow through a porous medium in o ne single partial
di erential equation. As a consequence, the Richards equabn assumes di er-
ent types in di erent regions of the computational domain. In the saturated
regime it is of elliptic type whereas it is parabolic in the unsaturated regime.

The equation contains two nonlinearities given by paramete functions, one
of which is related to the time derivative while the other one is a factor in
the spatial derivative. Moreover, it leads to heterogeneos problems since the
parameter functions depend on the soil types given in the dorin. The Richards
equation is degenerate in the sense that the main part of thematial derivative
does not provide a uniformly elliptic operator because the elative permeability
as a factor in it can become arbitrarily small for small pressire values in the
uid. Finally, the parameter functions may contain big slop es and can even
degenerate into step functions for extreme soil parameters

In view of these heterogeneities and degeneraciese propose a solution method
for the Richards equation which does not rely on any lineariation whatsoever.
In order to realize this, however, we need to \divide" the problem into several
partial problems which we can \conquer".

Therefore, in a rst step we restrict ourselves to the Richards equation in a
homogeneous setting, i.e. to a single soil type resulting itwo xed parameter

functions. If, in addition, we neglect gravity in the equation, an implicit time

discretization of the resulting problem provides quasilirear spatial problems
which can be transformed into semilinear problems by an apptation of the
Kirchho transformation . This simpli cation is not possible in case of spatially
dependent parameter functions, i.e. in a heterogeneous detg.



Now, the semilinear problem, which we obtain for each time stp after the
time discretization and the Kirchho transformation, turn s out to be equivalent
to a convex minimization problem This is even true if we treat the gravita-
tional term explicitly in the time discretization, which we will do in this work.
Whether gravity is included in this way or not, an existence and uniqueness
result can be applied to the convex minimization problem anda convergence
result for an appropriate nite element discretization can be derived. Moreover,
with the monotone multigrid method a fast solver is at hand for the solution
of the arising discrete problems. In addition, the performance of the monotone
multigrid is robust with respect to varying soil parameters, even in the most
extreme cases.

We point out that our solution method for the spatial problem s in the homo-
geneous case is based on nonlinear minimization rather thalnearization. The
robustness of the method refers to the solution of the transfrmed problem,
which only contains one nonlinearity, rather than to the solution of the original
spatial problem, which is doubly nonlinear and degenerate dr small pressure
values. Here, our \divide and conquer" approach pays out on he practical level,
since by virtue of the Kirchho transformation the degeneracy of the spatial
problem is completely separated from the solution procedue. The degenerate
character of the original problem reoccurs of course if we wa to determine the
solution in the physical pressure variables. Here, the invse Kirchho trans-
formation comes into play which is ill-conditioned for smal pressure variables.
But this inverse transformation is applied only once | after the solution has
been calculated in the transformed variables.

Having understood the spatial problems arising from the Ritards equation in
the homogeneous case, we use this knowledge in the secondpste address the
situation in heterogeneous soil. Here, we consider the casé# constant soil pa-
rameters on non-overlapping subdomains ;, i =1;:::;n, of a domain Rd
which change discontinuously across the interfaces betwaethe subdomains.
As a consequence, we obtain a problem withjumping nonlinearities, i.e. with
nonlinear parameter functions which are xed for each subdonain but di erent
on each side of an interface separating the subdomains.

The global problem is formulated as a domain decomposition blem in which
Richards equations in homogeneous soil on each subdomaineacoupled by the
continuity of the physical pressurep and the continuity of the normal uid ux
across the interfaces. Now, in order to apply the results frmm the homogeneous
case, this domain decomposition problem is reformulated byhe application of a
Kirchho transformation on each subdomain. Since these transformations di er
on di erent subdomains, the continuity condition on p now turns into nonlinear
jump conditions for the transformed variablesu; on ;,i =1;:::;n, across the
interfaces. As a consequence, we obtain a coupling of convexrinimization
problems on the subdomains with nonlinear transmission coditions given on
the interfaces.



Now, we propose to solve this domain decomposition problemybiterative sub-
structuring methods based on the transmission conditions Wich are well known
for the solution of linear problems. More concretely, anonlinear Dirichlet{
Neumann method and a nonlinear Robin method are developed as generaliza-
tions of their linear counterparts. We point out that we apply these domain
decomposition methods directly to the nonlinear substrucuring problem with-
out any further linearization. In particular, no linearization of the transmission
conditions is involved.

To our knowledge, nonlinear domain decomposition methods fothis kind have
not yet been investigated in the literature. Here, we presehan analysis for these
methods and the underlying domain decomposition problems ¥ generalizing
existing linear theory on Steklov{Poincae operators to our nonlinear case.

The main analytical results in this work concern the convergenceof these non-
linear domain decomposition methodsin one space dimensionon two subdo-
mains in case of relative permeabilities which are boundedrém below by a
positive constant. With these assumptions, the convergene of the damped
Dirichlet{fNeumann method and of the Robin method and well-posednessof
the domain decomposition problem can be proved for the statinary Richards
equation without gravity. Moreover, for the time-discreti zed Richards equa-
tion we obtain a convergence result for the Robin method as wkas a theorem
stating the well-posedness of the substructuring problem.

We emphasize that an existence and uniqueness result for tHeichards equation

in the heterogeneous case does not seem to be at hand so far. diar knowledge,

the analysis on the Richards equation, which can be found infie literature, has

only been developed for the Kirchho {transformed version, i.e. in the homoge-
neous case. The well-posedness of the domain decompositiproblem for the

time-discretized Richards equation, which we obtain in 1D br nondegenerate
relative permeabilities, might serve as a starting point to establish an existence
theorem for the Richards equation in heterogeneous soil atelast in one space
dimension.

Our one-dimensional analytical results are accompanied bypumerical results for

corresponding test case@n two space dimensions In these examples we obtain
convergence with reasonable convergence rates if the danmgi parameter in the
Dirichlet{Neumann method or the acceleration parameter inthe Robin method,

respectively, is chosen appropriately. Unfortunately, weobserve deteriorating
convergence rates for the Robin method on higher levels, i.®n ne grids. For

the Dirichlet{Neumann method, however, we measure convergnce rates and
optimal damping parameters which are stable on higher level. Therefore, even
though our analytical results are more general for the Robinmethod than for

the Dirichlet{fNeumann method, the latter might be a promisi ng tool for the

solution of the Richards equation, too.

The last partial problem we have to deal with in view of a stable numerical
solution method for the Richards equation is to nd an appropriate space dis-
cretization of the gravitational term which is explicitly d iscretized in time. For



this purpose we develop an arti cial viscosity term in order to obtain an up-
wind nite element discretization which accounts for the constant direction of
gravity. As a consequence, we obtain a numerically stable $ation method with

tolerable time step restrictions. Finally, we have a numertal example in 2D,
wherein the Robin method is successfully applied to the Richrds equation in
four di erent soils and coupled with a surface water reservir.

In the following we give an outline of this work which consists of four chap-
ters. In Chapter [M we introduce the Richards equation in homgeneous soil and
study the Kirchho transformation and the parameter functi ons according to
Brooks{Corey which we want to use in this work. We carry out a scaling of
the Richards equation and take a look at hydrologically realstic, nondegenerate
and limit cases. Furthermore, we present and investigate $jnorini-type bound-
ary value problems for the Richards equation and its Kirchhof{transformed
version in strong and weak formulations. Here, we also disas the Kirchho
transformation as a superposition operator. Finally, an owerview of the analysis
which can be found in the literature on initial boundary valu e problems for the
Richards equation is given.

In Chapter Blwe discuss the numerical treatment of the Richads equation with-
out gravity in homogeneous soil. We start with an overview ofthe numerics for
the Richards equation to be found in the literature. Then we present our time
discretization for the Richards equation with the seconday role attributed to
the gravitational term. A uniquely solvable convex minimization problem is
derived from the arising boundary value problem for which rdated or equiva-
lent variational inequalities and variational inclusions are given. Furthermore,
we present a nite element discretization of the convex minmization problem
and prove a convergence result together with generalizaties and consequences.
Finally, in view of appropriate solvers for the discrete prdblems, monotone
multigrid methods with the Gauss{Seidel relaxation as an esential ingredient
are discussed and an asymptotic convergence theorem is give The chapter
ends with numerical results con rming the multigrid theory .

Chapter B is devoted to the Steklov{Poincae theory for domain decomposi-
tion problems with jumping nonlinearities which are related to and motivated
by the Richards equation. We start with a theorem on the substucturing
of a Signorini-type problem for the Richards equation in honogeneous soll
which serves as a de nition for the heterogeneous case. Hereve also de-
rive a Dirichlet{Neumann scheme for the time-discretized Rchards equation
in heterogeneous soil. Then we investigate a nonlinear Dichlet{Neumann
method applied to an elliptic transmission problem related to the nondegen-
erate stationary Richards equation without gravity. We give formulations via
linear Steklov{Poincae operators and prove convergenceand well-posedness
in one space dimension. Although we have counterexamples rf@our method
of proof in 2D, a numerical example shows that the method can lso be ap-
plied in two space dimensions. Moreover, we study a nonlingaRobin method
for elliptic transmission problems related to the time-discretized nondegenerate



Richards equation. Here, we introduce nonlinear Steklov{®incae operators in
which we formulate and analyse both the problem and the Robinmethod. The
latter turns out to have an equivalent formulation as a nonlinear ADI method
applied to the Steklov{Poincae equation related to the problem. As before, we
prove convergence and well-posedness in 1D. Then we disculss Robin method
applied to the time- and space-discretized Richards equatin together with its
convergence and its numerical treatment. Finally, we give mmerical results ob-
tained for the Robin method applied to the Richards equation without gravity
and compare its performance to the performance of the Diricket{Neumann
method in the stationary case.

In Chapter Elwe complete our numerical solution method for the Richards equa-
tion by appropriately addressing the explicitly time-discretized gravitational
term with the help of an upwind nite element discretization . A numerical
test in homogeneous soil demonstrates the stability and preticability of the
resulting method. Finally, we present a numerical example m which we solve
the Richards equation with the Robin method as the domain deomposition
method. In this test case, which marks the end of this work, weinclude four
di erent soil types and a surface water reservoir with realistic hydrological data.

| am deeply indebted to my supervisor Prof. Dr. Ralf Kornhuber for his in-
valuable support during the preparation of this work. Moreover, | am much
obliged that Prof. Dr. Al o Quarteroni agreed to render his e xpert opinion on
my work. Also, | wish to thank Dr. Marco Discacciati for his ri ch expertise on
Steklov{Poincae operators by which he inspired me a lot. In addition, | am
very grateful to my colleague Oliver Sander for his excellenwork on the imple-
mentation of the algorithms. Furthermore, | would like to th ank my colleague
Carsten Graser for many clever ideas on convex analysis andeyond. Finally,
| think in gratitude of all the people around me these last yeas who appreciated
both the mathematical and the non-mathematical contents ofthis work.

Berlin, October 2007 Heiko Berninger






Chapter 1

Richards equation In
homogeneous soil

1.1 Introduction

\Very great rivers ow underground.” | This citation by Leon ardo da Vinci
(see for example MacCurdy @ [11.961.]) shall serve as a atting point of
this work whose basis is the Richards equation which descris saturated-
unsaturated groundwater ow and was rst published in Richards ﬂ].

At the beginning it seems to be in order to introduce the Richads equation by
its hydrological derivation, which we give in Section[I.2, ad then to look at it

from di erent mathematical points of view, which we pursue in the subsequent
sections. As a st step we introduce the Kirchho transformation in Section [L3
and apply it to the Richards equation. This transformation will be very help-
ful for the analytical treatment of the equation. Furthermo re, it enables the
numerical approach we want to apply in Chapter[2.

The next step, also carried out in Section[LB, is the scalingf the Richards
equation where we take a look at the equation and special paraeter functions
in a version in which the units have been eliminated. Togethe with realistic
hydrological data given in Section[L% this will make clear he exact shape of
the parameter functions which we choose according to Brookand Corey in this
work. Section[T.4 also contains a discussion of hydrologithg relevant limit and
nondegenerate cases arising from our parameter functions.

In Section[L.3 we derive di erent strong and weak variationd inequalities for the
Richards equation with Signorini-type boundary conditions which, for instance,
occur in the case of the coupling of groundwater ow with a suface water
reservoir. In this context we gain some important insights into the Kirchho

transformation as a superposition operator which will alsobe helpful for the
treatment of the heterogeneous Richards equation in Chapte@ Finally, in
Section[T® we give an overview of what is known about the angkis of initial



boundary value problems for the Richards equation in di erent settings. The
basic hydrological facts mentioned in this chapter can be fond in Bear [|E],
Chavent and Ja e [2@ and van Genuchten [@].

1.2 Elements of hydrology

In this section we introduce some basic hydrological concdp and terms which
occur throughout this work. In particular, we shall derive t he Richards equation
from fundamental physical laws. Finally, we discuss the Braks{Corey func-
tions which we use predominantly as the parameter functionsn the Richards
equation.

It is well known that the mathematical description of uid o w is based on
the principle of mass conservation This principle states that for any control
volume © | where R3 is the computational domain, the increase or
decrease of mass of the uid in °within a certain time t is equalized by the
ow of mass across@ ° during that time, possibly in uenced by an increase
or decrease of mass given by a source or a sink in’. In concrete terms, with
t! 0, we arrive at the mass conservation in the di erential form
Z Z Z

@ n% dx + n%v nd = fdx (1.2.2)

@t o @0 0
if we consider ow of water in a porous medium. In this formula n% represents
the rate of uid mass per volume, v is the microscopic velocity of the water
and f is a source term. With the outer normal n of @ °the term v n gives
the water ux across @ °© To obtain the rate of mass per volume the water
density %is multiplied with the weighting factor n in which n, the porosity, is
a function on giving the rate of void space per volume in the porous medium
and , the saturation, gives the rate of water in this void space on . We
remark that in the hydrological literature n is often called (volumetric) water
or moisture content which, in contrast to our notation, is then denoted by
Taking into account the incompressibility of the water, i.e. %= const, and
assuming that the macroscopic velocityv is given by v = nv while denoting
f = f=% an application of the divergence theorenT AP to [LZ1) iyes the
continuity equation

n¢+dvv=rf: (1.2.2)

Now, the following equation of motion, which is well known asthe experimental
law of Darcy, relates the water ow to the pressure of the water for any time t
and states

v= K h: (1.2.3)

In this formula the coe cient of proportionality K is called hydraulic conduc-
tivity . It is a scalar function if the ow takes place in an isotropic medium. In
general it is a symmetric positive de nite 3 3 {matrix forany x 2 . h s the
so-called piezometric head which can be regarded as the groundwater level at



the point X = (X1;X2;2z) 2 , see for example Bear L’I_.;k p. 64] or RichardsﬁS].
It is related to the pressure of the water atx by the formula

P
%g

(1.2.4)

Here we assume that thez-axis of the coordinate system points downwards in
the direction of gravity. Again %is the density of the water, g is the gravitational
constant and p = py  pa is the dierence between the pressure of water and
the constant pressure of air. The valuep=%¢ is called pressure head and
comes from a hydrostatic pressure ifpo > 0 and from a capillary pressure or a
suction if p < 0. In the rst case the groundwater level is above the pointx
and in the second case it is below the poink.

Although our choice of the direction of the z-axis is contrary to how the piezo-
metric head is measured, this choice is often made in the litature, such as
in Chavent and Ja e [ﬂ, Fuhrmann [@ or Eymard et al. [ﬁl]. As a conse-
guence of [ILZB) and [[CZK) we obtain a positive componendf water ux in
the direction of the z-axis due to gravity. Note that we are free in the choice
of the zero-level in z-direction because only spatial changes ofi are relevant
in (LZ3). However, if we choose the zero-level iz-direction as the surface of
the ground (in case it is horizontal), it is easy to see that h in (L2Z4) is just
the (positive) distance between the groundwater level and he surface. As a
consequence, in an isotropic medium Darcy's law{I.213) jusstates that at at
any point in the ground the water ows to where the groundwater level above
that point has its biggest decline.

If the saturation of water in the medium is maximal everywhere, K. = K() is
a function on which is given by

Kn(x)= K(x) 1%g 8x2 : (1.2.5)

Here is the viscosity of the water. The remaining function K () on is no
longer dependent on the uid and is calledpermeability of the soil. K (x) can be
regarded as a maximal hydraulic conductivity. In fact the law of Darcy ([CZ3)
holds true in the more general setting of unsaturated soil. Fwever, K is also
dependent on the saturation of the water in that case. More concretely, we
have

Ke(x )= Kn(x)kr() (1.2.6)

in which kr () is the so-called relative permeability and provides a weighting
factor in the interval [0;1]. It is a monotonically increasing function of the
saturation . In this general caseK(x)kr( ) is sometimes callede ective

hydraulic conductivity while K (x) kr( ) is called e ective permeability. It has

to be pointed out that the concrete shape of the functionkr is dependent on the
soil so that the space dependency if{L.216) does not re ectmtial heterogeneity
in full generality. Therefore, we still call the situation of the medium in (CZ8)
homogeneous soil. FiguréTl2 displays a typical shape of alative permeability

function 7! kr( ).



Finally, and again dependent on the soil, there is another egation of state
which relates the saturation of the water to the pressurep. The function
p 7! (p)is also monotonically increasing between a minimal saturdon , and
a maximal saturation ;. In general we have ,, > 0 due to residual water
and ym < 1 due to residual air in the soil. For hydrostatic pressuresp 0 the
saturation is maximal. Figure [L1 shows an example of a funévn p 7! (p).

Altogether, if we put Darcy's law (LZ3) and the equations d state into (222
with f =0 we obtain the Richards equation

nx) (p): div K(x) *kr( (p)r p %gz =0 (1.2.7)
for the unknown function p on (0; T) with T > 0 in which
v= Kx) kr( (p)r p %gz (1.2.8)

is the water ux. Obviously the Richards equation is a quasilinear elliptic-
parabolic equation. More concretely, it is of elliptic type where the soil is fully
saturated and parabolic in the unsaturated regime. In this @se it might even
be of hyperbolic type wherekr( (p)) = 0. In what is to come we will restrict

ourselves to situations in whichkr ( (p)) is always positive.

There are di erent methods how to obtain concrete analytica versions of the

parameter functionsp 7! (p)and 7! kr( ) for which van Genuchten @] is the
classical reference. Widely-used examples are the ones digevan Genuchten,

which are applied in Fuhrmann @] for instance, and the oneslue to Brooks{

Corey which shall be applied here (see also Sectidn1.3). Sim the shapes of
these tting functions are very similar we restrict ourselves to presenting the
Brooks{Corey model.

The main structural dierence between the van Genuchten mocel and the
Brooks{Corey model is that the van Genuchten functions are snooth and

(p) < wm holds for p < 0, whereas we have (p)= wm for p py according to
Brooks{Corey with a so-called bubbling pressurep, < 0 in which the Brooks{
Corey functions are non-di erentiable. The latter model takes into account
that the saturation remains maximal until the suction is lar ge enough to sud-
denly allow air bubbles to enter the soil. However, the non-derentiability does
not seem hydrologically essential. More re ned models incgorate hysteresis
e ects which shall not be considered here. With a soil dependnt parameter

> 0 which is called the pore size distribution factor the so-called soil-water
retention curve due to Brooks{Corey i389iven by

- ® m_p _° 2 for p po
(p: v =,

(1.2.9)
m Po : 1 for p pp:

In addition, using further theories, the following equation of state for the relative
permeability is established for 2 (0;1] or 2 ( m; wm], respectively:

N

3+ due to Burdine

kr()=Kr()i= ) with e )=
5+

(1.2.10)

N

due to Mualem.

10



Figure 1.1: p 7! (p) Figure 1.2: 7! kr( )

Thus, we obtain

p e()
Po
According to van Genuchten @.], it is not clear whether the theory of Burdine,
which was used by Brooks and Corey, or the theory of Mualem, with was

found later, ts better to realistic data. Typical graphs of the Brooks{Corey
functions are shown in Figured LIl andT12.

kr( (p) = Kr(( p)= (1.2.11)

Considering the shape of the functionp 7! (p) it becomes clear that the pa-
rameter is indeed related to how the pore sizes are distributed in thgporous
medium. If the pressure in the medium drops slightly below tte bubbling pres-
sure, then the capillaries with the biggest diameters are led with air rst. If the

diameters of the pores in the medium vary a lot, i.e. if we havea big \pore size
distribution”, then the pressure has to decrease considetay in order to drain

the capillaries with small diameter, too. In this case the sbpe of the function
p7!" (p) will be relatively small around the bubbling pressure p, which means

has to be relatively small. Consequently, ¥ can be regarded as a measure

for the pore size distribution. In the following section we will investigate the
shape of the above functions in more detail and give concreteealistic values
for the hydrological and the soil parameters involved in theRichards equation.

1.3 Kirchho transformation of the Richards equa-
tion and scaling with the Brooks{Corey para-
meter functions

In this section we introduce the Kirchho transformation wh ich turns out to
be a crucial tool both for the analysis and for our numerical reatment of the
Richards equation in Chapters[2 and#t. We apply this transfomation to the
Richards equation with the Brooks{Corey parameter functions. Furthermore,
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regarding the concrete shape of the transformed functionsye carry out a scaling
of the Richards equation in order to obtain the equation as wé as the Brooks{
Corey functions and the transformed functions in anadimensional form, i.e. in
a form of a real-valued equation in which all units have been kminated.

The Kirchho transformation is a crucial tool for simplifyi ng a class of partial
di erential equations by eliminating certain nonlinearie s (see, in particular, Alt

and Luckhaus ﬂl]). It is not only applied to problems dealing with saturated-

unsaturated groundwater ow, where it is used in order to eliminate the rela-

tive permeability kr () in front of the gradient in (IZZZ]. One also makes use
of the Kirchho transformation in problems in which tempera ture-dependent
material properties play the same role askr () in our case, for example in the
analysis of semiconductor devices (Bonani and Ghione_[l18]thermoelasticity

(Chen et al. [ﬁ]) or electrical eddy current elds (Breuer |20]).

For the Richards equation the Kirchho transformation :R! R is de ned
as follows: Z

p7'u= pkr( (@) dqg: (1.3.1)
0

The new variable u shall be called generalized pressure The saturation as a
function of u is denoted by

Mu):= ( u): (1.3.2)
Taking the chain rule into account which gives

ru=kr( (p)rp (1.3.3)

the transformed Richards equation [LZY) reads
nX)M (u); div K(x) ‘ru kr(M(u)%gz =0: (1.3.4)

Thus, the transformed equation is a semilinear equation in vkich the nonlin-
earity in front of the spatial derivative has been eliminated.

Remark 1.3.1. We point out that the Kirchho transformation is of no use
if the relative permeability kr is not only dependent onp but also explicitly
onx 2 ,ie.if we have kr(x; (p(x))). We can still carry out the Kirchho
transformation (L3710 in this case, thus obtaining u(x) = (x;p(x)). Then,
however, the chain rule provides

ru(x)= kr(x; (PO p(x)+ rx (x;p(x)) 8x2

in which r y (x; p(x)) is to be understood as the vector of partial derivatives
of (;p) inits rst d components corresponding to the entryx 2 RY.

Therefore, the transformation does not simplify the Richards equation if kr is

explicitly space-dependent. Nevertheless, such a case cdre regarded as the
full heterogeneous case. We address this problem in Chapt&.

We will discuss the application and the validity of the chain rule in a weak
formulation of the problem in Subsection[24 in more detdi At this stage

12



we note that, although ([L3333) can be understood in the classal sense here,
usually we cannot assumeu 7! kr(M (u)) to be spatially di erentiable in case
of the Brooks{Corey equations of state [I.ZP) and [TZ11)which are both
non-di erentiable. However, as remarked in the previous setion, this non-
di erentiability is not essential to the problem of groundw ater ow. So at this
stage one can either assumé&r and M to be smooth (or smoothed) enough
for the di erential formulation or refer to our weak formula tion of a boundary
value problem for the Richards equation in Subsectioi_L.5l4

The advantage of our choice of the parameter functions in[2Z9) and (CZ10)
according to Brooks and Corey is that the Kirchho transform ation and its
inverse and the transformed functions involved in [I:33) an be given explicitly
in a closed form. More concretely, from [LZTI) we have

qu e()
u= (p) = — dq
80 Pb
< p p )t e ()p
- e( P P toepr forp mog 35
p for p  pp:

Obviously the generalized pressure is equal to the physicgbressure in case
of full saturation. In the unsaturated case, however, the iterval (1 ;pp) is
mapped onto the bounded interval {Uc; py) in which we call

e()
e() 1

the critical generalized pressure Consequently, the inverse transformation reads
8

Uc = Pb<Pb (1.3.6)

< u(_e( )+ o e() 49(1)4

p=  Yu)= Po o for uc<u pp

(1.3.7)
u for u pp:

Furthermore, the saturation as a function of the generalizel pressure is given
by

_ 1 _ Y(u)
M(u) = ( “U)= m+(m m) o (1.3.8)
8
_ S mt(w om) M e () T for ue<u
M for u pp
in which M(u)!  for u # uc. Finally, the relative permeability as a
function of u has the form
1 e()
M) = —
g Po
o e ()

_ S MOy o () T forue<u py (g g0

1 for u pp:

13



Now we want to investigate the shape of the Brooks-Corey panaeter functions
and the transformed functions obtained from the Kirchho tr ansformation in

more detail. Concretely, we are interested in how big the slpe of these functions
are in a situation with realistic hydrological data (see Setion [LZT). To this

end, we want to get rid of the physical units in the Richards eqiation and obtain

only real-valued parameter functions and unknown functiors in the problem.
We scale the equation using characteristic unit values of tk problem for the
spatial coordinates, the time and the pressure.

For the sake of presentation in the rest of this section | and exclusively in the
rest of this section | we want to alter our notation introduced in Section 1[Z]
where we hadx = (X1;X2;z) 2 , in the following way. Let x = (x;y;z) 2
and Xp, Yo, Zo be unit values for the corresponding coordinates. In additbn,
let tg, po and ug be unit values for the time, the pressure and the generalized
pressure.

We introduce the transformation

0 1 0 _@1
R
X y z t A %
g= 29 =2 2= 22— 2 =@9pA; =@ 2A;
Xo Yo Zo to 2 g9
@

obtaining ;9,22 Rand R 2 R3. Furthermore, we de ne the real functions

P(R) = @ and ®&(R) = M (1.3.10)
Po Uo

and
AR) = n(x); (P):= (p); K®R) = K(x); M(0):=M(u); (1.3.11)

where only K is not a real function, and keeping in mind that p and u also
depend ont.

We have

leading to

r =diag(xohyotizo ) and r F=1¢ diag(xohyotizet) F
where diag &, ¥, 12, ) is the diagonal matrix with the entries x,*, y,* and
z,tandF : ! R3is a dierentiable vector eld.

Finally, we de ne e = 72 = r z = e, which is the unit vector in 2- or in
z-direction, i.e. in the direction of gravity.

Now, from ([LZ17) we obtain the scaled Richards equation
h i
N B 0 RE®) Tke((p) diag (X0 %Yo %20 %)
" (pop %gg?) =0 (1.3.12)
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and, analogously, from [T.3:4%) we get the scaled Kirchho {transformed Richards
equation

AR, M (0)p 1 ! R(®) Ydiag(xy%Y, 220 2)I
©(up0) kr(M(0))%d (z02) =0 (1.3.13)
in which we have diagonal matrices within the brackets [::], respectively.
Now, in order to get rid of the units in these equations we de re
Kh®) = Kn(x) = K(R) ‘%g (1.3.14)

with the hydraulic conductivity K (x) from (CZX) which has the dimension of
a velocity (assumed to be given inm=s). Furthermore, we de ne the following
real-valued quotients of pressures

Ur == Uo(%g3) Y pr = po(%gd) * (1.3.15)
and the spatial scaling matrix
As = zodiag (X0 %Yo % 2 2) (1.3.16)
which provides the unit m 1. Then, altogether, if we considerty as a real
number given in the unit s, the scaled versions[[I:312) and{L313) provide the
adimensional (i.e. unit-free) Richards equation
h i
AR (B 1 Ra@®)Askr((p) © (pp 2) =0 (1.3.17)

and the adimensional Kirchho {transformed Richards equation

AR M (0)p £ Kh(R)As F(ur0) kr(M(o)r'2 =0: (1.3.18)

Note that with our de nitions in this section and with (1EZ27), (C2Z1) and (L34)
we obtain the physical water ux in the form

v RnR) kr ("(0) zodiag (%o 5 ¥0 520 Y) F(prp) e

Rh(R) zodiag (o iy 20 Y) £ (ur)  kr (M (0))es

and, with regard to (C3I4) and (I3I8), the formal ux as

¢

Ra@R) kr ("(0)) Asi (i) 2o'e
Kh(®) Asf (u )  kr(M(0))z, e

which is clear from the transformation#* ¢ = r v = diag(Xy %y, 52 )V ,
ie.
¢ =diag (xohyp i zo )V
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Now, again, we take a look at our concrete choice of state eqtians, the Brooks{

Corey functions (T.Z9) and [TZ1I0D) as well as their transfrmed versions and
the Kirchho transformation given in (1Z35]1in an adimensi onal form. To this

end, it is appropriate to set

Uo:= Po:= Po (1.3.19)

as the (positive) pressure unit. Then, with the notation in (C310) and [L311),
the de nitions (LZ2Z9) and ([ZZI0) provide

(
Apax (m m)( B + m forp 1
(p) = y for p 1 (1.3.20)
and
N W W (e O g 1
kr("(p) = ——D0 = (1.3.21)
M m 1 for p 1:

By a straightforward de nition of the adimensional Kirchho transformation,
we obtain from [L.:3H)

C e( 1 _e()
Ny =n= 4= Tl P s 1 TP L a0
Po p for p 1:

With the adimensional critical generalized pressure

e()

7 gy 1° L (1.3.23)

due to (38) and (T31) the adimensional inverse Kirchho transformation
reads

1

((e() Da+e() =1 for Oc< O 1

p=" H0)=
4] for O 1:
(1.3.24)
Furthermore, from (L38)) we obtain
M (0) = g/l (u) (1.3.25)

S mt(m om(e() Lo+ e()eO T for <0 1

M for O 1
where M (0) !, for 0#0c. Finally, (LZ3) gives
kr (M (0)) = gr(l\/l (u))

e ()
S ((e() Do+ e( )1 for 0c< O
: 1 for & 1:

1 13.26)
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We will take a look at the realistic shape of these functions m the following

section and come back to them again with concrete parametersthen we deal
with the numerical treatment of the Richards equation in Sedions Z8,[333% and
BZd as well as in Chaptell#. However, since we have only irdduced these
adimensional functions with a ” for technical reasons, we Wi refer to these
functions and also to the scaled, adimensional Richards eations (L311) and
(C313) in the form without the ~ from now on. Furthermore, as mentioned
at the beginning of this section, we will consider the pointsx 2 whose last

component we denote byz.

In view of a special time discretization of the Richards equ#don which we
introduce in Section[Z3, a primitive of M will be essential in order to treat the
arising spatial problems. Note that M is monotonically increasing on (i¢;1 )
such that turns out to be convex. We de ne this primitive as
Z u
(uw= M(s)ds 8u2 [ucl) (2.3.27)
0

and obtain (u)= pmu foru 1 and

(1+e( ) 1

(W= mut gy 1 (e0) Dure() 70 (@re()
for uc <u 1 with the exponent

1+e ) 1 (a+l) +1>1

e() 1~ a +1

(where a 2 f 3;5=2g due to (IZZZI0)) and the limit

(1+e())
mUc (M m) 1+e ) 1

( Uc) = lim ~(u)

= @+ e ) 7 A+re) m+

e() 1™

1.4 Realistic situations and limit cases

The purpose of this section is to investigate the concrete sipe of the functions
given in (L32ZM){(3:289) by considering a realistic hydological situation. This
will give rise to some limit cases for deteriorating soil paameters p, and
With regard to realistic physical situations but also to mat hematical conditions
of nondegeneracy, we also take a look at the uniformly elligt casekr() c
for somec > 0.

1.4.1 A hydrological example

Our realistic hydrological example was provided by hydrolaists from the work-
ing group of Prof. Bronstert at the University of Potsdam. Th ey have a research
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catchment of around 2000n  3000m 5m and measure bubbling pressures
as small asp, = 0:1m water column. With an over ow of up to 2 m they
obtain maximal pressures of up to 7m water column in the ground. On the
other hand, they observe capillary pressures as little as 2m water column.
With (£310) and our convention ([C3719), this gives the irterval [ 20;70] as
the range for the variable p. We remark that extreme cases for the bubbling
pressure which can be found in the literature Rawls et aI.|E7 Table 5.3.2]
range from p, = 0:0136m for sand to pp = 1:872m for clay. The usual
values are between 0:1m (geometric mean for sand) and 0:4m (geometric
mean for clay).

The volumetric water content n attained its residual value, i.e. its minimum,
atn ,, = 0:08 and its maximum at n y = 0:36. With a porosity in the soil
of n = 0:38 we obtain approximately , = 0:21 and = 0:95 (< 1 due to
possible residual air in the soil). For completeness, we netthe value for the
hydraulic conductivity in case of full saturation Ky = 0:002m=s which can
easily vary by one order of magnitude even for largely homogeous soil.

As far as the scaling factor for the pressure in[[I:375) is cwerned setting
Up = Po = Pp = 0:1m we obtain u, = 0:02 here since%gg represents a
pressure of 5m water column. Furthermore, we point out that with the size of

the research catchment above, we obtain an anisotropy in thescaled equation
re ected by the scaling matrix (LE3716)

As =5 m diag((4 10°m?) *:(91Pm?) !;(25m?) 1) diag(10 %;10 %;1)m ?

This anisotropy requires a special treatment in the numeri@l solution of the
Richards equation which shall not be considered here. For drlear analogue we
refer to Wittum [m.

Apart from the range of pressure and saturation, the crucialvalue for the shape
of the adimensional parameter functions [[I.3.2D) and[L-Z1) and the functions

in (C322){(C328) is certainly the pore size distribution factor . For the loamy

sand-type soils of the research catchment this value was beten 048 and Q65.

It turns out that with the example = 2=3 already, the parameter functions
have quite big slopes and partly look like step functions. Ths does not change
much for other choices, even in extreme cases of= 1:090 for sand or = 0:037

for clay (the arithmetic mean values in sand and clay are =0:7 and =0:1,

respectively) which can be found in Rawls et al.|ﬂ7, Table 8.2].

For our choice of we apply Burdine's theory in (L2ZI0) to obtain the most
relevant terms:

8 e )=6
2 % e()=4
=39 E sy 1= 5 (throotin M)



With these values, the soil water retention curve is given by

M= m+(m m o3

and the permeability as a function of the saturation reads

6

kr()= ——2
M

m

The graphs of these two functions and also of the functions dew are shown on
paged2ZD and 1. Since the following functions of the physitaressurep or the
generalized pressural contain big slopes, the corresponding graphs are given
both on the full, expected range ofp or of u, respectively, and on a smaller
neighbourhood around the adimensional bubbling pressure 1.

The permeability as a function of the pressure reads

ke( (P) =1 pl *:

The Kirchho transformation gives the relationship between the pressure and
the generalized pressure by

(
s(pm?® § forp 1

u= =
(P) p for p 1:

The inverse Kirchho transformation reads

Bu+4) 3 for 2<u 1

u for u 1:

p= Y(u)=

The saturation as a function of the generalized pressure hathe form

0:21+0:74(3u+4)s for 4<u
0:95 for u 1:

M (u) = (1.4.1)

Finally, the permeability as a function of the generalized gessure is given by

@u+4)s for 4d<u 1
kr (M (u)) =
1 for u 1:

Note that by considering the full, expected range forp or u in the graphs of these
functions we account for the in uence of the bubbling pressue py on the shape
of the functions. The bubbling pressure scales this range am (L33){(L339)
at the beginning of this section and has been set as the negat pressure unit
[C3I9) later on. As already mentioned above, in the most etxeme case to
be found in Rawls et al. E’V Table 5.3.2] we havey, = 1:36 10 2[m] for very
coarse sand.
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21



1.4.2 Limit cases for the Brooks{Corey functions

Since the graphs of the functions shown on pagds120 andl21 ahdy look quite
extreme (i.e. quite steep) for our realistic hydrological data, it is natural from
a mathematical point of view to ask how the functions in (L:32Z0){([:3.24) be-
have for deteriorating soil parametersp, and . Of course, such considerations
are particularly important with respect to the robustness of numerical solution
methods (see SectiolZ18). We point out that especially the ls|ape of M is in-
teresting for the solution method, and also the inverse Kirhiho transformation

1 which is, however, only applied to calculate the physical stution after one
has already obtained the generalized solution. For the folwing discussion, we
refer to the hydrological meaning of the soil parametersp, and on page[ID

and recall (IZZTI0) as well as[[I-3323), i.e.

a +2

e()=a +2 and uc= 4 +1

(1.4.2)

with a = 3 according to Burdine and a = 5=2 according to Mualem. Both cases
behave the same in the limits that we consider.

First, for ! 0 the slopes of the parameter functionp 7! (p) in (L320)
decrease and the function becomes atter, tending pointwie to the constant
function

0:pP7' m 8p2R:

In contrast, the slopes of 7! kr( ) in (C2ZXI0Q) increase and we get the step
function krg with
0 for n < M

kro( ) = 1 for = y

(1.4.3)

as the pointwise limit. The limit case seems hydrologically useless since it
ignores the unsaturated case unless one de nes somethindkdi

ol )= m: (1.4.4)
Strangely enough, the functionp 7! kr( (p)) in (E22Z1) which turns into

:p7t P fore 1 (1.4.5)
1 forp 1

and the Kirchho transformation do not re ect this singular situation. In the
limit ! O we obtain

e()! 2 and uc# 2

by (CZ32) such that the interval ( 2; 1) accounts for the unsaturated regime.
The inverse Kirchho transformation Lin (C323) tends pointwise to the

function (
1 (u+2) 1 for 2<u 1

o tu’r!
u for u 1
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On the one hand, this makes clear that for big the function * remains ill-
conditioned due to big slopes for small pressures. On the other hand, this is
irrelevant in the limit case ! 0, in which the saturation M of the generalized
pressureu in (C329) tends pointwise to

Mo:u7! v 8u2( 21) (1.4.6)

while kr(M (u)) in (C3Z6) tends to 1 on ( 2;1 ). However, since one can
extend M continuously by setting

M(Uc) == m

with kr (M (uc)) = 0, one can extend the limit Mg (discontinuously) in 2 with
Mo( 2)= Mg Ii'm0 Ue = IimOM (u)= m (1.4.7)

re ecting the de nition (1[ZZ)]since one could de ne
(1 ):= uc: (1.4.8)

Another view on this case is the observation that the graph ofM (which is a
degenerating root function as the exponent in [I.3.2b) varshes) turns into the
monotone graph (

u7r  Lmiowml foru=2 (1.4.9)

M for u> 2:

It seems that the limit case for ! 0 can be regarded as hydrologically reason-
able if one accepts the de nitions in (I.Z3) and in [LZ5){{.Z3). Obviously,
this limit case produces a jump in the saturation (from ., to ) and in the
pressure (from 1 to p 2 R), respectively, across the wetting front in a soil
(cf. [IE p. 303]), thus modelling the unsaturated regime ina degenerate way.
We point out that such models are considered in the literature, e.g. for so-
called dam problems see pagé™d2. Furthermore, we note that with our solution
method, see Remari_ZZ15, RemarKZ75 and Sectidn_?.8, wercalso treat a
version of this limit case generated by the maximal extensio of the monotone

graph in (CZ9).
For !1 , while kr() (in (LZI0) with (LZ2Z)) becomes

a

kry 70— 8 2[m: ml; (1.4.10)
M m

the parameter function p 7! (p) degenerates into a step function ; with

m forp< 1

= 1.4.11

1 (P) for p 1: ( )
Analogously, so doesr( ()) with the limit k; satisfying
0 forp< 1

k =k = 1.4.12

1@k (aEE (14.12)
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Consequently, in the limit case the Kirchho transformatio n is no longer invert-
ible for the unsaturated regime.

Observe that for !1  we have
e()!'1 and uc" 1

due to (CZ2) such that the slopes of the functions %, M and kr (M ()) in-
crease while the intervals (ic; 1) corresponding to the unsaturated regime
become smaller and smaller. So as above, the inverse Kirchhwwansformation
is also ill-conditioned for big , i.e. it always has big slopes for small general-
ized pressuresu. Unfortunately, in contrast to the case ! 0, we obtain the
constant function

My :u7! v 8u2[ 1;1) (1.4.13)

as the pointwise limit of M, in which nothing accounts for the unsaturated
regime anymore. So this limit case does not seem to make sensgdrologically.
Nevertheless, it can be given a sense if we observe that for! 1  the graph
of M approaches the monotone graph

(
u7r  Lmiwmlforu=-1 (1.4.14)
' M foru> 1 o

which looks essentially like [L.Z®). A plausible remedy wald now be to rede ne
1 ( 1):= 5 andcorrespondingly M1 ( 1)= (1.4.15)

with kr; (M1 (1)) =0, thus assigning the unsaturated regime to the (normed
bubbling pressure 1. As a consequence, the valugp = 1 (corresponding to
u = 1) would play the same role asp = 1 (corresponding tou = 2) in
the case ! 0 above, and the two limit cases would result in the same model
Interestingly, our analytical and numerical approach to this limit case described
in Remark ZZ3, RemarkZZ® and Sectioli’ 218, is the same wtheer we carry
out the rede nition (£ZI5] or not. As mentioned above for ! 0, the crucial
aspect of this case is the argumenu; and not the value M; (uc) as already

suggested by [[T.ZTH).

Remark 1.4.1. With regard to variations of p,, our functions in (L3204
(C3Z8) do not seem to alter. However, in [I-3719) we have deed po := pp
as the (positive pressure) unit for these functions which ha to be taken into
account when py, is variable. Note that p, is a negative (capillary) pressure
(corresponding to a suction). Decreasing the unit py results in \compressing"
the functions [:320) with respect to the p- and the u-axis while increasing pp
means \expanding" the functions (or their graphs). These transformations be-
come clear if we sepp = Ppy and u = U pp in (CZY), (CZ11) and LC3BH){(C33)
with pp = up 6 pyinstead of (I.3I9) and vary py=pp for the resulting func-
tions in p or 0, respectively. Note that for the Kirchho transformation a nd
its inverse this scaling (i.e. compression or expansion ofhe axes) takes place
on both axes while for the other functions in {I320){{1.328) it just applies to
one (the P or 0-) axis.
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As far as the Richards equation is concerned, especially ifn@ is only interested
in the saturation rather than in the pressure, the in uence of the bubbling
pressure is restricted to the scaling factoru, = p; = py(%gg) * which is a
measure for the size of the spatial derivative (or the elliptc term) in (L317)
and (L31I8). Of course,pp, as a pressure unit has to be taken into account
for the scale of the solutionp when it comes to posing boundary conditions
(see SectionIk) and possibly initial conditions (if they ae not given in the
saturation, see SectionCLJ6) and, in particular, in situations where di erent
bubbling pressures occur (see Section 2.8 and Chapté&l 4). ltne latter case,
one could also choos@g = ug = (%gg) * as a canonical pressure unit, leading
to pr = uy =1 in (3I8), and alter the parameter functions as just desribed.

Now, with a xed po, it becomes clear from the observation in RemarkZ4]1 that
Po=po! 1 results in functions (3){(L:339) with increasing support and in
which both endpoints of the interesting interval accounting for the unsaturated
regime goto 1 . The limit case with the pointwise limits

1 =M1 u7l v 8u2R

of in (CZ3) and M in (C33) no longer \sees" the unsaturated case unless
one de nes

1 (1 )=M1 (1 )= m

which, in contrast to (CZ3) and ([LZ13), does not result h a reasonable non-
trivial numerical problem, see also SectiolZH.

The limit case py=p " 0 is more interesting since here we obtain essentially
the same situation as for ! 1 . We only need to replace 1 by 0 in the
de nition of the relevant functions for that case above. Observe that the rede -
nition of ; and correspondinglyM 1 in (LZ1I4), which might seem somewhat
arti cial in these limit cases, is not necessary if we apply a altered Kirchho
transformation in the form

VA

~:p7lu= " kr( (@) dqg (1.4.16)
1

which is possible here since the improper integral exists fothe Brooks{Corey
functions. This entails a translation of the functions ([(L3H) and (C332){(C33)
to the right by jucj (given in (L38)) such that the corresponding functions
obtained by the altered transformation are de ned on (0;1 ). Then, except for
Pb=pp! 1 ,the limit cases look similar as above, how withuz = 0 representing
the unsaturated regime (without rede nition). For py=p ! 1 we would get
M (u)! Oforallu2 (0;1), butthis is just due to the fact that the interesting
range around the physical (atmospheric) pressure 0 is how npgped onjucj by
~ with juej !l
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1.4.3 Altered Brooks{Corey functions for the nondegenerat e
Richards equation

One diculty in the analysis and the numerics of the Richards equation is
that the factor kr( (p)) in the spatial derivative can become arbitrarily small
(if ptends to 1 ), such that an implicit time discretization of (L317) does
not lead to uniformly elliptic spatial problems. On the other hand, physically
reasonable solutiong : (0;T)! R should be bounded. Therefore, and since
we consider this situation in Chapter[3, we take a look at thenondegenerate
Richards equation in whichkr () is replaced by an altered relative permeability
function kr () satisfying the nondegeneracy condition

kr () 8 2[m; m] (1.4.17)

for a (small) 2 (0;1). Consequently, if K () holds, too, the main part

div(K (x) kr ( (p))r p) of the spatial derivative in (22 is a quasilinear

uniformly elliptic operator (cf. [44, p. 203]) in the sense that (with [AZ13))
Z

ckpki K(x) *kr ( (p)ir pi*dx Ckpki 8p2 Hg()

holds for certain c; C > 0. Whenever we speak of the uniformly elliptic case in
this work, we have these inequalities in mind with a focus on he left estimate.
The obvious way to achieve [T.Z.1J7) is to de ne

kr ():=max(kr(); ) 8 2[m; m] (1.4.18)

with kr () in (CZI0). The function () in (C3320) can remain untouched (see,
however, (T.Z2ZB)). With this de nition and p < 1 given by

(p) U= p = 0 (1.4.19)

the altered relative permeability function with respect to p reads

forp p
k =
P (@) forp
with kr( ()) given in (L2Z1). Clearly, if a function p : o;T)! Ris

bounded by jp |, it is a solution of (L.314) if and only if it solves this equdion
with kr instead of kr. For this altered nondegenerate Richards equation,
however, the altered Kirchho transformation :R! R s surjective and the
corresponding improper integral in (LZ1I®6) no longer exits.

More concretely, with  given in (.332232) and

o _ 1 1L e()
u = (p)= () 1 ) () 1 (1.4.20)

satisfyinguc <u < 1 we obtain

(p p)+tu forp p

() = ® for p p
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such that (p)! 1 holds forp! 1 . Consequently, the altered inverse
Kirchho transformation 1:R! Rno longer has a singularityuc and reads

(
Hu) =

u u)+p foru wu
L(u) foru u

with 1 given in @C3Z232), i.e. is an ane function on ( 1 ;u ] with the
(big) slope 1.

Now, in contrast to the function p 7! (p), the saturation of the generalized
pressureu 7! M (u) = ( %(u)) diers from u 7! M (u). One can think of the
function M on (uc;u ] being \stretched" onto the interval ( 1 ;u ]in order to
obtain M given by

( 1
M- mTOmo mC uouyp)foruu o
M (u) foru u :

M is monotonically increasing withM (u)!  foru! 1 and

c=M (U)= (P)= m+( M m) %1 (1.4.22)

i.e.witha (small) rangeM((1 ;u ))=( m; s). We point out that one could
also treat () similarly as or instead of kr () in (CZI3) and obtain the same
results for the altered functions that we just discussed. Een though in doing
so we alter the Richards equation [I.3717) in the saturationterm, too, let us
de ne the \cut" saturation

(p) :=max( (p); s) 8p2R; (1.4.23)

which provides the same results as above, for further use. F@ompleteness, we
note that (

kr (M (u)) =

foru wu
kr(M(u)) for u wu

We remark here that, instead of cutting kr () as in (LZI38), one could of course
think of parameter functions for which kr() 0 does not satisfykr () for
an > 0, but which nevertheless generate surjective Kirchho transformations

: R! Rleading to similar results as just discussed for the nondegerate case.
As an example one could choose = 1 in (ZZ39) but replace e( ) by 1 in (C2Z10).
This would lead to a logarithmic expression for with respect to p 1 and
to exponential terms in 1, M and kr(M ()) with respect to u 1, ie.to
big slopes of these functions which is characteristic in hydblogically realistic
situations.

1.4.4 Limit cases for the altered Brooks{Corey functions
Finally, we take a look at the limit cases for our altered fundions with a xed

2 (0; 1), using the results obtained above for the original paraméer functions.
In our considerations in Section[2 we come back to these limitases, too.
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First, for ! 0 we get
p ! %::p;0< 1 and u ! 2+ %:ZU;0> 2

from (CZTI9) and (I.Z20). According to [T.Z3B) and [L.Z} the pointwise limit

of the relative permeability functions kr () and kr ( ()) is given by
krio( )=max(kro( ); ) 8 2[m; m]

and
k. o(p) =max(ko(p); ) 8p2R;

respectively. The limit of the inverse Kirchho transforma tion ! reads

(
_ Mu u.o)+p.o foru wu.o
0T ) for u U.o:
Unfortunately, the limit of M is
M.o:u7! m 8u2R (1.4.24)

which is clear foru > u . o due to the behaviour of Mg. On the other hand, by
de nition of M for u u. we obtain

1(U u) p'! 1(U U;o0) P;0>1

and consequently
( *fu u) p) !'1

foru u.pand ! 0. The limit (Z2Z4) does not account for the unsaturated
case and is therefore useless as a hydrological model. This&s not change if
we use [LZ42B) with a xed 2 ( m; m) instead of (LZI3) with a xed at

the beginning. Even though we get an altered saturation

(
M (u) = s foru wu
ST M(u) for u o u

in this case which is independentof on (1 ;u ), we still have the dependency
CZ23) of s and which is equivalent to

log =log ———™ ¢():
M m

But this relationship forces ! 0 (and u ! 2) for ! 0 because of
e()!1 for ! 0. This, however, spoils our initial intention (CZI7) to
consider a nondegenerate Richards equation in which the féar in front of the
spatial derivatives is bounded from below by a positive congnt. Instead we
basically regain the limit case ! 0 for our original parameter functions (with

m replaced by s in (CZ39)).
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The situation is more promising for !'1 . Here we have
p ! 1 and u ! 1
due to (CZ19) and [TZ2D). The relative permeabilities onverge pointwise to
kr;a ()=max(kry (); ) 8 2[m; ml

and
k.1 (p)=max(ky (p); ) 8p2R;

respectively, with the functions in (CZI0) and (T.Z1I2). In the limit the inverse
of the altered Kirchho transformation reads

u+1) 1 foru 1

A ou
’ u for u 1:

The saturation M tends pointwise to the step function

m foru< 1

M . = 1.4.25
1 (W for u 1 ( )
with kr (M ()) converging to
ke 1 (M- (W) foru< 1
. . u)) =
= = 1 foru 1:

This limit case makes sense hydrologically because it modeboth the saturated
case to which all physical pressures valuep 1 refer and the unsaturated
case for allp < 1. In addition, the full range of possible valuesp 2 R is
still contained in the model and the inverse Kirchho transformation is not
ill-conditioned since its slopes are bounded by *. If we choose [[LZ2B) with
a xed 52 (m; wm)instead of (LZI8), the limit looks the same with ., in

(CZT1) and (TZ2Z) replaced by s.

For realistic situations as discussed at the beginning of tis section, one would
of course choose small enough, such that s is close to , and the resulting
M almost \looks like" a step function (see Figure[LI1), thus esembling the
situation in this limit case. Finally, we mention that our an alytical and nu-
merical approach to the Richards equation (compare[[Z417)Remark Z7Z3 and
Section[ZB) allows an e cient and robust treatment of this | imit case, too.

As far as variations of pp are concerned for the altered parameter functions, we
obviously obtain the same case as above f@,=pp ! 1 which is hydrologically
senseless. Fopy=pp " 0 we obtainp " 0 as well asu " 0. Therefore,kr ( ())
turns into the step function

for p<O
1 forp O
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and (keeping in mind that both axes are scaled for the transfomation)
converges to a piecewise linear function o with the inverse

( 1
u foru<o
u’7!
u for u O0:
The saturation M tends to
m foru<oO
u7! (1.4.26)
foru O
and kr (M ()) goes to (
for u< 0
u’7!
1 foru O

with 1, replaced by s if we consider the \cut" saturation (CZ23). We conclude
that, just as for the original parameter functions, this limit case py=p " 0 is
basically the same as the one obtained above for ! 1  with the altered
parameter functions.

1.5 Boundary value problems for the Richards equa-
tion: strong and weak formulations

The purpose of this section is to give strong and weak formulgons of a stan-

dard boundary value problem we would like to consider for thehomogeneous
Richards equation {(T.3IT) and its Kirchho {transformed v ersion {T3I8). In
Subsection[I.5]l we focus on a di erential form of a Signoriktype boundary

value problem for the Richards equation with surface water vhich we obtain

from hydrological considerations on a reservoir model. The, on the basis of
this problem, we derive an equivalent variational formulation for the generalized
physical pressure in SubsectiofiL.Bl2 giving rise to an intpretation in a weak

sense which we introduce in Subsection—T.3.3. Finally, in Sasection[L53 we
derive a weak variational inequality of the Signorini-type problem in the phys-

ical pressure variable and investigate the connection beteen this variational

inequality and the one obtained in the generalized variabls. To this end, we
shall discuss intensively the Kirchho transformation as a superposition oper-
ator on di erent Sobolev spaces, which will be needed for theanalysis of the
heterogeneous Richards equation in Chapterl3, too.

For simplicity and without loss of generality we settgp=1s, As=m 1, n 1,
pr = u =1and K;, 1 in the equations (I.31F) and [L37IB). The ~ in
these equations has only been introduced to carry out the sdimg in Section[L3
and will be skipped from now on. So in the following we mostly @al with the
Richards equation in the form

(P div kr( (p))r (p 2) =0 (1.5.1)
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and its transformed version which reads
M(u); div ru kr(M(u)e, =0: (1.5.2)

We will indicate how to deal with space dependentn() and K() where it is
necessary and appropriate. In general, these functions arat least required to
be positive and bounded andK,() ¢ should be satis ed for ac > 0.

1.5.1 A problem of Signorini's type for the Richards equatio n
with surface water

Let RY (in our concrete casedd 2 f 1;2; 3g) be an open, bounded, connected
and nonempty set with a Lipschitz boundary @ (see De nition AZZT)] This
condition guarantees that the normal n, which we assume to be directed out-
wards, exists almost everywhere or@ (cf. Ciarlet [ZElpp. 32{37]). In practical
cases we mostly consider to be a polyhedron or at least havig a boundary
which is piecewiseC! (see De nition EZLT). Figure [CIH shows an example
of such a domain R? which could be regarded as a vertical cut through
the ground in three space dimensions with , representing the surface of the
ground.

Figure 1.15: 2D-domain (vertical cut through the ground)

For a given time t 2 [0; T] we assume@ to be decomposed into nitely many
non-overlapping connected subsets each of which is contaid in exactly one of
the three subsets p(t), n(t) and s(t) of @ With given functions up(t)
on p(t) and fy(t) on p(t) we assume that the unknown functionu and the
unknown ux

v= (ru kr(M@u)e)= kr( (p)r (p 2 (1.5.3)
(compare (T51), [T52) with (T.Z2)) satisfy the following boundary conditions:
a) Dirichlet boundary conditions:
u=up() on p(t)

b) Neumann boundary conditions:

v n="fn(@t) on ()
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¢) Signorini-type boundary conditions:

u 0; vin 0; u(vn=0 on g(t)

Dirichlet and Neumann boundary conditions are well known fa all kinds of
boundary value problems. Observe that in our case the Diricket boundary
conditions could be equivalently expressed in terms of the lpysical water pres-
surep= pp(t):=  I(up(t)) using the Kirchho transformation  (see [T:31)).
The Neumann boundary conditions refer to the physical water ux v, whether
expressed by the physical variablep or the generalized pressurel. With regard
to the Signorini-type boundary conditions observe that dueto the de nition of
the Kirchho transformation (1L3XIJand kr( (p) =1for p 0 we havep=u
forp Ooru O, respectively, andp < 0, u < 0. Therefore, c) can be
equivalently formulated if we replaceu by p.

Dirichlet boundary conditions usually appear as hydrostaic pressures given
by surface water (e.g. lakes or rivers) on  or water (e.g. rivers or the sea)
on a side | or ; of @ Neumann boundary conditions specify water ow
into or out of due to rain or water movements around @ and often occur
as homogeneous Neumann boundary conditions on dry parts of, or on the
border of an impermeable soil, e.g. on q.

Apart from the Dirichlet and Neumann boundary conditions which are called
boundary conditions of the rst and second kind, respectivdy, one also encoun-
ters boundary conditions of the third kind (on semipermeabk boundaries, see
Bear [13, p. 265]), known asRobin boundary conditions (consult Gustafson and
Abe ]46] and ELV]). They are conditions on linear combinatios of Dirichlet and
Neumann boundary values and will play an crucial role for ourtreatment of the
heterogeneous Richards equation in Sectioh—3.4. For simgity we do not treat
them in the rst two chapters of this work. Further (nonlinea r) generalizations
of Robin boundary conditions are known as leaky boundary coditions (see e.g.
Carrillo and Chipot [EI] and Chipot and Lyaghfouri [E]), which we do not
consider here.

Signorini boundary conditions are well known for contact problems in mechanics
(see Signorini I[Eb] and Krauseﬂl]). Moreover, \Signorifg problem" is the

name for a problem in linear elasticity. Nevertheless,Signorini-type boundary
conditions or boundary conditions of Signorini's type occur in various elds,

for instance in electrochemistry (cf. Gerbi et al. @Z]), inconnection with Stefan

problems (cf. Calvo et al. @Z]) and in hydrology (cf. Bagagolo and Visintin [ﬁ]

and Zheng et al. EB]). Therefore, we also attribute Signadni's name to the

boundary s and the complementary conditions given above in c).

In hydrological settings, boundary conditions of Signorin's type usually appear
around surface water reservoirs on , or in case of a so-called dam problem
(see e.g. Alt ﬂZ]) above the part of the boundary where the suiace water or the
sea, respectively, is in contact with @ (in the latter case e.g. on a part of
or ;). Such a situation is depicted in Figure[L.I® which shows a zamed part
of  where a water reservoir occurs aboves. Therefore, we consider 3 to be
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Figure 1.16: Boundary of Signorini's type around a water regrvoir

a part of the Dirichlet boundary p(t) with the boundary values given as the
hydrostatic pressure imposed by the surface water.

Although the surface of the reservoir is g, the domain can be fully saturated
up to a curve lying above g, here up to the curve 7[ [ 4[ g, on which the
pressure is vanishing. The part [ 4 of @ is called the seepage faceHere
water can ow from the interior of across @ tickling into the reservoir, thus

v n 0, but the pressure of the water isp= u=0. On [ 5, however,
we have no ow v n = 0, but then the water pressure cannot be positive,
ie.p 0, u 0. This is the hydrological reason for the complementary
conditions for u and v n on the Signorini-type boundary s(t) given in c) that
result in a decomposition of g(t) in seepage faces likes[ 4 and adjacent parts
of @like 1[ s. The points P; and P,, which determine the boundary of the
seepage face within the Signorini-type boundary s(t), are usually unknown
a priori and arise as part of the solution, which satis es the conditions given
in ¢). Just as in mechanics, the boundary value problems withconditions of
Signorini's type, which we encounter in the following, can herefore be regarded
as free boundary problems. Finally, note the analogy of our enditions in c)
and Signorini boundary conditions known from mechanics. Fo example,u 0
on g corresponds to the non-penetration condition in contact pioblems.

There is a hydrological necessity for the existence of a norivvial seepage face if
the so-calledphreatic surface which is given byp =0, i.e. 7[ s, is above the
water table g around the reservoir. Otherwise, ifP; and P, were the endpoints
of 3, the water ow v in these points would have to be parallel to the phreatic
surface on the one hand, but also perpendicular to 3 on the other hand, which

is only possible if the phreatic surface is beneath g around the water reservoir.

See Bear|ﬁ|3, pp. 260/261] for a detailed discussion of the eygage face.

Furthermore, we note that the area beneath ;[ [ 3[ 4[ sin Figure 14,
wherep 0 holds, does not necessarily coincide with the region in whh the
ground is fully saturated. In general there is a so-calleccapillary fringe above

7[ s in which full saturation still occurs although p < 0 holds. This is due to
the so-called bubbling pressurgy, < 0 that is discussed in Sectiof T2 and that is
also re ected by our special choice of Brooks{Corey paramedr functions (.Z9)
and (LZZTI0). Consequently, thegroundwater table i.e. the border between the
saturated and the unsaturated region in the interior of , is given by p = py
and generally lies above the phreatic surface.
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Now, forany t 2 (0;T], T > 0, we consider the boundary value problem

M(u); div ru kr(M(u)e,

u

0 on (1.5.4)

up(t) on p(t) (1.5.5)
fn(t) on (D) (1.5.6)
0 on s(t) (1.5.7)

vV n

u 0; v n 0; u (v n)

which we call Signorini-type problem or problem of Signorini's type for the

Kirchho {transformed Richards equation. Of course, it can be easily reformu-
lated for the Richards equation with the physical pressurep as the unknown.
Due to ellipticity and monotonicity, however, most of the analysis is only car-
ried out for the Kirchho {transformed version (compare Sub section[L®), and
so is our numerical treatment of the Richards equation in Chater @l This is

why we choose the formulation above. An additional requirenent needed in
CRA{(CRD) is certainly up >ucandu > ucif M : (ug;l)! R with a

Uc < 0, which is the case for the Brooks{Corey parameter functios. Finally,

we point out that if subsets of p(t) and s(t) are adjacent, up (t) needs to be
compatible with the condition u 0 on g if functions u from certain solution

spaces are to satisfy both boundary conditions.

Remark 1.5.1. Before we derive a weak formulation for this free boundary
problem we shortly consider a straightforward model for a dyhamic coupling of
ground and surface water. In the situation depicted in Figure[I.I® the Dirichlet
data on 3 is given by the hydrostatic pressurepp (t) = up (t) = %glit) (possibly
modulo scaling factors, e.g.jp,j * with the bubbling pressure py as done in
Section[I33). The surface water leveh(t) over the ground is a function on the
subset 3 of p(t) which is in general time-dependent, too, i.e. we have 3(t). In
fact, by considering the geometry of@, knowing  3(t) is equivalent to knowing
h(t) if the water in the reservoir is assumed to remain static. Inthis case we
speak of areservoir model for the surface water. If the surface water is a big lake
or the sea,h(t) as a function oft can be regarded as practically not in uenced
by the groundwater in , i.e. as a given boundary condition on 3(t) for the
Richards equation. This is assumed in[[LEW){TET).

If the reservoir is small enough such that the ow of groundwaer from into
the reservoir or back cannot be neglectedh(t) or the Dirichlet boundary 3(t)
are not known a priori. Then we need to consider a coupling of e surface
water behaviour and the groundwater modelling which is giva by the Richards
equation. The easiest way to do this for the reservoir models to consider the
increase or decrease of volumg%V(t) of the surface water given by the water
ow v n across (t) := ot)[ 3(t)[ a(t) (see Figure[ITI®) and assuming
mass conservation

d d z
—m(t) = %-V({t)= % v(x;t) nd (x) (1.5.8)
dt dt (M)

for the total mass m(t) of the water in the reservoir. By the geometry of @,
knowing V(t) is both equivalent to knowing h(t) and equivalent to know-
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ing 3(t). Consequently, considering these geometric relationsps, equations
CEA){(CR3) form a simple model for a coupling of groundand surface water.

1.5.2 A variational inequality in a classical sense

As a special type of boundary value problem the Signorini-type problem {T&3){
(K1) has a weak formulation in terms of a variational ineaquality. This follows
from an application of a generalization of Green's formula o partial integration,
which we note below. See Theorei’AT13 in the appendix for a divation of it
from Gauss's theorem. We also refer to De nition[A1] in the appendix for an
exact de nition of a C*-polyhedron RY which is sometimes called a domain
with a smooth boundary @except fora ( d 1)-nullset of singularities. Further-
more, see|E5, pp. 362{369] for measurability of hyperfaceand De nition AT.Z]
to recall the well-known spacesCK() for k 2 Np.

Theorem 1.5.2. Let RY be a boundedC!-polyhedron with Hausdor mea-
surable@ , G 2 (C1()) 9andv 2 C1() . Then the following identity holds:
Z Z Z
div(G(x)) v(x) dx = G(X)r v(x)dx + (G(x) n(x)) v(x)d (x):
@
(1.5.9)

Furthermore, for

UD(t) 2fv= Wi - W 2 02(7 A Wi 5t Og (1510)

we de ne the convex setKq(t) C?() as

Ke(t) == fw2 C?(): w )= Uup(t) » W oy Og: (1.5.11)

It is clear that K¢(t) is nonempty sinceup (t) is chosen to be compatible with
the Signorini-type boundary condition u; () 0.

Note that due to the de nition (1L3I) of the Kirchho transf ormation, the func-
tion :R! R s continuously dierentiable if kr is continuous and, therefore,
M = Lis continuously di erentiable if is. In what is to come we apply
the well-known de nitions of (di erentiable) manifolds in @ pp. 115/116] and
Hausdor measures onC!-polyhedra in |3, p. 13], see also De nition[AT1 in
the appendix. Now we can prove the following equivalence.

Proposition 1.5.3. Let M;kr : R ! R be continuously dierentiable real
functions, and for t 2 (0; T] let u(t) 2 C?() on a C*-polyhedron RY with
Hausdor measurable @ . Furthermore, let fy (t) be continuous on y (t), and
let N (t) and s(t) be piecewisgd 1)-dimensional manifolds. Thenu satis es
the boundary value problem[[IT5KW){[I5T) fort if and only if it satis es the
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variational inequality
z Z
M(u)¢(v wdx+ rur (v u)dx
Z Z
kr(M (u))e;r (v u)dx fn()(v o u)d 8v2K(t) (1.5.12)

N ()

in the convex setK.(t). In addition, (L5TZ] becomes a variational equality if
there is no boundary of Signorini's type, i.e. if g(t) = ;. In this case the set
of test functionsv  u is the subspacdw 2 C2(): w; ;) =0g of C%() .

