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Introduction

"Divide and conquer." | This saying has become one of the basic principles in
mathematics and, in particular, in numerical analysis and scienti�c computing.
And it will be a central feature of our approach to the problems which we
study in this work. The domain decomposition methodswe are going to apply
to our problems | both on an analytical and on a computational level | are
certainly the most prominent characteristic of this princi ple in our approach.
Nonetheless, they are not the only one.

The starting and end point and the basis for the questions raised and investi-
gated in this work is the Richards equation. It arises from the physical prin-
ciple of mass conservation and serves as a mathematical model describing the
saturated-unsaturated 
uid 
ow through a porous medium in o ne single partial
di�erential equation. As a consequence, the Richards equation assumes di�er-
ent types in di�erent regions of the computational domain. I n the saturated
regime it is of elliptic type whereas it is parabolic in the unsaturated regime.

The equation contains two nonlinearities given by parameter functions, one
of which is related to the time derivative while the other one is a factor in
the spatial derivative. Moreover, it leads to heterogeneous problems since the
parameter functions depend on the soil types given in the domain. The Richards
equation is degenerate in the sense that the main part of the spatial derivative
does not provide a uniformly elliptic operator because the relative permeability
as a factor in it can become arbitrarily small for small pressure values in the

uid. Finally, the parameter functions may contain big slop es and can even
degenerate into step functions for extreme soil parameters.

In view of theseheterogeneities and degeneracieswe propose a solution method
for the Richards equation which does not rely on any linearization whatsoever.
In order to realize this, however, we need to \divide" the problem into several
partial problems which we can \conquer".

Therefore, in a �rst step we restrict ourselves to the Richards equation in a
homogeneous setting, i.e. to a single soil type resulting intwo �xed parameter
functions. If, in addition, we neglect gravity in the equati on, an implicit time
discretization of the resulting problem provides quasilinear spatial problems
which can be transformed into semilinear problems by an application of the
Kirchho� transformation . This simpli�cation is not possible in case of spatially
dependent parameter functions, i.e. in a heterogeneous setting.
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Now, the semilinear problem, which we obtain for each time step after the
time discretization and the Kirchho� transformation, turn s out to be equivalent
to a convex minimization problem. This is even true if we treat the gravita-
tional term explicitly in the time discretization, which we will do in this work.
Whether gravity is included in this way or not, an existence and uniqueness
result can be applied to the convex minimization problem anda convergence
result for an appropriate �nite element discretization can be derived. Moreover,
with the monotone multigrid method a fast solver is at hand for the solution
of the arising discrete problems. In addition, the performance of the monotone
multigrid is robust with respect to varying soil parameters, even in the most
extreme cases.

We point out that our solution method for the spatial problem s in the homo-
geneous case is based on nonlinear minimization rather thanlinearization. The
robustness of the method refers to the solution of the transformed problem,
which only contains one nonlinearity, rather than to the solution of the original
spatial problem, which is doubly nonlinear and degenerate for small pressure
values. Here, our \divide and conquer" approach pays out on the practical level,
since by virtue of the Kirchho� transformation the degeneracy of the spatial
problem is completely separated from the solution procedure. The degenerate
character of the original problem reoccurs of course if we want to determine the
solution in the physical pressure variables. Here, the inverse Kirchho� trans-
formation comes into play which is ill-conditioned for small pressure variables.
But this inverse transformation is applied only once | after the solution has
been calculated in the transformed variables.

Having understood the spatial problems arising from the Richards equation in
the homogeneous case, we use this knowledge in the second step to address the
situation in heterogeneous soil. Here, we consider the caseof constant soil pa-
rameters on non-overlapping subdomains 
i , i = 1 ; : : : ; n, of a domain 
 � Rd

which change discontinuously across the interfaces between the subdomains.
As a consequence, we obtain a problem withjumping nonlinearities, i.e. with
nonlinear parameter functions which are �xed for each subdomain but di�erent
on each side of an interface separating the subdomains.

The global problem is formulated as a domain decomposition problem in which
Richards equations in homogeneous soil on each subdomain are coupled by the
continuity of the physical pressurep and the continuity of the normal 
uid 
ux
across the interfaces. Now, in order to apply the results from the homogeneous
case, this domain decomposition problem is reformulated bythe application of a
Kirchho� transformation on each subdomain. Since these transformations di�er
on di�erent subdomains, the continuity condition on p now turns into nonlinear
jump conditions for the transformed variables ui on 
 i , i = 1 ; : : : ; n, across the
interfaces. As a consequence, we obtain a coupling of convexminimization
problems on the subdomains with nonlinear transmission conditions given on
the interfaces.
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Now, we propose to solve this domain decomposition problem by iterative sub-
structuring methods based on the transmission conditions which are well known
for the solution of linear problems. More concretely, anonlinear Dirichlet{
Neumann method and a nonlinear Robin method are developed as generaliza-
tions of their linear counterparts. We point out that we appl y these domain
decomposition methods directly to the nonlinear substructuring problem with-
out any further linearization . In particular, no linearization of the transmission
conditions is involved.

To our knowledge, nonlinear domain decomposition methods of this kind have
not yet been investigated in the literature. Here, we present an analysis for these
methods and the underlying domain decomposition problems by generalizing
existing linear theory on Steklov{Poincar�e operators to our nonlinear case.

The main analytical results in this work concern the convergenceof these non-
linear domain decomposition methodsin one space dimensionon two subdo-
mains in case of relative permeabilities which are bounded from below by a
positive constant. With these assumptions, the convergence of the damped
Dirichlet{Neumann method and of the Robin method and well-posednessof
the domain decomposition problem can be proved for the stationary Richards
equation without gravity. Moreover, for the time-discreti zed Richards equa-
tion we obtain a convergence result for the Robin method as well as a theorem
stating the well-posedness of the substructuring problem.

We emphasize that an existence and uniqueness result for theRichards equation
in the heterogeneous case does not seem to be at hand so far. Toour knowledge,
the analysis on the Richards equation, which can be found in the literature, has
only been developed for the Kirchho�{transformed version, i.e. in the homoge-
neous case. The well-posedness of the domain decompositionproblem for the
time-discretized Richards equation, which we obtain in 1D for nondegenerate
relative permeabilities, might serve as a starting point to establish an existence
theorem for the Richards equation in heterogeneous soil at least in one space
dimension.

Our one-dimensional analytical results are accompanied bynumerical results for
corresponding test casesin two space dimensions. In these examples we obtain
convergence with reasonable convergence rates if the damping parameter in the
Dirichlet{Neumann method or the acceleration parameter in the Robin method,
respectively, is chosen appropriately. Unfortunately, weobserve deteriorating
convergence rates for the Robin method on higher levels, i.e. on �ne grids. For
the Dirichlet{Neumann method, however, we measure convergence rates and
optimal damping parameters which are stable on higher levels. Therefore, even
though our analytical results are more general for the Robinmethod than for
the Dirichlet{Neumann method, the latter might be a promisi ng tool for the
solution of the Richards equation, too.

The last partial problem we have to deal with in view of a stable numerical
solution method for the Richards equation is to �nd an appropriate space dis-
cretization of the gravitational term which is explicitly d iscretized in time. For
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this purpose we develop an arti�cial viscosity term in order to obtain an up-
wind �nite element discretization which accounts for the constant direction of
gravity. As a consequence, we obtain a numerically stable solution method with
tolerable time step restrictions. Finally, we have a numerical example in 2D,
wherein the Robin method is successfully applied to the Richards equation in
four di�erent soils and coupled with a surface water reservoir.

In the following we give an outline of this work which consists of four chap-
ters. In Chapter 1 we introduce the Richards equation in homogeneous soil and
study the Kirchho� transformation and the parameter functi ons according to
Brooks{Corey which we want to use in this work. We carry out a scaling of
the Richards equation and take a look at hydrologically realistic, nondegenerate
and limit cases. Furthermore, we present and investigate Signorini-type bound-
ary value problems for the Richards equation and its Kirchho�{transformed
version in strong and weak formulations. Here, we also discuss the Kirchho�
transformation as a superposition operator. Finally, an overview of the analysis
which can be found in the literature on initial boundary valu e problems for the
Richards equation is given.

In Chapter 2 we discuss the numerical treatment of the Richards equation with-
out gravity in homogeneous soil. We start with an overview ofthe numerics for
the Richards equation to be found in the literature. Then we present our time
discretization for the Richards equation with the secondary role attributed to
the gravitational term. A uniquely solvable convex minimization problem is
derived from the arising boundary value problem for which related or equiva-
lent variational inequalities and variational inclusions are given. Furthermore,
we present a �nite element discretization of the convex minimization problem
and prove a convergence result together with generalizations and consequences.
Finally, in view of appropriate solvers for the discrete problems, monotone
multigrid methods with the Gauss{Seidel relaxation as an essential ingredient
are discussed and an asymptotic convergence theorem is given. The chapter
ends with numerical results con�rming the multigrid theory .

Chapter 3 is devoted to the Steklov{Poincar�e theory for domain decomposi-
tion problems with jumping nonlinearities which are related to and motivated
by the Richards equation. We start with a theorem on the substructuring
of a Signorini-type problem for the Richards equation in homogeneous soil
which serves as a de�nition for the heterogeneous case. Here, we also de-
rive a Dirichlet{Neumann scheme for the time-discretized Richards equation
in heterogeneous soil. Then we investigate a nonlinear Dirichlet{Neumann
method applied to an elliptic transmission problem related to the nondegen-
erate stationary Richards equation without gravity. We giv e formulations via
linear Steklov{Poincar�e operators and prove convergenceand well-posedness
in one space dimension. Although we have counterexamples for our method
of proof in 2D, a numerical example shows that the method can also be ap-
plied in two space dimensions. Moreover, we study a nonlinear Robin method
for elliptic transmission problems related to the time-discretized nondegenerate
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Richards equation. Here, we introduce nonlinear Steklov{Poincar�e operators in
which we formulate and analyse both the problem and the Robinmethod. The
latter turns out to have an equivalent formulation as a nonlinear ADI method
applied to the Steklov{Poincar�e equation related to the pr oblem. As before, we
prove convergence and well-posedness in 1D. Then we discussthe Robin method
applied to the time- and space-discretized Richards equation together with its
convergence and its numerical treatment. Finally, we give numerical results ob-
tained for the Robin method applied to the Richards equation without gravity
and compare its performance to the performance of the Dirichlet{Neumann
method in the stationary case.

In Chapter 4 we complete our numerical solution method for the Richards equa-
tion by appropriately addressing the explicitly time-discretized gravitational
term with the help of an upwind �nite element discretization . A numerical
test in homogeneous soil demonstrates the stability and practicability of the
resulting method. Finally, we present a numerical example in which we solve
the Richards equation with the Robin method as the domain decomposition
method. In this test case, which marks the end of this work, weinclude four
di�erent soil types and a surface water reservoir with realistic hydrological data.

I am deeply indebted to my supervisor Prof. Dr. Ralf Kornhuber for his in-
valuable support during the preparation of this work. Moreover, I am much
obliged that Prof. Dr. Al�o Quarteroni agreed to render his e xpert opinion on
my work. Also, I wish to thank Dr. Marco Discacciati for his ri ch expertise on
Steklov{Poincar�e operators by which he inspired me a lot. In addition, I am
very grateful to my colleague Oliver Sander for his excellent work on the imple-
mentation of the algorithms. Furthermore, I would like to th ank my colleague
Carsten Gr•aser for many clever ideas on convex analysis andbeyond. Finally,
I think in gratitude of all the people around me these last years who appreciated
both the mathematical and the non-mathematical contents of this work.

Berlin, October 2007 Heiko Berninger
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Chapter 1

Richards equation in
homogeneous soil

1.1 Introduction

\Very great rivers 
ow underground." | This citation by Leon ardo da Vinci
(see for example MacCurdy [67, III. 961.]) shall serve as a starting point of
this work whose basis is the Richards equation which describes saturated-
unsaturated groundwater 
ow and was �rst published in Richa rds [79].

At the beginning it seems to be in order to introduce the Richards equation by
its hydrological derivation, which we give in Section 1.2, and then to look at it
from di�erent mathematical points of view, which we pursue in the subsequent
sections. As a �st step we introduce the Kirchho� transforma tion in Section 1.3
and apply it to the Richards equation. This transformation w ill be very help-
ful for the analytical treatment of the equation. Furthermo re, it enables the
numerical approach we want to apply in Chapter 2.

The next step, also carried out in Section 1.3, is the scalingof the Richards
equation where we take a look at the equation and special parameter functions
in a version in which the units have been eliminated. Together with realistic
hydrological data given in Section 1.4 this will make clear the exact shape of
the parameter functions which we choose according to Brooksand Corey in this
work. Section 1.4 also contains a discussion of hydrologically relevant limit and
nondegenerate cases arising from our parameter functions.

In Section 1.5 we derive di�erent strong and weak variational inequalities for the
Richards equation with Signorini-type boundary conditions which, for instance,
occur in the case of the coupling of groundwater 
ow with a surface water
reservoir. In this context we gain some important insights into the Kirchho�
transformation as a superposition operator which will alsobe helpful for the
treatment of the heterogeneous Richards equation in Chapter 3. Finally, in
Section 1.6 we give an overview of what is known about the analysis of initial
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boundary value problems for the Richards equation in di�erent settings. The
basic hydrological facts mentioned in this chapter can be found in Bear [13],
Chavent and Ja�r�e [24] and van Genuchten [91].

1.2 Elements of hydrology

In this section we introduce some basic hydrological concepts and terms which
occur throughout this work. In particular, we shall derive t he Richards equation
from fundamental physical laws. Finally, we discuss the Brooks{Corey func-
tions which we use predominantly as the parameter functionsin the Richards
equation.

It is well known that the mathematical description of 
uid 
o w is based on
the principle of mass conservation. This principle states that for any control
volume 
 0 � 
, where 
 � R3 is the computational domain, the increase or
decrease of mass of the 
uid in 
0 within a certain time � t is equalized by the

ow of mass across@
 0 during that time, possibly in
uenced by an increase
or decrease of mass given by a source or a sink in 
0. In concrete terms, with
� t ! 0, we arrive at the mass conservation in the di�erential form

@
@t

Z


 0
�n% dx+

Z

@
 0
�n%�v � n d� =

Z


 0

�fdx (1.2.1)

if we consider 
ow of water in a porous medium. In this formula �n% represents
the rate of 
uid mass per volume, �v is the microscopic velocity of the water
and �f is a source term. With the outer normal n of @
 0 the term �v � n gives
the water 
ux across @
 0. To obtain the rate of mass per volume the water
density %is multiplied with the weighting factor �n in which n, the porosity, is
a function on 
 giving the rate of void space per volume in the porous medium
and � , the saturation, gives the rate of water in this void space on 
. We
remark that in the hydrological literature �n is often called (volumetric) water
or moisture content which, in contrast to our notation, is then denoted by � .
Taking into account the incompressibility of the water, i.e. % = const, and
assuming that the macroscopic velocityv is given by v = �n �v while denoting
f = �f=%, an application of the divergence theorem A.1.2 to (1.2.1) gives the
continuity equation

n� t + div v = f : (1.2.2)

Now, the following equation of motion, which is well known asthe experimental
law of Darcy, relates the water 
ow to the pressure of the water for any time t
and states

v = � K cr h : (1.2.3)

In this formula the coe�cient of proportionality K c is called hydraulic conduc-
tivity . It is a scalar function if the 
ow takes place in an isotropic medium. In
general it is a symmetric positive de�nite 3 � 3 { matrix for any x 2 
. h is the
so-calledpiezometric headwhich can be regarded as the groundwater level at
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the point x = ( x1; x2; z) 2 
, see for example Bear [13, p. 64] or Richards [78].
It is related to the pressure of the water at x by the formula

h =
p
%g

� z : (1.2.4)

Here we assume that thez-axis of the coordinate system points downwards in
the direction of gravity. Again %is the density of the water, g is the gravitational
constant and p = pw � pa is the di�erence between the pressure of water and
the constant pressure of air. The valuep=(%g) is called pressure head and
comes from a hydrostatic pressure ifp > 0 and from a capillary pressure or a
suction if p < 0. In the �rst case the groundwater level is above the point x
and in the second case it is below the pointx.

Although our choice of the direction of the z-axis is contrary to how the piezo-
metric head is measured, this choice is often made in the literature, such as
in Chavent and Ja�r�e [24], Fuhrmann [40] or Eymard et al. [37 ]. As a conse-
quence of (1.2.3) and (1.2.4) we obtain a positive componentof water 
ux in
the direction of the z-axis due to gravity. Note that we are free in the choice
of the zero-level in z-direction because only spatial changes ofh are relevant
in (1.2.3). However, if we choose the zero-level inz-direction as the surface of
the ground (in case it is horizontal), it is easy to see that� h in (1.2.4) is just
the (positive) distance between the groundwater level and the surface. As a
consequence, in an isotropic medium Darcy's law (1.2.3) just states that at at
any point in the ground the water 
ows to where the groundwater level above
that point has its biggest decline.

If the saturation of water in the medium is maximal everywhere, K c = K h(�) is
a function on 
 which is given by

K h(x) = K (x) � � 1%g 8x 2 
 : (1.2.5)

Here � is the viscosity of the water. The remaining function K (�) on 
 is no
longer dependent on the 
uid and is calledpermeability of the soil. K h(x) can be
regarded as a maximal hydraulic conductivity. In fact the law of Darcy (1.2.3)
holds true in the more general setting of unsaturated soil. However, K c is also
dependent on the saturation � of the water in that case. More concretely, we
have

K c(x; � ) = K h(x) kr (� ) (1.2.6)

in which kr (�) is the so-called relative permeability and provides a weighting
factor in the interval [0 ; 1]. It is a monotonically increasing function of the
saturation � . In this general caseK h(x) kr (� ) is sometimes callede�ective
hydraulic conductivity while K (x) kr (� ) is called e�ective permeability. It has
to be pointed out that the concrete shape of the functionkr is dependent on the
soil so that the space dependency in (1.2.6) does not re
ect spatial heterogeneity
in full generality. Therefore, we still call the situation o f the medium in (1.2.6)
homogeneous soil. Figure 1.2 displays a typical shape of a relative permeability
function � 7! kr (� ).
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Finally, and again dependent on the soil, there is another equation of state
which relates the saturation � of the water to the pressurep. The function
p 7! � (p) is also monotonically increasing between a minimal saturation � m and
a maximal saturation � M . In general we have� m > 0 due to residual water
and � M < 1 due to residual air in the soil. For hydrostatic pressuresp � 0 the
saturation is maximal. Figure 1.1 shows an example of a function p 7! � (p).

Altogether, if we put Darcy's law (1.2.3) and the equations of state into (1.2.2)
with f = 0 we obtain the Richards equation

n(x)� (p)t � div
�

K (x) � � 1kr (� (p)) r
�
p � %gz

� �
= 0 (1.2.7)

for the unknown function p on 
 � (0; T) with T > 0 in which

v = � K (x) � � 1kr (� (p)) r
�
p � %gz

�
(1.2.8)

is the water 
ux. Obviously the Richards equation is a quasilinear elliptic-
parabolic equation. More concretely, it is of elliptic type where the soil is fully
saturated and parabolic in the unsaturated regime. In this case it might even
be of hyperbolic type wherekr (� (p)) = 0. In what is to come we will restrict
ourselves to situations in whichkr (� (p)) is always positive.

There are di�erent methods how to obtain concrete analytical versions of the
parameter functionsp 7! � (p) and � 7! kr (� ) for which van Genuchten [91] is the
classical reference. Widely-used examples are the ones dueto van Genuchten,
which are applied in Fuhrmann [40] for instance, and the onesdue to Brooks{
Corey which shall be applied here (see also Section 1.3). Since the shapes of
these �tting functions are very similar we restrict ourselves to presenting the
Brooks{Corey model.

The main structural di�erence between the van Genuchten model and the
Brooks{Corey model is that the van Genuchten functions are smooth and
� (p) < � M holds for p < 0, whereas we have� (p) = � M for p � pb according to
Brooks{Corey with a so-called bubbling pressurepb < 0 in which the Brooks{
Corey functions are non-di�erentiable. The latter model takes into account
that the saturation remains maximal until the suction is lar ge enough to sud-
denly allow air bubbles to enter the soil. However, the non-di�erentiability does
not seem hydrologically essential. More re�ned models incorporate hysteresis
e�ects which shall not be considered here. With a soil dependent parameter
� > 0 which is called the pore size distribution factor the so-calledsoil-water
retention curve due to Brooks{Corey is given by

�( p) :=
� (p) � � m

� M � � m
=

�
p
pb

� � �

:=

8
<

:

�
p
pb

� � �
for p � pb

1 for p � pb :
(1.2.9)

In addition, using further theories, the following equation of state for the relative
permeability is established for � 2 (0; 1] or � 2 (� m ; � M ], respectively:

kr (� ) = k̂r (�) := � e(� ) with e(� ) :=

(
3 + 2

� due to Burdine
5
2 + 2

� due to Mualem.
(1.2.10)
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Figure 1.1: p 7! � (p)
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Figure 1.2: � 7! kr (� )

Thus, we obtain

kr (� (p)) = k̂r (�( p)) =
�

p
pb

� � �e (� )

: (1.2.11)

According to van Genuchten [91], it is not clear whether the theory of Burdine,
which was used by Brooks and Corey, or the theory of Mualem, which was
found later, �ts better to realistic data. Typical graphs of the Brooks{Corey
functions are shown in Figures 1.1 and 1.2.

Considering the shape of the functionp 7! � (p) it becomes clear that the pa-
rameter � is indeed related to how the pore sizes are distributed in theporous
medium. If the pressure in the medium drops slightly below the bubbling pres-
sure, then the capillaries with the biggest diameters are �lled with air �rst. If the
diameters of the pores in the medium vary a lot, i.e. if we havea big \pore size
distribution", then the pressure has to decrease considerably in order to drain
the capillaries with small diameter, too. In this case the slope of the function
p 7! � (p) will be relatively small around the bubbling pressure pb which means
� has to be relatively small. Consequently, 1=� can be regarded as a measure
for the pore size distribution. In the following section we will investigate the
shape of the above functions in more detail and give concreterealistic values
for the hydrological and the soil parameters involved in theRichards equation.

1.3 Kirchho� transformation of the Richards equa-
tion and scaling with the Brooks{Corey para-
meter functions

In this section we introduce the Kirchho� transformation wh ich turns out to
be a crucial tool both for the analysis and for our numerical treatment of the
Richards equation in Chapters 2 and 4. We apply this transformation to the
Richards equation with the Brooks{Corey parameter functions. Furthermore,
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regarding the concrete shape of the transformed functions,we carry out a scaling
of the Richards equation in order to obtain the equation as well as the Brooks{
Corey functions and the transformed functions in anadimensional form, i.e. in
a form of a real-valued equation in which all units have been eliminated.

The Kirchho� transformation is a crucial tool for simplifyi ng a class of partial
di�erential equations by eliminating certain nonlinearie s (see, in particular, Alt
and Luckhaus [4]). It is not only applied to problems dealing with saturated-
unsaturated groundwater 
ow, where it is used in order to eliminate the rela-
tive permeability kr (�) in front of the gradient in (1.2.7). One also makes use
of the Kirchho� transformation in problems in which tempera ture-dependent
material properties play the same role askr (�) in our case, for example in the
analysis of semiconductor devices (Bonani and Ghione [18]), thermoelasticity
(Chen et al. [25]) or electrical eddy current �elds (Breuer [20]).

For the Richards equation the Kirchho� transformation � : R ! R is de�ned
as follows:

� : p 7! u :=
Z p

0
kr (� (q)) dq : (1.3.1)

The new variable u shall be called generalized pressure. The saturation as a
function of u is denoted by

M (u) := � (� � 1(u)) : (1.3.2)

Taking the chain rule into account which gives

r u = kr (� (p)) r p (1.3.3)

the transformed Richards equation (1.2.7) reads

n(x)M (u)t � div
�

K (x) � � 1�
r u � kr (M (u))%gr z

� �
= 0 : (1.3.4)

Thus, the transformed equation is a semilinear equation in which the nonlin-
earity in front of the spatial derivative has been eliminated.

Remark 1.3.1. We point out that the Kirchho� transformation is of no use
if the relative permeability kr is not only dependent on p but also explicitly
on x 2 
, i.e. if we have kr (x; � (p(x))). We can still carry out the Kirchho�
transformation (1.3.1) in this case, thus obtaining u(x) = � (x; p(x)). Then,
however, the chain rule provides

r u(x) = kr (x; � (p(x))) r p(x) + r x � (x; p(x)) 8x 2 


in which r x � (x; p(x)) is to be understood as the vector of partial derivatives
of � (�; p) in its �rst d components corresponding to the entryx 2 
 � Rd.
Therefore, the transformation does not simplify the Richards equation if kr is
explicitly space-dependent. Nevertheless, such a case canbe regarded as the
full heterogeneous case. We address this problem in Chapter3.

We will discuss the application and the validity of the chain rule in a weak
formulation of the problem in Subsection 1.5.4 in more detail. At this stage
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we note that, although (1.3.3) can be understood in the classical sense here,
usually we cannot assumeu 7! kr (M (u)) to be spatially di�erentiable in case
of the Brooks{Corey equations of state (1.2.9) and (1.2.11)which are both
non-di�erentiable. However, as remarked in the previous section, this non-
di�erentiability is not essential to the problem of groundw ater 
ow. So at this
stage one can either assumekr and M to be smooth (or smoothed) enough
for the di�erential formulation or refer to our weak formula tion of a boundary
value problem for the Richards equation in Subsection 1.5.4.

The advantage of our choice of the parameter functions in (1.2.9) and (1.2.10)
according to Brooks and Corey is that the Kirchho� transform ation and its
inverse and the transformed functions involved in (1.3.4) can be given explicitly
in a closed form. More concretely, from (1.2.11) we have

u = � (p) =
Z p

0

�
q
pb

� � �e (� )

dq

=

8
<

:

pb
� �e (� )+1

�
p
pb

� � �e (� )+1
+ � �e (� )pb

� �e (� )+1 for p � pb

p for p � pb :
(1.3.5)

Obviously the generalized pressure is equal to the physicalpressure in case
of full saturation. In the unsaturated case, however, the interval ( �1 ; pb) is
mapped onto the bounded interval (uc; pb) in which we call

uc :=
�e (� )

�e (� ) � 1
pb < p b (1.3.6)

the critical generalized pressure. Consequently, the inverse transformation reads

p = � � 1(u) =

8
<

:
pb

�
u(� �e (� )+1)

pb
+ �e (� )

� 1
� �e ( � )+1

for uc < u � pb

u for u � pb :
(1.3.7)

Furthermore, the saturation as a function of the generalized pressure is given
by

M (u) = � (� � 1(u)) = � m + ( � M � � m )
�

� � 1(u)
pb

� � �

(1.3.8)

=

8
<

:
� m + ( � M � � m )

�
u(� �e (� )+1)

pb
+ �e (� )

� �
�e ( � ) � 1

for uc < u � pb

� M for u � pb

in which M (u) ! � m for u # uc. Finally, the relative permeability as a
function of u has the form

kr (M (u)) =
�

� � 1(u)
pb

� � �e (� )

=

8
<

:

�
u(� �e (� )+1)

pb
+ �e (� )

� �e ( � )
�e ( � ) � 1 for uc < u � pb

1 for u � pb :
(1.3.9)
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Now we want to investigate the shape of the Brooks-Corey parameter functions
and the transformed functions obtained from the Kirchho� tr ansformation in
more detail. Concretely, we are interested in how big the slope of these functions
are in a situation with realistic hydrological data (see Section 1.4.1). To this
end, we want to get rid of the physical units in the Richards equation and obtain
only real-valued parameter functions and unknown functions in the problem.
We scale the equation using characteristic unit values of the problem for the
spatial coordinates, the time and the pressure.

For the sake of presentation in the rest of this section | and exclusively in the
rest of this section | we want to alter our notation introduced in Section 1.2,
where we hadx = ( x1; x2; z) 2 
, in the following way. Let x = ( x; y; z) 2 

and x0, y0, z0 be unit values for the corresponding coordinates. In addition,
let t0, p0 and u0 be unit values for the time, the pressure and the generalized
pressure.