Proof. First, let u satisfy the boundary value problem [LE3){(Cx1) for a
t 2 (0;T]. Then, of course, we haveu 2 K .(t) due to [LEA). With a v 2 K(t)
we multiply (C&X4) by v u on both sides and integrate over obtaining

Z VA

M (Ui (v u)dx+ div(ru kr(M(u)e)(v udx=0:

Due to the conditions imposed on the involved functions we heev u 2 C*()
andv = (ru kr(M(u)e) 2 (C*()) 9. So applying Theorem[LE2 for
G=v andv uinstead ofv we arrive at
z Z
M (Ui (v u)dx+ rur (v u)dx
Z Z
kr(M (u))e;r (v u)dx + v n(v. uyd =0: (1.5.13)
@

Note that @ is a disjoint union of the sets p(t), n(t) and gs(t). Therefore,
takingv. u=0o0on p(t)andv n = fy(t) on (t) into account, we only
need to prove 7
v n(v u)d 0
s(t)
in order to obtain ([LRTZ). But this follows from (v n) u=0andv n O
andvj .y Oon s(t).

Conversely, letu 2 K¢(t) satisfy (LR12) for at 2 (0;T]. An application of
Theorem[L.52 as above foG = v andv u instead of v to (LRTIA) provides
A
M@ (v u) div(ru kr(M(u))e,) (v u)dx
VA VA
+ fn(@® (v u)d v n(v u)d 0 8v2K(t): (1.5.14)
N (1) @

We rst prove that u satis es ([LRA4) for t by assuming that this is not the case,
i.e. there is ax 2 such that w.l.o.g. we have

M (u(x;t))e div(r u(x;t) kr(M(u(x;t)))ez) > 0;

which by continuity of the function on the left hand side we assume to be true
on a ball B-(x) of radius " > 0 around x. Now we choose av 2 K(t)
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such that v= uon nB-(x)and v u< 0 onB-(x). But with this choice
of v the integrals over y(t) and @ in (15IZ) vanish while the integral over

is negative due to the continuity of the integrands. This is a contradiction
to (LCRI4), sou satis es (LRA).

The construction of a smooth function v as used above is well known and relies
on the existence of a nonnegativé 2 C! (RY) with supp' = B-(x). For the
basic ingredient of such a construction consult e.glEB, R77]. In the following
we will use this idea to get test functions with certain properties on parts of
the boundary @.

Sinceu satis es (CR4) andu = v on p(t), the variational inequality (L5T4])
reduces to
VA Z
(fn(t) v on)(v ud v n(v u)d 0 8v2Kc(t): (1.5.15)
N (1) s(t)

Now, since p (t) is a piecewise fi  1)-dimensional manifold, we can conclude
fn(t)=v n on p(t) as required. Otherwise, using the continuity of the
involved functions, we nd asubset~  y (t) with a positive Hausdor measure
and a suitablev 2 K (t) such that we have fn(t) v n)(v u) < 0on ~while
v = u holds on g(t) [ ( n(t)n~), leading to a contradiction to ([CRTH). Using
this result, (CX13) reduces to
Z
v n(v u)d 0 8v2Kc(t); (1.5.16)

S

from which we prove {T51) by applying the same technique: ket u(x;t) < 0
for a point x in a subset ~ = B+(x)\ g(t) with a positive Hausdor measure.
We assumev(x;t) n 6 0 and " to be small enough such thatu andv n do not
change their sign on ~. Then, we rst construct an admissible test function
v2K(t) suchthatu<v Oon ~,i.e.v u> 0on~,andv = u elsewhere
on g(t). (CRIA8) now givesv(x;t) n < 0. On the other hand, if we choose
v2K¢(t)with v<u on ~,i.e.v u< 0on~,andv = u elsewhere on s(t),
we obtain v(x;t) n > 0 from [LXI8), which is a contradiction. So altogether,
we concludev n=0if u< 0. Sinceu 2 K¢(t) we getu (v n)=0o0on g(t).
Finally, if v n< Oona ~ s(t) as above, we choose & < 0 on ~ with
v=0o0n s(t)n— which leads to a positive value of the integral in [C2I®) aml,
thus, to a contradiction. Therefore, we also havev n 0 on g(t).

Now if g(t) = ;, itis clear that the set of test functions v u in (LEI3) is the
linear spacefw 2 C2(): w; , () = 0g. Therefore, we can also test withu v
instead ofv u in (CEIA) and conclude that (T.5T2) is indeed a variatioml
equality in this case. O

Remark 1.5.4. It is easy to see that a reformulation of [L53){(C51) as a
Signorini-type problem for the Richards equation with the physical pressure
p(t) (for a t 2 (0;T]) is equivalent to an analogous reformulation of the varia-
tional inequality (L2I2) in the corresponding convex setif ;kr : R! R are
continuously di erentiable.
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Observe that, due to our special choice of parameter functins according to
Brooks{Corey, the saturation M as a function of the generalized pressure is

not de ned on the whole real line but only on (uc; 1 ) with a u; < 0. In cases
like these the range ofu needs to be a subset of ;1 ) in order to satisfy

[CEA){(CR). Of course, the Dirichlet boundary condition up (t) needs to be
chosen in that way in the rst place. Given this, Proposition [[L5.3 also applies
if M :(uc;1)! R is continuously di erentiable.

Alternatively, one can choose the convex set
Ke(t) = fv2Ke(t):v(X) >uc 82 g: (1.5.17)

Then, the function u 2 K(t) satis es (LEA){(CRD) if and only if it satis es
CEI3A) in Ke(t) instead of in K¢(t). Provided that g(t) = ;, the assertion
about the variational equality is also true in this case becase of the strict
inequality in (E5I7) since with the compactness of and the norm in  C2(),
one can see that the set of test functions constitutes a neidiourhood of O in
the subspace given in Propositior_L.513.

We adopt this approach from now on because of our special intest in the
Brooks{Corey model and its analytical treatment. However, for a convex mini-
mization result that we want to apply in Section we will need the somewhat
unphysical condition u  u¢ instead of u > u . which means thatp(x)= 1 is
assumed to be possible for the physical pressum® ). The formulas (L:33) and
([31) provide this straightforward extension of M in ([33229) by an improper
integral, see also[[I.ZB). This is needed to obtain a closetbnvex subset in the
space considered (compare with the results in Sectiop—l.6)Otherwise, unique
solvability of the variational inequality cannot be guaranteed. Then, however,
it has to be emphasized that the assertion in Propositio_I.5 about the varia-
tional equality is false in general because the test functins do no longer form a
neighbourhood of 0 in the subspace considered there. So assoas an equality
in u(x) = uc holds (or can hold) for anx 2 , we need to deal with the vari-
ational inequality instead of a variational equality. We will come back to this
topic in Section[Z3 (see Remark§Z312 and Z.317).

1.5.3 A weak variational inequality for the Kirchho {trans -
formed Richards equation

Observe that in case of the Brooks{Corey parameter functiols M is not even
di erentiable but only piecewise di erentiable. Of course, one could consider a
smooth approximation of M since non-di erentiability of M for the (normal-
ized) bubbling pressure 1 is hydrologically not essential. However, it seems to
be in order at this point to generalize the notion of a solutin to the Signorini-
type problem [CRA){(CE) by extending the corresponding weak formulation
(CX132) to a variational inequality in a closed convex subst of a Sobolev space.
In the most simple case of p(t) = @and up(t) =0 (with uc = 1 ), this
would be a variational equality for u 2 H3(). In our general case, we need
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some more ingredients from the theory of Sobolev spaces whiave have noted
in Appendix BZland which we use in the following.

With regard to a weak formulation of the variational inequality (LRTZ) for
models of Brooks{Corey type, we require the functionsM : [uc;1)! R and
kr : M(Juc;1)) ! R to be continuous, monotonically increasing and bounded
with a u; < 0. Furthermore, let RY be a Lipschitz domain and p(t), n(t)
and gs(t) be pairwise disjoint Hausdor measurable submanifolds of@ for all

t2 [0T]with @= oM [ ~O[ s(b).
Concerning the weak Dirichlet boundary condition for t 2 [0; T], we choose

up(t)2fv=1tr ;gw:w2HY) *w ucaetr ;yw O ae. on s(t)g

(1.5.18)
as an element ofH ¥¥2(  p (1)) analogously to (C510) with the trace operators
tr :HY) ! H¥2()for 2f p(t); s(t)g. Asin Remark[[%3 we require
the range ofup (t) to be contained in [uc; 1 ), now almost everywhere on p(t)
and even for an extension ofup (t) in H() almost everywhere on (for the
reason see the proof of Propositioi”L.Bl5). In order to modaiealistic physical
situations one would chooseup (t) with a range even contained in the open
interval (uc;1 ). The set in (CRIA) is nonempty since the functionup (t) =0
with its trivial extension on is contained in it. This is obv ious but necessary
to make sense of the following.

The convex setK(t) H?() as a weak counterpart of K(t) given in (C214)
is now de ned as

Kt):=fv2HY(): v uc™tr pyv=up(t)”tr ;yv O ae. on s(t)g;

(1.5.19)
in which v uc is again to be understood a/(x)  uc almost everywhere on .
Observe that this latter condition ensures that K(t) is a closed subset oH ()
which is not the case ofK(t) in C2(). Since we will need the properties of
K(t) in Section [Z3, we note them here.

Proposition 1.5.5.  K(t) is a nonempty, closed and convex subset &f1() .

Proof. Using the linearity of the trace operatorstr _y and tr ), it is easy
to see that K(t) is a convex set. It is nonempty since the Dirichlet condition
up (1) in (CRI3) is chosen to be compatible with the Signorini-ype boundary
condition tr _yu 0 and there is an extensiornw of up (t) with w  uc almost
everywhere on , i.e. w 2 K(t). (If we only require up(t) uc almost every-
where on p(t), we might not be able to guarantee the corresponding propey
for an extension ofup (t) in H(). For the converse see the next proposition.)

Regarding the closedness, observe that for anw 2 H() with w(x) < u.

almost everywhere on a subset © with a positive Lebesgue measure, we
also obtain a subset O with a positive Lebesgue measure such that
w(x) <u. " foran "> 0. This follows from

fx2 9% wx)<uc 1=n aeg=fx2 °

n2N

tw(X) <u. a.eg
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and the -additivity of the Lebesgue measure. As a consequence, theorm
kw vk 2y and therefore the H()-norm kw vk; is bounded from below
by a positive constant, uniformly for all v 2 K (t).

With the same arguments and with suitable constantsc; C > 0 foraw 2 H()
for which tr | yw = up(t) or tr ) O is false, we obtain

O<c kitr w tr vkzy kitr w tr vkyi=, Ckw vk; 8v2K(t)
for 2f p(t); s(t)g by de nition of H¥2() (see pages in the ap-
pendix) and due to the trace theorem[AZ3.

Altogether, H1() nK(t) is open and therefore,K(t) H?() is closed. O

We nd the following proposition instructive since it guara ntees that nothing
unnatural can happen to the elements in the setK (t). Nevertheless, one might
be surprised that its proof is not straightforward.

Proposition 1.5.6. Any v 2 K(t) satises trg v  uc almost everywhere in
the Hausdor measure on @ .

Proof. In the rst step we use the fact that
Cl() \K g isdenseinKg:=fv2HY): v 0ae on g

in the H*()-topology. This is proved in Glowinski [4E| p. 61]. There fore, if
v 2 K(t) we havevg := v uc 2 Kg and the existence of a sequence/f)nzn in
Cl() \Kgwith vy ! vgin HY() for n!1 . Obviously, vo(x) 0 holds
forall x2 andall n2 N.

In the second step we note that the embedding theoreni_AZ]2 ah the trace
theorem[AZ3 provide

Vi@ ! tr@ Vo in L¥@ for n!1 (1.5.20)

Due to a result from measure theory, see e.gE[BZ, p. 74, ex. LLE.20) entails
the convergencevy, j@ ! tr@ Vo of a subsequencev,, )k2n almost everywhere
on@for k!1 . Therefore, we havetrg vo 0 and

treg v=1tr@ (Vo+ uUc) =(tr@ Vo) + Uc Uc

almost everywhere on@. O

Note that with the same approximating sequence as in this prof we can con-
clude the corresponding result withtr v = (trg v); for any @ as on
pagel24®, e.g. 2f p(t); s(t); n(1)g.

For completeness, we point out that the weak Neumann boundar data fy (t)

can be chosen as a distribution fromH 2%2(  (t)) or even from H25%( n (1))°
However, we restrict ourselves to functionsf y (t) 2 L2( n (1)).
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The canonical solution space for parabolic problems on thepen time cylinder
Q= (0; T) usually is the function spaceL?(0; T; H1()) (see pages 252{Z>4
in the appendix for more details on such spaces). But then thepartial time
derivative u; is in general an element of the spacel 1(0; T;H?()), i.e. it does
in general no longer have an interpretation as a function. Inorder to make
sense of a generalization of{I.5.12), we require a solutiom2 L2(0; T;H1())
to have a regularity such that M (u); 2 L?() almost everywhere on (0;T]. In
this case, we say thatu is a weak solution of the variational inequality (L5T2)
at the time t 2 (O; T] if u(t) 2 K(t) and
Z Z
M(u)¢(v u)dx+ rur (v u)dx
Z z
kr (M (u))e,r (v u)dx fn@(v ud 8vz2K(t): (1.5.21)

n (1)

Note that kr(M (u())) is bounded on since both M and kr are bounded.
Moreover, sinceM and kr are both monotonically increasing, so iskr M.
Now, it is straightforward to prove that the composition of a monotonic and a
measurable function is measurable again, hende (M (u())) 2 Lt () (without
using the continuity of kr M. So all of the terms in (CX2Z1) make sense.

1.5.4 Kirchho transformation as a superposition operator and
a weak variational inequality for the Richards equation in
physical variables

Finally, as for the classical case[[I.512), one can consida weak variational
inequality analogous to {T.5.21) for the untransformed Ridards equation {I.51)
rather than for the Kirchho {transformed version (1I22)] However, in contrast
to the classical case in which the formulations are equivald, the equivalence
of (CR2Z1) with a corresponding weak formulation for the ptysical pressure is
not clear. And it will turn out that we need quite a lot of prepa ratory work in
order to be able to answer this question, see the Concluding &narks[L.2.2D of
this subsection.

The rst problem is that u¢ can be in the range ofu(t) in (CX2Z1) which would
correspond to 1  being in the range ofp(t). And even if this is not the case
p(t) = L(u(t)) does not need to be inH() in case of the Brooks{Corey

functions if u(t) 2 H1(). The second problem is the question whether a chain
rule

ru=r ((p)= Aprp=xkr( (prp (1.5.22)

such as [1:3B) also holds in a weak sense for Sobolev funcet®p on  with the
Kirchho transformation  in (L3) applied pointwise almost everywhere on
with kr 2 L* (R). Concerning this question we refer to Leoni and Morini Eb]
where (T522) is proved for functions with values in a nite-dimensional space
based on a known result for real-valued functions. The latte is needed here
and states that (L522) holds almost everywhere on if p 2 W>() and

loc
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: R! R is Lipschitz continuous. Sincer p(x) = 0 holds for all x for which
(x)) is unde ned due to Rademacher's theorem seemﬂ, pp. 34B@49] or
, pp. 50/51]) and a result from Serrin and Varberg|[85], v have to interpret
Yp(x))r p(x) as zero in [LE2ZP) for suchx. For kr 2 L1 (R) the function
:R! R is Lipschitz continuous with 9= kr (see for example|E|5, p. 25])
and the last equation in (L522) holds. In the following we brmulate some
results based on these observations. We start with properés of the Kirchho
transformation.

Lemma 1.5.7. If kr 2 L' (R) (is nonnegative almost everywhere), then
:R! R as dened by [I:37) is (strictly monotonically increasing and)
Lipschitz continuous with the Lipschitz constant

L( )= kkr ki and O=kr a.e. on R:

If, in addition, there is a ¢ > O such thatkr(s) cholds for almost alls 2 R, the
Kirchho transformation has a strictly monotonically incr easing and Lipschitz
continuous inverse 1:R! R with the Lipschitz constant

L( H=kkkr M) *ky ¢! and ( H°=(kr M) ! ae. onR

with M as de ned in (L32).

Proof. The assertions on are well known and follow from the fundamental
theorem of calculus for Lebesgue integrals or the theory of ébesgue points (see
[@, pp. 341{349] and |{_—1|5 p. 25] orl[82, pp. 138{147] for mordetails). The
assertions on ! follow from the properties of . In particular, note that

1 _ 1
T Hu) kr(M(u)

is satis ed in the classical sense for allu 2 R for which is di erentiable
inp= 1(u), that is for almost all u 2 R because Lebesgue nullsets are
invariant under Lipschitz mappings. O

( Hu) = (1.5.23)

Remark 1.5.8. Note that in case ofkr ¢ > 0 and also in case of the Brooks{
Corey functions we can write
Z 1

W= ey

forall u2 R oru2 (ugl ), respectively, analogously to [T31). Of course,
the function kr only needs to be given on the range (R) in Lemma [L54. For
simplicity, however, we consider it to be extended toR.

Furthermore, it should be clear from the proof of LemmalL 5 Fthat, conversely,
any strictly monotonically increasing Lipschitz continuous function :R! R
can be regarded as a Kirchho transformation via the fundamental theorem

Z

p
(p) = i Yg)dg+ (0) 8p2 R (1.5.24)
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induced by the nonnegative function °2 L' (R) with k %, = L( ). The
same holds with 1 instead of if 1 exists and is Lipschitz continuous or
equivalently if k( H%:; = k( 9 ky < 1 . Although this result is straight-
forward, we note it here since we use the framework of these geral Kirchho
transformations in Chapter @ Moreover, we remark that most of the following
results hold in an analogous way if (0) 6 0 in (L&2Z4). In view of the Richards
equation, however, we mostly stick to the integrand kr 2 L (R) as the
notation in what is to come, even where we do not require its nonegativity
and the corresponding primitive does not provide a transfomation.

So far we have not yet explicitly distinguished the Kirchho transformation
: R'! R acting as a function on real humbersp from the transformation

which it provides by pointwise (almost everywhere) applicdion on a function p

de ned (almost everywhere) on . At this point it is appropri ate to do this.

De nition 1.5.9.  Let p be a real-valued function de ned on a subsetS RY,
possibly almost everywhere with respect to an appropriate reasure. Further-
more, let :R! R be a real function. By the pointwise application

( s(P(x) = (p(x))

of to p (for x almost everywhere) onS the superposition operator

s:p7 (p)

is de ned. Let X be a normed space consisting of a subset of all measurable
functions on the open setS. If the superposition operator satises g(p) 2 X
for all p2 X, we say that it acts on the spaceX . In this case we write

x X1 X

for the restriction of s on the spaceX and call x superposition operator
on X. Analogously one de nes superposition operatorsacting between two
spacesX 1 and X .

There is a vast theory on superposition operators, also know as Nemytskij
operators, acting on function spaces of all kinds. For an introductioninto this
theory we refer to the monograph of Appell and Zabrejko Eb] wlich contains a
large reference list on the topic. Note that we have restriced ourselves to the
autonomous casep 7! (p) on R instead of the general one given by a function
x;p) 7' (x;p(x)) on R. In the following we investigate the Kirchho
transformation as a superposition operator acting on di erent spaces which are
relevant for us. As usual in this work, the \appropriate measures" mentioned
in the de nition are the Lebesgue measure on a Lipschitz domi S = Rd
or else the Hausdor measure on a submanifolds = @ of its boundary.

Lemma 1.5.10. If kr 2 LY (R) then :R! R given in [C3Z1) induces a
Lipschitz continuous superposition operator

L2y (L) ! OLA()

43



The corresponding Lipschitz constants satisfy
L( 2y )=L()=Kkr Ky :

If, in addition, kr ¢ > 0 holds almost everywhere orRR, then L2() has a
Lipschitz continuous inverse given by the superposition @pator

o =0 B L2010 L3O
The Lipschitz constants satisfy
L( 2 )= L H=kkr M) 'k ¢t
with M as de ned in (L32).
With a glance at Lemmall.51 the proof is straightforward, ard so is the proof
of the next result. We just remark that Lebesgue measurabiliy of composites of

Lebesgue measurable functions can be proved by going back Borel measurable
representatives.

Lemma 1.5.11. Let RY be bounded and open and @ a Lipschitz
submanifold. If kr 2 L' (R) then :R! R given in [C31) induces a
Lipschitz continuous superposition operator

L2y (L2() 1 LA() ¢
The corresponding Lipschitz constants satisfy
L( L2y )=L()=kkr kg :

If, in addition, kr ¢ > O holds almost everywhere orR, then 2y has a
Lipschitz continuous inverse given by the superposition @pator

g =0 Dz tL2O 1 L)
The Lipschitz constants satisfy
L( )= L D=kkr M) k¢
with M as de ned in (L32).

Now, with these preliminaries and based on the weak chain nd (C522), we
obtain the following

Proposition 1.5.12.  Let Rdbeanopensetkr 2L!(R)and :R! R
as de ned in (C3). Then for p2 H1() we obtainu= (p) 2 H() , and
the weak chain rule [C52R) holds in(L2()) 9. Moreover, we have

kuki k kr ki kpkq: (1.5.25)

Conversely, if in addition to kr 2 L (R) there is ac > 0 such thatkr(s) ¢
holds for almost alls 2 R, then we also have

ckpky k ukj: (1.5.26)
Finally, with this latter condition u2 H() impliesp=( ) (u)2H() .
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Proof. For p 2 H() the chain rule (1[522] holds almost everywhere on .
But since p 2 H() we also have

Z Z Z
jrue)jPdx = jkr( (pO)) A pO)JPdx k ke ki jr p(x)j? dx
(1.5.27)
and furthermore
Z Z
jux)j?dx k kr k¥ jp(x)j2dx (1.5.28)
because of 7
. - p(X) . .
jux)j = . kr( (@) dg k kr ki jp(x)j (1.5.29)

almost everywhere on . This proves (L5.223). The converse [[L5.28) follows
in the same way from [ITEZP) andkr c > 0. However, [IXZP2) is not
immediately clear because we do not know anything aboup. Therefore, we

rst apply (II522ZZ) in the form
rp=r( W)= YH%uru (1.5.30)

almost everywhere on using the regularity of u. With the nondegeneracy
assumptionkr ¢ > 0 we can apply the formula [I.52ZB) and obtain

1 1 S
Ap(x))  kr( (p(x))

wherever Cis (pointwise classically) di erentiable which is almost everywhere.

Now, [CR22) follows from LCE3D) and CLR3N). O

Remark 1.5.13. Note that in case of (0) 6 0, (L229) produces an additional
additive constant in the integrand on the right hand side of (L5Z8) such that
the assertions of PropositionCIR IR cannot be establisheth this case if is

unbounded. Furthermore, we remark that : R! R is linear (and induces
linear maps onL?() and H?()) if and only if kr :R! R is constant.
Otherwise observe that although we have [L527), we cannogxpect to in-

duce a Lipschitz continuous map onH () (except for a ne ) because the
Kirchho transformation of a function is de ned pointwise a nd does not \see"
derivatives of the function. However, under reasonable caoditions we can still
prove the continuity by rather elementary means. The next proposition covers
the Brooks{Corey functions but, of course, not the limit cases in Section[L}.

( HYux) = 0 (1.5.31)

Proposition 1.5.14. Let RY be an open setkr :R! R uniformly
continuous and bounded and the primitive : R ! R as dened in (L3).
Then the superposition operator

i tHYO L HTO

obtained in Proposition [L5T3 is continuous. Ifd = 1 and kr R! R
is Lipschitz continuous and bounded, the superposition opegtor is Lipschitz
continuous on any bounded subset dfl 1() .
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Proof. We choose a xedpg 2 H() and a sequence (pn)non  H?Y() con-

verging to po in HY(). Since is Lipschitz continuous on L2() and the
chain rule (I=33) holds, it su ces to show that
Z

jkr ( (pa))r o Kkr( (Po))r poj®dx

becomes small for smalkp, poki. This term can be estimated by
z z
2kkr K& jr (pn Po)i®dx+2  jkr( (pn)) Kr( (po))i®ir poj®dx (1.5.32)

which means that it is enough to show that the second integrall in ([C533)
becomes small for smalkp, poki. But this follows already from the conver-
gence ofp, ! poin L?() for n!1 which forces the Lebesgue measure of
the set
Mn = X2 : jpa(x)  po(X)i*> @
togotoOforn!1 andany xed > 0. With the "- -criterion for the
uniform continuity of kr we can estimatel by
Z Z
"2 jr poj2dx +2kkr k2 jr poj? dx
nM n Mn
iQ which the second integral goesto O fon ! 1 since the rst integral goes to
jr poj? dx due to the theorem of Lebesgue (or, alternatively, of Beppo kvi).

If d =1 and kr : R'! R is even Lipschitz continuous, we can estimate
ikr( (pn))  kr( (po)j in the integral | by

L(kr ~ )kpn poki  Ckpn  poki
for a C > 0 with the help of Sobolev's embedding theorem[ZZ5:36) in om space

dimension. O

To put it mildly, the next result is astonishing. Not only doe s it state that
Proposition [L5.14 can be generalized, but in fact, that itsassertion can virtually
never be wrong.

Theorem 1.5.15. Let RY be a bounded open set and : R! R a Borel
function. The superposition operator  acts onH?*() , i.e. it induces a map

H1() THY() 1 OHYO)

if and only if it is continuous on H1() or, equivalently, if and only if is
Lipschitz continuous for d > 1 or locally Lipschitz in the cased = 1, respectively.

This result was proved in Marcus and Mizel Eb pp. 218{220] dr (locally) Lip-
schitz continuous functions : R! R and also for unbounded sets Rd
if (0) = 0, see Remark[LETIB. For bounded RY the (local) Lipschitz
continuity of : R! R was deduced in Marcus and Mizell[69] as amcting
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condition (see I[-_b pp. 239{243]) from the sheer fact that the Borel funtion in-
duces a superposition operator fronH () into itself (see also [@ p. 267]). We
already know from Proposition [L512 (and we can easily seé for d = 1) that
the converse assertion in TheoreniZLL515 is true. In additio to the continuity
of y1() , one also obtains its boundedness in the sense that

K iy Vki  C(1+ kvky) 8v2 H?Y()

holds for aC > 0 independent ofv for d > 1 analogously to [T.5.Zb), and for
C(M) > 0 with kvk; M for d = 1. There are analogous statements about
superposition operators mappingW *P() into  W1r() for p;r 1.

We note a nice consequence of Theorefl_Lh]15. If this fact wasot written
down here, one would probably take it for granted as somethig the trace
theorem should certainly provide, and one would be shocked it did not hold for
reasonable, i.e. continuous : R! R. Fortunately (in this case), our functions
de ned almost everywhere behave as naturally as they \shou". In fact, the
condition that  should be continuous turns out to be redundant.

Proposition 1.5.16.  Let RY be bounded and open and @ a Lipschitz
submanifold. If :R! R s a Borel function and the superposition operator
acts onH1() , then we have the commutativity

(r vy=tr ( v) 8v2HY) : (1.5.33)

Proof. We prove that for any v 2 H%()
kir (V) (tr v)kiz() (1.5.34)

is arbitrarily small by considering a sequencen)n2n C () converging to v
in H(). In fact, since Theorem T&.I5]lprovides the continuity of , the norm
in (CR34) can be estimated by

kir (V) (Vi) kiz(y + ko (Vi) (tr V)kpz(y : (1.5.35)
The rst term in (UL535) is at most
ktr kk v Vnki

due to the trace theorem[AZ3, and this estimate goesto 0 fon! 1 by the
continuity of 1(y . The second term in [L235) can be estimated by

L( L2() )kan tr Vk|_2() L( L2() )ktr kKkv,  vki

with Lemma [L511 (for d > 1 where : R! R is Lipschitz continuous) and
the trace theorem[AZ3 and, therefore, tends to O forn ! 1 , too. Note
that for d = 1 the real function is locally Lipschitz continuous on R due to
Theorem[LRTIH and, consequently, it is also locally Lipsdte continuous as a
superposition operator onH 72() which is isomorphic to R orto R R with
any norm. Moreover, in one space dimensionI.5.B3) is tridl anyway due to
the Sobolev embedding [Z5-36). O
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The message of this proposition is that [[I.5.3B) is true as s as the right
hand side of it makes sense for al 2 H(), and this cannot be the case for
discontinuous : R! R. However, it seems that Proposition[L5Ib cannot
be proved without using the continuity of the superposition operator 1y ,
i.e. the very strong general result from TheorenT_L5T5. Stingely enough, the
commutativity (£533]) appears to be a very natural property for continuous
:R! R (one may think of C! -functions converging inH() and H ()

and w.l.o.g. at the same time almost everywhere on tov and almost every-
where on to tr v.) Still, it seems to depend on something which, even in this
case, can be regarded as quite surprising.

The commutativity (LR33]) will be important in the proof of Theorem [[RTI3
which relates the physical and the generalized solution ofle weak Signorini-
type problem for the Richards equation. Moreover, it will already be essential
for an adequate formulation and treatment of Dirichlet boundary conditions in

the domain decomposition in Chapter[3. With regard to our theory presented
in that chapter we note another important consequence of[15.33) here.

Proposition 1.5.17. Let RY be bounded and open and @ a Lip-
schitz submanifold. If : R ! R is a Borel function and the corresponding
superposition operator acts on H() , then the superposition operator

acts onH®2() and is continuous. If (0)=0,then  also acts onHJ ()
and Hégz() and is continuous on these trace spaces, too.

Proof. With the continuous extension operator R : H¥2() | H?() given
by the trace theorem[A 2.3 and using PropositionCL.5.I6 we aawrite

= tr R =1tr H1() R
and the operator on the right hand side is a composition of cotinuous oper-
ators which obviously acts onH '72(). This also shows the continuity of the
superposition operator on Hézz() once it acts on this space. The latter can
be seen by the de nition of HJ () on page ZZ8]

Assume that 2 Hézz() and ( Vp)n2n is a sequence of functions it€? () such
that each v, vanishes on a neighbourhood of@ n and v,; ! forn!1l

in H¥2(). Then the sequence (  (Vn))n2n lies in C() H1() and the
support of each  (v,) is contained in the support of v, since (0) = 0. In
addition, we have

(Vnj ) ! () forn!1l in H¥?()

due to the continuity of 1-2(y . Therefore, since each (v, ) 2 Hg:z()

can be approximated in H12() by a sequence (Wpm)mzn  Ct () such
that each w,.,, vanishes on a neighbourhood of@ n, we also obtain such an

approximating sequence for (), i.e. by de niton () 2 Hé=2()_

In order to see that  acts on Hégz() and is continuous, we refer to the def-
inition (KZZ). Let 2 Hgy°() and ~ be a trivial extension of in H*2(@).
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Then, since (0) = 0 and g acts on the spaceH (@), we can conclude
@ (M) 2H¥(@ and @ (~); isatrivial extension of ()2 H¥2(), i.e.
by de nition () 2 Hgg°(). Moreover, if 2 H?() is treated as , then
() @ (=) 2 H¥(@)is a trivial extension of () ()2 HE().

Now, (BZX5) and the continuity of g provide that for any "> 0 we have

k() (kg =k @ () @ ki@ "

if kK~ ~Kyi-2(g =K kHégz() holds with a suitable > 0. O

With the results collected so far in this subsection, we havegiven an overview of
how the pointwise application of on p almost everywhere on or on @
and in all spaces, which are relevant for us, can or should benderstood in
terms of superposition operators. With these results and kowing what we are
talking about, we can again | and will from now on | justtalk si  multaneously
of (p) as a real number or as a function on or on . Note that the latt er
would be impossible if [L.5:3B) did not hold.

We are now in a position to relate (I.5.Z1) to a correspondingveak variational
inequality for the Richards equation in the physical pressue p. Analogously to

(CRT1H) and (TCRI9) let

po(t) 2fv=1tr jyw:w2HY() ~tr (yw 0 ae.on s(t)g (1.5.36)
and the nonempty closed and convex set
Ko(t):= fv2 HY(): tr jyv=po(t)"tr v O ae. on s(t)g: (1.5.37)

Then we sayp : (0;T]! R is a weak solution of the Signorini-type problem
for the Richards equation (TX1) corresponding to LMY LR at the time
t2 (0;T]if p(t) 2 Ko(t) and
Z Z
(Pe(v pdx+  kr( (p)r pr (v p)dx
Z Z
kr( (p)e;r (v p)dx fn()(v p)d  8v2Kp(t): (1.5.38)
N (1)

As for (C2ZM), in order to make sense of[{IL5:38) we assumédt a solution
p 2 L2(0;T:HY()) is regular enough such that (p); 2 L2() holds almost
everywhere on (QT]. Then we can state the following

Theorem 1.5.18. Let : R! Randkr : (R)! (0;1] be bounded and
monotonically increasing while :R! R is de ned by (L31). In addition, let
up(t) := (pp(t)). Then u(t) = (p(t)) solves [LE21) if p(t) solves [T53B).
If, in addition, kr c holds for ac > 0 and gs(t) = ;, then (CEZN) and
(CR38) are equivalent in the sense thatu(t) satis es (CRZI) if and only if

p(t)=  (u(t)) satis es (C538).
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Proof. First, if p(t) solves [I5.3B) andp 2 L2(0;T;H()), then by Propo-

sition L5214 we haveu(t) = (p(t)) 2 H() for almost all t 2 (0;T] and
ku(t)ky k kr  ky kp(t)k; for theset, which also givesu 2 L2(0;T;H2()).

Furthermore, we have (p(t))= ( *( (p(t))) = M (u(t)) 2 L! () as well as
kr( (p(t))) = kr(M (u(t))) 2 Lt () for almost all t 2 (0;T], in particular these
composite functions are all measurable due to the conditiomon and kr. This
and the chain rule (Proposition[[L512) give an equivalent érmulation of (L533)
in terms of u in which only the test functions v p with v 2 K(t) di er from
those in (L&Z1). However, the set of test functionsKg(t) p(t) contains the
set of test functions K(t) u(t) considered in [I5:21). In order to see that

K@) ut)y=fv2HY(): v uc urtr jgv=0~"1tr ;v  tr qu(t)g
is a subset of

Ko(t) pt)=fv2HY(): tr ;yv=0 " tr v tr o P(t)g

note that tr ) p(t) O and therefore

tr coyp(t) (tr gp)=tr ¢ (PA)=tr ;nu) O (1.5.39)

holds almost everywhere on g(t). Here the two inequalities are due to the
(pointwise) de nition (IZ3IJ of and the fact that the range of kr is contained
in (0;1]. The rst equality is (L533]) and the second is the de nition of u(t).

Finally, observe that p(t) 2 Ko(t) entails u(t) 2 K(t). First, with pp(t) as
in (CR38), the function up (t) := (pp (t)) almost everywhere on p(t) is an
admissible Dirichlet condition for K(t) contained in the set given in (L2I8). To
see this we choos& == (w) as an admissible extension ofip (t) in H() if w
is an extension ofp(t) in (C2336) and do not forget to apply (L233). (Knowing
that p(t) solves [T.5.38) we could of course choosg = p(t) and w = u(t).)
Secondly, fromtr _ ) p(t) = pp(t) we can concludetr |« u(t) = up(t), once
again with (CR33). With (LE339) this proves the rst stat ement of the theorem.

For the equivalence result one can also argue backwards froo(t) to p(t) using
Proposition [[L5.12 and the observation that the set of test finctions K(t) u(t)
and Ko(t)  p(t) both coincide with H () if s(t)= ;. O

We note that even though parameter functions and kr in the Richards equa-
tion are always monotonically increasing, the above theormm holds for more
general ;kr 2 L! (R) with kr> 0. As indicated earlier, the Lebesgue measur-
ability of composites (p()), kr( (p())) for Lebesgue measurablgy( ) on can
then be deduced by considering Borel measurable represetitges , kr.

Remark 1.5.19. In Section Z3 we will show that a time-discretized ver-
sion of (LE2Z1) is uniquely solvable inK(t). Theorem [LEI8 carries over to
the corresponding time discretizations of the variational inequalities (C&21)
and (LR38). In hydrologically interesting situations such as in the case of
Brooks{Corey functions or similar parameter functions, the rst set of condi-

tions in Theorem [LRI8 is satis ed. Consequently, if [I.538) has a physical
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meaning, i.e. a solution p(t), then u(t) = (p(t)) satis es (CLRZI) and the
uniqueness ofu(t) implies the uniqueness ofp(t) since : R! R is invertible
due to kr > 0. In order to have this chance at all in case of ':(u;1)! R
with the singularity in uc < 0, one certainly needs to consider the trans-
formed set

(fw2 H'(): tr ggw 0g) f w2H'(): w uc™tr ;yw 0Og

of (CR38) as the admissible set for the generalized Diridbt values in (LEI3).
Observe that this transformed set reads

fw2 HY():  Y(w)2HY() ~tr yw Og

and that  *(w) 2 H1() entails 1(w) > u, but certainly not conversely.
And even if up(t) = (pp(t)) is \physically compatible" in this sense, we do
not have an equality in

(Ko(t)) K ()= fv2HY(): v ucrtr mv=up(t) " tr yv Og:

This does not change if we sharpen the conditiorv  uc to v > u. in (CRTI9).

And even in this case it is easy to see that (u) does not need to be in
L1() for u2K(t). On the other hand, with respect to our solution theory in

Chapter [, it is not possible to consider the smaller transfomed set

(Ko(t)) = fv2 HY(): ‘v 2HY() ~tr jpyv=up(t)* tr ;v Og

instead of K(t) because in general this set is not convex. Recall that for th
Brooks{Corey functions, : R ! R is convex and, consequently, the inverse
1:(ug1) ! Ris (strictly) concave (on (uc; 1]).

In case ofkr c > 0, i.e. if the main part of the spatial derivative in the
Richards equation {I.51) is uniformly elliptic (see the nadegenerate case in
Subsection[TZB), we can deduce the unique solvability oflf5:38) from the
unique solvability of (CE2ZT) if s(t) = ;. In the next chapter we prove the
unique solvability of a time discretized version of [&.2) for general boundary
conditions. In this context, we will come back to the variational inequality for
the physical pressure in RemarZ5.14. Furthermore, thisnequality serves as
a crucial starting point for the treatment of the Richards equation in heteroge-
neous soil in Sectior 3

Concluding Remarks 1.5.20.  One can consider the connection between the
variational inequalities (L5:389) and (L521) in Theorem[LE I8 as the main re-
sult of this subsection. However, for the proof of Theoren[Z5T8 one needs to
apply results which are of interest in themselves, such as # weak chain rule
(Cx22) in HY(), Proposition 1[5 I7Jand, nally, the commutativity (1.[5.33)
in order to deal with the situation on the Dirichlet and the Si gnorini-type
boundary. Although at rst glance, the property (I533) of the Kirchho
transformation on trace functions seems to be quite natural a strong result
(Theorem [LEI%) from the theory of superposition operatos was required to
prove it. From this perspective one might be surprised abouthow long and
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deep the proof of TheoremCILRTB turned out to be. On the othethand, the
solution theory in Chapter Bl focusses on the (time-discretied) variational in-
equality (C22ZT) rather than (CR238) such that this theorem and also a version
of it for the time-discretized variational inequalities can be regarded as a basis
for this approach (see SubsectiolzZhl4 and in particular Reark Z513).

Moreover, the theory on the Kirchho transformation as a sup erposition opera-
tor in Sobolev spaces on domains and their boundaries, in pcular the commu-
tativity (1L5:33]) and the continuity (Theorem IL5T5Tand Pr oposition[LETIT) will
be an essential ingredient in ChapteB where we deal with th¢time-discretized)
Richards equation in heterogeneous soil and related probhes. Since in that
chapter, too, we will mainly examine the treatment of Kirchho {transformed
problems rather than the original ones, the theory in this subsection will serve
both as a starting point (see Remark[(3:3P and Propositior—Z1) and as an
endpoint (see Proposition[3:38 and Theoreni=3:4:23) in ordeto obtain the
desired results for the original problems.

If (CR239) does not have a physical meaning, one might thinkof variational
formulations in other (possibly bigger) solution spaces orsets for p(t) which
we do not further investigate here. However, one often ignas this question
and only deals with the generalized pressure rather than thehysical one. This
can be seen in the following section, where we consider timategrated ver-
sions of [I.5.Z1), i.e. weak initial boundary value problens for the Kirchho {
transformed Richards equation (with and without Signorini-type conditions) on
the time cylinder Q = (0; T), for which unigue solvability is known.

1.6 Overview of analytical results for the Richards
equation

In the following, we give some insight into results that have been obtained
so far in the analysis of initial boundary value problems (Caichy problems)
for the Richards equation on a time cylinder Q = (0; T). Our overview

covers a one-dimensional result by van Duyn and Peletier in 8bsection[LE1
and the elaborate theory due to Alt, Luckhaus, Visintin and Otto in Subsec-
tion LBE2. As far as the technicalities of the solution spaes for the considered
problems are concerned, we refer to the appendix, pagES2%Z4. In the litera-

ture, (initial) boundary value problems for saturated-unsaturated groundwater

ow are often presented as(evolution) dam problems and quite a lot can be
found on their analysis, see e.g. Gilardi|E3], AIt|I|2], Carillo and Chipot [E] or

Chipot and Lyaghfouri []. However, these problems often ssume the physi-
cal water pressurep 0 and the saturation to be a step function with (0) =0

and (p)=1for p> 0. We do not consider these degenerate cases here.

Obviously, whether boundary conditions of Signorini's type are included or not,
the analysis of (initial) boundary value problems for the Richards equation has
to deal with considerable di culties. This is certainly due to the nonlinearities
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involved, but also due to the changing type of the equation, vhich is elliptic
in the saturated and parabolic in the unsaturated regime with the water table
constituting a free boundary between the two regimes.

1.6.1 One-dimensional theory of van Duyn and Peletier

One of the rst papers dealing intensively with the free boundary problem from
an analytical point of view seems to be of van Duyn and Peletie [@]. But
here already, a simpli ed problem is considered only. More oncretely, in the
1D-setting = (0 ;1) and ignoring gravity, the Cauchy{Dirichlet problem for
the Kirchho {transformed Richards equation

g M (u)t = Uxx in (O;T)
uO;t) = 1, u(;t)=1 forO<t T (1.6.1)
M (u(x; 0)) = M (ug(x))  for x 2

is investigated in a straightforward weak formulation which we note below.
Here,M :[uc;1 ) ! [O;1], with uc 1, is assumed to be Lipschitz continuous
and strictly increasing on [uc;0] and M (s) =1 for s 2 [0;1 ). An initial value
Up : [0;1]! R is assumed to exist as a Lipschitz continuous function respzing
the boundary valuesug(0) = 1 andug(l) =1 as well asug(x) uc on [C;1].

We de ne the function u:[0;1]! R as
u(x)=2x 1 8x2][0;1] (1.6.2)

which is obviously a stationary solution of (T.G1).

A measurable functionu : Q ! R is called a weak solution of L&) if we
haveu 2 u+ L2(0;T;H3()) and M (u) 2 C(Q) (with u possibly altered on a
Lebesgue nullset) such that

Z:7Z, zZ,

UxVx M (U)vy dxdt = M (ug)v(x; 0) dx
0 o 0

holds for all test functions v 2 C(Q) vanishing on @@( f 0g).

The authors prove the existence and the uniqueness of such aeak solution.
Moreover, a maximum principle for M (u) is obtained, i.e. for weak solutionsu;
and u, corresponding to initial conditions up; and ugz with ugy  Ug2, we have
M (u1) M(up). As far as the regularity is concerned,u 2 L2(0;T;H?2())

can be proved without assuming further conditions, andu is a classical solution
on the unsaturated part of Q if My .o} 2 C?([uc; 0]). Finally, results on the
continuity of the function g : [0;T] ! (0;1) determining the free boundary
between the saturated and the unsaturated regime are obtaiad as well as the
convergence ofc(u(x;t)) ! c(u) ast ! 1  with the stationary solution u

in (CE2).
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We point out that these results do not apply to the parameter functions ac-
cording to Brooks{Corey since in this case,M is not Lipschitz continuous but
rather behaving like a root function, see [:32b) or [TZIL

1.6.2 Theory of Alt, Luckhaus, Visintin and Otto

A more general approach is pursued in the pioneering paper blt and Luck-
haus ﬂl] for a large class of quasilinear elliptic-parabati equations. The Richards
equation does not tinto this framework except in case of unform ellipticity, i.e.
ifkr() ¢8 2[m; m]holds for ac > 0. However, the results apply to the
Kirchho {transformed Richards equation if M is a function on the whole real
line. More concretely, starting with (CREZ){(LR8) and s(t) = ; 8t 2 [0;T],
we consider the initial boundary value problem

M(u); div ru kr(M(u)e, = 0 on 0;T) (1.6.3
u = up(t) on p (0;T) (1.6.4)

(ru kr(M(u)e) n = 0 on n (0;T) (1.6.5)

M(u) = Mg on f Og (1.6.6)

on an open bounded and connected Lipschitz domain with xed p @ of
positive Hausdor measure and y = @nhp. M : R! R is assumed to be
monotonically increasing and continuous andkr : M(R) ! R to be bounded
and continuous. With regard to the data, let up (t) 2 H( p) be the trace
of a function uP 2 L2(0;T;H()) \ L ( (0;T)) for t 2 (0;T) (almost
everywhere). Furthermore, let Mg 2 L1() with Mg mapping into the range
of M. Then the existence of a measurable functionug on  with M (ug) = Mg
can be proved.

Now, u 2 uP + L%0; T;H, ()) is called a weak solution of (CE3N(LEE] if
the following two conditions hold.

a) M(u) 2 L* (0;T;L*()) and M (u); 2 L20;T;HL () 9 and the initial
values Mg are attained in the sense
Z+ Z.:2
hM (u)¢; vi dt + (M(u) Mg)vydxdt=0 (1.6.7)
0 0

tested with all functions v 2 L?(0; T;H™ ()) \ WH0; T;L* ()) satis-
fying v(T) = 0.

b) ru kr(M(u)e, 2 L¥ (0; T)) and u satis es
Z Z:Z

hM (u)¢; vi dt + (ru kr(M(u))e,)r vdxdt=0 (1.6.8)
0 0

i 2(0- T 141
for all test functions v 2 L=(0; T;H = ().
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In (CE7) and [L&A) the expressionh ; i stands for the duality pairing of
HlD () and HlD () ORWe can replace the corresponding term in these vari-
ational equalities by ~ M (u);vdx if M(u); 2 L?(). Then integration by
parts applied to (CE&3) gives [LEB){(L.ED) if the reguhrity of the terms in-
volved allows for the application of Green's formula [I.53 or its weak coun-
terpart (RZI2). With regard to how the initial condition i s required to be
respected, observe that partial time-integration applied to (L&), if allowed,
provides 7

(M (u(x;0)) Mo)v(x;0)dx=0 8v2L!() ;

i.e. M (u(x; 0)) = Mg in L().

Amongst others, the following results are obtained in Alt and Luckhaus []]. Via
a priori estimates with respect to certain energy integralsinvolving the Legendre
transform of the primitive of M (see I[__3|4 pp. 16{20] and|ﬂ2]), the existence of
a weak solution in the sense given above is proved. Moreoveusing backward
Euler time-discretization, Galerkin approximations converge strongly to a weak
solution in the topology given by these energy integrals. Ingeneral,M (u); is not
a function. However, if M and kr are both Lipschitz continuous and the data
are su ciently regular, i.e. if u? 2 HY(O; T;:H())( ! C(0;T];H())!) and
Mo = M (up) foraug 2 uP( ;0)+ H™ (), then there is a weak solution u with
u2 L (0; T)). In fact, with these assumptions the solution constructed
by the Galerkin approximations has this property. Finally, using a maximum
principle, the authors prove the uniqueness of such a solutin assuming these
regularity conditions.

Observe here, again, that the latter assumptions are not sas ed for the param-
eter functions according to Brooks{Corey whereM is not Lipschitz continuous.
Furthermore, it is unclear whether the existence result hotls in this case since
M :(ug;;1) ! Ris not a function on the whole real line and we have the
additional obstacle condition u > u .

As regards these objections, we refer to the paper of Alt, Lukhaus and Visin-
tin [EI] in which the results from Alt and Luckhaus [ﬂ] have bee further general-
ized, rstto the situation of Brooks{Corey parameter funct ions and secondly to
boundary conditions of Signorini's type. More concretely, an initial boundary

value problem for the Kirchho {transformed Richards equat ion (LE3){(CEH)

with nonnegative up (t) and additional Signorini-type boundary conditions

u 0; v n 0; u (v n)=0 on s (0;T)

with v.= (ru kr(M(u))e,) is considered. The functionsM :Juc1l)! R

as well askr : M ([uc;1)) ! R are supposed to be continuous and monoton-
ically increasing. A weak formulation (P) of this problem is given in terms

of a variational inequality that (in contrast to (U&7l and (@@C&3d)) involves

dual convex functions (see E4, pp. 16{20]). Here, the data eed to satisfy

uP 2 HY(Q)\ C(0;T;H()) and Mg 2 L (). The solution u is required to

be in the convex setk = fv 2 L%(0:T;H()): u= up(t) on p\ (0:T)g

with M (u) 2 LT (Q)\ H(O; T;HL () 9.
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The main result in Alt, Luckhaus and Visintin [ﬁ is: There is at least one
solution to the problem (P). Furthermore, (P) is considered in the limit case
where M degenerates into a step function on the whole real line or, me pre-
cisely, to a maximal monotone multifunction. Here, an exisence result for a
very weak notion of a solution is established which is provedo have a physical
meaning in one space dimension.

Finally, we point out that in the papers of Otto ﬂ and [ﬂ] L L-contraction and
uniqueness of the solutions in the setting ofl|4] an(ﬂS], rgeectively, is proved
without assuming further regularity of the parameter functions or assuming
that M (u); is a function.

The papers ES] and Eb] seem to provide the most general andigal results
obtained so far on weak solutions to initial boundary value poblems for the
Richards equation with Signorini-type boundary conditions that also cover the
case of Brooks{Corey parameter functions.

However, it should be emphasized that in order to obtain a serinear, uniformly
elliptic operator in the main part of the spatial derivative , the whole analysis
in [%] and I_ﬂ] is carried outafter having applied the Kirchho transformation
to the Richards equation. That includes the Galerkin approximations to the
solution of the transformed equation. We point that out since we will pursue
the same approach for our space discretization of the Richals equation in
Section[ZB, which is applied to the Kirchho {transformed v ersion only.

Unfortunately, it is not possible to treat heterogeneous vesions of the Richards
equation with this approach. In general, the hydraulic conductivity K¢(X; )
can not be decomposed multiplicatively in a space-dependérfunction Kp(x)
and a factor depending only on the saturation as in [I.ZB). Mre concretely,
in the Brooks{Corey permeability function

p e()
prtkr( (p))= —
p
given in (2Z11), the soil parametersp, and can be space-dependent if the soil
is not homogeneous. Now, as noted in Remark_13.1, the Kirchih transfor-
mation ([L37]) applied to space-dependent relative permdailities kr does not
provide semilinear transformed equations in general.

In Chapter Bl we will investigate analytically heterogeneows boundary value
problems for the nondegenerate time-discretized Richardgquation involving

discontinuous soil parameters. To our knowledge, so far noralytical results on

(initial) boundary value problems for the Richards equation in a heterogeneous
case have been presented in the literature.
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Chapter 2

Numerical treatment of the
Richards equation without
gravity in homogeneous soll

2.1 Introduction

In this chapter we introduce our approach for the numerical reatment of the
Richards equation in homogeneous soil which was introduceih Chapter [
Our ansatz aims at separating the di culties contained in th e structure of the
Richards equation and treating them independently in dierent steps. First,
the nonlinearity in the spatial derivative is addressed by the Kirchho trans-

formation, which has been done in Sectioi”I13. Secondly, by auitable time
discretization in which the gravitational term in the equat ion is treated explic-
itly, the in uence of this term onto the arising spatial prob lems is minor and
easily dealt with. Thirdly, the di culty coming from the con vective part due to
gravity can be addressed by an upwind technique, independely from solving
the spatial problems. This will be done in Chapter[4. The spatal problems
arising after the time discretization and their solution are the main topic of
this section. They will be treated in full generality for the Richards equation
with gravity. Nevertheless, the performance of the solutiom method for the spa-
tial problems can already be demonstrated for the Richards guation without

gravity.

We start the presentation in Section[Z2 by giving some overiew of the nu-
merics that has been done so far for the Richards equation. Tis will contrast
with our approach which is presented in the following sectims beginning with
our implicit{explicit time discretization of the Kirchho {transformed Richards
equation in Section[Z3B. With this discretization each of the arising spatial
problems is a variational inequality in a convex subset of a 8bolev space.
Equivalently, such a variational inequality can be regarded as a convex mini-
mization problem for which we give analytical results including existence and
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uniqueness of a solution in that same Sectioir213. A generahtion and refor-
mulations of this continuous problem are discussed in term®f variational in-

clusions and further variational inequalities in SectionZ4. Equipped with these
results, we introduce our nite element discretization of the continuous prob-
lem in Section[ZB, in which we also prove convergence of thenite dimensional
solution to the continuous solution. The nite dimensional spatial problem is
treated, without using further regularization, by convex minimization, the ba-

sis of which is a nonlinear Gauss{Seidel method presented iBection[Z®. This
method serves as a smoother for the monotone multigrid that povides a non-
linear solver for the discrete problem and that will be descibed in Section[Z].
Finally, in Section 28 we give numerical results for the saltion of the Richards
equation without gravity which demonstrate the e ciency an d the robustness
of our solver for the spatial problem.

2.2 Previous numerical approaches to the Richards
equation

A lot of work has been done in recent years on the numerical argsis and the
numerical solution of the Richards equation. In the literature dealing with this

topic the time discretization is mostly based on the full badkward Euler method.

This avoids time step restrictions regarding the stability of the numerical scheme
which arise due to the convective (gravitational) term in the equation.

As far as the space discretization is concerned, intensiveesearch has been
done on the nite volume method in Fuhrmann [@], Fuhrmann and Lang-
mach m], Eymard et al. EV , l[_—ab] and on the mixed nite elenent method
in Soucie Eb], Schneid et al.L[84], Radu et aIL_[_’VG]. In Basdin et al. ﬂ] dis-
continuous Galerkin schemes are used before the time dis¢ization is carried
out such that ordinary di erential equations are obtained. A nite element
method applied to the Richards equation in the physical formis investigated
in Forsyth and Kropinski [% concerning monotonicity of the discretization.
Earlier works by Hornung [48], [Zib] contain a longitudinal line method and a
nite element method, respectively, for the Richards equaion without gravity,
which can be regarded as a degenerate Fokker{Planck equatio A mixed nite
element method for an equation similar to the Richards equaibn, in which the
physical pressure can be written as a function of the saturaéibn (in contrast
to (LZ9)), is presented in Arbogast et al. EV].

The numerical results in Fuhrmann @] and ELb] are obtainedby the appli-
cation of an algebraic Newton multigrid applied to a nonlinear nite element
and nite volume scheme, respectively, for the Richards eqgation in its phys-
ical form (LE). Stability and existence of solutions forthe latter is proved
in Fuhrmann and Langmach [Zi] under smoothness conditionsrothe param-
eter functionsp 7! (p) and 7! kr( ). Of course, smoothness together with
Lipschitz continuity of the parameter functions is also required for a successful
application of Newton's method. With Regard to these regulaity conditions,
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we note that in Fuhrmann [] and @] as well as in Wagner et al [@] and
in Knabner and Schneid EIB], the parameter functions are cheen according to
van Genuchten @L].

An advantage of the nite volume scheme for the physical Riclkards equation is
that it provides discrete mass conservation which re ects he mass conservation
in the continuous case. In addition, this approach is exible with respect to vari-

ations of the conductivity and the soil parameters in the relative permeability

function kr and can therefore be successfully applied in case of hetemgeous
soil, too. This is done in Fuhrmann @] and Fuhrmann and Langnach [Zi].
On the other hand, the performance of the Newton method is notrobust in the

case of deteriorating slopes of the parameter functions.

High exibility and lack of robustness also apply to the nit e volume approach
persued in Wagner et al. l[_—Qb] for a regularized and a transfoned version of
the physical Richards equation. Here, a Schur complement mitigrid is used
as a solver for the linear systems obtained by the Newton methd. This was
particularly designed for problems with strong variations of the hydraulic con-
ductivity Kn(x).

Convergence of nite volume schemes is proved in Eymard et al@] and E‘S].
In [@] the Kirchho {transformed Richards equation (L5.Z]) is treated, how-
ever, assumingM to be Lipschitz continuous. In ﬂé] the physical Richards
equation (L5) with the piezometric headp=<%{Q z as the unknown is con-
sidered, but here, the nondegeneracy conditiokkr ¢ > 0 is required.

Also assuming nondegeneracikr ¢ > 0, convergence of a linearization scheme
for the Richards equation is proved in Slodcka [87]. The linearization is applied
to the implicitly time-discretized Richards equation in physical form without a
discretization in space.

A priori error estimates for mixed nite element discretizations of the Richards

equation are proved in Soucie|E8], Schneid et al|:[b4] and Ra et al. B].

It seems that error estimates for the Richards equation withthe physical pres-
sure as the unknown can only be found in SoucieELB8]. Here, hewer, gravity

is ignored and a model with slight compressibility of the water is used. In ad-
dition, except for the derivation of estimates for the H ‘-norm, boundedness
of (p); or ellipticity kr ¢ > 0 is required.

In Schneid et al. @1] and Radu et aI.EZb] the Kirchho {transformed Richards
equation is considered in a time-integrated form. Error esimates are proved
for the semidiscrete and the discrete scheme. But to obtaintis, M needs to be
continuously di erentiable and Lipschitz continuous. As in Fuhrmann [@] and
Wagner et al. @], the resulting equations are solved with Mwton's method
(see also Knabner and Schneid_[53]).

Despite the many results in the literature presented so far a the numerical
treatment of the Richards equation, no robust solver of the patial problems
occurring after time discretization seems to be at hand. In he next section, we
present a time discretization of the Kirchho {transformed Richards equation
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that | in case of a homogeneous soil | can be treated by convex m inimization
rather than regularization. The resulting spatial problems can then be solved
robustly by a monotone multigrid method.

2.3 Time discretization and convex minimization

In this section, we present our special time discretizationof the Richards equa-
tion and our approach to solve the corresponding spatial prblems using convex
analysis. The basis for our numerical solution of the Richads equation is the
variational inequality (L52T) which for any t 2 (0; T] is a weak formulation of
the Signorini-type problem (L54){(L.5.7) for the Kirchh o {transformed version
of the equation with the Brooks{Corey model. For reasons of iotation, we set
fn(t) =0 8t 2 (0; T] without loss of generality and we obtain the variational
formulation to nd u(t) 2 K (t) with
Z Z
M (u(t))¢ (v u(t)) dx + ru(tr (v u(t)) dx
Z
kr(M (u(t)))er (v u(t))dx 8v2K(t) (2.3.1)

in the convex setK(t) introduced in (CRTY).

Remark 2.3.1. We point out at this stage that our further treatment of the
variational inequality (Z3I) does not depend on the spedl form of the func-
tions M and kr in the Brooks{Corey model but on their basic properties. In
what is to come in this section and in the following sectionswe will make clear
where these properties are required and often keep the pres@tion as general
as possible. Therefore, the results can also be applied to ¢hRichards equation
with other parameter functions like in the van Genuchten model @]. (Recall
that an advantage of the Brooks{Corey model is that the Kirchho transfor-
mation and the transformed parameter functions can be givenexplicitly, see
Section[I:3.) Moreover, our results are open to generalizains which will be
essential in the treatment of the Robin method for the Richards equation that
we address in Sectioi.z314.

2.3.1 Implicit{explicit time discretization

With regard to our aim to apply convex minimization rather th an regular-
ization to the spatial problems arising from the discretization, we choose our
time discretization to be implicit in the main part of the equ ation and ex-
plicit in the convective part coming from the gravitation. T his is already in-
dicated in how the variational inequality (£:31) is formulated. For a partition

O=tog<ti<:i:<tny=Tof[0;T]and =ty t, 1forn2fl:::;Ng, we
discretize M (u(ty))¢ in (E30) by the backward Euler di erential quotient

M(u(tn)) M (u(ta 1)) .

n
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setting r u(t) on the left hand side implicitly r u(t,) and kr (M (u(t))) on the
right hand side explicitly kr (M (u(t, 1))). Thus, with a given u(0) = u® and

the discrete version of [Z31) reads: Findu" 2 K (t,) with
Z Z

M@ (v uMdx+ , ru"r (v u")dx (2.3.2)
Z Z
M@ H(v uMdx+ , kr(M@Uu" Ner (v uM)dx 8v2K(tn):

In order to proceed from here, we need to take a close look at thstructure
of this variational inequality. Since in the following we only consider spatial

K:= K(y) H()andalso p:= p(th), s:= s(th)and n:= n(th) as
well asup = up(ty), i.e. we can write
K=fv2H): v u~tr ,v=up ~tr ;v 0g: (2.3.3)

Recall from Proposition[5.3 that, with an appropriate choice ofup 2 H2( p)
compatible to the Signorini-type boundary conditions and the constraint uc, the
setK is a nonempty, closed and convex subset dfl ().

We de ne the symmetric bilinear form a( ; ) on H() by
Z
a(v;w):= , rvrwdx 8v;w2H) : (2.3.4)

Of course,a( ; ) is continuous onH (), i.e. there isa C > 0 such that
a(v;w) Ckvkikwk, 8v;w2 HY() : (2.3.5)

It is well known that a( ; ) is coercive on the subspacél 1D (Yforany p @
with a positive Hausdor measure (see Theoren[AZb), whichwe assume here,
i.e. there is ac > 0 such that

a(v;v) ckvki 8v2H' () : (2.3.6)

This inequality leads to the following property of a(; ) on an a ne space Pp
in H() containing K which can be regarded as a more general notion of
coercivity, see PropositionCZZ3Tb.

Lemma 2.3.2. Letw2 H?'() withtr ;w= up andPp := w+H?™ () . Then
we haveK Pp, and with the constant ¢ from (E238) and certain positive ¢;
and ¢, we obtain

a(v;v) ckvk? cikvk; ¢ 8v2 Pp:
Proof. K  Pp is obvious fromK w H?' (). Now, setting v=w+v2 Pp
with v 2 H® () and using (ZZ5) and (ZZE), we obtain
a(v;v) = a(v;v) +2a(w;v¥) + a(w;w) ckvk? 2Ckwkikvk; Ckwk?
which can be further estimated from below by
ckvk?  2(C + c)kwkikvk;  (3C + c)kwk?: O
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If M :Jug;l)! Randkr:M(uel))! R are monotonically increasing and
bounded functions, the linear form™ on K H?*() de ned by
Z z
‘(v):= M@U" YHvdx+ 5 kr(M(@U" Y)er vdx 8v2 HY() (2.3.7)

is continuous, i.e. an element oH () © Now, replacing u" by u, we can write
(233) more compactly as the variational inequality
z
uz2K : M(u)(v u)dx+a(u;v u) (v u) 0 8v2K: (2.3.8)

2.3.2 The convex function and its properties

With regard to the rst integral on the left hand side of (Z.3-8)), we de ne the
function :[ ucg;1)! R as the integral
Z z
(2):= M(s)ds 8z 2 [uc1l) (2.3.9)
0

which turns out to be a convex function if M is monotonically increasing. Con-
cerning the Richards equation with parameter functions acording to Brooks
and Corey, we have calculated in (L32Z4). In general we ned to assume
Uc < 0 in the de nition (2:39).

For what is to come we recall the de nition of convex functionals and some of
their properties (see Eb pp. 144{156] andﬁo, pp. 45{47]of details).

De nition 2.3.3.  Let V be a real vector space andK  V a convex set, i.e.
fory;z2 K and 2 (0;1)wehave (1 )y+ z 2K.F:K! Riscalleda
convex functional if

F(@ Jy+z) @ )R+ F(2) 8y;z2K:

If the inequality is strict in all cases wherey 6 z, F is called strictly convex.

The next lemma points to the one-dimensional nature of conve functionals and
is easy to prove.

Lemma 2.3.4. Let V be a real vector space anK V a convex set. If
the functional F : K ! R is convex andu;v 2 K, then the real function
g:[0;1]! R dened by

g()=F(u+ (v u) 8 2[01]

is also convex.

In the following we note a criterion for the convexity of real functions and a
fundamental property of real convex functions. Both facts will be very helpful
in the sequel.
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Lemma 2.3.5. Let | R be an interval. Then forf : 1 ! R the following
holds.

a) f is convex if and only if the inequality

f(z2) f(z) f(z2) f(2)
zZ 71 Z2 Z

holds for any z;;z;z, 2 | with z; <z <z ,.

b) If f is convex, then for anyz 2 | the di erence quotient
_ty) @
y z

is a monotonically increasing function ofy 2 | nfzg.

2(y) :

These monotonicity properties of slopes of convex functios are well known and
easy to derive from the de nition.

Now we can relate basic properties of in (Z33) to properties ofM .

Lemma 2.3.6. LetM :[uc;1)! R be monotonically increasing. Then in
(Z33) is convex. is dierentiable (from the right) in uc, and, in addition, we
have Quc) = M (uc) if M is continuous in uc. Furthermore, s di erentiable
in z 2 (uc;1 ) if and only if M is continuous in z, which is true for all but
countably many points, and in this case Yz) = M (z) holds. If M is bounded,
then s Lipschitz continuous with Lipschitz constantkM Kk .

Proof. SinceM is monotonically increasing we can estimate

R, R
M (s)d 22
(s)ds 5 M(sz)ds M (22)

M(z)) 22— IlimM(y) M(2) IlimM(y)
Z 77 y'z y#z
for z1;z;2, 2 [uc; 1 ) with z; <z <z ,. Then, with

R R
(2 (z)_ 4M@Eds  "EPMEds_ (z) (2)
zZ 71 zZ 71 Z> Z Z; Z

we immediately obtain the convexity of from Lemma Z_35]a).

The same estimates show the one-sided di erentiability of on [uc;1 ). Fur-
thermore, we obtain  Yz) = M (z) if and only if M is continuous in z, which is
the case in all but countably many points z 2 [uc; 1 ) due to the monotonicity
of M (see I[Eb p. 103]).

The assertion about the Lipschitz continuity of follows in the same way. [

We remark that, except for an additive constant, every convex function on an
open interval has a representation as in[Z319) (seHEG, [1.56] and E{B p. 488)).
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Observe that LemmalZ3® then states that di erentiable corvex functions are
immediately continuously di erentiable. We emphasize that the special situa-
tion in the endpoint uc is crucial for our further analysis and the main result
of this section, Theorem[Z3Ib. We refer to the SectionE_ll.4nd [Z4 for the
situation of a discontinuity of M in uc with regard to the Richards equation.

2.3.3 The convex functional and its properties
Now the function gives rise to a functional :K! R by
A
(v) := (v(x))dx 8v2K (2.3.10)

which is well-de ned if is Lipschitz continuous. Convex fu nctionals arising
from this de nition are investigated in a more general setting in Kornhuber [E].
Here we note their basic properties in our case.

Proposition 2.3.7. If is a convex function, then :K! R s a convex func-
tional. In addition, if  is Lipschitz continuous, then is Lipschitz continuous,
and, with a C > 0, satis es

j (v)j Ckvk; 8v2K: (2.3.11)

Proof. The convexity of follows directly from the convexity of the function .
Also, Lipschitz continuity of  follows directly from the Lipschitz continuity
of since the Lipschitz constant L of and the Cauchy{Schwarz inequality in
L2() provide C = L klk_z() with
Z
i (V) (w)j JOv(x))  (w(x))jdx Ckv  wkyzg Ckv  wky

for all v;w 2 K. In particular, this leads to (E37T1)) sincew = 0 2 K and
(0)=0. O

In order to see how is related to the rstintegral on the left hand side of (£:38))
we recall de nitions of di erent notions of derivatives (co nsult e.g. @l p. 23]
and @ p. 113]). We use the duality bracketsh; i for the duality (V& V).

De nition 2.3.8. Let F:S! R onasubsetS V of anormed spaceV,
u2Sandv2yV.

a) Ifthereisan"> Osuchthatu+ v 2 Sforall 2 [0;"], we call

Fu+ v) F(u

QF (u) := Iirg0 (2.3.12)

the directional derivative of F at u in the direction of v if the one-sided

limit in (Z312) exists.
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b) If, in addition to a), there is a u®2 V°such that
@F(u)= hu®vi 8v2V;

then F is called Gateaux{di erentiable at the point u with the Gateaux{
derivative Fqu) := u®

c) If u is an interior point of S and, in addition to b), the convergence
in (E3.137) is uniform with respect to the elements in the unt ball of V,
then F is said to beFechet{di erentiable and F Yu) is called the Fechet{
derivative of F at u.

Proposition 2.3.9. Let :[ ucl)! R be convex and dierentiable. Then,
for any u;v 2 K the directional derivative @ , (u) exists and can be written

as
4 z

@ u (u)= QUEO)(v(X)  u(x)dx = MUE)(v(x) u(x))dx:
(2.3.13)

Proof. If u;v 2 K, we obviously haveu+ (v u) 2K for 2 [0;1] sinceK is
convex. We setw := v u and consider the di erence quotient

U+ w) W _ 7 (up+ wx)  (u) dx (2.3.14)

as #0. In light of Lemma 233 b) we obtain

(u)+ w(x) (ux) (ux)+wx) (u) _. G(x)
1 ;

forw(x) Oand 2 (0;1] and

(ux) w(x) (ux) (ux)+ w(x) (ux)
1

for w(x) Oand 2 (0;1]. Altogether, the integrands in (Z3I4) are bounded
by the integrable function max(jH ()j;jG()j) on independently of 2 (0;1].

H(x) =

Due to the di erentiability of , the pointwise values of the integrands

(u)+ w(x) (ux)

converge to  qQu(x))w(x) almost everywhere in as # 0, even as a mono-
tonically increasing sequence fow(x) < 0 and as a monotonically decreasing
sequence fow(x) 0 due to LemmalZ35 b).

Consequently, by the theorems of Lebesgue or of Beppo Levige @3 p. 492]),
we get the convergence of the integral in[Z314) and the asstion (22313) with
0= M from Lemmal[Z338. O
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Remark 2.3.10. Note that the proof only uses the convexity of :[uc1)! R
besides its di erentiability. Of course, applying the mean value theorem, bound-
edness of 9= M also leads to [ZZ37IB) without assuming convexity.

Observe that if M : [uc;1 ) ! R is monotonically increasing and bounded and
u 2 K, then the map
Z

w7 Mue)w(x)dx 8w 2 H()

de nes a bounded linear functional onH (), i.e. we obtain Gateaux{di erenti-
ability of in HY().

We remark that one obtains analogous results for de ned on the whole space
H() in (2EZIO0if M is de ned on the whole real line or if M :[ug;1)! R
is extended by M (ug) on (1 ;uc). In this case, if M is uniformly con-
tinuous and bounded, one can show that the Gateaux{derivaive mapping
O:H1() ' HY() %is continuous (with respect to u 2 H()). It is even
Helder continuous with a Helder exponent 2 (0;1] if M is Helder continu-
ous with the same exponent. For these two results consult Prpositions [Z5T1
and Z512. Note that in the Brooks{Corey case [[I.3B),M is Helder con-
tinuous. Now, continuity of °: H%() ! H?() °guarantees the Fechet{
di erentiability of  on H2(), see [08} p. 120].

2.3.4 From the variational inequality to a convex minimizat ion
problem with a unique solution

With Proposition Z39land our notation in (£34) and (E37), assuming con-
tinuity of M, the variational inequality (Z:338]) for the solution u 2 K reads

@y (W+a(u;jv u) (v u) 0 8v2K: (2.3.15)

Now, it is well known that the quadratic functional J : H%() ! R de ned by
J(v) = %a(v;v) “(v) 8v2HY) (2.3.16)

is strictly convex (see Eh p. 36]) and continuous ifkr and M are monotoni-
cally increasing and bounded (see[[Z315) andZ3.7)), wit the bilinear form
in (£23.4)) which is coercive onH 1D () and satis es Lemma 2.3 7] Furthermore,
its Fechet{di erentiability in  u 2 H?*() with the derivative

Ju)(v) = @J (u) = a(u;v) “(v) 8v2HY) (2.3.17)

is easy to see, too (cf.ﬂo, p. 4]).
Consequently, the functional F : K! R de ned by

F(v):= (v)+J(v) 82K (2.3.18)
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is strictly convex with existing @ F (u) for any u;v 2 K, and [Z38) has the
following form: Find u 2 K such that

@ JF(u) 0 8v2K: (2.3.19)

Now, this variational inequality can be regarded as a convexminimization
problem. For this equivalence we refer tol[34, p. 37], howeve we state it in
a more general form using only directional derivatives.

Proposition 2.3.11. Let V be a real vector spaceK V a convex set and
F : K I R a convex functional whose directional derivative@ ,F (u) exists
for all u;v 2 K. Then

U2K: @ oF(u 0 8v2K (2.3.20)

is equivalent to
u2K: F(u F(v) 8v2K: (2.3.21)

Proof. Assuming (Z320), for anyv 2 K and 2 (0; 1] we can estimate

Flu+(v u) Fu) Fu+ (v uw) F@
1

if we consider LemmaZ3¥ and Lemm&2Z35 b). Passing to thémit  #0, we
obtain

F(v) F(u)=

F(vy F(u @ yF(u) O:
Conversely, if (ZZ321) is satis ed, for any 2 (0;1] we have
F(u+ (v u) F(u 8v2K
and consequently

Fu+ (v u) F(u) 0 8v2K

which leads to (Z320) for #0. O

Remark 2.3.12. In general the inequality (Z3220) does not only account for
the fact that u could be an element of the boundary@K Strict inequalities can
occur in such a case, but they can also occur for an inner point of K, e.g. in
case of the absolute value functionF : x 7! jxj on K =[ 1;1]. If, however,
u is an inner point of K (which is always true if K = V for example) andF is
Gateaux{di erentiable in u, then (Z320) is always an equality and is in fact
equivalent to

@F(u)=0 8v2V or FYu)=0: (2.3.22)

Let B-(u)=fv2V : :kv uk<"g intK with a certain "> 0. Then for any
v 2 B-(u) we can insertv = u++v 2 K in (£2320) to obtain @F(u) 0 for
w = v and conclude Z32PR).
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In the following, we cite the well-known general existence ad uniqueness re-
sult for convex minimization problems (Z3Z1) in re exive Banach spaces, the
proof of which can be found in Ekeland and Temam|E4, p. 35]. Weecall two
important terms (cf. [@, pp. 8{10, 34]).

De nition 2.3.13. Let V be atopological space anK V nonempty, closed
and convex. A functionalF : K ! R[f +1g is calledlower semicontinuousif
liminf,, vF(w) F(v)holdsforallv2 K (with w2 K). A convex functional
F:K ! R[f +1g is called proper if it is not identically + 1 . In this case
domF = fv2 K : F(v) < 1g is called thedomain of F.

Remark 2.3.14. Asin [@] one often prefers to work with the canonical exten-
sionF:V! R[f +1g of F:K ! RJ[f +1g whichis given by F(z) =+ 1
forall z2 VnK. Then, since K is nonempty, closed and convexF is lower
semicontinuous and proper if and only ifF is, and the minimization problem
&Z3213) for F on K is equivalent to the corresponding minimization problem
for FonV.

Proposition 2.3.15. Let V be a re exive Banach spaceK V a nonempty,
closed and convex subset of and F : K | R[f +1g a convex, lower semi-
continuous and proper functional. Furthermore, let F be coercive, i.e. for any
sequence(up) K with kupk!1  we haveF(u,)!'1 . Then the minimiza-
tion problem [Z321) has a solution. It is unique if F is strictly convex.

Now we can state the main result of this section.

Theorem 2.3.16. Let K H?Y() , a(;) and () in (Z338) be de ned as at
the beginning of this section. IfM :[uc;1 ) ! R is monotonically increasing,
bounded and continuous anckr : M (R) ! R is monotonically increasing and
bounded, then the variational inequality [Z:3:8) has a unige solution. More
speci cally, it is equivalent to the minimization problem

u2K: Ju+ (u J (vW+ (v) 82K (2.3.23)

with J and as de ned in (Z318) and in (E2310), respectively.

Proof. We only need to check that F = J + on K satis es the condi-

tions required in Proposition ZZ3.I3. The Hilbert spaceH () is re exive and

K HZ() is nonempty, closed and convex. F : K ! R is strictly convex

sinceJ s strictly convex and is convex, andF is proper. Furthermore, F is

lower semicontinuous since it is continuous as] and are, see [Z316) and
Proposition Z3-4. This latter proposition and Proposition 2232 provide the
coerciveness ofF by

i3+ (V) %a(v;v)j Wi W) %ckvki (ci+ Kk+ C)kvky cp!1

for kvk; '1 ,v2K. O
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Remark 2.3.17. Note that, to guarantee coerciveness ofa( ; ), we always
assume p to be a subset of@ with a positive Hausdor measure. Also note

that we can admit fn 6 0 and still obtain the result in Theorem £316l since
fn contributes to the linear functional “() only. By the trace theorem [AZ.3,
continuity of the corresponding expression given by the inegral in (C22Z1) with
respecttov u?2 HlD () is given for any fy 2 L2( ).

As a further generalization, we can easily extend our theoryto space-dependent
functions n( ) for the porosity and K, () for the hydraulic conductivity as given
in the original Richards equation (IZ317) or (I3I8). As bng asn( ) is a non-
negative and bounded function, our results above can be caigd over without
further change if we replace (v(x)) by n(x) ( v(x)) in (Z3I0) and M (u(x))
by n(x)M (u(x)) in Propositions 2314 and[Z39 and in RemarkZZ3TI0. With
regard to the hydraulic conductivity, it is clear that we need to impose bound-
edness ofK() and Ky() cforac > 0 in order to preserve the continuity
and the coerciveness o&( ; ).

We point out that Theorem E3TH also holds for monotonicaly increasing,
bounded and continuous functionsM : R! R de ned on the whole real line.
In fact, this leads to an easier problem [Z33B), in which is de ned and
Gateaux{di erentiable on the whole space H (). To reduce it further, assume

that s =; andup =0on p. Then 33) is equivalent to the variational
equality
z
1 . . \ — 1
u2H% (): M(u)vdx+a(uv) “(v)=0 8v2H' () (2324

according to Remark[Z:3ZP. Forup 6 0O, too, we obtain a variational equality

1 @Y . A Wi 1 _

g]sl_v'vél(azsflfzm I—Ezl @) ir? 3(/2rl?:’§£2:);(1§]0rrlljparlvw:ljla\;v;t(?lI(;/\\/Ivi (%nii St(rac[t)i:;vn ﬁl?.
D

Recall from Section[T# thatM : R! R occurs for the Richards equation if

kr is replaced by akr which is uniformly bounded away from O and, as a

discontinuous function, in certain hydrologically reasorable limit cases.

Finally, we remark that boundedness ofM is not necessary for Theoreni-Z3.16
to hold. For example, one could replace boundedness & by

Helder continuity of M outside of an interval[ R;R] (2.3.25)

for an R > 0, leading to an a ne estimate on the right hand side of (23711)
which is not hard to see (consult e.g. Kornhuber@g, pp. 22{8]). In the next
section we give a generalization of TheorefiZ316 fdt = H™ () in which we
can even omit the requirement forM to be continuous, thus addressing limit
cases for the Richards equation as discussed in Secti@n1l./ote that conti-
nuity of M is only needed (in PropositionZ:3®) for the equivalence ofZ38)
and [Z3:23), and that monotonicity and boundedness (or[Z3.23) instead) ofM
is enough to ensure the coercivity ofJ + and therefore guarantee unique

solvability of (E:323)).
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2.4 Variational inclusions and further variational in-
equalities

The purpose of this section is rst to generalize and secondl to reformulate
E&33) or equivalently :323) in terms of further variational inequalities and
also in terms of variational inclusions. Some of these refonulations are of
interest in themselves (e.g. leading to a straightforward poof that (EZIT) is
well-posed at the end of this section), and some of them will b helpful in the
analysis of our space discretization which will be carried ot in the next section.
Besides, they will serve as a starting point for the numericé solution method
that we apply to the spatially discretized problem in Section Z8 and SectioTZ¥ .

2.4.1 Subdierentials and a variational inclusion for the | imit
cases

We proceed by giving a generalization of TheorenlZ2:3716 to mmotonically in-
creasing but possibly unbounded and, moreover, discontinousM : [uc;1 ) ! R
orM :R! Rincase ofK = H 1D (). Even though such a situation does not
occur for the Richards equation with continuous parameter finctions as intro-
duced in Section[LR2, one might think of it as a limit case of tte Brooks{Corey
model (Z9) and [TZZ7ID) for deteriorating soil parametes p, and where the
parameter functions degenerate into step functions. A detded discussion of the
limit cases for the Brooks{Corey model and also of the nondegnerate case can
be found in Section[T#. Recall that in hydrological applicdions M might be
close to a step function, see FigurEZL11. In the limit case®f the Brooks{Corey
model (see [T.4bB) and[[T.417) or[[T.Z73) andL.Z15), rpectively), M is dis-
continuous in u¢ (and constant otherwise). However, the exact value oM in uc
is \less important" than the argument uc itself whose role is to just represent
the unsaturated regime in these cases. This phenomenon israhdy re ected
by (CZY) or (CZI3), respectively, and a wider mathemattal basis for it is
developed further in the following.

Observe in the proof of LemmalZ3b that for any pointzg 2 (uc;1 ) we still
have

(z) (z0) mg(z z9) 822R (2.4.1)
for all
Mz, 2 [lim M (y); lim M (y)] =: Iz, (2.4.2)
Y20 y#zo

even if M is not continuous in zo, and certainly with 1,, = f 4zp)g = fM (z0)g
if M is continuous. More generally, the proof of PropositionZZ3[1 shows that
for convex F : K! R we have

F(v) F(wvo) @ F(vo) 8v2K (2.4.3)

wherever@ ,F (Vo) exists. This remains true for allv 2 H1() if we extend F
according to Remark[Z:3I#. The following de nition contains the well-known
generalization of this phenomenon.

70



De nition 2.4.1. Let V be a normed spacefF : V! R[f +1g a convex
functional and vo 2 domF. Any element g 2 V°with

F(v) F(w) hg;v vy 8v2V

is called asubgradientof F at vo. The set @HKVvp) of all subgradients is called
the subdi erential of F at vo and dom@F:= fv2 domF : @Kv) 6 ;g.

Obviously, the subdi erential @ Fis a multivalued function @F: dom @ F! Ve,
Now, let the scalar convex function de ned in (Z:339) be canonically extended
by +1 on (1 ;uc) asin Remark[Z3T3. Furthermore, forM :[uc;1)! R
as above and the de nition in (Z42), we de ne the corresporing multivalued
function NI : [uc;1)! 2R by

M(Z0) := Iz 8202 (ug;l ) and M(ug)=( 1 ;Llji;m M (u)] : (2.4.4)

Then, in light of Lemma E238, we obtain@= M and dom@=[ uc;1 ). This
scalar multifunction is maximal monotone which means that if

(mz mg)z zp) 0 8z2dom@ 8m;2 @ z)

holds, then we havezg 2 dom@and mz, 2 @Q( zo) (see Kornhuber Eb p. 33)).

It is clear that for the de nition of M we only needM to be monotonically
increasing. In addition, we point out that the above consideations can anal-
ogously be carried out for any functionM : R! R de ned on the whole real
line instead of on ;1 ) as long as it is monotonically increasing.

In either case, however, we now want to restrict ourselves ommonotonically
increasing functionsM for which

(v)2L%) 8v2HY)

holds and (Z3Z3) is uniquely solvable for the correspondig convex function

in (E39) with @= Nr. This is of course satis ed for any hydrologically inter-
esting M (see Sectiof_T}), which is bounded, but also for certain unbunded
M as in (Z32Z%). With the notation

@ Vo) := fw2 L2(): w(x)2 @ vo(x)) a.e. on g (2.4.5)

for avp 2 HY() we write ( @ Vo); )L2() to indicate the corresponding sub-
set of all bounded linear functionals onH () arising, by application of the
L2-scalar product, from elements of the subdi erential M = @ of the scalar
convex function . Observe that for any w 2 @( vo) we have

Z Z

w(x)(v(x)  Vo(x)) dx (v(x))  (vo(x))dx (2.4.6)

which provides the inclusion (@( vo); ) 2() @ (Vo). Infact, (@( Vo); )L2()
is the subset of all elements in@ (vo) H1() °which are also functionals
on L2(), see Barbu [9] pp. 61/62].
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For the following very general existence result we assumeg = ; and homo-
geneous Dirichlet conditions on p. Neumann conditions on y can be cho-
sen according to RemarkCZZ37. In order to motivate what is 6 come, we
rst assume that we have a monotonically increasing and coninuous function
M :R! R which is bounded or else satis es property [Z-325). Then webtain
K=H 1D () and the variational equality (2[3Z4}]as an equivalent f ormulation
of 33). Now, in the general case of monotonically incresing and possibly dis-
continuousM : R! R asin the limit (LZ25) of the nondegenerate casd{1.4.18)
for the Richards equation, we replaceM by the multifunction M = @. Then,
while taking (£4.8) into account, we can consider thevariational inclusion

u2HL () 0 2 (M(u);v)z +a(uv) “(v) 8v2HL () (24.7)

as a generalization of Z3224). More precisely[1Z4.7) lsmto be understood as
the inclusion of the O-functional on H 1D () in the subset

(@ u); )z +au) ()

ofH 1D () © A solution u of (ZZ1) is therefore accompanied with arl_ 2-function
wy 2 @( u) such that

(Wy; V)L 2y +a(u;v) “(V)=0 8v2H' () (2.4.8)

holds, and sinceH 1D ()isdensein L2(),itis clear that w, is uniquely de ned
for any solution u of (ZZ4). The existence of a solution is guaranteed in a ver
general setting, and the following theorem can be found in a rare general form
in Jerome El pp. 91{94].

Theorem 2.4.2. For monotonically increasingM :R! RorM :[ug;1l)! R
for uc < O with a coercive and continuousa( ; ) and™ 2 H® () © the variational
inclusion (£:4-7) has a solution.

Remark 2.4.3. Note that the theorem is not restricted to functions M de-
ned on the whole real line, in fact one can apply itto M : 1 ! R on any
interval | R with O in its interior. In particular, the range of the soluti on
u is contained in this interval. Moreover, the translated M ( + up) is also an
admissible maximal monotone multifunction if ug > u.. Therefore, the theorem
covers at least constant Dirichlet boundary conditionsug (see RemarkZZ:3T17).
The question how far this result can be extended to more genet boundary
conditions shall not be further discussed here.

Since we are particularly interested in hydrologically reevant M and we want to
have a unique solution of [Z:3ZB), we assumkl to be monotonically increasing
and bounded from now on and still assume as given in [Z3®). For discontin-
uous M we cannot relate the variational inequality (Z238) to the convex mini-
mization problem [:3223) as done in PropositiondZ319 anf.3T1. However, it
will turn out later (see Proposition £4.8)) that a variation al inclusion (Z41) is
related to the corresponding convex minimization problem EZ:3Z3) in the sense

that every solution of (E244) solves [Z.32B), too. But sirte (Z32ZB) is uniquely
solvable, we obtain the following
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Proposition 2.4.4.  For monotonically increasing and boundedM : R! R or
M :[ue;1) ! R the solution of (Z:4.7) given in Theorem[Z.42 is unique.

Observe that wy in (£4.8) is de ned almost everywhere in the set
c:=fx2 : ux)=t; aeg (2.4.9)

for any discontinuity tc of M. Theorem[ZZ2 does not give any further infor-
mation on the values ofwy in t¢, but since u is unique, the variational equality
E324) cannot be solvable for a discontinuouM if ( has a positive Lebesgue
measure and the valueM (u.) is incompatible to the values ofw, on .

Remark 2.4.5. With regard to the hydrological limit case given by the step
function Mg : [uc;1 ) ! Rin (LZH) and (.Z14) and the corresponding mono-
tone multifunction in (ZZ39], we consider the constant function M : u 7!
on [ucg; 1 ) as in the limit case (LZI3) with someuc < 0. In order to motivate
with the help of Theorem[ZZ4.3 that both cases could be interpeted as a similar
problem, we still assume s = ; and up = 0. Note that for the discontinuous
function My we can neither show the equivalence of the corresponding viar
tional inequality (Z3.8) and a convex minimization problem (Z£:3:23), nor do we
obtain a variational equality in this case for these relaxedboundary conditions
(see RemarkZZ32R). The latter is also true for the constanfunction M. But
we can still consider the minimization problem (ZZ3Z8) for Mg which is, how-
ever, the same as the one foM and in this sense not re ecting the di erent
variational inequalities (£23.8)) generated byMy and M . SinceM is continuous,
the solution
u2K =fv2H" (): v ucaeg

of @Z323) solves [Z3B) according to Theorenl Z316. Inhe variational in-
clusion ZZ41), which u solves due to TheoremZZZ]2 and Proposition 2218,
the (constant) function M (u) in (E2338) is replaced by aw, 2 Nt (u), i.e. with
Wy M (u) almost everywhere. Ifu is an inner point of K, the variational
inequality (E238) is equivalent to the variational equality (E23224]) due to Re-
mark Z323. Then, we concludeM (u) = Mg(u) = wy = u almost every-
where. However, we can have strict inequality in [Z3B) if . in (E49), with
Uc = H¢, has a positive Lebesgue measure and we have a test functian2 K
with v(x) > u (x) = uc almost everywhere on .. In such a case we obtain

(M(ue) wy;v u)z >0

if we subtract (Z24.8) from (£23.8). Therefore, we necessdy have

Wy(X) <M (ug)= M on ¢

with an 2 of positive Lebesgue measure. Even though we do not know the
values ofw, on , we can interpret wy, 2 M (u) = Mg(u) as a generalized satu-
ration which is the same for both limit casesMg and M and which constitutes
an unsaturated region 2. (Note, however, that the same considerations apply
in the regular case whereM : [uc;1 ) ! R is continuous and u. is regarded
as a singular generalized pressure associated to physicategsurep = 1 )
We come back to this topic at the end of SectiorZBb.
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2.4.2 Reformulations of the convex minimization problem

The rest of this section is devoted to further reformulations of the minimiza-
tion problem (E2322Z3). For example, there is an equivalent ariational inclusion
formulation of (EE32Z3) that will lead to Proposition ZZ.8] which was already
addressed above. In order to establish these results we assa the conditions
imposed onM and kr in Theorem [ZZ3T6 except for the continuity of M . Prob-
lems like (Z:32238) or variational versions like [Z3B) areoften considered in the
form of minimization problems, variational inclusions or variational inequalities
on a (re exive) Banach space rather than on a closed and conwesubset of a
(re exive) Banach space, see e.g. Ekeland and Temanﬂ34, p43B or Kornhu-
ber @]. As indicated in Remark[Z3T#, this could be achiead by adding the
characteristic functional  of the convex setKk H?() de ned by

0 forx2K

K X 7!
+1 for x2 HY() nK

to the functional on H1(). However, for transparency and further analysis
(see e.g. Sectioi Z]5), we treat the three constraints itk separately. Moreover,
we deal with the Dirichlet boundary conditions di erently b ut in a well-known
way by introducing a translated problem.

As above and as done in KornhuberEQ], we consider the scalapnvex function

[ ugl)! R tobe extended by +1 on (1 ;uc). This corresponds to
extendingM :[uc;1)! R toa maximal monotone multifunction M by (E24.4)
and (Z43), such that @= Nr. Consequently, :K! R naturally extends to
a lower semicontinuous and proper convex functional : H() ! R[f +1g
by de nition (3I0). For the extended we still use the sam e notation. As a
consequence, with the de nition

Kp:=fv2H(): tr ;)v=up ~ tr ;v 0Og;

the minimization problem (EE32Z3) is equivalent to the minimization problem
U2Kp: J(uw+ (U J (vV+ (v) 82Ky (2.4.10)

in which the constraints constituting the nonempty, closed and convex set
Kp H?() only concern boundary conditions.

In order to obtain a variational inclusion formulation of (ZZZ-10), we also need
to encode the boundary conditions in the convex functional ad construct an

equivalent minimization problem on some suitable Hilbert gpace rather than on

a closed and convex subset of a Hilbert space. This is done byanslation of

the Dirichlet values and by the introduction of an additional functional refer-

ring to the boundary conditions of Signorini's type. Therefore, analogously to
LemmalZ32, we rst choose a xed

w2 HY) with tr _w=up; (2.4.11)
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setu=w+4dandv=w+vin (EZI0) and nd (£4710) to be equivalent to
2Ky w: J(w+d)+ (w+d) J (W+v)+ (W+v) 82K, w
with

Kp w=fv2HY(): tr jv=0"1tr ;v tr qwg HL() :

Furthermore, the characteristic function

(
0 forx O
X 7!

Ro +1 for x>0

of the nonempty, closed and convex subseR, of R induces a convex, lower
semicontinuous and proper functional S:H?() ! R[f +1g de ned by
Z
S(v) = R, (VX)) d (x) 8v2 HY() : (2.4.12)

S

Obviously, S is just the characteristic functional ¢ of the closed and convex
subsetC:= fv2 H(): tr .v 0gof H1(). With the de nition

Fu():= F(W+ ) (2.4.13)

for translated mappings F : V. ! W between vector spacesv and W, the

functional J, +  + & is still convex, lower semicontinuous and proper on
the Hilbert space H 1D (), and  is the characteristic functional of the subset
Kp wofH 1D ()- Inlight of our considerations so far and using these notations,

the following proposition is straightforward.

Proposition 2.4.6.  The minimization problem (Z23Z3) is equivalent to
#2 HY () Ju()+ w(t)+ S J w()+ w)+ 5(v) 8v2H® ()

(2.4.14)
in the sense that the solutionu of (Z.323) equalsw + H.

In the following, a variational inclusion is found to be a reformulation of (2.4.14)
in terms of the subdi erentials of (w+4)and S(w+t) as subsetsoH* () °.

Proposition 2.4.7.  The minimization problem ([Z4.14) is equivalent to the
variational inclusion

#2HL(): 0 2aWw+4) ")+ @W+)+ @S(w+4) (2.4.15)

; 1 0
in H () =
Proof. Considering (Z3IT), it is easy to see that rst,

@I w)(Vo)(V) = (Jw)Wvo)(v) = I qw + vo)(v) = a(w + vo;v) (V)
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and secondly,

@lw+ wt WDV)(V) = aW+ vov) (V) +(@)w(Vo)(V) + (@ %)w(Vo)(V)

holds for all v 2 H () and vo 2 dom( w + ) H (). Now, if
2 H 1D () solves the minimization problem (LZ414), i.e.

GuwW+ W+ (V) Qult)+ w(t)+ S() 0 8v2HL () ; (2.4.16)
we obviously have
02aw+4) “()+(@)w(t)+(@ 5)w(w)

in HlD() 0 by De nition ZZIJof the subdi erential. Conversely, if (1-Z19)
holds then, with the same reasoning, we obtain[[ZZ16). O

Now we are in a position to establish the connection betweenariational inclu-
sions [ZZ.T) and convex minimization problems[(Z:3:23) with we announced
above. Since we have @ U); ) 2() @ (u) as already seen in [Z4)), the
following consequence of PropositiofiZ417 is straightfavard.

Proposition 2.4.8.  Every solution of the variational inclusion [(Z4.7) is a
solution of the corresponding convex minimization problemP323).

Observe that the converse of the assertion in PropositiofiZZ3 is not true and we
cannot replace@ (& + w)( ) in Proposition (ZZ4.7) by (@(~u+ w); ) 2y since,
for w = 0 already, we have @ (u) 6 (@( u); ).2() as mentioned in [Z45).
However, an analogous reformulation of@ (u) in terms of @( u(x)) can be ob-
tained in the space-discretized version of[(Z:3:23) ol (Z.Z4) which we consider
in the following section. We remark that a contribution to th e convex functional
coming from the boundary will also play an important role in t he treatment of
Robin boundary conditions which we discuss in Sectiom—314.

Finally, instead of considering the subdi erentials of the nondi erentiable parts
w and $ of the convex functional considered in [ZZ-I#), one can atsrestrict
oneself to di erentiating J,, as done in [ZZ.Ib) while maintaining the convex
contributions of , and \,SV as they are. In this way, one arrives at another
variational inequality that follows from a generalization of Proposition Z311

which we note here.

Proposition 2.4.9. In addition to the assumptions in Proposition Z317 let
G:K ! RJ[f +1g be convex. Then

u2K: @ F(uw+G(v) Gu 0 8v2K (2.4.17)
is equivalent to

u2K: (F+G)(u (F+G)(v) 8v2K:
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The proof can be easily obtained by adapting the proof of the arlier result
and exploiting the convexity of G, see alsol[34, p. 38]. It is a convention in the
literature (see [ﬂl p. 7]) to treat the inequality in (EZ-I7) as a valid assertion
only if the left hand side is de ned, i.e. in this case only if G(v) and G(u) are
not both equal to +1 .

For the second statement in the following proposition, we dene the translation
of our convex setK (see [Z3B)) byw onto a subset ofH 1D () as

K, =K W=fV2H1D()Z V. U w”itr v tr ;wg: (2.4.18)

S

With regard to the rst statement of the proposition, observ e that the sum of
the functionals , and J is just the characteristic functional of K .

Proposition 2.4.10.  The minimization problem (414 is equivalent to the
variational inequality

#2HL () aw+wv o) (Vv w
+ owl(v)  w)+ S(v) S 0 8v2H () (24.19)

and to the variational inequality

62K , @ aw+dv o) (v o)

+ (w+ V) (w+4) O 8v2K ,: (2.4.20)

Proof. First, setting K = V = H' () and F = J,, with (E£3I7) as well as
G= w+ ,we getthe variational inequality (Z2-19) from Proposition [ZZ9.
Setting instead K = K HlD() and G = , we obtain (ZZ20) as a
variational formulation of the translated minimization pr oblem

62K, J(w+d)+ (w+d) J (w+v)+ (w+v) 8v2K [ (2.4.21)

which is certainly equivalent to the untranslated problem [(Z323). O

Although (w+ ) is dierentiable on K _, it is useful not to compute the cor-

responding directional derivative for the variational formulation (E420). This

formulation will be crucial in the analysis of the nite elem ent discretization

which we present in the next section. Another advantage of tle variational

inequality (EZ2Z0) is that it allows an easy proof for the wdl-posedness of the
convex minimization problem Z32Z3) whose solution even épends Lipschitz
continuously on the linear functional ".

Proposition 2.4.11.  Assume that the conditions in TheoremZ3Ib are sat-
is ed (and possibly the boundedness of replaced by [Z:325)). Furthermore,
fori=1;2let ;2 HY() %and let u; be the unique solutions of

ui 2K : %a(ui;ui) Ui+ (up) %a(v;v) i(v)+ (v) 8v2K: (2.4.22)
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Then we have
kup  uzkg C 1k\1 \2k (2423)

where c is the coercivity constant ofa( ; ) in (E3.5).

Proof. With (£Z718), (EZ20) and Proposition ZZ8 we can write ZZ22) in
the form

u 2K : a(uj;v o u)+ (v) (u) i(v u) 8v2K; i=1;2:

Now, setting v = u, fori =1 and v = u; for i =2 we obtain

a( uguz ur)  (U)+ (ur)  a(ur up) (2.4.24)
and
a(uz;uz  uz)  (u)+  (uz) 2(ur u2): (2.4.25)
Adding (E424) and (Z4.2%) gives
a(uz uguz u) (1 2)(ur up) (2.4.26)
which provides (ZZ2Z3) with the coercivity constant c in (E23.4). O

Using the di erentiability of , one can establish the well-posednes§{ZZ123)
of the minimization problem (E232Z3) with the variational i nequality (E2319)
in the same way as done in the proof with the variational inequality (£2:20).
Then the contributions of (u;) and (uy) do not cancel each other out but
appear as an additional term

@1 up (ul) @1 uz (UZ)

on the left hand side (ZZ.2Z6). But this term is nonnegative due to the convexity
of  which can easily be derived by [ZZ4B). In fact, [Z4B) show that if
the directional derivative of a convex functional on K exists, it is a monotone
operator on K (compare also [Z3IB)). We will turn to further monotonicity
considerations in Chapter[3 where we apply PropositioiZ41 in the proof of
Theorem [ZZZB.

2.5 Finite element discretization

In this section we present our nite element discretization of Z.3.23) or (Z4.13),
respectively, following ideas and the notation in Kornhube [E pp. 36{43]
(see also Glowinski , pp. 12{15]). As stated in Remark=23l, we keep our
assumptions on the problem as general as possible (see e.getconditions on
the unique solvability of (£23.23)) in order to make clear what properties of the
problem are really needed. We bear in mind that these propeies are satis ed
in case of the Richards equation with the Brooks{Corey paraneter functions
but also for the limit cases as given in Sectio_Tl4 wher&1 is monotonically
increasing and bounded but not continuous.
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2.5.1 The discrete problem: properties and reformulations

For the sake of presentation we consider the two-dimensioraase of a polygonal
domain R?. At the same time we emphasize that the convergence results
for our discretization can be obtained analogously for polyiedral domains in
higher and lower dimensions. LetT;, j 2 No, be a partition of into triangles

t 2 T; with minimal diameter of order O(2 1. We assume the triangulation T;
to be regular in the sense that the intersection of two di erent triangles in T;

is either empty or consists of a common edge or a common vertexThe set of
all vertices of the triangles in T is denoted by N; .

For a consistent discretization, the setN; \ @ should resolve the parts of the
boundary corresponding to di erent boundary conditions properly. Therefore,
we require that each intersection point of two closures (inR?) of the subsets p,

n and s of the boundary @is contained in N;j. Furthermore, we assume p
and s[ p tobe closed and we de nel\ljD = Nj\ p aswell aijS = Nj\ s.

We choose the nite element spaces;  H () as the subspace of all continuous
functions in H() which are linear on each triangle t 2 Tj. Analogously, we
dene S° HY (). S andSP are spanned by the nodal bases

j=f $:p2Njg and P =1 $):p2NjnNPg;

respectively, where the latter is only guaranteed becausefaur special choice
of NjD containing all intersection points of parts of @ adjacentto .

Note that N; and §j, | 0, should not be confused with the corresponding
notation in Kornhuber [@] for the homogeneous case wher&|; is the set of
all vertices in T; which are interior points of and S H3() is de ned
accordingly. Of course this also applies t&K and K; which we de ne now.

For the de nition of the nite dimensional analogue of K we assume that the
Dirichlet boundary condition up is continuous in each nodep 2 NjD such that

writing up (p) makes sense in these nodes. Then it is natural to de ne this
convex setK; S by

Ki=fv2Sj:v(p) uc8p2Nj~v(p)= up(p)8p2NL v(p) 08p2N°g

(2.5.1)
which, as a subset of the nite dimensional spaces;, is clearly nonempty and
closed.

Remark 2.5.1. Obviously, K; is the set of all piecewise linear interpolations
of functions in K on the triangulation T;. However, K; K is false in general
because the Dirichlet boundary values inK; dier from those in K in general.
Observe that, as a consequence of the piecewise linearity 8f2 S;, the two
properties v(x) uc 8x 2 and v(x) 08x 2 g ifv2Kj, valdin the
continuous case, are preserved in the discretization. Theexond property is
due to our choice ofNjS which contains all intersection points of the closures
of s and N while the intersection points of the closure of g and  are
contained in NjD. But in such points p the Dirichlet boundary condition up is
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supposed to be continuous, which entailsip (p) 0 becauseup is chosen to be
compatible with the Signorini-type boundary condition, see (L5I3).

Furthermore, we approximate the integral in the de nition ( Z3I0) of by a
quadrature formula arising from S; -interpolation of the integrand ( v). In this
way, we arrive at the discrete functional ; : §; ! R[f +1g de ned by

X
j(v) = (v(p) hy 8v2S; (2.5.2)
p2N j

with the positive weights
hp = 0)(x) dx:

Of course, the properties of functionals in the continuous ase (see Proposi-
tion E34) should be preserved by the discretized functioals, preferably in
a uniform way. With regard to the convergence result for our dscretization
in Theorem [Z59, the following properties of the discrete tinctionals ; and,
in particular, their relation to the continuous counterpart in (E&H) will be
crucial.

Lemma 2.5.2. Provided M in (E233) is monotonically increasing and bounded,
the functional ; is convex and Lipschitz continuous on its domain

dom ; =fv2S;:v(p) uc 8p2Njg (2.5.3)

with a Lipschitz constant independent off 0. Furthermore, ; is lower semi-
continuous and proper and it admits an estimate

j(v) Ckvky 8v2S; (2.5.4)

with a constant C 2 R independent ofj 0. Moreover, forv; 2S;,j 0, and
v2 H1() we have

vi *vijo 1l =) Iim'linf i (vi) (v) (2.5.5)
]!
wherev; *v denotes the weak convergence of to v in H 0.

Proof. Since the function is convex on [uc; 1 ) and the weights h,, are positive,
the functional j is convex on its domain

dom j =fv2Sj:v(p) uc 8p2Njg

which is closed and compact inS;. Next, let L = kMk; be the Lipschitz
constant of according to Lemma and v;v 2 dom ;. Then, due to the
nonnegativity of the nodal basis functions ,, p2 N;, we have
X x £
jiv) v L jv(p) v(pihp L g, VO v(x)idx
P2N | p2n;  SUPP
(2.5.6)
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where the last estimate is a consequence of the linearity of and v on each
triangle t 2 T;. Since each triangle is contained in the support of the three

nodal basis functions corresponding to its vertices, we cago on estimating
Z

Jj(v) j(V)j 3L jv(x)  v(x)jdx 3L klk 2y kv vk

where the last estimate follows from the Cauchy{Schwarz inquality in L?().
This shows the Lipschitz continuity of ;, with a Lipschitz constant independent
ofj 0. Ofcourse, ;:S ! R[f +1g is lower semicontinuous and proper.

With regard to (£54) and (E5H), observe that
Z Z

X X
j(v) = (v(p) §()dx v(p) 9)(x) dx= (v) 8v2S;
p2Nj p2Nj
P ' ' (2.5.7)

because p2N | ﬁ,”(x) =1 and ﬁ,”(x) 0 holds for all x 2 and the scalar
function is convex. Now, (ZhAZ] follows from (£311). Furthermore, since
the convex functional :H?() ! R[f +1g is lower semicontinuous, it is
weakly lower semicontinuous (seelﬁ4, p. 11]) such thallZ®) provides

iminf () fimint (v) () (2.5.8)

forvi *v;j !'1 , as given above. O

Remark 2.5.3. Observe that the above proof depends heavily on our choice of
linear nite elements. Although we only need the positivity of the weights hy
to show the convexity of ;, we also take into account the special shape of
the nodal basis functions and their nonnegativity in order to obtain (Z5.8).
For (Z&1), too, we need the nonnegativity of 8) in each pointx 2 . Itis
therefore unclear if one can derive some variant of Lemmd{Z.2) for elements
of higher order (whose nodal basis functions are in generalat nonnegative on
their domain) which can be used to obtain analogous results @we do below in
our convergence analysis.

Now, our discrete version of the minimization problem [Z323) reads
U 2Kj o J(u)+ () I (vV+ j(v) 8v2Kj: (2.5.9)

SinceKj, J and ; satisfy the required properties of TheoremZZ36, now in
the subspaceS; of the Hilbert space H (), we obtain

Theorem 2.5.4. The discrete minimization problem (Z&4) has a unique so-
lution.

As in the continuous case above, we can reformulate the disete minimization
problem in the convex set as a discrete minimization problenin a nite dimen-
sional Hilbert space and rewrite the latter as a discrete vaiational inclusion.
To this end, we choose

w; 2S; with wj(p)= up(p) 8p2NP (2.5.10)
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and consider the characteristic functional S = ¢ in (E22-12) restricted on SjD.
Then, again with the notation (EZTI3) and carrying over the considerations,
which led to Propositions [ZZ% and[ZZJY, on the discrete leel, the following
can be proved analogously.

Proposition 2.5.5. The minimization problem [(Z&3) is equivalent to

o 2SP 0 Juy ()+( P (B)+ 5 (8) I w (DHC D (W 5 (V) 8v2SP

(2.5.11)
in the sense that the solutionu; of (ZL.9) equalsw; + d;. Furthermore, it is
equivalent to the variational inclusion

b 2S00 02 aw +4;) “()+ @j(w + 1))+ @3(w +4)) (2.5.12)
in (SP)°

Remark 2.5.6. Observe that the characteristic functional S = ( restricted
to § is the characteristic functional ¢ of the subset

G:=fv2SP:v(p) 08p2NSg

of SJ-D. This is due to the piecewise linearity of the functions in SjD and the
de nition of st as a subset of g including all intersection points with adjacent
parts of the boundary except those contained in p. Therefore, instead of
considering the integral in (ZZ12), we can equivalently ompute

X
S(v) = R, (v(p)) 8v2 SJ-D :
p2N jS

While in the continuous case in the previous section it was nbpossible to
interchange integration with taking the subdi erential, i n the discrete case we
have dom@; =dom ; with
X
@ (vo)(V)= @ vo(p)v(p)hp 8v2SP (2.5.13)
p2N |

for all vo 2 dom@; and dom@ S =dom ° S J-D with

X
@°(vo)(V)=  @pg (Vo(P)V(P) 8v2SP (2.5.14)
p2N

forall vo 2 dom S S jD. This is due to a general result stating a summation
rule for subdi erentials of convex, lower semincontinuousand proper functionals
which are continuous on their domains, seelIB4, p. 26] oﬂ5$xp. 35, 38].

Finally, we turn to the discrete analogue of Proposition[Z4TI0. Therefore, we

de ne the translation of our discrete convex setK; (see [Z51)) byw; onto a

subset of SP as

KP =K w (2.5.15)
fv2SP :iv(p) uc wi(p) 8p2Nj ~ v(p)  wi(p) 8p2N°g
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analogously as in the continuous cas& , in (£4T1d). As for K; and K, observe
that KJ-D is the set of all piecewise linear interpolations of the funtions in K |

on the triangulation T; if we choosew in (EZ.T1) to be continuous andw; in

(Z5.10) as its piecewise linear interpolation inS;. However, the constraints in
the continuous and the discrete case may di er such that we hge KJ-D * K,

in general.

Proposition 2.5.7.  The minimization problem [5.3) is equivalent to the vari-
ational inequality

th 2SP°

onaw FHvoow) o (Vo)

FCdw () CPw )+ 5 (V) 5 () 0 8v2SP (25.16)

and to the variational inequality

thy 2 KP

Poooawp tysvow) o (Vo)

+ j(w+v)  j(w+4) 0 8v2KP (25.17)

in the sense that the solutionu; of (Z5.9) equalsw; + 4.

The proof is the same as for PropositioZZ10 if one replaseH 1D ()by SP,
K, by KJ-D and by ; for the application of Proposition ZZ9. Again, observe
that (E5I7) can be regarded as a variational formulation & the translated
minimization problem

b 2KP 0 J(wp+4)+ j(wp+4) I (wj+Vv)+ j(wj+v) 8v2KP
(2.5.18)

which is equivalent to the untranslated problem (Z&3). Finally, note that an

analogous well-posedness result as in Propositidi—3.8.8 the continuous case

also holds for the discrete problem [Z5P) with the same prof.

2.5.2 A classical convergence result

Now, we deal with the convergence of our nite element solutbns from (Z59)
to the solution of the continuous problem (Z:3Z3) for which the variational
inequalities (ZZ20) and [Z5IF¥) will play a central role The derivation of our
results is largely based on the arguments given in Kornhube@, pp. 38{42] for
the case of homogeneous Dirichlet boundary conditions on bbf @. We need to
take special care of the inhomogeneous Dirichlet values anthe Signorini-type
boundary conditions de ned only on parts of @.

As in Kornhuber [E pp. 38{42], the convergence results degnd on the as-
sumption that the corresponding sequence of triangulatios has a decreasing
mesh size
h; =rpzz%>_< diamt! 0 for j!1 (2.5.19)
]
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In addition, we assume that the sequence of triangulations
(Tj)j o is shape regular (2.5.20)

which denotes the well-known property that the minimal interior angle of all
triangles contained in[ j oT; is bounded from below by a positive constant.

For further discussion, we introduce the piecewise linearriterpolation operator
ls tHY() \ C() !S |
de ned by (I, v)(p) = v(p) 8p2N; forv2 H() \ C().

It will turn out that we can only guarantee convergence if the Dirichlet boundary
condition up on p is the trace of a uniformly continuous function w 2 H*(),
i.e. if we have

up =tr ;w fora w2 H?() \ Cc() : (2.5.21)

It is well known that if up is continuous on p (which we assumed to be
closed), then it can be extended to a continuous function on te closure of
(see E%b p. 498]). We require that there exists such an exteon in H2().
Moreover, for the proof of convergence we will assume; to be the piecewise
linear interpolations of w in S; approximating w in H 1), i.e. we require

wj = Isw with wj ! wforj!1l inHY): (2.5.22)

In general, according to the interpolation theory in Ciarlet [ﬁ, pp. 122{124], the
latter can only be guaranteed ifw is regular enough. To check the assumptions
stated there, we recall that the Sobolev embedding theoremgee |L—2|1 p. 1.52])
provides the compact embedding

HX@t) ! C@®) 0 k>g

for polyhedrat RY and k 2 N. Now, with t 2 T; and d = 2 in our case
we obtain (Z522) (with the order O(h;)) for w 2 H2() from the results in
E, pp. 122{124], provided [Z&TIP) and also[[Z520) hold Consequently, we
could also replace [ZE2A1) and[[Z522) byup = tr ,w with the condition
w 2 H?() or a corresponding condition for d > 2.

In Kornhuber [59, pp. 38/39] it is proved that for K = fv2 H(): v  ucg
the subsetC} () \ K is dense inK. SinceC} () is dense in HE(), for given
v 2 K there is always a sequencevf)x o0 Cg () with v ! vfork!1l

In order to ensure vy 2 K, however, regularizations ofv with molli ers are
considered. It is by far a nontrivial task to extend this result to more general
settings like our convex setKk | in H 1D(). The technique can be re ned (see
Glowinski [@ pp. 36{38]) to generalize the result to conthuous obstacles on
which are nonnegative in a neighbourhood of p = @as u. Ww is in our case
(ZZ4.13) with the property (ER2ZT]). Furthermore, an exerdse in m pp. 38/39]
suggests that the latter result can be extended taH 1D () for su ciently smooth

p @if one applies the density of

ct ()= fv2cC*(): v=0 ina neighbourhood of pg (2.5.23)
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in H 1D (). As to the boundary conditions of Signorini's type one n ds a proof
for the density of C! () \ K in the convex setk = fv2 H1(): trg v 0Og
in [@ p. 61]. Since we do not want to go into more details hergit seems to be
in order to require

Ct () \K , isdenseinK , (2.5.24)

as an additional condition for our translated convex setK | de ned in (EZ13).
Property (E5.24)) will provide an essential density argumet in the proof of the
convergence result in TheoreniZZ519.

As a necessary ingredient for convergence, the following he@ma provides the
consistency of the discrete functionals j. The proof is essentially the same as
in Kornhuber [@, pp. 38{40] for the homogeneous case. Howev, we state it
here in order to make clear where we need the assumptions onehextensionw
of up and the interpolating w;.

Lemma 2.5.8. We assume [Z5.1DP), (Z5.20) andM in (E39) to be bounded
and monotonically increasing. If v2 C! () andvy; = Isv 2 S; for | 0,
then we have the convergence

vi! vinHY) and j(v)! (v) forj'!1 (2.5.25)

Assuming in addition (52Z1) and (Z52d), the assertion [Z52Z9) also holds
forv=w+v2w+Ct() andv; = Igv=Igw+Igw¥=w +v,j O

Proof. SinceC! () is dense in all HK(), k 0, (see Ciarlet [2F, p. 114]) we
obtain v; ! v by applying the results in ﬂﬂ pp. 122{124] under the assump
tions (Z&19) and Z&52D). The same applies fov = w+ v 2 w+ C? () and
vj = g v because of [Z5.22).

Now, we show j(v;) ! (v)if vy I v and if vis uniformly continuous which

is true forv2 Ct ()and for v2 w+ C! () dueto (A2 If (v)= 1,

then there is an open subset ©  with v(x) <u. 8x 2 2 Due to Z&I9)

we obtain Nj \ 06 ; for all | jo with a suitable jo 0. This provides
j(vij)!'1 forj!l

If (v)<O0,iev(x) uc8x2 ,thenthefunction ( v())isuniformly contin-

uous on since v: ! [uc; 1) is uniformly continuous and :[ uc;1)! Ris
Lipschitz continuous (see LemmdZ316). Letpi; p2; p3 2 N denote the vertices
of t 2T;. Then we have 2, ,()‘i) =1 on t and therefore altogether
|
bV v e () (v(x)  (v(pi))j dx
t21; U=l

j J'f ., Max. jCv(x) (v )it O (2.5.26)
X; X hjg

forj!1 . O
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Now, with the consistency result in LemmalZ58 and the further properties of
i in Lemmal[Zh2 we can prove convergence, adapting the ideas Kornhuber
, pp. 41/42] to our inhomogeneous case.

Theorem 2.5.9. We assume [Z5.TP){{Z.5.73) and the conditions imposed in
Theorem [Z3T86 except for the continuity ofM . Then the solutions u; of the
discrete minimization problem (Z&3) converge to the soltion u of (Z32Z3) in

the sense that

! uinHY) and j(y)! (u) forj'1 (2.5.27)

Proof. As in [@ pp. 41/42], the proof is carried out in three steps. For the
argumentation we consider the translated minimization prablems (ZZ21) and
E5I38) and the corresponding variational inequalities in the form (£420) and
(Z511), respectively. Since we assume; ! w, we can mainly concentrate on
the functions oy 2 KPS P H?® () instead of uj = wj +4; 2 wj + S
ande2K ,  H' ()instead of u= w+4 2w+ H? (). Indeed, this is
necessary in the rst and in the third step where we need to ex|oit the fact
that due to (E38) and 38), a( ; ) induces an equivalent norm onHlD ()
de ned by
jVia == a(v;v)'? 8v2H' () :

First, we prove that (#); o is bounded inH® (). Using (Z22Z] we choose a
v2Ct () \K , anddenev; = Igv2KpP forj 0. This is well-de ned
sincels (K ,) = KP because ofw; = Is w, see [Z5Ib). Sincei~satis es the
variational inequality (£5.17), we have

2= alt ;) a(w+d;v) awise)+ j(wi+v)  jwih) (v )

LemmalZh® provides uniform upper bounds fokv; ky and j j(w; + vj)j, and
we have the uniform lower estimate [Z53). Using this, the ontinuity (Z35)
of a(; ) and () as well as the equivalence[lZ316) of j» and k ki, then, with
someC > 0, we can go on estimating

cketkd  C(kwj kq + ket kg + kwj kikes kq) + C(kw kq + ke kg) + Ckey kg + C
CkU] ki+ C

where C > 0 is su ciently large, taking into account that (~w;); o is bounded

due to (Z522).

Therefore, (d); o must be bounded inH?® ().

In the second step, we prove the weak convergence afij(}; o to ¢ in H 1D @F
Since HlD() is a Hilbert space, i.e. re exive, there is a weakly convergent
subsequence W)k o with a limit v 2 HlD () due to the boundedness of
(t); o (see e.g.|E8, p. 107]). In order to provai= 4 , it is enough to show
that ¢ is a solution of (ZZ.20), since (for xedw) (E24.20) is uniquely solvable
due to Proposition [ZZT0 and TheorenZZ36.
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We need to make clear thatu~ 2 K | holds in the rst place. As we have
Wi, +tj, 2Ka:=fv2HY): v u " tr,v Oy 8 O

in the closed and convex seK, H?() and W, !ow,ie.wj, FHj, W+,
this leads tow + 4 2 K, sinceK, is also weakly closed (see e.g. 198, p. 108]).
Duetotr ,w= up andu 2 HlD()we get w+4 2K and thereforew- 2K .

To show that & 2 K , satis es the variational inequality (ZZZ0), assume
v2C () \K , andletv; = Igv2Kp forj 0 asinthe rststep. With
these discrete test functions in the discrete variational hequality (Z517) we
obtain
a(ty ey )+ g (wy, +45,) alwg, + V) a(wg, ;)
oW v (v b))
as above. Since we havev;, ! w, tj, * o andv;, ! v (by Lemma[ZE3),
passing to the limit while using the consistency [Z5.2b) of ; gives
Iiminf (a(th ;5 )+ j.(w, +4;,)) aw+t;v) awt)
+ (w+v) ‘(v u): (25.28)

Now, using the elementary estimate
0 a(t ;& t)=at;e) 2a(b )+ a(ty, ;)
and the weak convergence ofij;, we get
a(u ;) “H‘linf (a(t, ;b)) -
In connection with (E53) in Lemma [Z52, this provides
att ;& )+ (w+d) Iil[?linf (a(th st )+ (w, +4,)):
Combining this estimate with (E5:28) we conclude

aw+d ;v o) (v &)+ (wW+v) (w+t) 0 8v2cCl() \K -

(2.5.29)
Now, the density assumption [Z52#) comes into play to extad Z529) to
allv2K . Forany v2K _ assumption (Z52Z23) provides a sequence/)x o
in C1 () \K  converging tov. Since [Z&29) is satis ed for allvg, k 0,
and the functionals on the left hand side of Z52H#) acting o vy are continuous
in this argument on K , (in particular , see Proposition[Z3F), [(Z52H1) is
satis ed for v.

We have proved that o= = 4 is the solution of (ZZ.20). The uniqueness of the
solution entails &y * wforj 'l
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In the nal step, we show the strong convergence of{j); o. Again, we consider
av2CH() \K , with vy = Isv2KP forj 0. And again, using the
discrete variational inequality (Z5I7) we compute

jo i+ (W)
= a(tht)  2a(t; o)+ a(d;e) + 5 (w + )

a(ther)  2a(ehtg)+ a(w +45v)  a(wi;eg)+ j(w+v) (v )
(2.5.30)

With the same arguments as used above, the right-hand side inthe estimate
(EZ&30) converges toa(w + 4;v &)+ (w+v) (v wasj!l . Hence,
we can estimate

Iljr!nllnf ji(w +4)
lim inf (jer 2+ j(w + )
j!
Iir_nlsup(ju thid+ j(w + b))
j!
aw+tv w+ (w+v) (v & 82C'()\K ,: (2531

Again, applying (E524) and using the same density argumenas above, we
obtain (ER31) for all v 2 K . Then, inserting v = + in (E231) and using
(Z23) we deduce

(w+ 4) Iijrplinf i (w + ;) Iirrlllsup(ju g2+ (W + ) (w+4):
! i

From this we conclude j(w; +4j) ! (w+ 4) as well asjty  tja ! O, i.e.
kep  tky ! O due to the equivalence of these norms it 1D () and therefore
Up=wj+ty! u=w+din HI(). This completes the proof. O

Remark 2.5.10. With regard to the structure of the proof and in comparison
to the homogeneous case given in Kornhubeﬁbg, pp. 41/42]eseral notes seem
to be in order.

Concerning the rst step of the proof, observe the following Since the Dirichlet
value up is taken out of the set given in [IZE1I8), it obviously has an gten-
sion w in the convex setK in (LRTIY) or (Z33). Now, if there is such an
extensionw also satisfying Z221) and Z&2R), which is certainly tue for ho-
mogeneous Dirichlet boundary conditions for instance, we &n choose it for our
argumentation in here. Consequently, we can choose=02K , = K w and
Vi = Isv=02KpP = K; w; as the test functions above, which simpli es the
rst step considerably.

Furthermore, we note that in the second step we do not geu~2 K , immedi-
ately from the weak convergenceur; * t , since although

by, 2K =1g (K,) 8k O;
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we have KJ-Dk * K, in general (see [Z515)). We rather need to deal with
the solutions u;, = w;, + 4, of Z&H) which we consider as elements df,
since the discrete and the continuous Dirichlet values di & in general. Observe,
however, that w+ t 0 also follows from [Z52P) which gives (w+4d ) < 1 .

It does not seem possible to relax our density assumption(2.24) (e.g. to the
well-known density @Z523) of C1 () \ HL ()in H' ()) by applying the
variational inequality (£Z.T9) and its discrete counterpart (E5.18) in the proof.
Although the latter is feasible by establishing a straightforward analogue of
Lemma[Z58 and [Z&5b) for S, the density argument in the second and in
the third step cannot be carried out if for a v 2 K | there is only a sequence
(vidk o CL () \ (HY () nK ,)converging tov. Since dom( + S)= K ,
we would have ( + S)(w) = 1 forall k 0 although ( + S)(v) < 0in
such a case (see also_|59, p. 42]).

In order not to confuse our notation with the one chosen in 2Z420) and (Z&.1T),
w; +dj and w + t are not abbreviated by u; and u, respectively, in this proof.
However, the assertions about (); o and its limit correspond to the analogous
ones for ;); o and its limit, and the proof, as well as (ZZ20) and [Z&1V)
could be reformulated accordingly.

It is clear that the conditions (ZRZI)) and (Z&2Z2) onw and w; only need to
be satis ed for a singlew 2 H() with tr ;w = up in order to obtain the
convergence result. For the assertion of Theoreri213.9 to ta, it is certainly
irrelevant how the function w; satisfying (Z5.10) is chosen to compute the solu-
tion u; of Z&3) sinceu; does not depend on a special choice @f; . However,
the iterates t;, ] 0, do not converge unless the interpolantswy;, j 0, do.

2.5.3 Generalizations of the convergence result

With regard to the continuous setting discussed in Remar{Z2Z311 it is natural to
ask to what extent the convergence results for our nite elenent discretization of
E323) can be generalized. The hydraulic conductivityK ,( ) can be chosen to
be space-dependent because it is included in the bilinearifim a( ; ) which is just
restricted to §; S ; in the discretization and of which only the continuity and
the coerciveness are used. Therefor& () can be chosen as in the continuous
case.

The question how a space-dependent porosity( ) can be treated in the dis-
cretization seems to be more interesting, since is not evaluated exactly onS;.
Keeping in mind how n( ) is included in the continuous case (see RemailkZ3117),
we replace the weightshy in (E_EZ% by

My := n(x) p(x)dx (2.5.32)

which provides a natural discretization 7 of the generalized convex functional
Z

v7l o n(x)( v(x))dx 8v2K (2.5.33)
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instead of (Z310). We choosen() to be positive in order to obtain posi-
tive weights and the same domain don’j as in (Z&3). Furthermore, n()
should be bounded as in the continuous setting. Then the profs of the crucial
Lemmas[Zh2 and_Zh8 can be easily carried over to the gerdrcase.

Possible generalizations of the convergence results abote approximations of
a(; )by aj(;)and ()by (), respectively, e.g. obtained by quadrature, shall
not be considered here. Nevertheless, it is tempting to repice the generalized
in (EZR33) by a \full" Sj-interpolation of the integrand which results in a
discretization —; with the weights
Z
hp := n(p) p(X)dx = n(p) hp

instead of (Z532). Then (v()) in (E526) has to be replaced byn() ( v())
such that n() needs to be uniformly continuous on (or equivalently on )

if we want to preserve the argument in [Z5.26) for the consitency result in
LemmalZR3B. Unfortunately, although the rest of the proof d LemmalZ&R2 can
be carried out analogously, the crucial property Z55) sems to be unclear or
at least more di cult to derive since the estimate in (Z&Z] might no longer be
true for space-dependenin( ). The integrands in (Z54) can be multiplied with
n(x), which provides

T(v) (v) 8v2Sj;

but n(x) cannot be replaced byn(p) in general in the sum on the left hand side
of the inequality in (E5.7). (We remark that one could instead replacen(x) by

maxfn(x) : x 2 supp pg in order to obtain this and all the other assertions to

be checked here.) However, one could hope that ifi( ) is regular enough, this
replacement \is allowed in the limit" j ! 1  such that the essential assertion
E&&R3) is still satis ed. This would require to prove

J50v) vt 0 forvprvijorl; (2.5.34)

which does not seem to be straightforward. With a glance at[Z5.2d), we can
estimate

i) g max gJ'n(X) n( )J'J_ S_UFZJ.J'(VJ'(D))J'

X; 2 3jxj h 0; p2N

in which
osup jlvi(p)i<1 (2.5.35)
i 0;p2N;

does not seem to be satis ed in general. Due to the weak convgence of ¢j); o,
we only have the uniform boundkvjk; C 8j  Owitha C > 0. Therefore, we
can guarantee [Z5.3b) at least in one space dimension becaiof the well-known
continuous Sobolev embedding

HY() | c() (2.5.36)

for bounded intervals R (see for example [[]1, p. 98] for a version of it
including also unbounded ). In this case at least, the uniform continuity of
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n() and Z&39) provide (Z534) and therefore [Z5B) in Lerma [Z52. We
close these considerations by noting that our numerical meiod for the solution

of (&), which we present in the following two sections, $ not a ected by the
special choice of the weightsh, as long as they are nonnegative.

With regard to the properties of M, it is clear that the same convergence
results as above can be obtained foM : R ! R de ned on the whole real
line, thus accounting for the nondegenerate case and corresnding limit cases
concerning the Richards equation (see Section1.4). In Kormuber I%] one nds
analogue versions of LemmaBEZ1.2 arldZ%.8 for an even morengral situation
including property (E£3.259) (note for example that Lipschitz continuity of is
not necessary in the proof of Lemmd—=2518).

2.5.4 Convergence of the discrete saturation and the physic al
pressure for the Brooks{Corey functions

One can consider the convergence resultj (u;) ! (u) in Theorem ZR9 as
unsatisfactory from the point of view of our original problem, the variational
inequality (£3.38). With the hydrological background from the rst chapter one
might be more interested in the convergence of the saturatio M (uj) ! M (u).
To address this issue we note the following general convergee results inL2()
which can be formulated in the framework of superposition ogrators introduced
in De nition IT2Y]

Proposition 2.5.11. Let RY be bounded andV : R ! R uniformly
continuous and bounded. Then the superposition operatoM acts on L2()
and is continuous.

Sketch of the proof.M acts onL?() because and M are bounded. For the
proof of continuity let (un)n o L%() with u, ! uforn!1 in L2().
Now, we can argue similarly as in the proof of PropositionCL5[4. One can
split in

Lo=1fx2 @ jux) un()ji*>"g
and ". = n % foran"> 0 and derivej 2.j! Oforn!1 with the
Lebesgue measurg j from the convergenceu, ! wu in L?(). Using the
uniform continuity of M on ". and its boundedness on I., one can show
M (up) ! M (u)in L2(). O

If M is more regular we obtain more.

Proposition 2.5.12. Let RY be bounded. IfM : R! R is Helder con-
tinuous with respect to the exponent 2 (0;1], then M induces a superposition
operator

M :L?%) ! L¥ ()

which is also Helder continuous with respect to .
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Sketch of the proof. One can show thatjM (u( ))j¥ is integrable by consider-
ing IM(u())j | M(()) M (u(xo))j + jM (u(xo))j for an xo 2 , using the
inequality

(a+ b9 29 L(ad+ b (2.5.37)
fora;b 0Oandqg 1 (consult e.g. Eh p. 161]) withq = 2= and then the
Helder continuity of M. The claimed Helder continuity of M s straightfor-

ward. O
With the continuous embeddingi : L% () | L?() for bounded RY, it
follows easily thati M :L2() ! L?2() is Helder continuous with respect

to  which improves the convergence result in PropositiofZ5l for Helder
continuous M . Recall that the generalized saturation M in ([Z3Z9) from the
Brooks{Corey parameter functions for the Richards equatia is Helder contin-
uous. Of course, we can apply the results tay; ! u from Theorem[ZE3. Note
that in order to obtain

M(u)! M(u) in L%() for j!1 ; (2.5.38)

it is enough to assume the properties oM (in Propositions ZZ5T1 or[Z5TP)
only on the union of the ranges of the functionsy;, j 0, and u. Otherwise,
one can think of M : [u;;1 ) ! R to be extended onR by the value M (uc).
Furthermore, it is clear that Propositions EE5.T1 or Z5 T2 hold for any LP()
with p 1 instead ofp = 2.