We introduce the transformation

x̂ :=
x
x0

; ŷ :=
y
y0

; ẑ :=
z
z0

; t̂ :=
t
t0

; x̂ :=

0

@
x̂
ŷ
ẑ

1

A ; r̂ :=

0

@

@
@̂x
@

@̂y
@
@̂z

1

A ;

obtaining x̂; ŷ; ẑ 2 R and x̂ 2 R3. Furthermore, we de�ne the real functions

p̂(x̂ ) :=
p(x)
p0

and û(x̂ ) :=
u(x)
u0

(1.3.10)

and

n̂(x̂ ) := n(x) ; �̂ (p̂) := � (p) ; K̂ (x̂ ) := K (x) ; M̂ (û) := M (u) ; (1.3.11)

where only K̂ is not a real function, and keeping in mind that p and u also
depend ont.

We have
@

@x
=

@
@̂x

dx̂
dx

= x � 1
0

@
@̂x

etc.

leading to

r = diag ( x � 1
0 ; y� 1

0 ; z� 1
0 )r̂ and r � F = r̂ �

�
diag (x � 1

0 ; y� 1
0 ; z� 1

0 ) F
�

where diag (x � 1
0 ; y� 1

0 ; z� 1
0 ) is the diagonal matrix with the entries x � 1

0 , y� 1
0 and

z� 1
0 and F : 
 ! R3 is a di�erentiable vector �eld.

Finally, we de�ne eẑ := r̂ ẑ = r z =: ez which is the unit vector in ẑ- or in
z-direction, i.e. in the direction of gravity.

Now, from (1.2.7) we obtain the scaled Richards equation

n̂(x̂ )t � 1
0 �̂ (p̂) t̂ � r̂ �

�h
K̂ (x̂ )� � 1kr (�̂ (p̂)) diag (x � 2

0 ; y� 2
0 ; z� 2

0 )
i

�
r̂ (p0p̂ � %gz0ẑ)

��
= 0 (1.3.12)
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and, analogously, from (1.3.4) we get the scaled Kirchho�{transformed Richards
equation

n̂(x̂ )t � 1
0 M̂ (û) t̂ � r̂ �

�h
K̂ (x̂ )� � 1 diag (x � 2

0 ; y� 2
0 ; z� 2

0 )
i

�
r̂ (u0û) � kr (M̂ (û))%ĝr (z0ẑ)

��
= 0 (1.3.13)

in which we have diagonal matrices within the brackets [: : : ], respectively.

Now, in order to get rid of the units in these equations we de�ne

K̂ h(x̂ ) := K h(x) = K̂ (x̂ )� � 1%g (1.3.14)

with the hydraulic conductivity K h(x) from (1.2.5) which has the dimension of
a velocity (assumed to be given inm=s). Furthermore, we de�ne the following
real-valued quotients of pressures

ur := u0(%gz0)� 1; pr := p0(%gz0)� 1 (1.3.15)

and the spatial scaling matrix

As := z0 diag (x � 2
0 ; y� 2

0 ; z� 2
0 ) (1.3.16)

which provides the unit m� 1. Then, altogether, if we consider t0 as a real
number given in the unit s, the scaled versions (1.3.12) and (1.3.13) provide the
adimensional (i.e. unit-free) Richards equation

n̂(x̂ )t � 1
0 �̂ (p̂) t̂ � r̂ �

�h
K̂ h(x̂ ) As kr (�̂ (p̂))

i
r̂ (pr p̂ � ẑ)

�
= 0 (1.3.17)

and the adimensional Kirchho�{transformed Richards equation

n̂(x̂ )t � 1
0 M̂ (û) t̂ � r̂ �

�
K̂ h(x̂ ) As

�
r̂ (ur û) � kr (M̂ (û)) r̂ ẑ

��
= 0 : (1.3.18)

Note that with our de�nitions in this section and with (1.2.2 ), (1.2.7) and (1.3.4)
we obtain the physical water 
ux in the form

v = � K̂ h(x̂ ) kr (�̂ (p̂)) z0 diag (x � 1
0 ; y� 1

0 ; z� 1
0 )

�
r̂ (pr p̂) � eẑ

�

= � K̂ h(x̂ ) z0 diag (x � 1
0 ; y� 1

0 ; z� 1
0 )

�
r̂ (ur û) � kr (M̂ (û))eẑ

�

and, with regard to (1.3.17) and (1.3.18), the formal 
ux as

v̂ = � K̂ h(x̂ ) kr (�̂ (p̂))
�

Asr̂ (pr p̂) � z� 1
0 eẑ

�

= � K̂ h(x̂ )
�

Asr̂ (ur û) � kr (M̂ (û))z� 1
0 eẑ

�

which is clear from the transformation r̂� v̂ = r� v = r̂�
�
diag (x � 1

0 ; y� 1
0 ; z� 1

0 )v
�
,

i.e.
v̂ = diag ( x � 1

0 ; y� 1
0 ; z� 1

0 )v :
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Now, again, we take a look at our concrete choice of state equations, the Brooks{
Corey functions (1.2.9) and (1.2.10) as well as their transformed versions and
the Kirchho� transformation given in (1.3.5) in an adimensi onal form. To this
end, it is appropriate to set

u0 := p0 := � pb (1.3.19)

as the (positive) pressure unit. Then, with the notation in ( 1.3.10) and (1.3.11),
the de�nitions (1.2.9) and (1.2.10) provide

�̂ (p̂) =

(
(� M � � m ) ( � p̂)� � + � m for p̂ � � 1

� M for p̂ � � 1
(1.3.20)

and

kr (�̂ (p̂)) =

 
�̂ (p̂) � � m

� M � � m

! e(� )

=

(
(� p̂)� �e (� ) for p̂ � � 1

1 for p̂ � � 1 :
(1.3.21)

By a straightforward de�nition of the adimensional Kirchho � transformation,
we obtain from (1.3.5)

�̂ (p̂) := û =
u

� pb
=

(
1

�e (� )� 1(� p̂)� �e (� )+1 � �e (� )
�e (� )� 1 for p̂ � � 1

p̂ for p̂ � � 1 :
(1.3.22)

With the adimensional critical generalized pressure

ûc := �
�e (� )

�e (� ) � 1
< � 1 (1.3.23)

due to (1.3.6) and (1.3.7) the adimensional inverse Kirchho� transformation
reads

p̂ = �̂ � 1(û) =

(
� (( �e (� ) � 1)û + �e (� )) � 1

�e ( � ) � 1 for ûc < û � � 1

û for û � � 1 :
(1.3.24)

Furthermore, from (1.3.8) we obtain

M̂ (û) = M (u) (1.3.25)

=

8
<

:
� m + ( � M � � m )(( �e (� ) � 1)û + �e (� ))

�
�e ( � ) � 1 for ûc < û � � 1

� M for û � � 1

where M̂ (û) ! � m for û # ûc. Finally, (1.3.9) gives

kr (M̂ (û)) = kr (M (u))

=

8
<

:
(( �e (� ) � 1)û + �e (� ))

�e ( � )
�e ( � ) � 1 for ûc < û � � 1

1 for û � � 1 :
(1.3.26)
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We will take a look at the realistic shape of these functions in the following
section and come back to them again with concrete parameterswhen we deal
with the numerical treatment of the Richards equation in Sections 2.8, 3.3.5 and
3.4.6 as well as in Chapter 4. However, since we have only introduced these
adimensional functions with a ^ for technical reasons, we will refer to these
functions and also to the scaled, adimensional Richards equations (1.3.17) and
(1.3.18) in the form without the ^ from now on. Furthermore, as mentioned
at the beginning of this section, we will consider the pointsx 2 
 whose last
component we denote byz.

In view of a special time discretization of the Richards equation which we
introduce in Section 2.3, a primitive � of M will be essential in order to treat the
arising spatial problems. Note that M is monotonically increasing on (uc; 1 )
such that � turns out to be convex. We de�ne this primitive as

�( u) =
Z u

0
M (s) ds 8u 2 [uc; 1 ) (1.3.27)

and obtain �( u) = � M u for u � � 1 and

�( u) = � mu+
� M � � m

� (1 + e(� )) � 1

� �
(�e (� ) � 1)u+ �e (� )

� � (1+ e( � )) � 1
�e ( � ) � 1 � � (1+ e(� ))

�

for uc < u � � 1 with the exponent

� (1 + e(� )) � 1
�e (� ) � 1

=
(a + 1) � + 1

a� + 1
> 1

(where a 2 f 3; 5=2g due to (1.2.10)) and the limit

�( uc) := lim
u#uc

�( u) = � muc � (� M � � m )
� (1 + e(� ))

� (1 + e(� )) � 1

= �
�

� (1 + e(� )) � 1

�
(1 + e(� )) � M +

�
�e (� ) � 1

� m

�
:

1.4 Realistic situations and limit cases

The purpose of this section is to investigate the concrete shape of the functions
given in (1.3.20){(1.3.26) by considering a realistic hydrological situation. This
will give rise to some limit cases for deteriorating soil parameters pb and � .
With regard to realistic physical situations but also to mat hematical conditions
of nondegeneracy, we also take a look at the uniformly elliptic casekr (�) � c
for somec > 0.

1.4.1 A hydrological example

Our realistic hydrological example was provided by hydrologists from the work-
ing group of Prof. Bronstert at the University of Potsdam. Th ey have a research
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catchment of around 2000m � 3000m � 5m and measure bubbling pressures
as small aspb = � 0:1m water column. With an over
ow of up to 2 m they
obtain maximal pressures of up to 7m water column in the ground. On the
other hand, they observe capillary pressures as little as� 2m water column.
With (1.3.10) and our convention (1.3.19), this gives the interval [� 20; 70] as
the range for the variable p. We remark that extreme cases for the bubbling
pressure which can be found in the literature Rawls et al. [77, Table 5.3.2]
range from pb = � 0:0136m for sand to pb = � 1:872m for clay. The usual
values are between� 0:1m (geometric mean for sand) and� 0:4m (geometric
mean for clay).

The volumetric water content n� attained its residual value, i.e. its minimum,
at n� m = 0 :08 and its maximum at n� M = 0 :36. With a porosity in the soil
of n = 0 :38 we obtain approximately � m = 0 :21 and � M = 0 :95 (< 1 due to
possible residual air in the soil). For completeness, we note the value for the
hydraulic conductivity in case of full saturation K h = 0 :002m=s which can
easily vary by one order of magnitude even for largely homogeneous soil.

As far as the scaling factor for the pressure in (1.3.15) is concerned setting
u0 = p0 = � pb = 0 :1m we obtain ur = 0 :02 here since%gz0 represents a
pressure of 5m water column. Furthermore, we point out that with the size of
the research catchment above, we obtain an anisotropy in thescaled equation
re
ected by the scaling matrix (1.3.16)

As = 5 m diag((4�106m2)� 1; (9�106m2)� 1; (25m2)� 1) � diag(10� 6; 10� 6; 1) m� 1:

This anisotropy requires a special treatment in the numerical solution of the
Richards equation which shall not be considered here. For a linear analogue we
refer to Wittum [100].

Apart from the range of pressure and saturation, the crucialvalue for the shape
of the adimensional parameter functions (1.3.20) and (1.3.21) and the functions
in (1.3.22){(1.3.26) is certainly the pore size distribution factor � . For the loamy
sand-type soils of the research catchment this value was between 0:48 and 0:65.
It turns out that with the example � = 2=3 already, the parameter functions
have quite big slopes and partly look like step functions. This does not change
much for other choices, even in extreme cases of� = 1 :090 for sand or� = 0 :037
for clay (the arithmetic mean values in sand and clay are� = 0 :7 and � = 0 :1,
respectively) which can be found in Rawls et al. [77, Table 5.3.2].

For our choice of � we apply Burdine's theory in (1.2.10) to obtain the most
relevant terms:

� =
2
3

=)

8
>>>>><

>>>>>:

e(� ) = 6

�e (� ) = 4
�

�e (� )� 1 = 2
9 (-th root in M )

uc = � �e (� )
�e (� )� 1 = � 4

3
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With these values, the soil water retention curve is given by

� (p) = � m + ( � M � � m )[� p]�
2
3

and the permeability as a function of the saturation reads

kr (� ) =
�

� � � m

� M � � m

� 6

:

The graphs of these two functions and also of the functions below are shown on
pages 20 and 21. Since the following functions of the physical pressurep or the
generalized pressureu contain big slopes, the corresponding graphs are given
both on the full, expected range ofp or of u, respectively, and on a smaller
neighbourhood around the adimensional bubbling pressure� 1.

The permeability as a function of the pressure reads

kr (� (p)) = [ � p]� 4 :

The Kirchho� transformation gives the relationship between the pressure and
the generalized pressure by

u = � (p) =

(
1
3(� p)� 3 � 4

3 for p � � 1

p for p � � 1:

The inverse Kirchho� transformation reads

p = � � 1(u) =

(
� (3u + 4) � 1

3 for � 4
3 < u � � 1

u for u � � 1:

The saturation as a function of the generalized pressure hasthe form

M (u) =

(
0:21 + 0:74 (3u + 4)

2
9 for � 4

3 < u � � 1

0:95 for u � � 1:
(1.4.1)

Finally, the permeability as a function of the generalized pressure is given by

kr (M (u)) =

(
(3u + 4)

4
3 for � 4

3 < u � � 1

1 for u � � 1:

Note that by considering the full, expected range forp or u in the graphs of these
functions we account for the in
uence of the bubbling pressure pb on the shape
of the functions. The bubbling pressure scales this range asin (1.3.5){(1.3.9)
at the beginning of this section and has been set as the negative pressure unit
(1.3.19) later on. As already mentioned above, in the most extreme case to
be found in Rawls et al. [77, Table 5.3.2] we havepb = 1 :36 � 10� 2 [m] for very
coarse sand.
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Figure 1.4: � 7! kr (� )
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Figure 1.5: p 7! kr (� (p)): full range
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Figure 1.6: p 7! kr (� (p)): zoomed
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Figure 1.8: p 7! � (p): zoomed
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Figure 1.10: u 7! � � 1(u): zoomed
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Figure 1.11: u 7! M (u): full range
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Figure 1.12: u 7! M (u): zoomed

-5  -4/3 70
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure 1.13: u 7! kr (M (u)): full range
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Figure 1.14: u 7! kr (M (u)): zoomed
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1.4.2 Limit cases for the Brooks{Corey functions

Since the graphs of the functions shown on pages 20 and 21 already look quite
extreme (i.e. quite steep) for our realistic hydrological data, it is natural from
a mathematical point of view to ask how the functions in (1.3.20){(1.3.26) be-
have for deteriorating soil parameterspb and � . Of course, such considerations
are particularly important with respect to the robustness of numerical solution
methods (see Section 2.8). We point out that especially the shape of M is in-
teresting for the solution method, and also the inverse Kirchho� transformation
� � 1 which is, however, only applied to calculate the physical solution after one
has already obtained the generalized solution. For the following discussion, we
refer to the hydrological meaning of the soil parameterspb and � on page 10
and recall (1.2.10) as well as (1.3.23), i.e.

�e (� ) = a� + 2 and uc = �
a� + 2
a� + 1

(1.4.2)

with a = 3 according to Burdine and a = 5=2 according to Mualem. Both cases
behave the same in the limits that we consider.

First, for � ! 0 the slopes of the parameter functionp 7! � (p) in (1.3.20)
decrease and the function becomes 
atter, tending pointwise to the constant
function

� 0 : p 7! � M 8p 2 R :

In contrast, the slopes of � 7! kr (� ) in (1.2.10) increase and we get the step
function kr 0 with

kr 0(� ) =

(
0 for � m � � < � M

1 for � = � M
(1.4.3)

as the pointwise limit. The limit case seems hydrologically useless since it
ignores the unsaturated case unless one de�nes something like

� 0(�1 ) := � m : (1.4.4)

Strangely enough, the functionp 7! kr (� (p)) in (1.3.21) which turns into

k0 : p 7!

(
p� 2 for p � � 1

1 for p � � 1
(1.4.5)

and the Kirchho� transformation do not re
ect this singular situation. In the
limit � ! 0 we obtain

�e (� ) ! 2 and uc # � 2

by (1.4.2) such that the interval ( � 2; � 1) accounts for the unsaturated regime.
The inverse Kirchho� transformation � � 1 in (1.3.24) tends pointwise to the
function

� � 1
0 : u 7!

(
� (u + 2) � 1 for � 2 < u � � 1

u for u � � 1
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On the one hand, this makes clear that for big� the function � � 1 remains ill-
conditioned due to big slopes for small pressuresu. On the other hand, this is
irrelevant in the limit case � ! 0, in which the saturation M of the generalized
pressureu in (1.3.25) tends pointwise to

M 0 : u 7! � M 8u 2 (� 2; 1 ) (1.4.6)

while kr (M (u)) in (1.3.26) tends to 1 on (� 2; 1 ). However, since one can
extend M continuously by setting

M (uc) := � m

with kr (M (uc)) = 0, one can extend the limit M 0 (discontinuously) in � 2 with

M 0(� 2) = M 0

�
lim
� ! 0

uc

�
:= lim

� ! 0
M (uc) = � m (1.4.7)

re
ecting the de�nition (1.4.4) since one could de�ne

� (�1 ) := uc : (1.4.8)

Another view on this case is the observation that the graph ofM (which is a
degenerating root function as the exponent in (1.3.25) vanishes) turns into the
monotone graph

u 7!

(
[� m ; � M ] for u = � 2

� M for u > � 2:
(1.4.9)

It seems that the limit case for � ! 0 can be regarded as hydrologically reason-
able if one accepts the de�nitions in (1.4.4) and in (1.4.6){(1.4.8). Obviously,
this limit case produces a jump in the saturation (from � m to � M ) and in the
pressure (from �1 to p 2 R), respectively, across the wetting front in a soil
(cf. [13, p. 303]), thus modelling the unsaturated regime ina degenerate way.
We point out that such models are considered in the literature, e.g. for so-
called dam problems, see page 52. Furthermore, we note that with our solution
method, see Remark 2.4.5, Remark 2.7.5 and Section 2.8, we can also treat a
version of this limit case generated by the maximal extension of the monotone
graph in (1.4.9).

For � ! 1 , while kr (�) (in (1.2.10) with (1.4.2)) becomes

kr 1 : � 7!
�

� � � m

� M � � m

� a

8� 2 [� m ; � M ] ; (1.4.10)

the parameter function p 7! � (p) degenerates into a step function� 1 with

� 1 (p) =

(
� m for p < � 1

� M for p � � 1:
(1.4.11)

Analogously, so doeskr (� (�)) with the limit k1 satisfying

k1 (p) = kr 1 (� 1 (p)) =

(
0 for p < � 1

1 for p � � 1:
(1.4.12)
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Consequently, in the limit case the Kirchho� transformatio n is no longer invert-
ible for the unsaturated regime.

Observe that for � ! 1 we have

�e (� ) ! 1 and uc " � 1

due to (1.4.2) such that the slopes of the functions� � 1, M and kr (M (�)) in-
crease while the intervals (uc; � 1) corresponding to the unsaturated regime
become smaller and smaller. So as above, the inverse Kirchho� transformation
is also ill-conditioned for big � , i.e. it always has big slopes for small general-
ized pressuresu. Unfortunately, in contrast to the case � ! 0, we obtain the
constant function

M 1 : u 7! � M 8u 2 [� 1; 1 ) (1.4.13)

as the pointwise limit of M , in which nothing accounts for the unsaturated
regime anymore. So this limit case does not seem to make sensehydrologically.
Nevertheless, it can be given a sense if we observe that for� ! 1 the graph
of M approaches the monotone graph

u 7!

(
[� m ; � M ] for u = � 1

� M for u > � 1
(1.4.14)

which looks essentially like (1.4.9). A plausible remedy would now be to rede�ne

� 1 (� 1) := � m and correspondingly M 1 (� 1) = � m (1.4.15)

with kr 1 (M 1 (� 1)) = 0, thus assigning the unsaturated regime to the (normed)
bubbling pressure� 1. As a consequence, the valuep = � 1 (corresponding to
u = � 1) would play the same role asp = �1 (corresponding to u = � 2) in
the case� ! 0 above, and the two limit cases would result in the same model.
Interestingly, our analytical and numerical approach to this limit case described
in Remark 2.4.5, Remark 2.7.5 and Section 2.8, is the same whether we carry
out the rede�nition (1.4.15) or not. As mentioned above for � ! 0, the crucial
aspect of this case is the argumentuc and not the value M 1 (uc) as already
suggested by (1.4.14).

Remark 1.4.1. With regard to variations of pb, our functions in (1.3.20){
(1.3.26) do not seem to alter. However, in (1.3.19) we have de�ned p0 := � pb

as the (positive pressure) unit for these functions which has to be taken into
account when pb is variable. Note that pb is a negative (capillary) pressure
(corresponding to a suction). Decreasing the unit� pb results in \compressing"
the functions (1.3.20) with respect to thep- and the u-axis while increasing� pb

means \expanding" the functions (or their graphs). These transformations be-
come clear if we setp = p̂ p0 and u = û p0 in (1.2.9), (1.2.11) and (1.3.5){(1.3.9)
with p0 = u0 6= � pb instead of (1.3.19) and varypb=p0 for the resulting func-
tions in p̂ or û, respectively. Note that for the Kirchho� transformation a nd
its inverse this scaling (i.e. compression or expansion of the axes) takes place
on both axes while for the other functions in (1.3.20){(1.3.26) it just applies to
one (the p̂- or û-) axis.
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As far as the Richards equation is concerned, especially if one is only interested
in the saturation rather than in the pressure, the in
uence of the bubbling
pressure is restricted to the scaling factorur = pr = � pb(%gz0)� 1 which is a
measure for the size of the spatial derivative (or the elliptic term) in (1.3.17)
and (1.3.18). Of course,pb as a pressure unit has to be taken into account
for the scale of the solution p when it comes to posing boundary conditions
(see Section 1.5) and possibly initial conditions (if they are not given in the
saturation, see Section 1.6) and, in particular, in situations where di�erent
bubbling pressures occur (see Section 2.8 and Chapter 4). Inthe latter case,
one could also choosep0 = u0 = ( %gz0)� 1 as a canonical pressure unit, leading
to pr = ur = 1 in (1.3.15), and alter the parameter functions as just described.

Now, with a �xed p0, it becomes clear from the observation in Remark 1.4.1 that
pb=p0 ! �1 results in functions (1.3.7){(1.3.9) with increasing support and in
which both endpoints of the interesting interval accounting for the unsaturated
regime go to �1 . The limit case with the pointwise limits

� �1 = M �1 : u 7! � M 8u 2 R

of � in (1.2.9) and M in (1.3.8) no longer \sees" the unsaturated case unless
one de�nes

� �1 (�1 ) = M �1 (�1 ) := � m

which, in contrast to (1.4.9) and (1.4.14), does not result in a reasonable non-
trivial numerical problem, see also Section 2.4.

The limit case pb=p0 " 0 is more interesting since here we obtain essentially
the same situation as for � ! 1 . We only need to replace� 1 by 0 in the
de�nition of the relevant functions for that case above. Observe that the rede�-
nition of � 1 and correspondinglyM 1 in (1.4.15), which might seem somewhat
arti�cial in these limit cases, is not necessary if we apply an altered Kirchho�
transformation in the form

~� : p 7! u =
Z p

�1
kr (� (q)) dq (1.4.16)

which is possible here since the improper integral exists for the Brooks{Corey
functions. This entails a translation of the functions (1.3.5) and (1.3.7){(1.3.9)
to the right by jucj (given in (1.3.6)) such that the corresponding functions
obtained by the altered transformation are de�ned on (0; 1 ). Then, except for
pb=p0 ! �1 , the limit cases look similar as above, now with ~uc = 0 representing
the unsaturated regime (without rede�nition). For pb=p0 ! 1 we would get
M (u) ! 0 for all u 2 (0; 1 ), but this is just due to the fact that the interesting
range around the physical (atmospheric) pressure 0 is now mapped on jucj by
~� with jucj ! 1 .
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1.4.3 Altered Brooks{Corey functions for the nondegenerat e
Richards equation

One di�culty in the analysis and the numerics of the Richards equation is
that the factor kr (� (p)) in the spatial derivative can become arbitrarily small
(if p tends to �1 ), such that an implicit time discretization of (1.3.17) does
not lead to uniformly elliptic spatial problems. On the other hand, physically
reasonable solutionsp : 
 � (0; T) ! R should be bounded. Therefore, and since
we consider this situation in Chapter 3, we take a look at thenondegenerate
Richards equation in which kr (�) is replaced by an altered relative permeability
function kr � (�) satisfying the nondegeneracy condition

kr � (� ) � � 8� 2 [� m ; � M ] (1.4.17)

for a (small) � 2 (0; 1). Consequently, if K (�) � � holds, too, the main part
div(K (x)� � 1kr � (� (p)) r p) of the spatial derivative in (1.2.7) is a quasilinear
uniformly elliptic operator (cf. [44, p. 203]) in the sense that (with (A.2.13))

ckpk2
1 �

Z



K (x)� � 1kr � (� (p)) jr pj2 dx � Ckpk2

1 8p 2 H 1
0(
)

holds for certain c; C > 0. Whenever we speak of the uniformly elliptic case in
this work, we have these inequalities in mind with a focus on the left estimate.

The obvious way to achieve (1.4.17) is to de�ne

kr � (� ) := max( kr (� ); � ) 8� 2 [� m ; � M ] (1.4.18)

with kr (�) in (1.2.10). The function � (�) in (1.3.20) can remain untouched (see,
however, (1.4.23)). With this de�nition and p� < � 1 given by

(� p� )� �e (� ) = � () p� = � � � 1
�e ( � ) (1.4.19)

the altered relative permeability function with respect to p reads

kr � (� (p)) =

(
� for p � p�

kr (� (p)) for p � p�

with kr (� (�)) given in (1.3.21). Clearly, if a function p : 
 � (0; T) ! R is
bounded by jp� j, it is a solution of (1.3.17) if and only if it solves this equation
with kr � instead of kr . For this altered nondegenerate Richards equation,
however, the altered Kirchho� transformation � � : R ! R is surjective and the
corresponding improper integral in (1.4.16) no longer exists.

More concretely, with � given in (1.3.22) and

u� := � (p� ) =
1

�e (� ) � 1
� 1� 1

�e ( � ) �
�e (� )

�e (� ) � 1
(1.4.20)

satisfying uc < u � < � 1 we obtain

� � (p) =

(
� (p � p� ) + u� for p � p�

� (p) for p � p�
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such that � � (p) ! �1 holds for p ! �1 . Consequently, the altered inverse
Kirchho� transformation � � 1

� : R ! R no longer has a singularityuc and reads

� � 1
� (u) =

(
� � 1(u � u� ) + p� for u � u�

� � 1(u) for u � u�

with � � 1 given in (1.3.24), i.e. � � is an a�ne function on ( �1 ; u� ] with the
(big) slope � � 1.

Now, in contrast to the function p 7! � (p), the saturation of the generalized
pressureu 7! M � (u) = � (� � 1

� (u)) di�ers from u 7! M (u). One can think of the
function M on (uc; u� ] being \stretched" onto the interval ( �1 ; u� ] in order to
obtain M � given by

M � (u) =

(
� m + ( � M � � m )( � � � 1(u � u� ) � p� )� � for u � u�

M (u) for u � u� :
(1.4.21)

M � is monotonically increasing with M � (u) ! � m for u ! �1 and

� s := M � (u� ) = � (p� ) = � m + ( � M � � m ) �
1

e( � ) ; (1.4.22)

i.e. with a (small) range M (( �1 ; u� )) = ( � m ; � s). We point out that one could
also treat � (�) similarly as or instead of kr (�) in (1.4.18) and obtain the same
results for the altered functions that we just discussed. Even though in doing
so we alter the Richards equation (1.3.17) in the saturationterm, too, let us
de�ne the \cut" saturation

� � (p) := max( � (p); � s) 8p 2 R ; (1.4.23)

which provides the same results as above, for further use. For completeness, we
note that

kr � (M � (u)) =

(
� for u � u�

kr (M (u)) for u � u� :

We remark here that, instead of cutting kr (�) as in (1.4.18), one could of course
think of parameter functions for which kr (�) � 0 does not satisfykr (�) � � for
an � > 0, but which nevertheless generate surjective Kirchho� transformations
� : R ! R leading to similar results as just discussed for the nondegenerate case.
As an example one could choose� = 1 in (1.2.9) but replace e(� ) by 1 in (1.2.10).
This would lead to a logarithmic expression for � with respect to p � � 1 and
to exponential terms in � � 1, M and kr (M (�)) with respect to u � � 1, i.e. to
big slopes of these functions which is characteristic in hydrologically realistic
situations.

1.4.4 Limit cases for the altered Brooks{Corey functions

Finally, we take a look at the limit cases for our altered functions with a �xed
� 2 (0; 1), using the results obtained above for the original parameter functions.
In our considerations in Section 2 we come back to these limitcases, too.
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First, for � ! 0 we get

p� ! � � � 1
2 =: p�; 0 < � 1 and u� ! � 2 + �

1
2 =: u�; 0 > � 2

from (1.4.19) and (1.4.20). According to (1.4.3) and (1.4.5) the pointwise limit
of the relative permeability functions kr � (�) and kr � (� (�)) is given by

kr �; 0(� ) = max( kr 0(� ); � ) 8� 2 [� m ; � M ]

and
k�; 0(p) = max( k0(p); � ) 8p 2 R ;

respectively. The limit of the inverse Kirchho� transforma tion � � 1
� reads

� � 1
�; 0 : u 7!

(
� � 1(u � u�; 0) + p�; 0 for u � u�; 0

� � 1
0 (u) for u � u�; 0 :

Unfortunately, the limit of M � is

M �; 0 : u 7! � M 8u 2 R (1.4.24)

which is clear for u > u �; 0 due to the behaviour of M 0. On the other hand, by
de�nition of M � for u � u�; 0 we obtain

� � � 1(u � u� ) � p� ! � � � 1(u � u�; 0) � p�; 0 > 1

and consequently
(� � � 1(u � u� ) � p� )� � ! 1

for u � u�; 0 and � ! 0. The limit (1.4.24) does not account for the unsaturated
case and is therefore useless as a hydrological model. This does not change if
we use (1.4.23) with a �xed � s 2 (� m ; � M ) instead of (1.4.18) with a �xed � at
the beginning. Even though we get an altered saturation

M � s (u) =

(
� s for u � u�

M (u) for u � u�

in this case which is independent of� on (�1 ; u� ), we still have the dependency
(1.4.22) of � s and � which is equivalent to

log � = log
�

� s � � m

� M � � m

�
e(� ) :

But this relationship forces � ! 0 (and u� ! � 2) for � ! 0 because of
e(� ) ! 1 for � ! 0. This, however, spoils our initial intention (1.4.17) to
consider a nondegenerate Richards equation in which the factor in front of the
spatial derivatives is bounded from below by a positive constant. Instead we
basically regain the limit case� ! 0 for our original parameter functions (with
� m replaced by � s in (1.4.9)).
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The situation is more promising for � ! 1 . Here we have

p� ! � 1 and u� ! � 1

due to (1.4.19) and (1.4.20). The relative permeabilities converge pointwise to

kr �; 1 (� ) = max( kr 1 (� ); � ) 8� 2 [� m ; � M ]

and
k�; 1 (p) = max( k1 (p); � ) 8p 2 R ;

respectively, with the functions in (1.4.10) and (1.4.12). In the limit the inverse
of the altered Kirchho� transformation reads

� � 1
�; 1 : u 7!

(
� � � 1(u + 1) � 1 for u � � 1

u for u � � 1:

The saturation M � tends pointwise to the step function

M �; 1 (u) =

(
� m for u < � 1

� M for u � � 1
(1.4.25)

with kr � (M � (�)) converging to

kr �; 1 (M �; 1 (u)) =

(
� for u < � 1

1 for u � � 1:

This limit case makes sense hydrologically because it models both the saturated
case to which all physical pressures valuesp � � 1 refer and the unsaturated
case for all p < � 1. In addition, the full range of possible valuesp 2 R is
still contained in the model and the inverse Kirchho� transf ormation is not
ill-conditioned since its slopes are bounded by� � 1. If we choose (1.4.23) with
a �xed � s 2 (� m ; � M ) instead of (1.4.18), the limit looks the same with � m in
(1.4.11) and (1.4.25) replaced by� s.

For realistic situations as discussed at the beginning of this section, one would
of course choose� small enough, such that � s is close to� m and the resulting
M � almost \looks like" a step function (see Figure 1.11), thus resembling the
situation in this limit case. Finally, we mention that our an alytical and nu-
merical approach to the Richards equation (compare (2.4.7), Remark 2.7.5 and
Section 2.8) allows an e�cient and robust treatment of this l imit case, too.

As far as variations of pb are concerned for the altered parameter functions, we
obviously obtain the same case as above forpb=p0 ! �1 which is hydrologically
senseless. Forpb=p0 " 0 we obtain p� " 0 as well asu� " 0. Therefore,kr � (� (�))
turns into the step function

p 7!

(
� for p < 0

1 for p � 0
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and (keeping in mind that both axes are scaled for the transformation) � �

converges to a piecewise linear function onR with the inverse

u 7!

(
� � 1u for u < 0

u for u � 0:

The saturation M � tends to

u 7!

(
� m for u < 0

� M for u � 0
(1.4.26)

and kr � (M � (�)) goes to

u 7!

(
� for u < 0

1 for u � 0

with � m replaced by� s if we consider the \cut" saturation (1.4.23). We conclude
that, just as for the original parameter functions, this lim it case pb=p0 " 0 is
basically the same as the one obtained above for� ! 1 with the altered
parameter functions.

1.5 Boundary value problems for the Richards equa-
tion: strong and weak formulations

The purpose of this section is to give strong and weak formulations of a stan-
dard boundary value problem we would like to consider for thehomogeneous
Richards equation (1.3.17) and its Kirchho�{transformed v ersion (1.3.18). In
Subsection 1.5.1 we focus on a di�erential form of a Signorini-type boundary
value problem for the Richards equation with surface water which we obtain
from hydrological considerations on a reservoir model. Then, on the basis of
this problem, we derive an equivalent variational formulation for the generalized
physical pressure in Subsection 1.5.2 giving rise to an interpretation in a weak
sense which we introduce in Subsection 1.5.3. Finally, in Subsection 1.5.4 we
derive a weak variational inequality of the Signorini-type problem in the phys-
ical pressure variable and investigate the connection between this variational
inequality and the one obtained in the generalized variables. To this end, we
shall discuss intensively the Kirchho� transformation as a superposition oper-
ator on di�erent Sobolev spaces, which will be needed for theanalysis of the
heterogeneous Richards equation in Chapter 3, too.

For simplicity and without loss of generality we set t0 = 1 s, As = m� 1, n � 1,
pr = ur = 1 and K h � 1 in the equations (1.3.17) and (1.3.18). The ^ in
these equations has only been introduced to carry out the scaling in Section 1.3
and will be skipped from now on. So in the following we mostly deal with the
Richards equation in the form

� (p)t � div
�

kr (� (p)) r (p � z)
�

= 0 (1.5.1)
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and its transformed version which reads

M (u)t � div
�

r u � kr (M (u))ez

�
= 0 : (1.5.2)

We will indicate how to deal with space dependentn(�) and K h(�) where it is
necessary and appropriate. In general, these functions areat least required to
be positive and bounded andK h(�) � c should be satis�ed for a c > 0.

1.5.1 A problem of Signorini's type for the Richards equatio n
with surface water

Let 
 � Rd (in our concrete casesd 2 f 1; 2; 3g) be an open, bounded, connected
and nonempty set with a Lipschitz boundary @
 (see De�nition A.2.1). This
condition guarantees that the normal n, which we assume to be directed out-
wards, exists almost everywhere on@
 (cf. Ciarlet [28, pp. 32{37]). In practical
cases we mostly consider 
 to be a polyhedron or at least having a boundary
which is piecewiseC1 (see De�nition A.1.1). Figure 1.15 shows an example
of such a domain 
 � R2 which could be regarded as a vertical cut through
the ground in three space dimensions with
 u representing the surface of the
ground.


 u


 d


 l

 r


Figure 1.15: 2D-domain 
 (vertical cut through the ground)

For a given time t 2 [0; T] we assume@
 to be decomposed into �nitely many
non-overlapping connected subsets each of which is contained in exactly one of
the three subsets
 D (t), 
 N (t) and 
 S(t) of @
. With given functions uD (t)
on 
 D (t) and f N (t) on 
 N (t) we assume that the unknown functionu and the
unknown 
ux

v = � (r u � kr (M (u))ez) = � kr (� (p)) r (p � z) (1.5.3)

(compare (1.5.1), (1.5.2) with (1.2.2)) satisfy the following boundary conditions:

a) Dirichlet boundary conditions:

u = uD (t) on 
 D (t)

b) Neumann boundary conditions:

v � n = f N (t) on 
 N (t)
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c) Signorini-type boundary conditions:

u � 0; v � n � 0; u � (v � n) = 0 on 
 S(t)

Dirichlet and Neumann boundary conditions are well known for all kinds of
boundary value problems. Observe that in our case the Dirichlet boundary
conditions could be equivalently expressed in terms of the physical water pres-
surep = pD (t) := � � 1(uD (t)) using the Kirchho� transformation � (see (1.3.1)).
The Neumann boundary conditions refer to the physical water
ux v , whether
expressed by the physical variablep or the generalized pressureu. With regard
to the Signorini-type boundary conditions observe that dueto the de�nition of
the Kirchho� transformation (1.3.1) and kr (� (p)) = 1 for p � 0 we havep = u
for p � 0 or u � 0, respectively, and p < 0 , u < 0. Therefore, c) can be
equivalently formulated if we replace u by p.

Dirichlet boundary conditions usually appear as hydrostatic pressures given
by surface water (e.g. lakes or rivers) on
 u or water (e.g. rivers or the sea)
on a side 
 l or 
 r of @
. Neumann boundary conditions specify water 
ow
into or out of 
 due to rain or water movements around @
 and often occur
as homogeneous Neumann boundary conditions on dry parts of
 u or on the
border of an impermeable soil, e.g. on
 d.

Apart from the Dirichlet and Neumann boundary conditions wh ich are called
boundary conditions of the �rst and second kind, respectively, one also encoun-
ters boundary conditions of the third kind (on semipermeable boundaries, see
Bear [13, p. 265]), known asRobin boundary conditions (consult Gustafson and
Abe [46] and [47]). They are conditions on linear combinations of Dirichlet and
Neumann boundary values and will play an crucial role for ourtreatment of the
heterogeneous Richards equation in Section 3.4. For simplicity we do not treat
them in the �rst two chapters of this work. Further (nonlinea r) generalizations
of Robin boundary conditions are known as leaky boundary conditions (see e.g.
Carrillo and Chipot [23] and Chipot and Lyaghfouri [26]), wh ich we do not
consider here.

Signorini boundary conditions are well known for contact problems in mechanics
(see Signorini [86] and Krause [61]). Moreover, \Signorini's problem" is the
name for a problem in linear elasticity. Nevertheless,Signorini-type boundary
conditions or boundary conditions of Signorini's type occur in various �elds,
for instance in electrochemistry (cf. Gerbi et al. [42]), inconnection with Stefan
problems (cf. Calvo et al. [22]) and in hydrology (cf. Bagagiolo and Visintin [8]
and Zheng et al. [103]). Therefore, we also attribute Signorini's name to the
boundary 
 S and the complementary conditions given above in c).

In hydrological settings, boundary conditions of Signorini's type usually appear
around surface water reservoirs on
 u or in case of a so-called dam problem
(see e.g. Alt [2]) above the part of the boundary where the surface water or the
sea, respectively, is in contact with@
 (in the latter case e.g. on a part of 
 l

or 
 r ). Such a situation is depicted in Figure 1.16 which shows a zoomed part
of 
 u where a water reservoir occurs above
 3. Therefore, we consider
 3 to be
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h(t)

p � 0

p � 0

Figure 1.16: Boundary of Signorini's type around a water reservoir

a part of the Dirichlet boundary 
 D (t) with the boundary values given as the
hydrostatic pressure imposed by the surface water.

Although the surface of the reservoir is
 6, the domain 
 can be fully saturated
up to a curve lying above
 6, here up to the curve
 7 [ 
 2 [ 
 4 [ 
 8, on which the
pressure is vanishing. The part
 2 [ 
 4 of @
 is called the seepage face. Here
water can 
ow from the interior of 
 across @
 tickling into the reservoir, thus
v � n � 0, but the pressure of the water isp = u = 0. On 
 1 [ 
 5, however,
we have no 
ow v � n = 0, but then the water pressure cannot be positive,
i.e. p � 0 , u � 0. This is the hydrological reason for the complementary
conditions for u and v � n on the Signorini-type boundary 
 S(t) given in c) that
result in a decomposition of
 S(t) in seepage faces like
 2 [ 
 4 and adjacent parts
of @
 like 
 1 [ 
 5. The points P1 and P2, which determine the boundary of the
seepage face within the Signorini-type boundary
 S(t), are usually unknown
a priori and arise as part of the solution, which satis�es the conditions given
in c). Just as in mechanics, the boundary value problems withconditions of
Signorini's type, which we encounter in the following, can therefore be regarded
as free boundary problems. Finally, note the analogy of our conditions in c)
and Signorini boundary conditions known from mechanics. For example, u � 0
on 
 S corresponds to the non-penetration condition in contact problems.

There is a hydrological necessity for the existence of a nontrivial seepage face if
the so-calledphreatic surface, which is given by p = 0, i.e. 
 7 [ 
 8, is above the
water table 
 6 around the reservoir. Otherwise, ifP1 and P2 were the endpoints
of 
 3, the water 
ow v in these points would have to be parallel to the phreatic
surface on the one hand, but also perpendicular to
 3 on the other hand, which
is only possible if the phreatic surface is beneath
 6 around the water reservoir.
See Bear [13, pp. 260/261] for a detailed discussion of the seepage face.

Furthermore, we note that the area beneath
 7 [ 
 2 [ 
 3 [ 
 4 [ 
 8 in Figure 1.16,
where p � 0 holds, does not necessarily coincide with the region in which the
ground is fully saturated. In general there is a so-calledcapillary fringe above

 7 [ 
 8 in which full saturation still occurs although p < 0 holds. This is due to
the so-called bubbling pressurepb < 0 that is discussed in Section 1.2 and that is
also re
ected by our special choice of Brooks{Corey parameter functions (1.2.9)
and (1.2.10). Consequently, thegroundwater table, i.e. the border between the
saturated and the unsaturated region in the interior of 
, is given by p = pb

and generally lies above the phreatic surface.
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Now, for any t 2 (0; T], T > 0, we consider the boundary value problem

M (u)t � div
�

r u � kr (M (u))ez

�
= 0 on 
 (1.5.4)

u = uD (t) on 
 D (t) (1.5.5)

v � n = f N (t) on 
 N (t) (1.5.6)

u � 0; v � n � 0; u � (v � n) = 0 on 
 S(t) (1.5.7)

which we call Signorini-type problem or problem of Signorini's type for the
Kirchho�{transformed Richards equation. Of course, it can be easily reformu-
lated for the Richards equation with the physical pressurep as the unknown.
Due to ellipticity and monotonicity, however, most of the analysis is only car-
ried out for the Kirchho�{transformed version (compare Sub section 1.6), and
so is our numerical treatment of the Richards equation in Chapter 2. This is
why we choose the formulation above. An additional requirement needed in
(1.5.4){(1.5.7) is certainly uD > u c and u > u c if M : (uc; 1 ) ! R with a
uc < 0, which is the case for the Brooks{Corey parameter functions. Finally,
we point out that if subsets of 
 D (t) and 
 S(t) are adjacent, uD (t) needs to be
compatible with the condition u � 0 on 
 S if functions u from certain solution
spaces are to satisfy both boundary conditions.

Remark 1.5.1. Before we derive a weak formulation for this free boundary
problem we shortly consider a straightforward model for a dynamic coupling of
ground and surface water. In the situation depicted in Figure 1.16 the Dirichlet
data on 
 3 is given by the hydrostatic pressurepD (t) = uD (t) = %gh(t) (possibly
modulo scaling factors, e.g.jpbj� 1 with the bubbling pressure pb as done in
Section 1.3). The surface water levelh(t) over the ground is a function on the
subset
 3 of 
 D (t) which is in general time-dependent, too, i.e. we have
 3(t). In
fact, by considering the geometry of@
, knowing 
 3(t) is equivalent to knowing
h(t) if the water in the reservoir is assumed to remain static. In this case we
speak of areservoir model for the surface water. If the surface water is a big lake
or the sea,h(t) as a function of t can be regarded as practically not in
uenced
by the groundwater in 
, i.e. as a given boundary condition on 
 3(t) for the
Richards equation. This is assumed in (1.5.4){(1.5.7).

If the reservoir is small enough such that the 
ow of groundwater from 
 into
the reservoir or back cannot be neglected,h(t) or the Dirichlet boundary 
 3(t)
are not known a priori. Then we need to consider a coupling of the surface
water behaviour and the groundwater modelling which is given by the Richards
equation. The easiest way to do this for the reservoir model is to consider the
increase or decrease of volumeddt V(t) of the surface water given by the water

ow v � n across
 (t) := 
 2(t) [ 
 3(t) [ 
 4(t) (see Figure 1.16) and assuming
mass conservation

d
dt

m(t) = %
d
dt

V (t) = %
Z


 (t )
v(x; t ) � n d� (x) (1.5.8)

for the total mass m(t) of the water in the reservoir. By the geometry of @
,
knowing V(t) is both equivalent to knowing h(t) and equivalent to know-
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ing 
 3(t). Consequently, considering these geometric relationships, equations
(1.5.4){(1.5.8) form a simple model for a coupling of groundand surface water.

1.5.2 A variational inequality in a classical sense

As a special type of boundary value problem the Signorini-type problem (1.5.4){
(1.5.7) has a weak formulation in terms of a variational inequality. This follows
from an application of a generalization of Green's formula or partial integration,
which we note below. See Theorem A.1.3 in the appendix for a derivation of it
from Gauss's theorem. We also refer to De�nition A.1.1 in the appendix for an
exact de�nition of a C1-polyhedron 
 � Rd which is sometimes called a domain
with a smooth boundary @
 except for a ( d� 1)-nullset of singularities. Further-
more, see [55, pp. 362{369] for measurability of hyperfacesand De�nition A.1.4
to recall the well-known spacesCk(
) for k 2 N0.

Theorem 1.5.2. Let 
 � Rd be a boundedC1-polyhedron with Hausdor� mea-
surable @
 , G 2 (C1(
)) d and v 2 C1(
) . Then the following identity holds:

Z



div(G(x)) v(x) dx = �

Z



G(x)r v(x) dx +

Z

@

(G(x) � n(x)) v(x) d� (x) :

(1.5.9)

Furthermore, for

uD (t) 2 f v = wj 
 D (t ) : w 2 C2(
) ^ wj 
 S (t ) � 0g (1.5.10)

we de�ne the convex setKc(t) � C2(
) as

Kc(t) := f w 2 C2(
) : wj 
 D (t ) = uD (t) ^ wj 
 S (t ) � 0g: (1.5.11)

It is clear that Kc(t) is nonempty sinceuD (t) is chosen to be compatible with
the Signorini-type boundary condition uj 
 S (t ) � 0.

Note that due to the de�nition (1.3.1) of the Kirchho� transf ormation, the func-
tion � : R ! R is continuously di�erentiable if kr is continuous and, therefore,
M = � � � � 1 is continuously di�erentiable if � is. In what is to come we apply
the well-known de�nitions of (di�erentiable) manifolds in [55, pp. 115/116] and
Hausdor� measures onC1-polyhedra in [3, p. 13], see also De�nition A.1.1 in
the appendix. Now we can prove the following equivalence.

Proposition 1.5.3. Let M; kr : R ! R be continuously di�erentiable real
functions, and for t 2 (0; T] let u(t) 2 C2(
) on a C1-polyhedron 
 � Rd with
Hausdor� measurable @
 . Furthermore, let f N (t) be continuous on
 N (t), and
let 
 N (t) and 
 S(t) be piecewise(d� 1)-dimensional manifolds. Thenu satis�es
the boundary value problem (1.5.4){(1.5.7) for t if and only if it satis�es the
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variational inequality
Z



M (u)t (v � u) dx +

Z



r ur (v � u) dx �

Z



kr (M (u))ezr (v � u) dx �

Z


 N (t )
f N (t) (v � u) d� 8v 2 K c(t) (1.5.12)

in the convex setKc(t). In addition, (1.5.12) becomes a variational equality if
there is no boundary of Signorini's type, i.e. if 
 S(t) = ; . In this case the set
of test functions v � u is the subspacef w 2 C2(
) : wj 
 D (t ) = 0g of C2(
) .

Proof. First, let u satisfy the boundary value problem (1.5.4){(1.5.7) for a
t 2 (0; T]. Then, of course, we haveu 2 K c(t) due to (1.5.7). With a v 2 K c(t)
we multiply (1.5.4) by v � u on both sides and integrate over 
 obtaining

Z



M (u)t (v � u) dx +

Z



� div( r u � kr (M (u))ez) (v � u) dx = 0 :

Due to the conditions imposed on the involved functions we have v � u 2 C1(
)
and v = � (r u � kr (M (u))ez) 2 (C1(
)) d. So applying Theorem 1.5.2 for
G = v and v � u instead of v we arrive at

Z



M (u)t (v � u) dx +

Z



r ur (v � u) dx

�
Z



kr (M (u))ezr (v � u) dx +

Z

@

v � n (v � u) d� = 0 : (1.5.13)

Note that @
 is a disjoint union of the sets 
 D (t), 
 N (t) and 
 S(t). Therefore,
taking v � u = 0 on 
 D (t) and v � n = f N (t) on 
 N (t) into account, we only
need to prove Z


 S (t )
v � n (v � u) d� � 0

in order to obtain (1.5.12). But this follows from ( v � n) � u = 0 and v � n � 0
and vj 
 S (t ) � 0 on 
 S(t).

Conversely, let u 2 K c(t) satisfy (1.5.12) for a t 2 (0; T]. An application of
Theorem 1.5.2 as above forG = v and v � u instead of v to (1.5.12) provides

Z




�
M (u)t (v � u) � div( r u � kr (M (u))ez)

�
(v � u) dx

+
Z


 N (t )
f N (t) (v � u) d� �

Z

@

v � n (v � u) d� � 0 8v 2 K c(t) : (1.5.14)

We �rst prove that u satis�es (1.5.4) for t by assuming that this is not the case,
i.e. there is ax 2 
 such that w.l.o.g. we have

M (u(x; t )) t � div( r u(x; t ) � kr (M (u(x; t ))) ez ) > 0;

which by continuity of the function on the left hand side we assume to be true
on a ball B " (x) � 
 of radius " > 0 around x. Now we choose av 2 K c(t)
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such that v = u on 
 nB " (x) and v � u < 0 on B " (x). But with this choice
of v the integrals over 
 N (t) and @
 in (1.5.14) vanish while the integral over 

is negative due to the continuity of the integrands. This is a contradiction
to (1.5.14), sou satis�es (1.5.4).

The construction of a smooth function v as used above is well known and relies
on the existence of a nonnegative' 2 C1 (Rd) with supp ' = B " (x). For the
basic ingredient of such a construction consult e.g. [56, p.277]. In the following
we will use this idea to get test functions with certain properties on parts of
the boundary @
.

Sinceu satis�es (1.5.4) and u = v on 
 D (t), the variational inequality (1.5.14)
reduces to

Z


 N (t )
(f N (t) � v �n)(v � u) d� �

Z


 S (t )
v �n (v � u) d� � 0 8v 2 K c(t) : (1.5.15)

Now, since
 N (t) is a piecewise (n � 1)-dimensional manifold, we can conclude
f N (t) = v � n on 
 N (t) as required. Otherwise, using the continuity of the
involved functions, we �nd a subset ~
 � 
 N (t) with a positive Hausdor� measure
and a suitablev 2 K c(t) such that we have (f N (t) � v � n)(v � u) < 0 on ~
 while
v = u holds on 
 S(t) [ (
 N (t)n~
 ), leading to a contradiction to (1.5.15). Using
this result, (1.5.15) reduces to

Z


 S

v � n (v � u) d� � 0 8v 2 K c(t) ; (1.5.16)

from which we prove (1.5.7) by applying the same technique: Let u(x; t ) < 0
for a point x in a subset ~
 " = B " (x) \ 
 S(t) with a positive Hausdor� measure.
We assumev(x; t ) � n 6= 0 and " to be small enough such thatu and v � n do not
change their sign on ~
 " . Then, we �rst construct an admissible test function
v 2 K c(t) such that u < v � 0 on ~
 " , i.e. v � u > 0 on ~
 " , and v = u elsewhere
on 
 S(t). (1.5.16) now givesv(x; t ) � n < 0. On the other hand, if we choose
v 2 K c(t) with v < u on ~
 " , i.e. v � u < 0 on ~
 " , and v = u elsewhere on
 S(t),
we obtain v(x; t ) � n > 0 from (1.5.16), which is a contradiction. So altogether,
we concludev � n = 0 if u < 0. Sinceu 2 K c(t) we get u � (v � n) = 0 on 
 S(t).
Finally, if v � n < 0 on a ~
 " � 
 S(t) as above, we choose av < 0 on ~
 " with
v = 0 on 
 S(t)n~
 " which leads to a positive value of the integral in (1.5.16) and,
thus, to a contradiction. Therefore, we also havev � n � 0 on 
 S(t).

Now if 
 S(t) = ; , it is clear that the set of test functions v � u in (1.5.12) is the
linear spacef w 2 C2(
) : wj 
 D (t ) = 0g. Therefore, we can also test withu � v
instead of v � u in (1.5.12) and conclude that (1.5.12) is indeed a variational
equality in this case.

Remark 1.5.4. It is easy to see that a reformulation of (1.5.4){(1.5.7) as a
Signorini-type problem for the Richards equation with the physical pressure
p(t) (for a t 2 (0; T]) is equivalent to an analogous reformulation of the varia-
tional inequality (1.5.12) in the corresponding convex setif �; kr : R ! R are
continuously di�erentiable.
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Observe that, due to our special choice of parameter functions according to
Brooks{Corey, the saturation M as a function of the generalized pressureu is
not de�ned on the whole real line but only on (uc; 1 ) with a uc < 0. In cases
like these the range ofu needs to be a subset of (uc; 1 ) in order to satisfy
(1.5.4){(1.5.7). Of course, the Dirichlet boundary condition uD (t) needs to be
chosen in that way in the �rst place. Given this, Proposition 1.5.3 also applies
if M : (uc; 1 ) ! R is continuously di�erentiable.

Alternatively, one can choose the convex set

~Kc(t) := f v 2 K c(t) : v(x) > u c 8x 2 
 g: (1.5.17)

Then, the function u 2 ~Kc(t) satis�es (1.5.4){(1.5.7) if and only if it satis�es
(1.5.12) in ~Kc(t) instead of in Kc(t). Provided that 
 S(t) = ; , the assertion
about the variational equality is also true in this case because of the strict
inequality in (1.5.17) since with the compactness of
 and the norm in C2(
),
one can see that the set of test functions constitutes a neighbourhood of 0 in
the subspace given in Proposition 1.5.3.

We adopt this approach from now on because of our special interest in the
Brooks{Corey model and its analytical treatment. However, for a convex mini-
mization result that we want to apply in Section 2.3, we will need the somewhat
unphysical condition u � uc instead of u > u c which means that p(x) = �1 is
assumed to be possible for the physical pressurep(�). The formulas (1.3.5) and
(1.3.6) provide this straightforward extension of M in (1.3.25) by an improper
integral, see also (1.4.8). This is needed to obtain a closedconvex subset in the
space considered (compare with the results in Section 1.6).Otherwise, unique
solvability of the variational inequality cannot be guaranteed. Then, however,
it has to be emphasized that the assertion in Proposition 1.5.3 about the varia-
tional equality is false in general because the test functions do no longer form a
neighbourhood of 0 in the subspace considered there. So as soon as an equality
in u(x) = uc holds (or can hold) for an x 2 
, we need to deal with the vari-
ational inequality instead of a variational equality. We wi ll come back to this
topic in Section 2.3 (see Remarks 2.3.12 and 2.3.17).