For practical purposes one might be even more interested infte S; -interpolation
of M (u;j) rather than in the exact function M (u;), see [ZZ3b) and [ZZ37).
With regard to the convergence of this inexact evaluation ofM (u;), we state
the following result.

Theorem 2.5.13. Let M : R! R be Helder continuous with respect to the
exponent 2 (0;1]. Then, for linear nite element functions u; 2 Sj, j 0,
satisfyingu; ! uin HY() forj!1 , we have

M(uj) IsM(u)! 0 in L) forj!1

Proof. For any point x contained in %trianglet 2 T; with the vertices py; p2; p3
there are ; 2 [0;1],i =1;2;3, with >, ; =1 such that

X
Is; M (uj)(x) = i M (u(pi)) :
i=1

Therefore, using binomial formulas (as [Z23I7)) and the kider continuity of M
with the Helder constant C , we can estimate
x 2
M (uj (X)) T5; M (u)(x)j? i JM (uj (x)) M (uj (pi))]

i=1

X\g . . ﬁ . .
3 M@u(x) M(u(P)i® 3C*  jui(x) u(m)i® : (25.39)
i=1 i=1
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Using the mean value theorem

jui(x) Ui (P i uiix o pi

on the triangle t (with the Euclidean norm j j on RY) while considering that
jr ujj is constant ont, we can go on estimating the last term in Z53D) by

9C?jr ujj? h?
with h; as in (ZI9). Now, integration over provides
Z x Z
M (Uj (X)) 15 M (uj)(x)j% dx M (Ui (X)) 15 M (u)(x)j% dx
21, !
Z

9C?h?  (jr ujj®+1) dx:

Since (Uj); o converges inH (), the last integral is uniformly bounded and
therefore this whole last term tendsto O asj ! 1 due to (Z&719). O

Note that due to the Sobolev embeddingZ5.36), PropositioasZ5.T1 and 25112
as well as Theorem[ZZ53 also hold in one space dimension Llif() and
L2 () are replaced by ( C() ;k ki ). In this case the assertions of Proposi-
tion E5. 11 and TheoremZRIB are already satis ed for any niformly continu-
ousM :R! R. Again, Theorem[Zh.I3 can also be applied ttd/ :Juc;1)! R
forour u; 2Kj,j 0,andu 2 K. Note that with the continuous embedding
L2() |} LP()forall p2[1;2] and (Z&3T), the proof can be generalized to
these LP(), in particular to p = 1. Furthermore, with the Cauchy{Schwarz
inequality we obtain

M(uj)vi ! M(uyv in LY) for j'1 (2.5.40)

from (E539) for
Vi 2Sj;j  0; with vj ! vin HY() for j!1 (2.5.41)
Now, it is not hard to adapt the proof of Theorem ZR13 in orde to guarantee
M(uj)v; Is(M(uj)y)! 0 in L() for j!1 (2.5.42)

for Helder continuous M and these functionsu; ; v; and u; v. This is interesting
because [Z.5.20){Z5.4P) entail
z
X
MU E) (VP uy@E)h! MU (v u)dx forj 11 : (2543)
P2Nj

With a glance at (EZ2T14) and (Z&I3), an application of Prgosition ZZ3T1
shows that the discretization
X
uj 2Kj : M (uj (p)) (V(P) u;(p)) hp+a(u;;v uj) (v u)) 0 8v2K;
P2Nj
(2.5.44)
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of the original variational inequality (Z3.8] is equivalent to the discretization
EX3) on the level of our convex functional ifM : Juc;1l ) ! R is continuous.
We can rewrite (Z&2Z3) as the convergence

@ o j(U)! @y (u) forj'l

on the level of the variational inequality (E238) and its discretization for our

solutions u; of Z&Z4) andu of (Z38) with v;j; v as in (Z&XZ1). Note that for

any v 2 K there is a sequencey{); o satisfying (Z&xZ1) because of condition
E52Z3) and LemmalZh.B.

It turns out that via the de nition (2.88)hnd the analysis 0 n the convex min-
imization problem (E23Z3), we obtain all the desirable reslts concerning the
variational inequality (£:3.8) and the saturation M which are closer to our orig-
inal hydrological problem. The same strategy will be further pursued in the
following Sections[Z® andZJ7 in which we deal with the numeécal treatment
of @59) or (Z543), respectively. However, at the end (se e.g. FigureZ1),
we also come back again to the derivativeM of . In particular, we will never
need to evaluate (as given in (£239)) in the whole numericd process.

Remark 2.5.14. The above discussion was mainly motivated by the fact that
a hydrological situation is much better re ected by the saturation M (u) than
the value of the functional (u). But the same can be said in such a case
for the physical pressurep =  1(u) as compared to the generalized pressure
u 2 K with the Kirchho transformation (1311 It was already in dicated in
Remark [LET9 that we are limited in answering this questionfor the Brooks{
Corey parametrization. For example, we do not know the regudrity of the
function p which is given almost everywhere on by pointwise application

L(u(x)) of the inverse transformation on the values ofu, say, in the Lebesgue
points x of u in (see Rudin [@ p. 140]). Depending on the range ofu in
[uc;1 ) and the singularity of 1 : (uc;1)! R (see [I324) or Figure[ D)
one might not even havep 2 L1().

However, if there is a physically meaningful interpretation of 3:8) which is
given by the corresponding variational inequality in the physical pressurep
analogously to {T.5.38), then as derived in RemarkKZL.5.19 &ém Theorem[L.5I8,
this variational inequality is uniquely solvable by p =  *(u) 2 H(). But
even then itis unclear if the iteratesp; == (uj),j 0O, converge top because
of the singularity of 1 in uc.

It seems that a nontrivial result can only be obtained if the ranges ofu and
Uy, j 0, are uniformly bounded from below by a constanta > u.. In this
case ! can be regarded as a Lipschitz continuous function on theseanges
as in the nondegenerate cas&r cfor a c > 0 in Lemma[Lh]. Still, these
situations can be considered as somewhat natural in a reatis physical setting
where one does not expect deteriorating physical pressuraiues. In these cases

1:(a;1)! R can be extended to a Lipschitz continuous function on the
real line and the strong result in Theorem[L5Ib provides te convergence

o= Lu)! p= Lu) in HY()for jI1
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For the interpolants Theorem [Z5.13 guarantees
lsp ! p in L%) for j!1

Again, in one space dimension the Sobolev embedding theore(@h38) allows
us to replace the spaces in these convergence results b () ;k ki ). Note
that the Lipschitz continuity of 1 on compact subsets of c; 1 ) provides the
same convergence speed of ! pasu; ! uin L2() or ( C() :k ki) due to
LemmalLLI0.

We cannot close these considerations without mentioning tht of course we also
obtain
M(uj)! M(u) in HY() for j!1

for the saturation iterates in these nondegenerate cases bijheorem[LE5TH since
M :(a1)! R asin (I3ZZ%) can be extended to a Lipschitz continuous
function on the real line, too.

255 Weak convergence of the discrete generalized saturation
in the limit cases

We nally want to address the situation of discontinuous saturation M, in par-
ticular the limit cases in ([LZ29) and in Remark[ZZ%, whee M is interpreted in
terms of a maximal monotone multifunction M = @. As in Remark ZZ5] but
now in the discretized case for general boundary conditionswe can naturally
associateu; 2 Kj, ] 0, to a generalized discrete saturationm,;, 2 S;j which
satis es

my; (p) = M(uj(p)) on fp2Nj :uj(p) 6 ucg (2.5.45)

where M is single-valued. The de nition is motivated by the equivalent formu-
lation (ERTA) with (ZRI3) of our discretization and reads

my (0) = h,*C( p)  auj; p) 8p2N;nNP; (2.5.46)

thus extending (Z5.43) to the singular caseu;(p) = uc for p 2 NjanD.
Of course, m; can be prescribed on the Dirichlet nodes by choosing values
my, (p) 2 M (up (p)) for p 2 NJ-D. Analogously as in Remark[ZZZb, and again
for general boundary conditions, de nition (E5.24) leadsto M (uj(p)) < wm
for the limit case discussed in RemarkZZ4l5 ifu; (p) = uc and the variational
inequality (£5:44) is strict for the test function v = u; + . Thus, the set of
nodes with this property gives rise to a discrete generaliz# unsaturated region
for the discretization of this limit case. (Note that as in Remark 241 these
considerations are not restricted to the limit case, but that u. is a singular value
in the case of continuousM : [uc;1 ) ! R where the unsaturated regime can be
represented by hydrologically sensible generalized presse values in Uc; 1).)

On the other hand, as in TheorenTZZP, i.e. assumings = ; with homogeneous
Dirichlet boundary conditions now, the general result in Jerome Ei p. 93] also
guarantees the existence of

u 2SP and wy 2 @ y) (2.5.47)
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(see de nition (£4.3)) such that
(Wy ;V)Lz() +a(uj;v) “(vV)=0 8v2sp (2.5.48)

is satis ed. Of course,wy; 2 L2() does not have to be unique or accessible in
discrete terms. Instead, one might considef s; wy,; for some pointwise evaluable
L 2-approximation wy,; of Wy, (seel[_—8_|2 p. 140]) or the discrete variational equal-
ity (£2.48) in which w,, is replaced by its L 2-projection Wy; On S wy, is
uniquely determined but does not need to ful ll w,, 2 @( u;) or the pointwise
discrete variant wy; (p) 2 @( u; (p)) for p2 N; anD. The latter, however, holds
for my; which satis es the analogue

u 2SP and my (p) 2 @ uj(p) for p2N;nNP (2.5.49)
with the property
(my;v); +a(uj;v) “(v)=0 8v2Sp (2.5.50)

of @5Z1) and [Z52Z8). Here, thelumped L2-scalar product ( : )j instead of
(; )2y on SjD occurs which is given according to [Z512) and{Z513) byte
de nition

z

X
(u;v)j == Is, (U v)dx = u(pv(p hp 8u;v2S;: (2.5.51)
P2Nj

There is a crucial observation with regard to the variational equality (548
which can be derived with analogous arguments as Propositio[ZZ.3.

Proposition 2.5.15.  The solution u; of (£5.48) is the unique solution of the
convex minimization problem

u 282 J(u)+ () J M+ (v) 8v2SP: (2.5.52)

Proof. It is easy to see that an analogous version of PropositioiZ4 holds
for the minimization problem (E552) in terms of a variational inclusion with
the subdierential @ of on SJ-D. Now, (ZZd) shows that the restrictions
of the elements in @ u;); ) .2() onto SjD form a subset of @ (u;). There-
fore, u; in (E2Z8) solves [ZR5P). Finally, Z55P) is uniquelysolvable due to
Theorem Z3T6. O

It seems obvious that [ZZ5.5P) provides a better approximaion to the solution
of @32Z3) than (Z&D) in which is not exactly evaluated on SJ-D. Therefore,
it is not surprising that we have the following result.

Proposition 2.5.16.  If the conditions of Theorem[ZK.3 hold, then the solutions
uj, j 0, of (£55:48) converge inH 1D () to the solution u of (E2323).

96



The proof can be carried out analogously as above for the coevgence result
in Theorem[ZR9. It is just easier.

Equipped with Proposition EX5. T8 we can also ask if convergee ofwy, ! wy
orwy ! w,forj !l insome sense can be established. It turns out that the
variational equalities (Z4.8) and (Z5.48) together with the inclusion conditions
on the functions w, and w,; do not seem to provide more than poor results if
one does not want to impose unacceptable regularity or stallity conditions on
these functions. For example, one obtainsv,, ! w, in L2()for j!1 if Wy s

j 0,andwy are uniformly bounded inH*_ (). If kwy, K1 () C is satis ed
forj 0and aC > 0, which can be regarded as the only situation in which a
physically interpretable generalized saturation is givenfor uj, j 0, and which
is certainly ful lled in the case (ILZ24), one can show thata subsequence of
(wy;)j o converges in the weak sense inL! () to w, and a subsequence of
(Wy, ) o converges weakly inL?() to  wy.

A more interesting result, which requires no further assumpions onw,,j 0,
and w,, can be obtained in the dual spaceH 1D () © still, for the obstacle
problem in the limit case of Remark (ZZ3) we can only provetiin one space
dimension where the Sobolev embeddindZ5.B6) is valid.

Proposition 2.5.17. Let be a bounded interval in case oM :[uc;1)! R

with a uc < 0 and RY as at the beginning of this section in case of
M :R! R. In both casesM is assumed to be monotonically increasing and
bounded. Furthermore, letu, w, as well asuj, wy;, j 0, be given according

to (E:4:3) as well as [Z5.48), respectively. Then the sequeee ((Wy; ; )i 2¢) )j o
of functionals on H 1D () converges in the weak sense inH 1D @) dto the func-

tional (Wy; )i 2(y -

Proof. First, the uniform boundedness
kwy kiip  CJ 8 0
with a CJ> 0 and therefore
JWy sV)zgy K wy ke ) kvkzy  Ckvky 8v2 HY () (25.53)

with a C%> lis clear forM :R! R.

The caseM : [uc;1) ! R, where M (uc) is unbounded, is more interesting.
Here, we have at least the uniform boundedness

kWuj kLl() C() 8_] 0 (2554)

for a Co > 0, which can be shown in the following way.

Testing (Z548) with v = u; and considering the convergence; ! uin H 1D ()
forj !l due to Theorem[ZR®, one obtains the uniform bound
A

wy updx  Cp 8 0 (2.5.55)
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for a C; > 0. Furthermore, with ¢ as in (ZZ3), but now dependent onj 0,
we have Z Z Z

Wy, Uj dX = uc wy; dx + Wy, Uj dx: (2.5.56)

c nc

SinceM :Juc;l ) ! R is bounded, so is the corresponding maximal monotone
multifunction M () on (uc;1 ). Together with (E&Z7), the convergence of
(uj); o and the boundedness of this leads to

Z
wy updx  Cy 8 0 (2.5.57)

nc

for a C2 > 0. Since the range ofw,;, j 0, is uniformly bounded from above

due to the boundedness oM , we obtain (Z&54) from ZE55){(Z25]).

Furthermore, the uniform bound (E&554) and the Sobolev emiedding (Z53%)
provide a C > 0 such that we have

J(Wu; s V)zey ]k wy kpagy kvkes g Ckvk; 8v?2 HlD() (2.5.58)

and alsoC  CP%in (Z&553). Consequently, in both cases considered, the se
quence (v, ; ) 2y )j o of linear functionals on H 1D () is uniformly bounded
by C. The function wy, 2 L?() also induces a linear functional on H® () in
the canonical way

j(W;V)LZ() J k WkLZ() kaLZ() k WukLZ() ka]_ 8v 2 HlD()

with a norm bounded by kwyk 2() . Let v 2 H' (). Using (Z52Z4]} and
LemmalZE3 we havey; 2SP,j 0, withvj I vinH' ()for j!1 . With
these test functions the variational equalities [ZZ4.38) ard (25.49) lead to

(Wu Wy 3Vvj)zy = a(u u;yy) 8 0
such that, with a C, > 0, we can estimate
Jwa Wy i)z JoJoa(u upv)it j(we o WV Vi)
Caku ujky kvjky + (kwykp 2y + C)kv  vjkg
where the last sum converges to 0O because of the convergerkie ujky! O

(Proposition Z5.Td) andkv  vjky! Oforj !l . O

The last estimate in the proof shows that a strong convergene of (wy, ; ) 2() »
0, to (wy; )2y in HlD() 0 seems to require a uniform approximation

property of (S°); oin H ().

The rest of this subsection is devoted to nd a connection betveenw,, which
satis es the continuous inclusion in (Z2.4T) with m,; which satis es the cor-
responding discrete inclusion in [Z54B) forj ' 1 . This will be achieved in
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E583) in the proof of the next proposition. Observe that ar discrete gener-
alized saturationmy,;, j 0O, in (Z5.48) gives rise to a linear functional at least
on a dense subset oH 1D () via the lumped scalar product

V7 (my;v); 8v2Cl () (2.5.59)

given in (Z&X1) and according to Z5.2B). Due to[[Z5.30and Theorem[Zh®
the norm of these functionals (ny, ; ); on SjD is uniformly bounded forj 0.
The following result shows that they are uniformly bounded m ClD () and
therefore in H 1D () %in one space dimension and how they are connected with
the generalized saturationw, of the in nite dimensional problem in this case.

Theorem 2.5.18. Let R be a bounded interval andM : [uc;1) ! R
with auc < 0or M : R! R monotonically increasing and bounded. Letu, wy
anduj, my,,j 0O, be given as in [Z4:3) and [Z.5:2), respectively. Then bdt
the sequence((my,; )j)j o and the sequenceg(my,;; ) 2() )j o Of functionals
are contained in H! () and converge in the weak sense inH* () °to the
functional (wy; )L 2() -

Proof. With the same reasoning as in the continuous case (seETZHIp in the

proof of Proposition Z5T1 one can show the existence of @ > 0 such that
X
jmy (P)ihp Co 8 O (2.5.60)
p2N j

is satised. Again, this is clear for M : R ! R, where we even have an
analogousL?! ()-bound, and it is more interesting for M :[uc;1) ! R. In
this case [Z5.6D) is proved just as in the derivation of[[ZX54) by testing (Z5.50)
with the test function u; for eachj 0 and using the convergences; ! u in
HlD () for j 'l . Focussing on the set of node:NjC(uj) where u;j (p) = Uc
holds and using [Z2.4D), one can provel{Z2B0) witiN;°(u;) replaced by N;
and thus [Z5.60) altogether.

Now, X60) shows that (ny; );, j 0, according to (Z2.59) even give rise
to bounded linear functionals on (C() ;k ki ). Moreover, their norms are
uniformly bounded by Cg in this case. In one space dimension, the Sobolev
embedding [Z&:36) provides the corresponding statementof these functionals
considered onH 1D (), i.e. there is a Cn, > 0 independent ofj 0 such that
we have

(My;V)j Cmkvky 8v2H! () 8 0: (2.5.61)

In view of Proposition EE5. T4 we only need to show
J(Wy ;V)zy (V) 0 forj il (2.5.62)

for all v 2 HlD () in order to obtain the weak convergence of iy, ; ); to
(Wy; Jpz¢y forj!1 . Now, foranyv2H 1D () we choose a sequence of func-
tions v 2 SP with v; ! vin H% () according to (A5:2Z)] and Lemma E5.8
Testing the variational equalities (Z5.44) and (Z550) wth v;, we obtain

Wy 5Vidizy  (My5v) = aly  ujsvg) 8 O
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Then, with C as in (Z&58) andC,, as in (Zh.&81), we can estimate

j(WUJ ;V)Lz() (muj :V)JJ
Jowusvi)ezgy My v+ (wy v vz (M v vy
Cakuj  uUjkikviky+(C+ Chp)kv  vjky:

The lasttermgoestoOforj !'1  becauseku; ujky! O dueto TheoremZhD
and Proposition Z5T86 andkv  vjki ! 0 holds by construction.

With the weak convergence of ifny; ; )j to (wy; )2y forj !l  we can now
derive the weak convergence of 1y, ; ) 2() to (wy; )2y forj 'l by
proving

j(my;5v)j - (My;V)ey j! 0 forjtl (2.5.63)

for all v 2 HlD (). To see this, we need to use the uniform continuity of

v2HL() C() given by (X536). The left hand side in (Z563) can be
written and estimated as

Z x X
my; (P)V(P) p(X) my; (p) p(X)v(x)dx =
p2N | p2N |
X z X _
my (M) (V(p) V(X)) p(x) dx imy, (PKV(R) V(e g Mo
p2N | p2N |

This last term tends to O for j ! 1  because of [Z580) and the uniform
continuity of v. The latter provides kv(p) V(X)kC(W) I Oforj!1
uniformly for p 2 N; sincejp xj h; holds for all x 2 supp , and p 2 N;
and we haveh; ! Oforj!1 due to (Z5I9). O

Recall that according to Remark[ZZ3, our PropositiondZ5H{Z5.T41 and The-
orem[ZETB cover constant Dirichlet boundary conditions viich is no restriction
in one space dimension if p contains one point.

In contrast to Proposition 5T the situation in Theorem Z518 appears more
complicated in higher dimensions for the caseM : R! R . Although (E560)
is always satis ed here with Co = kMk; j j, we do not have a Helder-like
inequality

j(my V)i k my ks ) kvkyy  8v2 CL ()

for the lumped scalar product (with ClD () de ned in (2[22Z3])). Of course, one
would like to obtain something stronger like

j(my;v)jj  Ckmy kpz ) kvke 8v2CL () 8 0 (2.5.64)

fora C > 0 and k = 1 with regard to (Z26T) and in order to de ne (my;; );
forj OonH 1D () in the rst place (with the usual technique as described
in [9d, p. 48]). Using the continuity of ls, - H2() ! H2() for RY,
d=1;2;3, see Ciarlet E? p. 123], one can provd (Z5H4) fde = 2 in two or
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three space dimensions (and similarly for arbitrary RY with somek > 2 ). One
could derive (Z5.64) fork 2 N by an interpolation error estimate of the form

Z
m v lg(m v)dx Chjkmk z() kvke 8m2S; 8v2 C* () (2.5.65)

witha C > Oindependentofj 0 and the mesh sizéh; from (Z219). Fork =1

the estimate is true for allm;v 2 S; according to Blowey and Elliot [IH p. 149],
and it is clear that a derivation of it for a triangle t 2 T; instead of would

be enough to prove it. Again, using some interpolation theoy to be found in
Ciarlet [27, pp. 122{124] ford = 1;2;3 (and with uniform re nement, see the
beginning of Subsectio”Z713, to geC independent ofj), we can only prove a
version of (Z565) where we havéh? instead of h; but with L?() replaced by

W21 ()and k=2 on the right hand side.

It is clear that (£565) for k = 1 would prove (E5.63), however, both [Z564)
and [Z581) are false fork = 1 in more than one space dimension because in
case of R? already there are well-known examples of unboundedH ()-
functions, see for examplem& p. 30]. And one can consider sequence of
small translations of such functions with the singularity around a node p with
my, (p) 6 0 or m(p) 6 0 (for a xed j  0) in order to see that the left hand
side of (Zh.64) or [Z5.6h), respectively, can be arbitrdly large while the right
hand side remains bounded.

Another interesting task in this context, which is not dealt with here, is an
asymptotic convergence analysis for the limit cases discged in SectionLH. In
concrete terms, one could investigate the behaviour of thedutions u or u
as well asug or ug; of the problems (Z3ZB) and Z5D), respectively, for the
continuous Brooks{Corey functions (or (I.ZZ1)) with the parameter > 0 and
the corresponding discontinuous limit case \ = 0". For example, u ! ug in

H 1D () for ' 0 and (Z43) would entail strong convergence ofWy ; ) z()
to (Wy; )iz¢y in HY () ®for | 0. On the discrete levelu; ! ug; in SP
for ! O would provide my,; ! myy; in SJ-D for ! 0 in view of (Z548)

(compare also RemarZ7h).

2.6 Nonlinear Gauss{Seidel relaxation

The purpose of this and the next section is to present a numedal solution
method for the nite dimensional problem (E539). The presentation including
the notation is again based on Kornhuberééb], but also on Konhuber @]. As
indicated in the Introduction ZI] our method is not based onregularization but
on minimization. Therefore, the scalar function only needs to be piecewise
smooth on its domain, which it is in our case of the Brooks{Coery functions,
on which we will focus now, with the saturation M = 9 of the generalized
pressure as given in[[T.3:25). Moreover, our method will tun out to be robust
with respect to the size of the slope ofM . In fact, we can also use it to treat
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the degenerated situations as in the limit cases in Sectiof.Zl in which M turns
into a maximal monotone multifunction.

2.6.1 General setting and convergence result

To start with, we apply the nonlinear Gauss{Seidel relaxation to solve [Z59).
Although this well-known method (see Glowinski m 142{1&] or Kornhuber
@, pp. 45{50]) lacks e ciency, it already has the properties just mentioned for
solving (Z539). Therefore, it is used as a basic ingredienta smoother, for the
monotone multigrid method which, in addition to the propert ies of the Gauss{
Seidel method, provides the desired e ciency of a solver forZ5.9) and which
we present in the next section.

The nonlinear Gauss{Seidel method results from successivainimization of the
convex functional J + ; in the direction of the nodal basis functions ,()‘) 2,
p 2 Nj, de ned at the beginning of Section[Z3}. Here, we chose somedering

------

For a precise formulation, we introduce the splitting

Xi .
S =V with Vi=spanf ()g 8 =1;:::;n;
=1

of §; into one-dimensional subspaced, S ;. Analogously, observe that the
special form of the convex seK; de ned in (EX) allows for the splitting

i
Kj = Kj| (2.6.1)
=1

in which we denote the one-dimensional \traces" as
Ki =Kj\'Vi 8l=1;:::,nj:
P .
Moreover, for an elementw 2 K; with w = ,nzjl vi,vi 2Ky forl=1;:::;n;,
the de nition (LX) of ; provides the decoupling property

Wi
j(w) = (vi(p)) hp, : (2.6.2)

I=1
Now, with a given iterate w, = u; 2 Kj, 0, we compute a sequence
dimensional convex minimization problems of nding corredions
Vi 2Viwith wy g+ v 2K 0 3w g+ v)+ j(w g+ v)
J (w (+V)+ j(w (+Vv) 82V with w, ;+Vv2K;: (2.6.3)

Then we de ne the next iterate by

Uj 1. Mju; = Wy, = Uj + V| (2.6.4)
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Much has been done so far on this kind of relaxation methods. &the following
global convergence result is well known. Its proof is heawl based on the two

properties (Z&1) and [Z522).

Theorem 2.6.1. We assume the conditions given in TheoreniZ3716 apart
from the continuity of M. Then for any initial iterate uj0 2 Kj, the sequence
of iterates (uj) o provided by the nonlinear Gauss{Seidel relaxation [[Z.6}4)
converges to the solutionu; of the discrete problem [CZ5.D).

A proof of a more general theorem can be found in GIowinski|Il,5142{147].
However, one might nd the approach in Kornhuber [@ pp. 47{49], based on
an idea in Mandel @], more instructive. In order to understeand the basic
ingredients of this proof, observe rst that the corrections given by (Z&3) are
unique and that we have

Jw)+ jw) J (w )+ j(w o) (2.6.5)

such that we get equality in (Z&3) if and only if w, = w, ;. Therefore, we
obtain the property

JMjw)+ j(Mjw) J (w)+ j(w) (2.6.6)
for any xed point w of M j : K; 'K ;. Furthermore, we show below (see Re-
mark Z63) that M ; is continuous onK; . Finally, in light of Proposition Z5.7]
the local problems [Z&.B) can be rewritten as the variatioral inequalities

vi 2V with wp 1+v; 2K aw (+v;v v) (v v)
+ w1 +Vv) j(w g +yv) 0 8v2V with wy +V2Kj
which by virtue of (£&6.2) are equivalent to
vi 2V with wp 1+v, 2K alw (+v;v vp) (v v)
+(w () + vE) hp (W () + Vi () by 0 (2.6.7)
8v2V with w, ;+Vv2Kj:

Now, the essential steps of the proof given inﬂg, pp. 47{49or the homoge-
neous case can also be applied to our case without further thaical problems.

Sketch of the proof for TheorenZZEIl.Using to the coercivity of J + ; (see
Theorem[ZZ3TH) as well as the monotonicity [Z65), one olatins the bounded-
ness of the sequenceup 0-

Let u 2 K; be the limit of a subsequence laj “Jx 0. The monotonicity (E£&65)
provides

JUF+ U) 3 (Mu)F MU 3 )+ (k)

With this estimate and the continuity of M ; andJ + ; onK;, one concludes
Exd) forw=u ,ie.u isa xed point of M.
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Now, for any v; 2 K;, one adds up the inequalities [Z&J) forwg = w; ;= u ,

v = ly(vyy u). Thus the property (E&T) and the special structure (ZG52)
of the functional ; show that any xed point of M ; satis es the variational

inequality (E5T7) in the form
Uj 2KJ‘ . a(uj;vj Uj) \(Vj Uj)+ j(Vj) j(Uj) 0 8Vj2KjZ
This variational inequality is uniquely solvable, i.e. u = uj.

Finally, since any convergent subsequence olu() o converges tou;, so does
the whole sequenceyj) o. O

Remark 2.6.2. In order to keep the notation as simple as possible, nodes
p 2N jD also contribute corrections in (Z&3), which are always vaishing of
course since we havd; = fup(p)g in these cases. In practical computations
the values of any iterate at these nodes are always kept xed sithe prescribed
Dirichlet values, such that any w, can be regarded as a suitablew; in the
variational inequality (Z5I7) cited in the proof. Note th at these points also
contribute to (a constant part) of ; in (E5.2).

Observe that we do not obtain global convergence in the sensthat we can
start with any initial iterate uj0 2 S; since in this case, the convex functional
in the one-dimensional minimization problem (Z&23) forl = 1 might be identi-
cally +1 (i.e. not proper), and so the problem is possibly not solval# (or not
uniquely solvable if we replaceK; by S;). However, one can choose a canonical
candidate for a solution by replacing considering the probéms [Z&.T) instead
of the equivalent ones given in [ZGEB) and replacing<; by S; in (E&1) (or
just by altering (£6.3) accordingly). These latter subproblems are proper and
uniquely solvable for any initial iterate uj0 2 Sj and lead to uj1 2 Kj. In this
sense, we can de neM j : §; | K j and obtain global convergence on the whole
spaceS;j. This is re ected by the practical treatment of (£Z&3]) to which we
turn now.

2.6.2 Practical realization of the method

Since we can assume/;, ; = up(p) 8p2 NJ-D forI=1and =0 and therefore
forall 1 =1;:::;n; and 0, in the following, we only consider points

p|2NjanD:

In order to make clear how the correctionsy, 2 V, in (E53) can be computed
practically, we observe that in light of Proposition E5H, one Gauss{Seidel step

EB83) is equivalent to

Vi 2Vio 02aw +vi;) T @5 w1+ v)()+ @ 3wy v )() on V°

(2.6.8)
Of course, the subdi erential given on the right-hand side d this variational
inclusion is to be understood as a set of functionals on the daspaceV; S ;.
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Equivalently (Hahn{Banach), it can be interpreted as the set of restrictions
of the given subgradients in Sjo on V,. SinceV, is one-dimensional, this set is
uniquely determined as a set of numbers (which has to contai® 2 R) provided

by @&8) if we insert 3 with ) (p) =1.

In this way we can reformulate (Z&.8) as a variational inclusion on the real line,
setting v, 2 V, as

with the unknown correction factor z 2 R (while dropping the dependence on
for notational reasons). Furthermore, we de ne the real nunbers

ag=a( $5 0y and ri="( ) aw ; §) (2.6.9)
as well as the real convex functionals
(@)= jw +z ) 8z2R and P(2):= S(w ,+z () 8z2R:

Applying the \chain rule" for subdi erentials (consult e.g . Ekeland and Temam
, pp. 27/28]) while considering [Z51IB) we obtain

@1(2=@;w 1+z N W)= @ w 1(p)+ 2)hy 82 uc W 4(p)
and [Z51I3) provides analogously
@P@)=@°%w 1+z ) )
C@n w2 82w M) i p2Ng
0 8z2 R if p2Njn(NP [N 3):

We recall from (Z432) and (ZZ43) that the maximal monotone multifunction
@: R! 2R reads

8
2 ; for y <uc
@ y)= S (1 ;limygy,M(u)] for y= uc (2.6.10)

fM(y)g for y U

with M (= M) calculated in (L3Z8). Furthermore, the subdi erential @ R, is

obviously given by

8
2 0 for y2 R

@ R, (y) = S [O;+1) for y=0 (2.6.11)
: : for y2 R*:
Altogether, inserting g) in (£69), we obtain the scalar inclusion
z72R: 02aqz7 n+@ |(Z|)+ @ |S(Z|) (2.6.12)

as a reformulation of (Z&38). Of course, there is a versionfaZ6.13) in terms
of classical derivatives which is given by

Z 2 || . 0= q Z r + O(W| 1(p|) + Z|) hpl (2.6.13)
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with 1) :=[uc  w, 1(p);1) for p 2 N; n(NjD [N J-S) and with the additional
constraint Iy :=[uc  w, (p); w, ()] for p 2 st_ This formulation could

have been derived with analogous arguments for classical deatives using The-
orem[Z311.

In the following, we abbreviate
wi=w 4(p) 2R

for any p; 2 N anD. Interpreting the right-hand side of (E6.12) as a maximal
monotone graph R?, solving (ZBE12) requires to nd the x-coordinate of the
intersection point of with the x-axis in R2. Equivalently, we can determine
the intersection point of the real linear function

Gix7l My I (2.6.14)

with the real multifunction
( @ w, + X) for p2N;n(NP [N )
< @ w+x)+ @g (W+x) for p2N7:
Instead, for simplicity, we introduce the translation
y =Wt x;

now, with (E610) and (Z&11), considering the multifundion

( @ y) for pr2N;n(NP [N )
Hy:y 7! < (2.6.15)
@ y)+ @g (y) for p 2N,
and the translated linear function
G w: Y7 Gy w):
Consequently, [Z&I2) can be written as
YI2R: G w(y)=Hi) (2.6.16)

with z =y, w,.

Observe that the linear functions G , are strictly decreasing since bothay and

hp, are positive numbers. Now, FiguredZZIL shows the concrete sdion of (E6.T4)

for p 2 N; n(NjD [N js) if we chooseM according to our choice of parameter
functions due to Brooks and Corey, seel{1.3:25) (and more caretely ([L.Z1) or

Figure [[.TA). The additional (vertical) constraint in y = 0 which would occur

for points p; 2 N js on the Signorini-type boundary is clear.

We distinguish three cases:

1st case (bottom linegy): G w,(Uc) = G(uc W) m

=) z1= U W
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Figure 2.1: Possible intersections oH| and G , 2 f g, Om; 09

2nd case (top lineg): G w,( 1)=G( 1 w)

( .
a,t( hp m+rn) if p2Njn(NP [N %)

minfa, *( hp m + 1) wg if p2NS:

:) Z =

3rd case (middle linegy): \nontrivial" intersection of M and G \,
=) U<y =w+z< 1

Remark 2.6.3. We solve the third case numerically (up to machine precisioh
using the bisection method. In order to increase the convergnce speed, this can
be replaced by Newton's method once an iterate obtained fronthe bisection is
smaller than y,. Alternatively, one could solve the third case inexactly in such
a way that a damped Gauss{Seidel method is obtained with! , v, for instead
of v, in (EE3) with !'| 2 [! o;1] for some! ¢ 2 (0; 1]. Convergence of such an
inexact Gauss{Seidel relaxation is shown in KornhuberESpp. 3/4].

With a glance at Figure 2, one can\see" thatz; = y; w; depends continuously
on wi, i.e. v, depends continuously onw, ; which shows the continuity of
M in (E534). More precisely, one can interpret one Gauss{Sdel step as a
one-dimensional convex minimization problem in which the tinctional depends
linearly, via the residual, on the xed coordinates of the unknown vector. Then
one can apply iteratively a one-dimensional version of Propsition ZZT1 in
order to see the continuity of M ;.

Furthermore, we note that for ; = 0 and no constraints (apart from the Dirich-
let values on N;) the above considerations reduce to the well-known Gauss{
Seidel method for the solution of a linear systemAx = b2 R" with a sym-
metrical positive de nite matrix A 2 R" and n = ng # NJ-D, see for example
Glowinski [45, pp. 147/148].
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2.7 Monotone multigrid methods

In this section, we present monotone multigrid methods incuding discrete con-
vergence results for the solution of [Z5P) in our hydrologcal setting with

Brooks{Corey functions and their limit cases (see Subseatn[.Z2). As already
stated at the beginning of Section’ZB, nonlinear Gauss{Sdel relaxations alone
do not provide an e cient numerical method for solving probl ems like (Z1X.9).

2.7.1 Monotone coarse grid corrections

In the linear case already, i.e. for ; =0 and no constraints, convergence rates
of the Gauss{Seidel method deteriorate (exponentially wit j) if one passes
to more and more re ned (uniform) triangulations T;, see e.g. Kornhuber and
Schutte [, pp. 115{121]. The well-known reason for this &ct is the small
support or \high frequency" of the nodal basis functions usel for the successive
minimization on the ( ne) grid. This restricts the informat ion transport for the
computation of the correctionv, = z ,()Jl) in one Gauss{Seidel step[[ZE]3) to the
values ofw, , at the neighbouring points of p (see [ZETIP) and the de nition
of the terms used therein). Therefore, the application ofM j to an iterate u;
only reduces the high frequency contribution of the erroru;  uj. In order
to account for lower frequencies in the error and to acceletta the information
transport, one extends the set j by additional functions (or search directions)
with larger support. Therefore, we introduce the ordered sisets

M =( ;55 )
of §; for any 0 in which we assume that

p= W5 =1y

are the ne grid functions and that |, 1= n; +1;:::;m., are suitably chosen

J 1
functions with larger support in general.

Now, (M ) o induces anextended relaxation methodresulting from the suc-
cessive minimization ofJ + ; in the directionof | 2 M ,I= rinmg, for
=0;1;:::. Therefore, settingV, =spanf | g, we can consider the problems

Vi 2V, owith wp ==w  + v 2Kj0 J(w (+v)+ j(w o+ y)
J (W 1+V)+ j(w +Vv) 82V, with w +Vv2K; (2.7.1)

and de ne the next iterate by

i
U™ = Wy = Wy, + vi =2 GMjuy (2.7.2)
I= nj +1
with the so-called smoothed iterate from (£26.4) which we denote by
u

j =Wy = My
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In general, due to the form of (the nonlinear) ; and the constraints in ZZ1),

the exact evaluation of (ZZ1) forl = n; +1;:::; m; i.e. of the coarse grid
correction G u; , is too costly for practical calculations. Therefore, muchwork

has been done on the construction of e cient approximationsG of G . It turns
out that the only property such an approximation G has to satisfy in order
to maintain the global convergence result (TheoremZZ&I1) dr the extended
relaxation method is the monotonicity condition

JGw+ j(Gw) J W+ j(w) 8w2Kj: (2.7.3)

Theorem 2.7.1. Assume that G in (E7.2Z) is replaced by any coarse grid
correction G satisfying (Z.7.3). Then the iteration given by {Z.7.3) is dobally
convergent.

For the notion of global convergence see Theorel@2.8.1 and Rerk Z62. With
our knowledge gathered so far the proof of TheoreriZ 4.1 is sprisingly easy
and unveils how powerful the monotonicity condition (ZZ3) is.

Proof. We only need to replace \monotonicity Z&3)" by \monotoni city (£55)
and ZZ3)" in the proof of Theorem[Z&.1. The rest is literdly the same. O

Often the monotonicity

Jw)+ jw) J (w )+ j(w ) 8 O I=1;:::;m
is enforced for every one-dimensional correction step sudhat
I ™)+ (™) 3wt j(w)=Jd(u)+ () 8 0 1=1;m

together with the continuity of J + ; on K; and the uniqueness of the limit
u; of u; provide the convergence

w oy for 1 I:1;:::;mj (2.7.4)
of the whole sequencew, ) 0;1=1 ;5m, of intermediate iterates.
2.7.2 Constrained Newton linearization with local damping in

case of Brooks{Corey parametrization

It is well known that Newton's method does not converge glob#ly, consider for
instance nding the zero of the real (strictly increasing) function arctan : R! R
or equivalently the minimum of a (strictly convex) primitiv e of arctan. How-
ever, since the coarse grid correctiorf:J alone does not need to provide a con-
vergent iteration and since our is at least piecewise smooh, some lineariza-
tion of J + ; for an approximate solution of (ZZ1) seems feasible. Badeon
Kornhuber [B9] this idea is carried out in Kornhuber @].
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We sketch this idea and the main results in IEIB] considering e example of
the convex function : R ! RJ[f +1g given by (L321) due to our choice
of Brooks{Corey parameter functions and (u)=+ 1 for u<u. according to
(ZZ43) and (ZZ3). In order to incorporate the points in N; located on the
Signorini-type boundary (as in (Z&1I3)) or the Dirichlet boundary, we de ne
the point-dependent convex functions

8
> (v for p2Njn(NP° [N 8)
. s
IO.u7!> (u+ Ro(u) for p2N;
fup (P)g for p2N P
with the subdi erentials
8
> @ u) for p2Njn(NP [N °)
@p:u?l @ u+ @g (u) for P2Nj®
@ tup(p)g for p2Npf
where (
if u= up(p)
u 7!
@ 1uo (g : if u6 up(p):

For p2 NjnN;° the function , is in nitely times di erentiable on
l1:=(ug; 1)

and on (
( L,1) for p2Njn(NP [N )

( 1,00 for p2NJ®

where it is the identity. It is continuously di erentiable o n a neighbourhood
of 1 but not twice di erentable in this point.

1= (2.7.5)

We call p2 N a critical node of v2 K; if p2N [ or

fue;, 1g for p2Njn(NP [N )

v(p) 2 C, :=
) P fue; 109 for p2NjS

and de ne N; (v) as the set of critical nodes ofv. We call the elements ofCp
critical values and the elements ofRnC,, regular values for . Accordingly, we
de ne N; (V) == N;j nN; (v) as the set ofregular nodesof v.

We point out that the results given in [E] can be generalizedo our situation of
point-dependent , and more than one critical value. In fact, the results in E‘b]
where nitely many critical values are treated for piecewise quadratic , can be
merged with the ones in I[EB], where is only required to be twice di erentiable
on the interior of its domain with locally Lipschitz continu ous % According
to [@ p. 59], further classi cation of the regular nodes ofv with respect to
connected subsets of regular values is helpful. Thereforeye de ne the discrete
phasesof v by

N/(v) = fp2Nj :v(p) 2 lig; i=1;2: (2.7.6)
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Now, for a given smoothed iterateu; and each regular nodep 2 N; (u; ), we
can nd real numbers

Ly (P <y () <y (P)

such that on the neighbourhood [_u_ (p);‘_uj (p)] of u; (p) the function , is
twice di erentiable with J

gtz )i Lz zd 8ziz2[, (P, (P) (2.7.7)

and a pointwise Lipschitz constantL, > 0. More concretely, ifp 2 le(uj ) we
set

[‘_uj (P); ™y, (P = [Cuc + uj (P =2, (u; (P)  1)=2] (2.7.8)
and if p2 N %(u; ) we choose
o ()] = CLC ey =23y @iv 1 for p2NjnND [N 2)
—u [( 1+ u(p)=2u; (p)=2] for p2 N S:
(2.7.9)
Setting in addition
‘_uj (P ="y (P =P
for p2 N; (u;), we introduce the closed and convex set
Ky = fw2s; :'_uj (p)  w(p) ", (p) 8p2NjQ: (2.7.10)

Then, due to the special form of ; given by (Z&.2), we obtain the representation

j(w) = u (w)+const: 8w?2 Kuj (2.7.11)
with the smooth functional
X
u oW 7! (w(p)) hy 8w?2 Kuj : (2.7.12)
P2N; (u;)

Even though K, is not a neighbourhood ofu; , we can regard u as given on
an open neighbourhood ofu; since the critical nodes ofu; do not contribute
Now, we consider theconstrained minimization of the smooth energyJ + u, :

Uy, 2 Kuj SN (qu)+ u (qu) J (V)+ u (v) 8v2 Kuj : (2.7.13)

Replacing u by a Taylor expansion of second order aroundy; , one obtains
a functional J, as the quadratic approximation of J + u around u; . The
quadratic obstacle problem

wy, 2 Kuj SN g (Wuj ) J u (v) 8vz2 Kuj (2.7.14)
can then be regarded as aonstrained Newton linearization of (ZZ13).
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Now, we choose search directions, | = nj +1;:::;m;, possibly depending
on K, , and replace the nonlinear relaxation stepSEEl) by the enstrained
one-dimensional linear problems

v, 2D, : Juj(W| 1tv) J uj(W, 1tVv) 8v2D, (2.7.15)
with constraints D; V, satisfying
02D, fv2V 1w 1+ V2Ky g: (2.7.16)

SinceJ u is a quadratic approximation of J + 4 around u; and u is convex,
the following is clear forl = n; +1,i.e. for w, ;= u. . If v, 6 0in (ED then
v, is a direction in which J + u is (also) decreasmg (at least) locally around
the iterate w, ;. Consequently, ZZ1) holds if the next iterate

w=w oty (2.7.17)

is chosen with a suitable damping parameter! | 2 (0;1]. Of course this does
not have to be true for | > n; +1. (Considering quadratic expansions of
around all intermediate |terates W, I =nj+1;:::7m;, would in general lead to
suboptimal numerical complexity, see also[CZZG) and Kanhuber @ p. 15].)
However, in Eé pp. 8, 10] an upper bound is available fow, 2 [0; 1] and any
K ke =1, 1 =n; +1;:::; Lmy, 0, which guarantees the monotonicity
(EZII) for the ch0|ce ofwI according to (ZZIT). For the computation of a
suitable ! | only (local) properties on supp | are required and we have
Lo for max Lp!l (2.7.18)
p2intsupp
Choosing thelocal damping parameters! | according to this bound, one obtains
a monotone coarse grid correction

e
Gu =u + Y (2.7.19)

I=nj+1

with local damping which preserves global convergence due to Theorem™27.1.
Such a damped version of an extended relaxation is also catleextended under-
relaxation.

2.7.3 Standard and truncated multigrid: asymptotic conver -
gence result

Monotone multigrid methods now provide realizations of coase grid correc-
tions G, rst with optimal numerical complexity, i.e. with  O(n;) point opera-
tions for one iteration step

+l_qMJuJ

and secondly, with a considerable acceleration of the convgence up oo
for 11
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Again, we sketch the main de nitions and results about monotone multigrid
methods for our special setting and refer to Kornhuber@] ad @] for further
details. The only aspects of the method described above thastill need to be
speci ed is the concrete choice of search directions; and the corresponding

constraints D, for | = nj +1;:::;m; and 0.

subdivided into four congruent subtriangles constituting Tg+1, k=0;:::;) 1.
This also gives nested sets of nodeblg N ; and a nested sequence
So S ; of subspaces of5; which correspond to the levelsk = 0O; P
Let
N () P DI PP 1) ... 0.... (O
si=( @i @4 W g Vi O 9

be the multilevel nodal basis consisting of allms = n; + + ng nodal basis
functions from all re nement levels, ordered from ne to coarse, and set

— (k). a4, — .
1= s I=n;+1;::0;m = nj+ mg;

also in an ordering from ne to coarse. Note that with this choice, the nodal
basis functions on the nest grid also enter the coarse grid arrection. This is
reasonable due to the di erent nature of the problems [Z&3 and (Z_213) for
these search directions.

In order to obtain optimal numerical complexity, the result ing algorithm should
allow for an implementation as a multigrid V-cycle in which calculations of

J_W|1V u Wi

for an admissible correctionv in (EZZI5) are enforced by approximated local
coarse grid obstacles o2V which satisfy

L@ w0 @ Ty (P woa(p) 8p2N;:

We refer to @ pp. 74{76] for inductive constructions ofquasioptimal restric-
tions which provide such obstacles. Now, the local constraintd, in the local

problems (ZZ1I%) are given by
Dy :=fv2V, : , v g I=n+1;::m

Altogether, these selections of search directions; and constraints D, lead to
a -independent coarse grid correctionqStd = G of the standard monotone
multigrid method
1 _ cstd : :
U= GOM 0: (2.7.20)

A drawback of this method is that, due to the de nition of K, , any , with

intsupp | \ N (u;) 6 ; (2.7.21)
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gives atrivial correction v, = 0. This can exclude many coarse grid search direc-
tions and therefore a ect the information transport provid ed by low-frequency
functions, which was the reason for setting up extended rebaations in the rst
place. Therefore,truncated multilevel nodal bases™g have been de ned. They
depend on the setN; (u;), i.e. on 0, and are based on the idea of appro-

priately \cutting” any p 2 N; (u;) \out" of intsupp S‘) for any nodal basis

function E)k) 2 s. More concretely, fork =0;:::;j and 0, the modi ed
basis functions

~(k) .= (k)
p = Tik p
on level k are de ned for any p 2 N\ with the truncation operators
Tj;k :: IS ISk
arising from the interpolations Is_:Sj ! S | on the reduced subspaces
Sk =fv2Sk:v(p)=0 8p2N,g

of Sx induced by the critical nodesN, = N \N ; (u;) on level k. The modi ed

basis functions *,()k) now constitute the truncated multilevel nodal basis
~ e ~() - ~() -~ D..... ~(j 1)..... ~(0) ....~0)
S_( pr v pnj: p1 gy ey pnj l,..., pr cc Pno)

and vanish if and only if all nodesp 2 intsupp *l(ok) are critical nodes of u; -

We point out that this also gives additional search directions for p 2 NjD if the
Dirichlet boundary p is not resolved on the coarse grid given byNg (as it is
the case in the numerical example in SectioirZ]3).

As above, we de ne the search directions

p= 00 =y +1im
ordered again from ne to coarse. As in [Z&#) for the searchdirections
with p 2 NjD, the elements of “g which are equal to 0 can be skipped.

The local coarse grid constraintsD, , | = nj +1;:::,m;, 0, can be obtained
analogously as in the standard case by quasioptimal restrtons, see l[_—5|9 p. 81].

As a result of these search directions | and constraints D, we obtain -depen-
dent coarse grid correctionsq"c’ = G and the truncated monotone multigrid
method

U T =G Mju; 0: (2.7.22)

Itis observed that truncated monotone multigrid usually converges more rapidly
than the standard one. Unfortunately, this is not yet re ect ed by the an-
alytical results which cannot guarantee better asymptotic convergence rates
for the truncated version, see TheoreniZ714 (or consult@Spp. 17{19] and
[@, pp. 87{92] for more details). The di culty for the analy sis lies in the fact
that the truncated basis functions ~S‘) can have a rather strange shape and are
in general not contained in with Si. Despite this, it may surprise that truncated
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monotone multigrid methods can be implemented as multigrid V -cycles with
only minor changes as compared to the standard ones, seel[58,82].

Asymptotic bounds of convergence rates demonstrating thedst convergence of
the monotone multigrid methods described above can be prowkfor problems
(Z2.9) whose solutionu; satis es the non-degeneracy condition

(W) au; ) 2int@ju)( P+ @5 §) 8p2 N (u)nNP
(2.7.23)
This condition guarantees that all the critical nodes of u; and their (exact)
values are detected by the nonlinear Gauss{Seidel method t&r a nite number
of iterations. (The values onN jD are known anyway.)

Lemma 2.7.2. Assume that the solutionu; of the discrete minimization prob-
lem Z23) is non-degenerate in the sense of (Z.7.23). Thethereisa o 0
such that

w (p) = uj(p) 8p2Nj (uj) (2.7.24)
and _ '
holds foralll =1;:::;m; and 0-

Remark 2.7.3. The proof of this result is based on continuity arguments and
the convergence [[ZZHK) of the intermediate iterates. It ismainly a consequence
of the nonlinear Gauss{Seidel smootherM ; since critical nodes remain un-
touched in the coarse grid correction. Observe that the essdial assertion of

LemmalZZ2 is ZZZZW) and that ZZ2Zb) follows from [ZA).

Figure 27 displays the abstract arguments of the proof and e relevance of
ELZ3) for the example of the critical valueuc: Small perturbations of the bot-
tom line g, do not change thex-coordinate u of its intersection with int @( uc).
With a glance at the coe cients constituting the line g, one can see that this
demonstrates [Z72ZB), on a scalar level, as a stability catition for critical
nodesN; (uj) with respect to small perturbations of u; (consider uj or small
perturbations of it as coming from a Gauss{Seidel iteratior). Observe that if
(ZZZ3) does not hold for the critical value 0 = u; (p) at a critical node p 2 N jS,
then u; (p) assumes this value whether the obstacle condition; (p) 0 at this
node is imposed or not. Finally, we remark that the condition in (E22Z3) can
obviously be never ful lled in case of any critical point p in which u; assumes
the value 1 where is di erentiable but not \smooth enough". We come ba ck
to this phenomenon in more detail in SubsectiorlZ7H.

As a consequence of LemmB—Z14.2, of our choice of the obstalde ning Kuj
in (EZ10) and the convergence[[Z7]4) we conclude thati; 2 Kuj holds for
all 1 with some ; 0. Now, sinceu; minimizesJ + ; onK; and
from (L) only diers by a constant from ; on Ky, , which is contained
in K; for all 0, the solution u; of the non-smooth problem [Z53®) solves
the constrained smooth problem Z.ZIB).
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With this crucial observation and the local Lipschitz continuity (£27) of ©°
one can prove that there is a , 0 such that the constrained Newton lin-
earization [ZZI3) is equivalent to classical Newton linarization of (ZZ13) at
u; for 2. The latter becomes a linear problem for which the local obsicle
problems (ZZI%) asymptotically (for sanda 3 0) provide an extended
linear underrelaxation. This property can be guaranteed wih the special choice
of the coarse grid constraintsD, described in Eb pp. 71{76, 81]. Now, with
the technical assumption that all non-zero correctionsy, have the property

kviki = o(kv kg ) for 11 ; k=nj+1;:50 1; (2.7.26)
there is a 4 0 such that the damping parametersw, in (EZT9) satisfy
I, =1 forall 4. (ZZ28) accounts for the fact that derivatives of u are
not evaluated at the intermediate iterates w, , 0,1=nj+1;:::; m; .

Altogether, one concludes that our coarse grid correctionsG asymptotically

become iterations of linear (Newton) multigrid methods or more generally linear
subspace correction methods for which convergence ratesrcae derived. These
results can be combined with an asymptotic error estimate fo the nonlinear

Gauss{Seidel smoothing [[ZE&HX) for which [ZZJ7) is explééd. The asymptotic

convergence rates are based on the local energy norkmk,; de ned by

kvki = a(v;v)+ 0(up)(v;v) 8v2S; (2.7.27)
on the reduced space

S

, = fv2S;:v(p)=0 8p2N; (uj)g:

Observe that by LemmalZZ2 the errorsu;  u; are elements ofS; for 0-
We assume that
kvky, jkvk 8v 2 S; (2.7.28)

is satis ed for the energy normk k given by
kvk? := a(v;v) 8v2S; :

Theorem 2.7.4. Assume that the non-degeneracy condition[{Z.7.33) as wellsa
(B7Z9) and [Z7.29) is satis ed. Then there isa ; 0 such that the iterates
produced by the standard[(Z-7.20) or the truncated[{Z-7.42)nonotone multigrid
method ful Il the error estimate

kui Uk (L ¢ NG +D) Dkuyoy

j Jkui 8 j

with a positive constant ¢ depending only on the ellipticity ofa( ; ) and on the
initial triangulation Tj.

2.7.4 Practical treatment and nature of the critical values
We proceed with some further comments on the critical nodes Wwich are also

of interest in the practical computation. As a matter of fact, the three possible
critical values uc, 1 and O fora , are quite dierent in nature.
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The critical value 0 is imposed as an obstacle condition for ades on the
Signorini-type boundary whereas the critical valueu. occurs as a singularity of

Owith  Qu)!1  and %) !1 for u#uc. Therefore, the local Lipschitz
condition (EZ1) deteriorates for regular nodesp with values u; (p) in a small
neighbourhood ofuc in the sense thatL , explodes. Now, due to [ZZB), this
produces small damping parameters, i.e. hardly any contrilntion of search di-
rections | with p 2 intsupp | to the coarse grid correction ofu; . In this way,
such nodes play a similar role as critical nodes In[[ZZ21)Therefore, it seems
reasonable to consider such nodes as critical, too, and leaxtheir values u; (p)
untouched in the coarse grid correction. Skipping all | with p 2 intsupp
as the corresponding search directions obviously does notiolate the global
convergence.

In concrete terms, givenv 2 K; we de ne
N; (V)= fp2Nj:ip2N; (V)" L,>Lg (2.7.29)

with a threshold L > 0 as an extended set of critical nodes o and replace
N; (u;) by N; (u;) for the de nition (ZZZTU)J of Ky, - If L is large enough, then

and owitha o 0dueto (ZZ3) and LemmdZZP. Consequently, a suit-
able choice ofL preserves the asymptotic convergence result in Theorein Z4.

In our practical computations (as in Section[Z8), we deternine the solution
te >ucof %) L =0 (see (3ZT)) and choose

'—Uj (p) = te¢

for any regular nodep 2 Nj-l(uj ) instead of (ZZ8). As a consequence[1Z4.7)
holds with the global Lipschitz constant L := %) = L, uniformly for all
regular nodesp 2 NjnN; (u;). Note that some balance has to be kept in the
choice ofL versusu in order to get reasonable corrections. On the one hand, the
larger L (i.e. the smaller u) is, the smaller the damping parameters in Z.ZID)
are due to (ZZIB). On the other hand, the biggerug (i.e. the smaller L) is,
bigger damping parameters might be useless since in this oaghe constraints
Ky and D; become more restrictive.

With regard to the other critical values observe that even though °%does not ex-
istin 1, we still have existing one-sided limits ° 1):=1lim , 1 %u) 2 R*
and 9 1) :=limy 1 Qu)(= 0) as well as  °90) :=lim =g Ru)(=0) in
contrast to lim yz,, %Pu) = 1 for the singularity uc. Using these real one-sided
limits in the endpoints of the intervals in (E.29) we can simplify the choice of
these intervals altogether and

replace ['_uj (p);‘_uj (p)] by phase-dependent intervals (2.7.30)

as, for example, by [r; 1]if p2 N;*(u;), by [ 1;0] for p2 N 2(uy;)\N ;° and
by [ 1;1) for p2 N(u;)nN;°. With the de nitions of ~ %Qu) as the suitable
one-sided limits of %in the endpoints of these intervals, property (ZZT) still
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holds and the analysis in Kornhuber EB] can be carried out aalogously leading
to the same results. We use these modi cations in our practial calculations in
Section[Z3.

Observe that there is no \naturally occurring” obstacle corresponding to the
value 1, which is critical just because is not smooth enough in 1 (for our
analysis), even though ©exists and is continuous in 1. Again, we point out
that this is a special feature of the Brooks{Corey parameterfunctions ([.Z3)
and ([CZI0) in which a \sharp" bubbling pressure py is incorporated. Other
parameter functions, e.g. according to van Genuchten@l]do not have this
property and are hydrologically reasonable, too.

However, for the parametrization according to the Brooks{Corey functions, one
could argue that nodes referring to the critical value 1 (which corresponds
to the bubbling pressure py, in ([ZZ9), see Sectiol_T13) mark the free bound-
ary of the waterfront separating the saturated from the unsaurated region.
By Lemmal[ZZ2 the nodes on the free boundary of Signorini'sype are found
after a nite number of nonlinear Gauss{Seidel steps (guarateeing the asymp-
totic error estimates) if the non-degeneracy condition [ZZ23) is satis ed. This
certainly applies to all critical nodes, but condition (E-ZZ3) cannot hold for
nodesp referring to the critical value 1 because is \too regular" at this
point such that u;(p) is always unstable under small perturbations ofu; (see
also RemarkCZZZB). Sau; can only be non-degenerate in the sense diTZ7123) if

u(p)6 1 8p2N;jnN] (2.7.31)

is satis ed, which is sensible from a numerical point of view Nevertheless,
together with our considerations on [ZZZ9) above, this mtvates the de -

nition of even more extended sets of critical nodes in orderd \get rid" of

the non-degeneracy condition (and therefore[[Z7.31)) bynrtroducing an "-non-
degeneracy

For "> 0 we de ne
Nj(v):= fp2Nj :jv(p) cj " fora g 2 Cyg (2.7.32)

with the set C,, of all critical values of . As C, is nite, ¢, is unique in (ZZ32)
if " is su ciently small. We call the solution u; of (ZX53) "-non-degenerateif

N (uj) = N; (uj): (2.7.33)

Sinceu; is an element of a nite-dimensional space, it is always -non-degenerate
for some" > 0 even if it is non-degenerate. Due to[(Z7}4) thereisalsoag 0
such that szz(wl) = Nj"(uj) is satised for all | = 1;:::;m; and 0-

and o, the assertions [ZZZZW) and [ZZ25) of Lemm&=Z17.2 hold ahthe
asymptotic convergence analysis can be applied to the corsponding algorithm
with the same results.
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2.7.5 Monotone multigrid for the limit cases

So far, our focus concerning the numerical treatment of [Z:Z3) in this and
in the previous section was on the special situation accordig to Brooks and
Corey in (L323). However, the Gauss{Seidel method as welis the monotone
multigrid method in Kornhuber [ﬁ] and [E] can be applied to much more
general cases. For the arguments in this section to hold, itd obviously enough
to impose the following conditions onM : | ! R, given on a nontrivial interval

I R with 0 2 I. First, the function M should be monotonically increasing
and bounded (or else satisfying [[Z325)). Secondly should be continuously
di erentiable on the interior of nitely many subintervals 1y, k=1;:::;n, of I,
whose union isl , such that M Cis still Lipschitz continuous on compact subsets
of int I for eachk =1;:::;n (compare Eb pp. 23/24] and |E|8 p. 1]). These
conditions include the nondegenerate case and all the limitases discussed in
Section[13.

For the nondegenerate case In[{L.Z21) and its limit cases, avdo not have a
lower obstacleu; < 0, thus the convex function : R! R given by (Z33) is
de ned on the whole real line. In (LZ2Z1) the valueu occurs as an additional
critical value (due to lack of regularity of M) which plays a similar role as
the critical value 1 above, but does not have a physical meaning other than
perhaps as an upper bound for \unrealisticallly small" (gereralized) pressure
values. In the limit case (I.ZZ%) we obtain a piecewise lirr on R with
only one critical value 1 (apart from O for the Signorini-type boundary), for
which (in contrast to 1 in the Brooks{Corey case)@= M is setvalued with
M( 1)=[ m; m] Note thatin the limit case py=p ! 0 in (CZ28) the critical
value 1 is replaced by 0 such that we only have one critical value her.

The numerical treatment of the (hydrologically reasonable limit case for the
Brooks{Corey parameter functions treated in this section is not only possible,
butitis in fact much easier than what has been done above. In RmarkZZ3 itis
discussed how the limit cased{1.416) with[[T.417) and{1.43) can be regarded as
the same situation, in which a linear or, equivalently, a constant %= M M
on an interval [uc; 1 ) with uc Oéesulting in

> X for u<ug
@ uy=Mu=_ (1 ;m] foru=u (2.7.34)
' M for u>u,

constitutes a linear constrained problem. We obtaineduc; 2 f 2; 1;0g in

Section[T3, the value 0 coming frompy,=py ! 0. The e ect of this latter case

is that the boundary conditions of Signorini's type now turn into homogeneous
Dirichlet boundary conditions which makes the situation even more simple.
Otherwise, the value of uc < 0, which we discuss in the following, does not
matter.

With (£234) instead of (Z6.10) the construction in Figure[Z degenerates and
becomes very easy. Furthermore, we only have the critical \aes uc and 0
(for the Signorini-type boundary) which constitute the int ervals |, as in (ZZ3)
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(with 1 replaced byuc) for the discrete phasesN jz(v) as in (Z£8). Accord-
ingly, the constraints in (E2.30) can be replaced by the clsures of these inter-
vals, on which we have vanishingL,, due to % 0, such that we can choose
the constraints in

Kuj = Kj

independently of u; with the full convex set K; from (Z2.). Since ; is linear
on Kj, the constrained Newton linearization {ZZ13) is a constained problem
for the original quadratic functional

onK;j, and so are the one-dimensional problem$§{Z71l5). The colmaints D, are
chosen as above and damping is not necessary due to the idegt(ZZ.35). As a
consequence, we end up with a usual multigrid method for a liear constrained
problem. The truncated version can be used as above withouthe adjustments
described in SectiolZZZ¥ for exploding %°

2.7.6 Convergence of the iterates for the saturation, the ph ys-
ical pressure and the generalized saturation

Finally, as in Subsection[Z54, we remark that the convergece u; ! u; in K;
for 11 entails

IsM(U)! IsM(u) in S for 11 (2.7.36)

for the sequence of discrete saturationslg M (u;)) oif M : R! Ror, al-

ternatively, M : [uc;1 ) ! R is uniformly continuous. This is obvious if one
considers the equivalentk k; -norm on §; and it completes our convergence
results given in Propositions[Z5Tl and 25712 as well as ifheorem Z&.T3.
Note that the map Ms; : S !'S j de ned by

Ms (V) = IsM(v) 8v2S; (2.7.37)

is Helder continuous with respectto 2 (0;1]ifM :R! RorM :[uc1)! R
is. In this case we also obtain asymptotic geometric convernce

kMs; (Uj)) Mg (uj)ks  Cku uj" k() 7 8 i (2.7.38)
on S; forsomeC > Oand with ; :==(1 ¢ j 1 +1) 4 2 (0;1) from Theo-
remZZ4.

With regard to the iterates p = g 1(uj) of the discrete physical pressure

s p = Is 1(u;) the same restrictions concerning the singularity of 1 in ug
apply here as already discussed in RemailkZZ5114. If, howayea physically re-
alistic situation with u; (p) > u ¢ or equivalently uj (p) > uc+ " with an "> 0 for
all p2 Nj is given, then the Lipschitz continuity of Lonuc+ " 1) provides
the same convergence results for the sequencp § o = (s l(uj )) o and
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its limit Isp = Ig 1(Uj) as we have just obtained in [Z-Z.36) and [Z7.38)
for the sequence (s, M (uj )) o andits limit Is M (uj).

IfM:R! RorM :[us;1)! Risdiscontinuous as in the limit cases[[T.Z.25)
and in Remark [Z43, we can associate the generalized satdien m,, 2 S;
de ned by

My, (p) = ho'C(p)  a(u;; p) 8p2NjnNP (2.7.39)

(and with xed prescribed values for p 2 NjD) to the iterate u; 2 Kj, analo-
gously as foru; in (£5:4d). Now, we can interpret (ZZ39) in concrete terns if
we assume thaty; is obtained from a Gauss{Seidel iteration [Z&3). In this @ase
the number My, (p) for the node p = p corresponding to the last Gauss{Seidel
step (Z6.3) occurs as the second coordinate of the interstéhan point of the line
in R?, given by the right hand side of (ZZ39) (compare [Z&D) ad (Z6.13)),
with the monotone graph gr(Mr) as depicted in Figure[ZZ1. The convergence
up ! upin Ky for 11 provides
imy (0) mu (i hptal  up; Pl Cky o ukahyk pka! O

for 11 andanyp2N;j anD. Again, with Theorem 24 we can conclude
the asymptotic convergence

onS; foraC > 0 and with ; as in (ZZ38). Strangely enough, this general
result guarantees better asymptotic convergence rates tha (Z2.39) for Helder
continuous M . Note, however, that My, (P) <M (u; (p)) or my; (p) <M (u;(p))
is possible foru; (p) = uc or uj(p) = uc as discussed for[[Z5.46) in Sectiof2.5.