1.5.3 A weak variational inequality for the Kirchho�{trans -
formed Richards equation

Observe that in case of the Brooks{Corey parameter functions M is not even
di�erentiable but only piecewise di�erentiable. Of course, one could consider a
smooth approximation of M since non-di�erentiability of M for the (normal-
ized) bubbling pressure� 1 is hydrologically not essential. However, it seems to
be in order at this point to generalize the notion of a solution to the Signorini-
type problem (1.5.4){(1.5.7) by extending the corresponding weak formulation
(1.5.12) to a variational inequality in a closed convex subset of a Sobolev space.
In the most simple case of
 D (t) = @
 and uD (t) = 0 (with uc = �1 ), this
would be a variational equality for u 2 H 1

0(
). In our general case, we need
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some more ingredients from the theory of Sobolev spaces which we have noted
in Appendix A.2 and which we use in the following.

With regard to a weak formulation of the variational inequal ity (1.5.12) for
models of Brooks{Corey type, we require the functionsM : [uc; 1 ) ! R and
kr : M ([uc; 1 )) ! R to be continuous, monotonically increasing and bounded
with a uc < 0. Furthermore, let 
 � Rd be a Lipschitz domain and
 D (t), 
 N (t)
and 
 S(t) be pairwise disjoint Hausdor� measurable submanifolds of@
 for all
t 2 [0; T] with @
 = 
 D (t) [ 
 N (t) [ 
 S(t).

Concerning the weak Dirichlet boundary condition for t 2 [0; T], we choose

uD (t) 2 f v = tr 
 D (t )w : w 2 H 1(
) ^ w � uc a.e.^ tr 
 S (t )w � 0 a.e. on 
 S(t)g
(1.5.18)

as an element ofH 1=2(
 D (t)) analogously to (1.5.10) with the trace operators
tr � : H 1(
) ! H 1=2(�) for � 2 f 
 D (t); 
 S(t)g. As in Remark 1.5.4 we require
the range ofuD (t) to be contained in [uc; 1 ), now almost everywhere on
 D (t)
and even for an extension ofuD (t) in H 1(
) almost everywhere on 
 (for the
reason see the proof of Proposition 1.5.5). In order to modelrealistic physical
situations one would chooseuD (t) with a range even contained in the open
interval ( uc; 1 ). The set in (1.5.18) is nonempty since the functionuD (t) = 0
with its trivial extension on 
 is contained in it. This is obv ious but necessary
to make sense of the following.

The convex setK(t) � H 1(
) as a weak counterpart of ~Kc(t) given in (1.5.17)
is now de�ned as

K(t) := f v 2 H 1(
) : v � uc ^ tr 
 D (t )v = uD (t) ^ tr 
 S (t )v � 0 a.e. on 
 S(t)g;
(1.5.19)

in which v � uc is again to be understood asv(x) � uc almost everywhere on 
.
Observe that this latter condition ensures that K(t) is a closed subset ofH 1(
)
which is not the case of ~Kc(t) in C2(
). Since we will need the properties of
K(t) in Section 2.3, we note them here.

Proposition 1.5.5. K(t) is a nonempty, closed and convex subset ofH 1(
) .

Proof. Using the linearity of the trace operators tr 
 D (t ) and tr 
 S (t ) , it is easy
to see that K(t) is a convex set. It is nonempty since the Dirichlet condition
uD (t) in (1.5.18) is chosen to be compatible with the Signorini-type boundary
condition tr 
 S (t )u � 0 and there is an extensionw of uD (t) with w � uc almost
everywhere on 
, i.e. w 2 K (t). (If we only require uD (t) � uc almost every-
where on
 D (t), we might not be able to guarantee the corresponding property
for an extension ofuD (t) in H 1(
). For the converse see the next proposition.)

Regarding the closedness, observe that for anyw 2 H 1(
) with w(x) < u c

almost everywhere on a subset 
0 � 
 with a positive Lebesgue measure, we
also obtain a subset 
00 � 
 0 with a positive Lebesgue measure such that
w(x) < u c � " for an " > 0. This follows from

[

n2 N

f x 2 
 0 : w(x) < u c � 1=n a.e.g = f x 2 
 0 : w(x) < u c a.e.g
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and the � -additivity of the Lebesgue measure. As a consequence, the norm
kw � vkL 2 (
) and therefore the H 1(
)-norm kw � vk1 is bounded from below
by a positive constant, uniformly for all v 2 K (t).

With the same arguments and with suitable constantsc; C > 0 for a w 2 H 1(
)
for which tr 
 D (t )w = uD (t) or tr 
 S (t ) � 0 is false, we obtain

0 < c � k tr � w � tr � vkL 2 (�) � k tr � w � tr � vkH 1=2 (�) � Ckw � vk1 8v 2 K (t)

for � 2 f 
 D (t); 
 S(t)g by de�nition of H 1=2(�) (see pages 248/249 in the ap-
pendix) and due to the trace theorem A.2.3.

Altogether, H 1(
) nK(t) is open and therefore,K(t) � H 1(
) is closed.

We �nd the following proposition instructive since it guara ntees that nothing
unnatural can happen to the elements in the setK(t). Nevertheless, one might
be surprised that its proof is not straightforward.

Proposition 1.5.6. Any v 2 K (t) satis�es tr @
 v � uc almost everywhere in
the Hausdor� measure on @
 .

Proof. In the �rst step we use the fact that

C1 (
) \ K 0 is dense in K0 := f v 2 H 1(
) : v � 0 a.e. on 
 g

in the H 1(
)-topology. This is proved in Glowinski [45, p. 61]. There fore, if
v 2 K (t) we have v0 := v � uc 2 K 0 and the existence of a sequence (vn )n2 N in
C1 (
) \ K 0 with vn ! v0 in H 1(
) for n ! 1 . Obviously, vn (x) � 0 holds
for all x 2 
 and all n 2 N.

In the second step we note that the embedding theorem A.2.2 and the trace
theorem A.2.3 provide

vnj@
 ! tr @
 v0 in L 2(@
) for n ! 1 : (1.5.20)

Due to a result from measure theory, see e.g. [82, p. 74, ex. 18], (1.5.20) entails
the convergencevnk j@
 ! tr @
 v0 of a subsequence (vnk )k2 N almost everywhere
on @
 for k ! 1 . Therefore, we havetr @
 v0 � 0 and

tr @
 v = tr @
 (v0 + uc) = ( tr @
 v0) + uc � uc

almost everywhere on@
.

Note that with the same approximating sequence as in this proof we can con-
clude the corresponding result with tr � v = ( tr @
 v) j � for any � � @
 as on
page 249, e.g. � 2 f 
 D (t); 
 S(t); 
 N (t)g.

For completeness, we point out that the weak Neumann boundary data f N (t)
can be chosen as a distribution fromH � 1=2(
 N (t)) or even from H 1=2

00 (
 N (t))0.
However, we restrict ourselves to functionsf N (t) 2 L 2(
 N (t)).
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The canonical solution space for parabolic problems on the open time cylinder
Q := 
 � (0; T) usually is the function spaceL 2(0; T ; H 1(
)) (see pages 252{254
in the appendix for more details on such spaces). But then thepartial time
derivative ut is in general an element of the spaceH � 1(0; T ; H 1(
)), i.e. it does
in general no longer have an interpretation as a function. Inorder to make
sense of a generalization of (1.5.12), we require a solutionu 2 L 2(0; T ; H 1(
))
to have a regularity such that M (u)t 2 L 2(
) almost everywhere on (0 ; T]. In
this case, we say thatu is a weak solution of the variational inequality (1.5.12)
at the time t 2 (0; T] if u(t) 2 K (t) and

Z



M (u)t (v � u) dx +

Z



r u r (v � u) dx �

Z



kr (M (u))ezr (v � u) dx �

Z


 N (t )
f N (t) (v � u) d� 8v 2 K (t) : (1.5.21)

Note that kr (M (u(�))) is bounded on 
 since both M and kr are bounded.
Moreover, sinceM and kr are both monotonically increasing, so iskr � M .
Now, it is straightforward to prove that the composition of a monotonic and a
measurable function is measurable again, hencekr (M (u(�))) 2 L 1 (
) (without
using the continuity of kr � M ). So all of the terms in (1.5.21) make sense.

1.5.4 Kirchho� transformation as a superposition operator and
a weak variational inequality for the Richards equation in
physical variables

Finally, as for the classical case (1.5.12), one can consider a weak variational
inequality analogous to (1.5.21) for the untransformed Richards equation (1.5.1)
rather than for the Kirchho�{transformed version (1.5.2). However, in contrast
to the classical case in which the formulations are equivalent, the equivalence
of (1.5.21) with a corresponding weak formulation for the physical pressure is
not clear. And it will turn out that we need quite a lot of prepa ratory work in
order to be able to answer this question, see the Concluding Remarks 1.5.20 of
this subsection.

The �rst problem is that uc can be in the range ofu(t) in (1.5.21) which would
correspond to �1 being in the range ofp(t). And even if this is not the case
p(t) = � � 1(u(t)) does not need to be inH 1(
) in case of the Brooks{Corey
functions if u(t) 2 H 1(
). The second problem is the question whether a chain
rule

r u = r (� (p)) = � 0(p)r p = kr (� (p)) r p (1.5.22)

such as (1.3.3) also holds in a weak sense for Sobolev functions p on 
 with the
Kirchho� transformation � in (1.3.1) applied pointwise almost everywhere on 

with kr � � 2 L 1 (R). Concerning this question we refer to Leoni and Morini [63]
where (1.5.22) is proved for functions with values in a �nite-dimensional space
based on a known result for real-valued functions. The latter is needed here
and states that (1.5.22) holds almost everywhere on 
 if p 2 W 1;1

loc (
) and
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� : R ! R is Lipschitz continuous. Sincer p(x) = 0 holds for all x for which
� 0(p(x)) is unde�ned due to Rademacher's theorem (see [97, pp. 341{349] or
[104, pp. 50/51]) and a result from Serrin and Varberg [85], we have to interpret
� 0(p(x)) r p(x) as zero in (1.5.22) for suchx. For kr � � 2 L 1 (R) the function
� : R ! R is Lipschitz continuous with � 0 = kr � � (see for example [15, p. 25])
and the last equation in (1.5.22) holds. In the following we formulate some
results based on these observations. We start with properties of the Kirchho�
transformation.

Lemma 1.5.7. If kr � � 2 L 1 (R) (is nonnegative almost everywhere), then
� : R ! R as de�ned by (1.3.1) is (strictly monotonically increasing and)
Lipschitz continuous with the Lipschitz constant

L (� ) = kkr � � k1 and � 0 = kr � � a.e. on R :

If, in addition, there is a c > 0 such thatkr (s) � c holds for almost alls 2 R, the
Kirchho� transformation has a strictly monotonically incr easing and Lipschitz
continuous inverse� � 1 : R ! R with the Lipschitz constant

L (� � 1) = k(kr � M )� 1k1 � c� 1 and (� � 1)0 = ( kr � M )� 1 a.e. on R

with M as de�ned in (1.3.2).

Proof. The assertions on� are well known and follow from the fundamental
theorem of calculus for Lebesgue integrals or the theory of Lebesgue points (see
[97, pp. 341{349] and [15, p. 25] or [82, pp. 138{147] for moredetails). The
assertions on� � 1 follow from the properties of � . In particular, note that

(� � 1)0(u) =
1

� 0(� � 1(u))
=

1
kr (M (u))

(1.5.23)

is satis�ed in the classical sense for allu 2 R for which � is di�erentiable
in p = � � 1(u), that is for almost all u 2 R because Lebesgue nullsets are
invariant under Lipschitz mappings.

Remark 1.5.8. Note that in case ofkr � c > 0 and also in case of the Brooks{
Corey functions we can write

� � 1(u) =
Z u

0

1
kr (M (s))

ds

for all u 2 R or u 2 (uc; 1 ), respectively, analogously to (1.3.1). Of course,
the function kr only needs to be given on the range� (R) in Lemma 1.5.7. For
simplicity, however, we consider it to be extended toR.

Furthermore, it should be clear from the proof of Lemma 1.5.7that, conversely,
any strictly monotonically increasing Lipschitz continuous function � : R ! R
can be regarded as a Kirchho� transformation via the fundamental theorem

� (p) =
Z p

0
� 0(q) dq+ � (0) 8p 2 R (1.5.24)
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induced by the nonnegative function � 0 2 L 1 (R) with k� 0k1 = L(� ). The
same holds with � � 1 instead of � if � � 1 exists and is Lipschitz continuous or
equivalently if k(� � 1)0k1 = k(� 0)� 1k1 < 1 . Although this result is straight-
forward, we note it here since we use the framework of these general Kirchho�
transformations in Chapter 3. Moreover, we remark that most of the following
results hold in an analogous way if� (0) 6= 0 in (1.5.24). In view of the Richards
equation, however, we mostly stick to the integrand kr � � 2 L 1 (R) as the
notation in what is to come, even where we do not require its nonnegativity
and the corresponding primitive does not provide a transformation.

So far we have not yet explicitly distinguished the Kirchho� transformation
� : R ! R acting as a function on real numbersp from the transformation
which it provides by pointwise (almost everywhere) application on a function p
de�ned (almost everywhere) on 
. At this point it is appropri ate to do this.

De�nition 1.5.9. Let p be a real-valued function de�ned on a subsetS � Rd,
possibly almost everywhere with respect to an appropriate measure. Further-
more, let � : R ! R be a real function. By the pointwise application

(� S(p))( x) := � (p(x))

of � to p (for x almost everywhere) onS the superposition operator

� S : p 7! � (p)

is de�ned. Let X be a normed space consisting of a subset of all measurable
functions on the open setS. If the superposition operator satis�es � S(p) 2 X
for all p 2 X , we say that it acts on the spaceX . In this case we write

� X : X ! X

for the restriction of � S on the spaceX and call � X superposition operator
on X . Analogously one de�nes superposition operatorsacting between two
spacesX 1 and X 2.

There is a vast theory on superposition operators, also known as Nemytskij
operators, acting on function spaces of all kinds. For an introduction into this
theory we refer to the monograph of Appell and Zabrejko [6] which contains a
large reference list on the topic. Note that we have restricted ourselves to the
autonomous casep 7! � (p) on R instead of the general one given by a function
(x; p) 7! � (x; p(x)) on 
 � R. In the following we investigate the Kirchho�
transformation as a superposition operator acting on di�erent spaces which are
relevant for us. As usual in this work, the \appropriate measures" mentioned
in the de�nition are the Lebesgue measure on a Lipschitz domain S = 
 � Rd

or else the Hausdor� measure on a submanifoldS = � � @
 of its boundary.

Lemma 1.5.10. If kr � � 2 L 1 (R) then � : R ! R given in (1.3.1) induces a
Lipschitz continuous superposition operator

� L 2 (
) : L 2(
) ! L 2(
) :
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The corresponding Lipschitz constants satisfy

L (� L 2 (
) ) = L(� ) = kkr � � k1 :

If, in addition, kr � c > 0 holds almost everywhere onR, then � L 2 (
) has a
Lipschitz continuous inverse given by the superposition operator

� � 1
L 2 (
) = ( � � 1)L 2 (
) : L 2(
) ! L 2(
) :

The Lipschitz constants satisfy

L (� � 1
L 2 (
) ) = L(� � 1) = k(kr � M )� 1k1 � c� 1

with M as de�ned in (1.3.2).

With a glance at Lemma 1.5.7 the proof is straightforward, and so is the proof
of the next result. We just remark that Lebesgue measurability of composites of
Lebesgue measurable functions can be proved by going back toBorel measurable
representatives.

Lemma 1.5.11. Let 
 � Rd be bounded and open and� � @
 a Lipschitz
submanifold. If kr � � 2 L 1 (R) then � : R ! R given in (1.3.1) induces a
Lipschitz continuous superposition operator

� L 2 (�) : L 2(�) ! L 2(�) :

The corresponding Lipschitz constants satisfy

L (� L 2 (�) ) = L(� ) = kkr � � k1 :

If, in addition, kr � c > 0 holds almost everywhere onR, then � L 2 (�) has a
Lipschitz continuous inverse given by the superposition operator

� � 1
L 2 (�) = ( � � 1)L 2 (�) : L 2(�) ! L 2(�) :

The Lipschitz constants satisfy

L (� � 1
L 2 (�) ) = L(� � 1) = k(kr � M )� 1k1 � c� 1

with M as de�ned in (1.3.2).

Now, with these preliminaries and based on the weak chain rule (1.5.22), we
obtain the following

Proposition 1.5.12. Let 
 � Rd be an open set,kr � � 2 L 1 (R) and � : R ! R
as de�ned in (1.3.1). Then for p 2 H 1(
) we obtain u = � 
 (p) 2 H 1(
) , and
the weak chain rule (1.5.22) holds in(L 2(
)) d. Moreover, we have

kuk1 � k kr � � k1 kpk1 : (1.5.25)

Conversely, if in addition to kr � � 2 L 1 (R) there is a c > 0 such that kr (s) � c
holds for almost all s 2 R, then we also have

ckpk1 � k uk1 : (1.5.26)

Finally, with this latter condition u 2 H 1(
) implies p = ( � � 1)
 (u) 2 H 1(
) .
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Proof. For p 2 H 1(
) the chain rule (1.5.22) holds almost everywhere on 
.
But since p 2 H 1(
) we also have

Z



jr u(x)j2 dx =

Z



jkr (� (p(x))) j2jr p(x)j2 dx � k kr � � k2

1

Z



jr p(x)j2 dx

(1.5.27)
and furthermore

Z



ju(x)j2 dx � k kr � � k2

1

Z



jp(x)j2 dx (1.5.28)

because of

ju(x)j =
�
�
�
�

Z p(x)

0
kr (� (q)) dq

�
�
�
� � k kr � � k1 jp(x)j (1.5.29)

almost everywhere on 
. This proves (1.5.25). The converse (1.5.26) follows
in the same way from (1.5.22) andkr � c > 0. However, (1.5.22) is not
immediately clear because we do not know anything aboutp. Therefore, we
�rst apply (1.5.22) in the form

r p = r (� � 1(u)) = ( � � 1)0(u)r u (1.5.30)

almost everywhere on 
 using the regularity of u. With the nondegeneracy
assumption kr � c > 0 we can apply the formula (1.5.23) and obtain

(� � 1)0(u(x)) =
1

� 0(p(x))
=

1
kr (� (p(x)))

> 0 (1.5.31)

wherever � 0 is (pointwise classically) di�erentiable which is almost everywhere.
Now, (1.5.22) follows from (1.5.30) and (1.5.31).

Remark 1.5.13. Note that in case of � (0) 6= 0, (1.5.29) produces an additional
additive constant in the integrand on the right hand side of (1.5.28) such that
the assertions of Proposition 1.5.12 cannot be establishedin this case if 
 is
unbounded. Furthermore, we remark that � : R ! R is linear (and induces
linear maps on L 2(
) and H 1(
)) if and only if kr � � : R ! R is constant.
Otherwise observe that although we have (1.5.27), we cannotexpect � to in-
duce a Lipschitz continuous map onH 1(
) (except for a�ne � ) because the
Kirchho� transformation of a function is de�ned pointwise a nd does not \see"
derivatives of the function. However, under reasonable conditions we can still
prove the continuity by rather elementary means. The next proposition covers
the Brooks{Corey functions but, of course, not the limit cases in Section 1.4.

Proposition 1.5.14. Let 
 � Rd be an open set,kr � � : R ! R uniformly
continuous and bounded and the primitive� : R ! R as de�ned in (1.3.1).
Then the superposition operator

� H 1 (
) : H 1(
) ! H 1(
)

obtained in Proposition 1.5.12 is continuous. If d = 1 and kr � � : R ! R
is Lipschitz continuous and bounded, the superposition operator is Lipschitz
continuous on any bounded subset ofH 1(
) .
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Proof. We choose a �xed p0 2 H 1(
) and a sequence (pn )n2 N � H 1(
) con-
verging to p0 in H 1(
). Since � 
 is Lipschitz continuous on L 2(
) and the
chain rule (1.3.3) holds, it su�ces to show that

Z



jkr (� (pn)) r pn � kr (� (p0)) r p0j2 dx

becomes small for smallkpn � p0k1. This term can be estimated by

2kkr � � k2
1

Z



jr (pn � p0)j2 dx +2

Z



jkr (� (pn )) � kr (� (p0)) j2jr p0j2 dx (1.5.32)

which means that it is enough to show that the second integralI in (1.5.32)
becomes small for smallkpn � p0k1. But this follows already from the conver-
gence ofpn ! p0 in L 2(
) for n ! 1 which forces the Lebesgue measure of
the set

M n := f x 2 
 : jpn (x) � p0(x)j2 > � g

to go to 0 for n ! 1 and any �xed � > 0. With the "-� -criterion for the
uniform continuity of kr � � we can estimateI by

"2
Z


 nM n

jr p0j2 dx + 2kkr � � k2
1

Z

M n

jr p0j2 dx

in which the second integral goes to 0 forn ! 1 since the �rst integral goes toR

 jr p0j2 dx due to the theorem of Lebesgue (or, alternatively, of Beppo Levi).

If d = 1 and kr � � : R ! R is even Lipschitz continuous, we can estimate
jkr (� (pn)) � kr (� (p0)) j in the integral I by

L(kr � � )kpn � p0k1 � Ckpn � p0k1

for a C > 0 with the help of Sobolev's embedding theorem (2.5.36) in one space
dimension.

To put it mildly, the next result is astonishing. Not only doe s it state that
Proposition 1.5.14 can be generalized, but in fact, that itsassertion can virtually
never be wrong.

Theorem 1.5.15. Let 
 � Rd be a bounded open set and� : R ! R a Borel
function. The superposition operator � 
 acts on H 1(
) , i.e. it induces a map

� H 1 (
) : H 1(
) ! H 1(
) ;

if and only if it is continuous on H 1(
) or, equivalently, if and only if � is
Lipschitz continuous for d > 1 or locally Lipschitz in the cased = 1 , respectively.

This result was proved in Marcus and Mizel [70, pp. 218{220] for (locally) Lip-
schitz continuous functions � : R ! R and also for unbounded sets 
 � Rd

if � (0) = 0, see Remark 1.5.13. For bounded 
 � Rd the (local) Lipschitz
continuity of � : R ! R was deduced in Marcus and Mizel [69] as anacting
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condition (see [6, pp. 239{243]) from the sheer fact that the Borel function � in-
duces a superposition operator fromH 1(
) into itself (see also [83, p. 267]). We
already know from Proposition 1.5.12 (and we can easily see it for d = 1) that
the converse assertion in Theorem 1.5.15 is true. In addition to the continuity
of � H 1 (
) , one also obtains its boundedness in the sense that

k� H 1 (
) vk1 � C(1 + kvk1) 8v 2 H 1(
)

holds for a C > 0 independent ofv for d > 1 analogously to (1.5.25), and for
C(M ) > 0 with kvk1 � M for d = 1. There are analogous statements about
superposition operators mappingW 1;p(
) into W 1;r (
) for p; r � 1.

We note a nice consequence of Theorem 1.5.15. If this fact wasnot written
down here, one would probably take it for granted as something the trace
theorem should certainly provide, and one would be shocked if it did not hold for
reasonable, i.e. continuous� : R ! R. Fortunately (in this case), our functions
de�ned almost everywhere behave as naturally as they \should". In fact, the
condition that � should be continuous turns out to be redundant.

Proposition 1.5.16. Let 
 � Rd be bounded and open and� � @
 a Lipschitz
submanifold. If � : R ! R is a Borel function and the superposition operator� 


acts on H 1(
) , then we have the commutativity

� � (tr � v) = tr � (� 
 v) 8v 2 H 1(
) : (1.5.33)

Proof. We prove that for any v 2 H 1(
)

ktr � (� 
 v) � � � (tr � v)kL 2 (
) (1.5.34)

is arbitrarily small by considering a sequence (vn )n2 N � C1 (
) converging to v
in H 1(
). In fact, since Theorem 1.5.15 provides the continuity o f � , the norm
in (1.5.34) can be estimated by

ktr � (� 
 v) � (� 
 vn ) j � kL 2 (
) + k� � (vnj� ) � � � (tr � v)kL 2 (
) : (1.5.35)

The �rst term in (1.5.35) is at most

ktr � k k� 
 v � � 
 vnk1

due to the trace theorem A.2.3, and this estimate goes to 0 forn ! 1 by the
continuity of � H 1 (
) . The second term in (1.5.35) can be estimated by

L(� L 2 (�) ) kvnj� � tr � vkL 2 (�) � L (� L 2 (�) ) ktr � k kvn � vk1

with Lemma 1.5.11 (for d > 1 where � : R ! R is Lipschitz continuous) and
the trace theorem A.2.3 and, therefore, tends to 0 forn ! 1 , too. Note
that for d = 1 the real function � is locally Lipschitz continuous on R due to
Theorem 1.5.15 and, consequently, it is also locally Lipschitz continuous as a
superposition operator onH 1=2(�) which is isomorphic to R or to R � R with
any norm. Moreover, in one space dimension (1.5.33) is trivial anyway due to
the Sobolev embedding (2.5.36).
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The message of this proposition is that (1.5.33) is true as soon as the right
hand side of it makes sense for allv 2 H 1(
), and this cannot be the case for
discontinuous � : R ! R. However, it seems that Proposition 1.5.16 cannot
be proved without using the continuity of the superposition operator � H 1 (
) ,
i.e. the very strong general result from Theorem 1.5.15. Strangely enough, the
commutativity (1.5.33) appears to be a very natural property for continuous
� : R ! R (one may think of C1 -functions converging in H 1(
) and H 1=2(�)
and w.l.o.g. at the same time almost everywhere on 
 to v and almost every-
where on � to tr � v.) Still, it seems to depend on something which, even in this
case, can be regarded as quite surprising.

The commutativity (1.5.33) will be important in the proof of Theorem 1.5.18
which relates the physical and the generalized solution of the weak Signorini-
type problem for the Richards equation. Moreover, it will already be essential
for an adequate formulation and treatment of Dirichlet boundary conditions in
the domain decomposition in Chapter 3. With regard to our theory presented
in that chapter we note another important consequence of (1.5.33) here.

Proposition 1.5.17. Let 
 � Rd be bounded and open and� � @
 a Lip-
schitz submanifold. If � : R ! R is a Borel function and the corresponding
superposition operator � 
 acts on H 1(
) , then the superposition operator � �

acts on H 1=2(�) and is continuous. If � (0) = 0 , then � � also acts onH 1=2
0 (�)

and H 1=2
00 (�) and is continuous on these trace spaces, too.

Proof. With the continuous extension operator R� : H 1=2(�) ! H 1(
) given
by the trace theorem A.2.3 and using Proposition 1.5.16 we can write

� � = � � � tr � � R� = tr � � � H 1 (
) � R�

and the operator on the right hand side is a composition of continuous oper-
ators which obviously acts onH 1=2(�). This also shows the continuity of the
superposition operator onH 1=2

0 (�) once it acts on this space. The latter can

be seen by the de�nition of H 1=2
0 (�) on page 248.

Assume that � 2 H 1=2
0 (�) and ( vn )n2 N is a sequence of functions inC1 (
) such

that each vn vanishes on a neighbourhood of@
 n� and vnj� ! � for n ! 1
in H 1=2(�). Then the sequence ( � 
 (vn ))n2 N lies in C(
) � H 1(
) and the
support of each � 
 (vn ) is contained in the support of vn since � (0) = 0. In
addition, we have

� � (vnj� ) ! � � (� ) for n ! 1 in H 1=2(�)

due to the continuity of � H 1=2 (�) . Therefore, since each� � (vnj� ) 2 H 1=2
0 (�)

can be approximated in H 1=2(�) by a sequence (wn;m )m2 N � C1 (
) such
that each wn;m vanishes on a neighbourhood of@
 n�, we also obtain such an

approximating sequence for� � (� ), i.e. by de�nition � � (� ) 2 H 1=2
0 (�).

In order to see that � � acts on H 1=2
00 (�) and is continuous, we refer to the def-

inition (A.2.4). Let � 2 H 1=2
00 (�) and ~� be a trivial extension of � in H 1=2(@
).
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Then, since � (0) = 0 and � @
 acts on the spaceH 1=2(@
), we can conclude
� @
 (~� ) 2 H 1=2(@
) and � @
 (~� ) j � is a trivial extension of � � (� ) 2 H 1=2(�), i.e.

by de�nition � � (� ) 2 H 1=2
00 (�). Moreover, if � 2 H 1=2

00 (�) is treated as � , then

� @
 (~� ) � � @
 (~� ) 2 H 1=2(@
) is a trivial extension of � � (� ) � � � (� ) 2 H 1=2
00 (�).

Now, (A.2.5) and the continuity of � @
 provide that for any " > 0 we have

k� � (� ) � � � (� )k
H 1=2

00 (�)
= k� @
 (~� ) � � @
 (~� )kH 1=2 (@
) � "

if k~� � ~� kH 1=2 (@
) = k� � � k
H 1=2

00 (�)
� � holds with a suitable � > 0.

With the results collected so far in this subsection, we havegiven an overview of
how the pointwise application of � on p almost everywhere on 
 or on � � @

and in all spaces, which are relevant for us, can or should be understood in
terms of superposition operators. With these results and knowing what we are
talking about, we can again | and will from now on | just talk si multaneously
of � (p) as a real number or as a function on 
 or on �. Note that the latt er
would be impossible if (1.5.33) did not hold.

We are now in a position to relate (1.5.21) to a correspondingweak variational
inequality for the Richards equation in the physical pressure p. Analogously to
(1.5.18) and (1.5.19) let

pD (t) 2 f v = tr 
 D (t )w : w 2 H 1(
) ^ tr 
 S (t )w � 0 a.e. on 
 S(t)g (1.5.36)

and the nonempty closed and convex set

K0(t) := f v 2 H 1(
) : tr 
 D (t )v = pD (t) ^ tr 
 S (t )v � 0 a.e. on 
 S(t)g: (1.5.37)

Then we sayp : 
 � (0; T ] ! R is a weak solution of the Signorini-type problem
for the Richards equation (1.5.1) corresponding to (1.5.4){(1.5.7) at the time
t 2 (0; T] if p(t) 2 K 0(t) and

Z



� (p)t (v � p) dx +

Z



kr (� (p)) r pr (v � p) dx �

Z



kr (� (p))ezr (v � p) dx �

Z


 N (t )
f N (t) (v � p) d� 8v 2 K 0(t) : (1.5.38)

As for (1.5.21), in order to make sense of (1.5.38) we assume that a solution
p 2 L 2(0; T ; H 1(
)) is regular enough such that � (p)t 2 L 2(
) holds almost
everywhere on (0; T]. Then we can state the following

Theorem 1.5.18. Let � : R ! R and kr : � (R) ! (0; 1] be bounded and
monotonically increasing while � : R ! R is de�ned by (1.3.1). In addition, let
uD (t) := � (pD (t)) . Then u(t) = � (p(t)) solves (1.5.21) if p(t) solves (1.5.38).
If, in addition, kr � c holds for a c > 0 and 
 S(t) = ; , then (1.5.21) and
(1.5.38) are equivalent in the sense thatu(t) satis�es (1.5.21) if and only if
p(t) = � � 1(u(t)) satis�es (1.5.38).

49



Proof. First, if p(t) solves (1.5.38) andp 2 L 2(0; T ; H 1(
)), then by Propo-
sition 1.5.12 we haveu(t) = � (p(t)) 2 H 1(
) for almost all t 2 (0; T] and
ku(t)k1 � k kr � � k1 kp(t)k1 for these t, which also givesu 2 L 2(0; T ; H 1(
)).
Furthermore, we have � (p(t)) = � (� � 1(� (p(t)))) = M (u(t)) 2 L 1 (
) as well as
kr (� (p(t))) = kr (M (u(t))) 2 L 1 (
) for almost all t 2 (0; T], in particular these
composite functions are all measurable due to the conditions on � and kr . This
and the chain rule (Proposition 1.5.12) give an equivalent formulation of (1.5.38)
in terms of u in which only the test functions v � p with v 2 K 0(t) di�er from
those in (1.5.21). However, the set of test functionsK0(t) � p(t) contains the
set of test functions K(t) � u(t) considered in (1.5.21). In order to see that

K(t) � u(t) = f v 2 H 1(
) : v � uc � u ^ tr 
 D (t )v = 0 ^ tr 
 S (t )v � � tr 
 S (t ) u(t)g

is a subset of

K0(t) � p(t) = f v 2 H 1(
) : tr 
 D (t )v = 0 ^ tr 
 S (t )v � � tr 
 S (t ) p(t)g

note that tr 
 S (t ) p(t) � 0 and therefore

tr 
 S (t ) p(t) � � (tr 
 S (t ) p(t)) = tr 
 S (t ) � (p(t)) = tr 
 S (t ) u(t) � 0 (1.5.39)

holds almost everywhere on
 S(t). Here the two inequalities are due to the
(pointwise) de�nition (1.3.1) of � and the fact that the range of kr is contained
in (0; 1]. The �rst equality is (1.5.33) and the second is the de�nit ion of u(t).

Finally, observe that p(t) 2 K 0(t) entails u(t) 2 K (t). First, with pD (t) as
in (1.5.36), the function uD (t) := � (pD (t)) almost everywhere on 
 D (t) is an
admissible Dirichlet condition for K(t) contained in the set given in (1.5.18). To
see this we choose ~w := � (w) as an admissible extension ofuD (t) in H 1(
) if w
is an extension ofp(t) in (1.5.36) and do not forget to apply (1.5.33). (Knowing
that p(t) solves (1.5.38) we could of course choosew = p(t) and ~w = u(t).)
Secondly, from tr 
 D (t ) p(t) = pD (t) we can concludetr 
 D (t ) u(t) = uD (t), once
again with (1.5.33). With (1.5.39) this proves the �rst stat ement of the theorem.

For the equivalence result one can also argue backwards fromu(t) to p(t) using
Proposition 1.5.12 and the observation that the set of test functions K(t) � u(t)
and K0(t) � p(t) both coincide with H 1


 D
(
) if 
 S(t) = ; .

We note that even though parameter functions� and kr in the Richards equa-
tion are always monotonically increasing, the above theorem holds for more
general �; kr 2 L 1 (R) with kr > 0. As indicated earlier, the Lebesgue measur-
ability of composites � (p(�)), kr (� (p(�))) for Lebesgue measurablep(�) on 
 can
then be deduced by considering Borel measurable representatives � , kr .

Remark 1.5.19. In Section 2.3 we will show that a time-discretized ver-
sion of (1.5.21) is uniquely solvable inK(t). Theorem 1.5.18 carries over to
the corresponding time discretizations of the variational inequalities (1.5.21)
and (1.5.38). In hydrologically interesting situations such as in the case of
Brooks{Corey functions or similar parameter functions, the �rst set of condi-
tions in Theorem 1.5.18 is satis�ed. Consequently, if (1.5.38) has a physical
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meaning, i.e. a solution p(t), then u(t) = � (p(t)) satis�es (1.5.21) and the
uniqueness ofu(t) implies the uniqueness ofp(t) since � : R ! R is invertible
due to kr > 0. In order to have this chance at all in case of� � 1 : (uc; 1 ) ! R
with the singularity in uc < 0, one certainly needs to consider the trans-
formed set

� (f w 2 H 1(
) : tr 
 S (t )w � 0g) � f w 2 H 1(
) : w � uc ^ tr 
 S (t )w � 0g

of (1.5.36) as the admissible set for the generalized Dirichlet values in (1.5.18).
Observe that this transformed set reads

f w 2 H 1(
) : � � 1(w) 2 H 1(
) ^ tr 
 S (t )w � 0g

and that � � 1(w) 2 H 1(
) entails � � 1(w) > u c, but certainly not conversely.
And even if uD (t) = � (pD (t)) is \physically compatible" in this sense, we do
not have an equality in

� (K0(t)) � K (t) = f v 2 H 1(
) : v � uc ^ tr 
 D (t )v = uD (t) ^ tr 
 S (t )v � 0g:

This does not change if we sharpen the conditionv � uc to v > u c in (1.5.19).
And even in this case it is easy to see that� � 1(u) does not need to be in
L 1(
) for u 2 K (t). On the other hand, with respect to our solution theory in
Chapter 2, it is not possible to consider the smaller transformed set

� (K0(t)) = f v 2 H 1(
) : � � 1(v) 2 H 1(
) ^ tr 
 D (t )v = uD (t) ^ tr 
 S (t )v � 0g

instead of K(t) because in general this set is not convex. Recall that for the
Brooks{Corey functions, � : R ! R is convex and, consequently, the inverse
� � 1 : (uc; 1 ) ! R is (strictly) concave (on (uc; � 1]).

In case of kr � c > 0, i.e. if the main part of the spatial derivative in the
Richards equation (1.5.1) is uniformly elliptic (see the nondegenerate case in
Subsection 1.4.3), we can deduce the unique solvability of (1.5.38) from the
unique solvability of (1.5.21) if 
 S(t) = ; . In the next chapter we prove the
unique solvability of a time discretized version of (1.5.21) for general boundary
conditions. In this context, we will come back to the variational inequality for
the physical pressure in Remark 2.5.14. Furthermore, this inequality serves as
a crucial starting point for the treatment of the Richards equation in heteroge-
neous soil in Section 3.2

Concluding Remarks 1.5.20. One can consider the connection between the
variational inequalities (1.5.38) and (1.5.21) in Theorem1.5.18 as the main re-
sult of this subsection. However, for the proof of Theorem 1.5.18 one needs to
apply results which are of interest in themselves, such as the weak chain rule
(1.5.22) in H 1(
), Proposition 1.5.12 and, �nally, the commutativity (1. 5.33)
in order to deal with the situation on the Dirichlet and the Si gnorini-type
boundary. Although at �rst glance, the property (1.5.33) of the Kirchho�
transformation on trace functions seems to be quite natural, a strong result
(Theorem 1.5.15) from the theory of superposition operators was required to
prove it. From this perspective one might be surprised abouthow long and
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deep the proof of Theorem 1.5.18 turned out to be. On the otherhand, the
solution theory in Chapter 2 focusses on the (time-discretized) variational in-
equality (1.5.21) rather than (1.5.38) such that this theorem and also a version
of it for the time-discretized variational inequalities can be regarded as a basis
for this approach (see Subsection 2.5.4 and in particular Remark 2.5.14).

Moreover, the theory on the Kirchho� transformation as a superposition opera-
tor in Sobolev spaces on domains and their boundaries, in particular the commu-
tativity (1.5.33) and the continuity (Theorem 1.5.15 and Pr oposition 1.5.17) will
be an essential ingredient in Chapter 3 where we deal with the(time-discretized)
Richards equation in heterogeneous soil and related problems. Since in that
chapter, too, we will mainly examine the treatment of Kirchh o�{transformed
problems rather than the original ones, the theory in this subsection will serve
both as a starting point (see Remark 3.3.2 and Proposition 3.4.1) and as an
endpoint (see Proposition 3.3.8 and Theorem 3.4.23) in order to obtain the
desired results for the original problems.

If (1.5.38) does not have a physical meaning, one might thinkof variational
formulations in other (possibly bigger) solution spaces orsets for p(t) which
we do not further investigate here. However, one often ignores this question
and only deals with the generalized pressure rather than thephysical one. This
can be seen in the following section, where we consider time-integrated ver-
sions of (1.5.21), i.e. weak initial boundary value problems for the Kirchho�{
transformed Richards equation (with and without Signorini -type conditions) on
the time cylinder Q = 
 � (0; T), for which unique solvability is known.

1.6 Overview of analytical results for the Richards
equation

In the following, we give some insight into results that have been obtained
so far in the analysis of initial boundary value problems (Cauchy problems)
for the Richards equation on a time cylinder Q = 
 � (0; T). Our overview
covers a one-dimensional result by van Duyn and Peletier in Subsection 1.6.1
and the elaborate theory due to Alt, Luckhaus, Visintin and Otto in Subsec-
tion 1.6.2. As far as the technicalities of the solution spaces for the considered
problems are concerned, we refer to the appendix, pages 252{254. In the litera-
ture, (initial) boundary value problems for saturated-unsaturated groundwater

ow are often presented as(evolution) dam problems, and quite a lot can be
found on their analysis, see e.g. Gilardi [43], Alt [2], Carrillo and Chipot [23] or
Chipot and Lyaghfouri [26]. However, these problems often assume the physi-
cal water pressurep � 0 and the saturation � to be a step function with � (0) = 0
and � (p) = 1 for p > 0. We do not consider these degenerate cases here.

Obviously, whether boundary conditions of Signorini's type are included or not,
the analysis of (initial) boundary value problems for the Richards equation has
to deal with considerable di�culties. This is certainly due to the nonlinearities
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involved, but also due to the changing type of the equation, which is elliptic
in the saturated and parabolic in the unsaturated regime with the water table
constituting a free boundary between the two regimes.

1.6.1 One-dimensional theory of van Duyn and Peletier

One of the �rst papers dealing intensively with the free boundary problem from
an analytical point of view seems to be of van Duyn and Peletier [90]. But
here already, a simpli�ed problem is considered only. More concretely, in the
1D-setting 
 = (0 ; 1) and ignoring gravity, the Cauchy{Dirichlet problem for
the Kirchho�{transformed Richards equation

8
>><

>>:

M (u)t = uxx in 
 � (0; T)

u(0; t) = � 1; u(1; t) = 1 for 0 < t � T

M (u(x; 0)) = M (u0(x)) for x 2 


(1.6.1)

is investigated in a straightforward weak formulation which we note below.
Here, M : [uc; 1 ) ! [0; 1], with uc � � 1, is assumed to be Lipschitz continuous
and strictly increasing on [uc; 0] and M (s) = 1 for s 2 [0; 1 ). An initial value
u0 : [0; 1] ! R is assumed to exist as a Lipschitz continuous function respecting
the boundary valuesu0(0) = � 1 and u0(1) = 1 as well as u0(x) � uc on [0; 1].

We de�ne the function �u : [0; 1] ! R as

�u(x) = 2 x � 1 8x 2 [0; 1] (1.6.2)

which is obviously a stationary solution of (1.6.1).

A measurable function u : Q ! R is called a weak solution of (1.6.1) if we
have u 2 �u + L 2(0; T ; H 1

0 (
)) and M (u) 2 C(Q) (with u possibly altered on a
Lebesgue nullset) such that

Z T

0

Z 1

0
uxvx � M (u)vt dx dt =

Z 1

0
M (u0)v(x; 0) dx

holds for all test functions v 2 C1(Q) vanishing on @Qn(
 � f 0g).

The authors prove the existence and the uniqueness of such a weak solution.
Moreover, a maximum principle for M (u) is obtained, i.e. for weak solutionsu1

and u2 corresponding to initial conditions u01 and u02 with u01 � u02, we have
M (u1) � M (u2). As far as the regularity is concerned,u 2 L 2(0; T ; H 2(
))
can be proved without assuming further conditions, andu is a classical solution
on the unsaturated part of Q if M j [uc ;0] 2 C2([uc; 0]). Finally, results on the
continuity of the function g : [0; T] ! (0; 1) determining the free boundary
between the saturated and the unsaturated regime are obtained as well as the
convergence ofc(u(x; t )) ! c(�u) as t ! 1 with the stationary solution �u
in (1.6.2).
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We point out that these results do not apply to the parameter functions ac-
cording to Brooks{Corey since in this case,M is not Lipschitz continuous but
rather behaving like a root function, see (1.3.25) or (1.4.1).

1.6.2 Theory of Alt, Luckhaus, Visintin and Otto

A more general approach is pursued in the pioneering paper byAlt and Luck-
haus [4] for a large class of quasilinear elliptic-parabolic equations. The Richards
equation does not �t into this framework except in case of uniform ellipticity, i.e.
if kr (� ) � c 8� 2 [� m ; � M ] holds for a c > 0. However, the results apply to the
Kirchho�{transformed Richards equation if M is a function on the whole real
line. More concretely, starting with (1.5.4){(1.5.6) and 
 S(t) = ; 8 t 2 [0; T],
we consider the initial boundary value problem

M (u)t � div
�

r u � kr (M (u))ez

�
= 0 on 
 � (0; T) (1.6.3)

u = uD (t) on 
 D � (0; T) (1.6.4)

� (r u � kr (M (u))ez) � n = 0 on 
 N � (0; T) (1.6.5)

M (u) = M 0 on 
 � f 0g (1.6.6)

on an open bounded and connected Lipschitz domain 
 with �xed 
 D � @
 of
positive Hausdor� measure and 
 N = @
 n
 D . M : R ! R is assumed to be
monotonically increasing and continuous andkr : M (R) ! R to be bounded
and continuous. With regard to the data, let uD (t) 2 H 1=2(
 D ) be the trace
of a function uD 2 L 2(0; T ; H 1(
)) \ L 1 (
 � (0; T)) for t 2 (0; T) (almost
everywhere). Furthermore, let M 0 2 L 1(
) with M 0 mapping into the range
of M . Then the existence of a measurable functionu0 on 
 with M (u0) = M 0

can be proved.

Now, u 2 uD + L 2(0; T ; H 1

 D

(
)) is called a weak solution of (1.6.3){(1.6.6) if
the following two conditions hold.

a) M (u) 2 L 1 (0; T ; L 1(
)) and M (u)t 2 L 2(0; T ; H 1

 D

(
) 0) and the initial
values M 0 are attained in the sense

Z T

0
hM (u)t ; vi dt +

Z T

0

Z



(M (u) � M 0)vt dx dt = 0 (1.6.7)

tested with all functions v 2 L 2(0; T ; H 1

 D

(
)) \ W 1;1(0; T ; L 1 (
)) satis-
fying v(T) = 0.

b) r u � kr (M (u))ez 2 L 2(
 � (0; T)) and u satis�es

Z T

0
hM (u)t ; vi dt +

Z T

0

Z



(r u � kr (M (u))ez)r v dx dt = 0 (1.6.8)

for all test functions v 2 L 2(0; T ; H 1

 D

(
)).
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In (1.6.7) and (1.6.8) the expressionh �; � i stands for the duality pairing of
H 1


 D
(
) and H 1


 D
(
) 0. We can replace the corresponding term in these vari-

ational equalities by
R


 M (u)t v dx if M (u)t 2 L 2(
). Then integration by
parts applied to (1.6.8) gives (1.6.3){(1.6.5) if the regularity of the terms in-
volved allows for the application of Green's formula (1.5.9) or its weak coun-
terpart (A.2.12). With regard to how the initial condition i s required to be
respected, observe that partial time-integration applied to (1.6.7), if allowed,
provides Z



(M (u(x; 0)) � M 0)v(x; 0) dx = 0 8v 2 L 1 (
) ;

i.e. M (u(x; 0)) = M 0 in L 1(
).

Amongst others, the following results are obtained in Alt and Luckhaus [4]. Via
a priori estimates with respect to certain energy integralsinvolving the Legendre
transform of the primitive of M (see [34, pp. 16{20] and [72]), the existence of
a weak solution in the sense given above is proved. Moreover,using backward
Euler time-discretization, Galerkin approximations converge strongly to a weak
solution in the topology given by these energy integrals. Ingeneral,M (u)t is not
a function. However, if M and kr are both Lipschitz continuous and the data
are su�ciently regular, i.e. if uD 2 H 1(0; T ; H 1(
)) ( ,! C([0; T]; H 1(
)) !) and
M 0 = M (u0) for a u0 2 uD ( � ; 0)+ H 1


 D
(
), then there is a weak solution u with

u 2 L 2(
 � (0; T)). In fact, with these assumptions the solution constructed
by the Galerkin approximations has this property. Finally, using a maximum
principle, the authors prove the uniqueness of such a solution assuming these
regularity conditions.

Observe here, again, that the latter assumptions are not satis�ed for the param-
eter functions according to Brooks{Corey whereM is not Lipschitz continuous.
Furthermore, it is unclear whether the existence result holds in this case since
M : (uc; 1 ) ! R is not a function on the whole real line and we have the
additional obstacle condition u > u c.

As regards these objections, we refer to the paper of Alt, Luckhaus and Visin-
tin [5] in which the results from Alt and Luckhaus [4] have been further general-
ized, �rst to the situation of Brooks{Corey parameter funct ions and secondly to
boundary conditions of Signorini's type. More concretely, an initial boundary
value problem for the Kirchho�{transformed Richards equat ion (1.6.3){(1.6.6)
with nonnegative uD (t) and additional Signorini-type boundary conditions

u � 0; v � n � 0; u � (v � n) = 0 on 
 S � (0; T)

with v = � (r u � kr (M (u))ez) is considered. The functionsM : [uc; 1 ) ! R
as well askr : M ([uc; 1 )) ! R are supposed to be continuous and monoton-
ically increasing. A weak formulation (P) of this problem is given in terms
of a variational inequality that (in contrast to (1.6.7) and (1.6.8)) involves
dual convex functions (see [34, pp. 16{20]). Here, the data need to satisfy
uD 2 H 1(Q) \ C(0; T; H 1(
)) and M 0 2 L 1 (
). The solution u is required to
be in the convex setK = f v 2 L 2(0; T ; H 1(
)) : u = uD (t) on 
 D \ (0; T)g
with M (u) 2 L 1 (Q) \ H 1(0; T ; H 1


 D
(
) 0).
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The main result in Alt, Luckhaus and Visintin [5] is: There is at least one
solution to the problem (P). Furthermore, ( P) is considered in the limit case
where M degenerates into a step function on the whole real line or, more pre-
cisely, to a maximal monotone multifunction. Here, an existence result for a
very weak notion of a solution is established which is provedto have a physical
meaning in one space dimension.

Finally, we point out that in the papers of Otto [72] and [73] L 1-contraction and
uniqueness of the solutions in the setting of [4] and [5], respectively, is proved
without assuming further regularity of the parameter funct ions or assuming
that M (u)t is a function.

The papers [5] and [73] seem to provide the most general analytical results
obtained so far on weak solutions to initial boundary value problems for the
Richards equation with Signorini-type boundary conditions that also cover the
case of Brooks{Corey parameter functions.

However, it should be emphasized that in order to obtain a semilinear, uniformly
elliptic operator in the main part of the spatial derivative , the whole analysis
in [5] and [73] is carried outafter having applied the Kirchho� transformation
to the Richards equation. That includes the Galerkin approximations to the
solution of the transformed equation. We point that out since we will pursue
the same approach for our space discretization of the Richards equation in
Section 2.5, which is applied to the Kirchho�{transformed v ersion only.

Unfortunately, it is not possible to treat heterogeneous versions of the Richards
equation with this approach. In general, the hydraulic conductivity K c(x; � )
can not be decomposed multiplicatively in a space-dependent function K h(x)
and a factor depending only on the saturation as in (1.2.6). More concretely,
in the Brooks{Corey permeability function

p 7! kr (� (p)) =
�

p
pb

� � �e (� )

given in (1.2.11), the soil parameterspb and � can be space-dependent if the soil
is not homogeneous. Now, as noted in Remark 1.3.1, the Kirchho� transfor-
mation (1.3.1) applied to space-dependent relative permeabilities kr does not
provide semilinear transformed equations in general.

In Chapter 3 we will investigate analytically heterogeneous boundary value
problems for the nondegenerate time-discretized Richardsequation involving
discontinuous soil parameters. To our knowledge, so far no analytical results on
(initial) boundary value problems for the Richards equation in a heterogeneous
case have been presented in the literature.
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Chapter 2

Numerical treatment of the
Richards equation without
gravity in homogeneous soil

2.1 Introduction

In this chapter we introduce our approach for the numerical treatment of the
Richards equation in homogeneous soil which was introducedin Chapter 1.
Our ansatz aims at separating the di�culties contained in th e structure of the
Richards equation and treating them independently in di�er ent steps. First,
the nonlinearity in the spatial derivative is addressed by the Kirchho� trans-
formation, which has been done in Section 1.3. Secondly, by asuitable time
discretization in which the gravitational term in the equat ion is treated explic-
itly, the in
uence of this term onto the arising spatial prob lems is minor and
easily dealt with. Thirdly, the di�culty coming from the con vective part due to
gravity can be addressed by an upwind technique, independently from solving
the spatial problems. This will be done in Chapter 4. The spatial problems
arising after the time discretization and their solution are the main topic of
this section. They will be treated in full generality for the Richards equation
with gravity. Nevertheless, the performance of the solution method for the spa-
tial problems can already be demonstrated for the Richards equation without
gravity.

We start the presentation in Section 2.2 by giving some overview of the nu-
merics that has been done so far for the Richards equation. This will contrast
with our approach which is presented in the following sections beginning with
our implicit{explicit time discretization of the Kirchho� {transformed Richards
equation in Section 2.3. With this discretization each of the arising spatial
problems is a variational inequality in a convex subset of a Sobolev space.
Equivalently, such a variational inequality can be regarded as a convex mini-
mization problem for which we give analytical results including existence and
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uniqueness of a solution in that same Section 2.3. A generalization and refor-
mulations of this continuous problem are discussed in termsof variational in-
clusions and further variational inequalities in Section 2.4. Equipped with these
results, we introduce our �nite element discretization of the continuous prob-
lem in Section 2.5, in which we also prove convergence of the �nite dimensional
solution to the continuous solution. The �nite dimensional spatial problem is
treated, without using further regularization, by convex minimization, the ba-
sis of which is a nonlinear Gauss{Seidel method presented inSection 2.6. This
method serves as a smoother for the monotone multigrid that provides a non-
linear solver for the discrete problem and that will be described in Section 2.7.
Finally, in Section 2.8 we give numerical results for the solution of the Richards
equation without gravity which demonstrate the e�ciency an d the robustness
of our solver for the spatial problem.

2.2 Previous numerical approaches to the Richards
equation

A lot of work has been done in recent years on the numerical analysis and the
numerical solution of the Richards equation. In the literature dealing with this
topic the time discretization is mostly based on the full backward Euler method.
This avoids time step restrictions regarding the stability of the numerical scheme
which arise due to the convective (gravitational) term in th e equation.

As far as the space discretization is concerned, intensive research has been
done on the �nite volume method in Fuhrmann [40], Fuhrmann and Lang-
mach [41], Eymard et al. [37], [36] and on the mixed �nite element method
in Soucie [88], Schneid et al. [84], Radu et al. [76]. In Bastian et al. [10] dis-
continuous Galerkin schemes are used before the time discretization is carried
out such that ordinary di�erential equations are obtained. A �nite element
method applied to the Richards equation in the physical form is investigated
in Forsyth and Kropinski [38] concerning monotonicity of the discretization.
Earlier works by Hornung [48], [49] contain a longitudinal line method and a
�nite element method, respectively, for the Richards equation without gravity,
which can be regarded as a degenerate Fokker{Planck equation. A mixed �nite
element method for an equation similar to the Richards equation, in which the
physical pressure can be written as a function of the saturation (in contrast
to (1.2.9)), is presented in Arbogast et al. [7].

The numerical results in Fuhrmann [39] and [40] are obtainedby the appli-
cation of an algebraic Newton multigrid applied to a nonlinear �nite element
and �nite volume scheme, respectively, for the Richards equation in its phys-
ical form (1.5.1). Stability and existence of solutions for the latter is proved
in Fuhrmann and Langmach [41] under smoothness conditions on the param-
eter functions p 7! � (p) and � 7! kr (� ). Of course, smoothness together with
Lipschitz continuity of the parameter functions is also required for a successful
application of Newton's method. With Regard to these regularity conditions,
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we note that in Fuhrmann [39] and [40] as well as in Wagner et al. [96] and
in Knabner and Schneid [53], the parameter functions are chosen according to
van Genuchten [91].

An advantage of the �nite volume scheme for the physical Richards equation is
that it provides discrete mass conservation which re
ects the mass conservation
in the continuous case. In addition, this approach is 
exible with respect to vari-
ations of the conductivity and the soil parameters in the relative permeability
function kr and can therefore be successfully applied in case of heterogeneous
soil, too. This is done in Fuhrmann [39] and Fuhrmann and Langmach [41].
On the other hand, the performance of the Newton method is notrobust in the
case of deteriorating slopes of the parameter functions.

High 
exibility and lack of robustness also apply to the �nit e volume approach
persued in Wagner et al. [96] for a regularized and a transformed version of
the physical Richards equation. Here, a Schur complement multigrid is used
as a solver for the linear systems obtained by the Newton method. This was
particularly designed for problems with strong variations of the hydraulic con-
ductivity K h(x).