2.8 Numerical results in 2D

The purpose of this section is to demonstrate the robustnesand the e ciency of
our spatial solver, the truncated monotone multigrid method from Section[Z1,
when applied to the Richards equation. Since we have not yet ealt with the
issue of how to treat the gravitational term, we consider theRichards equation
in (LC2Z4) with no gravity, i.e. with g = 0. Recall that neglecting this term
does not restrict the di culties in the spatial problems (Z-32) or (Z38) arising
after our implicit{explicit time discretization because t he gravitational term
\disappears" in the linear functional “() by the time discretization.

Concretely, based on the Brooks{Corey parameter functionswe consider the
Kirchho {transformed Richards equation in two space dimensions in the form
(C318) in which the last product accounting for the gravitation is skipped. In
the pressure unit%gg in (C319) we still choose the density%= 1023 [kg=m?®] of
the water and the gravitational constant g = 10[m=s?] in order to obtain the
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usual hydraulic conductivity Ky given in [314). Altogether, with R?
and T > 0 given below, we consider the equation

nte!M(u)y Kp u=0 on [0;T] (2.8.1)

in which the porosity n =0:4 and Ky, =2 10 3[m=s] are chosen in a realistic
range, see Subsection—T.4.1. Consequently, the time unit iy = 200[s]. The

spatial units are xo = zp = 1[m] and the scaling factor in (I:3I%) is chosen
to be constant u, = 1. With this choice, varying bubbling pressures p, are

dealt with according to Remark [LZ7. We give the pressure vaes with the

unit [m] in terms of water column level under earth's gravitation conditions.

Our standard bubbling pressure isp, = 0:1[m] and the pore size distribution

factor is set as = 1 which is realistic according to Subsection[LZ1L.

The domain is chosen to be the triangle in R? given by the vertices (Q 0),
(2;0) and (0;2). Recall from (CEI){(CEH) that an initial saturation Mg has
to be given on in order to obtain a well-posed problem. With t he ball

B:=fx2R?:jxj 138y

given by the Euclidean normj j on R?, we choose an extreme saturation

(
m =1 for x2 \ B

Mo(Xx) =
o(x) m = for x2 nB:

(2.8.2)

The initial condition is depicted in Figure E2Z]1 The set of paints between (G 0)

and (0; 1:38) on the y-axis including (0;0) and (0; 1:38) is chosen to be the
Dirichlet boundary p which is constant in time. On [ we impose Dirichlet
boundary conditions equal to the pressure a water column beteen the x-axis

and the parallel line through (0; 1:38) would generate in case of existing gravity.
Consequently, with the atmospheric pressure 0f], we have

up(X;y;t)=(1:38 y) 8(X;¥)2 p:

We impose homogeneous Neumann boundary conditions on the ge between
the endpoints (0; 0) and (2; 0) on the x-axis and also between the points (01:38)

and (0;2) on the y-axis, again constant in time. The hypotenuse between
(2;0) and (0; 2) including these points is the Signorini-type boundary s. Note

that the Dirichlet condition and the initial condition are ¢ ompatible according

to (L3323), but that the initial condition on  nB corresponds tou = Ug, i.e. to

the unphysical pressurep= 1

The initial triangulation Tp of , which resolves the Dirichlet boundary, is given
by the triangles t1 and t, with the vertices (0;0), (1;1) and (0; 1:38) or (1:38; 0),
respectively, and the two remaining triangles n(t1[ t»), see Figure[ZB. The

indicated on pagel[IIB, and result in 33024 unknowns on the n#t level j =7
with the mesh sizeh; =1:38=128 0:.01.

For the iterative solution of the discretized Signorini-ty pe problems [Z5.4#) or,
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Figure 2.2: Initial condition Figure 2.3: Initial triangulation

monotone multigrid V-cycle as described in Sectioi27, but with 3 presmooth-
ing and 3 postsmoothing steps. The latter means that the relaation procedures
per level within the multigrid method as in Section B4 are regeated twice on
each level and are then carried out backwards from the coarse to the in the
same manner. This whole process is repeated twice and givesetV (3; 3)-cycle
which is intended to increase the convergence speed.

We apply the modi cations in Remark £74] in particular we t ake into account
the threshold Lipschitz constant L = 1012 in (Zz2Z9). Remarkably, u. with

%4.) = L can be determined explicitly due to the special form of the Books{
Corey parametrization, see [.32I7). The size of is not adapted for variations
of pp because the scaling factoru, = 1 in (E3I8) is always kept xed (see
Remark [LZ1) such that the factor in front of u in (B8] does not change
either.

Since the solution from the previous time step usually serve as a good ini-
tial iterate for the spatial problem at the next time step, nested iteration as
described in Kornhuber , p- 7] is not necessary in general However, we
carry out numerical studies by variations of the parameters Therefore, we
use nested iteration in order to obtain suitable initial iterates throughout. As
a stopping criterion for the multigrid on level j we accept the approximate

solution & = u; as soon as the relative accuracy condition

kup uo 'k, 10 Pk kuj (2.8.3)

j Y

is satis ed. Here, k k, is intended to approximate the local energy norm
J
k k, andis de ned analogously as in CZZ27).
]

Note that the treatment of the constrained linear problems @ZZI3) on the
algebraic level requires the stiness matrix @( p; q))pgen; as well as the ad-
ditional vector b := ( fjj (uj )( p))pen; added to the right hand side and the
matrix D = ( fjj_o(uj )( p; ))p:en; - Due to the special form of  in (EZ12),
the entries of b are M (uj (p)) hp for p 2 N; (u;) and 0 otherwise, andD is a
diagonal matrix with the nontrivial entries M b(uj (P)) hp for p= a2 N; (u;).
Therefore, the normk kuj given according to (ZZZ¥) can be computed easily.
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Restrictions and prolongations of the matrices and the resiual are carried out
as stated in Kornhuber |59, pp. 77, 82].

We also refer to the numerical example of a stationary porousnedium equation
treated in Kornhuber []. It contains a similar nonlinearityasM : [uc;1 ) !1
considered here, however, with a discontinuity for the criical value 1. (Never-
theless, recall from [ZZ31l) that this situation can be re@rded as \less degener-
ate" than the one considered here, wherd! is continuous but non-di erentiable
in 1) Asin [@] the implementation for our case was carried ouin the frame-
work of the nite element toolbox KASKADE []JA—_1|

With a glance at the initial condition (Z8Z] observe that t he interior of \ B
is still connected such that all of g is completely unsaturated at the begin-
ning. In the time development, for which we choose the constat time step
size =0:1(220][s]) and the end time T = 1(2200][ s]), free boundaries are
detected on s and water ows out of the domain across parts of s until is
fully saturated.

=9 ==
\ i&\&%\
Figure 2.4:t=0:1 Figure 2.5:t=0:2 Figure 2.6:t=0:3
[ I
Figure 2.7:t=0:8 Figure 2.8:t=0:9 Figure 2.9:t=1:0

Figures[Z8{Z.8 show the development of the pressurp or the saturation (p)

in time. In these graphics the innermost (red) line in each tiangle is the
isoline p = 0 and the succeeding (magenta) line is the isolingg = p,. The latter

marks the border of the fully saturated region outside of whth both pressure
and saturation decrease. All the following (black) lines ae isolines on which
constant equidistant saturation values (p) < m = 1 occur, which correspond
to constant pressure values < pp.
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Our set of parameters is chosen in such a way that in the rst time step a
nontrivial part of g, wherep p, occurs, is already fully saturated but not
yet with p 0. In the second time step, a free boundary is detected ons
separating the part wherep < 0 prevails from the part where we havep 0,
and out ow is possible.

Apart from the xed data given at the beginning of this section, the following
set of model parameters (with the units as introduced above)s the basis of our
numerical results.

1. | end time T=0:1
2. | time step size =0:1
3. | maximal re nement level j=7

4. | pore size distribution factor =1

5. | bubbling pressure ppb= 01

In the following, we present average convergence ratesof the truncated multi-
grid and the numbers of multigrid iterations # it (= ) until (£83] is satis ed.
The convergence rates are based on the relative errors withespect to the pre-
vious iterates. We determine the average convergence rate by the geometric
mean of the relative errors, i.e. we set

1
1

L 1
B kuj u; kuj A
@ 1 0
kuj ujkuj

Our intention is to show that both  and #it do not degenerate if a parameter
from the above set is varied. The following TabledZNEZT sbw the results we
have obtained.

LT | #it ] | | | #1t ]
0.1] 0.273| 18 0.001| 0.223| 16
0.2 0.288| 18 0.01 | 0.186| 14
0.3] 0.295| 18 0.05 | 0.244| 16
0.40.324| 19 0.1 | 0.273| 18
0.5] 0.317| 19 0.25 | 0.383| 23
0.6 0.353| 21 0.5 | 0.438| 27
0.7 ] 0.363| 22 0.75 | 0.528| 34
0.8 0.338| 20 0.9 | 0.576| 40
0.9] 0.328| 20 0.95 | 0.288| 18
1.0| 0.202| 14 1.0 | 0.288| 18

Table 2.1: Variations of T Table 2.2: Variations of =T

Table 27 refers to the time development discussed above andepicted in Fig-
uresZB3{Z3. Here, and #it are given for each time stepT =0:1;0:2;:::;1.0.
In Table 2 the time step size (which is set equal to the end time T in
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[—

| #it |

1(0.780| 5

21049 10
3|0.104| 12
41 0.196| 16
510251 18
6]0.192| 14
710.273| 18
810.392| 24

Table 2.3: Variations of the maximal re nement level |

this case) is varied. With regard to variations of the spatid step size, i.e.
the mesh sizeh;, Table [Z3 shows the results for di erent maximal re nement
levelsj =1;2;:::;8.

Tables [Z3{Z1 provide the most interesting results since liey refer to varia-
tions of the Brooks{Corey parameter functions which are intensely discussed
in Section[I2, especially regarding their big slopes. Fits Tables Z4 and 2%
display the e ects which variations of the soil parameters and py, (the latter
given in the unit [m]) in their realistic ranges have on and #it. According to
Rawls et al. E‘}’ Table 5.3.2], we have 2 [0:1;0:7] (and upto 2 [0:037 1:090]
including standard deviations) and p, 2 [ 0:4; 0:1] (with deviations up to
Pp 2 [ 1:872 0:0136]) in naturally occurring situations. Furthermore, Ta-
bles[Z® andZ¥ show the asymptotic behaviour for decreasinor increasing soil
parameters, i.e. referring to extreme shapes of the paramet functions, most
importantly M :[uc;1 ) ! R, \near"the limit cases derived in Subsection[TZ2.

The results demonstrate the robustness and the e ciency of air spatial solver.
Yet, we have found some extreme cases documented in TablEsAzand [Z3, in
which the convergence results are comparatively unsatistdaory. For = 0:1,
for example, the isolinep = pp touches the boundary of Signorini's type. For
pp= 1.8 there is only a small neighbourhood around the vertex (91) in which

is not fully saturated, and for p, = 4:0 the same situation occurs around
the vertex (1;0) (this is also the case forT = 0:9 in Table Z). These situations
have in common that small pertubations of the correspondingparameter change
the (topological) shape of the unsaturated regime consideably. Therefore, the
convergence results could be worse here than on the averagedause of the
sensitivity of the solution rather than of the solver.

Finally, the convergence results for and py in an asymptotic range in Tables[Z®
and [Z41 make clear that the performance of the solver is not r&ricted by big

slopes ofM :[uc;1 ) ! R. Altogether, the initial iterates obtained from nested

iteration usually seem to be su ciently good so that the asymptotic linear

convergence guaranteed by TheorediZ4.4 governs most of thteration history

and provides convergence rates that are independent of .
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| | [ #1t | [ P | [ #1t |

0.01 | 0.384] 23 -0.005] 0.235| 16
0.05 | 0.457| 28 -0.01 | 0.248]| 16
0.09 | 0.511| 34 -0.05 | 0.237]| 16
0.1 | 0.584| 41 -0.1 | 0.273| 18
0.105| 0.526| 34 -0.2 | 0.268| 18
0.2 |0.401| 25 -0.3 | 0.299| 19
0.3 |0.328| 21 -0.4 | 0.310| 20
0.4 | 0.265| 17 -0.5 | 0.342| 22
0.5 | 0.332| 21 -0.75 | 0.433]| 28
0.6 | 0.248| 17 -1.0 | 0.523| 37
0.7 |0.294| 19 -1.25 | 0.643]| 52
0.8 | 0.267| 17 -1.5 | 0.683| 61
0.9 |0.264| 17 -1.7 | 0.756| 81
1.0 |0.273| 18 -1.8 | 0.810| 112
1.25 | 0.260| 17 -1.9 | 0.643| 52
15 |0.252| 16 -2.0 | 0.470| 30
1.75 | 0.249| 16 -25 | 0.564| 39
2.0 | 0.248| 16 -3.0 | 0.619| 47
25 |0.232| 16 -4.0 | 0.786| 94
3.0 | 0.237| 16 -5.0 | 0.274| 17
Table 2.4: in a realistic range Table 2.5: py in a realistic range
| | | #it | L P | | #it |
10 19 | 0.270| 17 10 19 1 0.169| 13
10 ° | 0.270| 17 10 ° | 0.1270| 13
10 & | 0.270| 17 10 & | 0.170| 13
10 7 | 0.270| 17 10 7 | 0.169| 13
10 ¢ | 0.270| 17 10 ¢ | 0.168| 13
10 ® | 0.258| 17 10 ® | 0.321| 19
10 4 | 0.260| 17 10 4 | 0.294| 18
10 3 | 0.282| 18 10 | 0.299| 18
10t 0.253| 16 10 0.274| 17
107 0.376| 22 1% 0.278| 15
10° 0.400| 23 10° 0.275| 13
10* 0.469| 28 10* 0.270| 11
10° 0.292| 18 10° 0.263| 9
10° 0.282| 18 108 0.234| 7
10’ 0.278| 17 10’ 0.268| 5
108 0.278| 17 108 0.300| 6
10° 0.278| 17 10° 0.302| 6
10'° | 0.282| 18 101 | 0.302| 6

Table 2.6: in an asymptotic range Table 2.7: py in an asymptotic range
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Chapter 3

Steklov{Poincae theory for
domain decomposition
problems with jumping
nonlinearities

3.1 Introduction and overview

In the rst chapter of this work, mainly in Subsections 53] and [[54, we
provided weak formulations of a Signorini-type problem forthe Richards equa-
tion and its Kirchho {transformed version in homogeneous soil. The second
chapter was devoted to a numerical treatment of such a proble if we ignore
gravity. However, we already pointed out there that our implicit{explicit time
discretization of the Richards equation leads to spatial poblems which were
discussed generally enough in the last chapter to cover a tegment of the grav-
itational term by an upwind technique which we present in Chapter @l The
same applies to the next two chapters which are motivated by he question of
how we can treat the Richards equation in heterogeneous soilWe only con-
sider spatial problems in a heterogeneous setting which mig have arisen from
time-dependent problems after a suitable time discretizaton. Moreover, we do
not restrict ourselves to the time-discretized Richards egation although the
starting point (in Section BZ) and the most important result of this chapter
(Theorem [3Z:23) are concerned with it.

As already indicated in Section[L®, there seems to be a lackf analysis for the
Richards equation in a heterogeneous setting so far. Moreev, to our knowl-
edge, a numerical treatment of the Richards equation in heteogeneous soil
has only been carried out in Fuhrmann Eb], Fuhrmann and Langnach [ZL{] as
well as in Bastian et al. [I(b], however, with a solver that is ot robust with
respect to deteriorating soil parameters (see Sectioi2.2) By contrast, our
approach presented in ChapteR provides such a solver in thhomogeneous
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setting (see Section§ 216 an27). Recall, however, that thKirchho transfor-
mation, on which our approach is based, does not lead to sennilear problems
in the heterogeneous case (see Remalk_LB.1).

It should be pointed out at this stage that we consider the seting given by the
Richards equation {T.ZT) still as homogeneous, even tholgthe permeability
K () is allowed to depend onx 2 . In this form the spatial problems arising
from the Richards equation after the implicit{explicit tim e discretization can
be treated just as described in the last chapter. The heterogneous case comes
into play if we also consider the parameter functions () and kr () as explicitly
dependent on space since the choice of these functions delsron the soil type
that occurs in . Therefore, what we call heterogeneous soilin the following
will be a setting in which di erent subdomains ,i=1;:::;n, of contain dif-
ferent soil types which are themselves homogeneous in each in the sense just
described. But then the question arises how a partial di erential equation with
nonlinearities which have jumps across the interfaces beteen two subdomains
can be interpreted or given sense at all.

In Section [32 we give a weak formulation of and therefore a maning to a
Signorini-type problem for the Richards equation in such a leterogeneous set-
ting. It consists of a multi-domain formulation which is mot ivated by an equiv-
alence result that holds in the homogeneous case. This fornfation is a gen-
eralization of a result from the linear theory in Quarteroni and Valli [] and
gives rise to a Dirichlet{fNeumann algorithm for the Richards equation which
we also present.

In Section[33 we discuss a Dirichlet{Neumann method for a nolinear transmis-
sion problem on two subdomains which includes the special sa& of a stationary
Richards equation without gravity in heterogeneous soil wih nondegenerating
parameter functions (as in Subsection”I.Z13). Despite the éterogeneity, the
main idea for our further treatment of this domain decompostion problem is
the same as in the homogeneous case, namely the applicatiofi the Kirchho
transformation, now independently in the subdomains. We pant out that the
equivalence of the reformulated problem with the original me depends strongly
on the results we obtained in Subsectiol_L.5l4, in which the Kchho trans-
formation on a domain or on (parts of) a boundary was investigited in the
framework of superposition operators. The reformulated sbstructuring prob-
lem can then be analysed on the basis of the linear Steklov{Racae theory,
to be found in Quarteroni and Valli [E], which we extend to ou nonlinear
case. Doing so, we nd su cient conditions for the convergence of the non-
linear Dirichlet{Neumann method which turn out to be satis ed in one space
dimension. Counterexamples show that these conditions neenot hold in higher
dimensions. However, numerical computations suggest thathe algorithm can
also be applied successfully to higher-dimensional probhes.

Section[34 is devoted to an analysis of Robin's method apd to a larger class
of nonlinear transmission problems than in Sectior"313, whth also contains the
implicit-explicitly time-discretized Richards equation in the nondegenerate case
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of SubsectionTI.Z.B. Nevertheless, we proceed similarly &s Section[33 by rst
applying Kirchho transformations on the subdomains, again using the results
on superposition operators in Subsectior_Lhl4. Then, a ndimear Steklov{
Poincae theory is established for the transformed problen which extends the
linear theory in Discacciati B Chapter 5]. As in Section[33, this leads to suf-
cient conditions for the convergence of the nonlinear Robn method which can
be proved to be satis ed in one space dimension. However, tise considerations
are more complicated in Sectio-3¥ because here we have twomnlinearities in
the partial di erential equation of the original problem, w hereas in Sectior"313
we only have one. In addition, and in contrast to Section[3B,the subproblems
in the Robin iteration procedure are always nonlinear, whit is also discussed
on the continuous and on the discrete level. Finally, althowgh the same coun-
terexamples as in Sectioi-313 apply here, the Robin method slws a satisfying
convergence behaviour in numerical tests carried out in twospace dimensions.

3.2 Substructuring of a Signorini-type problem for
the Richards equation in heterogeneous soil

The purpose of this section is to obtain a weak formulation ofa Signorini-type
problem for the Richards equation in heterogeneous soil. Tis is achieved via
substructuring of a corresponding problem in homogeneousod, which leads to
an equivalence between the global problem and local problesthat are coupled
by suitable interface conditions. The latter set of problens is then taken as a
de nition of a Signorini-type problem for the Richards equation in heteroge-
neous soil. We start with the global homogeneous problem andome necessary
notation in Subsection[3.Z1. Then, Subsectiofi 3.212 contas the theoretical re-
sults (especially Theoren{-3Z1) for the substructuring ofthis problem. Finally,
in Subsection[3Z3B we address the Dirichlet{Neumann schemarising from the
substructuring for the Richards equation and note De nitio n B2, which gives
sense to a Signorini-type problem for the Richards equationn a heterogeneous
setting.

3.2.1 Global problem and notation

The setting that we want to consider is given by a decompositn of a bounded
open Lipschitz domain _Rd into two non-overlapping open and nonempty
subdomains ;and , (i.e. [ 2= and 1\ 2 =) with the interface

= 1\ 2

As in Quarteroni and Valli [El, p. 6] we assume that isa (d 1)-dimensional
Lipschitz manifold so that the results on trace spaces in theappendix (on
pages[Z4B{Z5Il) are applicable. In addition, both ; and , are assumed to
have Lipschitz boundaries. Figure[3 displays such a situ#on for d = 2 which

we have already considered in Subsectidn—T_3.1 in the homageous case.
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Figure 3.1: 2D-domain decomposed into two subdomains

As already stated in the introduction to this chapter, many of our considerations
here are motivated by and generalizations of the corresporidg theory presented
in Quarteroni and Valli [75] for the linear case. However, sice we consider
weak formulations of Signorini-type problems for the Richads equation, which
involve nonlinearities and convex sets in Sobolev spaces tter than the full
spaces, our notation needs to be di erent in this section. Neertheless, we will
use the notation in ﬂ] wherever it is appropriate, for exanple, we will denote
the \restriction" of a p 2 H() to @by p; instead oftr p with the
trace operatortr : H?() ! H¥(). Moreover, for dierent domains and

i 2 N we will from now on distinguish H *-norms as

kvky, = kvkyiy 8v2HY() and  kviky , = kvikyi ) 8vi 2 HY( j):

We start with the homogeneous case, i.e. we assume constanvisparameters
( and py in case of the Brooks{Corey functions, see Sectioi1.2) on as
on , providing space-independent nonlinearities () and kr() on the whole
domain . Instead of the weak formulation (£5338) of the Signorini-type prob-
lem for the Richards equation we consider the problem arisig from an implicit{

explicit time discretization of (E&38). We point out, how ever, that our equiva-
lence resultin TheorenZ32ZH can equally be established fohe problem (L233),
see also Subsectioh=32.3.

Setting fn (t) = 0 without loss of generality as in Section[Z3 and applyingour
implicit{fexplicit time discretization to (1[E:38)]explai ned in that section, we
obtain the variational inequality
Z VA
P2Ko: (P (v p)dx+ kr( (p))r pr (v p)dx
VA Z
(v p)dx+ kr( (p))e;r (v p)dx 8v2Kp: (3.2.1)

Here, > 0 is some time step size and we assume that2-H () is a known
physical pressure from the previous time step. We omit the tine stept or t, in
the notation as done in SubsectioZZ311. Recall from[{IED) that

Ko=fv2HY): v, =pp " Vvi, Og

with an appropriate pp as in (L236). As already stated in RemarkZL.E.19,
Theorem [CRIB holds equally for the time-discretized veiisns, i.e. if p solves
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the variational inequality (§Z71], then the Kirchho {tra nsformedu = (p)
solves [Z3B) withup = (pp). The converse is true providedkr c>0
(compare Subsectioi”LZI3) and s = ;.

For the purpose of this section it is indicated to introduce the abbreviations
A Z

ap;v p)= (P(v pdx+ kr( (p)r pr (v p)dx 8v2Ky

and
Z Z

(v op:= (v pdx+ kr( (B))e:r (v p)dx 8v2Ky

in (B2Z0) with the solution p 2 K if it exists. The form a(; ) on (HY()) 2 is
nonlinear in the rst and linear in the second entry while () is a linear form
on H1(). Analogously, we introduce the convex sets

Ki=fv2HY( i)y o, = Pojo, " Vis 09
as well as the forms
Z Z
a(pi;Vvi pi):= (Pi) (vi i) dx+ kr( (p)r pir (vi pi)dx 8v 2K;
and
Z Z
i op) = (p)(vi pi)dx+ kr( (pi))er (vi pi)dx 8v; 2K;

with p; 2 K and given pr := g; , for i = 1;2, which correspond to the sub-
domains 1 and . Here we have used the de nitions p, := @i\ p and
s = @i\ s.

We also need to introduce convex sets with prescribed Diriclet values on the
interface which we de ne as

KP :=fv2Ki:v =p;g
for pp 2K; andi;j 2f1;2g9. In addition, we introduce the convex set of traces
o:=f 2HM™(): =v; forav2Kgg
and its translated copy
== o p =f 2HY(): =y forav2Ko pg:

with a p 2 Ko (which will later be the assumed solution of [32Z1)). We reér to
Lemmal[ZZ3 to make sure that traces oM 1()-functions in the interior of
are well de ned.

With respect to the setting for the Poisson problem consideed in Quarteroni
and Valli [, p. 6] we note that our convex sets degenerate ah t into that
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setting if we only have homogeneous Dirichlet values imposkon @. With the
de nitions

Vo= H()
Vi = fv2HY i) v =0
(u) : ( i) Vije\e,; =09 (3.2.2)
Vi® = Hg( i)
= f 2H¥(): =v; forav2Vvg

fori =1;2weobtainV = Ko; Vi = Kj and V= KP' p aswellas o= =
in this case. We recall that = H¥2()for \ @= ; and = HZ?() if

\ @ 6 ; which is the case we mostly consider here (compard_{A2.4) an
ﬂ, pp. 6/7]). However, the structure of ~is more delicate in our general case
where we can only guarantee that™is a convex subset of H172(). For our
equivalence result (Theorem[Z3ZK) we need the vector spacs&tructure of ~
which we cannot expectif \ "5 6 ;

3.2.2 Substructuring equivalence result in homogeneous so il

We start with a result which guarantees that ~is a vector space.

Proposition 3.2.1. We assume \ —g = ;. Then ~is a subspace oH 17()
with the property

= f 2HY(): =y forav2H' () g; (3.2.3)
ie. containing Hgy?() . If, in addiion, \ =y = ; and \ @ 6 ; or
\ —p = ;, then we have™= Hégz() or == H?¥2() , respectively. In the

general case™ is a Hilbert space with the quotient norm
k k-=inffkvky, (v2H', () ~ =y g (3.2.4)
Moreover, with the subspace
I—TlDi[ o (i)=fv2 HlDi[ DV 27g
of the Hilbert spaceH 1Di[ Si( i) the trace operator
tr tHY O !~ (3.2.5)
induces continuous linear trace operators
tr :I—TlDi[ GO =12
for which, in addition, continuous linear extension operaors

R : ™! HlDi[ G 1=1;2; (3.2.6)

with tr R; = forall 2 ~ exist.
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Proof. In order to see\ "in (BZ3) observe that v+ p 2 K for p 2 Ko and any
v 2 HlD[ <()- Conversely, since we have dist( ; s) > 0 or s = ; there are
open neighbourhood€® and O ¢ of and s, respectively, withO \ O ¢ = ;
and an open ballB RYwith O [ O [  B. Itis well known that
there is a' 2 C} (B) with a range in [0; 1] satisfying ' o= Oand ' o =1,
consult e.g. Eb p.277]. Let 2 ~and v 2 Ko with v; = . Then one can
check with the Leibniz rule (compare e.g. [, p. 21]) and ;2 Wt () that

'v. 2 HL; () holds. Moreover, we have ('v); =v; = . In particular,

BZ3) entails ~ Hégz(). Note that the arguments can also be applied to
the case g = ;.

If, in addition, \ —y = ;, then we can replaceH® | _() by Hg() in (3231
and obtain ~= Hggz() due to \ @ 6 ;. This can be seen in the same
manner as above: IfO and O ,, are chosen analogously a® and O ¢ and
a function ' 2 C3 (B) with o, = 0and ' o =1lis athand, then for any
v2H' (()the function 'v 2 H{()satises( 'v); =V .

If, instead, \ —p = ;, then we can replaceH 1D[ <Oby H 1()in (3231 Now
we chooseO and O ;| ¢ analogously asO and O ¢ above and a' 2 Cs (B)
with ',

jo

ol s = Oand' o =1. As aconsequence, for any 2 H1() we have
v 2HL, (and (V) = .

ol s

With regard to the general case it is easily checked that the gotient norm
in (BZ3) is indeed a norm (compare |E8, p. 34]). With this nom, tr in
@BZ3) is a quotient map and therefore ~is isometrically isomorphic to the
quotient H™ () =ker(tr ), see [9B, pp. 54, 56]. Sinckl L <O isaHilbert

space we have the canonical representatiohl 1D[ J()=ker( tr ) ker(tr )?
in which ker(tr )? is the orthogonal complement of the (closed) kernel kert¢ ),
see l[_—9|8 p. 221]. Therefore, we can conclude the isometrioimorphisms

ker(tr )7 = HY [ (() =ker(tr )=~

in which tr induces the isomorphism kerfr )? = T In particular, is a
Hilbert space. The inverse

R:~1 kertr ) HY [ (0

of tr restricted to ker(tr )? is a continuous linear map with the property
tr R = foral 2 7 The deniton R; = (R ), foral 2 ~and
i =1;2 provides continuous linear operators [32Z16) with the prerties

kRi ki, kR ky =kk- 8 2~

and (with a glance at LemmalZZ3B)tr R; =tr R = as required. O

Observe that for the existence of the extension operatorf;, i = 1;2; we needed
to use the Hilbert space structure ofH 1D.[ .. (i), in particular the existence
of an orthogonal complement of ker{r ). In contrast, a closed subspace in a
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general Sobolev spacéNlD*i’[ s, () for p 1 andp 6 2 does not necessarily

have a complemented subspace ildvléf[ .. (), see [@l pp. 162, 248]. In such
a case one would have to de ne extension operators as il{3&). or, equiva-
lently, projections from Wlt’f[ <. () on ker( tr ) more explicitly. Concerning

this question we refer to Lions and MagenesEdM, pp. 19{23, 383].

Remark 3.2.2. Since Hggz() is intrinsically de nable (see (AZZ)but also
Quarteroni and Valli [E, p. 7]) and thus only dependent on , it seems that
= Hégz() holds whenever \ 5 = \ @is satis ed (at least if we have

[ @ with some Lipschitz domain ~and except for possibly higher
dimensional \degenerate cases"). With the same reasoning seems that ~is
also a vector space (satisfying[[3.2]13)) if \ ~g 6 ; holdswith \ 5= \ T
(again possibly except for degeneracies). Note that if intersects arbitrary
parts of p or y (butnot of ~g), then the trace space~could be regarded as
a\partially 00" H ¥?()-space. Depending on the geometry, especially in higher
dimensions, one might obtain cases, which could result in deérent \0O-degrees",
for example, ifd = 3 and \ T contains one point. (Note that we always
assume p to have positive Hausdor measure if p 6 ;.) At least in such
degenerate caseﬁrlDi[ s, (i) might be a proper subspace oH 1Di[ Si( i)

The following basic result is crucial for any substructuring in H*().

Lemma 3.2.3. If p2 H() , then we havep; := p, ; 2 HY( j) for i =1;2
and py; = py . Conversely, if pj 2 H( ;) fori=1;2and Py = py holds,
then (

pr on 1

P= o

is contained in H() .

Proof. The rst assertion is easy to see by considering a sequence ffnctions
(" nan C () converging to pin HY() and observing that their restric-

tions to j or to converge to p; or to p; , respectively, fori = 1;2 in the
corresponding norms. Conversely, to see thap is weakly di erentiable we
apply partial integration (AZI1) in H?!( ;) to the weak derivatives of p; for
i = 1;2 tested with test functions in C} (') and observe that the contributions

on cancel each other due to the gluingpy; = py . O

We can now prove the main result of this section which is a geralization
of Lemma 1.2.1 in Quarteroni and Valli Iﬂ] to problems of Sigorini's type
for nonlinear equations. Recall that extension operators ee de ned as right
inverses to corresponding trace maps.

Theorem 3.2.4. Let \ ~g = ;. Then the variational problem (ZZ1) which
in short reads

p2Ko: ap;v p (v p 0 8v2Ky (3.2.7)
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can be equivalently reformulated as: Findp; 2 K1 and p, 2 K, such that

ar(p;vi p1) Ca(vi p1) 0 8vi 2KP! (3.2.8)
p1=p2 on (3.2.9)
a(P2;V2  P2)  C2(va p2) O 8vp 2KE? (3.2.10)
a(p2;R2 )= "2(R2 )+ "1(R1 ) &(pi;R1 ) 8 2~ (3.2.11)
where R; denotes any possible extension operator fromr to HlDi[ Si( i) for
i=1:2
Note that R, i = 1;2; exist and can be chosen as the continuous linear extension

operators given by Proposition[3271.

Proof. First let p be a solution of (3ZT). Then we havep; == p; ; 2 K; for
i =1;2 and (3Z3) due to Lemma3ZB. Letv; 2 K. Since [ZZI) holds, the
function (

Vi Oon 1

p2 on 2

is contained inKo (Lemmal[ZZ3), and [(3ZB) follows from [ZZ¥). Analogouly,
we obtain (32Z10). Now, for each( 2 "the function R de ned by

V=

R on
R = ! (3.2.12)
R2 on -

belongs toH 1D[ () (Lemma JZ3Jland we have R + p2 Ky (s a vector

space!). The variational inequality (32Z4) applied to both v =R + p 2 Ky
andv= R + p2Kg provides (equality in) (B2ZIT).

Conversely, letp; 2 Kipi, i =1;2, be solutions of [ZB)}{(32ZTI1). Setting
(

,_ pr on 1
P b oon
we obtain p 2 Ko due to (32Z39), the de nitions of Kf’i and Lemma [32Z23.
Choosing av 2 Ko we set = v; and := p; and obtain 2 Thy
de nition of T De ning R( ) according to (32Z12) we see that
vi=vy o Ri( Y2KP i=152;
holds. Now, (ZZ38), (3Z10) and [ZZ11) entail
~ % ~
ap;v p (v p = &Py, p) iy p)
i=1
= a(pi;vi p) ivi p)
i=1
+ 8 (pi; Ri( ) i(Ri( ) 0

as required. O
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Remark 3.2.5. We point out that it seems unrealistic to generalize Theo-
rem[3Z32 in a satisfying way to situations in which and —g have a nonempty
intersection (and thus ~is in general no longer a vector space). Observe that
for the second part of the proof we need extension operators

Ri: 'K KPP HL () i=1;2; (3.2.13)
(not necessarily linear or continuous) with the property

(with R as in (Z1I2)) and for which (32Z1I1) is satis ed with \ " instead
of \=". And, indeed, with this modi ed condition (3.EZIT)ve obtain the equiv-
alence | if such extension operators exist. However, we havethe following
proposition, in which the second assertion presumably alsdolds in all cases
where the intersection of and g leads to a~without a vector space structure.

i s 1 .
Proposition 3.2.6. Letp2KoandR:~! H* () be some (not necessarily

linear or continuous) extension operator, i.e. satisfyingtr R = forall 2 ~.
In addition, assume with (Z2Z13) that R satis es (BE2Z13) and (B:Z:14). Then
we have

R:~!f v2HY (): v 0g: (3.2.15)

S

In particular, if there is a neighbourhood O of withO \ @= O \ 56 ;,
then such a mapR does not exist.

Proof. For simplicity but without loss of generality we assume p = 0. Then

(BZ13) reads
Vig (R(v))js 8v2Kp: (3.2.16)

The following construction can be carried out as in the proofof Proposi-
tion B2Z1. Assuming that g is open in the relative topology of @, we consider
neighbourhoodsO,  RY of ~sh s and neighbourhoodsU, of for n 2 N with
Lebesgue measurgO,j; jUsj! Oforn!1l . Now, forany 2 ~itis possible
to construct a sequence of functions\(,)nzn K o Which satisfy v,; = and
Vnj sn(On[ Un) = 0 forall n 2 N. (vn)n2n can probably even be chosen uniformly
bounded in H() if one uses the example function in Braess Eb p. 30]. Now
it follows from (BEZ16) that R has to provide R ); ; O forall 2 T This
proves the rst assertion [22ZI3) of Proposition[3Z® (whch can analogously
be obtained for arbitrary p 2 Ky). Consequently, the elements of~are both
traces of functionsv with v; 0 and of functionsw with w; ;0.

In particular, if O \ @= O \ g6 ; for some neighbourhoodO of , then

we obtain = Hgy2() (and therefore ~= H2%()) with the help of arguments
as in Proposition[3Z] for the case \ 7y = ; and \ @ 6 ;. However, there
isan ~2 H2() nHg?() and a v 2 H() with v; = ~. In addition, we

(generally) have

vt i=max(v;0)2 HY() and v :=min(v;0)2 H()
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due to Theorem [LRTIb. Again, by a localization technique asn Proposi-
tion BZ7 for the case \ |, = ;,usingO0 \ @= O \ s 6 ;, we conclude

v’JT;vJ. 2fw, tw2HLY () ~w, 0g =~ (3.2.17)

with the help of Proposition L5d. But since we havev; 2 Hégz( ), at least one

of the functions v’JT , V. isnotcontained in Hggz( ) which, however, contradicts

i
the inclusion ~  Ha5%(). O

Using an ~in the gap between a \partially 00" H 2()-space (\00"on \ p)
and another suitable \partially 00" H?()-space (\00"on \ (p[ s)), in
which ~is contained, one might obtain (£Z17) by a possibly more re ned lo-
calization technique. In this way, it seems feasible to extad the assertion about
the non-existence of the operatorR to much more general nontrivial intersec-
tions of and g, which lead to proper convex subsets™of a \partially 00"
trace space (see also Remalk=32.2).

Although the considerations in Remark [32Z% lead to the poornon-existence
result in Proposition B2Z8 they still contain a positive message for the discrete
setting. If we discretize the problems [32Z¥) and [ZZB){BZ11) analogously
as in SubsectioZ511, then obviously Theoreri-3:2.4 and Reark B.2ZH can be
established accordingly in the discrete setting. Now, howeer, the properties
BZ13) and (IZ1I3) are satis ed if we consideR to be the trivial extension,
setting R as 0 on the nodes in n while respecting the Dirichlet values. In
this case we would also obtain an equivalence between the digtized version
of (3Z4) and the discretized versions of[(3ZI8){(3ZTLwhere \=" is replaced
by \ " in the discretization of (E2ZIT).

3.2.3 Dirichlet{fNeumann scheme for the time-discretized R i-
chards equation and the heterogeneous case

As far as the interpretation of the interface conditions is mncerned, it is clear
that (B2Z3) indicates the continuity of the pressure p across the interface .
Furthermore, with the help of Green's formula BAZIJ) one @n easily verify
that (B2ZIT) is the weak formulation for the continuity of t he implicit-explicitly
time-discretized ux

(kr( (p))r pr kr( (Pr))e) n=(kr( (p2))r p2 kr( (p2))e;) n on
(3.2.18)

related to the implicit-explicitly time-discretized Rich ards equation (see[[I.511)
and (C&X3)) which reads

M div kr( (p)rp kr( (p)e, =0 (3.2.19)

in strong form (see also Subsectiof=3.415). For simplicityywe dropped the minus
sign on both sides of [3Z71B), so we actually deal with the rgative discretized
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water ux here. Moreover, we adapt to the usual convention that n is the
outward normal of the subdomain ; (see Figurd3l and comparéﬂ’S, pp. 1/2]).

As already stated above, we can also establish Theorem-32fdr the variational

form (CR38) of the Richards equation before time discretzation. Then, we
have p; = g for i = 1;2 in 32Z1I8), and the strong form of [32ZT1) is just the
continuity of the water ux at the time t.

As in the linear case in Quarteroni and Valli Iﬁ p. 7], the sibproblems (3Z3)
and (@ZTI0) are underdetermined because of lacking boundavalues for pj,

i =1;2, on . If these problems are nontrivial problems of Signorini's type,
even the convex sets of test function&” are unknown a priori. This is not the
case if g, = ; since then Ki'[’i pi = \/i0 is a vector space. Nevertheless, both
from an algorithmic and from an analytic point of view, it is g uite important to
know how one can \complete" these problems in order to make tem well-posed.

As in the linear case this can be done within an iterative proess with the
help of the Dirichlet interface condition (B2ZZ9) and the Neumann interface
condition (BZIT). Given an iterate p§ 2 K, one can compute an iterate
p'f'l 2 K 1 by solving the convex problem

k k
pktt 2 K2 e (pttive P ti(vi PE) 0 8wy 2K 2 (3.2.20)

imposing the Dirichlet condition p‘** = p§ on which refers to (B2ZJ). Given
pk*l 2 K 1, one can obtainp§™ 2 K, by solving the convex problem

Pk 2K, a(pstThive  pETY) Ca(ve pETY) (3.2.21)

WRilve P51 ) (P Ru(ve p5TY);) 0 8w 2K»

into which the weak form (BZI1) of the Neumann condition [3ZT8) (with
pi replaced by p!"'l, i=1,2) is wired. To see this observe rst that (E2ZZ1)
is uniquely solvable due to TheoremZZ3T6 with the assumptins given there.
Now, for any v, 2 K, consider the trace function

k+1

K+l and vy =v, Ry 2 ng

=(v2 P52 o P

Then, with these functions, adding (ZZ10) and [3Z11) lads to (ZZ1).

Together with an initial guess pJ, the iterative procedure given by (32220) and
@BZZ2D) for k 0 is a nonlinear DirichletfNeumann scheme in a weak for-
mulation applied to the Signorini-type problem (BZ1) for the time-discretized
Richards equation. However, as in the linear case one wouldoply an additional

damping (compare [333710)) in order to have a chance to get aanvergent se-
guence.

It is also possible to combine the two interface conditions[82Z9) and (322Z.11) in
order to obtain convex problems with Robin boundary conditions on . They
also turn out to be uniquely solvable for the Richards equaton in homogeneous
soil under natural conditions. In Subsection[ZZ1 we will @dress this option,
resulting in a Robin method for the Richards equation, in defail.
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Finally, we turn to the case of heterogeneous soil, i.e. to th case of possibly
di erent parameter functions 1()and kry()in 1and »()andkry()in ».
This is the case referred to agumping nonlinearities in the title of this work.
We assume thatar(; ) and (), i = 1;2, are constituted accordingly as in
Subsection[(3ZZIL. With these ingredients one can also de n&(; ) and ()
on and give sense to the corresponding variational inequaity (EZ7).

However, our solution theory from Chapter [@ cannot be appli@ in this het-
erogeneous setting since the Kirchho transformation canmot be carried out
globally on (compare Remark L31). Therefore, we turn to the correspond-
ing substructuring problem B2Z38){(B2Z11) for which the arising Dirichlet and
Neumann problems can be solved uniquely after (di erent) Kirchho transfor-
mations in the subdomains. The interface conditions which equire continuity
of the physical pressure [[32ZP) and continuity of the (timediscretized) water
ux as discussed above (sed(3.Z11) and(3Z118)) also se¢mbe hydrologically
very well justi ed. Therefore, we can nally note

De nition 3.2.7. Let \ 5 =; and (), kri() given (possibly di erent)
parameter functionson ; fori =1;2. Let&(; ), i(), i =1;2, be de ned with
these functions according to Subsectioli=32]11. We call a fugtion p de ned a.e.
on with pj:=p; ,,i=1;2 aweak solution of the corresponding Signorini-
type problem for the Richards equation in heterogeneous soon if we have
p1 2 K1 and p2 2 K, such that

ar(pi;vi p1)  Ci(vi p1) O 8vi2KY! (3.2.22)
pL=pz oOn (3.2.23)
a(P2;V2  P2)  C2(v2 p2) O 8v22KE? (3.2.24)
go(p2;R2 )= "2(R2 )+ "1(R1 ) e&(pi;R1 ) 8 2~ (3.2.25)

WherezRi denotes any possible extension operator fromto H 1Di[ Si( i) for
i=1;2.

As usual, for more than two subdomains one would consider coex prob-
lems for each subdomain and impose continuity of the presserand the (time-
discretized) water ux on each interface.

3.3 Nonlinear Dirichlet{fNeumann method

The topic of this section is a quasilinear elliptic transmission problem where
the nonlinearity changes discontinuously across two subdwmains. This problem
is motivated by De nition IZ7Jof a boundary value problem for the Richards
equation on a domain with two di erent soils in the subdomains. In fact, it can
be regarded as a nondegenerate stationary Richards equatiowithout gravity
in such a setting.
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We treat this problem applying a nonlinear version of the linear Steklov{

Poincae theory introduced in Quarteroni and Valli [ﬂ pp . 8{11]. Therefore,
in Subsection[3231, we start with a short introduction to the basic idea under-
lying the usage of Steklov{Poincae operators for the anajtical treatment of

the Dirichlet{Neumann method applied to linear problems.

In order to extend the linear theory to cover our case, we refomulate our
nonlinear transmission problem via Kirchho transformati on, thus obtaining
linear problems on the subdomains (cf. Bonani and Ghionem]& However,
this entails nonlinear transmission conditions. Still, this allows a reformulation
of the problem as a nonlinear Steklov{Poincae interface &uation. Then, we
introduce a Dirichlet{Neumann iteration for this problem w hich, in analogy to
the linear case, can be regarded as a preconditioned Richasdn iteration applied
to the nonlinear Steklov{Poincae equation. All this is do ne in Subsectio-33P.

Then, in Subsection[3:3:B, we present a convergence analgdiased on Banach's
xed point theorem for our nonlinear Dirichlet{Neumann ite ration, generalizing

related results for the linear case in Quarteroni and Valli E pp. 117{120].

This leads to su cient conditions for a convergence of the sbheme to a unique
solution which are satis ed in one space dimension. As a by4mduct, we obtain

well-posedness of our transmission problem in this case.

In Subsection[3=33 we present counterexamples in 2D, one diem given and
discussed analytically, showing that the su cient conditi ons for the conver-
gence of the nonlinear Dirichlet{Neumann algorithm, on which our proof via
the contraction argument is based, are violated in higher dinensions. This still
leaves the open question whether (at least local) convergee of the Dirichlet{
Neumann method can be proved by other techniques.

Finally, in view of the convergence in 1D and the consideratins on the coun-
terexamples in 2D, numerical results in two space dimensianare given for our
transmission problem in Subsectiorz3:31, suggesting thathe algorithm can be

applied successfully to higher-dimensional problems anchithe general case of
the Richards equation.

3.3.1 Basic idea of linear Steklov{Poincae theory

In order to understand the basic problem that we encounter wken we try to
analyse the substructuring problem [ZZ2ZP){{32Z25) with jumping nonlineari-
ties across the interface , it is helpful to recall the principles of linear Steklov{
Poincae theory. In the following, this is pursued in looseterms and also leads to
a formulation of the Dirichlet{Neumann method in terms of St eklov{Poincae
operators which our nonlinear approach in Subsectiofi-3312xtends.

Consider a non-overlapping decomposition of  R%into ; and , as in Sec-
tion compare Figure[31. The starting point is a bounday value problem

Lu=f on (3.3.1)
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with boundary conditions ' on @ (linear in u) where L is some linear partial
di erential operator. As seen in the (even nonlinear) examge in Section[3:2,
such a problem can turn out to be equivalent to solving

Liuy=f on ; (3.3.2)

where L, are the restrictions of L on  for i = 1;2, together with the re-
strictions due to the boundary conditions ' and with suitable transmission
conditions on . The regularity of u on in some solution space often requires

Uz = Uy (333)

and the fact that u also solves[[3:311) \across " generally leads to a continuty
condition on some \ ux" across

U1 = 2U2 (3.3.4)

given by certain linear operators 1 and ».

Now, usually the aim is to obtain an interface equation for the trace = uy;
of the solution in the trace space which is equivalent to the global problem
(B33) or to the substructuring problem B32){(B34). For simplicity, we
assume that' are homogeneous Dirichlet boundary conditions on@. Then
the general approach in the linear case is the following.

We write L, l(f; ), i = 1;2, for the solution of Z32) where is either a
Dirichlet boundary value or a \ ux" (Neumann) boundary valu e as in [3333).
Both the unknown interface value on and the known source term f can
be regarded as inhomogeneities for the solution of the subpblems [3:32) on

i fori = 1;2. Using the linearity of Lj, i = 1;2, one can decouple these
inhomogeneities and separate the known ongé from the unknown one . Then,
obviously, the solutions for the

homogeneous system + inhomogeneity on : u®=L; *(0; )=t Liom ()
inhomogeneous system + homogeneity on @ u; = L; *(f; 0) =t L7, (F)
give the solution for the data f; on ;: ui = ul+ u

(3.3.5)

Considering (333) for any interface value , the rst continuity condition
(B33) is satised. Now, with the linearity of ;, i = 1;2, the second con-
dition (8332) can be written as

1U(])_ + 2U(2) = 1Uq 2U» (336)
so that the in uence of the two inhomogeneities occurs on dierent sides. The
left hand side of this equation results from the action of the Steklov{Poincae
operators, de ned by

Si = L. L

i;hom

i=1;2; Si=S5+Sy; (3.3.7)
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on the interface value . Together with the right hand side
= abgn 2l )(F) (3.3.8)

of 3:38) one obtains the desired Steklov{Poincae inteface equation in the
form
S = : (3.3.9)

Now, with a given initial iterate  ©, and as already seen in(3Z22){{3.225) in
a weak formulation for our nonlinear problem, the Dirichlet{Neumann iteration
is obtained by the Dirichlet step and the Neumann step

ustt o= LM M)
U|§+l — Lzl(f, lu|i+l)
for k 0, respectively. It provides the next iterate
k+l = #u'zjj+1 +(1 #) K (3.3.10)

after a damping with the factor 0 < # < 1 which is necessary in general to
obtain convergence.

The natural decomposition S = S; + S, allows for a reformulation of (Z:310)
in terms of Steklov{Poincae operators. As a result, the damped Dirichlet{
Neumann method turns out to be a Richardson procedure

k+1 — k+#Szl(Sk+ )

for the Steklov{Poincae interface equation S = with S, as a preconditioner,
see Quarteroni and Valli ﬁ pp. 13/14]. In what is to come, hese basic results
are generalized to certain nonlinear problems.

3.3.2 Steklov{Poincae formulation for elliptic problem s related
to the nondegenerate stationary Richards equation with-
out gravity

In this subsection we introduce a nonlinear elliptic problem in a heterogeneous
setting as considered in Subsectiof=3:2.3 which can be reghed as a stationary
Richards equation without gravity in heterogeneous soil wih nondegenerate
relative permeability (see Subsection[.Z13). Furthermoe, we generalize the
ideas from the linear Steklov{Poincae theory indicated in the last subsection
to this nonlinear problem.

As in Subsection[3Z1, let RY be a bounded Lipschitz domain divided into
two non-overlapping subdomains ;, 2 with the Lipschitz continuous interface
= 1\ 5, compare Figure[32.

Given f 2 L?(), ki, ko2 LT (R) with k; > 0fori=1:;2, we consider the
following quasilinear elliptic transmission problem in strong formulation.
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Figure 3.2: Non-overlapping partition of the domain .

Find a function pon , p; , = pi2 HY( {);i=1;2 pe =0; such that

div(ki(pi)r pi) = f on ;;i=1;2 (3.3.11)
pr = p2 on (3.3.12)
ki(p)r pr N = ko(p2)r p2 n on (3.3.13)

Compare this problem to (ZZTI9) with (2Z1I8) in order to se the claimed
relationship with the stationary Richards equation withou t gravity. We remark
that the gravitational term cannot be treated explicitly in the stationary case
and would lead to an additional nonlinearity which our approach does not cover.
In addition, note that we impose uniform ellipticity

ki() > 0 fori=1;2 (3.3.14)

here, so this case is comparable to the nondegenerate casaliced by altered
Brooks{Corey functions treated in SubsectionZ.Z.B. On theother hand, observe
that the nonlinearities k; need not be continuous here, so this setting covers
much more and in particular the limit cases discussed in Sulection [[LZ3.

Due to lack of regularity of the nonlinearities, Newton-typ e linearization is ruled
out in advance. However, by our approach based on Kirchho transformation,
we can reformulate the two nonlinear partial di erential equations 311) as
linear Poisson equations in both subdomains.

Since large parts of what we present here can be regarded asngealizations
of the linear theory given in Quarteroni and Valli [E], we use much of the
notation accordingly. This includes the spaces de ned in [3Z2) with the trace
space = Hégz() in the case we consider here. Furthermore, fori =1;2, we
use the abbreviation

Z

(wi;vi) . = wiv; dx  8w;j;vi 2 L2( i) (3.3.15)

for the L2-scalar product on ; and de ne the forms
ai(wi;vi) = (r wisrv) (3.3.16)
(3.3.17)

b(wi;vi) = (k(w)r wi;r vi)

for wi;vi 2 Vi. As usual, the norm in H( ;) will be denoted by k ki. ,, the
normin with k k .

145



Let Rj;i =1;2, be any linear continuous extension operator from toV;. Then,
with Green's formula ([CL53), the variational formulation of problem @:311){
(B313) reads as follows:

Find p; 2 Vi, i =1;2; such that
bpi;vi) = (fvi) 8vi2V’ i=1;2  (3.3.18)
b(pi;R1 ) (FR1 ), b(p2;R2 )+(f;R2 ) , 8 2 1 (3.3.20)

We now introduce new variablesu;, i = 1;2, by Kirchho transformations
de ned as 7
pi (x)

ui(x) = i(pi(x)) = ki(d)dg ae.in (3.3.21)
0

according to (T31), which yieldsk; (pi)r pi = r u; in a weak sense due to Propo-
sition L5 TA. For the details we refer to Subsectioi_L5l4where we discussed
the topic of weak Kirchho transformations in terms of super position operators
in appropriate depth. There, we hadkr  from the Richards equation instead
of the function k; but with equal generality. Nevertheless, we note the folloving
basic properties of ; here.

Proposition 3.3.1. The following holds fori = 1;2. ; : R! R satises
ki(0) = 0 and is a.e. di erentiable with iO: ki, strictly increasing and Lip-
schitz continuous with Lipschitz constantkkik; . The inverse ; lis also a.e.
di erentiable, strictly increasing and Lipschitz continu ous with Lipschitz con-
stant Kk; ki .

Furthermore, with 0 from (B:3:14) we have

kpiki; , k i(pi)ky ; k kiky kpiky; | (3.3.22)
and there exist positive constantsc; C with

ckpj; k k i(p); k Ckpj k (3.3.23)
Finally, interpreted as superposition operators, ; :V;! Viand ;: ! are

homeomorphisms.

Proof. The rst statements have already been noted in LemmalLhl. The
estimates in (3:3:22) come from Propositiol_L.5.12. Propdy (B:3223) is entailed
by (B3322) and the last statement on , interpreted as superposition operators,
which is a direct consequence of TheorefiIL5Jl5 and Proposih [C5T7. The
bijectivity of these operators and the commutativity (ILZ5-33) applied to 3322)
provide

kpij k k i(pi)j k k Kiky kpj k

for the norm k k in de ned by

k k:= pzvlir;];f)j _ kpky; ;8 2
which is known to be equivalent tok k , see [AZID). O
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Now, with the transformations i, problem @E3.I8){[E3.20) becomes:
Find u; 2 V,;, i =1;2; such that

ai(u;vi) = (fivi) 8vi2V0 i=1;2  (3.3.24)
Hug ) = o Nuy ) in (3.3.25)
aj(u;;R1 ) (KR1 ), = a(uz;R2 )+ (f;R2 ) , 8 2 :(3.3.26)

Remark 3.3.2. At rst glance, the equivalence of problem @31I3){E320)
with p; 2 V; and its transformed version [(Z323){(3:326) withu; = i(pi) 2 V
seems to be an easy matter. Notice, however, that for[[3308, (B32Z4)
and (3320), @E328) we need to apply the weak chain rule[[I.522) which
is not trivial. In addition, for (E3I1Z] , E3I9) we need the commutativity
of the trace map and the Kirchho transformation (see Proposition [C5186),
which is not straightforward either and which requires a strong result from the
theory of superposition operators in the general setting ocurring here (compare
Proposition [L5.T4 and Theoren_L515).

Moreover, bearing these results from Subsectiofi”L.3.4 in md, we can interpret
i, 1 =1;2, equally as a pointwise evaluation almost everywhere on ; or

or as a superposition operator in the relevant function spaes on these sets. In

particular, the crucial commutativity (1I533)] makes it po ssible to talk about

the Kirchho transformation on of a function in V. To simplify the notation,

we usually leave out the brackets for operators as in () from now on.

Now, we turn to a Steklov{Poincae formulation of problem (B:323){(E:324).
The latter is a weak formulation of a problem as discussed in @section[331
including linear subproblems [3332#%), but now with nonlinear Dirichlet trans-
mission conditions [3.3.25) for the transformed variablesn the two subdomains.
Since the linearity of the subproblems can be used now, the gumentation is
quite similar as usual and outlined in Subsectiol"3311.

For a given 2 and i = 1;2 we now consider the harmonic extensions
ui0 = Hi( ; ) 2 V; of the Dirichlet boundary value ; on . Furthermore,
let u; = Gf be the solutions of the subproblems[[3:3324) with homogenes
Dirichlet data Ui@, = 0. Due to the linearity of the local problems (B:324),
the functions

u=H;; +Gf; i=1;2; (3.3.27)

satisfy (E322){(B3218) if and only if
ai(H1 1;R1 )+ ax(H2 2;R2 )=
(fFR1), a(GfiR1)+(fiR2) , &(&GfiR2) 8 2 @ (3.3.28)

Since the extension operatorsRj, i = 1;2, can be chosen arbitrarily, we set
Ri = H;. Denoting by h; i the duality pairing between %and , we recall the
de nition of the Steklov{Poincae operators S;: ! ©

hS;; i=aH;;H;y ) 8; 2 ; i=1;2; (3.3.29)
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and furthermore the functional = 1+ 22 ©

hi; i=(KHy ), a(GhH; ) 8 2 ; i=1,2; (3.3.30)
which can be found in Quarteroni and Valli [ﬂ pp. 8/9].

Now, ([B:328) can be written as the nonlinear Steklov{Poin@e interface equa-
tion

nd 2 : (S; 1+ S, 5) = (3.3.31)

or, equivalently,
nd .2 : (S11,+S) 2= (3.3.32)
if we set , = 5 . Note that since ,: ! is a homeomorphism due to

Proposition B3, the convergence of a sequence of iteraxte'é to , implies the
convergence of X = ,! ¥ to an vice versa. We state the main result of this
subsection.

Proposition 3.3.3.  Solving problem [Z33I8){(3:320) is equivalent to solvimy
the nonlinear Steklov{Poincae equations (3:3331) or 33:33) in the sense of

(B32I) and B320).

3.3.3 Convergence result for a Dirichlet{fNeumann method an d
well-posedness in 1D

In this subsection we present a nonlinear Dirichlet{Neumam algorithm for our

problem @3I3){[@B320) which is a straightforward genealization of the lin-

ear one introduced in Subsectio=33]1. It requires the sotion of two linear

problems in each iteration step and a nonlinear transformaion only on the
interface, but it does not involve any further linearization. We analyse the al-
gorithm along the lines of the linear theory in Quarteroni and Valli [F5] leading
us to su cient conditions for convergence which are satis ed in one space di-
mension. As a consequence, we get an existence and uniquenessult for the
original nonlinear heterogeneous problem[3:38){(3:20).

Since it turns out that for a rigorous analysis the damping has to be carried out
in the transformed variables, we state our Dirichlet{Neumann algorithm for the

transformed version [3323){{3:326) as follows.

Given 92 , nd successively u** 2 v; and u§™ 2 V, for eachk 0 such
that

ap(u*vy) = (fvy) 8vy 2 V) (3.3.33)
T N & (3.3.34)
and then
ay(Us™ivy) = (fv) , 8vy 2 VY (3.3.35)
a(Us™iHy ) (BHo ), =  a(U;Hy )+(fiH1 ) ,8 2 :(3.3.36)
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Then, with some damping parameter# 2 (0;1), the new iterate is de ned by

K+l o= #u';j+1 +(1 #) k: (3.3.37)

As for the linear case in Subsection33]1, one can reformuka the nonlin-
ear Dirichlet{Neumann algorithm (8337) in terms of Steklov{Poincae opera-
tors (B2329), including the nonlinear Kirchho transform ations now. Consid-

ering the harmonic extensionsHiu:‘j+l and the solutions Gf of the problems
B324) with homogeneous boundary data foi = 1; 2, the intermediate iterates
are obtained by

u§+l = Hl 1 21 5"‘ Glf and Ul§+l = H2u|§j+l + GZf
Thus, equation (Z338) provides

ai(H1 1, 5iH1 )+ ap(Haug™ Ho )

X2
= (KHi ), a@GfEH; ) 8 2
i=1
which, due to (3329) and [333D), is the same as
MSaug™; i=h S 1, 5+ i 8 2
and, regarding (Z333T), altogether yields
So( 5™ Ky=#( (St 1,'+S) 5 in O (3.3.38)

Consequently, the damped Dirichlet{Neumann algorithm applied to (B:324){
(B328) is a preconditioned Richardson procedure for the onlinear Steklov{
Poincae formulation (8332) with S, as a preconditioner.

Note that an analogous formulation for the interface equaton @3:31) cannot
be obtained due to the nonlinearity of S, ,. However, (3:3:38) can be treated
just as in the linear case if we apply the following generaliation of an abstract

convergence result in Quarteroni and Valli E!S pp. 118/119. Let X be a Hilbert

space, letQ; : X | X %be a not necessarily linear operator and leQ, : X ! X9
be linear and invertible. With the de nition Q := Q1+ Q, and for givenG 2 X ©°
we consider the problem

nd 2X: Q =G (3.3.39)
together with the corresponding Richardson iteration
1= ke #Q, (G QM (3.3.40)

with the linear operator Q. as a preconditioner.
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Theorem 3.3.4. Let Q. be continuous and coercive, i.e. there are positive
constants , and > such that

Qus; i 2k kxk kx 8; 2X: Ma; i 2k ki 8 2X: (3.3.41)
Let Q; be Lipschitz continuous, i.e. there is a constant ; > 0 such that
Q1 Q1; | 1k kx k kx 8;; 2 X: (3.3.42)
Suppose there exists a constant > 0 such that

hQ2( :Q'(Q Q)i+ Q; [ k ki 8; 2X:
(3.3.43)
Then (B3339) has a unique solution 2 X . Furthermore, for any given ©2 X
and any # 2 (0; #max) With

2
— 2

Fmex 1= 2( 1+ 2)2;

the sequence given by (3:3:30) converges X to

The proof is an application of Banach's xed point theorem and is carried out
here along the lines of the one given in Quarteroni and VaIIi|ﬂ, pp. 119].

Proof. First, the operator Q, is invertible as a consequence off{3.3#1) and
of the Lax{Milgram lemma (see e.g. EB pp. 240]). With this doservation we
introduce the Q»-scalar product

(i e = %(th; i+hQy; i) 8; 2X:
The correspondingQ,-norm given by
kKo, =(; Jor="mMe; i 8 2X
is equivalent to the norm k kyx ; actually, it satis es the two-sided inequality
kK& k k3, ok k& 8 2X: (3.3.44)

To prove the convergence of the sequende Xgy ¢ it is su cient to show that
the mapping

TyoX D X5 Ty = #Q,'Q 8 2X;

is a contraction with respect to the Q,-norm. With this aim, assuming that
# 0, we have for; 2 X:

KTy Ty ki, = k ki, +#M  Q;Q,"Q Q)i
#(MQ2(  )QMQ Q)i+ Q; i)

2
k @+ w2l e ey 2
2
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To verify the second term of the estimate (the third one is [33:43)), observe

that due to (B:341) and 3:3.42) we have
R Q;Q,"Q Q)i (1+ 2k  kekQ'Q Q )kx
and that due to (B3329) we get

kQ,'Q Q)R %ka(Q Q)kéz=i2hQ Q:Q,Q Q)i

Now, setting
+ 2
2 2
we obtain
KTy Ty ki, Kuk kS, :
The bound K4 < 1 is guaranteed if O< # <# max. O

Remark 3.3.5. Observe that the proof does not depend on the splitting
Q= Q1+ Qy if Q1 in (B343) is replaced byQ. Furthermore, note that con-
dition (823243) reduces to a much simpler expression if, in ddition, Q. is sym-
metric. In the linear case (3334B) is just the coercivenessf Q or, equivalently,
the coerciveness of);. In our nonlinear case [3:374B) states thestrong mono-
tonicity of Q (see e.g.mz p. 501]) which reads

R Q; i 7k k2 8; 2X: (3.3.45)

Now, it is well known that in the particular situation of (3=3d) and (3:3:33)
both Steklov{Poincae operators S; and S, are symmetric, continuous and co-
ercive, see [[%5, pp. 8/9]. Thus in order to apply Theorenl=3:33l to the case
X=, G= , Q=S and Q1= S; 1 21, we have to make sure that the
conditions [3:342) and [333.4%) are satis ed forQ; = S; 1 , 1. So we arrive at
the following

Theorem 3.3.6. The nonlinear Steklov{Poincae equation (B:3:32) admits a
unique solution 5 in to which the nonlinear Dirichlet{Neumann scheme
B3233){(§.3:37] converges for su ciently small # and any 92 if the fol-
lowing two conditions are satis ed:

1 21 o is Lipschitz continuous, i.e., there is a constantL( 1 21) >0
such that

k1, 1,k L(1,h Kk 8; 2 ; (3.3.46)

andS; 1 5 1. 1 OYjs a strongly monotone operator, i.e. there is a constant

1> 0 such that

Si( 1,5 1,0 ) i .k K 8: 2 (3.3.47)
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Note that the conditions (B349) and (3341) do not require ; : !
i = 1;2, to be superposition operators or Kirchho transformations de ned

by B321). In case of linear ; : ! , condition (I3Z48) reduces to the
boundedness of i, i = 1;2, and (3:341) is the coercivity of the linear map
S11,° ¢ ! ® Note that (B328) and @32Z1) are trivially satis ed

for linear Kirchho transformations corresponding to constant functions k; as
in (B3314). However, our abstract theorem also has a concte relevance for our

general setting in problem [3311){(Z3.13).