Convergence of �nite volume schemes is proved in Eymard et al. [37] and [36].
In [36] the Kirchho�{transformed Richards equation (1.5.2 ) is treated, how-
ever, assumingM to be Lipschitz continuous. In [37] the physical Richards
equation (1.5.1) with the piezometric headp=(%g) � z as the unknown is con-
sidered, but here, the nondegeneracy conditionkr � c > 0 is required.

Also assuming nondegeneracykr � c > 0, convergence of a linearization scheme
for the Richards equation is proved in Slodi�cka [87]. The linearization is applied
to the implicitly time-discretized Richards equation in ph ysical form without a
discretization in space.

A priori error estimates for mixed �nite element discretiza tions of the Richards
equation are proved in Soucie [88], Schneid et al. [84] and Radu et al. [76].
It seems that error estimates for the Richards equation withthe physical pres-
sure as the unknown can only be found in Soucie [88]. Here, however, gravity
is ignored and a model with slight compressibility of the water is used. In ad-
dition, except for the derivation of estimates for the H � 1-norm, boundedness
of � (p)t or ellipticity kr � c > 0 is required.

In Schneid et al. [84] and Radu et al. [76] the Kirchho�{trans formed Richards
equation is considered in a time-integrated form. Error estimates are proved
for the semidiscrete and the discrete scheme. But to obtain this, M needs to be
continuously di�erentiable and Lipschitz continuous. As i n Fuhrmann [40] and
Wagner et al. [96], the resulting equations are solved with Newton's method
(see also Knabner and Schneid [53]).

Despite the many results in the literature presented so far on the numerical
treatment of the Richards equation, no robust solver of the spatial problems
occurring after time discretization seems to be at hand. In the next section, we
present a time discretization of the Kirchho�{transformed Richards equation
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that | in case of a homogeneous soil | can be treated by convex m inimization
rather than regularization. The resulting spatial problems can then be solved
robustly by a monotone multigrid method.

2.3 Time discretization and convex minimization

In this section, we present our special time discretizationof the Richards equa-
tion and our approach to solve the corresponding spatial problems using convex
analysis. The basis for our numerical solution of the Richards equation is the
variational inequality (1.5.21) which for any t 2 (0; T] is a weak formulation of
the Signorini-type problem (1.5.4){(1.5.7) for the Kirchh o�{transformed version
of the equation with the Brooks{Corey model. For reasons of notation, we set
f N (t) = 0 8t 2 (0; T] without loss of generality and we obtain the variational
formulation to �nd u(t) 2 K (t) with

Z



M (u(t)) t (v � u(t)) dx +

Z



r u(t)r (v � u(t)) dx �

Z



kr (M (u(t))) ezr (v � u(t)) dx 8v 2 K (t) (2.3.1)

in the convex setK(t) introduced in (1.5.19).

Remark 2.3.1. We point out at this stage that our further treatment of the
variational inequality (2.3.1) does not depend on the special form of the func-
tions M and kr in the Brooks{Corey model but on their basic properties. In
what is to come in this section and in the following sections,we will make clear
where these properties are required and often keep the presentation as general
as possible. Therefore, the results can also be applied to the Richards equation
with other parameter functions like in the van Genuchten model [91]. (Recall
that an advantage of the Brooks{Corey model is that the Kirchho� transfor-
mation and the transformed parameter functions can be givenexplicitly, see
Section 1.3.) Moreover, our results are open to generalizations which will be
essential in the treatment of the Robin method for the Richards equation that
we address in Section 3.4.

2.3.1 Implicit{explicit time discretization

With regard to our aim to apply convex minimization rather th an regular-
ization to the spatial problems arising from the discretization, we choose our
time discretization to be implicit in the main part of the equ ation and ex-
plicit in the convective part coming from the gravitation. T his is already in-
dicated in how the variational inequality (2.3.1) is formul ated. For a partition
0 = t0 < t 1 < : : : < t N = T of [0; T] and � n := tn � tn� 1 for n 2 f 1; : : : ; N g, we
discretize M (u(tn )) t in (2.3.1) by the backward Euler di�erential quotient

M (u(tn )) � M (u(tn� 1))
� n

;
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setting r u(t) on the left hand side implicitly r u(tn ) and kr (M (u(t))) on the
right hand side explicitly kr (M (u(tn� 1))). Thus, with a given u(0) = u0 and
denoting the corresponding approximation ofu(tn ) by un for n 2 f 1; : : : ; N g,
the discrete version of (2.3.1) reads: Findun 2 K (tn ) with

Z



M (un ) (v � un ) dx + � n

Z



r un r (v � un ) dx � (2.3.2)

Z



M (un� 1) (v � un ) dx + � n

Z



kr (M (un� 1))ezr (v � un ) dx 8v 2 K (tn ) :

In order to proceed from here, we need to take a close look at the structure
of this variational inequality. Since in the following we only consider spatial
problems, we introduce some abbreviations. Given somen 2 f 1; : : : ; N g, we set
K := K(tn ) � H 1(
) and also 
 D := 
 D (tn ), 
 S := 
 S(tn ) and 
 N := 
 N (tn ) as
well as uD := uD (tn ), i.e. we can write

K = f v 2 H 1(
) : v � uc ^ tr 
 D v = uD ^ tr 
 S v � 0g: (2.3.3)

Recall from Proposition 1.5.5 that, with an appropriate choice ofuD 2 H 1=2(
 D )
compatible to the Signorini-type boundary conditions and the constraint uc, the
set K is a nonempty, closed and convex subset ofH 1(
).

We de�ne the symmetric bilinear form a(�; �) on H 1(
) by

a(v; w) := � n

Z



r vr w dx 8v; w 2 H 1(
) : (2.3.4)

Of course,a(�; �) is continuous on H 1(
), i.e. there is a C > 0 such that

a(v; w) � Ckvk1kwk1 8v; w 2 H 1(
) : (2.3.5)

It is well known that a(�; �) is coercive on the subspaceH 1

 D

(
) for any 
 D � @

with a positive Hausdor� measure (see Theorem A.2.5), whichwe assume here,
i.e. there is ac > 0 such that

a(v; v) � ckvk2
1 8v 2 H 1


 D
(
) : (2.3.6)

This inequality leads to the following property of a(�; �) on an a�ne space PD

in H 1(
) containing K which can be regarded as a more general notion of
coercivity, see Proposition 2.3.15.

Lemma 2.3.2. Let w 2 H 1(
) with tr 
 D w = uD and PD := w+ H 1

 D

(
) . Then
we haveK � PD , and with the constant c from (2.3.6) and certain positive c1

and c2 we obtain

a(v; v) � ckvk2
1 � c1kvk1 � c2 8v 2 PD :

Proof. K � PD is obvious from K � w � H 1

 D

(
). Now, setting v = w + ~v 2 PD

with ~v 2 H 1

 D

(
) and using (2.3.5) and (2.3.6), we obtain

a(v; v) = a(~v; ~v) + 2 a(w; ~v) + a(w; w) � ck~vk2
1 � 2Ckwk1k~vk1 � Ckwk2

1 ;

which can be further estimated from below by

ckvk2
1 � 2(C + c)kwk1kvk1 � (3C + c)kwk2

1 :
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If M : [uc; 1 ) ! R and kr : M ([uc; 1 )) ! R are monotonically increasing and
bounded functions, the linear form ` on K � H 1(
) de�ned by

`(v) :=
Z



M (un� 1) v dx + � n

Z



kr (M (un� 1))ezr v dx 8v 2 H 1(
) (2.3.7)

is continuous, i.e. an element ofH 1(
) 0. Now, replacing un by u, we can write
(2.3.2) more compactly as the variational inequality

u 2 K :
Z



M (u)(v � u) dx + a(u; v � u) � `(v � u) � 0 8v 2 K : (2.3.8)

2.3.2 The convex function � and its properties

With regard to the �rst integral on the left hand side of (2.3. 8), we de�ne the
function � : [ uc; 1 ) ! R as the integral

�( z) :=
Z z

0
M (s) ds 8z 2 [uc; 1 ) (2.3.9)

which turns out to be a convex function if M is monotonically increasing. Con-
cerning the Richards equation with parameter functions according to Brooks
and Corey, we have calculated � in (1.3.27). In general we need to assume
uc < 0 in the de�nition (2.3.9).

For what is to come we recall the de�nition of convex functionals and some of
their properties (see [56, pp. 144{156] and [80, pp. 45{47] for details).

De�nition 2.3.3. Let V be a real vector space andK � V a convex set, i.e.
for y; z 2 K and � 2 (0; 1) we have (1� � )y + �z 2 K . F : K ! R is called a
convex functional if

F ((1 � � )y + �z ) � (1 � � )F (y) + �F (z) 8y; z 2 K :

If the inequality is strict in all cases where y 6= z, F is called strictly convex.

The next lemma points to the one-dimensional nature of convex functionals and
is easy to prove.

Lemma 2.3.4. Let V be a real vector space andK � V a convex set. If
the functional F : K ! R is convex and u; v 2 K , then the real function
g : [0; 1] ! R de�ned by

g(� ) = F (u + � (v � u)) 8� 2 [0; 1]

is also convex.

In the following we note a criterion for the convexity of real functions and a
fundamental property of real convex functions. Both facts will be very helpful
in the sequel.
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Lemma 2.3.5. Let I � R be an interval. Then for f : I ! R the following
holds.

a) f is convex if and only if the inequality

f (z) � f (z1)
z � z1

�
f (z2) � f (z)

z2 � z

holds for any z1; z; z2 2 I with z1 < z < z 2.

b) If f is convex, then for anyz 2 I the di�erence quotient

� z(y) :=
f (y) � f (z)

y � z

is a monotonically increasing function of y 2 I nf zg.

These monotonicity properties of slopes of convex functions are well known and
easy to derive from the de�nition.

Now we can relate basic properties of � in (2.3.9) to properties ofM .

Lemma 2.3.6. Let M : [uc; 1 ) ! R be monotonically increasing. Then� in
(2.3.9) is convex. � is di�erentiable (from the right) in uc, and, in addition, we
have� 0(uc) = M (uc) if M is continuous in uc. Furthermore, � is di�erentiable
in z 2 (uc; 1 ) if and only if M is continuous in z, which is true for all but
countably many points, and in this case� 0(z) = M (z) holds. If M is bounded,
then � is Lipschitz continuous with Lipschitz constant kM k1 .

Proof. SinceM is monotonically increasing we can estimate

M (z1) �

Rz
z1

M (s) ds

z � z1
� lim

y" z
M (y) � M (z) � lim

y#z
M (y) �

Rz2
z M (s) ds

z2 � z
� M (z2)

for z1; z; z2 2 [uc; 1 ) with z1 < z < z 2. Then, with

�( z) � �( z1)
z � z1

=

Rz
z1

M (s) ds

z � z1
and

Rz2
z M (s) ds

z2 � z
=

�( z2) � �( z)
z2 � z

we immediately obtain the convexity of � from Lemma 2.3.5 a).

The same estimates show the one-sided di�erentiability of � on [uc; 1 ). Fur-
thermore, we obtain � 0(z) = M (z) if and only if M is continuous in z, which is
the case in all but countably many points z 2 [uc; 1 ) due to the monotonicity
of M (see [56, p. 103]).

The assertion about the Lipschitz continuity of � follows in the same way.

We remark that, except for an additive constant, every convex function on an
open interval has a representation as in (2.3.9) (see [56, p.156] and [98, p. 488]).
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Observe that Lemma 2.3.6 then states that di�erentiable convex functions are
immediately continuously di�erentiable. We emphasize that the special situa-
tion in the endpoint uc is crucial for our further analysis and the main result
of this section, Theorem 2.3.16. We refer to the Sections 1.4and 2.4 for the
situation of a discontinuity of M in uc with regard to the Richards equation.

2.3.3 The convex functional � and its properties

Now the function � gives rise to a functional � : K ! R by

� (v) :=
Z



�( v(x)) dx 8v 2 K (2.3.10)

which is well-de�ned if � is Lipschitz continuous. Convex fu nctionals arising
from this de�nition are investigated in a more general setting in Kornhuber [59].
Here we note their basic properties in our case.

Proposition 2.3.7. If � is a convex function, then� : K ! R is a convex func-
tional. In addition, if � is Lipschitz continuous, then � is Lipschitz continuous,
and, with a C > 0, satis�es

j� (v)j � Ckvk1 8v 2 K : (2.3.11)

Proof. The convexity of � follows directly from the convexity of the function �.
Also, Lipschitz continuity of � follows directly from the Lipschitz continuity
of � since the Lipschitz constant L of � and the Cauchy{Schwarz inequality in
L 2(
) provide C = L k1kL 2 (
) with

j� (v) � � (w)j �
Z



j�( v(x)) � �( w(x)) j dx � Ckv � wkL 2 (
) � Ckv � wk1

for all v; w 2 K . In particular, this leads to (2.3.11) since w = 0 2 K and
� (0) = 0.

In order to see how� is related to the �rst integral on the left hand side of (2.3.8)
we recall de�nitions of di�erent notions of derivatives (co nsult e.g. [34, p. 23]
and [98, p. 113]). We use the duality bracketsh�; �i for the duality ( V 0; V ).

De�nition 2.3.8. Let F : S ! R on a subsetS � V of a normed spaceV ,
u 2 S and v 2 V .

a) If there is an " > 0 such that u + �v 2 S for all � 2 [0; " ], we call

@vF (u) := lim
� #0

F (u + �v ) � F (u)
�

(2.3.12)

the directional derivative of F at u in the direction of v if the one-sided
limit in (2.3.12) exists.
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b) If, in addition to a), there is a u0 2 V 0 such that

@vF (u) = hu0; vi 8 v 2 V ;

then F is called Gâteaux{di�erentiable at the point u with the Gâteaux{
derivative F 0(u) := u0.

c) If u is an interior point of S and, in addition to b), the convergence
in (2.3.12) is uniform with respect to the elements in the unit ball of V ,
then F is said to beFr�echet{di�erentiable and F 0(u) is called the Fr�echet{
derivative of F at u.

Proposition 2.3.9. Let � : [ uc; 1 ) ! R be convex and di�erentiable. Then,
for any u; v 2 K the directional derivative @v� u � (u) exists and can be written
as

@v� u � (u) =
Z



� 0(u(x))( v(x) � u(x)) dx =

Z



M (u(x))( v(x) � u(x)) dx :

(2.3.13)

Proof. If u; v 2 K , we obviously haveu + � (v � u) 2 K for � 2 [0; 1] sinceK is
convex. We setw := v � u and consider the di�erence quotient

� (u + �w ) � � (u)
�

=
Z




�( u(x) + �w (x)) � �( u(x))
�

dx (2.3.14)

as � # 0. In light of Lemma 2.3.5 b) we obtain

�( u(x) + �w (x)) � �( u(x))
�

�
�( u(x) + w(x)) � �( u(x))

1
=: G(x)

for w(x) � 0 and � 2 (0; 1] and

H (x) :=
�( u(x) � w(x)) � �( u(x))

1
�

�( u(x) + �w (x)) � �( u(x))
�

for w(x) � 0 and � 2 (0; 1]. Altogether, the integrands in (2.3.14) are bounded
by the integrable function max(jH (�)j; jG(�)j) on 
 independently of � 2 (0; 1].

Due to the di�erentiability of �, the pointwise values of the integrands

�( u(x) + �w (x)) � �( u(x))
�

converge to � 0(u(x))w(x) almost everywhere in 
 as � # 0, even as a mono-
tonically increasing sequence forw(x) < 0 and as a monotonically decreasing
sequence forw(x) � 0 due to Lemma 2.3.5 b).

Consequently, by the theorems of Lebesgue or of Beppo Levi (see [98, p. 492]),
we get the convergence of the integral in (2.3.14) and the assertion (2.3.13) with
� 0 = M from Lemma 2.3.6.
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Remark 2.3.10. Note that the proof only uses the convexity of � : [ uc; 1 ) ! R
besides its di�erentiability. Of course, applying the mean value theorem, bound-
edness of �0 = M also leads to (2.3.13) without assuming convexity.

Observe that if M : [uc; 1 ) ! R is monotonically increasing and bounded and
u 2 K , then the map

w 7!
Z



M (u(x))w(x) dx 8w 2 H 1(
)

de�nes a bounded linear functional onH 1(
), i.e. we obtain Gâteaux{di�erenti-
ability of � in H 1(
).

We remark that one obtains analogous results for� de�ned on the whole space
H 1(
) in (2.3.10) if M is de�ned on the whole real line or if M : [uc; 1 ) ! R
is extended by M (uc) on (�1 ; uc). In this case, if M is uniformly con-
tinuous and bounded, one can show that the Gâteaux{derivative mapping
� 0 : H 1(
) ! H 1(
) 0 is continuous (with respect to u 2 H 1(
)). It is even
H•older continuous with a H•older exponent � 2 (0; 1] if M is H•older continu-
ous with the same exponent. For these two results consult Propositions 2.5.11
and 2.5.12. Note that in the Brooks{Corey case (1.3.8),M is H•older con-
tinuous. Now, continuity of � 0 : H 1(
) ! H 1(
) 0 guarantees the Fr�echet{
di�erentiability of � on H 1(
), see [98, p. 120].

2.3.4 From the variational inequality to a convex minimizat ion
problem with a unique solution

With Proposition 2.3.9 and our notation in (2.3.4) and (2.3.7), assuming con-
tinuity of M , the variational inequality (2.3.8) for the solution u 2 K reads

@v� u � (u) + a(u; v � u) � `(v � u) � 0 8v 2 K : (2.3.15)

Now, it is well known that the quadratic functional J : H 1(
) ! R de�ned by

J (v) :=
1
2

a(v; v) � `(v) 8v 2 H 1(
) (2.3.16)

is strictly convex (see [34, p. 36]) and continuous ifkr and M are monotoni-
cally increasing and bounded (see (2.3.5) and (2.3.7)), with the bilinear form
in (2.3.4) which is coercive onH 1


 D
(
) and satis�es Lemma 2.3.2. Furthermore,

its Fr�echet{di�erentiability in u 2 H 1(
) with the derivative

J 0(u)(v) = @vJ (u) = a(u; v) � `(v) 8v 2 H 1(
) (2.3.17)

is easy to see, too (cf. [60, p. 4]).

Consequently, the functional F : K ! R de�ned by

F (v) := � (v) + J (v) 8v 2 K (2.3.18)

66



is strictly convex with existing @v� uF (u) for any u; v 2 K , and (2.3.8) has the
following form: Find u 2 K such that

@v� uF (u) � 0 8v 2 K : (2.3.19)

Now, this variational inequality can be regarded as a convexminimization
problem. For this equivalence we refer to [34, p. 37], however, we state it in
a more general form using only directional derivatives.

Proposition 2.3.11. Let V be a real vector space,K � V a convex set and
F : K ! R a convex functional whose directional derivative@v� uF (u) exists
for all u; v 2 K . Then

u 2 K : @v� uF (u) � 0 8v 2 K (2.3.20)

is equivalent to
u 2 K : F (u) � F (v) 8v 2 K : (2.3.21)

Proof. Assuming (2.3.20), for anyv 2 K and � 2 (0; 1] we can estimate

F (v) � F (u) =
F (u + ( v � u)) � F (u)

1
�

F (u + � (v � u)) � F (u)
�

if we consider Lemma 2.3.4 and Lemma 2.3.5 b). Passing to the limit � # 0, we
obtain

F (v) � F (u) � @v� uF (u) � 0:

Conversely, if (2.3.21) is satis�ed, for any � 2 (0; 1] we have

F (u + � (v � u)) � F (u) 8v 2 K

and consequently

F (u + � (v � u)) � F (u)
�

� 0 8v 2 K

which leads to (2.3.20) for� # 0.

Remark 2.3.12. In general the inequality (2.3.20) does not only account for
the fact that u could be an element of the boundary@K. Strict inequalities can
occur in such a case, but they can also occur for an inner pointu of K , e.g. in
case of the absolute value functionF : x 7! j xj on K = [ � 1; 1]. If, however,
u is an inner point of K (which is always true if K = V for example) and F is
Gâteaux{di�erentiable in u, then (2.3.20) is always an equality and is in fact
equivalent to

@vF (u) = 0 8v 2 V or F 0(u) = 0 : (2.3.22)

Let B " (u) = f v 2 V : kv � uk < " g � int K with a certain " > 0. Then for any
~v 2 B " (u) we can insert v = u + ~v 2 K in (2.3.20) to obtain @wF (u) � 0 for
w = � ~v and conclude (2.3.22).
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In the following, we cite the well-known general existence and uniqueness re-
sult for convex minimization problems (2.3.21) in re
exive Banach spaces, the
proof of which can be found in Ekeland and Temam [34, p. 35]. Werecall two
important terms (cf. [34, pp. 8{10, 34]).

De�nition 2.3.13. Let V be a topological space andK � V nonempty, closed
and convex. A functional F : K ! R [ f + 1g is called lower semicontinuousif
lim inf w! v F (w) � F (v) holds for all v 2 K (with w 2 K ). A convex functional
F : K ! R [ f + 1g is called proper if it is not identically + 1 . In this case
domF := f v 2 K : F (v) < 1g is called the domain of F .

Remark 2.3.14. As in [34] one often prefers to work with the canonical exten-
sion ~F : V ! R [ f + 1g of F : K ! R [ f + 1g which is given by ~F (z) = + 1
for all z 2 VnK . Then, since K is nonempty, closed and convex,~F is lower
semicontinuous and proper if and only ifF is, and the minimization problem
(2.3.21) for F on K is equivalent to the corresponding minimization problem
for ~F on V .

Proposition 2.3.15. Let V be a re
exive Banach space,K � V a nonempty,
closed and convex subset ofV and F : K ! R [ f + 1g a convex, lower semi-
continuous and proper functional. Furthermore, let F be coercive, i.e. for any
sequence(un ) � K with kun k ! 1 we haveF (un ) ! 1 . Then the minimiza-
tion problem (2.3.21) has a solution. It is unique if F is strictly convex.

Now we can state the main result of this section.

Theorem 2.3.16. Let K � H 1(
) , a(�; �) and `(�) in (2.3.8) be de�ned as at
the beginning of this section. IfM : [uc; 1 ) ! R is monotonically increasing,
bounded and continuous andkr : M (R) ! R is monotonically increasing and
bounded, then the variational inequality (2.3.8) has a unique solution. More
speci�cally, it is equivalent to the minimization problem

u 2 K : J (u) + � (u) � J (v) + � (v) 8v 2 K (2.3.23)

with J and � as de�ned in (2.3.16) and in (2.3.10), respectively.

Proof. We only need to check that F = J + � on K satis�es the condi-
tions required in Proposition 2.3.15. The Hilbert spaceH 1(
) is re
exive and
K � H 1(
) is nonempty, closed and convex. F : K ! R is strictly convex
sinceJ is strictly convex and � is convex, andF is proper. Furthermore, F is
lower semicontinuous since it is continuous asJ and � are, see (2.3.16) and
Proposition 2.3.7. This latter proposition and Proposition 2.3.2 provide the
coerciveness ofF by

jJ (v)+ � (v)j �
1
2

a(v; v) �j `(v)j� j � (v)j �
1
2

ckvk2
1 � (c1+ k`k+ C)kvk1 � c2 ! 1

for kvk1 ! 1 , v 2 K .
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Remark 2.3.17. Note that, to guarantee coerciveness ofa(�; �), we always
assume
 D to be a subset of@
 with a positive Hausdor� measure. Also note
that we can admit f N 6= 0 and still obtain the result in Theorem 2.3.16 since
f N contributes to the linear functional `(�) only. By the trace theorem A.2.3,
continuity of the corresponding expression given by the integral in (1.5.21) with
respect to v � u 2 H 1


 D
(
) is given for any f N 2 L 2(
 N ).

As a further generalization, we can easily extend our theoryto space-dependent
functions n(�) for the porosity and K h(�) for the hydraulic conductivity as given
in the original Richards equation (1.3.17) or (1.3.18). As long asn(�) is a non-
negative and bounded function, our results above can be carried over without
further change if we replace �( v(x)) by n(x)�( v(x)) in (2.3.10) and M (u(x))
by n(x)M (u(x)) in Propositions 2.3.7 and 2.3.9 and in Remark 2.3.10. With
regard to the hydraulic conductivity, it is clear that we need to impose bound-
edness ofK h(�) and K h(�) � c for a c > 0 in order to preserve the continuity
and the coerciveness ofa(�; �).

We point out that Theorem 2.3.16 also holds for monotonically increasing,
bounded and continuous functionsM : R ! R de�ned on the whole real line.
In fact, this leads to an easier problem (2.3.8), in which � is de�ned and
Gâteaux{di�erentiable on the whole space H 1(
). To reduce it further, assume
that 
 S = ; and uD = 0 on 
 D . Then (2.3.8) is equivalent to the variational
equality

u 2 H 1

 D

(
) :
Z



M (u) v dx + a(u; v) � `(v) = 0 8v 2 H 1


 D
(
) (2.3.24)

according to Remark 2.3.22. ForuD 6= 0, too, we obtain a variational equality
in H 1


 D
(
) from (2.3.8) by replacing u = w+~u with w 2 H 1(
) and tr 
 D w = uD

as well as ~u 2 H 1

 D

(
) in (2.3.24) (compare what follows (2.4.11) in Section 2.4).
Recall from Section 1.4 that M : R ! R occurs for the Richards equation if
kr is replaced by a kr � which is uniformly bounded away from 0 and, as a
discontinuous function, in certain hydrologically reasonable limit cases.

Finally, we remark that boundedness ofM is not necessary for Theorem 2.3.16
to hold. For example, one could replace boundedness ofM by

H•older continuity of M outside of an interval [� R; R] (2.3.25)

for an R > 0, leading to an a�ne estimate on the right hand side of (2.3.11)
which is not hard to see (consult e.g. Kornhuber [59, pp. 22{26]). In the next
section we give a generalization of Theorem 2.3.16 forK = H 1


 D
(
) in which we

can even omit the requirement for M to be continuous, thus addressing limit
cases for the Richards equation as discussed in Section 1.4.Note that conti-
nuity of M is only needed (in Proposition 2.3.9) for the equivalence of(2.3.8)
and (2.3.23), and that monotonicity and boundedness (or (2.3.25) instead) ofM
is enough to ensure the coercivity ofJ + � and therefore guarantee unique
solvability of (2.3.23).
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2.4 Variational inclusions and further variational in-
equalities

The purpose of this section is �rst to generalize and secondly to reformulate
(2.3.8) or equivalently (2.3.23) in terms of further variat ional inequalities and
also in terms of variational inclusions. Some of these reformulations are of
interest in themselves (e.g. leading to a straightforward proof that (2.4.11) is
well-posed at the end of this section), and some of them will be helpful in the
analysis of our space discretization which will be carried out in the next section.
Besides, they will serve as a starting point for the numerical solution method
that we apply to the spatially discretized problem in Section 2.6 and Section 2.7.

2.4.1 Subdi�erentials and a variational inclusion for the l imit
cases

We proceed by giving a generalization of Theorem 2.3.16 to monotonically in-
creasing but possibly unbounded and, moreover, discontinuousM : [uc; 1 ) ! R
or M : R ! R in case ofK = H 1


 D
(
). Even though such a situation does not

occur for the Richards equation with continuous parameter functions as intro-
duced in Section 1.2, one might think of it as a limit case of the Brooks{Corey
model (1.2.9) and (1.2.10) for deteriorating soil parameters pb and � where the
parameter functions degenerate into step functions. A detailed discussion of the
limit cases for the Brooks{Corey model and also of the nondegenerate case can
be found in Section 1.4. Recall that in hydrological applications M might be
close to a step function, see Figure 1.11. In the limit cases for the Brooks{Corey
model (see (1.4.6) and (1.4.7) or (1.4.13) and (1.4.15), respectively), M is dis-
continuous in uc (and constant otherwise). However, the exact value ofM in uc

is \less important" than the argument uc itself whose role is to just represent
the unsaturated regime in these cases. This phenomenon is already re
ected
by (1.4.9) or (1.4.14), respectively, and a wider mathematical basis for it is
developed further in the following.