Proposition 3.3.7. The conditions (3.3.44) and (3.3.4]) are satis ed in one
space dimension.

Proof. Let 1 =[a;b; > =[b;dwith = fbganda <b <c. Then we
have = Hg’() = H¥2() = (R;j j) and condition (B3ZH) follows from
Proposition B31.

Let L( ) and L( ») be the Lipschitz constants of the real functions ;' and

» according to Proposition[3371. In order to prove [3:34F),let ; ; 2 R.
The harmonic extensionH( ) is the ane function x 7! p—Xx p5a As , 1
and , are monotonically increasing, then [33322P) provides

hSi( 1 5t 1,0 ); i
Zy
= rHy(1,t 1,0 ) Hy( ) dx
a
Zblzl 121
T b a b a X
:(121 1,0 ) )
b a
1 2

(b aL(,L( 2)

Now, we are able to state an existence and uniqueness resutirfthe nonlinear
heterogeneous problem[3.:318){{3.3.20), which is satied at least in one space
dimension.

Proposition 3.3.8.  If the conditions (B:3:46) and [B:3:47) are satis ed, then
problem E3I8){(B320) is well-posed. Moreover, we has p}‘ ' p, k!l
in V; for the iterates

pk= YHi i K+Ggf)2v; i=1;2; (3.3.48)

on ; which correspond via ¥ = ,1 X k 0, to the iterates ( )k o of the

Dirichlet{Neumann scheme 333){(B:3:37).

Proof. The equivalence of problem [ZZ3B){3732D) and[[3:332)as been ob-
tained in Proposition B:3:3. We recall from (3332T) that the functions

p= MHi i +Gf)2V; i=1;2; (3.3.49)
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solve (3 TIN{E3IB) if », = » solves [333R). With Theorem[33H this
gives existence and uniqueness of these solutions for (3A){(B:320).

In order to prove the continuous dependency ofp;, i = 1;2, on the data
f 2 L?(), it is enough to prove the continuous dependency of on f since
all operators in [33.49) are known to be continuous. For ; : ! and

i L-Vi 1 Vi see Proposition[33, forH; : | Vi see e.g.|ﬂS, p. 9], and
for G :L2( )! HE( i) we refer to [60, p. 82].

To see that = 21 » depends continuously onf in (B:33332) observe rst
that 2 O9depends continuously onf due to 3330). Secondly, the strong
monotonicity (BZ3Z47)) provides the Lipschitz continuity of the inverse operator
(St 1,5 1: %1 and therefore of (S; 1 ,*+ Sp) ! in (B332). Con-
sequently, > and nally  depend continuously onf. This shows the well-

posedness of problem{3.318)(3.3.20).

Now, the claimed convergence of the iteratepX in (B23Z8) to the solutions pj,
i =1;2, onthe subdomains is a consequence of the convergence dj)@ oto »
in , the continuity of the Kirchho transformations as supe rposition operators
on and Vi, i =1;2, (Theorem[ILZI% and PropositionCL51l7) as well as the
continuity of H; in (B2328) fori =1;2. O

Remark 3.3.9. In Subsection[333b we are going to carry out the Dirichlet{
Neumann iteration (B333){(B:3:39) for the solution of (B324){(B3.249) on a
discrete level. In light of SubsectionCZR1L it is quite clea how to do this. We
discretize (3:323) as well as[[3333) and(33B5) by liree nite elements in
suitable nite element spacesSji on jfori=1;2, such that the restrictions of
the nite element functions from both sides of constitute a common interface
space | of nite elements on (which needs to be polygonal in this case).
The Dirichlet transmission conditions (B2323) as well as B3:33) are imposed
on the nodes on only, involving corresponding discrete Kirchho transforma-

tions i : 11 1. The Neumann conditions 337B) as well as{3336) are
discretized for all 2 ! with discrete (linear continuous or, more speci cally,
harmonic) extension operatorsR;; ;Hi;; : ! !'S j' for i = 1;2. Accordingly,

discrete Green operatorsG; and ; as in Quarteroni and Valli [E pp. 46/47]
come into play.

Then, due to the coercivity and the continuity of the discrete Steklov{Poincae
operators S;; : 11 ( 19 (with constants independent of j 0, consult
, p- 105/106]), the convergence theory with the correspading results from
Theorem[33® and Propositionz33J in the discrete settings literally the same
as in the continuous case. For the proof of[[3:3:46) and{344) in one space
dimension we even have | = | ij = jandHj; = Hjforj Oandi=1;2.

However, in contrast tp the continuous setting, the discret Kirchho transfor-
mations ; : ! ! 1 do not satisfy the weak chain rule [LX2ZP). Therefore,
the discretized transmission problem [ZT32ZUNE3326) $ only equivalent to a
corresponding retransformed transmission problem similato (E3T8){(E320)
with solutions p;; = i(ui) 2 Sj' and with equality pyj; = pg;; Just for
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the nodes on . Accordingly, Proposition has to be undestood and thus
has a satisfying discrete counterpart only for the discretked transformed prob-

lem E322)}{(@B32Z1).

Recall that we have ; = ; fori =1;2,] 0, in the trivial case of linear
Kirchho transformations ; and thatfor 1=, the discretization of (8:324){
(B328) can be shown to be equivalent to the correspondingisicretized global
problem as done in the proof of Theoreni=3:2]4. In the generalanlinear case,
however, we do not know whether the solutionsu;; of the discretized prob-

lem E322){(@328) converge tou;, i =1;2,forj !1

Remark 3.3.10. Observe that we do not know whether a Dirichlet{Neumann
method applied to @3 I8){(E.320) in the \physical pressure” = p; con-
verges if the damping parameter is chosen small enough. Due the nonlinear-
ities S; ; for i = 1;2 in the symmetric equation (Z:3:31) we do not even get a
Steklov{Poincae formulation for this method.

We note that there is another proof of the convergence for theDirichlet{
Neumann method to be found in Marini and Quarteroni ﬂ] whidh does not
involve Steklov{Poincae operators directly. Nevertheless, one can also adapt
and extend that proof to our situation and obtain Theorem B34 as well.

Remark 3.3.11. It is possible to formulate a nonlinear Neumann{Neumann

method for problem (3:323){328) in terms of Steklov{Poincae operators

and involving the Kirchho transformations as done in Quart eroni and Valli

[ﬁ, pp. 14{16] for the linear case. With a ? 2 and given positive constants
1, 2, one obtains the iteration

L= ke #( 1St S, s ko (3.3.50)
with S, =S, 2 landS= S+ S, referring to the Steklov{Poincae equation
(S1+S2 2 H 1=

for the transformed variable ;1= ;1 on from the rst subdomain with as
in (B3:37). However, both for (33350) and its symmetric cainterpart

Kl K 1St 1) T+ 2S22) D (S11+S22) 9 k0

for the untransformed variable referring to (B:3:31) we do not have a linear
preconditioner such that a direct application of Theorem[334 is not possible.
It is unclear whether this theorem can be extended to nonlinar preconditioners
which do not induce a norm in which convergence could be meased.

3.3.4 Counterexamples in 2D for the strong monotonicity of
the nonlinear Steklov{Poincae operator

Let us point out at the beginning of this subsection that we donot know whether

the assertions of TheorenZ3:316 or Propositiod—3.318 or weak ones, for ex-
ample local convergence, hold in higher dimensions if someatural conditions

154



on iand », possibly other than (3:3:48) and [3.33.4YF), are satis ed. Therefore,
although this subsection is about counterexamples, we do nidiave a counterex-
ample for which the Dirichlet{Neumann scheme diverges in hjher dimensions.
The counterexamples that we talk about here concern our apprach to prove
the assertions in TheoremZ33b6 by a contraction argument ad to use The-
orem [3:34 to achieve that. This special approach seems to brmiled out for
higher dimensions in which the trace space , in contrast to 1D, is an abstract
in nite dimensional function space with a norm that is not so easily treatable
in concrete terms (see pageSZHB{Zb1 in the appendix).

Concerning the question whether the Kirchho transformations 1 and » are
Lipschitz continuous as superposition operators acting onthe trace space
recall that we deduced PropositionCLE IV from Lemmda_ L5 1Theorem Lo TH
and Proposition [C5TH, i.e. the continuity of ; on is a consequence of the
continuity of ; onH?( ), i =1;2. Butwith a glance at the proof of the latter,
even for restrictive conditions onk; (see PropositionCLEI#), and even more so
in the general case treated in Theoreni-I.5.15, one will nd itextremely unlikely
that ; :HY( ;)! H?Y( ;) and therefore ;: ! are Lipschitz continuous.

Much more so, the strong monotonicity {3:3:4T) is in generalnot satis ed in
higher dimensions. This is what the two counterexamples in B, which we are
going to present, are intended to show. Unfortunately, in higher dimensions
condition (B23Z14) may be violated to the extent that

hSi( 1 5t 1.0 ); i<O0 (3.3.51)

can occur forcertain; 2 and : ! , i=1;2.

As a starting point for the considerations leading to possille counterexamples

observe thatin case of j = id : ! , condition (334 is just the coercivity
of the Steklov{Poincae operator
z

hSi; i= jrHjj?dx ¢ kHj kg

which is a consequence of the Poincae inequality (see Theem [A&Z1) with a
C,>0,i=1;2. Itis well known that if and @ ; are smooth enough, then
the harmonic extensionH; on j,i =1;2, is harmonic in the strong sense (see
e.g. Werner Eb pp. 5, 11, 36, 62, 212]) and the classical rmoal derivatives of
uj ;= H; existon @ i, i.e. we have
Z
, @u
S, ; 1= — ujd >0 3.3.52
i @ U ( )
fori =1;2 due to Green's formula [I.5®). Now, the crucial observatin is that
although (B3%32) holds for any harmonic functionu; on ; which is in C?(" ),

there may well be subsets of positive Hausdor measure on which
@y
— U <0 3.3.53
@ Y ( )
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Figure 3.3: u: (x;y) 7! x?+ y? satisfying (33353) between ( 1;1) and (1;1)

is possible. This fact is exploited in the construction of the counterexamples.
Loosely speaking, with a certain choice of a Kirchho transformation one can
provide a bigger weight to the product on the left hand side of (@:3&3) such
that altogether one can obtain (3:351).

We start with an analytical counterexample based on the harnonic function
u:(xy) 7t x2+y?

given on the trapezium T R? with the vertices ( 1;1), (1;1), (2:2) and
( 2;2), see Figure[3B. Fori = 1;2 let ; be the edge between the vertices
( i;i) and (i;i), not containing the vertices in both cases. We compute

@u: @u: @u: @u

— — = 2 on g, — = —=2y=4 on
@ ey R ekt 2
and, moreover,
Z
@u @u @u
— ud = — ud + — ud
aT@ . @ , @
z 1 z 2
= (2 ( x°+1)dx+ 4 ( x*>+4)dx
1 2
2 1 2
25 +29 3° 26 3 (3.3.54)
i.e.we have = ;on which (33353) holds in this example. Now, we choose a

:R! Rintended to replace (1 ,%) *in (E3&1) and some; 2 HPZ(@7
with UjgT= such that

Z
i) i = @T%“ )yd < 0:
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Let ;,:=0, ;,:= 1 and IR TP I VI and extend both
and linearly on the edges between (1;1) and ( 2;2) as well as between

(1;1) and (2; 2). Furthermore, we dene :=id on (1 ;1] and
x7lax+1 a 8x2[L1) (3.3.55)
for a constanta > 0. As a consequence, we have
au Z Z Z
hSa ( ); i = — )d = D+ D+ D
@T@ . ) @W( 1[ 2)
in which the last integrand vanishes since = on @TN( 1[ »2). Moreover,
we still have @ 5
u
Dl d = 2_
o ¢ ) 5
as in (2353) and
Z Z Z Z
@u, )d =4 d =4 d +4 d
2 @' 2 id 2N id
with g == f(xy)2 2: x?+y? Igwhepe =id. §jnceu= x2+4 1
on jq is satised if and only if 2<x 3 o0rx 3 < 2 holds, we can
estimate
z @u p 2
— yd 42 @2 31 2-<0
il i @ 3
and due to (235%) we get
Z Z Pz
@u 3 2
— )d = 4@ x9)+1 a 1)dx
2N jd @' p§
ZP3
= a , 44 x)dx ! 0 for al! O:
3

This example is certainly somewhat arti cial, mostly because the interface is
assumed to be a superset of 1 [  here, i.e. it is either quite large or discon-
nected. Nevertheless, such a case occursTif= 1 is contained in the interior
of a bounded Lipschitz domain R? so that the complement , = nT sat-
ises @ 2 = @ However, in contrast to the situation in Figure 3dZJ1such a
decomposition of provides the trace space = H2(). Note that in this
case,T = 1 must be chosen as the subdomain for the Dirichlet problems in
a Dirichlet{fNeumann method similar to (83:33){(£337) since otherwise pure
indeterminate Neumann problems occur.

Alternatively, one can consider T = ; as a subset of a ring-shaped domain
with 1\ 2= 1[ 2. Note, however, that we have ; ,; ;, 2 Hégz( 2)
in the counterexample. In order to still apply the consideraions above, one
can think of the following modi cation for arbitrary " > 0. Choose and

to be constantly 0 on the edges between (1;1) and ( 2+ ";2 ") as well as
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Figure 3.4: Harmonic function satisfying (33353) around Q; 1)

between (1) and (2 ";2 "), and then to be linear between the value 0 and
the value 1 which has to be assumed on the vertices (2;2) and (2; 2). At least

this construction gives i~ -2 Hégz(‘) with a subset = @Tcontained in

an arbitrarily small neighbourhood of ».

In addition to what has been considered above, there are alscounterexamples
on domains R2 for the case of connected and smaller interfaces  @.
Figure 34 illustrates such an example on =[ 1;1] [ 1;1] in which we have
chosen =[ 1;1] f 1g. The plot shows an approximation of the harmonic
function u on with piecewise linear and continuous Dirichlet boundary values
satisfying u;@ n =0 and

u(x; 1)=sign(x> 0:25)+1:1 8x2 ~

on asubset™  for which n~is a small neighbourhood of the points ( 1;1),

( 05, 1), (0:5 1) and (1; 1). Although we do not have an analytical ex-
pression foru on and we cannot prove that the normal derivative of u across
the connected component °of ~containing (0 ; 1) is negative, it is quite obvi-
ous from the plot in Figure 34 that this is the case. Consequatly, (8:353) holds
on © which is the basis for a similar construction as above for ouanalytical

example, leading to the non-monotonicity (3:351).
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3.3.5 Numerical example in 2D

The purpose of this subsection is to apply our nonlinear Dirchlet{Neumann
method to a problem in two space dimensions. Although the conterexamples
in Subsection[3:33 rule out a similar proof for the convergace of this method
in a 2D-setting as done in 1D for Proposition[3:3, it turns ait that the method

works quite well in this case, too.

We consider the transmission problem [3371){{331B) onthe Yin Yang do-
main within a circle of radius 1 as shown in Figure We denote the white
subdomain together with the grey circleB; by ; and the grey subdomain with
the white circle B, by .

Furthermore, we select the data
f(x)=( 1) on Bj; i=1;2; f(x) =0 elsewhere (3.3.56)
and the nonlinearities

(o) = Khmaxf( p) 3" 2, cg forp 1 (3.357)
P 1 for pi 1 o

with certain parameters ; and ¢ > 0 to be speci ed below.

This choice is motivated by the state equations of Brooks{Caey and Burdine for
the relative permeability in saturated-unsaturated porous media with di erent
soils that we introduced in (CZ9){(CZ11), see also Sulkection [LZ3. In this
way, our model problem can be regarded as a nondegenerate staary Richards
eqguation without gravity in a heterogeneous setting as in Sbsection[ZZB.

Note that p; < 1 characterizes the unsaturated region which is separatedyb
a free boundary from the linear, saturated regime occurringfor p; 1. Here,

the adimensional entity 1 represents the bubbling pressuregy, see SectiofiT13.
In agreement with realistic hydrological data as in Subsedbn [LZ we choose
it to be equivalent to the negative pressure of 01 meters of a water column.

We recall from Section[L.2 that the parameters ; and ,in ;and », respec-
tively, are known as pore size distribution factors. Accordng to Rawls et al.
E, Table 5.3.2] we choose them in an extreme manner as

1 1:0 (coarse sand)

(3.3.58)

2 0:1 (neclay):

The factor Ky, = 0:002 is a realistic hydraulic conductivity in the case of full
saturation (see SubsectiofLZ11). The parametec = 0:1 > 0 is introduced to
enforce ellipticity (compare SubsectionCI.ZB). The convagence results worsen
if cis chosen smaller and foc = 0 we do not observe convergence of the method.

The choice of the dataf which results in a strong sink in B; and a strong
source in B, (due to the small value of Ky) and our special choice of 1
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_ _ . Figure 3.6: Solutionp on with
Figure 3.5: Yin Yang domain free boundary (black line)

and > ensure that the free boundary has a nontrivial intersectionwith the
interface = 1\ 5. Since we apply the Dirichlet{fNeumann scheme[[3:3:33){
(B3313), we hereby make sure that step[[3.3.34) is nonlinea

The free boundary can be seen in Figur€3l6 which shows the nugrical solu-
tion p on obtained on the 6th level with the ranges [ 56:1; 0:9] in 1 and

[ 7:3; 3:.0] in 2. Here, the pressure of one meter of a water column is used as
the unit.

We discretize the problem using piecewise linear nite elerant spaces on each of
the two subdomains, see Remark=3:319. The linear problems aihe subdomains
are solved by a linear multigrid method which occurs as the m#od discussed
in Section[Z1 when there are no nonlinearities.

In contrast to Section [Z8, the implementation for this test case has been
performed in the numerics environment DUNE mZ] using the gid manager
from UG [ﬂ]. This also applies to all the following numericd examples pre-
sented in this work. For the visualization of the correspondng results we make
use of the toolbox AMIRA [].

Figure B0 shows the average convergence ratesof the Dirichlet{Neumann
iteration with respect to the damping parameter # on the rst 6 levels as in-
dicated by numbers at the graphs of the functions. The convegence rates are
given with respect to the transformed variables uf and are measured in the
energy normsa;( ; )2 on V; for i = 1;2, which are induced by the sti ness
matrices on the relevant nite element spaces.

More precisely, with initial iterates u® =0 for i = 1;2, the DirichletfNeumann
iteration is carried out until the relative error satis es

1=2

2

Zoau u " b

< 10 (3.3.59)

0 1) 1=2

2 (0 1.
iz ai(uy

for somen 0. Then we calculate as the maximum of the geometric means
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0.4r b
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0 0.65 0.1 O.i5 0.2 O.‘25 0.3
Figure 3.7:  vs. damping parameter# on levels 1 to 6

of the rates o
2 1k .ok -
=g a(ul ululouh)

P, K 1 1 1=2

Zoaul b oupk o)

(3.3.60)

forl k rmoverallr<n (note that we get zero forr-= n). Each of the local
problems on the subdomains is solved by 50 multigrid iteratons which leads to
numerically exact solutions.

We use a grid hierarchy of 7 levels resulting from a uniform mseh re nement of
the coarse grid with 169 nodes depicted in Figur€=315. In thisvay, we obtain
about 940,000 nodes on the nest mesh on corresponding to abut 938,000
unknowns on the 7th level.

As can be seen in Figurd_3]7, we need quite small damping parasters for

the Dirichlet{Neumann iteration to converge. Moreover, the convergence rate
as a function of the damping parameter depends on the re nemat level: On

higher levels more damping is necessary in order to obtain cwergence at all.
Furthermore, the ner the grid the smaller the optimal dampi ng parameter#gp;

and the bigger the optimal convergence rate oot = (#opt) become.

However, this e ect seems to stabilize on higher levels. Figres[Z3 and[:3P
show the dependency o#q,: and opt, respectively, with respect to the levels 1
to 7. It turns out that we have #q,t = 0:175 on the levels 5 (with opt = 0:762)
and 6 (with opt = 0:765) and#opt = 0:17 on level 7 (with o5 = 0:770).

In Berninger et al. ﬂﬂ], where this numerical example has st been addressed,
the situation concerning the 5th level in Figure[34 and the onstant convergence
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rates for #o5t = 0:175 on levels 1 to 6 have been presented. Now, Figufe B.7
indicates that level-independence of the convergence rageis obtained if and
only if the damping parameter is at most #,p; corresponding to the nest level
considered.

3.4 Nonlinear Robin method

In the last section we discussed a Dirichlet{fNeumann methodor elliptic trans-

mission problems related to the nondegenerate stationary Rhards equation
without gravity. This section is devoted to the discussion d Robin's method
for a larger class of non-overlapping nonlinear domain decoposition problems
on two subdomains containing the problems treated in Sectio B33 but which
also includes our implicit-explicitly time-discretized Richards equation (ZZZ19)
in the nondegenerate case (see Subsectibn_TK.3). We carryta similar anal-

ysis for this problem class as done in Sectiohi—3.3 although owonsiderations
need to be more sophisticated this time.

First, in Subsection 341, we present our domain decompasbn problem both
in the physical and in the Kirchho {transformed variables a nd we introduce
the nonlinear Robin method for an iterative solution of this problem. It turns
out that the Robin boundary value problems that occur in the iteration are
uniquely solvable if natural conditions hold.

In Subsection[3Z2 we derive an equivalent formulation of or domain decom-
position problem in terms of an interface equation involving nonlinear Steklov{
Poincae operators. Furthermore, the Robin method can be epressed by these
operators which leads us to a nonlinear ADI method for the saltion of the
interface equation. With regard to a convergence analysis & also introduce an
altered version of this ADI method which is equal to the latter in one space
dimension.
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In Subsection[ZZB we develop a convergence analysis foretaltered ADI or

the altered Robin method which extends existing results forthe linear case in
Discacciati @ Chapter 5]. Based on a contraction argumenas in Subsec-
tion B33 we get the same su cient conditions on the SteklofPoincae oper-

ators as obtained there (namely Lipschitz continuity and strong monotonicity)

which ensure convergence.

Finally, in Subsection 344, we examine these su cient comlitions in more
detail in one space dimension for the nondegenerate Richasdequation in het-
erogeneous soil. This leads us to the convergence of the Rabimethod and
the well-posedness of the original domain decomposition pblem if natural
conditions on the nonlinearities are satis ed. Unfortunately, the same coun-
terexamples as given in Subsectioi”3:3.4 also apply in the sa and the method
of proof considered here.

Subsection[3Z4b contains a short presentation of the spacdiscretization and
the numerical treatment of the subproblems occurring in the Robin iteration

procedure for the Richards equation (still neglecting gravty which is discussed
in Section[Z2). Basically, this can be carried out analogosly as presented in
Chapter @. Moreover, analogously as in Subsectionis=3.4.3 di3 4.4, a conver-
gence result is obtained for the discrete Robin method in onspace dimension.

This section ends with numerical tests for the Robin method h two space
dimensions which can be found in Subsection=3.4.6. In a rst prt we compare
the Robin method with the Dirichlet{Neumann method when applied to the
Yin Yang example in Subsection[3:3b. In a second part of Sulestion 340
the Robin method is applied to a time-dependent case of the Rhards equation
without gravity in heterogeneous soil. We obtain reasonab# results for the
performance of the Robin method in both cases.

3.4.1 Robin method for elliptic problems related to the time -
discretized nondegenerate Richards equation

In this subsection we introduce our class of transmission mblems with a fo-
cus on the Richards equation. As already seen before, for exgple in Subsec-
tion B:32, these problems are transformed by Kirchho transformations. We
give both strong and weak formulations. Then we introduce the Robin method
for such problems, which we discuss in the sequel and for whicwe give an
existence and uniqueness result concerning the solvabyitof the subproblems.
For the latter we need to apply and extend the theory on convexminimization

problems which we presented in Sectioi213.

As in Subsection[(3ZP suppose RY is a bounded Lipschitz domain and
f 2 L2(). We consider a non-overlapping decomposition of in ;and »
as in Figure 32 with a Lipschitz continuous interface = 1\ 5. In light
of Theorem[32Z4, De nition BZZ1 gives sense to certain prolems of nding a
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function pon with pj@ =0 such that

(x;p) div(kr(x; (p)rp="Ff in (3.4.1)

Such problems arise from an implicitly time-discretized Rchards equation with
an explicit treatment of the gravitational term as in (ZZI9), and with a sat-
uration and a relative permeability kr which are space-independent on the
subdomains only and may jump across . Analogously as in Subsction 332,
we give a strong formulation rst.

Given real nonnegative monotonically increasing functiors 1 and » and func-
tions ki;k, 2 L1 (R) satisfying ki; ko with an > 0 we consider the
following domain decomposition problem:

Find a function pon , p , = pi 2 HY( i);i=1:2 Pj@ = 0; such that

i(pi) div(ki(p)r p) = f on ;;i=1;2 (3.4.2)
Ppr = P2 on (3.4.3)
kKi(po)r pr N = ka(p2)rp2 N on : (3.4.4)

If we ignore gravity and if 1 = 2 and k; = k», then Theorem[3Z3 provides
the equivalence of [3ZP)}{[3:44) and the correspondinglgbal problem @Z.1).
If gravity is included (explicitly as always in here), one should actually consider

(kai(p)r p1 ki(pr)e) n=(ka(p2)r p2  ka(p2)e;) N on (3.4.5)

with the solutions g on i, i = 1;2, from the previous time step instead of
BZ4) since we haveki(p1) 6 ki(p1) in general due tok; 6 k, even though
p1 = P2 holds on . This is hydrologically reasonable and mathematically indi-
cated (seel(32ZIB)). Therefore, we point out here that all he results in this sec-
tion can easily be extended to the more general transmissiononditions (Z4.3)
which are discussed in more detail in Subsection=34.5, seésa Remark[3ZB.

An application of Kirchho 's transformation (3EZTHto (3CZ2A){(BEZ4), sep-
arately in the two subdomains 1 and » with the transformed functions
M= i 1 (see the saturation of the generalized pressurd{1.3.2)),ies
the following transformed problem:

Find a function uon , u; , = ui 2 H( i);i=1;2 uj@ =0; such that
Mi (u;) u = f on ;; i=1;2 (3.4.6)
Jtur = Lt on (3.4.7)
@ @
_— = — on : 3.4.8
@ @ ( )

Observe that just as ; the transformed M; are nonnegative, monotonically
increasing functions on the real line fori = 1;2. Additionally, due to the
de nition of Kirchho 's transformation we have u; =0, p; =0.

In order to obtain weak formulations of the transmission problems (34.2){Z4.2)
and (3Z8){(BZ3) we use the de nition (B2Z2) of the spa@sV;, V. fori =1;2
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and the trace space . Furthermore, we need the bilinear forns as de ned in
B318){(B31) and the L2-scalar product
z

(; ) = d 8: 2

on the trace space. The norm inL2( ;) will be denoted by k ko ,, the norm in
H1( i) by k k. ; and the normin by k k . Finally, as in Subsection[3=32,
let Rj; i =1;2, be any linear continuous extension operator from to V.

Now, with the help of Green's formula (I.59) it is easy to seethat the weak
form of (BZ2){(EZ34) reads as follows:

Find p; 2 V;, i =1;2, such that
Citp)ivi) +b(psv) = (fvi)  8vw2V% =12 (34.9)
Py = Py in (3.4.10)
(1(p);R1 ) s+ bi(pisR1 ) (FR1 ), =
(2(p2);R2 ) , bo(p2;R2 )+ (fiR2 ) , 8 2 @ (3.4.11)

Analogously, the weak formulation of the transformed probem (EZ8){([EZ3)
reads:

Find u; 2 V;, i =1;2; such that
(Mi(ui)ivi) , +a(uisvi) = (fivi) . 8w 2V’ i=1;2 (34.12)
11(U1j ) = 21(U2j ) in (3.4.13)

(Mg(u1);Ry ) ;+a(uisRy ) (FR1 ) | =
(M2(u2);R2 ) , @ (uzRz )+(f;R2 ), 8 2 : (3.4.14)

Proposition 3.4.1.  With our assumptions on ; and ki, i =1;2, the domain
decomposition problem [3:Z:P)}{(3:4.11) is equivalent to ts transformed version

BZEI2){(§313).

The proof is essentially the same as for Theoreri_LL5118 whichlready holds if
we havekr 2 L1 (). We just recall that kr is monotonically increasing in
hydrologically realistic situations and that, nonetheless, our assumptions onk;,
i =1;2, are enough for the weak chain rule[[.5.42) to hold. We alsoefer to
Remark[3:32 for an explanation that Proposition[341 is nd as straightforward
as it seems to be since the commutativity ; *(u; )= ; *(uj); , i =1;2, is not
trivial.

For a general analysis of the problem[[3.416){{3.4.B), whib is of course carried
out for the weak form BZ12){(BZ1I4), we rst assume that some transforma-
tions 1; 2 : | and monotonically increasing functions M;;M,:R! R
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are given. We will impose conditions on ;; 2 and M1; M, that ensure con-
vergence of a re ned version of the Robin method applied to[[ZEH){(B:Z3). In
analogy to Quarteroni and Valli [E, p. 16] the classical stong formulation of
the Robin method reads as follows:

Given positive parameters ; and » and an initial iterate ug 2 Vo nd succes-
sively u8** 2 v; and u§*2 2 \, for k 0 such that

Mp(uk™y okt = ot on 1 (3.4.15)

@gl+1 + 1t = %F+ 15Ul on (3.4.16)
and then

Mo(us™)  ukt = f on » (3.4.17)

@@%ﬂ ) o luktt = @£]+1 > Ukt on 1 (3.4.18)

Expressed for the original nontransformed problem [ZZP)EZ7) related to
the Richards equation the Robin condition (3ZI8) translaes into

ki) P on+ Pt = ka(PS)r p5 n+ 1p§ on (3.4.19)

and analogously for [34IB). As a consequence, for a xed prt u = (p) of
the iteration both the physical pressure and the partki(p; )r g , n,i=1;2,
of the physical water ux across are continuous. Therefore, p would be a
solution of ZA2){(B.44), see also Remarlkc3413.

With the help of Green's formula ([C29) the weak form of the Robin method
@BZ19){(BZ13) reads as follows: Given aud 2 V, nd successively u'f'l 2V
and u§*? 2 \, for k 0 such that

MU yv) |+ ar (U v) = (fvy) , 8vp 2 VP (3.4.20)

M1(US™ )Ry )+ ar(Us™;Ry ) (FR1 )+ 1( (tuk*; ) =

(M2(u8);R2 ) ,  ax(u;Rp )+(FiR2 ) ,+ 1( ,'ul ) 8 2
(3.4.21)

and then

(Mo(Us™):vo) , + ap(Usive) = (fiva) , 8vp 2 VY (3.4.22)

(M2(US™);R2 ) , + a(Us™ R ) (FR2 ) ,+ o ,tul™; ) =

(Me(U¥™); Ry ), ar(U™ Ry )+(FiR1 ) 4+ o *uk™; ) 8 2
(3.4.23)

Note that the alternating signs in front of 1 and , are also respected in
the weak formulation because the outward normal on with respectto » in
(8Z13) is n which has to be considered for[[3Z23). Of course, we rst hae
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to check whether this method consists of well-posed subprdéms generating
uniquely determined iterates. In order to clarify this, we need to apply and ex-
tend the theory of convex minimization problems given in Setion EZ3 to convex
functionals given by \convex" superposition operators on @ instead of .

Theorem 3.4.2. Let Mj : R ! R be monotonically increasing, continuous
and either bounded or else Helder continuous outside of a baded interval.
Furthermore, let ; : ! be a superposition operator arising from Kirch-
ho 's transformation (LIZMI with k; 2 L! (R) satisfying k; > 0 for
i =1;2. Then the subproblems[(3:2:20){[3:4-21) and [3:Z.ZR)}{({34-23) of the

Robin method are uniquely solvable.

Proof. We only consider the problem [ZZ2D){[3.Z221) since it is gmmetric to
BZ22){(BZ23) and skip the indicesk and k + 1 for convenience.

Using the trace operatortr :Vi! we de ne the functional "1 onV; by

piva 7 (fve) ;0 (Ma(u2);Ratr vi) ,  ag(ug;Ratr vq)

+(f;Ratr v1) ,+ 1( otuxtr vi)  8vi2 Vp:

"1 is linear and bounded sincetr and R, are. Then, one can easily see that
BEZZ0){(BZZ2D) is equivalent to the variational equality

(M1(up);ve) ; + 1( {tugtr vi) + ag(us;ve) = “1(va) 8vi2 Vi (3.4.24)

Now, with a primitive 1 of ; 1 we de ne the functional 1 onV; by
Z

1:Vy 7! 1(va(s))d (s) 8vy 2 Vi (3.4.25)

Since the real function 11 is monotonically increasing and Lipschitz contin-

uous (Proposition[3337), ; is convex and di erentiable (Lemma [Z38). The
latter provides the convexity of 1 (Proposition E£234) and the existence of the
directional derivative @ 1(w) for any v;w 2 V; with

Z

@ 1(w) = JHw) vd = twitr v) (3.4.26)

analogously as in PropositionzZ:3P. Therefore, if we cho@sa convex primitive
1 of M1 as in SubsectionCZZ3R (possibly withM; as in (Z32%)) leading to

a convex functional 1 on K = V; as in SubsectionCZ313, Propositiol 2311

provides the equivalence of[[3.424) and the convex minimation problem

uq 2 Vl . Fl(Ul) F]_(Vl) 8V1 2 Vl (3427)
for the convex functional
1 .
Fiovi 7 g(vi)+ 1 a(ve)+ Eal(vl;Vl) 1(v1) 8vi2 Vi (3.4.28)

Now, an obvious extension of TheorenlZ3716 can be applied tehow that
(BZZ12) is uniquely solvable. This generalization can be latained although M,
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and 11 are not necessarily bounded since, as indicated i (Z3P5pr M,

Helder continuity of M1 and ; ! outside of an interval is enough to ensure the
coercivity of the functional Fq. For ! this follows with the same reasoning as
for M, because here, an a ne estimate on the right hand side of [Z3[1) can
be established after an application of the trace inequality &Z3). O

We point out that the unique solvability of a Robin boundary v alue problem for
the implicit-explicitly time-discretized Richards equat ion (in the nondegenerate
case kr > 0 as in Theorem[3ZP) also holds if we include additional
Dirichlet, Neumann and Signorini-type boundary conditions, see Sectiof_2]3.
Furthermore, as discussed in RemarkCZ3717 and in SectidiZ, the continuity
and boundedness ofM;, i = 1;2, can be relaxed while still preserving the
unique solvability of the convex minimization problem BZ24). After a suitable
space discretization the numerical treatment of these Robi boundary value
problems for the Richards equation can be carried out by montwne multigrid,
see Subsectiol=3415 and note Remaik=34128.

Unfortunately, we cannot prove Theorem [3Z2 for general hear operators
i. !, 1=1;2, which have continuous inverses. In this case one would
be tempted to deal with an additional bilinear form

(W;v) 70 (M owitr v) o 8viw2 Vv (3.4.29)

on the right hand side of (3Z223) instead of the contribution @ 1(w) of the
convex functional 1. However, we would need to require symmetry and non-
negativity of this bilinear form as an additional assumption in order to proceed
successfully as in the proof above. Note thatifaj: ! is a superposition
operator coming from a Kirchho transformation (IZ3Z1I], it is linear if and
only if ki : R! R is a constant function and in this case the corresponding
(symmetric) bilinear form (84.29) is nonnegative if and oy if k; 0.

Remark 3.4.3. Finally, we address the case of the Richards equation in our
time-discretized form for which (Z4.34) is replaced by the ontinuity (£Z4.5])
of the discretized water ux across . Due to the explicit tre atment of the
gravitational term, this generalization of problem (BEZ2){(EZ3Z) easily ts into
our framework in the following way. Consider (3.4.3) to be replaced by

Ki(p)r pr n+ 01 = Ka(p2)r p2 N+ g on

with g1; g2 2 L2(). Then the linear and bounded functionals 7! (f;R; ) .,
i =1;2, on inthe weak formulations (£Z4.IT) or (EZ14) and alsoin (B:Z2Z1)
and @Z2Z3) need to be replaced by the functionals

7 KRy ), +(g; ) 8 2

which are also linear and bounded. Of course this does not chage the validity
of Theorem[ZZ2. Moreover, the rest of our theory in this setion, to which we
turn now, can be extended to this more general case in the samaay.
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3.4.2 Steklov{Poincae formulation, equivalence of Robi n and
ADI method, and altered versions

As done in Subsectiond—3312 and—3:3.3 for the Dirichlet{fNemann method
B333){(B33D), it is possible to derive a Steklov{Poirncae formulation of the

Robin method FZ20){([B.:42Z3). This shall be carried out n the following, gen-
eralizing existing results for the linear case in Discaccit [E, Chapter 5], which
also leads to the introduction of a nonlinear ADI method and an altered version
of the Robin method. Since in contrast to (3:3:3B){{3:3:37) where we only had
one nonlinearity on the interface, two nonlinearities M; and ; are involved in
each subproblem fori = 1;2 now. Therefore, in the following we recapitulate
the ideas given in Sectior-3311 in order to extend them to ounonlinear case.

In general, a classical Steklov{Poincae interface equabn should provide an
equivalent formulation of the given problem (ZZ.8){(B:4.8) in terms of a suitably
chosen interface value corresponding to the solution on while enforcing the
continuity of the normal derivatives (BEZ4.38) on the interface. More concretely,
applying the Steklov{Poincae operators Sj, i = 1;2; to means solving a
Dirichlet subproblem in V; with boundary values arising from the interface
value and then providing the normal derivative S; on of the obtained
solution. Taking into account the sign of the normals, the coitinuity of the
normal derivative then just means

S1 +S; =0 (3.4.30)

which is already the Steklov{Poincae formulation of the p roblem EZZ8){(B43)
that we desired. Now, the diculty in the analysis is often du e to the fact
that the solution of a subproblem does not only depend on but also on the
source termf . This is why in the linear setting one usually splits linearly the
dependency of the solutionsu; and u, on the two inhomogeneities, i.e.f and
the boundary value on , thus obtaining an equation

S =5 +S5 = (3.4.31)

in which the application of S is no longer dependent onf since the depen-
dency on f is completely contained in on the right hand side, as done
in (BZ9){(B:33). Due to the nonlinearities M1 and M, we cannot carry out
such a splitting here. Therefore, we only split o parts of the solutionsu; and
u, which are representing the source ternf with regard to the main part, i.e

the partial di erential operator in the equation, the Lapla cian, which is linear.
More concretely, analogously to [333b) and foii = 1;2 we consider the splitting

ui = ui( )+ (3.4.32)
where u; is the solution of the linear problem

uy = f on (3.4.33)
0 on @; (3.4.34)
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with homogeneous Dirichlet boundary conditions andu;( ) is the solution of
the nonlinear problem

Mii()+uw) w() =0 on | (3.4.35)
u() = () on (3.4.36)
u() = 0 on @ in (3.4.37)

which is homogeneous in the source term. With regard to the tine-discretized
Richards equation we have chosen the interface value as the retransformed
variable that has to be equal on both subdomains and that repesents the phys-
ical pressure in the case of the Richards equation. Observéhat the functions
ui( ) depend nonlinearly on , but they are also still dependent onf whose
in uence is hidden in the solutions u; which occur in the problems [ZZ35){

@Z30) fori =1;2.

Remark 3.4.4. If ; are bounded Lipschitz domains andM; monotonically
increasing, continuous and either bounded or else Helderantinuous outside of
a bounded interval (see [Z232b)), we have unique solutions; 2 V;, i = 1;2, of
the nonlinear problems

Mi (u;) u = f on (3.4.38)
u = i() on (3.4.39)
u =0 on @ in (3.4.40)

whose weak forms are equivalent to convex minimization prolems (see Sec
tion and in particular Theorem Z3T8 and RemarkCZ3Il) Due to the
unique solvability of (BZ33){(BZ34]) we also have unige solutions u;( ) of
the problems (ZZ3%){(3Z31). The latter problems can beregarded as par-
tially homogeneous, i.e. the solutionsu;( ) \depend mainly" on if M; and

i, 1 =1;2, behave well enough, which will become clear in and is the lsés of
the analysis carried out in Subsection§=3.4]13 anf—3.4.4 (sderoposition B.4.14,
Corollary BZ18 and Lemmal3Z.21).

This fact turns out to be the main reason for the splitting of u; and u, whereas
the occurrence of as the in uence of the inhomogeneityf via u; and u, on
the right hand side of (Z431) seems to be rather pointless dre. After all,
there is an in uence of f on the left hand side and onu;( ), i = 1;2, already
(compare with the advantage of in (B:3:32) for the proof of the well-posedness
in Proposition B:38, but see also the proof of Theoreni=343).

Therefore, we de ne the Steklov{Poincae operators in the general way as
in (B:430) by giving the equation

S =5 +S :gul @@Uz:g(ul( )+ up) g

the following weak formulation.

(uz( )+ uy)=0
(3.4.41)
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De nition 3.4.5. Leti=1;2. AssumeR;: ! V,is any linear and continu-
ous extension operator (e.g. a harmonic extension) an; is as in Remark3.4.%.
Then for 2 we de ne the functional S; 2 9by

hSi; i=(Mi(ui( )+ u)Ri ) +a(u( )+ u;Ri ) (FRi ), 8 2
(3.4.42)

and we setS ;= S; + So.

Observe that well-de nedness ofS;, i = 1;2, is only guaranteed if there is a

unique solution u( ) of B4A39){(B4£31). Therefore, we always assume that

Mi, i =1;2, is chosen at least as in Remark=3414 from now on.

Proposition 3.4.6.  Solving problem [3ZIP){(3:4:13) is equivalent to nding
a 2 satisfying

S =0: (3.4.43)
The solutions u; 2 Vi, i = 1;2, of (B4 T2{(B4.14] correspond to 2 by
uij = i( ) orequivalentlyui = ui( )+ u;.

Proof. By de nition, u; = uij( )+ u; satis es EZIA){(BZI3) which is the
weak form of (ZZ3B){(EZ20) fori = 1;2. Therefore, satis es (3ZZZ3) by
de nition (£Z2Z2] if and only if u; satis es (B.4.134). O

Following Remark [34.3, it is clear that if (BZ4) is replaced by 3:43) for the
full Richards equation with gravity, then each normal derivative in (BZZ1) has
to be replaced by the sum of the normal derivative and the corespondingg;
for i =1;2. Of course, [3Z4.4P) has to be adapted, too, and Propositio34.9
also holds in this general case.

Now we are ready to derive a formulation of the Robin method [3220){(B:423)
in terms of the Steklov{Poincae operators. This leads to the so-calledAlter-
nating Direction Iterative (ADI) method which was rst related to the Robin
method in Discacciati [ﬂ pp. 4{6] for the linear case, and his also works in
our nonlinear setting. Using the notation

hy i=(; ) 8; 2 (3.4.44)
we obtain

Proposition 3.4.7. LetM; and j,i=1;2, be as in Theoren[3:4P. Then, with
a given 9= 21(u2j ) 2 , the Robin method [B3Z2D){[B-4.23) is equivalent
to solving successively fok 0
W al +Sp) K5
h ol +S) 57

in the sense that

ha Sk i 8 2 (3.4.45)
h(al Sy ¥t i 8 2 (3.4.46)

ul=ui( 9+ 0 K= il(u!‘j ) 8k 0; i=1;2; (3.4.47)

holds for the iteratesuX from (BZ-20){(3:2-23).
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Proof. Assume that uf is the initial iterate for k = 0 or has been obtained from
BZZ22){(BZ2Z3) for k 1. Furthermore, assume that

5= ,Muf) (3.4.48)

holds. Let %™ be a solution of [3Z25) and de neuf*! := uy( ¥*1) + u,.
Then uk*™! satis es (BZ20) since it is the solution of [3Z3B){[3ZZ0), which
also provides

= M) (3.4.49)

Therefore, uk™ also solves [3Z21) due to03Z328). Sincé(ZAROHEAD) is
uniquely solvable due to TheoremZZZP,

uktl = gkt (3.4.50)

is the solution of this Robin step.

As uk*! is uniquely determined, X** must be a unique solution of [3Z4b).

On the other hand, there exists a solution ¥*! of (@ZZ8) because with the
existing solution u*! of (@ZZ0){(BZ21) the function

k#lo= l(u‘;;l) (3.4.51)

satis es (BZZ3) if uk™ = uy( ¥™)+ u, holds. But, indeed, due to (3Z2D) and
@BZ51), uk*! is the solution of (ZZ3B){@BZZ0) with = X*1. This shows

the converse of the equivalence for the rst iteration step BZ.23).

With regard to the second step [Z4.26), one can usd {34 bH)esides [3IZ.2D)

instead of (ZZ2Z8) in order to deriveus™ = uk*! for u§™ = uy( §™)+ u, and
the unique solvability of (B248). The reasoning is the sam as just seen for the
rst step. Therefore, since (3.4.48) holds fork = 0, we can conclude inductively
that the iterates K give the iterates uk by (BZZ4) and vice versa. O

The iteration (B-Z.45){(8.4.48) is a nonlinear extension d the ADI method which
was introduced in Peaceman and Rachfordm4] on an algebraievel and fur-
ther investigated e.g. in Wachspress and Habetler|E5], Wdtspress @] and
Varga @]. A nonlinear ADI method (involving a linearizati on) for the solution
of the Richards equation without gravity in homogeneous sdi with Signorini-
type boundary conditions is given in Hornung Eb]. A conver@nce theory for
a nonlinear version of the ADI method concerning monotone oprators which
act on a Hilbert space can be found in Lions and Mercier|E6]. Wh regard
to an analysis of the ADI method in connection to the Robin method for the
linear case see Discacciatl__LiSZ] oﬁb& Chapter 5], where ercan also nd the
analysis that shall be generalized in the following. As in Lons and Mercier EB]
this will lead us to monotonicity conditions for the Steklov{Poincae opera-

tors Sj: ! O(see TheorenZZZIR and Remark-3.2.P6).
Due to the just derived invertibility of the operators invol ved, the operator
T, ,: ! providing the iteration '{'l =T, , %in (BZZ9){(BZ40) is
given by

Tyo=(2+S2) "2l S)(al+8S) M1l S2): (3.4.52)
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Proposition 3.4.8. Let M; and j,i=1;2, be as in Theorem[3:4:P. Any xed
point u, 2 V, (corresponding tou; 2 V;) of the Robin method [37420){([@3-4.23)
is a solution of the domain decomposition problem[(3.4.12){B-4.14) and vice
versa, and it provides a xed point = uy 2 of T, ,: ! in (B-2572).
Conversely, any xed point 2  of the operator T ,. , provides a xed point
uz = uz( )+ u, of the Robin method [3:42P)}{(3:4.23). Finally, any xed point

2 of T, ,: | is a solution of the Steklov{Poincae interface equation
S =0 and vice versa.

Proof. Let u, 2 V, (corresponding tous 2 Vi) be a xed point of the Robin iter-
ation (BZZ0){(BZZ3). Then subtracting (BZZ3) from (Z21) with uy = uk*?

and uy = u§ = u§™ we obtain

(Llug ) =( Ltuy ) 8 2 (3.4.53)

ie. M(uy )= ,(uy )in L2() (in particular aimost everywhere on ) and
therefore in . Now, adding ., @BZZ1) to ; @Z2Z3) with u; = u'f'l and
up = uk = u'§+l and considering [3Z5B) gives[[3Z14), i.eu; 2 Vi, U 2 Vs is
a solution of the domain decomposition problem [341R){(34.13).

Conversely, ifu; 2 Vi, up 2 V, satisfy (2412){([BZ.14) one obtains [3.Z.5B)
from (BZI3) and therefore [3Z21L) and [3Z23) from(ZZAA) with uy = uk*!
and up = uf = us™.

Furthermore, the xed points of the Robin method (EZZ0){(BZ23) and the
ADI method (B-Z49){(8448) coincide in the asserted way die to Proposi-

tion BZ4.

Finally, since the xed pointsof T ;. ,: ! and the solutions of the domain
decomposition problem [ZZTIP)}{[E4TIH#) correspond to ezh other in the way
described, Proposition[3.4.4B entails the last assertion. O

For a rigorous analysis we replace the identity operatod on inducing bounded
linear functionals on via (£4.44] by the bounded linear operator | : !
from the Riesz representation theorem (see e.dﬂ%, p. 222]The latter can be
de ned as

0

I 2 % (I; )o=h; i 82 ° (3.4.54)
where (; ) o denotes the scalar product in ° Consequently, we have
hl; =11 )o=(; ) ¢ (3.4.55)
Therefore, if we replacel by | in (BZ52), we replace thel ?-scalar products
(ks )y s i=1;2; and (LM )

in (BZ£20){(BE42Z3), k 0, by the corresponding scalar products in

(ks ) o i=1;2; and (,Mu; )
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Consequently, we consider another iterative method insted of the classical
weak formulation of the Robin method given in (ZZ20){3:223). Note that
this di erence is not yet re ected in the strong Robin boundary condition

@

@w+ w on
for > 0. The usual weak treatment of the quantities @@W and w as in
@BZZ0){(BZ2Z3) is to interpret them as elements of %induced by the L2-scalar
product. This is natural for @@w for which Green's formula (I59) provides
the weak form. In what is to come, the element of 0arising from the second
quantity w shall be induced by the scalar product in °via Riesz's operator|
as shown above. The corresponding iterative method reads:

For a given ud 2 V, nd successively uk** 2 v, and u§*? 2 V, for k 0 such
that

(M1(US)ovg) |, + ag (U vg) = (Fvy) , 82 VP (3.4.56)

M1(U¥™ )Ry )+ ar(U™;Ry ) (FR1 )+ 1( [tk ) =

(M2(u§);R2 ) , @ (U§;R2 )+(FiR2 ) L+ 1( ,tus ) 8 2
(3.4.57)

and then

(Mo(Us™):v0) , + ap(Us™ive) = (fiva) , 8vp 2 VY (3.4.58)

(Ma(u§™);R2 ) , + a(us™ R ) (FR2 ), 2 ptuk™; ) =

(My(u§™ )Ry ), a(Uf™ Ry )#(FRy ), 2 Muf* ) 8 2
(3.4.59)

We shall call this new iterative method the altered Robin method

Remark 3.4.9. We point out, that it seems unclear if (3Z58){(B:454) and
BZR8){(BZXRY) are equivalent to convex minimization problems or uniquely
solvable at all. So on the one hand, the application of monotne multigrid for

the equations arising from [(ZZ258){(Z4.5T) and [(3Z5B)(EZ159) on the discrete

level might be ruled out, and on the other hand we have toassume the

unique solvability of (3Z58){([BZ57) and BA58){(EZ59)  (3.4.60)

here. Obviously, we need to assume the well-de nedness of ¢hSteklov{Poincae

operators in the rst place. With this assumption, however, we can establish
a convergence analysis for the altered Robin method to whichwve turn in the

next subsection and which leads to natural conditions on theSteklov{Poincae

operators S; or, more speci cally, on the nonlinearitiesM; and i, i =1;2, that

guarantee convergence.

In order to see that this assumption is not arti cial note that it is certainly
satis ed in one space dimension. In this case only containsone point such

174



that the altered Robin method and the classical one [3:Z20)(EZ4.23) coincide
with | = | and equality of (; ) and (;) since here = L?()is just the one
dimensional Hilbert space R;j j). At least in the one-dimensional case we ob-
tain convergence of the Robin method for the implicit-explicitly time-discretized
Richards equation in the nondegenerate setting (see Subggn [CZ3) which we
prove in Subsection[3.41.

It is straightforward to see and it will be helpful in our furt her analysis that
Propositions 32T andC3ZB carry over to the altered Robirmethod.

Proposition 3.4.10.  With the assumption (3.4.6Q) the altered Robin method
BZ58){(8.4.59] is equivalent to the altered ADI method

h(al +S) ¥ i = W Sy % i 8 2 (3.4.61)
hol +Sy) K7 i = ol ) ¥ io8 2 (3.4.62)

for given 9= 21(u(2’j ) 2 in the same sense as in Propositiof 3.4]7.

Proposition 3.4.11. We assume [[3:4.6DP). Then the assertions of Proposi-
tion B:4.8] also hold if we replace the Robin method[{3:4:20)B:4.23) by the

altered Robin method [3:2:56){(3:4.:5Y) and the operatorT ., : ! in
BZ5P by T, . ,: ! de ned as
Tu,=(2 +S) M2l S)(1l +S) (1l Sy: (3.4.63)

In the following section we deduce conditions for which the xed points in this
proposition are existing and unique.

3.4.3 Convergence analysis for the altered Robin method via
nonlinear Steklov{Poincae operators

In this subsection we provide conditions rst on the Steklov{Poincae opera-

torsS: ! C%andthenonM; :R! Rand ;: ! , i=1:2 that

guarantee convergence of the altered Robin method T3 2588 4.59]). We have

introduced this altered version of (ZZ20){(ZZ2Z3) in the last subsection be-
cause this variant seems to be the \right" weak formulation o (B:413){(B.Z18)

for a successful convergence analysis using a contractiomgament. The aim

is to prove the convergence of a transformed sequencé‘ﬁ()k o of the sequence
( ¥)x o of iterates from @FZ61){(EZED) in the Hilbert space °using its nat-

ural inner product ( ;) o.

As pointed out in Remark BZ9 we need to assumd{3.ZH0). Fathe proof of
the next theorem, where we deal with contractions on © we even require the
stronger condition

i1 +S: | 9 isinvertible for i =1;2 (3.4.64)

if we are not in a one dimensional setting where this conditia is satis ed due
to Theorem [ZZ2 under reasonable conditions oM;; i, i =1;2. For the well-
de nedness of the Steklov{Poincae operators in De nitio n BZ3 we need to
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assume the conditions onMj, i = 1;2, given in this theorem anyway. With
these assumptions we can prove the following generalizatioof a linear result
in Discacciati @ pp. 99/100]. It is not surprising that tw o conditions that we
already encountered in TheorenZ333 ¥ (sed 3.3 12) an@{348)) reoccur in this
case.

Theorem 3.4.12. Assume that 3:4.64) holds andM; : R! R, i =1;2 is

monotonically increasing, continuous and either bounded oHelder continuous

outside of a bounded interval. Let 1 = , = > 0. Then for any initial iterate
92 the operator T : ! de ned by

T=(1+S) Y1 SH1+S) Y1 S

provides a sequencé %)k o which converges in to the unique xed point of T
if both S1:S,: ! C%are Lipschitz continuous and strongly monotone, i.e. if
there are positive constantsc; and C; such that the following holds fori = 1;2:

hS; S; i Cik kkk 8;; 2 (3.4.65)
S Si; i Gk k2 8; 2 : (3.4.66)
Proof. First the operator T is well-de ned by assumption (4860). Fork 0
we introduce the auxiliary variable 7§ = ( 1 + S,) & and rewrite £ = T %
as 5™ = T ~% with the operator T : °!'  9de ned by
T=(1 S)(1+S) (1 SH1+8y) '
Then, sincel : ! Ojs continuous, S, : ! Ois assumed to be Lipschitz
continuous and | +S,: | Ojs invertible with
T=(1+S) IT(1+5Sy); (3.4.67)

it su ces to prove the analogous statement for T and the auxiliary variables
instead of T and the original ones. In fact, it turns out that both operato rs

T % % Tmo= oSs)(1+S) Y i=1;2;

are contractions under the assumptions that are imposed ontte operatorssS;.
Soforany ~~2 9 ~6~, andi =1;2 we consider the ratio
KT ~ T ~k% k(T S)T+S) T~ (1 S)I+S) k%
k"' ~k20 k"' ~k20
k(1 S) (1 S) K%
k(1 +S) (1+8S) k%

where we have introduced the auxiliary variables =( | + S)) 1~2 and

=( 1 +S) ~2, 6 . Thisratio can be reformulated as
2K | k2, 2 (Si Si; | I ) o+ kS S k2,
2kl 1 K%+2 (S¢S 1) o+ kS S k%,
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and the Riesz representation theorem providekl | Kk o= Kk k while
BZ1R3) gives G Si; I I ) o=hS S ; i so that all that is left
to do is to nd a positive constant ¢ < 1 such that

2K k2 2 1S S ; i + kS S k20
2k k2 +2 hS; S ; i + kS S k20

(3.4.68)

Now, exploiting rst the strong monotonicity and then the Li pschitz continuity
of S; we can estimate the left hand side in[[3.4.68) by
2 kS| Si k20
2 K2 2cik  K2+kS S K% 2Ci+ @z
2K k? +2 cik k? + KS; Si k% kSi S K%

2 .
t2Cit

4c;
kS, S k? o
k k2

2+2ci+

4cj
1 — =< 1:

O

Observe that the stronger condition (3.4.64) instead of [[(3260) was only neces-
sary fori = 2 in the proof. Note, in addition, that in contrast to Theore m 334,
which plays the same role in Sectiof 313 as Theorei—3.4]12 herthe above
result does not guarantee the existence of an upper boundmax 2 (0;1) for
convergence rates of the convergence'§ ! since the operator T providing
the sequence (¥)x o is only a composition (ZZET) of continuous operators
with a contraction and may not be a contraction itself. On the other hand,
Theorem[3ZT2 guarantees the convergences ! for any parameter > 0
whereas it is well known (and observed in Subsection=3.3.5)htat for damping
parameters above some threshold in (L) the Dirichlet{Neumann method need
not converge.

In what is to come we give conditions onM; : R! Rand ;: ! |, i=1;2,
under which the assumptions [32.6b) and[[3.2.96) are satied. The following

nice result will turn out to be a fundamental tool for the furt her considerations
in this direction.

Lemma 3.4.13. Let M;:R! R be as in Theoren[34TP andH;: ! V, the
harmonic extension operators fori = 1;2. Then for any ; 2 we have the
identity

(Mi(uiC )+ u) Mi(u( )+ u)u() u())
tai(ui( ) uw hu() u( )=

Mi(ui( )+ ) Mi(ui( )+ u)Hi i Hii),
+a(ui( ) u( BHi i Hii):

(3.4.69)
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Proof. Let i = 1;2. The conditions on M; provide the unique solvability of
BZ39){(BZ31). The weak form of [3Z35) reads

(Mi(ui( )+ u);vi) |+ a(ui( );vi)=0 8v; 2 V0 (3.4.70)
and due to GZ3B) we havevi(; )= ui( ) u() (Hii Hii)2WV
forany ; 2 . Sosetting = in(BZ4Zd) andv; = vi(; ) we obtain

(Mi(ui( )+ up);ui() uw( )  +au( )u) w())=
(Mi(ui( )+ u)Hi i Hi i) +a(u( )Hi i Hi i) (3471)

while setting = in (BEZZ0) and testing again with v; = vi(; ) we have

(Mi(ui( )+ up);ui( ) w())  +au )u() u( )=
(Mi(ui( )+ u)sHi o Hi i) +a(u( Hi i Hi ) (3472

Now, subtracting (BZZ2) from ZZZ1) gives the identity (EZ569). O

At rst glance ($Z89) looks like a special \nonlinear orth ogonality" of the

dierence uj( ) uj( ) of solutions to BZ39){(B-434) and the correspond-
ing dierence H; ; H;i ; of solutions to the same problem withM; = 0

for i = 1;2. Note, however, that in the proof no special properties ofH;

are applied and that, in fact, (269) holds for arbitrary extension operators
Ri: ! Vi, i=1;2. Nevertheless, we will exploit the linearity and the well-
known continuity

kHi k.., Ckk 8 2

with a C > 0 of the harmonic extension operators (see Quarteroni and V&
[ﬁ, p. 8/9]) in the following analysis. Therefore, we choos R;j = H; in the
representation of the Steklov{Poincae operators (3.Z.2%) (which could of course
be any extension operator with the same properties). Beforave turn to the main
propositions of this subsection we need an additional prethinary result which
is of interest on its own.

Proposition 3.4.14. Leti =1;2. If M; : R! R is monotonically increasing
and Lipschitz continuous and ; : ! is Lipschitz continuous, then for any
given u; 2 V0 the problem [BZ3%){B2-37) is well-posed with respect d
More speci cally, there is a well-de ned solution operator

Li: ! W Li =u();
which is Lipschitz continuous, i.e. there is a constantC > 0 such that
kLi Li kl; i Ck k 8; 2
Proof. The unique solvability of problem (B4:39){(B:231) deperds on the prop-

erties of M; and has already been addressed in Remalk=3.4.4. For the contious
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dependence of the solution on the data consider the identityZ:4.69) which we
would like to abbreviate by

A=B:
In the following Cy, k = 1;2;3, are suitably chosen positive constants. Using
the monotonicity of M; (noting that ui( ) ui( )= ui( )+ u u() u)
and the Poincae inequality (KZ13), the left hand side A in (BEZE&9) can be
estimated from below by

A Cikui( ) ui( kI (3.4.73)

With the Cauchy{Schwarz inequality and the Lipschitz conti nuity of M; (with
the Lipschitz constants L(M;)), i and H; on the right hand side B of (3:269)
can be estimated from above by

B k Mi(ui( )+ uj) Mi(ui( )+ uj)ko kHi( i i )Ko; |
+kui( ) ui( ke KHi( DL
(LM + D) kui( ) ui( )ky kHi( i )k

Cokui( ) ui( )kl; i|( k :
Taking into account the estimate (83273) we obtain

kui()  ui( )ky ;  Csk k

as claimed. O
Proposition 3.4.15. The Steklov{Poincae operator S; : ! 0i=1:2is
Lipschitz continuous if M; : R! R is monotonically increasing and Lipschitz
continuous and : ! is Lipschitz continuous.
Proof. We choose;; 2 . Using (£Z42Z] with R; = H; and we obtain
S Sy 0 ] (Miui( )+ ) Mi(ui( )+ ui)iHi ) ]
+ijai(ui( ) u( );H; ) (3.4.74)

Applying the Cauchy{Schwarz inequality and exploiting the Lipschitz continu-
ity of M; as in the proof of Proposition[ZZ1%, the right hand side of BZ73)
can be estimated by

kMi(ui( )+ uj)  Mi(ui( )+ ujko, kHi ko ; + kui( ) ui( ke, kKHi ki |
(LM +1) kui( ) ui( ke  kHi Ki (3.4.75)

The assertion now follows by applying PropositionC3ZTH asvell as the conti-
nuity of Hj. O

179



Just as encountered for the transmission problem[[3311)B313) discussed
in Section [Z3 (compare Proposition[3.317), the monotonidy of the Steklov{
Poincae operators turns out to be considerably more deliate than their Lip-
schitz continuity in our more general case of problem[[ZZI¥(844), too. This
is re ected by the next proposition which does not yet provide easily veri able
conditions that guarantee (3.4.66). But even though the esimate in this propo-
sition seems to be a bit technical, it unveils the power of ouridentity (E£Z.69)
and makes space for more detailed monotonicity consideratins, which we carry
out in the next subsection.

Proposition 3.4.16. The Steklov{Poincae operator S; : I 0j=1:2
is strongly monotone ifM; : R! R is as in Theorem[3.412, ; : ! is
invertible with Lipschitz continuous ; * and there is a constantC; > 0 such
that

(Mi(ui( )+ u)  Mi(ui( )+ u)iHi Hi)

+a(ui() uw( )Hi Hi)

(3.4.76)
Ci (Mi(ui( )+ u) Mi(ui( )+ u)Hi i Hi i),

+a(ui( ) uw( )sHii Hii)
Proof. Let i =1;2. Condition (E232Z9) on M; guarantees that (3.2.3%){(3431)
is uniquely solvable, and thereforeS; is well-de ned. In the following Ck,

k = 3;4,5, are suitable positive constants. Let; 2 . Then, with R; = H;
in (BE4242) we have

s Si; o= (Mi(ui( )+ u) Mi(ui( )+ u);Hi o Hi)
+a(ui() u( );Hi  Hi):
Now, due to (ZZ78) and [3ZED) we obtain
s Si; i Ci (Mi(ui( )+ u) Mi(ui( )+ u)ui() i)
ta(ui( ) uil )ui() u())

which can be further estimated from below by

Cakui( ) ui( K&, Cak(ui( ) ui( )); kK* = Cuk ; i k2 Csk K2

(3.4.77)
using successively the monotonicity oM, the Poincae inequality (E2Z13] and
the trace inequality (B29) as well as the Lipschitz continuity of ; *. O

Remark 3.4.17. Note that (BEZ.76) could be more compactly written as
S Si; i Ghs S i

in terms of the Steklov{Poincae operators S;j, i = 1;2, and the above proof
guarantees that the right hand side of this inequality can always be bounded
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from below by Csk k?. This should not confuse since the term on the right

hand side is actually \the symmetric term" in this inequalit y. It depends on
i and ; in both entries of h; i due to the de nition (£422) of S;, i =1;2,

based on the solutionsu; = uj( )+ u; of @ZA38){(EZA40A) with u;; = ().

With the last estimate (B4 71) in the proof of Proposition BZ4.18 we obtain
the following result which completes Proposition[3ZIH. Rcall that the unique
solvability of (BEZ3R){(BEZ437), i.e. the existence ofLi, i = 1;2, only depends
on the properties of M;.

Corollary 3.4.18. Leti =1;2. If M; : R! R is monotonically increasing and
Lipschitz continuous and ; : ! invertible with Lipschitz continuous L
then the solution operatorL; in Proposition B:4.14] has a Lipschitz continuous

inverse onL;() , i.e. there is a constantc > 0 such that
Kk Kk ckui( ) u( )ke.;, 8; 2

Concluding Remarks 3.4.19. Summarizing the analysis in this section we
can establish an abstract convergence result for the altee Robin method
(BZ58){(BZ2Y) which reads:

Leti=1;2and 1= »> 0. SupposeM; : R! R is a monotonically increasing
and Lipschitz continuous function and ; : ! is Lipschitz continuous and
has a Lipschitz continuous inverse. Moreover, we assum§ @64) and (3:4.79)
for C; > 0. Then the altered Robin method [[3.4.5F){[3.4.59) providessequences
of iterates (u¥)x 1 and (u%)x o converging inV; and in V,, respectively, to the
unique solution of the domain decomposition problem[ (3. Z2){(3-4.14] which,
in addition, is well-posed with respect tof 2 L?() .

The proof is mainly based on TheoreniCIZ12 and Propositiorl&4.13 andZ4.T1b
and will be carried out in detail for a more concrete one-dimasional result in
Theorem[3:Z.ZB to which we turn in the next subsection.