Observe in the proof of Lemma 2.3.6 that for any point z0 2 (uc; 1 ) we still
have

�( z) � �( z0) � mz0 (z � z0) 8z 2 R (2.4.1)

for all
mz0 2 [lim

y" z0
M (y); lim

y#z0
M (y)] =: I z0 (2.4.2)

even if M is not continuous in z0, and certainly with I z0 = f � 0(z0)g = f M (z0)g
if M is continuous. More generally, the proof of Proposition 2.3.11 shows that
for convex F : K ! R we have

F (v) � F (v0) � @v� v0 F (v0) 8v 2 K (2.4.3)

wherever@v� v0 F (v0) exists. This remains true for all v 2 H 1(
) if we extend F
according to Remark 2.3.14. The following de�nition contains the well-known
generalization of this phenomenon.
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De�nition 2.4.1. Let V be a normed space,F : V ! R [ f + 1g a convex
functional and v0 2 domF . Any element g 2 V 0 with

F (v) � F (v0) � h g; v � v0i 8 v 2 V

is called a subgradient of F at v0. The set @F(v0) of all subgradients is called
the subdi�erential of F at v0 and dom@F:= f v 2 domF : @F(v) 6= ;g .

Obviously, the subdi�erential @Fis a multivalued function @F: dom@F! 2V 0
.

Now, let the scalar convex function � de�ned in (2.3.9) be canonically extended
by + 1 on (�1 ; uc) as in Remark 2.3.14. Furthermore, forM : [uc; 1 ) ! R
as above and the de�nition in (2.4.2), we de�ne the corresponding multivalued
function ~M : [uc; 1 ) ! 2R by

~M (z0) := I z0 8z0 2 (uc; 1 ) and ~M (uc) := ( �1 ; lim
u#uc

M (u)] : (2.4.4)

Then, in light of Lemma 2.3.6, we obtain @� = ~M and dom@� = [ uc; 1 ). This
scalar multifunction is maximal monotone which means that if

(mz � mz0 )(z � z0) � 0 8z 2 dom@� 8mz 2 @�( z)

holds, then we havez0 2 dom@� and mz0 2 @�( z0) (see Kornhuber [59, p. 33]).

It is clear that for the de�nition of ~M we only needM to be monotonically
increasing. In addition, we point out that the above considerations can anal-
ogously be carried out for any function M : R ! R de�ned on the whole real
line instead of on [uc; 1 ) as long as it is monotonically increasing.

In either case, however, we now want to restrict ourselves onmonotonically
increasing functionsM for which

�( v) 2 L 2(
) 8v 2 H 1(
)

holds and (2.3.23) is uniquely solvable for the corresponding convex function �
in (2.3.9) with @� = ~M . This is of course satis�ed for any hydrologically inter-
esting M (see Section 1.4), which is bounded, but also for certain unbounded
M as in (2.3.25). With the notation

@�( v0) := f w 2 L 2(
) : w(x) 2 @�( v0(x)) a.e. on 
 g (2.4.5)

for a v0 2 H 1(
) we write ( @�( v0); �)L 2 (
) to indicate the corresponding sub-
set of all bounded linear functionals onH 1(
) arising, by application of the
L 2-scalar product, from elements of the subdi�erential ~M = @� of the scalar
convex function �. Observe that for any w 2 @�( v0) we have

Z



w(x)(v(x) � v0(x)) dx �

Z



�( v(x)) � �( v0(x)) dx (2.4.6)

which provides the inclusion (@�( v0); �)L 2 (
) � @�(v0). In fact, ( @�( v0); �)L 2 (
)
is the subset of all elements in@�(v0) � H 1(
) 0 which are also functionals
on L 2(
), see Barbu [9, pp. 61/62].
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For the following very general existence result we assume
 S = ; and homo-
geneous Dirichlet conditions on
 D . Neumann conditions on 
 N can be cho-
sen according to Remark 2.3.17. In order to motivate what is to come, we
�rst assume that we have a monotonically increasing and continuous function
M : R ! R which is bounded or else satis�es property (2.3.25). Then weobtain
K = H 1


 D
(
) and the variational equality (2.3.24) as an equivalent f ormulation

of (2.3.8). Now, in the general case of monotonically increasing and possibly dis-
continuousM : R ! R as in the limit (1.4.25) of the nondegenerate case (1.4.18)
for the Richards equation, we replaceM by the multifunction ~M = @�. Then,
while taking (2.4.5) into account, we can consider thevariational inclusion

u 2 H 1

 D

(
) : 0 2 ( ~M (u); v)L 2 (
) + a(u; v) � `(v) 8v 2 H 1

 D

(
) (2.4.7)

as a generalization of (2.3.24). More precisely, (2.4.7) has to be understood as
the inclusion of the 0-functional on H 1


 D
(
) in the subset

(@�( u); �)L 2 (
) + a(u; �) � `(�)

of H 1

 D

(
) 0. A solution u of (2.4.7) is therefore accompanied with anL 2-function
wu 2 @�( u) such that

(wu ; v)L 2 (
) + a(u; v) � `(v) = 0 8v 2 H 1

 D

(
) (2.4.8)

holds, and sinceH 1

 D

(
) is dense in L 2(
), it is clear that wu is uniquely de�ned
for any solution u of (2.4.7). The existence of a solution is guaranteed in a very
general setting, and the following theorem can be found in a more general form
in Jerome [51, pp. 91{94].

Theorem 2.4.2. For monotonically increasing M : R ! R or M : [uc; 1 ) ! R
for uc < 0 with a coercive and continuousa(�; �) and ` 2 H 1


 D
(
) 0, the variational

inclusion (2.4.7) has a solution.

Remark 2.4.3. Note that the theorem is not restricted to functions M de-
�ned on the whole real line, in fact one can apply it to M : I ! R on any
interval I � R with 0 in its interior. In particular, the range of the soluti on
u is contained in this interval. Moreover, the translated ~M (� + u0) is also an
admissible maximal monotone multifunction if u0 > u c. Therefore, the theorem
covers at least constant Dirichlet boundary conditionsu0 (see Remark 2.3.17).
The question how far this result can be extended to more general boundary
conditions shall not be further discussed here.

Since we are particularly interested in hydrologically relevant M and we want to
have a unique solution of (2.3.23), we assumeM to be monotonically increasing
and bounded from now on and still assume � as given in (2.3.9).For discontin-
uous M we cannot relate the variational inequality (2.3.8) to the convex mini-
mization problem (2.3.23) as done in Propositions 2.3.9 and2.3.11. However, it
will turn out later (see Proposition 2.4.8) that a variation al inclusion (2.4.7) is
related to the corresponding convex minimization problem (2.3.23) in the sense
that every solution of (2.4.7) solves (2.3.23), too. But since (2.3.23) is uniquely
solvable, we obtain the following
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Proposition 2.4.4. For monotonically increasing and boundedM : R ! R or
M : [uc; 1 ) ! R the solution of (2.4.7) given in Theorem 2.4.2 is unique.

Observe that wu in (2.4.8) is de�ned almost everywhere in the set


 c := f x 2 
 : u(x) = ~uc a.e.g (2.4.9)

for any discontinuity ~uc of M . Theorem 2.4.2 does not give any further infor-
mation on the values ofwu in ~uc, but since u is unique, the variational equality
(2.3.24) cannot be solvable for a discontinuousM if 
 c has a positive Lebesgue
measure and the valueM (~uc) is incompatible to the values of wu on 
 c.

Remark 2.4.5. With regard to the hydrological limit case given by the step
function M 0 : [uc; 1 ) ! R in (1.4.6) and (1.4.7) and the corresponding mono-
tone multifunction in (1.4.9), we consider the constant function M : u 7! � M

on [uc; 1 ) as in the limit case (1.4.13) with someuc < 0. In order to motivate
with the help of Theorem 2.4.2 that both cases could be interpreted as a similar
problem, we still assume
 S = ; and uD = 0. Note that for the discontinuous
function M 0 we can neither show the equivalence of the corresponding varia-
tional inequality (2.3.8) and a convex minimization problem (2.3.23), nor do we
obtain a variational equality in this case for these relaxedboundary conditions
(see Remark 2.3.22). The latter is also true for the constantfunction M . But
we can still consider the minimization problem (2.3.23) forM 0 which is, how-
ever, the same as the one forM and in this sense not re
ecting the di�erent
variational inequalities (2.3.8) generated byM 0 and M . SinceM is continuous,
the solution

u 2 K = f v 2 H 1

 D

(
) : v � uc a.e.g

of (2.3.23) solves (2.3.8) according to Theorem 2.3.16. In the variational in-
clusion (2.4.7), which u solves due to Theorem 2.4.2 and Proposition 2.4.8,
the (constant) function M (u) in (2.3.8) is replaced by awu 2 ~M (u), i.e. with
wu � M (u) almost everywhere. If u is an inner point of K, the variational
inequality (2.3.8) is equivalent to the variational equality (2.3.24) due to Re-
mark 2.3.22. Then, we concludeM (u) = M 0(u) = wu = � M almost every-
where. However, we can have strict inequality in (2.3.8) if 
 c in (2.4.9), with
uc = ~uc, has a positive Lebesgue measure and we have a test functionv 2 K
with v(x) > u (x) = uc almost everywhere on 
c. In such a case we obtain

(M (uc) � wu ; v � u)L 2 (
 c ) > 0

if we subtract (2.4.8) from (2.3.8). Therefore, we necessarily have

wu(x) < M (uc) = � M on 
 0
c � 
 c

with an 
 0
c of positive Lebesgue measure. Even though we do not know the

values ofwu on 
, we can interpret wu 2 ~M (u) = ~M 0(u) as a generalized satu-
ration which is the same for both limit casesM 0 and M and which constitutes
an unsaturated region 
 0

c. (Note, however, that the same considerations apply
in the regular case whereM : [uc; 1 ) ! R is continuous and uc is regarded
as a singular generalized pressure associated to physical pressurep = �1 .)
We come back to this topic at the end of Section 2.5.
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2.4.2 Reformulations of the convex minimization problem

The rest of this section is devoted to further reformulations of the minimiza-
tion problem (2.3.23). For example, there is an equivalent variational inclusion
formulation of (2.3.23) that will lead to Proposition 2.4.8 which was already
addressed above. In order to establish these results we assume the conditions
imposed onM and kr in Theorem 2.3.16 except for the continuity of M . Prob-
lems like (2.3.23) or variational versions like (2.3.8) areoften considered in the
form of minimization problems, variational inclusions or variational inequalities
on a (re
exive) Banach space rather than on a closed and convex subset of a
(re
exive) Banach space, see e.g. Ekeland and Temam [34, p. 34] or Kornhu-
ber [59]. As indicated in Remark 2.3.14, this could be achieved by adding the
characteristic functional � K of the convex setK � H 1(
) de�ned by

� K : x 7!

(
0 for x 2 K

+ 1 for x 2 H 1(
) nK

to the functional � on H 1(
). However, for transparency and further analysis
(see e.g. Section 2.5), we treat the three constraints inK separately. Moreover,
we deal with the Dirichlet boundary conditions di�erently b ut in a well-known
way by introducing a translated problem.

As above and as done in Kornhuber [59], we consider the scalarconvex function
� : [ uc; 1 ) ! R to be extended by +1 on (�1 ; uc). This corresponds to
extending M : [uc; 1 ) ! R to a maximal monotone multifunction ~M by (2.4.4)
and (2.4.2), such that @� = ~M . Consequently, � : K ! R naturally extends to
a lower semicontinuous and proper convex functional� : H 1(
) ! R [ f + 1g
by de�nition (2.3.10). For the extended � we still use the sam e notation. As a
consequence, with the de�nition

Kb := f v 2 H 1(
) : tr 
 D v = uD ^ tr 
 S v � 0g;

the minimization problem (2.3.23) is equivalent to the minimization problem

u 2 K b : J (u) + � (u) � J (v) + � (v) 8v 2 K b (2.4.10)

in which the constraints constituting the nonempty, closed and convex set
Kb � H 1(
) only concern boundary conditions.

In order to obtain a variational inclusion formulation of (2 .4.10), we also need
to encode the boundary conditions in the convex functional and construct an
equivalent minimization problem on some suitable Hilbert space rather than on
a closed and convex subset of a Hilbert space. This is done by translation of
the Dirichlet values and by the introduction of an additiona l functional refer-
ring to the boundary conditions of Signorini's type. Therefore, analogously to
Lemma 2.3.2, we �rst choose a �xed

w 2 H 1(
) with tr 
 D w = uD ; (2.4.11)
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set u = w + ~u and v = w + ~v in (2.4.10) and �nd (2.4.10) to be equivalent to

~u 2 K b � w : J (w + ~u) + � (w + ~u) � J (w + ~v) + � (w + ~v) 8~v 2 K b � w

with

Kb � w = f v 2 H 1(
) : tr 
 D v = 0 ^ tr 
 S v � � tr 
 S wg � H 1

 D

(
) :

Furthermore, the characteristic function

� R�
0

: x 7!

(
0 for x � 0

+ 1 for x > 0

of the nonempty, closed and convex subsetR�
0 of R induces a convex, lower

semicontinuous and proper functional S : H 1(
) ! R [ f + 1g de�ned by

 S(v) =
Z


 S

� R�
0

(v(x)) d� (x) 8v 2 H 1(
) : (2.4.12)

Obviously,  S is just the characteristic functional � C of the closed and convex
subsetC := f v 2 H 1(
) : tr 
 S v � 0g of H 1(
). With the de�nition

Fw(�) := F (w + �) (2.4.13)

for translated mappings F : V ! W between vector spacesV and W , the
functional J w + � w +  S

w is still convex, lower semicontinuous and proper on
the Hilbert space H 1


 D
(
), and  S

w is the characteristic functional of the subset
Kb� w of H 1


 D
(
). In light of our considerations so far and using these notations,

the following proposition is straightforward.

Proposition 2.4.6. The minimization problem (2.3.23) is equivalent to

~u 2 H 1

 D

(
) : J w(~u) + � w(~u) +  S
w(~u) � J w(v) + � w(v) +  S

w(v) 8v 2 H 1

 D

(
)
(2.4.14)

in the sense that the solutionu of (2.3.23) equalsw + ~u.

In the following, a variational inclusion is found to be a reformulation of (2.4.14)
in terms of the subdi�erentials of � (w+ ~u) and  S(w+ ~u) as subsets ofH 1


 D
(
) 0.

Proposition 2.4.7. The minimization problem (2.4.14) is equivalent to the
variational inclusion

~u 2 H 1

 D

(
) : 0 2 a(w + ~u; �) � `(�) + @�(w + ~u) + @ S(w + ~u) (2.4.15)

in H 1

 D

(
) 0.

Proof. Considering (2.3.17), it is easy to see that �rst,

@(J w)(v0)(v) = ( J w)0(v0)(v) = J 0(w + v0)(v) = a(w + v0; v) � `(v)
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and secondly,

@(J w + � w +  S
w)(v0)(v) = a(w + v0; v) � `(v) + ( @�)w (v0)(v) + ( @ S)w(v0)(v)

holds for all v 2 H 1

 D

(
) and v0 2 dom(� w +  S
w) � H 1


 D
(
). Now, if

~u 2 H 1

 D

(
) solves the minimization problem (2.4.14), i.e.

(J w(v)+ � w (v)+  S
w (v)) � (J w (~u)+ � w(~u)+  S

w(~u)) � 0 8v 2 H 1

 D

(
) ; (2.4.16)

we obviously have

0 2 a(w + ~u; �) � `(�) + ( @�)w (~u) + ( @ S)w(~u)

in H 1

 D

(
) 0 by De�nition 2.4.1 of the subdi�erential. Conversely, if (2 .4.15)
holds then, with the same reasoning, we obtain (2.4.16).

Now we are in a position to establish the connection between variational inclu-
sions (2.4.7) and convex minimization problems (2.3.23) which we announced
above. Since we have (@�( u); �)L 2 (
) � @�(u) as already seen in (2.4.6), the
following consequence of Proposition 2.4.7 is straightforward.

Proposition 2.4.8. Every solution of the variational inclusion (2.4.7) is a
solution of the corresponding convex minimization problem(2.3.23).

Observe that the converse of the assertion in Proposition 2.4.8 is not true and we
cannot replace@�(~u + w)( �) in Proposition (2.4.7) by ( @�(~u + w); �)L 2 (
) since,
for w = 0 already, we have @�(u) 6= ( @�( u); �)L 2 (
) as mentioned in (2.4.6).
However, an analogous reformulation of@�(u) in terms of @�( u(x)) can be ob-
tained in the space-discretized version of (2.3.23) or (2.4.14) which we consider
in the following section. We remark that a contribution to th e convex functional
coming from the boundary will also play an important role in t he treatment of
Robin boundary conditions which we discuss in Section 3.4.

Finally, instead of considering the subdi�erentials of the nondi�erentiable parts
� w and  S

w of the convex functional considered in (2.4.14), one can also restrict
oneself to di�erentiating J w as done in (2.4.15) while maintaining the convex
contributions of � w and  S

w as they are. In this way, one arrives at another
variational inequality that follows from a generalization of Proposition 2.3.11
which we note here.

Proposition 2.4.9. In addition to the assumptions in Proposition 2.3.11 let
G : K ! R [ f + 1g be convex. Then

u 2 K : @v� uF (u) + G(v) � G(u) � 0 8v 2 K (2.4.17)

is equivalent to

u 2 K : (F + G)(u) � (F + G)(v) 8v 2 K :
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The proof can be easily obtained by adapting the proof of the earlier result
and exploiting the convexity of G, see also [34, p. 38]. It is a convention in the
literature (see [34, p. 7]) to treat the inequality in (2.4.17) as a valid assertion
only if the left hand side is de�ned, i.e. in this case only if G(v) and G(u) are
not both equal to + 1 .

For the second statement in the following proposition, we de�ne the translation
of our convex setK (see (2.3.3)) byw onto a subset ofH 1


 D
(
) as

K 
 D := K � w = f v 2 H 1

 D

(
) : v � uc � w ^ tr 
 S v � � tr 
 S wg: (2.4.18)

With regard to the �rst statement of the proposition, observ e that the sum of
the functionals � w and  S

w is just the characteristic functional of K 
 D .

Proposition 2.4.10. The minimization problem (2.4.14) is equivalent to the
variational inequality

~u 2 H 1

 D

(
) : a(w + ~u; v � ~u) � `(v � ~u)

+ � w(v) � � w(~u) +  S
w(v) �  S

w(~u) � 0 8v 2 H 1

 D

(
) (2.4.19)

and to the variational inequality

~u 2 K 
 D : a(w + ~u; v � ~u) � `(v � ~u)

+ � (w + v) � � (w + ~u) � 0 8v 2 K 
 D : (2.4.20)

Proof. First, setting K = V = H 1

 D

(
) and F = J w with (2.3.17) as well as
G = � w +  S

w , we get the variational inequality (2.4.19) from Proposition 2.4.9.
Setting instead K = K 
 D � H 1


 D
(
) and G = � w , we obtain (2.4.20) as a

variational formulation of the translated minimization pr oblem

~u 2 K 
 D : J (w + ~u) + � (w + ~u) � J (w + v) + � (w + v) 8v 2 K 
 D (2.4.21)

which is certainly equivalent to the untranslated problem (2.3.23).

Although � (w + �) is di�erentiable on K 
 D , it is useful not to compute the cor-
responding directional derivative for the variational formulation (2.4.20). This
formulation will be crucial in the analysis of the �nite elem ent discretization
which we present in the next section. Another advantage of the variational
inequality (2.4.20) is that it allows an easy proof for the well-posedness of the
convex minimization problem (2.3.23) whose solution even depends Lipschitz
continuously on the linear functional `.

Proposition 2.4.11. Assume that the conditions in Theorem 2.3.16 are sat-
is�ed (and possibly the boundedness ofM replaced by (2.3.25)). Furthermore,
for i = 1 ; 2 let ` i 2 H 1(
) 0 and let ui be the unique solutions of

ui 2 K :
1
2

a(ui ; ui )� ` i (ui )+ � (ui ) �
1
2

a(v; v)� ` i (v)+ � (v) 8v 2 K : (2.4.22)
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Then we have
ku1 � u2k1 � c� 1k`1 � `2k (2.4.23)

where c is the coercivity constant of a(�; �) in (2.3.6).

Proof. With (2.4.18), (2.4.20) and Proposition 2.4.6 we can write (2.4.22) in
the form

ui 2 K : a(ui ; v � ui ) + � (v) � � (ui ) � ` i (v � ui ) 8v 2 K ; i = 1 ; 2:

Now, setting v = u2 for i = 1 and v = u1 for i = 2 we obtain

a(� u1; u2 � u1) � � (u2) + � (u1) � `1(u1 � u2) (2.4.24)

and
a(u2; u2 � u1) � � (u1) + � (u2) � � `2(u1 � u2) : (2.4.25)

Adding (2.4.24) and (2.4.25) gives

a(u2 � u1; u2 � u1) � (`1 � `2)(u1 � u2) (2.4.26)

which provides (2.4.23) with the coercivity constant c in (2.3.6).

Using the di�erentiability of � , one can establish the well-posedness (2.4.23)
of the minimization problem (2.3.23) with the variational i nequality (2.3.15)
in the same way as done in the proof with the variational inequality (2.4.20).
Then the contributions of � (u1) and � (u2) do not cancel each other out but
appear as an additional term

@u1 � u2 � (u1) � @u1 � u2 � (u2)

on the left hand side (2.4.26). But this term is nonnegative due to the convexity
of � which can easily be derived by (2.4.3). In fact, (2.4.3) shows that if
the directional derivative of a convex functional on K exists, it is a monotone
operator on K (compare also (2.3.13)). We will turn to further monotonici ty
considerations in Chapter 3 where we apply Proposition 2.4.11 in the proof of
Theorem 3.4.23.

2.5 Finite element discretization

In this section we present our �nite element discretization of (2.3.23) or (2.4.14),
respectively, following ideas and the notation in Kornhuber [59, pp. 36{43]
(see also Glowinski [45, pp. 12{15]). As stated in Remark 2.3.1, we keep our
assumptions on the problem as general as possible (see e.g. the conditions on
the unique solvability of (2.3.23)) in order to make clear what properties of the
problem are really needed. We bear in mind that these properties are satis�ed
in case of the Richards equation with the Brooks{Corey parameter functions
but also for the limit cases as given in Section 1.4 whereM is monotonically
increasing and bounded but not continuous.
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2.5.1 The discrete problem: properties and reformulations

For the sake of presentation we consider the two-dimensional case of a polygonal
domain 
 � R2. At the same time we emphasize that the convergence results
for our discretization can be obtained analogously for polyhedral domains in
higher and lower dimensions. LetTj , j 2 N0, be a partition of 
 into triangles
t 2 T j with minimal diameter of order O(2� j ). We assume the triangulation Tj

to be regular in the sense that the intersection of two di�erent triangles in Tj

is either empty or consists of a common edge or a common vertex. The set of
all vertices of the triangles in Tj is denoted byN j .

For a consistent discretization, the setN j \ @
 should resolve the parts of the
boundary corresponding to di�erent boundary conditions properly. Therefore,
we require that each intersection point of two closures (inR2) of the subsets
 D ,

 N and 
 S of the boundary @
 is contained in N j . Furthermore, we assume
 D

and 
 S [ 
 D to be closed and we de�neN D
j := N j \ 
 D as well asN S

j := N j \ 
 S.

We choose the �nite element spaceSj � H 1(
) as the subspace of all continuous
functions in H 1(
) which are linear on each triangle t 2 T j . Analogously, we
de�ne SD

j � H 1

 D

(
). Sj and SD
j are spanned by the nodal bases

� j := f � (j )
p : p 2 N j g and � D

j := f � (j )
p : p 2 N j nN D

j g;

respectively, where the latter is only guaranteed because of our special choice
of N D

j containing all intersection points of parts of @
 adjacent to 
 D .

Note that N j and Sj , j � 0, should not be confused with the corresponding
notation in Kornhuber [59] for the homogeneous case whereN j is the set of
all vertices in Tj which are interior points of 
 and Sj � H 1

0 (
) is de�ned
accordingly. Of course this also applies toK and K j which we de�ne now.

For the de�nition of the �nite dimensional analogue of K we assume that the
Dirichlet boundary condition uD is continuous in each nodep 2 N D

j such that
writing uD (p) makes sense in these nodes. Then it is natural to de�ne this
convex setK j � S j by

K j := f v 2 S j : v(p) � uc 8p 2 N j ^ v(p) = uD (p) 8p 2 N D
j ^ v(p) � 08p 2 N S

j g
(2.5.1)

which, as a subset of the �nite dimensional spaceSj , is clearly nonempty and
closed.

Remark 2.5.1. Obviously, K j is the set of all piecewise linear interpolations
of functions in K on the triangulation Tj . However, K j � K is false in general
because the Dirichlet boundary values inK j di�er from those in K in general.
Observe that, as a consequence of the piecewise linearity ofv 2 S j , the two
properties v(x) � uc 8x 2 
 and v(x) � 0 8x 2 
 S if v 2 K j , valid in the
continuous case, are preserved in the discretization. The second property is
due to our choice ofN S

j which contains all intersection points of the closures
of 
 S and 
 N while the intersection points of the closure of 
 S and 
 D are
contained in N D

j . But in such points p the Dirichlet boundary condition uD is

79



supposed to be continuous, which entailsuD (p) � 0 becauseuD is chosen to be
compatible with the Signorini-type boundary condition, see (1.5.18).

Furthermore, we approximate the integral in the de�nition ( 2.3.10) of � by a
quadrature formula arising from Sj -interpolation of the integrand �( v). In this
way, we arrive at the discrete functional � j : Sj ! R [ f + 1g de�ned by

� j (v) :=
X

p2N j

�( v(p)) hp 8v 2 S j (2.5.2)

with the positive weights

hp :=
Z



� (j )

p (x) dx :

Of course, the properties of functionals in the continuous case (see Proposi-
tion 2.3.7) should be preserved by the discretized functionals, preferably in
a uniform way. With regard to the convergence result for our discretization
in Theorem 2.5.9, the following properties of the discrete functionals � j and,
in particular, their relation to the continuous counterpar t � in (2.5.5) will be
crucial.

Lemma 2.5.2. Provided M in (2.3.9) is monotonically increasing and bounded,
the functional � j is convex and Lipschitz continuous on its domain

dom� j = f v 2 S j : v(p) � uc 8p 2 N j g (2.5.3)

with a Lipschitz constant independent ofj � 0. Furthermore, � j is lower semi-
continuous and proper and it admits an estimate

� j (v) � Ckvk1 8v 2 S j (2.5.4)

with a constant C 2 R independent ofj � 0. Moreover, for vj 2 S j , j � 0, and
v 2 H 1(
) we have

vj * v; j ! 1 =) lim inf
j !1

� j (vj ) � � (v) (2.5.5)

where vj * v denotes the weak convergence ofvj to v in H 1(
) .

Proof. Since the function � is convex on [uc; 1 ) and the weights hp are positive,
the functional � j is convex on its domain

dom� j = f v 2 S j : v(p) � uc 8p 2 N j g

which is closed and compact inSj . Next, let L = kM k1 be the Lipschitz
constant of � according to Lemma 2.3.6 and v; �v 2 dom� j . Then, due to the
nonnegativity of the nodal basis functions � p, p 2 N j , we have

j� j (v) � � j (�v)j � L
X

p2N j

jv(p) � �v(p)j hp � L
X

p2N j

Z

supp � ( j )
p

jv(x) � �v(x)j dx

(2.5.6)
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where the last estimate is a consequence of the linearity ofv and �v on each
triangle t 2 T j . Since each triangle is contained in the support of the three
nodal basis functions corresponding to its vertices, we cango on estimating

j� j (v) � � j (�v)j � 3L
Z



jv(x) � �v(x)j dx � 3L k1kL 2 (
) kv � �vk1

where the last estimate follows from the Cauchy{Schwarz inequality in L 2(
).
This shows the Lipschitz continuity of � j , with a Lipschitz constant independent
of j � 0. Of course,� j : Sj ! R [ f + 1g is lower semicontinuous and proper.