3.4.4 Convergence of the Robin method in 1D for the time-
discretized nondegenerate Richards equation in hetero-
geneous soll

The purpose of this subsection is to prove[[3Z.85) and{3ZH) in 1D for our set-
ting in Subsection[3Z1. As already indicated at the end of he last subsection,
the main task will be the proof of (3Z278). Note that we have dready come
across a similar inequality in the proof of Proposition[3:34, where we derived
an inverse estimate forM; = 0 and monotonically increasing and Lipschitz con-
tinuous i; ; 1*R! R,i=1;2, in one space dimension. The proof of{3.Z2.16)
in this case could be carried out with the same arguments as @sl there.

In the following, we prove that (B-Z7G) holds in one space dnension if M;
and ;,i=1;2, are as in the setting of the implicit-explicitly time-dis cretized
Richards equation (3:48){[3.48). To achieve this we needo look more closely
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at the concrete monotonic behaviour of the solutionsu;( ) of (B:4339){(B.431)
for varying in 1D. The latter can be carried out after we have establishedhe
following regularity result for these solutions.

Lemma 3.4.20. Let ;=(ajbhand ,=(b;gfora<b<candi=1;2
Suppose thatM; : R! R satis es the conditions in Theorem [3:4.T3. Then for
any 2 R the weak solutionu;( ) 2 V; of (3:4.39){(8.4.37] is also a strong

solution of (BZ-39){(B-4-37) satisfying u;( ) 2 C?( ;).

Proof. Let i = 1;2. The conditions on M; guarantee the unique solvability of

BZ39){(B431) in the weak sense (see Remalk=3.4.4). Sia (3.433){(3.433)
is also uniquely solvable in the weak sensef( , 2 L2( ;) is always assumed)

and the Sobolev embedding theorem[Z5.36) provides;( );u; 2 C( ;) in 1D,
we also have

Miui( )+ u;) 2 C( i) (3.4.78)
becauseM; : R! R is continuous. The weak form of [ZZ4:3b) reads
Z Z
Mi(ui( )+ u)vidx+  u( )%2dx=0 8v; 2 Vi0: (3.4.79)

R
Now consideri = 1. Due to (BEZ73) the primitive , My(uy( )+ uy)ds is in
CY( 1)\ Vi such that weak partial integration (K2211) gives
VA VA VA
M1(uz( )+ ug)vidx = Mi(ui( )+ uy)ds vidx 8vy 2 VQ:
1 1 a
Consequently, [34.79) provides
Z VA
ug( )° Mi(ui( )+ u)ds Vddx=0 8v;2 V) (3.4.80)

1 a

or equivalently

ar(Wi;vi) =0 8vy 2 VP (3.4.81)
for the function w; 2 Vi C( 1) de ned by
zZ z,
wy = ug( ) Ma(ui( )+ up)dsdx:
a a

In case ofi = 2 we can argue in the same way as foi = 1 by replacing the
homogeneous Dirichlet boundarya by ¢. Now, again for bothi =1;2, it is well
known that the energy scalar producta;( ; ) induces an equivalent norm onV,

(see [AZI3B)) such that (3481) entails
(wi;'i) =0 8;2C5( )

for the L2-scalar product with the dense subseC# ( i) of L2( ;) (or of V/%). We

concludew; =0 in L2( ;), and sincew;;u;j( ) 2 C( ;) we obtain the identities
z z,

ui( )= Mi(ui( )+ u)dsdx and ui( )%= Mi(ui( )+ u;) (3.4.82)

a a

pointwise on ; and with a replaced byc for i = 2. O
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Lemma 3.4.21. Let ;=(a;bhand ,=(b;gfora<b<candi=1;2
Suppose thatM; : R! R satis es the conditions in Theorem[3.4.T3 and ; is a

monotonically increasing real function. Then for real the solutions u;j( )
and u;( ) of (3-4.39){(8.4.37] satisfy
ui( ) u() on (3.4.83)
ug( )° ui( )° on 4 (3.4.84)
up( )° uz( )% on ,: (3.4.85)

Proof. For the proof of [3Z83) we rst consider i = 1. Suppose the func-
tions u1( ) and uy( ) coincide in a point x 2 (a;b], then they coincide on the
whole interval [a;x] due to the unique solvability of the convex subproblem
BZ239){(B:431A) for i = 1 restricted to [a;x] which is guaranteed by the as-
sumptions on M1, see Remard-3ZM. Since; is monotonically increasing and
Up( )= uy( )for = 1 we can assume ;1 > 1 . Then, due to the
continuity of uy( ) and ui( ) provided by (5338), we concludeui( ) >u1( )
on an interval (x; b] wherex is either a or the maximum of the elements in p; b
in which uy( ) and uy( ) coincide. This showsu;( ) ui( )on ;.

uz( ) uy( )on » follows analogously.

We turn to the proof of (BZ84) and @Z83). Sinceu;( )%= M;(ui( )+ u;),
i =1;2, holds for any real due to Lemmal3Z2D, we can write
Z

ur( )°=  Mgy(ug( )+ uy)ds (3.4.86)
a
with the homogeneous boundary condition ina. Due to u;( ) ui( )on 1
we also haveui( )+ u; uyg( )+ u; on 1, and sinceM; is monotonically
increasing we conclude
Z

ur( )% ui( )%= (My(u( )+ u)) My(ui( )+ ug))ds O on q:

a

Arguing in the same way fori = 2 we obtain instead
Z

ua( )% up( )%= (Ma(uza( )+ up) Ma(ux( )+ uy)ds O on o
C
with the homogeneous boundary condition inc and the reversed direction of
integration on . O

We remark that it seems unclear whether the estimates[[3:48) are strict in-
equalities on  if ,i=1;2, are strictly increasing. On the other hand, in the
Richards equation we usually have continuousvi; and M; 0 (or evenM; > 0).
Then, due toui( )°°= M;(ui( )+ u;) we obtain (strict) convexity of uj( )on |
and therefore (strict) monotonicity of uj( )°on at most two subintervals of ;.
Note that this implies u;(0) 0 (or evenu;(0) < 0) on ; fori =1;2. Finally,
observe that the solutionsu; = ui( )+ u; of the inhomogeneous subproblems

(BZ39){(BZ2Z0) also satisfy the inequalities [3Z3B)EZ35).
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The next proposition can be regarded as corresponding to Pyosition 334 for
the problem considered in the last section. As done there, wapply the concrete
form of the harmonic extension operatorsH;, i = 1;2, in one space dimension
in the proof of this crucial result.

Proposition 3.4.22. Let 1=(ajband ,=(b;gfora<b<candi=1;2
Suppose thatM; : R ! R satis es the conditions in Theorem[3:4.T3 and ; is
monotonically increasing and Lipschitz continuous. Then B:4:79) is satis ed
for Ci = L( ;) ! with the Lipschitz constantL( ;) of ;.

Proof. Suppose without loss of generality > . Then, considering rst i =1
we have for anyx 2 (a;b)

(Ht  Hi)(x)=

b a(x a)

1 1 _ 1
m(x a) = H(Hl 1 Hi1)x) O
which obviously entails
(M1(ua( )+ u) My(ua( )+ ug);H  Hi ),

%(Ml(ul( )+ u)) Mg(ua( )+ up);Hr 1 Hig ),
(1)

because [3433) givesus( )+ u;  ug( )+ u; and the monotonicity of M4
providesM(u1( )+ u;) Mq(ua( )+ u;) Oon 1. Analogously, considering
i =2 we obtain for any x 2 (b;0

(H  H2 )(x)=

c b(c X)

2 2 _ 1
m(c X) = m(Hz 2 H22)x) O

and argue in the same way.

Furthermore, for i =1 we can estimate from below

1 1

_ _ 1
"He HO)= e o 8 L

r(Hr1 Hi1) O

which leads to

ag(ua( ) ur( );H1  Hp) Tll)al(ul( ) ui( );H1 1 Hi1)

since we haver (ug( ) ui( )) Oon 1 dueto @Z334). Inthe case =2 we
estimate from above

2 2 _ 1
c b L( 2)(b a) L(2)

which then gives again

r(H Hz )=

r(H2 Hz2) O

ag(uza( ) uz( );Hz2  H2 )

L(lz)az(uz( ) ux( );H2 2  Hz 2 )

since we now have (uz( ) uz( )) Oon ; because of [TZ85). O
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Collecting the results of this and the previous subsectionsve obtain the main
theorem of this section. It states the convergence of the Rdh method ([B-Z213){
(BZ18) for the domain decomposition problem [3Z6){[328) and its original
version (F42){44) concerning the Richards equationand, in addition, it
asserts the well-posedness of these problems in one spacmesion.

Theorem 3.4.23. Let 1= ,>0,a<b<cand ;=(a)band ,=(b;0.
SupposeM; : R! R are monotonically increasing and Lipschitz continuous and
i - R! R are monotonically increasing, Lipschitz continuous and irvertible

with Lipschitz continuous lfori=1:2

Then the Robin method [3:4.2D){(3.4.23) provides sequentse(u'{)k 1 as well

as (uX)k o of iterates converging inV; and in V,, respectively, to the unique
solution of the domain decomposition problem[(3. 2. 72){(34.14)).

Furthermore, the domain decomposition problem [[3:4.P){{24:17) has a unique
solution to which the sequenceé ; 1u'§)k rand( , 1u'§)k o of the retransformed
iterates converge inVy and in V,, respectively.

Finally, both domain decomposition problems [[(3:Z.IR){[34.14) and (B:Z9){
(B:4.17)) are well-posed with respect to the daté 2 L2([a; d)).

Proof. Leti =1;2. By Theorem[3Z4.2 the conditions onM; : R! R guarantee

the unique solvability of the subproblems [ZZ20){{ZZ21) and EZ22){[BZ23)
as well as [ZZ.6H). In one space dimension the Robin metho8Z.20){[B.-423)
and the altered Robin method (Z4.56){(3.4.59) coincide sdhat Theorem B.4.T1
is applicable. With the given conditons onM; : R! Rand ;:R! R we
obtain the Lipschitz continuity (Z65]) of the Steklov{Po incae operators by
Proposition 32213 and their strong monotonicity (32268)by Propositions 3216
and[3422.

Now, Theorem[3Z T2 provides a converging sequence'§0k 0 for which
we haveu¥ = uy( X) + u, for the iterates u§, k 0, from the Robin method
BZZ0){(B:A2Z3) by Proposition B Z4. Due to Proposition B 414 the conver-
gence '5 ! fork!'1 in entails the convergence u'§ I upfork!1 inV;
to the unique solution uz = uz( )+ u, on » of the domain decomposition prob-
lem FZ4I12){[B41I3) since is the unique xed point of T (Proposition B.43
and Theorem[ZZTIP).

Since ( §)x o converges in , so does (X)x 1 because we have
KL= +S) (1 S5 8 0 (3.4.87)

due to (3Z2Z3) and the operators |  S,: ! Cand (1 +S;) t: 01
are continuous. For the latter this is a consequence of the sbng monotonicity
(BZ58) of S; which provides

(1 +S) (1+S); i G+ )k k» 8; 2

with h | ( ); i= kK k? (see [3ZB5D)), i.e. the Lipschitz continuity
of (1 +S;) L Now,with K1  fork!1l and (ZZBI) we obtain a 2
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such that we have X! fork!1 and

(1+S) =(1 S (3.4.88)
However, we also havel(3:2:46) which gives
s = (1 +S) (1 s T o8k 0

such that we obtain
(I S) =(1+8) (3.4.89)

and adding (ZZ83) to (ZZ389) gives =

Now, with the same reasoning as above for = 2 we obtain the convergence
uk ! upfork!1 of the iterates uk from the Robin method @Z20){(BZ23)
in Vy to the unique solution uy = uy( )+ u; on ; of the domain decomposition

problem FZ4712){E413).

Finally, the unique solvability of (EZI2){(TZTIF) entails the unique solvabil-
ity of the original problem (EZ39){(£Z.II) by Proposition BZ1, and Theo-
rem[L5TIH provides the convergence of the retransformedetates to this unique
physical solutionpon with p; , = piin Vi, i=1;2.

As far as the continuous dependency ofi; or pi on the data f 2 L2([a;d]) is
concerned fori = 1;2, observe rst that the convex subproblems [3Z3B){
(BZZ0) are well-posed due to PropositiofZZ11. (This gaalso be obtained
directly by testing the di erence of (84.38) for two soluti ons corresponding to
di erent right hand sides with the di erence of these soluti ons). Then another
application of Theorem[L5I% leads to the well-posednesd the retransformed

subproblems and therefore of [3Z10){3Z11). O

Remark 3.4.24. With a glance at Remark[ZZ3TT, we note that Theoren 3223
can be extended to more generalized situations in which ther are space-depen-
dent parameter functions on ; like the porosity nj( ) as a factor in front of (p;)
and the hydraulic conductivity Kp.i() as a factor in front of ki(p;) in (EZ2)
for i = 1;2. In contrast to Remark 23114, however, we need to make sure
that these functions t into our one-dimensional theory, in particular into the
regularity and the monotonicity results in Lemmas 3220 ard B.Z.27].

Going through the proofs of these lemmas, it becomes clear dm @Z4.73)
and the proof of (3Z:83) and [3Z8b) that we need to choose amnegative
ni() 2 C( i) while Ky () should be Lipschitz continuous on j, i = 1;2, with
Kni() c¢>0 as always. ThenKy;() ! is Lipschitz continuous on ; and
therefore an element oH 1( ) with (Kpi () 1)°2 L1 ( ) (see e.g.l[15, p. 25]).

Therefore, the product function
Z

Kna() & nu(s)Ma((u( )+ ug)(s)) ds

a
appearing in (ZZ380) instead of the primitive of My(ui( ) + u,) is Lipschitz
continuous on 1 and in Vi, too. Altogether, we obtain
Z

GO)= KOO b i) Mi((ui( )+ u;)(s)) dsdx

a a
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and (K ui( )9°= niM;(ui( )+ u;) instead of (FZ32) pointwise on ; for
i = 1;2 with a replaced by c for i = 2. Now, with this result the proof of
LemmalZZ2Z1 can be carried out in the same way.

Remark 3.4.25. Unfortunately, we cannot extend our theory of the last two
subsections to higher space dimensions because it is baseat @ contraction ar-
gument for the proof of Theorem[ZZ TP, which requires the sbng monotonicity
(BZ868) of the Steklov{Poincae operators. This property may not hold in 2D
since the same counterexamples as given in Subsectibn=31&gply in our more
general situation if we setM; =0 for i =1;2.

As already pointed out in Remark 3417, our nonlinear Stekbv{Poincae op-

erators S; de ned in B:Z.42 already contain the nonlinearities i, i = 1;2, due
to the de nition of u;j( ) as the solutions of [ZZ3b)}{(Z43T). Therefore, they
do not reduce to the Steklov{Poincae operators of SectionZ3 but to the com-
position S;  in (B3:31) with the de nition (I329]) of the well-known li near
operators S; fori =1;2.

Despite this lack of rigidness of the notation, it should notconfuse since it is jus-
ti ed by the di erent requirements of the convergence theory for the Dirichlet{
Neumann method ([3:33B){{(Z:33T) and the Robin method [ZZ20){(BEZ2Z3).
Recall that the convergence of the former could only be prowa by the linear-
ity of the preconditioner S, for the unsymmetric Steklov{Poincae interface
equation (Z33:32), whose solution ; is the limit of the corresponding sequence
( '5)k o of transformed variables and occurs as a transformed physat pres-
sure 2= Uy = 2(Py )= 2(py ). In contrast, the convergence of the latter
is based on the symmetric interface equation[{3:3:31) to with ZZ42) reduces
for M; =0, i = 1;2. Here, the sequence (§)x o of interface values in Theo-
rem 34212 consists of physical variables converging to theolution p;, i =1;2,
in the form ! Py =py = fork!1l with asin (@331). And since
for generalM; 6 0, the Steklov{Poincae operators are nonlinear anyway, they
are de ned in (BZ232) as to contain both nonlinearitesM; and ; fori =1;2.

Our treatment of the domain decomposition problem 3 T1(E313) in Propo-
sition B34 is based on the special properties of the harman extension oper-
ators Hj, i = 1;2. Note, however, that the theory in this section and Re-
mark BZ24 also guarantee the convergence of the nonlineBirichlet{Neumann
method E333){[B331) if we replacek;(p;) in (BEX3I1) by Kn.i () ki(pi) with

space-dependent functions () as in Remark[ZZZ4. This can easily be seen

if we consider the function = 1 21 :R! R which has the same properties
as 1 and » such that Propositions ZZ1%,[3ZT6 and_3422 can be appt
on the nonlinear operator S; ; 21 o] Oin Subsection[333B. Then, well-

posedness of[[3:33711)[{3:3713) can be obtained analogoysas in the proof of
Theorem [ZZZB.

Remark 3.4.26. With regard to Theorem BZT2 we note that in Lions and
Mercier @] there has been done some nice analysis on a nodar ADI method
given by the operator

T=(+B) A)I+A)X¥Y B):H!H
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with > 0 for inclusion problems
u2H: C(u30 (3.4.90)

involving a monotone operator C = A + B on a Hilbert spaceH on which A
and B are maximal monotone. The severe restriction which is imposd in @]
is the assumption that (34.90) is solvable. Then, strong covergence of the
sequence given by ai® 2 H and the iteration u**' = T uX, k 0, to the
solution u of BZ430), which then turns out to be unique, can be proved a.
if B is strongly monotone.

We remark that one can alter the proofsin @5] such that they over the situation
of (possibly multivalued monotone) operatorsA;B : H ! H%and | replaced
by the Riesz operatorl : H ! HC Then the results are also applicable to
our situation above with H = , A = S; and B = S;, however, as already
emphasized, with the assumption that a solution of §; + S;) =0 exists.

Remark 3.4.27. At the end of our discussion on the convergence of the Robin
method in the continuous setting and in view of RemarkI3: 226t seems to be in

order to comment on Lions @6], which one might regard as thelassical reference
concerning the Robin method. In this paper, proofs for the cavergence of the

Robin method (in di erent topologies and in di erent spaces) can be found for

linear cases and an arbitrary number of subdomains.

Nice variants of these proofs, which are based on \energy typ"' estimates, can
be found in Quarteroni and Valli [, pp. 135{137, 242{244] br the special case
of two subdomains and a single Robin parameter = ;= 5, > 0. The idea
is to deduce that the sequence of error norms tends to 0 by pramg that the
series of these norms converges. Therefore, one needs toumse the existence
of a solution and one does not obtain convergence rates.

Unfortunately, these classical proofs do not seem to work foour problems
related to the Richards equation. The drawback one encountes if one follows
this approach is that the main part in the spatial derivative of the Richards
equation (see e.qg.[[34]1) and(34]2)) does not generate aamotone operator,

i.e. we do not have
Z

ki(phr pt ki(pA)r p? r (o p?) O

for pt;p? 2 Hg\ @ . ( i) and positive k; 2 L* ( ;) in general, not even if the
functions k; are monotonically increasing fori = 1;2. This can be dierent if
the relative permeabilities k; are functions of r p; rather than functions of p;
with p; 2 Hé@ va;( i), 1=1;2, forexample if they generate (possibly di erent)
p-Laplacians. In the latter case, the corresponding operatis are well-known to
be strictly monotone, i.e., with a change to the usual notation forp-Laplacians,

we have Z

T N ST Ty L BT S (T e
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for real numbers 1< p; < 1, now, and functions ul; u? 2 Wé@;p\i @, ( i) with
ul 6 u?fori =1;2. (We referto [81, p. 71/72] or [102, p. 568] for more detail3
The corresponding relative permeability functions

Kicu 7Vjr wij? % i=1;2;
lead to nonlinear versions of Darcy's law [(I.ZZB) in case ofulll saturation and
have been considered in Chipot and Lyaghfourim6]. In that ense, an ana-
logue of the domain decomposition problem[[331{E333) for p-Laplacians
related to dierent p; with 1 <p; < 1,i =1;2, can be given a hydrological
interpretation.

Moreover, again assuming the existence of a solution to such problem, the
proof in [E pp. 135{137], given in a di erential form, can in principle be carried
over to the situation of di erent p-Laplacians. However, one needs to assume
that the \normal uxes" of the solution and of the initial ite rate across belong
to L?() as well as their traces and the traces of all iterates on p rovided by
the Robin method. The latter is guaranteed by
2d

Pi a+1°
with the space dimensiond according to Theorem[AZ.2. But still, the unique
solvability of the Robin problems involved is not clear in all cases since the
trace spaces generated byV'Pi( ;), i =1:2, on (and their norms) do not
coincide for p; 6 p,. Here, one probably needs to impose further regularity
assumptions in order to succeed as in the proof given i|E|75,no 242{244] for
the weak formulation of the problem.

i=1;2;

3.4.5 Robin method applied to the time- and space-discretiz ed
Richards equation, convergence and numerical treatment

In this subsection we take a close look at the Robin method forthe time-
discretized Richards equation, its space discretization ad the numerical treat-
ment how we perform it. We obtain convergence of the discret®obin method in
one space dimension. The considerations here will be compéel in Section[42
where we nally include gravity.

Note that for the Dirichlet and Neumann subproblems as in Setion the
space discretization and the numerical treatment is clear een in the nonlinear
case of the Richards equation (without gravity) since they have already been
discussed in Sectiorf]2. This is not true for the Robin subprolems which are
even nonlinear in the stationary case of Sectiofi=313 due to th contribution of
the physical pressure which is the retransformed unknown otthe interface. Un-
fortunately, we do not have a suitable discretization and a rumerical treatment
for the altered Robin method (3Z58){([3.459), let alone atreatment based on
convex analysis. We do not even know if the corresponding caimuous subprob-
lems are well-posed in general. Nevertheless, in one spacienénsion the Robin
method and its altered version coincide and the convergencproof in Subsec-
tions BZ3 and[3Z3 can be successfully translated into gcrete arguments.
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Robin method for the implicit-explicitly time-discretize d Richards
equation

With regard to the numerical treatment of the Robin method for the implicit-
explicitly time-discretized Richards equation, we consicr it once again in con-
crete terms here since this has not been done in complete détan Subsec-
tion B4 Neglecting constants as well as the porosityn and the hydraulic
conductivity Ky, our time-discretized Richards equation in the Kirchho {t rans-
formed version reads

Mi(ui) Mi(th)

div r up kri(Mj(e)e, =0 on (3.4.91)

fori = 1;2 with the time step size > 0, seel[32ZIP). Here, the time-discretized
(unknown) water ux for the present time step expressed in the transformed
variables is

vi= (ru  kri(Mi(eh))e) = w; i=1;2:

Let us consider Neumann datav n = fy 2 L?( n) (which is ow of water

out of ) on a subset @ as well as homogeneous Dirichlet values on
D= @ny with N, ;= @;\ N andnontrivial p, := @\ p fori=1;2.
(Inhomogeneous Dirichlet data and boundary conditions of &norini's type

can be included according to Chapte2 where this case has beextensively
discussed.)

In this setting, we look for u; 2 Vj = HlDi( i) (with the corresponding trace
space ), where & 2 HY( ;), i = 1;2, is supposed to be known from the
previous time step. As indicated in (343%) and in Remark[(343, the Robin
interface conditions (ZZ.16) and [3:4.1IB) are replaced by

v on+ g YUY = vk ne LU on (3.4.92)
vt on o LNt = v o, Kt on o (3.4.93)

We derive a weak formulation of (ZZ.92) by testing [ZZ3P)with 2 and
setting v; = R; with linear continuous extension operators R; : Y/

for i = 1;2. First, Green's formula (L&29) (or (BAZ12) in the weak sase) gives
Z Z Z Z

(div w) v; dx = wir v dx + vi njvid + w nj d (3.4.94)
i i N
fori =1;2, with the outward normal n; of ;anddivwi =  Y(Mi(ui) M;(t))
as well asv; n; = fy on y,. Therefore, skipping the indicesk and k + 1 in

(BZ33) as done in the proof of Theoreniz3.412, the weak formfdhe left hand

side in (3.4392) reads
Z Z

vind + 1 ;Yu)d
Z Z Z

= My(uz) vpdx + rurvidx+ 1 %ug) d 71(v1)
1 1
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with

Z Z z
=(vy) = Mq1(trg) vi dx + kri(M1(tt1))e.r vy dx fnvid
1 1 N
Analogously, settingn, = n; = n in (EZ234), we obtain the weak form of
the right hand side in (B4£392) as
Z Z
vond + 5 Liuyd
Z 4 Z
= M 2(u2) Vo dx Mo(tt2) Vo dX + I usr vodx
2z 2 Z 2 4
kra(M2(tr2)) e, r vodx + fnved + 2 LYup) d
2 N2

which can be regarded as a continuous linear functional, on V; if one considers

Vo = Rotr v and = tr vi. We denote by
Z
G(t;vi) = kri(M;(t))e.r v; dx (3.4.95)
the in uence of the gravitation in the functionals ;, i = 1;2. Altogether, setting

Y1:= 1+ 73, the weak form of (3Z32) reads
(Ma(uz);va) o+ a( ptuptr va) + ag(uyva) = “1(vi); vi= Ry 8 2
Choosingv; 2 V{ in this equation gives
(M1(u1);va) ; + az(ug;va) = (Ma(b);va)  + ca(basvi)  (Fn;va) o,
(3.4.96)
by which the weak formulation of 3Z321) in V,? is recovered (the scalar product

in L?( n,) is denoted by (; ) v, ). Therefore, just as (3Z.23) in the proof of
Theorem[342, the variational equality

up2 Voo (Mg(ua)ive) ,+  1( (tugtr vo) + ag(uisve) = “1(vi) 8vi2 W

(3.4.97)
is equivalent to one iteration step of the Robin method for (3291) in subdo-
main ; with the Robin transmission condition (B492). Due to n, = n,

the weak form of the corresponding subdomain problem on , with the Robin
condition (BZ-93) turns out to be completely symmetric to (ZZ91). Therefore,
we deal with (ZZ37) in the following.

Remark 3.4.28. The boundedness ofkr; 2 L! (R) and the conditions on
Mi : R! R,i =1;2, in Theorem [3Z2 guarantee the boundedness of;
(see PropositionsIZEN and—Z512) and the unique solvdlty of (EZ97). If
Mj :Jug;l ) ! R is monotonically increasing, continuous and bounded as in
Chapter, this is still true as long asM,, » andu, are suchthat™; 2 \7‘10. Note,
however, if 11 :(ug;1) ! Ris as in case of the Brooks{Corey functions, i.e.
unbounded around the singularity u; (see [IT32%) or Figure[ZIP), we cannot
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guarantee the unique solvability of (Z29T). In fact, we donot even have well-
de nedness ; u 2 L2() with ug 2 ¥ in this case for certain u; with ranges
around the critical value uc. But, again, if M,, » and u, are such that *; 2 \710,
then one can still consider the related minimization problan as in (421). The
convex function 1 :[uc;1 ) ! R occurring in this problem is continuous in
Uc because 11 has a nite integral on (uc; 1). Therefore, this minimization
problem is uniquely solvable. We point out that, just as for the generalized
saturation, this even works in the limit cases considered inSubsections_L.ZP
and[LZ3. And again, we can solve the corresponding problesron the discrete
level robustly in these limit cases (see later in this subsdion). Nevertheless,
we assume here that 1 : R! R has the properties as in TheorenizZ3412. Then,
with the additional convex functional 1 on Vi as de ned in 8423), which
has the directional derivative as in (3Z28), the variational equality (B.Z.94)
(with =1 for simplicity) is equivalent to nding the minimum of F; as given
in (B223) on V3.

Space discretization of the subproblems in the Robin method

Now we turn to the space discretization of [3Z9F), more coaretely its dis-
cretization with linear nite elements in a corresponding nite element space
SJ-1 Vi,j 0, with the set of nodeijl. This has already been dealt with in
Section[ZB3 except for the contribution ( ; Yug;tr v4) coming from the direc-
tional derivative of ;1. With a glance at (25 12) and (Z&Z3), one nds that
in light of Section 23, the \correct" discretization of thi s term must be given
by the lumped L?()-scalar product on the restrictions of the functions in Sjl
on , which is the integral over the Sjl-interpolant of 11(u1) vi over . In
concrete terms, with an assumed discrete solutioug; 2 S and v 2 St as in
SectionZB, we discretize (; tus;tr vi) by
z X

y Hugy () v(p) §dx = 1 H(uzg (PD V(P D

p2N jl p2N jl\

with the weights 7
hp= Ud 8p2N}

which vanish for p Z . Obviously, this discretization corresponds to discreti z-
ing 1:V1! R, given viathe convex function ;in (E42Z3), by 1 : SJ-1 I R
de ned as X
15 V7! 1(v(p) h p 8v2s’: (3.4.98)
p2N 1\
It is analogous to the discretization of ; in (BEZ2Zd) by 1; as in (Z&2).
With the properties of ¢ = ;' : R ! R in Theorem [3ZZ2 one can rst

guarantee the unique solvability of the obtained discretiation of (B:4314) in
SJ-1 as in SubsectionCZEll. Furthermore, one can derive the coevgence of

uyj 2 Sj1 to the solution of (BEZYA) in the norm k ki, , in Vi for j I'1
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analogously as in SubsectiofiZhl2, which shall not be caed out here. Recall,
however, that we are not really interested in this convergere result for the
time-discretized Richards equation with Robin boundary vaues, but rather in
the question whether the Robin method on the space-discretied level converges.
(Note that the in uence of the previous iterate u, in the second subdomain is
still hidden in ";.) We will address this question and give a positive answer to
it at the end of this subsection.

As far as the numerical realization of the discretized funcional "1 is concerned,
we approximate the above integrals after the nite element dscretization by
interpolation of M (t1) or My(et1) v in St and fy in S restricted to . As a
consequence, a numerical treatment with the mass matrix gign by the entries
A
0) Wdx for p;g2 N}

1

R .
or its lumped version (with the entries 8) dx for p 2 le on the diagonal,

and the same on instead of ;) is possible. The same applies t3%. In case
of a nonconstant porosity n() or a nonconstant hydraulic conductivity Ky()
on 1 quadrature rules need to be applied to the integral M1(u1);vi) , and
the bilinear form a;(uz;vy) in (BEZ91), too, see SubsectiofZ5l3.

For the time being we can consider the contributions [3.42.9p from the gravi-
tation in the linear functional to be vanishing. Our further treatment of these
terms in the nite element discretization will be explained in Section[42.

Numerical treatment of the space-discretized subproblems

In the following, we deal with the numerical treatment of the discretized vari-
ational equality which, as just seen, results in a nite-dimensional convex min-
imization problem of nding the minimum uy; 2 Sjl of the functional

1
V7l (v + 1 (V) + 5 ai(v;v) “1(v) 8v2Si: (3.4.99)

On the one hand, we have 1j(v)+ 1 1j(v) = 1;(v)forall v2 Sjl whose
support does not intersect , i.e. for all nodes in len we are in the situation
of the problems dealt with in our numerical Sections Z® and21. On the other
hand, if we replace j by 7 := 1j+ 1 1; inthese sections, we can transfer
the considerations therein to the present case.

More concretely, recall by the Gauss{Seidel step[[Z®l7) o(ZE1I2) that the
convex function in (Z52Z] may well depend on the nodesp 2 Nj in the
Gauss{Seidel method as long as we have the decoupling struge in (Z&32),
which is enforced by the de nition (E4.98) of 15 for nodesp 2 le\ , too.
In addition, as emphasized at the beginning of SubsectioiZ3, this general-
ization , instead of constant for all p2N; is also covered by the theory of
monotone multigrid.
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As far as the practical realization of the Gauss{Seidel metlod is concerned,
note that we only need to write the additional summand

1 9(W| 1(p)+ z)h 5 with 2: 11

on the right hand side of (Z&I3). Consequently, the nonliear monotonically
increasing (multi-)function H, in (E619) (possibly given onR for M; : R! R)
needs to be replaced by the function

h P

FO=HO* 1 0]

(3.4.100)

on (uc;1 ) (or R) so that for p 2 the intersection of the graph of F and the

line given by G , in Figure EZ1 has to be calculated instead of[[ZG6). Obvi-
ously, this also works for unbounded 11 i (ug;1 ) ! R according to Brooks{

Corey as in (I.32%), see FigurET19. In fact, the Gauss{Sed iteration converges
to a unique minimum of (B:Z39) in this case of the fully discete Richards equa-
tion according to Brooks{Corey and even in the limit cases (¢. Subsectiond".ZP
and [[.43), too, see GIowinski@S, pp. 142{147]. Compare tb with our con-

siderations on the continuous setting as noted in Remar{=32Z8. We point

out that even if H; = 0 in the case of the stationary problems considered in
Subsection[3:3b, the subproblems in the Robin method appdid to them are

always nonlinear due to the convex functional 1:V;! R such that nonlinear

Gauss{Seidel steps as just described always occur for nodp2 N jl\

As far as the coarse grid corrections in the monotone multigd for the mini-

mization of (BZ299) are concerned, we have already emphasid that they can
be carried out with an additional convex contribution on p 2 le\ . A dif-

ferent critical point (u instead of uc) occurs if altered Brooks{Corey functions
(from Subsection[I.Z:B) are used in the nondegenerate caskor the constrained
Newton linearization as in (ZZI3) we obviously have to cajulate $°=( ,1)°
In addition, for the estimates as in (ZZ1) we also need {°% ( , *)%in case of
p2 le\ and F :(ug1)! R. More concretely, we use a global threshold™

and compute ue as in SubsectiolZZZK withL = C=2. Then we computeU. by

h P
hp

11 (o) =L (3.4.101)

|
(which can be done explicitly in case of the Brooks{Corey furtions) and choose
u? = max(4; U) in order to obtain an estimate as in (ZZ1) on p; 1 ) with the

global Lipschitz constant T and with F instead of 2?

Remark 3.4.29. As already indicated in Remark [LZ, in case of dierent
bubbling pressurespy;; in di erent subdomains for i = 1;2;:::;n, one only
needs to take into account the di erent scaling factorsuyj =  ppi(%gg) * in
the sti ness matrix for the numerical treatment of the subpr oblems (compare
([C313) and IT3I8)). Otherwise, nothing else needs to behanged in the latter.
In addition to that, only the Kirchho transformations and t heir inverses on
each subdomain need to be altered because the physical press should be
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measured not in units of pp; but in units of pg which is common for all
subdomains. (For convenience one can set the unipg = %gg, i.e. as the
pressure equivalent to the pressure of a water column with tie height z;.)

As a convention introduced in Section[LB by the de nition of the adimensional
parameter functions, the generalized pressureg; on the subdomains are always
given in units of py; and so are ; Y(u;). (Recall that py; always corresponds
to 1 inthe scaled functions in [L32ZD){{T.3.26).) Thereforefori =1;2;:::;n
in case ofn subdomains, the conversion of the units can be seen by multiping 1
in

[Po] [ Poil [ Poil
[ poil  [po] [Po]

e, L(u;) needs to be multiplied by ppi=p = Uuri in order to get p; in
the unit pp and analogously, p; given in this unit needs to be multiplied by
Po=( Pbi) = ur;il before applying ; to it. Note that this has to be done
for the Dirichlet and the Robin transmission conditions (B:3:34) and (3.4.16)
or (BZ13), respectively, in each iteration step. In addifon, this must be done
for the transformation of the initial or Dirichlet boundary conditions into the
generalized pressure in each subdomain as well as for the rahsformation of
the solutions u; in the subdomains into the physical pressure measured in the
common unit pPo.

i l(Ui)

i 1(Ui)[ Po;i] [Po] ;

Convergence of the Robin method for the time- and space-disc retized
Richards equation

As in the discrete case for the Dirichlet{Neumann method disussed in Re-
mark 3239, we also obtain a convergence result for the disete Robin method,
the proof of which shall be sketched here. Again, the considations follow
those of the continuous case and are more complicated than fdhe Dirichlet{
Neumann method. First, we discretize the transmission probem @ZI2){
BZI3) analogously as in Remark=3:319 with the discretizton

X .

Mi(uij (P) v(P) hp;  uij ;v 2 S|
p2N |

of (M;(u;);Vv;) , via the lumped L2-scalar product and use the (corresponding)
discretization of the Robin steps [ZZ20)}{(Z:421) and 3422){(B-4Z3) as de-
scribed above. Accordingly, the nonlinear discrete Stekilo{Poincae operators
Sij : 11 ( 1)Oare given by

X

hSi; ;0= Mi ((uig () + Uiy )(P) (Rij )(P) hp

p2N | .

Rij ) (R ), 8 2 !

+a(uij () + Uy

fori =12, | 0, with the notation as in Remark B:39. Then Proposi-

tions BZ8,[3 4T and3.-ZB can be established in the disdsecase, t00. Since
the altered discrete Robin method is equal to our discretizd Robin method in
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one space dimension (we do not have a general suitable distetion of the
altered Robin method), Theorem[ZZT2 can be carried over tthe discrete case
in 1D. Our basic Lemmal[3ZTIB also holds on a discrete level. oF the proof
of the discrete versions of Propositiond—3.214 anf_3Z115n( arbitrary dimen-
sions) we can usg -independent H 1-estimates for lumped L2-scalar products
on j,i=1;2, which can be found e.g. in Elliott et al. E‘k] or in Blowey ard
Elliott [E. Proposition 416l and Corollary BZ.T8 can ke proved analogously
in the discrete setting.

We need to take a closer look at the proof of Lemmd=3Z21, wherwe used
\continuous arguments" based Lemmal3.4.2D and on the strondormulation of

BZ38){(BZ231). The latter does not have a straightforward discrete analogue
in a strong sense so that, for example,[[34.86) is false on ¢hdiscrete level.
However, we can also establish the results in Lemma=3ZP1 reeby translating

the ideas used there into \discrete arguments”. Note that the discretization

of @Z33) with 2 | reads

Z

Mi(uij ()P V(P hp+  uig ()3Pdx 8v2S!; vy =0: (3.4.102)
p2N | !

Leta:= pp<p1< <pn= b n2N,be the nodes inN;'\ [a;H. In order
to prove |
uij ( )(P)  uij ( )(p) 8p2N{ (3.4.103)

with for i = 1, we carry out an induction in which one step looks
as follows. We test [ZZI0OR) withv 2 S} satisfying v(p) = 1 for all nodes
p < px and vanishing on all others, once the inequalityu;; ( )(p)  uij ( )(p)
forall p<pyx andk with1 k nis known. Consequently, since

X
M 1(U1;j ( )(p)) M 1(Ul;j ( )(p)) V(p) hp 0
Po P Pk
holds, we obtain
z z

Pk

pl(um() uj ( ))%0dx + (uy () ugy( )Y%x 0

Pk

from (BZ102) and thereforeu;; ( )(px)  uij ( )(pk). For the proof of
ug ()% ug()° on (o upd; 1 koo (3.4.104)
we can also use induction. Testing[[3:4.102) by p, p 2 Nji, p(b) =0, gives
Mi(uij ( )(P)  Mi(uii ( )(P) v(P)hp= j uiz () uiy() (p O

for a discrete Laplacian ; which provides the same discretization as central
di erences for the second derivatives. With this inequality one can easily deduce

and @ZI03). The proofs of [ZZTI0OB) and[([ZZT04) with replaced by
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for i =2 are analogous for the second subdomain. In addition, theywork for
nonconstant porosity n( ) and hydraulic conductivity Ky () if we use a quadra-
ture by replacing hp in (EZI04) by n(p) h, and approximate Ky, between two
successive nodes by a constant value (compare Remdrk=3.4)24

Now, Proposition 222 can be carried over to the discretease with the same
constants which are independent ofj 0. Altogether, if we collect all the
results we can prove the following discrete analogue of Theem[3Z4.Z3 as in the
continuous setting.

Theorem 3.4.30. Assume that the conditions as in Theorenf3:4.Z3 are sat-
is ed and the domain decomposition problem [(3. 2. IR){[3414) as well as the
Robin method [3:4.20){([3.4.23) are discretized as descried above.

Then this discretization of the Robin method provides sequees (u'{;j )k 1 and
(u'§;j )k o of nite element iterates converging in Sjl and in sz, respectively, to
the unique solution of the discretized domain decompositio problem (3:212){
(B:2.14) which, moreover, is well-posed with respect to thelata f 2 L2([a; q).

The lack of a convergence resultui; ! wu, i = 1;2, forj !'1 and the
basic problems around the connection to the untransformed tcretized problem
BZ2){(BEZTD) have already been addressed in Remailk-33

3.4.6 Numerical tests in 2D: Robin method vs. Dirichlet{Neu -
mann method and applied to the Richards equation with-
out gravity

In this subsection we present some numerical results on the gyformance of
the Robin method that we obtained for some model problems relted to the
Richards equation in two space dimensions. As in Subsectio33 for the
Dirichlet{Neumann method, it turns out that the algorithm ¢ an also be applied
successfully in cases for which we do not have a proof of its meergence.

In the rst part of this subsection we test the Robin method in the same situa-
tion as done for the Dirichlet{Neumann method in Subsection3:33. This leads
to a comparison of these two methods in the Yin Yang case cordéred there
which we extend by applying these iteration techniques in tte same case with
nonlinearities that di er from each other even more than in Subsection[335.
Although both procedures can be applied successfully to thee domain decompo-
sition problems, it turns out that the Dirichlet{Neumann me thod shows better
convergence results in these cases than the Robin method. Metheless, due
to our analytical results from this section, we go on to test the Robin method
in cases such as[(3412)[(34]4) involving two nonlinearies i;ki : R! R
fori = 1;2 in the subproblems. Therefore, in the second part of the sufection
we present numerical results obtained by the application ofthe Robin method
to the Richards equation without gravity in a heterogeneoussetting with two
di erent soil types. The performance of the method for this two-dimensional
time-dependent case is quite satisfying.

197



Comparison of Robin method and Dirichlet{Neumann method

With the following numerical results the performance of the Robin method and
the Dirichlet{Neumann method when applied to the model problem in Subsec-
tion B33 can be compared. In the rst example concerning tle Robin method
we use the same data, parameter functions and meshes as in thsubsection.
The discretization by piecewise linear nite elements is caried out as discussed
in Subsection[34%b. Recall that in contrast to the Dirichlet{Neumann method

in Section[33 the resulting problems on the subdomains areanlinear for the

Robin method in general. They are treated by a monotone multgrid solver
which we also described in Subsectiof=34.5. More concreyelwe use trun-
cated monotone multigrid with a V (3; 3)-cycle, i.e. containing 3 presmoothing
and 3 postsmoothing steps as explained on pade123. The thiesdd in (BZ101)
is chosen asL = 108. As a stopping criterion for this local solver we require
the relative error to satisfy

BB o g0 =152 (3.4.105)
Jui 1

for the last multigrid iterate u{ with j 1 wherej ji1. , is the energy norm

on ; induced by the bilinear form a;(; ).

The convergence rates for the Robin method in Figures 310 and[ZIPR have
been obtained in the same way as for the Dirichlet{Neumann m#od in Fig-
uresZT and3D (see[33H9)33.60)). Here, the Robin pameter needs to
be chosen on another scale than the damping parametéet for the Dirichlet{
Neumann method. But as in the latter case there also seems toeéan opti-

1 2 3 4 5 6 Level

0.9r

0.81

0.7r

0.6

0.5r J

0.4- .

0.3r i

0.2r J

0.1- b

Figure 3.10: vs. Robin parameter on levels 1 to 6
Robin method for the case in [3:35B)
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0.025¢

0.021

0.015¢ b 0.5¢

0.4r
0.011
0.3r
0.2r
0.005¢

0.1r

Figure 3.11: opt vS. re nement level  Figure 3.12: o5 VS. re nement level
Robin method for (B:358) Robin method for (B8:353)

mal choice of the parameter which depends on the re nement Mel, and there
seems to be an interval inside of which the parameter has to behosen in or-
der to guarantee reasonable convergence rates, see Figlirdt® To achieve this
we need larger parameters on higher levels which corresponds to a bigger
damping needed for the Dirichlet{Neumann method on higher evels (compare
Figure B4). Unfortunately, however, in contrast to the Dirichlet{Neumann
procedure this e ect does not seem to stabilize on higher lesls for the Robin
method (note the logarithmic scale in Figure[3ID). Figured3I1 and[3I2 show
the behaviour of the optimal Robin parameter ot and the optimal convergence
rate opt = ( opt) ON levels 1to 7.

We remark that apart from the size of the hydraulic conductivity Ky, in (B:3354),
which occurs as a factor in front of the Laplacians in [ZZ1Ip and 3414) and
therefore in front of the normal derivatives in (B.4.18) and (B:4.18), respectively,
we do not have further a priori indicators for the order of magnitude of the
optimal Robin parameters. (Concerning the linear theory onthis topic we refer
to Wachspress @b] and Discacciati|B3, pp. 102{105].)

The model problem in SubsectionT3:3b that we considered s@iff is heteroge-
neous in the sense that di erent pore size distribution facors (3:358) are given
on 1 and ,. However, the bubbling pressurep, = 1 corresponding to the
discontinuity in the derivative of the nonlinearities kj(p;) in (B3357) and the
hydraulic conductivities Ky, as an additional factor in front of k; are the same
in both subdomains. In the following, we extend this model poblem such that
it also contains di erent bubbling pressures py;; (see [I2Z9®), [(LZTI) and Sec-
tion [C3 for details) and hydraulic conductivities Ky, in  for i =1;2. More
concretely, we consider the case of sand in1 and clay in » given in Table [
which we shall call strongly heterogeneous case

As in Subsection[Z33b we choose one meter of a water column Hg pressure
unit for pp; and Ky, are given in [n=s]. The data in Table Bl are hydrologically
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i i Po:i Khii

i =1 (sand) | 0:694 0:073 | 6:54 10 °

i =2 (clay) || 0:165 0:373 | 1.67 10

Table 3.1: Strongly heterogeneous case

quite extreme since they are covering the whole range of poikde soil parameters
according to the USDA (United States Department of Agriculture) soil texture
triangle, see Rawls et al.ﬂ7, Tables 5.3.2 and 5.5.5]. In der to distinguish this
strongly heterogeneous case from the heterogeneityf (3-Bp in the rst model

problem above we call the latter mildly heterogeneous casdéorm now on.

Note that Kp.1 and K., in Table B are smaller thanK}, = 0:002 chosen in
the previous example and, in addition, di er from each other by two orders of
magnitude. Therefore, we also alter the right hand sidef (as in (3358) given
in the unit [1=9g]) in order to obtain a solution which has approximately the
same range as the one from the previous example in FiguEe_B.6Ve de ne f as

8 3
2 2510 on By

fx)=_ 510 5 on B, (3.4.106)
' 0 elsewhere

Moreover, we choose a smaller ellipticity constantc = 0:01 for the nonlinearity
in (B3354) than in the mildly heterogeneous case.

For the numerical treatment of di erent bubbling pressures in di erent subdo-
mains see Remark§T 411 and3ZP9. Other than that, the sodvs are the same
as used in the mildly heterogeneous case. Figuie=3113 showsetnumerical so-
lution p on of the domain decomposition problem (B3TI){(BE31I3) in the
strongly heterogeneous case of TablEZ3.1, calculated on alo235,000 nodes as
in Figure B8 for the case [3:3.5B). Here, the range giis[ 56:1; 0:0] in 1 and

[ 36:2; 3:0]in , and thus resembles the range of the solution in the previous
example.

Again, but now more obvious than in Figure [28 (where this hasbeen indi-
cated by a black line), the plot contains a \crater" corresponding to a circular
area in in which the soil is not fully saturated (i.e. where p; < py; holds
for i =1;2). The boundary of this area, which is the free boundary separat-
ing the unsaturated from the saturated regime, is given byp; = ppi, i = 1;2,
in j. In particular, even though this can only be guessed from Figre [313,
this free boundary has a nontrivial two-dimensional intersection with the inter-
face = [ » because we now havgyi 6 p,2. More concretely, the same
pressure may result in a maximal saturation in » (which contains the source
and the smaller bubbling pressure) but not in ;. Still, as can be seen along
[ 2 and despite the strong e ect of the Kirchho transformation across |,

200



Figure 3.13: Solutionp on in the
strongly heterogeneous case
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the solution pi 2 H1( ;) is smooth across [ ; fori =1;2. However, it is ob-
vious that p is not smooth across which re ects that (B:313) rather enforces
the continuity of the normal uxes across the interface suchthat we have

@p . @p

——6 —— on ingeneral:

@ @ J
This contrasts the situation in the saturated region in Figure [38 where [3:31IB)
also entails the continuity of the normal derivatives of p across because of the
constant bubbling pressure and hydraulic conductivity on

Despite the strong impact of the heterogeneities in Tabld=3ll on the solution
in Figure BZI3 we do not obtain worse convergence results fasyur domain de-
composition methods in this model problem compared to the nidly hetero-
geneous case. On the contrary, the Dirichlet{fNeumann methd applied to
the strongly heterogeneous case shows an unexpected and gusingly good
behaviour. Figures T3 T6 and FiguredIITL3T9 were adined for the
Dirichlet{Neumann and the Robin iteration, respectively, in the same way as
described above for the mildly heterogeneous case.

As can be seen in Figurd_34, the Dirichlet{fNeumann method povides ex-
tremely good optimal convergence rates (opr = 0:012) on the rst two levels
with almost no damping (#opt = 0:9875). Moreover, we can allow a considerable
overrelaxation (i.e. # > 1) and still obtain convergence. The situation on the
third level is worse but still much better than in the mildly h eterogeneous case
in Figure B. Surprisingly, the convergence results impree again on level 4,
and even on levels 5 and 6 they are better than on the third leve As in the
previous example, but now with considerably better valuesthe optimal damp-

Level: 3 65 4 21

0.9r

0.5r

0.4r

0.3r

0.2r

0.1r

Figure 3.14: vs. damping parameter# on levels 1 to 6
Dirichlet{Neumann method for the case in Table 37
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Figure 3.15: #opt vs. re nement level  Figure 3.16: oy Vs. re nement level
Dirichlet{Neumann for Table 811 Dirichlet{Neumann for Table 811

ing parameter (#opt = 0:86) and the optimal convergence rates (gpt = 0:136 on
the 6th and op¢ = 0:132 on the 5th and the 7th level) stabilize on higher levels,
see Figured=3T5 an@316.

Figures[3IT{3T9 show that the Robin method applied to the rew model prob-
lem behaves similarly as in the mildly heterogeneous case.nlcontrast to the
latter, the Robin parameter has to be chosen on a smaller scale now which
re ects the smaller hydraulic conductivities used in Table B. (As indicated
above, the hydraulic conductivities K., i = 1,2, are factors in front of the
Laplacians in (ZZ1I%) and [3Z1¥), which means they also@pear as factors

1 2 3 456 Level

0.9r

0.8

0.7r

0.6 b

0.5r b

0.4r b

0.3r b

0.2r b

0.1r b

Figure 3.17: vs. Robin parameter on levels 1 to 6
Robin method for the case in Table[31
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1.4 T T T T T 1

Figure 3.18: opt vS. re nement level  Figure 3.19: o5 Vs. re nement level
Robin method for Table 31 Robin method for Table 31

in front of the normal derivatives in (EZ16) and (BZ1I3), respectively.) As
already seen in Figurd-3.ID, level-independence of the cosngence rates occurs
if and only if the Robin parameter is bigger than the optimal parameter op
related the the nest level considered. In addition, as in the mildly heteroge-
neous case, we also observe in FigureS=318 and—3.19 thak: and o, do not
seem to stabilize on higher levels. If one regards the contirous situation as the
limit of the discrete settings, these results could provokethe hypothesis that
our 1D-convergence result on the Robin method in Theoreni-3.Z3 cannot be
generalized to higher dimensions.

With regard to the original problem (BE3II){(8313) related to the Richards
equation, one might be interested in the convergence rates, for the domain
decomposition methods measured in the physical variableg;, i = 1;2, i.e.
after the application of the inverse of the Kirchho transfo rmation. Recall
that in general this retransformation is ill-conditioned for physical pressures
corresponding to the unsaturated regime or at least having asimilar e ect for
small ellipticity constants ¢ > 0 in (83.54) (see SubsectionE_1.4.1 and_1.4.3).
However, the valuesc = 0:1 andc = 0:01 used in our two examples do not seem
to be small in this sense. If we calculate the convergence res , in the same
way as the convergence rates, i.e. by replacingu by p in (B359) and (3:360),
it turns out that in neither case nor method the convergence ates and |
seem to di er more than by a few percentage points. The optim& parameters
can also vary a bit, but qualitatively the same results as abee are obtained
for the convergence rates . In general the situation is di erent for ¢ =0, see
Remark 32:31.

As already indicated in Subsection[3:3b, we do not obtain cavergence of our
methods if we do not have uniform ellipticity, i.e. for c = 0. We even observe
numerical instabilities in this case which occur if small geeralized pressure
values in iteration histories happen to be too close to the dtical generalized
pressure u; corresponding to the physical pressurep = 1 . Furthermore,
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the smaller c > 0 is chosen the worse the convergence rates become | again
with the exception of the Dirichlet{Neumann method applied to the strongly
heterogeneous case for which the convergence rateg§measured inu) even seem
to remain stable in case of a very small ellipticity constant such asc =10 199,
In contrast to these observations we can always choose = 0 in our time-
dependent cases which are still to come.

Despite the very good convergence behaviour of the DirichtNeumann method
in the strongly heterogeneous case we apply the Robin methotb the time-
dependent numerical examples concerning the Richards eqtian in the rest of
this subsection and in Chapter[4. This decision is mainly moivated by the fact
that, in contrast to the Dirichlet{Neumann method (Proposi tion B238), our
convergence results for the Robin method in Theoreni=3Z23nclude spatial
problems arising from a time-discretization of the Richards equation at least in
the uniformly elliptic case ¢ > 0. Our aim is to test how far our 1D-convergence
theory of this section can be numerically maintained in two gace dimensions.

Robin method applied to the Richards equation without gravi ty

In the following, we present a numerical example which we oldined for the
Robin method applied to the Richards equation without gravity in a hetero-
geneous setting with two di erent soil types in two subdomains. Our analyt-
ical and numerical approaches to such a problem have been priged in Sec-
tions B4 and[3Z5. In contrast to the examples above, thepatial problems
which we encounter now are transmission problems of the kindBZ2){(BZ2)

or (BZ8){(BZ38) which contain an additional nonlinearity related to the satu-
ration.

1 (sandy loam)

2 (loamy sand)

Figure 3.20: Co ee lter like domain
Concretely, we consider the domain R? depicted in Figure 320 which re-

sembles a coee lter. We assume that the top subdomain ; is lled with
sandy loam while the bottom subdomain , contains loamy sand. As be-
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fore in the strongly heterogeneous case in Table—3.1, the casponding hy-
drological data are chosen according to the USDA soil textue triangle, see
Rawls et al. E’ Tables 5.3.2 and 5.5.5]. Since now the satation occurs ex-
plicitly in the equations (B42) or (BEZ%8) we also need to pecify the residual
water contents n,;; and the porosity-valuesn; for i =1;2 (compare the original
equation (IZ1) and (T.Z9)). The maximal water contents . are constant
with ., =1 for i =1;2 according to Rawls et al. |E|7 Table 5.1.1]. However,
the variation of these values is neither signi cant nor doesit e ect the perfor-
mance of the Robin method in a way as done by the other soil pamaeters ;,
pp;i and Ky, i = 1;2, which in uence the spatial derivative in (E4Z). Alto-
gether, the heterogeneities for our co ee lter example aregiven in Table [32.
Here, we use the unaltered Brooks{Corey functionsp 7! (p) and 7! kr( )
according to Burdine given in Sectiond_LP and_1]l3 (as oppodeto the ones in
Subsection[I-ZB) which corresponds to the situation offlf&54) with c=0, i.e.
to the degenerate Richards equation.

i N mi i Po:i Khii

i =1 (sandy loam) || 0:453 | 0:091 | 0:378 0:147 | 6:.06 10 °©

i =2 (loamy sand) || 0:437 | 0:080 | 0:553 0:087 | 1.66 10 °

Table 3.2: Soil parameters for the co ee Iter example

The domain is situated in the quadrilateral [ 1;1] [ 0:74; 0:56] and the
top boundary is [ 1;1] f 0:74g (the z-axis is directed downward although
we do not yet deal with gravity here). We start with a practically dry soil as
the initial condition given by pp = 20 on except for pg = 100 on the subset
[ 0:21; 0:21] f 0:74g of the top boundary, see Figure[C3ZIL. The latter is
treated as a Dirichlet boundary p with constant data pp = 100 for all time
steps (as before the pressure unit is one meter of a water cotin). Apart from
the bottom boundary g situated on [ 0:25; 0:25] f 0:56g, which is chosen as
a Signorini-type boundary where out ow is possible, we assme homogeneous
Neumann boundary conditonsv n = 0on @n( p [ s). This situation
results in an evolution process with an increasing saturattn due to ow of
water into with possible out ow across s until is fully saturated and a
stationary solution is obtained.

We treat the problem as described in Subsectioi=3.415 usingreimplicit time dis-
cretization (since there is no gravity) with the constant ti me step size = 1[g]
and a space discretization with linear nite elements. The dscrete Robin prob-
lems for the Richards equation in each time step result in comex minimization
problems which are solved by monotone multigrid with a V(3; 3)-cycle (see
page[IZB). We use 4 levels of a grid hierarchy with 112 nodes dhe coarse
grid in Figure and about 5500 nodes on the nest grid witha mesh size of
h=(10 2% !=1=160 obtained by uniform re nement. Moreover, a constant
Robin parameter =3 10 # suggested by numerical experiments is chosen.
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Figure 3.21:t =0

In Figures[322243-33 one can see the evolution of the physitaressure at equidis-
tant time steps (except for the last one) in heightplots on the left and colourplots
on the right. One can clearly detect the wetting front (cf. [E p. 303]), where
a pressure di erence of almost p = 20 occurs, moving from the top to the
bottom. More concretely, the wetting front marks the free boundary which
separates the unsaturated from the fully saturated regime ad, thus, around
which we encounter the pressure di erence between the initil condition py and
the bubbling pressurepy; on  for i =1;2. We need 684 time steps until the
stationary situation with a fully saturated is reached. At aboutt = 133 the
wetting front reaches the interface and starting with t = 473 the top subdomain
1 is fully saturated. The range of p is between 20 and 100 until shortly be-
fore the last time step and in the stationary case it is in the interval [26:3; 100]
on 1 and [0:0; 322] on 2. As in the solution of the strongly heterogeneous
Yin Yang case in Figure[3IB, one can see in the heightplots #t the physical
pressure is nonsmooth across the interface, at least in theaturated regime.

The stopping criteria for the multigrid solver and the Robin method are given
according to (Z.10%) and [3.3.5P), respectively, at eactime step, now of course
with the initial condition given by the previous time step. F igures[333% and-3:3b
show averaged (as well as maximal) multigrid convergence tas .1 and m:2
(as well as m:1 and w:2) per time step for 1 and », respectively, which are
determined in the following way. For each domain decomposibn step| 2 N in
a xed j,i=1;2, the geometric mean
v oo
Lj = k

k=2

of the approximated rates




Figure 3.22:t = 60

Figure 3.23:t =120

Figure 3.24:t = 180
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Figure 3.25: t = 240

Figure 3.26:t = 300

Figure 3.27: t = 360
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Figure 3.31: t = 600

Figure 3.32: t = 660

Figure 3.33:t = 684
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Figure 3.34: Multigrid convergence Figure 3.35: Multigrid convergence
rates per time stepin ; rates per time stepin o
(top: maximal, bottom: averaged) (top: maximal, bottom: averaged)

with the multigrid iterates u}‘ is calculated fork 2 as long as |; increases.
(Here, again, j ji. , is the energy norm on ;, and we set .1 = O if one
multigrid step is needed only.) With the maximum obtained in this way, which

we call |, we determine . and y; as

where n is the number of Robin steps needed for the corresponding tim step.
Since we use the solution from the previous time step as the itial condition
for the next time step, we already have a good approximation ér the solution
at that time step. With this choice we obtain fast multigrid ¢ onvergence as
one can see from FigureB=3:B4 arld31B5. Herey.; often occurs in the rst few
Robin steps, and the multigrid convergence rates can improg quite a lot for
higher accuracies in the domain decomposition iteration hétory (where nally
often one multigrid step is enough). This explains that the d erence between
m:i and m; can be quite considerable.

Figure displays the average convergence rates for the domain decom-
position iteration given by the Robin method at each time step. The conver-
gence rates are calculated as in the examples on the Yin Yangodhain, see
B359) and (3380D), now of course with the initial condition given by the pre-
vious time step. Fort 2 [138 472], when the location of the wetting front
has a nontrivial intersection with the interface , the conv ergence rates vary
quite a lot between around Q3 and (9. These big variations can also be ob-
served in the Robin iteration history at various time steps. In Figures 3331
and we illustrate two examples of such cases fdr = 197 and t = 443
where we have the average convergence ratess8 and 063, respectively. One
can see that di erent error reduction rates (i.e. convergerce rates) are obtained
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Figure 3.36: Convergence rates per time step for the Robin method

for di erent accuracies, i.e. absolute errors

><2 - 1=2
ai(uf  uMuk u © k=0:::n  1; (3.4.107)
i=1

(u! being the last Robin iterate) in the iteration history. We assume that
these e ects occur because the pressure values for nodesatitly at the wetting

front probably depend quite sensitively on the solution of the previous time
step, the precise Robin conditions at the interface and the equired accuracy
given by the stopping criterion. In addition, our measuring (B:359){(B:3:60) of

10

10% +

10* +

107

107

10° L L L L 10°

Figure 3.37: Error (2410T) vs. Robin Figure 3.38: Error (Z4.107) vs. Robin
iteration step at time t = 197 iteration step at time t = 443
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the convergence rates in the generalized variables; seems to be particularly
sensitive in this respect, see Remark=3.Z4.B1 below.

In general the rst convergence rate in the iteration history is considerably
smaller than the following ones for any time step. In particdar, for time
stepst < 133 the error reduction in the rst Robin step is such that it al-
ready provides an almost vanishing average convergence &t Fort 473,
when ; is fully saturated and the wetting front is entirely located in », the
convergence rates do no longer oscillate, neither with resget to t nor in the
iteration history for xed t. Furthermore, they increase as the wetting front ap-
proaches the Signorini-type boundary until the stationary solution is attained
at t = 684 (for t > 684 vanishing convergence rates are observed as expected).

Remark 3.4.31. Asinthe rst part of this subsection concerning the examples
on the Yin Yang domain, one might again be interested in the coavergence rates
measured in the physical variablesp; rather than in the generalized pressure
variables uj, i = 1;2, as done so far. Since we have chosen= 0 in the

co ee lter example, one needs to be more careful here than irthe Yin Yang

examples because the inverse transformations, 1 by which u; is transformed
into p; for i = 1;2, are ill-conditioned for small generalized pressure valkes
now, compare FiguresCLl7 and_I18. As can be seen in these guwesmall
perturbations in u; can result in big variations of p; in the unsaturated regime.

Therefore, the stopping criterion (Z359) expressed inp; may correspond to
a much more restrictive stopping criterion in u; which might require a higher
accuracy than provided by the local solvers given by[[(3Z.T8). In the example
above, a certain absolute error [3:2.107) inu; usually corresponds to a much
bigger absolute error calculated inp;, i = 1;2. In fact, they can di er by several
orders of magnitude. We even observe numerical instabiligs if we choose the
same accuracy 102 in the stopping criterion (BE2359) with u; replaced byp;.
If, instead, we choose the stopping criterion

§oq =2

P
Y (U Y L

P 1=2
Zoa! Lpt Y

<10 ° (3.4.108)

rather than (B2359) and measure the convergence rates as {B:360) with u; re-
placed by p;, we obtain a time evolution (with 684 time steps) which practically
does not di er from the one above (i.e., the rst few digits of the obtained pres-
sure values usually coincide). Interestingly, however, tle convergence rates
per time step measured in the physical pressurg and displayed in Figure[3:39
do not show as big oscillations as the ones measured inin Figure B3d. Con-
siderable oscillations only occur shortly before time stept = 473 when ; is
fully saturated. In addition, the convergence rates measued p are more stable
in the iteration history for xed time steps than the ones measured in u.

As in the stationary case on the Yin Yang domain the convergene rates de-
teriorate on higher levels. They also deteriorate if we chose more extreme
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Figure 3.39: Convergence rates, per time step for the Robin method
measured in physical variables with stopping criterion [3Z108)

soil parameters such as the ones in TablEZ3.1. Furthermore,he convergence
rates depend on the choice of the time step size for the varian of which we
have to alter as well. (Observe that the time step size occurs as an additital
factor in front of the water ux in the Robin conditions (3[Z—14) or ZZ19),

compare [Z32) and [34.1b).)

In addition, we observe deteriorating convergence rates ithe pressure di erence
p of the wetting front is too big. Note, however, that the situation p =20
in the coee lter example with the Dirichlet value p = 100, measured in
meters of a water column, already seems quite extreme. Thefere, we have
hope that the Robin method can at least be successfully appdid in reasonable
hydrological settings which are not too extreme. The next ctapter is devoted

to the construction of such an example.
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Chapter 4

Numerical results for the
Richards equation with
gravity, various solls and
surface water in 2D

4.1 Introduction

In this last chapter we extend our solution method for the Richards equation in
heterogeneous soil such that it also takes the gravitationeimpact into account.
As a result we obtain a new solver for the Richards equation, Wwich does not
rely on smooth parameter functions or regularization such a the ones based
on Newton's method which were mentioned in Sectior2]2. Fuittermore, we
introduce a discrete version for the coupling of the saturaéd-unsaturated ow
through a porous medium with surface water in a reservoir. Atthe end of
this chapter we solve the Richards equation in a 2D-setting ontaining realistic
hydrological ingredients.

The underlying idea of our approach to solve the Richards eqation is to sepa-
rate the occurring di culties and to treat them in dierent s teps. First of all,
by Kirchho transformation (see Section [3) we \got rid of" the nonlinear-
ity kr( (p)) in the spatial derivative of the Richards equation (LE1) with the
e ect that a robust solver exploiting convexity rather than regularity (see Sec-
tion 8 and[Z1) could be applied to the spatial problem in cae of homogeneous
soil. The inverse Kirchho transformation, which is in general ill-conditioned
if kr( (p)) can be arbitrarily small, and therefore the e ect of a very small
factor kr( (p)) in the Richards equation [L5.1), is then separated from he so-
lution process and only occurs in the retransformation in oder to obtain the
physical pressure from the generalized pressure variabl@ iwhich the solution
was calculated.
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Of course, with regard to the full Richards equation in heterogeneous sail, this
approach still entails two di culties that have to be dealt w ith. First, the spatial
solver can only be applied to homogeneous soil. Therefore,enntroduced non-
overlapping domain decomposition methods (Dirichlet{fNeunann and Robin
method) in Section[3 for further treatment of the occurring nonlinear spatial
problems in heterogeneous settings as in De nitioZ3.Z]7. &condly, we needed
to treat the gravitational impact in the Richards equation ([LE1) explicitly in
the time discretization (E232) in order to obtain a convex minimization problem
to which our monotone multigrid solver can be applied.

It is well known that an explicit treatment of a convective te rm usually leads
to instabilities in the numerical solution of the spatial pr oblems which can be
addressed by upwind techniques for small time step sizes. Weill apply such

a technique, more concretely an arti cial viscosity method, in the framework

of our nite element discretization of the Richards equation in Section[£2. As
a result, our numerical example therein shows that the probém posed by our
explicit treatment of the gravitational term can be succesdully addressed by
this technique. Furthermore, the theoretical restriction on the time step size
can be violated in this numerical example without encounteing instabilities.

Finally, in Section EZ3 we apply our developed solver in a 2Dsetting to the

Richards equation with 4 di erent soils, boundary conditio ns of Signorini's type
and surface water which is included via the reservoir model dcussed in Re-
mark [L57. This nal example contains both in ow from the su rface water into

the domain of the porous medium and out ow into the surface waer and shall

illustrate the applicability of our solver to realistic hyd rological situations.

4.2 Treatment of the Richards equation with gravity
in homogeneous soll

This section is devoted to the concrete treatment of the graitational term
div kr (M (u))e, in our numerical solution of the homogeneous Richards equa-
tion (CR2Z). The theoretical presentation of this approad will be given in Sub-
section[£Z1 followed by a numerical test of our method in Shsection[Z22.
The method is needed in order to achieve stability of the numecal solution
and it is based on an appropriate nite element discretization of the explicitly
time-discretized gravitational term in (£32). Such a discretization is obtained
by adding a di usion matrix to the straightforward discreti zation of that term
which leads to upwind di erences when interpreted as a nite di erence scheme
in special uniform settings. Our approach exploits the speial direction of the
convection given by the earth's gravitation and is re ned by a lumping of the
occurring convection matrix. It turns out that the restrict ion on the time step
size, i.e. the CFL condition, imposed by the explicit treatment of the gravita-
tion requires the time step size to be an order of magnitude smller than the
mesh size in realistic hydrological situations. The numertal example in Subsec-
tion EEZZ, however, demonstrates that the method can be aplped successfully
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in case of realistic hydrological data without the occurrerce of numerical insta-
bilities even if the CFL condition is violated considerably.

4.2.1 Upwind nite element discretization of the gravitati onal
term by an arti cial viscosity method

In this subsection we present an approach how one can easilynd appropri-
ately deal with the gravitational term div kr (M (u))e, in the numerical treat-
ment of the Richards equation [TR2). Recall that we alrea¢ decided to treat
the gravitational impact in a relatively simple way, i.e. explicitly in the time
discretization of (LX), on the right hand side in the linear functional of a

variational inequality, see (Z332) and (3.2.96).

However, it is well known in the linear case already that a nunerical treatment
of an elliptic equation with a convective term is unstable if the latter is not
space-discretized properly, which means that the sum of thesti ness matrix
and the matrix coming from the convective part should result in an M -matrix
(see e.g. Karnhuber and Scmtte|{__6b, p. 53] and Fuhrmann and.angmach m]).
In this sense we seek an appropriate space discretization of

Z Z

kr(M(u" B)er vax = kr(M@u" 1) vy dx = (kr(M@U" 1);vp) 2

(4.2.1)
in the linear functional (2237) on the right hand side of Z32). Note that the
treatment of this term should lead to a stable scheme in partcular if it has a
considerable impact in the Richards equation [I.5.P) compeed to the di usion
term div r u. Therefore, we take a look at the scalar conservation law

w; + kr(w); =0 (4.2.2)

to which the Richards equation (.5.2) reduces if we ignoretie di usion term
and setw := M (u).

Equations like (#Z2) have been intensively studied both a the continuous and
the discrete level, see for example Johnsoﬂ52] or Krone@] to which we refer
in the following. It is well known for kr 2 CY(R) that classical C*-solutions
w of [@Z3) are (at least locally) constant on characteristcs which are curves
t 71 ( (t):t) in the z-t-plane with the property qt) = krqw( (t);t)) for t> 0,
see f[__alz p. 16]. Since we can assum@® > 0 in case of the Brooks{Corey
model (.Z9) and [TZTID), this already suggests that theriformation trans-
port given by the equation (EZZ) goes from the left to the right on the z-axis
within time, see Figure 2. This fact should also be re ectel by a discretiza-
tion of (EZ2) as a necessary condition for stability and cavergence, compare
[@, Ex. 2.1.20]. Therefore, in the framework of nite di er ence discretizations,
one should choosebackward di erences or equivalently an upwind discretiza-
tion of the spatial derivative kr(w), in (EEZ2), see Kmner [62, Ex. 2.2.7] and
Fuhrmann and Langmach , Sec. 6]. More concretely, withw!" := w(z;;ty),
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Figure 4.1: Upwind discretization

as in SubsectioTZ31 such a nite di erence discretizatiom would read

; | i kr w' |
th  th 1 Zi Zj 1

n n 1 kr Wn 1 n 1
Wi W =0 (4.2.3)

together with certain initial and boundary conditions, see Figure Z1.

Our aim is to reproduce (2Z3) on the level of our nite elemant discretization
of (CR3A) in @33) and (34.396). As a rst step to achieve tis note that, as
just seen, the convective part in the Richards equation [I.52) has a given xed
direction along the z-axis, independently of the dimension of . Therefore, in
2D one should choose triangulationsTj, j 0, of in which each triangle has
an edge on a vertical line parallel to thez-axis in the y-z-plane. In other words,
the triangulations should be arranged within vertical stripes in the y-z-plane
as depicted in Figure[Z2.

With the notation as in Subsection [Z57 a straightforward nite element dis-
cretization of (EZ1]) could be given byS; -interpolations of the known function
kr (M (u" 1)) and of the test function v in this integral. This would lead to the
matrix 7

C = (Cpg)pigan; = q@@z p dx : (4.2.4)

Pia2N |

Note that (E2Z1) was obtained after an application of Greens formula which was
not the case for [£2Z2). However, this just leads to a rearragement of terms
by the application of the negative transposed matrix CT instead of C and
additionally occurring boundary terms. We come back to this fact later in this
section. Since the integral [Z2Z1) is on the right hand sideof the equation cor-
responding to &2Z2) we seek upwind di erence quotients fo  kr(M (u" ()))
coming from suitable modi cations in the discretization of that term.

In cases with congruent equilateral orthogonal triangles aund an inner node
p 2 N; in Figure EZ one can easily check that the matrix [£Z}) praluces
central di erences (up to a constant factor depending onj) of  kr (M (u" 1()))
for p on the vertical lines in z-direction but also \side e ects" coming from
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Figure 4.2: Vertical stripes for T; and horizontal lumping in =( a;b (c;d)

(neighbouring) nodesq on the neighbouring vertical lines. To \eliminate" the
latter, one can carry out a lumping of the L2-scalar product @21) iny-direction
which we describe now. Here we need to assume that is a rectagle with
edges parallel to they-axis or the z-axis. Then, by Fubini's theorem (see e.g.
, pp. 164{167]), settingw := M (u" 1) now, we can write
z zZ,
kr (w) v, dx = F(y) dy (4.2.5)
a
with 7 g
F(y) = (kr(w)vz)(y;z)dz 8y 2 [a; b a.e.
C

and some reala < b and c < d. We approximate the integral on the right hand
side of (£ZZ3%) by an interpolation of F in a space of linear nite elements on
the y-axis with nodesy;, i = 0;1;:::;L, L 2 N, given by and located on the
vertical lines corresponding to our triangulation, see Figire [£2. The resulting
nodal basis functions in one space dimension which are indepdent of z are
denoted by Y. We obtain

Z, Z hy N .
F(y) dy F(yi) iy(y)dy=_ Fyi) S(hi+ his)

a a j=0 i=0
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if we denoteh; ;= y; vy 1foralli=1;:::;L and sethg = hp+1 = 0. Now,
foryi, i =0;1;:::;L, we approximate the integral F (y;) by interpolating both
kr(w) and v in S restricted to the vertical line parallel to the z-axis through the
point (yi;c). The corresponding nodal basis functions in 1D with their support
on this line (and related to the nodes §;;zik) with the order zy < zij+1 for

in Figure £2. Consequently, withv = 4,1 =0;:::;K, we have
Z, X Z g
F(yi)= (kr(w)( i1)2)(yi;z)dz kr (w(yi; Zik)) ik (i1)zdz
C k=0 C
with 8 1
7 d E 5 for | = k+1
ik( 1)zdz= Ioforl=k 1
c 3
0 else

Altogether, by this lumping we replace the matrix C in (24 by

C = (€pa)pig2N
with 8
3 s(hi + hisp) for g=
€hq = 5 2(hi + hiyy) for q= o2 (4.2.6)
: 0 else

where o and ¢ are given according to Figure[ZP. Just asC, the matrix C
gives central di erences (up to aj -independent factor) for inner nodesp 2 Nj,
but now without additional contributions from vertical lin es on whichp is not
situated. More concretely, for such a point this lumping is dotained by the
de nition

e = Cpe T Cog
g = g+ Opeg (4.2.7)
€p = Copt Cpg + Cpf

with the setting and the notation as in Figure if we have a onstant mesh

Now, it is well known that one can get one-sided di erences fom central dif-
ferences by adding an arti cial viscosity term, i.e. a di usion term or central

di erences for second derivatives, se 2, Ex. 2.2.6]. Thefore, we introduce
the one-dimensional di usion matrix

‘e @

D := — g pdX
@z '@z ;2N j

(4.2.8)
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which (after multiplication with h 2) leads to central di erences for second
derivatives of kr(M (u" %())) in z-direction for inner nodesp 2 N, without
further \side e ects" coming from neighbouring points if we are in the uniform

situation as in Figure 22 with a constant mesh sizeh = h; = hy fori =1;:::;L
andk =1;:::;K. In this setting one can easily verify that the sums of matrices
h
K:=C §D (4.2.9)
and h
K:=C ED (4.2.10)

give upwind di erence quotients for kr(M (u" ())) in z-direction, i.e. the
discretization ([#2Z3), for inner nodesp 2 N; when multiplied with 3 =(2h?)
(and with \side e ects" in case of (229)).

For nodesp 2 N; on the leftmost and the rightmost vertical line on @ half

of the upwind di erence quotients from the inner nodes occur Unfortunately,
this is not the case for nodes on the top and the bottom horizotal line on @.

Interestingly, however, the latter can be interpreted after an application of
Green's formula to (ZZ1). Then we obtain an additional integral on @ but

the contributions for p 2 N in the corresponding matrix KT or KT onthe
bottom line lead to upwind di erence quotients for  kr (M (u" 1())) in this
node now, whereas they vanish fop 2 N on the top line (while the situation
for all the other nodes does not change).

Both discretizations of @Z1) given by (ZZ3) and [£Z1)) are also applicable
for domains R? which are not rectangles if a certain value forh related
to the mesh size and big enough to ensure stability of the scimee is chosen.
(We even chooseh locally in case of non-uniform meshes.) Note, however,
that (£2Z10) could only be derived by Fubini's theorem for the special rect-
angular cases considered above. Nevertheless, one can iringiple use both
de nition (£2Z8]) and (£Z7) in more general cases, too. Wilatever possibility is
pursued, one should always choose vertical stripes for theiingulations of in
order to account for the direction of gravity in the space discretization of (E2Z1).
Finally, we remark that our method of adding arti cial visco sity terms given
by the one-dimensional di usion matrix (£Z3) in (£Z9) and @ZI0Q) is just
a special example of the streamline upwind Petrov{Galerkinmethod described
in Johnson @]. Since in our case the direction of convectipis parallel to a
coordinate axis and xed for all times, that method can be more easily realized
here.

Finally, it is well known that upwind discretizations (4Z-3) for the solution of
(2Z2) with kr®> 0 lead to so-calledmonotone schemesf the CFL (Courant,
Friedrichs, Lewy) condition is satis ed, seel[_—6_|2, pp. 50/51, 66]. This condition is
a restriction on the time step size = t, t, 1in (EZ3) which must be chosen
small enough compared to the mesh sizh = zi 7z ; (we assume constant

and h here). It reads
1

<h supjkrqw)j (4.2.11)
wW2R
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and is the price that has to be paid if explicit time discretizations are applied
to convective terms as done in[[Z2Z1) and for the Richards egation in (E32).
If (EZ1T) is satis ed, however, the monotone scheme[IZ3) is stable and con-
vergent, seell62, pp. 72, 91].

In order to get an impression of the size of the factor (sug,r jkr {w)j) * in
(EZ170) for realistic situations, we take a look at concree hydrological examples
for the relative permeability function kr (). First, recall that the Brooks{Corey

model (CZ9) and [TZ1ID) provides

e() 1
kr{)=e ) —
M m
and therefore
supjkrqw)j= o ) 1=3+ 2= > for =1 (4.2.12)
neR) = - T 23 for =0:1 -

if we choosee( ) according to Burdine in (2ZI0), compare FiguredCLP. Herave
have chosen extreme values = 1 (coarse sand) and =0:1 ( ne clay) for the

pore size distribution factor, compare Rawls et al. [[7/7, Talle 5.3.2]. However,
our numerical example to which we turn in the next subsection suggests that
the theoretical bounds in (EZZ1I1) given by [ZZTIP) are que pessimistic in
practical situations and that larger time step sizes can be sed without visible
drawbacks concerning the numerical stability.

4.2.2 Numerical test: Richards equation with gravity

In the following, we present a numerical example which shallllustrate the per-
formance of the arti cial viscosity method described in the previous subsection,
more concretely the lumped version given by the matrix in [ZZ710). As the do-

b 00004

Figure 4.3: Initial condition p= 20, nest grid, gravity along right axis
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main we choose the unit square = [0; 1] in the y-z-plane where the z-axis
(i.e. the direction of gravity), is directed downwards (to t he right in Figure EE3)
and the y-axis is directed to the left as in Figure[Z3. Therein, one ca see
the initial condition p = 20 (in meters of a water column, i.e. a practically
dry soil) on the nest grid with h = 1=32 on the fourth re nement level. The
coarse grid and uniform re nement are chosen such that equédteral orthogonal
triangles occur within vertical stripes as proposed above ¢ompare Figure[Z2).

We assume homogeneous soil parameters in , more concretelwe choose the
parameters of sand as given by the USDA soil texture trianglén Rawls et al. E
Tables 5.3.2 and 5.5.5], see TablgE4.1. With regard to the pameter functions
the (unaltered) Brooks{Corey model (I_Z9) and (IZID) slall be applied here.

=[0 ;1p n m Po Kh

soil: sand || 0:437 | 0:046 | 0:694 0:073 | 654 10 °

Table 4.1: Soil parameters of sand for the Richards equationvith gravity

We choose a constant inow v n = 0:002jm=s] on ; := fOg [0:25 0:5]
(i.e. on the right face of ) and homogeneous Neumann bounday datav n =0
on @ n ; which can already be resolved on the coarse grid. As a consegpce,
the time evolution depicted in Figures [Z4{Z4T12 in heightplots on the left and
colourplots on the right (with gravity directed downwards) shows an increasing
physical pressure while the saturated regime in extends mae and more.

Due to the mass matrix arising from the spatial discretization of the saturation
term (see for example [Z541)) the occurring spatial Neuman problems are
uniquely solvable for each time stept 810. Our spatial solver is the monotone
multigrid as used in Subsection[3.4.b for the local problemsn the co ee lIter
example with the same stopping criterion given in [3Z10b) Recall that the
gravitational impact only occurs in the right hand side of the discrete spatial
problems. As usual the solution of such a problem serves as ¢hinitial iterate
for the next time step.

Starting with the solution for the rst time step t = 10, the evolution of the
physical pressure in Figured ZMEZ IR is given at equidistat time steps until
for t = 810 the domain is almost fully saturated. As in the co ee It er example
in Subsection[Z46, we obtain a quite sharp moving wettingront, where a pres-
sure di erence of almost 20 occurs and which represents thenierface between
the saturated and the unsaturated regime of . Moreover, we dbserve a pres-
sure decline from the face ; where in ow is imposed to the wetting front which
increases in time. Fort = 810 we have pmax = 10:9 in the central node of
and pmin = 145 in the left bottom corner of while the pressure practicall y
vanishes for all nodes on the left face of where the domain idully saturated.
Note that we have a constant ow of water into the domain and we do not al-
low out ow. Therefore, it is no surprise that the multigrid n o longer converges
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Figure 4.4:t1 =10

Figure 4.5:t =110
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Figure 4.6: t = 210
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Figure 4.7: t = 310

Figure 4.8:t =410

Figure 4.9:t =510
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Figure 4.10: t = 610

Figure 4.11:t =710

Figure 4.12:t = 810
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for the next time step t = 820, for which the maximal amount of uid in the
domain would be exceeded due to the constant in ow.

The (constant) time step size =10 [s] used in this example is three orders of
magnitude larger than the upper bound given by the CFL condition (4.2.11)
which is 1
2 1 1 1
+ — - -
h 3 32 588 188

in our case (see (4.2.12) and Table 4.1). Surprisingly, we daot observe any
visible numerical instabilities in the corresponding graphics if we further in-
crease the time step size and decrease the mesh size. For example, we can
still solve the problem with h = 2 0 je. on the 9th level, and varying big
time step sizes up to = 810 without encountering instabilities. Remarkably,
these e ects are the same if we use clay (compare Table 3.1) stead of sand
in the model problem. In that case, we do not obtain a wetting font as in
Figures 4.4{4.12 but rather a uniform decline of the pressue from the right
face of to the boundary of the dry regime p = 20 in . However, this
decline is steeper than the wetting front in sand since the rage of the pressure
is two orders of magnitude larger in clay. Observe that we obained a stronger
theoretical time step restriction (4.2.12) for clay than for sand. Altogether, the
results show the practicability and the stabilizing e ect of our upwind method
for the gravitation as discussed in the previous subsection In addition, the
theoretical bounds for the time step sizes given by the CFL codition (4.2.11)
seem to be too pessimistic at least for realistic hydrologial data.

Figure 4.13: Solutions with gravity (surface graph)
and without gravity (lines) at time t =710

In Figure 4.13 one can see the e ect of the gravitation in our nodel problem.
The surface graph in this gure represents the above solutia of our problem
with gravity at the time t = 710. The graph given by lines was obtained
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at the same time for the same problem without gravity. With regard to the

next numerical example, we remark that we obtain a solution br which the

pressure values coincide in the rst few digits with the corresponding ones in
Figures 4.4{4.12 if we apply the Robin method to this homogerous problem. In
the following last section we consider a heterogeneous prtgm for the Richards

equation with gravity and surface water.

4.3 Numerical example: Richards equation in four
di erent soils with surface water

The following last section of this work is devoted to the pregntation of a numer-
ical example for the Richards equation in a heterogeneous &g in two space
dimensions including surface water. This example simulate a situation which
one may call hydrologically realistic in principle. The results suggest that our
algorithm might well be suitable for the solution of more practical groundwater
ow problems.

Before we turn to the presentation of our example we explain bw we treat the
coupling of the Richards equation with surface water numercally. Recall that
in Remark 1.5.1 we already introduced the model we use for tlsi coupling in the
continuous setting. It is based on the assumption of mass caervation (1.5.8)
and uses a simple reservoir model for the surface water, corape Figure 1.16.
Loosely speaking, the ow of water out of (or into) the domain increases (or
decreases) the height of the water reservoir, which in turn las an e ect on the
shape of the Dirichlet boundary and the size of the Dirichletboundary values
given by the hydrostatic pressure.

T
Ty

/\ @

h
Ih(t)

Figure 4.14: Flow across , @ between T; and T, a ects lake height h(t).

More concretely, with a glance at Figure 4.14, we call , the part of the bound-
ary between the top points T; and T, through which (independent of time)
ow of water contributes to the height h(t) of a lake betweenT; and T,. Now,
choosing a suitable y @with  ~yandav?2 Hl@ n~h() with the trace

tr .v =1, we can approximate the integral on the right hand side of (1.5.8) as
Z Z Z Z

v nvd = M (u); v dx rurvdx+  kr(M(u))e,r vdx
-

if ~nn 1, has a small Hausdor measure and the functions involved are mooth
enough, compare (1.5.13). This gives rise to the followinglicit time dis-
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cretization of (1.5.8). With a slight abuse of notation we cdl u(t,) the semi-
discrete solution for a time stept,, n 0, corresponding tou" in (2.3.2). We
denote u(t 1) := u® with the initial condition u® and choose a constant time

step size =ty ty 1, n=1;:::;N. Then, with given solutions u(t,) and
u(tn, 1), n 0, the new approximated volumeV (t,+1 ) of the lake is de ned as
Z Z
V(th+1) = V(tn) (M (u(tp)) M (u(ty, 1)) vdx r u(ty)r vdx
Z

+ kr (M (u(tp))) e, r vdx: (4.3.1)

Finally, using the same notation as in Subsection 2.5.1, wearry out the space
discretization of (4.3.1) in the nite element space S; for a | 0. As a test
function we choose X

V= p

pP2Nj\

which has a support in a neighbourhood of ,, only, and the discretization of
the three integrals on the right hand side of (4.3.1) is carred out as already
described earlier. The discretization of the rst integral is given via the mass
matrix as in (2.5.44), the second one is given with the help ofhe sti ness matrix
as usual and the third integral is discretized via the matrix K in (4.2.10) as
explained in Subsection 4.2.1.

In order to translate the volume V(t,+1) (now obtained by the fully discrete
version of (4.3.1)) into the new heighth(t,+1) of the lake in our implementation
we use the following simpli ed geometry model. First, we asame that | can
be approximated by a part of a semi-circle line with a certainradiusr > 0
which should be su ciently accurate at least for small heights of a lake. Then

we can write b
h(th+1) p
V(th+1) = 2 r2 (r s)2ds
0
and we just approximate the right hand side by numerical integration. Con-
cretely, for a xed small interval length s and k 1 with k s r we

approximate 7
k s p
2 r2 (r s)2ds Iy
k 1) s
where | is obtained by the trapezoidal rule applied to the integral. Then we
seth(tp+1) == KO sif
X° !
I V(tn+l) > Ik
k=1 k=1
and h(th+1):=0if V(th+1) 0. OtherwiseV (ty+1) is too big for our geometry
model which does not occur in our example below. Now, withh(t,+1) we obtain
the Dirichlet boundary p(th+1) n together with the Dirichlet boundary
values given by the hydrostatic pressure of the water in the dke above each
Dirichlet node. The rest of the top boundary, which is not covered by the lake,
is treated as a boundary of Signorini's type, compare Subséion 1.5.1.
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Figure 4.15: Fine grid, four layers of soil Figure 4.16: Initial condition:
from top to bottom as in Table 4.2 dry soil and surface water

With regard to our concrete example, Figure 4.15 shows the dmain R?
decomposed into the four subdomains ;, 5, 3 and 4 (from the top to

the bottom) which we use for our model problem. The width of the domain
is 2[m] and the height from the bottom to the highest point of is app roxi-

mately 1:214m]. The z-axis points downwards in gravitational direction. As

always in this work we apply the Brooks{Corey model accordirg to Burdine
for the equations of state (1.2.9) and (1.2.10). We choose th soil parameters
of sand, loamy sand, sandy loam and loam given in Table 4.2 (ecopare Rawls
et al. [77, Tables 5.3.2 and 5.5.5]) as the parameters in theayers of soil corre-
spondingto 1, 2, gand 4. Figure 4.15 already shows the nest grid (with
the mesh sizeh = 0:038) which we obtain on the third re nement level with

585 nodes in each subdomain.

i N mi i Po:i Khii

I =1 (sand) 0:437 | 0:046 | 0:694 0.073 | 6:54 10 °

i =2 (loamy sand) || 0:437 | 0:080 | 0:553 0:087 | 1.66 10 °

i =3 (sandy loam) || 0:453 | 0:091 | 0:378 0:147 | 6:06 10 ©

i =4 (loam) 0:463 | 0:058 | 0:252 | 0:112 | 3:67 10 ©

Table 4.2: Soil parameters for the heterogeneous problem thi surface water

As the initial condition depicted in Figure 4.16 in a colourplot we choose
p= 10 (meters of a water column) corresponding to an initially dy soil in
except for the nodes on the top boundary which are covered byuwsface water
(red in Figure 4.16) where a hydrostatic pressure from the l&e is given. The
height of the lake at the time t = 0 is 0:1686 n], the radius of the circle line
by which we approximate  isr =1:2[m].

As already indicated above, the part of the top boundary whid is not covered by
the lake is treated as a boundary of Signorini's type for all ime steps (compare
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also the situation in Theorem 3.2.4 and Remark 3.2.5). In thetime evolution

we impose a constant inow of v n =3 10 #[m=s] across the lower half of
the left boundary of ;. On the rest of the left boundary of as well as on the

right and the bottom part of @ homogeneous Neumann boundary conditions
v n =0 are assumed for all time steps. For the time evolution we close the
constant time step size =10]s].

The spatial problems for each time step are solved by the Roli method in
which one iteration step for the four subdomains looks as fébws. First, for any
iterate uk, k 1, provided by the method on , and the solution u® from the
previous time step we abbreviate

uf = U 121,234

Now, given an iterate uk, k 0, on , we determine u'f'l according to

(3.4.15){(3.4.16) and u'§+1 according to (3.4.17){(3.4.18), in which the inter-
face with the Robin boundary condition for the unknown u§*! also contains
the connected component@ ,\ @ 3 of @ »n@, where the previous iterate u§
on 3 contributes to the right hand side in (3.4.18) as well. The subsequent
iterates u§™ and then uk*! are obtained analogously asis™ and uk**, respec-
tively. We choose the constant parameter = 10 “ suggested by numerical

experiments for the Robin method at all time steps.

As the inner solver for the homogeneous problem on each subdmin ; for
i =1;2;3;4, we apply the monotone multigrid method described in Subse-
tion 3.4.5 and already used for the co ee Iter example in Sulsection 3.4.6.
Again, the stopping criterion for the multigrid is given by ( 3.4.105).

In order to account for the realistic nature of our model problem in this section
we use another stopping criterion and another way of measung the perfor-
mance of the Robin method than in Subsection 3.4.6. To this ed, we rst
estimate a global convergence rate of the Robin method for all time steps,
carrying out the whole calculation for the time evolution with the quite restric-
tive stopping criterion

1=2

TLa @ e oY .

< 10 (4.3.2)

n 1. =2

P 1
i4:l ai(pi ’p|n l)
in which we denotep := p! = for the nth iterate p" of the domain decomposition
iteration. We refer to Remark 3.4.31 for a discussion on a stoping criterion
given in terms of the physical pressure rather than the generalized pressurau.
As before, the corresponding bilinear formsa;( ; ), i =1;2;3;4, are induced via
the related sti ness matrices given by the problem on the sullomains ;. In
what is to come, the norm arising from these forms orS; shall be denoted by

X4 I]_:Z
kpk := ai(pi;pi) y P2Si; piER s i=1:;2;34:

i=1
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In the computation where the stopping criterion (4.3.2) was used we observed
that

kp**' pk kp* p¢ k; 1 k n 1 (4.3.3)
usually holds with the maximal rate = 0:95 for succeeding iterates of the
Robin iteration at any time step. Now, in addition to (4.3.3) we assume that
this convergence rate is globally valid for this problem in the sense that for any
time step we have

kp p*k  kp p‘k; kO
with the exact solution p of the discrete spatial problem. Then we can write
(1 kp p‘k kp p'k kp ptk k pt pfk; ko 0;

and assumingkpk k p*k, which is justi ed if initial iterates are chosen in a
neighbourhood ofp, we get

kp pk k 1 kpk+1 pk k -

kk 1 ok o

Now, in order to determine p at least up to a relative accuracy of 1% we choose
the stopping criterion
kpk+l pkk
————— < 0:0005 4.3.4

and obtain
kp p*k 1

<
kpk 1 095
Figure 4.41 shows the number of iterations obtained with ths stopping cri-
terion per time step (recall = 10) for the time evolution displayed in Fig-
ures 4.17{4.40. Note that in these gures the evolution is gien columnwise in
time. Except for the last column we have chosen constant timentervals t in
each column which are, however, increased considerably kat in the evolution.

0:0005 = 0:01: (4.3.5)

One can observe a quite fast evolution in the rst 20 time stefs, in which the
lake loses more than half of its height while its water ows quckly into the rst
soil layer which is sand. With regard to the fast evolution at the beginning
as compared to later time steps observe that the hydraulic coductivity of the
soil gets smaller from layer to layer if we go downwards. Betwent = 800 and
t = 4320 the water level is below 001, and it is equal to O (e.g. fort 2 [94G, 1160])
or oscillating in the interval [0;0:0012] betweent = 930 and t = 2410. Later
the water level rises again slowly while the saturated area fothe soil increases
gradually (the colour blue in the graphics represents the iiitial pressurep= 10
while we havep 0 in the yellow regions, orange forp 1 and red forp  2).
At t = 12790 (Figure 4.39) the surface water has reached its ini@l height
h = 0:1686 again, and att = 13420 (Figure 4.40) the pressure has been equalized
in the right bottom corner of and the domain is fully saturat ed with the range
p 2 [0; 2:2] while the lake can already be regarded as over owing.
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Figure 4.17:t =10

Figure 4.18:t =40

Figure 4.19:t =70

Figure 4.20:t = 100

Figure 4.21: t = 200

Figure 4.22: t = 400

Figure 4.23:t = 600

Figure 4.24: t = 800
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Figure 4.25:t = 1000

Figure 4.26:t = 1500

Figure 4.27:t = 2000

Figure 4.28: t = 2500

Figure 4.29:t = 3000

Figure 4.30: t = 4000

Figure 4.31: 5000

Figure 4.32: t = 6000
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Figure 4.33:t = 7000

Figure 4.34:t = 8000

Figure 4.35:t = 9000

Figure 4.36: t = 10000

Figure 4.37:t = 11000

Figure 4.38:t = 12000

Figure 4.39:t = 12790

Figure 4.40: t = 13420
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Figure 4.41: Number of iterations per time step of the Robin rmethod
with stopping criterion (4.3.4) for a relative accuracy (4.3.5) of 1%

The time evolution is also re ected by Figure 4.41 where the mmber of Robin
iterations needed per time step is given for the stopping cterion (4.3.4). Mostly

we obtain iteration numbers below 15. In the rst few time steps, however, they
are considerably bigger, for example at least 20 far 2 [40; 240] with a maximum
of 38 fort = 100. With regard to this fact, we point out that starting wit h

t = 40 the wetting front coming from the lake already crosses tte interface
between the rst and the second layer. (Recall that the wetting front is the

border between the fully saturated and the unsaturated regme.) Furthermore,

a solution from the previous time step as the initial iterate for the next time

step is certainly further away from the next solution at small time steps, where
we observe a fast evolution.

We remark that at t = 1300 the wetting front coming from the surface water
reaches the third layer, and at aroundt = 5000 the wetting front reaches the
bottom layer at the left boundary of the domain. At around t = 2300 a topology
change of the previously disconnected parts of the saturaté regime of takes
place. Starting at about t = 10000 the layers ; and » are fully saturated,
and sois zataroundt =11700. The last peak (with the iteration number 15)
in Figure 4.41 is obtained att = 13420 (see Figure 4.40).

Our time step size = 10 is chosen three orders of magnitude larger than
prescribed by the CFL condition (4.2.11) for linear cases, Wich would require
< 0:0015 if we seth as the smallest side length of a triangle inz-direction
(see Figure 4.15) and = 4 from Table 4.2 in (4.2.12). With a glance at
Figures 4.17{4.40 and Figure 4.41, the choice of = 0:0015 would require about
10° time steps for the same evolution process leading to a time s®lution which
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seems far too ne for this problem. In addition, we would needunrealistically
long calculation times of several weeks for the computatiorof this problem with
the stopping criterion (4.3.4) on a PC. Note that we also soled our problem
above (using = 10) with the much bigger accuracy (4.3.2) which took about
a day of computation while the calculation with the stopping criterion (4.3.4)
only lasted a few hours.

We do observe some numerical instabilities (i.e. unrealist physical pressure
valuesp < 10) in the solution of some spatial problems in our example abve.
They occur in nodes of certain triangles when the wetting frat crosses that
area, for example at the left boundary or in the right top corner of . These
critical triangles contain angles which are (possibly much bigger than =2.
We point out that we also observe such instabilities if we ch@se bigger mesh
sizes or smaller time steps such as = 0:02 (CFL time step for the rst level).
They even occur if we carry out numerical experiments with a wvetting front
around critical triangles using the CFL time step = 0:0015. Moreover, we
also observe such instabilities if we compute the same exarfgwithout gravity.
These observations suggest that the instabilities which webtained in our model
problem are not due to the gravitational term but rather due t o the grid quality
which we have not optimized here. We assume that such probleexmight require
grids which satisfy the Delaunay or a similar property, see launay [31] and
Fuhrmann and Langmach [41].

Altogether, the nature of our example and the numerical resilts we obtained
demonstrate that the solution method we propose for the Riclards equation in
heterogeneous soil with surface water can be successfullpgied to a realistic
hydrological model problem.
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Zusammenfassung (deutsch)

Dreh- und Angelpunkt der vorliegenden Arbeit ist die Richardsgleichung. Diese
ist eine nichtlineare elliptisch-parabolische partielle Di erentialgleichung zur
Beschreibung des Grundwasser usses in pomsen Medien imegattigten wie
im ungesattigten Fall. Eine der beiden Nichtlinearitate n, die relative Perme-
abiliat, fahrt zu einer Degeneriertheit in der Ortsable itung, da sie far kleine
Druckwerte beliebig klein werden kann. Weiterhin kennen die Parameterfunk-
tionen gro e Steigungen enthalten und f4r extreme Bodenpaameter zu Sprung-
funktionen degenerieren. Da zudem die Parameterfunktione vom Bodentyp in
Teilbereichen des Rechengebiets abhangen, erhalten wireterogene Probleme
mit springenden Nichtlinearit@aten.

Angesichts dieser Eigenschaften der Nichtlineariaten sreben wir eine Lesungs-
methode fur die Richardsgleichung an, welche wllig ohneLinearisierung aus-
kommt. Dazu ist es netig, das Problem in Teilprobleme zu zefegen, welche
getrennt voneinander gelest werden kennen. Als erstes wid dafar der homo-
gene Fall ortsunabhangiger Parameterfunktionen betractet, far den wir durch
Kirchho {Transformation die quasilineare Richardsgleic hung in eine semilinea-
re Gleichung transformieren kennen, welche nun gleichmdg elliptisch im Ort
ist. Die erhaltene Gleichung wird dann implizit im Haupttei | und explizit im
Gravitationsanteil der Ortsableitung in der Zeit diskreti siert. Dies fuhrt auf
Ortsprobleme, welche aquivalent zu eindeutig lBsbaren lonvexen Minimierungs-
problemen sind. Letztere lassen eine Diskretisierung mitihearen niten Ele-
menten zu, fur die Existenz und Eindeutigkeit sowie Konvergenz der diskreten
Lesungen gezeigt werden kann. Die entstandenen diskrete®robleme kennen
mit monotonen Mehrgitter{Methoden e zient und robust beze uglich extrem
variierender Bodenparameter gelst werden.

Im heterogenen Fall fashren verschiedene Kirchho {Transformationen in den
Teilgebieten mit homogenem Boden auf ein Gebietszerlegusgroblem. In die-
sem sind konvexe Minimierungsprobleme auf den Teilgebietemit nichtlinearen

Ubergangsbedingungen auf den Gebietsgrenzen gekoppelt.okkret fordern die
Ubergangsbedingungen die Stetigkeit des physikalischenrcks sowie des Nor-
malen usses uber die Gebietsgrenze. Mittels dieser Gmen lassen sich nicht-
lineare iterative Verfahren wie die Dirichlet{Neumann{ un d die Robin{Methode

de nieren. Ohne weitere Linearisierung werden diese Verfaren durch eine
Weiterentwicklung der linearen Steklov{Poincae{Theor ie analysiert. Im Falle
von nichtdegenerierenden relativen Permeabiliaten aufzwei Teilgebieten im
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Eindimensionalen erhalten wir folgende Konvergenzaussa&g sowohl im Kon-
tinuierlichen als auch im Diskreten. Die gendgend gedamiite Dirichlet{Neu-
mann{Methode sowie die Robin{Methode konvergieren far die stationare Ri-
chardsgleichung ohne Gravitation, und das zugeherige Geletszerlegungsprob-
lem ist wohlgestellt. Weiterhin konvergiert die Robin{Met hode far die zeit-
diskretisierte Richards{Gleichung, und auch hier erhalten wir die Wohlgestellt-
heit des Gebietszerlegungsproblems. Obwohl unsere auf eim Kontraktionsar-
gument basierende Beweismethode im Zweidimensionalen \&agt, erhalten wir
befriedigende numerische Resultate fur die Anwendung deMethoden auf die
untersuchten Probleme in zwei Raumdimensionen.

Schlie lich wird eine geeignete Upwind{Diskretisierung far den explizit zeit-

diskretisierten Gravitationsterm mittels niter Element e entwickelt. Damit las-

sen sich die Ortsprobleme der zeitdiskretisierten Richardgleichung numerisch
stabil lesen, wobei Zeitschrittbeschrankungen in der Praxis akzeptabel bleiben.
Ein numerisches Beispiel in zwei Dimensionen zur Lesung deRichardsgleichung
mit vier verschiedenen Beden und Oberachenwasser sowigealistischen hydro-
logischen Daten zeigt die Anwendbarkeit unserer Lesungsmthode.
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Appendix

In this appendix we collect some basic de nitions and well-khown results that we
use in this work. For more information we give some literature on the subjects
mentioned here. In general the de nitions and theorems can b applied to
RY for any d 2 N. In Section 1.5 we specify the properties of the domains
RY we would like to consider. Here we give the relevant de nitims, one
of which (Ct-polyhedron) is needed in Gauss's theorem whereas the otheme
(Lipschitz domain) is most prominent in the theory of Sobolev spaces.

A.1 Gauss's theorem

One central ingredient in the whole theory of partial di ere ntial equations is
certainly Gauss's theorem, from which Green's formulas of prtial integration
are obtained. We quote this theorem from [55, p. 380] where th following
conditions on the boundary @ are imposed, see [55, p. 376].

De nition A.1.1.  Let be an open set in RY.

a) A point a2 @is called a regular point of @ if there is a neighbourhood
U R" ofaand aC-function q:U! R with r g(x) 60 for all x 2 U
such that

\U=1fx2U:q(x)< 0g:

An element of @ is called a singular point if it is not a regular point.
The collection of all regular points of @ is called the regular or smooth
boundary @ of . Analogously, @ := @ n@ is called the singular
boundary.

b) iscalled a C!-polyhedronifits singular boundary @ isa( d 1)-nullset.

See [55, pp. 376/377] for the proof of the fact that the smoothboundary of
a Cl-polyhedron is an orientable Cl-hypersurface. In this context we also
refer to [55, pp. 115/116] for the de nition of a (di erentia ble) manifold, to
[55, pp. 360{369] for measurability of subsets of manifoldsand the de nition

of a (Hausdor ) nullset, furthermore to [3, p. 13] for the (d 1)-dimensional
Hausdor measure of a smooth surface irRY.
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Now we can state Gauss's theorem, also known as the divergemdheorem.
Later on we will encounter it again in a weak form (see (A.2.13).

Theorem A.1.2. Let RY be a boundedC!-polyhedron andF : | RY a
vector eld with the following properties:

a) F is continuous on  and continuously di erentiable on
b) div F is integrable on

c) F is integrable on @ .

Then the following holds:
z z

divF dx = F nd:
@

Note that property b) is satis ed if div F is bounded on and property ¢) holds
if @ is a measurable hyperface. As a consequence of this theoreme give the
following version of partial integration in RY.

Theorem A.1.3. Let RY be a boundedC!-polyhedron with Hausdor mea-
surable@ , G: ! RY a continuous vector eld andv: ! R a continuous
scalar function, both continuously di erentiable on . Furthermore, let div G
and the partial derivatives ofv be bounded on . Then the following holds:

Z Z Z

div(G(x)) v(x) dx = G(xX)r v(x)dx + (G(X) n(xX)) v(x)d (x):
@

Proof. The result follows immediately by considering the vector eld F := G v
in Theorem A.1.2 and applying the product rule div(G v) = div( G) v+ Gr v. O

Note that for G = r u with a su ciently smooth scalar function u we ob-
tain Green's rst formula. Instead of requiring properties a) and b) in Theo-
rem A.1.2, one often con nes oneself to vector elds with coodinate functions
from the well-known spaceC!() (as done in Section 1.5), which we de ne in
the following (see [98, p. 7]). Hausdor measurability of @ provided, Gauss's
theorem clearly holds for such vector elds. In the following we de ne these
spaces along with some other well-known function spaces.

De nition A.1.4. For any RY we denote byC() the space of all contin-
uous functionsf : ! R.

If is compact, then C() equipped with the norm kf k; = supy, jf (X)j is
a Banach space.

Now let be open. We call = ( ;i g¢) 2 N§ a multi-index and de ne
jji= 1+ + 4. Bythe expression
@@
Dfi=——"f
@x' i @x%°
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we abbreviate the corresponding partial derivative of a furction f : ! Riifit
exists.

In caseD f exists and is continuous for any multi-index with j j k2 No,
the function f is called k times continuously di erentiable. The space of all
these functions is denoted byCX() (note CO%)= C()).

In addition, we de ne the space of all in nitely di erentiab le functions with
compact support as

ct ()= ff 2\ 1 anCX():supp f is compacy:
For open and bounded RY we de ne
ck():= ff 2ck(): D f has a continuous extension on forall j j kg:

Equipped with the norm
X

kf kek(y = kD fk;
ik
CX() is a Banach space. Finally, we de ne the sets

C'():= VienC*() and  C' ()= \ianCH() :

It makes sense not to de neCK() as the space of all k times continuously
di erentiable functions f : I R, whose one-sided partial derivativesD f
exist on @. This is because there may be points in @ where, according
to the shape of , certain one-sided partial derivatives D f cannot even be
de ned (e.g. in the north pole of a circle in R?). However, if a one-sided partial
derivative D f of anf 2 C¥() can be de ned in a point in @, by the mean
value theorem it is equal to the extension ofD f on in that point.

A.2 Sobolev spaces

For what is to come, we refer to the standard literature Adams|[1], Lions and
Magenes [64] and WIloka [101] as well as to Alt [3], Werner [9&Ind Ziemer [104].
In particular, we follow the exposition in the compendium by Brezzi and Gi-
lardi [21] and the appendix in Quarteroni and Valli [75] accading to which
most of our notation is chosen.

LP-spaces

Letl p<1 and RY be open and bounded. ByLP() we denote the
well-known Banach space of all equivalence classésof Lebesgue measurable
functions on which coincide almost everywhere in and for w hich jf jP is
Lebesgue integrable.LP() is endowed with the norm
Z
kf ko) = if (x)jP dx

1=p
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For p = 2 this gives the Hilbert space L2() with the scalar product
Z

(f:9)ie = (0 g(x) dx:

Considering functions only except for a Lebesgue nullset,tiis commonplace
not to distinguish between the functions and their equivalence class. The space
L® () is de ned as the space of all essentially boundedfunctions f on with

kf ky :=inffM > 0:jf(x)] M almost everywhere in g< 1 :

Now, for a multi-index  (see De nition A.1.4) and a function f 2 LP(), a
function g 2 LP()) with the property
Z Z
gvdx=( 1)1 fD vdx 8v2C} () (A.2.1)

is called the weak derivativeD f of f. If such a g exists, it is unique, and if
we havef 2 CX() for j j k and a Cl-polyhedron , integration by parts
(see Theorem A.1.3) givesg = D f in the classical sense of De nition A.1.4.
We note that in general, by consideringf as a continuous linear functional in
the sense of the right hand side of (A.2.1) on the spac€} (), equipped with

a certain locally convex topology , D f can always be de ned as an element
of the dual (C¢ () ; )°

Sobolev spaces of natural order

For k 2 Ng the Sobolev spaceVkP() is the space of all functions in LP()
whose weak derivatives up to the orderk also belong toLP(), i.e.

WKP():= fv2LP(): D v2LP()foral jj kg:

WKP() is a Banach space with respect to the norm

! 1o

X
kvKy:p = kD vkl
ik

forl p<1 and

Kvkg.1 = m_axk kD vk;
i

forp=1.1f p<1 then WKP() is re exive.

For p = 2 we write H¥() instead of WK?() and k ki instead of k Kg:2.
HK() is a Hilbert space with the scalar product

X
(ViWhky = (D v;D w) 2y
ik

It is crucial to have a notion of boundary values for Sobolev finctions, i.e. for
elements ofWKP(). As a rst step towards that, one de nes the space W(',"p()
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as the closure ofC} () with respect to the norm Kk kep forl p< 1. For
k = 0 we obtain WSP() = WOP() = LP() (see [1, p. 31]), but for k 2 N
andp > 1, WSP() is always a proper subset of WXP() if R9n has a positive
Lebesgue measure (see [1, pp. 56{63]). Again, for= 2, we write H'g() instead

of WEP(). The most prominent case of the Hilbert spaces HX() ~ H¥() is

obtained for k = 1.

The dual space oNV(')‘;p( ) is denoted by W I‘?po( ) with the conjugate exponent

p®de ned by

+£:1

1

p P
forl p 1 setting$:= 1 and s :=0. The reason for this notation is
that every element of WXP() ©can be interpreted as a sum of distributional
derivatives up to the order k of certain functions coming from the product
space (_PO( )) N whereN is the number of multi-indices with 0 j j k
(see [1, pp. 46{51] for details). However, a similar identication for WkP() ©
is not possible ifWP() & WKP() (compare [21, pp. 1.48, 1.56]). Again, for
p=2,we write H ()= H§() °

It has to be pointed out that the de nitions of the spaces H¥( ) (sometimes also
HkP()) are by no means consistent in the literature (compare th e references
given at the beginning of this section). In Adams [1, p. 44] fo example, H “P()
is de ned as the completion of the functions in CX() with nite  k Kky.p-norm
with respect to this norm. For 1  p < 1, this is shown to be WXP() (see
[1, p. 52]). In Werner [98, p. 204],HK() is the closure of the CX()-functions
in WKP() with respect to  k kg, and in Wioka [101, pp. 96{98], H¥() is
de ned via the Fourier transform (see (A.2.2)). In these two cases,HK() can
be a proper subspace ofVk2(), however, we always have HK() = Wk2()

if the boundary @ is smooth enough (see [1, pp. 54{56]), for example to allow
a continuous linear extension operatorF : WK2() 1 WK2(RY) (consult
[101, pp. 99/100]). For bounded RY a su cient condition to obtain this is
the Lipschitz boundary (see [1, pp. 66/67] and [19, p. 31]), Wwich we de ne in
the following.

Lipschitz boundary

Recall that a subset S of the boundary @ is called a graph of a function
f:V RI 11 Riffora xed i 2f 1;:::;dg the i-th coordinate x; of any
X 2 S can be written asf applied to the other coordinates ofx, considered as
a vector in V.

De nition A.2.1. A set RY is called a Lipschitz domain and @ a

Lipschitz (continuous) boundary if for any x 2 @ there is a neighbourhood Uy
of x such that Uy \ @ is the graph of a scalar Lipschitz function f on an
open subset ofRY 1. Lipschitz continuous subsets or submanifolds @ are

de ned accordingly.

247



This de nition is important, in particular since we conside r bounded domains

RY. For bounded Lipschitz domains, the so-calledstrong local Lipschitz
property and consequently thecone property hold. The latter is the essen-
tial property of required in the well-known embedding theo rems of Sobolev
[1, p. 97] and Rellich [1, p. 144]. Lipschitz continuous boudaries are also
needed for the trace theorem A.2.3 and the Poincae inequaty (A.2.13) which
we note below.

Real order Sobolev spaces

For the trace theorem Sobolev spaces \of fractional order's 2 R are needed.
For p = 2 this can be achieved via the Fourier transform & of u 2 L2(RY) by
extending the result

z

HKRY = w2 L2(RY:  jo()iP@+jjdk<1 (A.2.2)
Rd

(see [98, p. 218]) to all nonnegative reals and then by considling restrictions of
these functions on RY. Using so-called tempered distributions this can even
be done for alls 2 R (see e.qg. [64, pp. 30{32] and [101, pp. 95{100]). Another
abstract approach for 1 p< 1 is to interpolate between the spacedV*P()
and WX*1:P() in order to get WSP() for k <s <k +1. If is bounded
and @ is smooth enough (see [1, pp. 67, 214]),WSP() with s = k+ and
0< < 1 turns out to be isomorphic to the space of all functions inW*P()
with nite Sobolev{Slobodeckij{norm
0 7 11
jD u(x) D u(y)jP

kuksp = @kukp, + jx yjare

=k

dxdyA :  (A.2.3)

The spacesW, () are again de ned as the closure of the C§ ()-functions in

WSP() and the duals WSP() Care calledW S?po( ). In case of p=2 and the
de nition via Fourier transform, the latter is a theorem. Fo r p = 2 again, Hilbert
spacesHS():= WS2()and H§():= WZ%()and H S()= W S%()are
de ned. It turns out that C?! () is dense in HS() regardless of how regular
the boundary @ is (consult [101, p. 74]). If is a Lipschitz domain we also
have the density of C1 () in HS() (see [27, p. 114]).

Trace spaces

If @is a su ciently smooth hypersurface, trace spaces WSP(@) can be de ned
using spacesVSP(ywith ~ RY 1 and parameter functions constituting @
via parameter regions ~(see [64, pp. 34{37] and [1, 214{217]). For polygons
in R? this is done in [21, pp. 1.56{1.60], whereWSP() for smooth subsets
@ are de ned accordingly. Finally, Wg™P() is de ned as the closure of
tracesv; of C! ()-functions v vanishing in a neighbourhood of@ n. Now,
unfortunately, for s 0O and 1<p< 1 suchthats 1=p2 Ng, functions in
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W,P() do not necessarily have extensions in WSP(@) that vanishon @ n.
Therefore, the space of all functionsv 2 WSP() allowing trivial extensions
v 2 WSP(@) is de ned as

Wel():= fv2 WSP():~v2 WSP(@) g (A.2.4)

with the norm
kaW&?}P() = kwkyy sp (@ - (A.2.5)

If @ n has a positive Hausdor measure, the space Wy"() is strictly con-
tained in Wy P() ifand only if s Oand1l<p< 1 suchthats 1=p2 No.
In this case (compare [21, pp. 1.57{1.60] and [75, p. 7]) we ke

kvkwso () K Vkyse () 8v2 Woi() (A.2.6)

In general the spacesWSP() and Wgs() are re exive Banach spaces for
s 0Oand1l p< 1. Incase of WSP() the Sobolev{Slobodeckij{norm,
analogously de ned as in (A.2.3), provides an equivalent nom. Furthermore,
we always haveW;"(@) = WSP(@), andfor s Oand1l p< 1 the dual
spaceWsP() Cis denoted by W SP°(). For p =2 we obtain again Hilbert
spacesH®(), HG(), Hgy()and H S().

Embedding and trace theorems

Now, with all these de nitions and facts, we can state the man theorems

which we use in this work. Unless otherwise stated they applyfor bounded

and connected RY with a smooth boundary @, i.e. a C! -manifold, or

a polygon 2 R? (see [21, pp.1.29, 1.30, 1.56]). Furthermore, we assume
@ to be a connected smooth or polygonal subset of @ throughout in

what is to come. First we note a version ofSobolev's embedding theorenfcon-

sult [21, pp. 1.52, 1.55, 1.56, 1.60]), which we need for thedce spacedVSP().

As usual, by Al B between two vector spaceA and B we indicate that A is

naturally included in B and the corresponding linear map is continuous, i.e. a

continuous embedding

Theorem A.2.2. LetO r s;1<p g<1 and RY, @ as
above. Thens 42 r 4L implies the continuous embedding

WSR() 1 wra()
and s > 91 implies the compact embedding

p
WSP() 1 C() :

The following theorem is calledtrace theorem and gives a precise meaning to

the notion of the restriction on @ of a Sobolev-function on . It consists

of two parts giving also an extension result and thus making tear the space of
all restrictions.
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Theorem A23. Lletl p 1 ,s> % and s % 2 N. Then the following
holds:

a) There is a unique continuous linear maptr : WSP() ! W? ey
such thattr v=v; foreachv2 C() \ WSP() .

b) There is a continuous linear mapR : WS 1=PP() I WSP() | such that
tr R = foreach 2 WS FPP()

In this work the trace theorem is frequently applied, mainly fors =1 and p = 2.
In this case the theorem is also valid for bounded and open am Lipschitz
continuous @ or (see [75, p. 339]). Now, for s and p as in Theorem A.2.3,
the following de nition of Banach spaces of Sobolev functims vanishing on
is necessary for our purposes:

WSP():= fv2WSP(): tr v=0g and HS():= W%() : (A27)
It turns out that W5™P() = WgP() (see [21, p. 1.66]).

Note in Theorem A.2.3 that tr is surjective andR is injective. Consequently,
the trace theorem provides a useful characterization oS 17PP() as the space

of all restrictions v; := tr v of the functions v 2 W*SP(). Furthermore,
observe that by de nition (A.2.4) of Wy() we have
vawgh () 0 Vi 2 We() (A.2.8)

The trace operator tr gives thetrace inequality
ij kWS 1=p;p () Clkas;p 8V 2 WS;p()
with C; = ktr k. In addition, considering (A.2.5) and (A.2.8) it provides
kVJ kwgo 1=p;p () = k\fj kWs 1=p;p (@) Czkvks,p 8V 2 ngn () (A29)

with C, = kir @ k, thus a trace inequality for W3, *P?(), too (compare this
result with (A.2.6)). However, although the extension operator R gives

kR ki Csk kWs 1=pip () Csk |(W§0 1=pip 0 8 2 W(?O 1=D:p()

with C3 = kR k, this does not entail the equivalence of the normsk kWs =P ()
00

and k Kys 1pp () 0N Wgg =PP()if s 1=p2N. More speci cally, we cannot

set =y, in(A29)andassume ~= trgR 8 2 W3, (). In fact,

the latter must be false since this would provide the equivaénce. But the

C! ()-functions vanishing in a neighbourhood of @ n are contained both in

Ws PPy and WG, ©PP(). Therefore, if s 1=pZNp, then Wy, "™™P() is
a non-closed dense subspace Wiy PP().

Finally, using the inequalities just mentioned, it is easy to see that
k ke=inffkuky:u2 WeP () ; =t ug 8 2Wgp "°() (A2.10)

: _ o
provides an equivalent norm onWg, = ().
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Normal components in a weak sense

There is also a trace theorem for normal components which weam use for the
notion of weak normal derivatives. For this purpose we de nethe space

LA, ()= fw2 (LP()) 9:divw2 LP() g

for1 p< 1 with the graph norm

1=p

+ kdiv wkP

kwkgiy ==  kwk®? Lp() ,

(Le() @
d

herei ite kwkP '—Pdk-kp d di _ P @y with
wnerein we write Kw (LP()) d = i=1 Wi LP() an VW = i=1 @W| WI

space is calledH (div w; ). We have ( WLP()) ¢ Lgiv() with equality only
if d=1, and (C! ()) ¢ is dense inL, ().

Theorem A.2.4. Let 1<p< 1. Then the following holds:

a) There is a unigue continuous linear operatortr , : Lgiv() LW PP(@)
such thattr,w = (w n);e for eachw 2 (C()) 4\ L§, () .

b) There is a continuous linear operator R, : W “PP(@) ! Lﬁi\,() , such
that trnR, = foreach 2 W “PP(@) .

Here, as always,n denotes the unit normal vector on @ directed outward. We
point out that n exists almost everywhere on@ since @is a Lipschitz bound-
ary (see Ciarlet [28, pp. 32{37]). As in Theorem A.2.3 above,Theorem A.2.4
also holds in case of @. Then for p = 2, however, we need to replace
W =PP() by HZ?() © which is larger than H 172() because Hgg2() is
strictly contained in H72() for nontrivial @ n. In this case Theorem A.2.4
also holds forC!-polyhedra with a Lipschitz boundary (see [75, p. 339]).

Now, if for u 2 H() we have div( r u) 2 L?() as an additional regularity
condition, then r u 2 H(div; ) holds and we obtain ru n 2 H (@) or
run?2 Hégz() 0 de ned according to Theorem A.2.4. If the regularity of
u is even higher, one can prove more, for example there is an alogous trace
theorem that assigns eachu 2 H ?() a unique normal derivative %“2 H™(@)
or more general%“Z H12() (see [21, pp. 1.62{1.65]).

Gauss's theorem in a weak sense and Poincae inequality

Using the trace theorems and the density ofC? () in WZP(), one can gener-
alize Gauss's theorem and Green's formulas of partial integtion to the weak

setting for C1-polyhedra with a Lipschitz boundary. In particular, we ha ve

4 @ 4 @ 4

—~wvdx = W—v dx + trowtrgvnid (x) 8w;v2H?!
(A.2.11)
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fori = 1;:::;dwith n = (nq;:::;nq). More generally, for 1< p < 1 one

obtains
Z Z

divwvdx = wr vdx+ hrow;trgvi 8w2LE () 8v2 Wl?po()

(A.2.12)
as a generalization of Theorem A.1.3, which gives a generaétion of Gauss's
theorem A.1.2 by settingv = 1. Here, h; i denotes the duality pairing between
the relevant trace spaceswW FPP(@) and W LPP’(@) which can be written
as the usual boundary integral if the rst entry has a representation in LP°().

In the following, we state the well-known Poincae inequality (see for example
[30, pp. 127{130] and [75, p. 340]) which is used to prove cogvity of bilinear
forms or equivalence of the energy-norm and th& ki-norm in the spaceH ().
In [30, pp. 129{130] the notion of a positive capacity (which diers from a
measure) of @ s required (see [29, p. 447]), but the proof applies for all
with a positive Hausdor measure which are regular enough sah that the trace
theorem A.2.3 holds andH () can be de ned as in (A.2.7).

Theorem A.2.5. Assume that RY is bounded, connected and open and
@ is a Lipschitz manifold with a positive Hausdor measure. Then there
exists aC > 0 such that
Z Z

jir v(x)j?dx C  v3(x)dx 8v2H?() : (A.2.13)

Spaces of vector-valued functions

For weak formulations of parabolic equations on a time cylirder Q = ©;T)
with T > 0 one usually considers function spaces on {(U) or [0; T] with values
in a Banach space V;k ky), at least almost everywhere on (QT). Here, we
give some basic de nitions of the spaces that we address in S&on 1.6. We refer
to [21, pp. 1.67{1.75] for a survey of these spaces and to [10fp. 364{390] for
a more extended presentation of the topic.

The space of all continuous functionsv : (0;T) ! V is denoted by C((0;T); V),
the space of allk times continuously di erentiable functions v : (0;T) ! V
(de ned straightforwardly) is denoted by CK((0;T); V) for k 2 N. Analogously,
the Banach spacesC([0; T];V) and CK([0; T];V) are de ned with norms just
as for real-valued functions as well as the spaceS! ((0;T); V), C! ([0;T];V)
and C} ((0;T); V).

A function v: (0;T) ! V, de ned almost everywhere on (QT), is called mea-
surable if there is a sequence \{,)n2n 2 C([0; T]; V) such that vu(t) ! v(t),
n!l ,holdsinV for almostall t 2 (0;T). For such measurable functionsv,
one can show thatkv( )ky is Lebesgue measurable. For 1 p< 1 we denote
by LP(0; T;V) the space of all measurable functionss : (0;T) ! V with

Z 1 1=p
kvKLp(0:T:v) 1= . kv(t)k, <1:
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Furthermore, L (0; T;V) is the space of all measurable functions : (0;T)! V
with
kvki 1 (o1:v) = Kkv()ky k; < 1

If V is a Hilbert space with the scalar product ( ; )v, then L?(0;T;V) is a
Hilbert space with the scalar product

Zy

(u;v) = (u(t);v(t))y dt 8u;v2 L?0;T;V):
0

For functions v 2 L(0;T;V) one can de ne the integral ROT v(t) dt (Bochner
integral, see [101, pp. 364{377]), which is an element df satisfying
Z Z
v(t) dt kv(t)ky dt:
0 v 0
If V is separable, the dual spacdP(0; T;V)is naturally isometrically isomor-
phic to LP(0; T: V9.

Now, fork 2 Nand 1 p< 1, the Sobolev spaceN*P(0;T:;V) is de ned as
the completion of C! ([0; T]; V) with respect to the norm

O 1 ]_:p

Xk .
kvky ke (0:7;v) = @ kV(J)kLp(O;T;V)A ,
j=0

vi) 2 C1 ([0; T]; V) denoting the j -th derivative of v. The closure of the space
cl ((0;T); V) in WKP(0; T;V) is denoted by WP (0; T; V). Analogous de ni-
tions are possible for indicess 0 instead ofk 2 N.

If V is separable and re exive and 1< p < 1 , the dual space of\Ng;pO(O; T:V9

is denoted by W XP(0;T:V). Accordingly, for p = 2 we de ne Hilbert spaces
HL0;T;V) = WK2(0;T;V), HE(0; T;V) := WS40;T;V) and the dual spaces
H KO:;T;V):= W K20;T;V) of the latter.

verges to a function inLP(0; T; V), which is then de ned as the weak derivative
of v. Thus, as for real-valued functions, WKP(0; T;V) can be identi ed as the
space of all functions inLP(0;T;V) for which weak derivatives vi) exist in
LP(0;T;V) up to the order k.

We remark that weak derivatives can also be de ned in the distibutional sense
generalizing (A.2.1), see [101, pp. 378{382]. In particulg for parabolic prob-
lems with weak solutionsu 2 LP(0;T:V), uY= u) is no longer a function in
general and needs to be de ned by giving sense to a notion of ptal integration
in spaces of vector-valued Sobolev spaces. We de n& as the continuous linear
operator L 2 WEP(0; T;V9°= W 1P(0;T;V) given by
Zq
L(v) = vehvt); u®)iv dt - 8v2 WEP(0; T;Vv9;
0
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whereyoh ; iy is the duality pairing between V%and V. It can be proved that
KLk Kk ukip(.T.v) holds.

Finally, we note that Sobolev embeddings and trace theoremsan be obtained
for Sobolev spaces of vector-valued functions as well. Forxample, we have
the continuous embeddingWP(0;T;V) | C([0;T];V) such that in case of
u2 WLP(0; T;V) initial values u(0) 2 V make sense for parabolic problems.
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.1, 2 domains in RY (and subdomains) 31, 131
@ boundary of domain 31
p (= p(x;t)) physical pressure in the water 9, 49, 132
pi physical pressure (solution) on 137, 145, 164
p. p (2Nj) node given by the triangulation T; 79, 102
Po pressure unit 14, 24,194
Po bubbling pressure 10
pr scaling factor 15
Po Dirichlet boundary values for p 32,34, 49
, IS 1 convex functions onR 62, 105, 167
@ @} subdi erential of convex functions , P 71, 105
.S, convex functionals on a Sobolev space 64, 75, 167
@ y , @ 1 directional derivatives of functionals , 1 65, 167
@, @S subdi erentials of convex functionals , S 71,71
i, S, 1j discretizations of convex functionals , S, 80, 82, 192
@, @° subdi erentials of functionals j, S onS; 82
Q time cylinder ©;T) 52
R extension operator w.r.t. @ 250
Ri, R> extension operators related to ;, 165
% density of water 8
. opt convergence rate 125, 161, 198
(5 ) lumped L 2-scalar product on Sj 96
() L 2-scalar product on 165
(;), scalar product in L2( ;) 145
(;)n scalar product in the Hilbert spaceH 71
S, S1,S, Steklov{Poincae operators (w.rt. 1, »2) 143, 147, 171
Si space of linear nite elements at levelj 2 Ng 79
SJ-D subset of§; with homogeneous Dirichlet 79
boundary conditions on p
t (2 [0;T) time variable 8
t(2T;) triangle in T; 79
th time step forn 2 Ng 60, 220
., n time step size (forn 2 Np) 60
T end time of evolution 31
T, , operator providing Robin iteration step 172
T,.,, T operator providing ADI iteration step 175, 176
T; triangulation at re nement level j 2 Ng 79
= (p) saturation (w.r.t. physical pressure p) 10, 16, 20
ms M residual and maximal saturation 10
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i()

#, #opt

tr

u (= u(x;t))
Ui
Uo
Uc

saturation w.r.t. the physical pressure on ;

damping factor in Dirichlet{Neumann method

trace operator (w.r.t. @)

generalized pressure (solution)

generalized pressure (solution) on

unit of generalized pressure

critical generalized pressure

scaling factor

Dirichlet boundary values for u

nite element solutions

Gauss{Seidel or multigrid iterate

solution of a split o linear problem on
depending only onf

solution of an equation on ; depending on a
boundary value 2 (also: ui( ), uj( ))

domain decomposition iterate,i =1;2,k 0

(test) functions in some function space

test functionson 1, »

(test) function in §; (satisfying v; * v
orvj ! vin Section 2.5)

Sobolev function satisfying Dirichlet boundary
conditions (in Subsections 2.4.2{2.5.2)
function satisfying discrete Dirichlet boundary
conditions (in Subsections 2.5.1, 2.5.2)

generalized saturation

discrete approximation of wy

intermediate iterate in a Gauss{Seidel step
or in a multigrid step

water ux

Sobolev spaces on

Sobolev space
z-coordinate (in direction of gravity)
unit length in z-direction

258

164
144, 149, 162
250

12,41, 54
147, 164
14, 24, 194
13

15

31, 39, 54
81, 82, 95
102, 108, 112
143, 147, 169

169, 177

148, 166

36, 54, 61
137, 146, 165
80, 85
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81, 84
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102, 112, 115
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