With regard to (2.5.4) and (2.5.5), observe that

� j (v) =
Z




X

p2N j

�( v(p)) � (j )
p (x) dx �

Z



�

� X

p2N j

v(p)� (j )
p (x)

�
dx = � (v) 8v 2 S j

(2.5.7)
because

P
p2N j

� (j )
p (x) = 1 and � (j )

p (x) � 0 holds for all x 2 
 and the scalar
function � is convex. Now, (2.5.4) follows from (2.3.11). Fu rthermore, since
the convex functional � : H 1(
) ! R [ f + 1g is lower semicontinuous, it is
weakly lower semicontinuous (see [34, p. 11]) such that (2.5.7) provides

lim inf
j !1

� j (vj ) � lim inf
j !1

� (vj ) � � (v) (2.5.8)

for vj * v; j ! 1 , as given above.

Remark 2.5.3. Observe that the above proof depends heavily on our choice of
linear �nite elements. Although we only need the positivity of the weights hp

to show the convexity of � j , we also take into account the special shape of
the nodal basis functions and their nonnegativity in order to obtain (2.5.6).
For (2.5.7), too, we need the nonnegativity of � (j )

p in each point x 2 
. It is
therefore unclear if one can derive some variant of Lemma (2.5.2) for elements
of higher order (whose nodal basis functions are in general not nonnegative on
their domain) which can be used to obtain analogous results as we do below in
our convergence analysis.

Now, our discrete version of the minimization problem (2.3.23) reads

uj 2 K j : J (uj ) + � j (uj ) � J (v) + � j (v) 8v 2 K j : (2.5.9)

Since K j , J and � j satisfy the required properties of Theorem 2.3.16, now in
the subspaceSj of the Hilbert space H 1(
), we obtain

Theorem 2.5.4. The discrete minimization problem (2.5.9) has a unique so-
lution.

As in the continuous case above, we can reformulate the discrete minimization
problem in the convex set as a discrete minimization problemin a �nite dimen-
sional Hilbert space and rewrite the latter as a discrete variational inclusion.
To this end, we choose

wj 2 Sj with wj (p) = uD (p) 8p 2 N D
j (2.5.10)
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and consider the characteristic functional S = � C in (2.4.12) restricted on SD
j .

Then, again with the notation (2.4.13) and carrying over the considerations,
which led to Propositions 2.4.6 and 2.4.7, on the discrete level, the following
can be proved analogously.

Proposition 2.5.5. The minimization problem (2.5.9) is equivalent to

~uj 2 S D
j : J wj (~uj )+( � j )wj (~uj )+  S

wj
(~uj ) � J wj (v)+( � j )wj (v)+  S

wj
(v) 8v 2 S D

j
(2.5.11)

in the sense that the solutionuj of (2.5.9) equals wj + ~uj . Furthermore, it is
equivalent to the variational inclusion

~uj 2 S D
j : 0 2 a(wj + ~uj ; �) � `(�) + @�j (wj + ~uj ) + @ S(wj + ~uj ) (2.5.12)

in (SD
j )0.

Remark 2.5.6. Observe that the characteristic functional  S = � C restricted
to Sj is the characteristic functional � Cj of the subset

Cj := f v 2 S D
j : v(p) � 0 8p 2 N S

j g

of SD
j . This is due to the piecewise linearity of the functions in SD

j and the
de�nition of N S

j as a subset of
 S including all intersection points with adjacent
parts of the boundary except those contained in
 D . Therefore, instead of
considering the integral in (2.4.12), we can equivalently compute

 S(v) =
X

p2N S
j

� R�
0

(v(p)) 8v 2 S D
j :

While in the continuous case in the previous section it was not possible to
interchange integration with taking the subdi�erential, i n the discrete case we
have dom@�j = dom � j with

@�j (v0)(v) =
X

p2N j

@�( v0(p))v(p) hp 8v 2 S D
j (2.5.13)

for all v0 2 dom@�j and dom@ S = dom  S � S D
j with

@ S(v0)(v) =
X

p2N S
j

@�R�
0

(v0(p))v(p) 8v 2 S D
j (2.5.14)

for all v0 2 dom S � S D
j . This is due to a general result stating a summation

rule for subdi�erentials of convex, lower semincontinuousand proper functionals
which are continuous on their domains, see [34, p. 26] or [59,pp. 35, 38].

Finally, we turn to the discrete analogue of Proposition 2.4.10. Therefore, we
de�ne the translation of our discrete convex setK j (see (2.5.1)) bywj onto a
subset ofSD

j as

KD
j : = K j � wj (2.5.15)

= f v 2 S D
j : v(p) � uc � wj (p) 8p 2 N j ^ v(p) � � wj (p) 8p 2 N S

j g
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analogously as in the continuous caseK 
 D in (2.4.18). As for K j and K, observe
that KD

j is the set of all piecewise linear interpolations of the functions in K 
 D

on the triangulation Tj if we choosew in (2.4.11) to be continuous andwj in
(2.5.10) as its piecewise linear interpolation inSj . However, the constraints in
the continuous and the discrete case may di�er such that we have KD

j * K 
 D

in general.

Proposition 2.5.7. The minimization problem (2.5.9) is equivalent to the vari-
ational inequality

~uj 2 S D
j : a(wj + ~uj ; v � ~uj ) � `(v � ~uj )

+ ( � j )wj (v) � (� j )wj (~uj ) +  S
wj

(v) �  S
wj

(~uj ) � 0 8v 2 S D
j (2.5.16)

and to the variational inequality

~uj 2 K D
j : a(wj + ~uj ; v � ~uj ) � `(v � ~uj )

+ � j (wj + v) � � j (wj + ~uj ) � 0 8v 2 K D
j (2.5.17)

in the sense that the solutionuj of (2.5.9) equalswj + ~uj .

The proof is the same as for Proposition 2.4.10 if one replaces H 1

 D

(
) by SD
j ,

K 
 D by KD
j and � by � j for the application of Proposition 2.4.9. Again, observe

that (2.5.17) can be regarded as a variational formulation of the translated
minimization problem

~uj 2 K D
j : J (wj + ~uj ) + � j (wj + ~uj ) � J (wj + v) + � j (wj + v) 8v 2 K D

j
(2.5.18)

which is equivalent to the untranslated problem (2.5.9). Finally, note that an
analogous well-posedness result as in Proposition 3.3.8 inthe continuous case
also holds for the discrete problem (2.5.9) with the same proof.

2.5.2 A classical convergence result

Now, we deal with the convergence of our �nite element solutions from (2.5.9)
to the solution of the continuous problem (2.3.23) for which the variational
inequalities (2.4.20) and (2.5.17) will play a central role. The derivation of our
results is largely based on the arguments given in Kornhuber[59, pp. 38{42] for
the case of homogeneous Dirichlet boundary conditions on all of @
. We need to
take special care of the inhomogeneous Dirichlet values andthe Signorini-type
boundary conditions de�ned only on parts of @
.

As in Kornhuber [59, pp. 38{42], the convergence results depend on the as-
sumption that the corresponding sequence of triangulations has a decreasing
mesh size

hj = max
t2T j

diam t ! 0 for j ! 1 : (2.5.19)
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In addition, we assume that the sequence of triangulations

(Tj ) j � 0 is shape regular (2.5.20)

which denotes the well-known property that the minimal interior angle of all
triangles contained in [ j � 0Tj is bounded from below by a positive constant.

For further discussion, we introduce the piecewise linear interpolation operator

I Sj : H 1(
) \ C(
) ! S j

de�ned by ( I Sj v)(p) = v(p) 8p 2 N j for v 2 H 1(
) \ C(
).

It will turn out that we can only guarantee convergence if the Dirichlet boundary
condition uD on 
 D is the trace of a uniformly continuous function w 2 H 1(
),
i.e. if we have

uD = tr 
 D w for a w 2 H 1(
) \ C(
) : (2.5.21)

It is well known that if uD is continuous on 
 D (which we assumed to be
closed), then it can be extended to a continuous function on the closure of 

(see [98, p. 498]). We require that there exists such an extension in H 1(
).
Moreover, for the proof of convergence we will assumewj to be the piecewise
linear interpolations of w in Sj approximating w in H 1(
), i.e. we require

wj = I Sj w with wj ! w for j ! 1 in H 1(
) : (2.5.22)

In general, according to the interpolation theory in Ciarlet [27, pp. 122{124], the
latter can only be guaranteed if w is regular enough. To check the assumptions
stated there, we recall that the Sobolev embedding theorem (see [21, p. 1.52])
provides the compact embedding

H k (t) ,! C(t) () k >
d
2

for polyhedra t � Rd and k 2 N. Now, with t 2 T j and d = 2 in our case
we obtain (2.5.22) (with the order O(hj )) for w 2 H 2(
) from the results in
[27, pp. 122{124], provided (2.5.19) and also (2.5.20) hold. Consequently, we
could also replace (2.5.21) and (2.5.22) byuD = tr 
 D w with the condition
w 2 H 2(
) or a corresponding condition for d > 2.

In Kornhuber [59, pp. 38/39] it is proved that for ~K = f v 2 H 1
0(
) : v � ucg

the subsetC1
0 (
) \ ~K is dense in ~K. SinceC1

0 (
) is dense in H 1
0 (
), for given

v 2 ~K there is always a sequence (vk )k� 0 � C1
0 (
) with vk ! v for k ! 1 .

In order to ensure vk 2 ~K, however, regularizations of v with molli�ers are
considered. It is by far a nontrivial task to extend this result to more general
settings like our convex setK 
 D in H 1


 D
(
). The technique can be re�ned (see

Glowinski [45, pp. 36{38]) to generalize the result to continuous obstacles on

which are nonnegative in a neighbourhood of
 D = @
 as uc � w is in our case
(2.4.18) with the property (2.5.21). Furthermore, an exercise in [45, pp. 38/39]
suggests that the latter result can be extended toH 1


 D
(
) for su�ciently smooth


 D � @
 if one applies the density of

C1

 D

(
) := f v 2 C1 (
) : v = 0 in a neighbourhood of 
 D g (2.5.23)
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in H 1

 D

(
). As to the boundary conditions of Signorini's type one �n ds a proof
for the density of C1 (
) \ �K in the convex set �K = f v 2 H 1(
) : tr @
 v � 0g
in [45, p. 61]. Since we do not want to go into more details here, it seems to be
in order to require

C1

 D

(
) \ K 
 D is dense in K 
 D (2.5.24)

as an additional condition for our translated convex setK 
 D de�ned in (2.4.18).
Property (2.5.24) will provide an essential density argument in the proof of the
convergence result in Theorem 2.5.9.

As a necessary ingredient for convergence, the following lemma provides the
consistency of the discrete functionals� j . The proof is essentially the same as
in Kornhuber [59, pp. 38{40] for the homogeneous case. However, we state it
here in order to make clear where we need the assumptions on the extensionw
of uD and the interpolating wj .

Lemma 2.5.8. We assume (2.5.19), (2.5.20) andM in (2.3.9) to be bounded
and monotonically increasing. If v 2 C1 (
) and vj = I Sj v 2 S j for j � 0,
then we have the convergence

vj ! v in H 1(
) and � j (vj ) ! � (v) for j ! 1 : (2.5.25)

Assuming in addition (2.5.21) and (2.5.22), the assertion (2.5.25) also holds
for v = w + ~v 2 w + C1 (
) and vj = I Sj v = I Sj w + I Sj ~v = wj + ~vj , j � 0.

Proof. SinceC1 (
) is dense in all H k (
), k � 0, (see Ciarlet [27, p. 114]) we
obtain vj ! v by applying the results in [27, pp. 122{124] under the assump-
tions (2.5.19) and (2.5.20). The same applies forv = w + ~v 2 w + C1 (
) and
vj = I Sj v because of (2.5.22).

Now, we show� j (vj ) ! � (v) if vj ! v and if v is uniformly continuous which
is true for v 2 C1 (
) and for v 2 w + C1 (
) due to (2.5.21). If � (v) = 1 ,
then there is an open subset 
0 � 
 with v(x) < u c 8x 2 
 0. Due to (2.5.19)
we obtain N j \ 
 0 6= ; for all j � j 0 with a suitable j 0 � 0. This provides
� j (vj ) ! 1 for j ! 1 .

If � (v) < 0, i.e. v(x) � uc 8x 2 
, then the function �( v(�)) is uniformly contin-
uous on
 since v : 
 ! [uc; 1 ) is uniformly continuous and � : [ uc; 1 ) ! R is
Lipschitz continuous (see Lemma 2.3.6). Letp1; p2; p3 2 N j denote the vertices

of t 2 T j . Then we have
P 3

i =1 � (j )
pi = 1 on t and therefore altogether

j� (v) � � j (vj )j �
X

t2T j

Z

t

 
3X

i =1

� (j )
pi

(x)j�( v(x)) � �( v(pi )) j

!

dx

� j 
 j max
f x;� 2 
 ; jx � � j� h j g

j�( v(x)) � �( v(� )) j ! 0 (2.5.26)

for j ! 1 .
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Now, with the consistency result in Lemma 2.5.8 and the further properties of
� j in Lemma 2.5.2 we can prove convergence, adapting the ideas in Kornhuber
[59, pp. 41/42] to our inhomogeneous case.

Theorem 2.5.9. We assume (2.5.19){(2.5.24) and the conditions imposed in
Theorem 2.3.16 except for the continuity ofM . Then the solutions uj of the
discrete minimization problem (2.5.9) converge to the solution u of (2.3.23) in
the sense that

uj ! u in H 1(
) and � j (uj ) ! � (u) for j ! 1 : (2.5.27)

Proof. As in [59, pp. 41/42], the proof is carried out in three steps. For the
argumentation we consider the translated minimization problems (2.4.21) and
(2.5.18) and the corresponding variational inequalities in the form (2.4.20) and
(2.5.17), respectively. Since we assumewj ! w, we can mainly concentrate on
the functions ~uj 2 K D

j � S D
j � H 1


 D
(
) instead of uj = wj + ~uj 2 wj + SD

j

and ~u 2 K 
 D � H 1

 D

(
) instead of u = w + ~u 2 w + H 1

 D

(
). Indeed, this is
necessary in the �rst and in the third step where we need to exploit the fact
that due to (2.3.5) and (2.3.6), a(�; �) induces an equivalent norm onH 1


 D
(
)

de�ned by
jvja := a(v; v)1=2 8v 2 H 1


 D
(
) :

First, we prove that (~uj ) j � 0 is bounded in H 1

 D

(
). Using (2.5.24) we choose a
v 2 C1 (
) \ K 
 D and de�ne vj = I Sj v 2 K D

j for j � 0. This is well-de�ned
since I Sj (K 
 D ) = KD

j because ofwj = I Sj w, see (2.5.15). Since ~uj satis�es the
variational inequality (2.5.17), we have

j~uj j2a = a(~uj ; ~uj ) � a(wj +~uj ; vj )� a(wj ; ~uj )+ � j (wj + vj )� � j (wj +~uj )� `(vj � ~uj ) :

Lemma 2.5.8 provides uniform upper bounds forkvj k1 and j� j (wj + vj )j, and
we have the uniform lower estimate (2.5.4). Using this, the continuity (2.3.5)
of a(�; �) and `(�) as well as the equivalence (2.3.6) ofj � j a and k � k1, then, with
someC > 0, we can go on estimating

ck~uk2
1 � C(kwj k1 + k~uj k1 + kwj k1k~uj k1) + C(kwj k1 + k~uj k1) + Ck~uj k1 + C

� ~Ck~uj k1 + ~C

where ~C > 0 is su�ciently large, taking into account that ( ~wj ) j � 0 is bounded
due to (2.5.22).

Therefore, (~uj ) j � 0 must be bounded inH 1

 D

(
).

In the second step, we prove the weak convergence of (~uj ) j � 0 to ~u in H 1

 D

(
).
Since H 1


 D
(
) is a Hilbert space, i.e. re
exive, there is a weakly convergent

subsequence (~uj k )k� 0 with a limit ~u� 2 H 1

 D

(
) due to the boundedness of
(~uj ) j � 0 (see e.g. [98, p. 107]). In order to prove ~u = ~u� , it is enough to show
that ~u� is a solution of (2.4.20), since (for �xed w) (2.4.20) is uniquely solvable
due to Proposition 2.4.10 and Theorem 2.3.16.
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We need to make clear that ~u� 2 K 
 D holds in the �rst place. As we have

wj k + ~uj k 2 K a := f v 2 H 1(
) : v � uc ^ tr 
 S v � 0g 8k � 0

in the closed and convex setKa � H 1(
) and wj k ! w, i.e. wj k + ~uj k * w + ~u� ,
this leads to w + ~u� 2 K a sinceKa is also weakly closed (see e.g. [98, p. 108]).
Due to tr 
 D w = uD and ~u� 2 H 1


 D
(
) we get w+~u� 2 K and therefore ~u� 2 K 
 D .

To show that ~u� 2 K 
 D satis�es the variational inequality (2.4.20), assume
v 2 C1 (
) \ K 
 D and let vj = I Sj v 2 K D

j for j � 0 as in the �rst step. With
these discrete test functions in the discrete variational inequality (2.5.17) we
obtain

a(~uj k ; ~uj k ) + � j k (wj k + ~uj k ) � a(wj k + ~uj k ; vj k ) � a(wj k ; ~uj k )

+ � j k (wj k + vj k ) � `(vj k � ~uj k )

as above. Since we havewj k ! w, ~uj k * ~u� and vj k ! v (by Lemma 2.5.8),
passing to the limit while using the consistency (2.5.25) of� j gives

lim inf
k!1

(a(~uj k ; ~uj k ) + � j k (wj k + ~uj k )) � a(w + ~u� ; v) � a(w; ~u� )

+ � (w + v) � `(v � ~u� ) : (2.5.28)

Now, using the elementary estimate

0 � a(~u� � ~uj k ; ~u� � ~uj k ) = a(~u� ; ~u� ) � 2a(~u� ; ~uj k ) + a(~uj k ; ~uj k )

and the weak convergence of ~uj k , we get

a(~u� ; ~u� ) � lim inf
k!1

(a(~uj k ; ~uj k )) :

In connection with (2.5.5) in Lemma 2.5.2, this provides

a(~u� ; ~u� ) + � (w + ~u� ) � lim inf
k!1

(a(~uj k ; ~uj k ) + � j k (wj k + ~uj k )) :

Combining this estimate with (2.5.28) we conclude

a(w + ~u� ; v � ~u� ) � `(v � ~u� ) + � (w + v) � � (w + ~u� ) � 0 8v 2 C1 (
) \ K 
 D :
(2.5.29)

Now, the density assumption (2.5.24) comes into play to extend (2.5.29) to
all v 2 K 
 D . For any v 2 K 
 D assumption (2.5.24) provides a sequence (vk )k� 0

in C1 (
) \ K 
 D converging to v. Since (2.5.29) is satis�ed for all vk , k � 0,
and the functionals on the left hand side of (2.5.24) acting on vk are continuous
in this argument on K 
 D (in particular � , see Proposition 2.3.7), (2.5.24) is
satis�ed for v.

We have proved that ~u� = ~u is the solution of (2.4.20). The uniqueness of the
solution entails ~uj * ~u for j ! 1 .
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In the �nal step, we show the strong convergence of (~uj ) j � 0. Again, we consider
a v 2 C1 (
) \ K 
 D with vj = I Sj v 2 K D

j for j � 0. And again, using the
discrete variational inequality (2.5.17) we compute

j~u � ~uj j2a + � j (wj + ~uj )

= a(~u; ~u) � 2a(~u; ~uj ) + a(~uj ; ~uj ) + � j (wj + ~uj )

� a(~u; ~u) � 2a(~u; ~uj ) + a(wj + ~uj ; vj ) � a(wj ; ~uj ) + � j (wj + vj ) � `(vj � ~uj ) :

(2.5.30)

With the same arguments as used above, the right-hand side inthe estimate
(2.5.30) converges toa(w + ~u; v � ~u) + � (w + v) � `(v � ~u) as j ! 1 . Hence,
we can estimate

lim inf
j !1

� j (wj + ~uj )

� lim inf
j !1

(j~u � ~uj j2a + � j (wj + ~uj ))

� lim sup
j !1

(j~u � ~uj j2a + � j (wj + ~uj ))

� a(w + ~u; v � ~u) + � (w + v) � `(v � ~u) 8v 2 C1 (
) \ K 
 D : (2.5.31)

Again, applying (2.5.24) and using the same density argument as above, we
obtain (2.5.31) for all v 2 K 
 D . Then, inserting v = ~u in (2.5.31) and using
(2.5.5) we deduce

� (w + ~u) � lim inf
j !1

� j (wj + ~uj ) � lim sup
j !1

(j~u � ~uj j2a + � j (wj + ~uj )) � � (w + ~u) :

From this we conclude � j (wj + ~uj ) ! � (w + ~u) as well as j~uj � ~uja ! 0, i.e.
k~uj � ~uk1 ! 0 due to the equivalence of these norms inH 1


 D
(
) and therefore

uj = wj + ~uj ! u = w + ~u in H 1(
). This completes the proof.

Remark 2.5.10. With regard to the structure of the proof and in comparison
to the homogeneous case given in Kornhuber [59, pp. 41/42], several notes seem
to be in order.

Concerning the �rst step of the proof, observe the following: Since the Dirichlet
value uD is taken out of the set given in (1.5.18), it obviously has an exten-
sion w in the convex set K in (1.5.19) or (2.3.3). Now, if there is such an
extensionw also satisfying (2.5.21) and (2.5.22), which is certainly true for ho-
mogeneous Dirichlet boundary conditions for instance, we can choose it for our
argumentation in here. Consequently, we can choosev = 0 2 K 
 D = K � w and
vj = I Sj v = 0 2 K D

j = K j � wj as the test functions above, which simpli�es the
�rst step considerably.

Furthermore, we note that in the second step we do not get ~u� 2 K 
 D immedi-
ately from the weak convergence ~uj k * ~u� , since although

~uj k 2 K D
j k

= I Sj k
(K 
 D ) 8k � 0;
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we have KD
j k

* K 
 D in general (see (2.5.15)). We rather need to deal with
the solutions uj k = wj k + ~uj k of (2.5.9) which we consider as elements ofKa

since the discrete and the continuous Dirichlet values di�er in general. Observe,
however, that w + ~u� � 0 also follows from (2.5.29) which gives� (w + ~u� ) < 1 .

It does not seem possible to relax our density assumption (2.5.24) (e.g. to the
well-known density (2.5.23) of C1


 D
(
) \ H 1


 D
(
) in H 1


 D
(
)) by applying the

variational inequality (2.4.19) and its discrete counterpart (2.5.16) in the proof.
Although the latter is feasible by establishing a straightforward analogue of
Lemma 2.5.8 and (2.5.5) for S, the density argument in the second and in
the third step cannot be carried out if for a v 2 K 
 D there is only a sequence
(vk )k� 0 � C1


 D
(
) \ (H 1


 D
(
) nK
 D ) converging to v. Since dom(� +  S) = K 
 D ,

we would have (� +  S)(vk ) = 1 for all k � 0 although (� +  S)(v) < 0 in
such a case (see also [59, p. 42]).

In order not to confuse our notation with the one chosen in (2.4.20) and (2.5.17),
wj + ~uj and w + ~u are not abbreviated by uj and u, respectively, in this proof.
However, the assertions about (~uj ) j � 0 and its limit correspond to the analogous
ones for (uj ) j � 0 and its limit, and the proof, as well as (2.4.20) and (2.5.17),
could be reformulated accordingly.

It is clear that the conditions (2.5.21) and (2.5.22) on w and wj only need to
be satis�ed for a single w 2 H 1(
) with tr 
 D w = uD in order to obtain the
convergence result. For the assertion of Theorem 2.5.9 to hold, it is certainly
irrelevant how the function wj satisfying (2.5.10) is chosen to compute the solu-
tion uj of (2.5.9) sinceuj does not depend on a special choice ofwj . However,
the iterates ~uj , j � 0, do not converge unless the interpolantswj , j � 0, do.

2.5.3 Generalizations of the convergence result

With regard to the continuous setting discussed in Remark 2.3.17 it is natural to
ask to what extent the convergence results for our �nite element discretization of
(2.3.23) can be generalized. The hydraulic conductivityK h(�) can be chosen to
be space-dependent because it is included in the bilinear form a(�; �) which is just
restricted to Sj � S j in the discretization and of which only the continuity and
the coerciveness are used. Therefore,K h(�) can be chosen as in the continuous
case.

The question how a space-dependent porosityn(�) can be treated in the dis-
cretization seems to be more interesting, since� is not evaluated exactly onSj .
Keeping in mind how n(�) is included in the continuous case (see Remark 2.3.17),
we replace the weightshp in (2.5.2) by

~hp :=
Z



n(x)� p(x) dx (2.5.32)

which provides a natural discretization ~� j of the generalized convex functional

� : v 7!
Z



n(x)�( v(x)) dx 8v 2 K (2.5.33)
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instead of (2.3.10). We choosen(�) to be positive in order to obtain posi-
tive weights and the same domain dom~� j as in (2.5.3). Furthermore, n(�)
should be bounded as in the continuous setting. Then the proofs of the crucial
Lemmas 2.5.2 and 2.5.8 can be easily carried over to the general case.

Possible generalizations of the convergence results aboveto approximations of
a(�; �) by aj (�; �) and `(�) by ` j (�), respectively, e.g. obtained by quadrature, shall
not be considered here. Nevertheless, it is tempting to replace the generalized
� in (2.5.33) by a \full" Sj -interpolation of the integrand which results in a
discretization � j with the weights

hp := n(p)
Z



� p(x) dx = n(p) hp

instead of (2.5.32). Then �( v(�)) in (2.5.26) has to be replaced byn(�)�( v(�))
such that n(�) needs to be uniformly continuous on 
 (or equivalently on 
)
if we want to preserve the argument in (2.5.26) for the consistency result in
Lemma 2.5.8. Unfortunately, although the rest of the proof of Lemma 2.5.2 can
be carried out analogously, the crucial property (2.5.5) seems to be unclear or
at least more di�cult to derive since the estimate in (2.5.7) might no longer be
true for space-dependentn(�). The integrands in (2.5.7) can be multiplied with
n(x), which provides

~� j (v) � � (v) 8v 2 S j ;

but n(x) cannot be replaced byn(p) in general in the sum on the left hand side
of the inequality in (2.5.7). (We remark that one could instead replacen(x) by
maxf n(x) : x 2 supp� pg in order to obtain this and all the other assertions to
be checked here.) However, one could hope that ifn(�) is regular enough, this
replacement \is allowed in the limit" j ! 1 such that the essential assertion
(2.5.8) is still satis�ed. This would require to prove

j ~� j (vj ) � � j (vj )j ! 0 for vj * v; j ! 1 ; (2.5.34)

which does not seem to be straightforward. With a glance at (2.5.26), we can
estimate

j ~� j (vj ) � � j (vj )j � j 
 j max
f x;� 2 
 ; jx � � j� h j g

jn(x) � n(� )j sup
j � 0; p2N j

j�( vj (p)) j

in which
sup

j � 0; p2N j

j�( vj (p)) j < 1 (2.5.35)

does not seem to be satis�ed in general. Due to the weak convergence of (vj ) j � 0,
we only have the uniform boundkvj k1 � C 8j � 0 with a C > 0. Therefore, we
can guarantee (2.5.35) at least in one space dimension because of the well-known
continuous Sobolev embedding

H 1(
) ,! C(
) (2.5.36)

for bounded intervals 
 � R (see for example [1, p. 98] for a version of it
including also unbounded 
). In this case at least, the uniform continuity of
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n(�) and (2.5.35) provide (2.5.34) and therefore (2.5.8) in Lemma 2.5.2. We
close these considerations by noting that our numerical method for the solution
of (2.5.9), which we present in the following two sections, is not a�ected by the
special choice of the weightshp as long as they are nonnegative.

With regard to the properties of M , it is clear that the same convergence
results as above can be obtained forM : R ! R de�ned on the whole real
line, thus accounting for the nondegenerate case and corresponding limit cases
concerning the Richards equation (see Section 1.4). In Kornhuber [59] one �nds
analogue versions of Lemmas 2.5.2 and 2.5.8 for an even more general situation
including property (2.3.25) (note for example that Lipschitz continuity of � is
not necessary in the proof of Lemma 2.5.8).

2.5.4 Convergence of the discrete saturation and the physic al
pressure for the Brooks{Corey functions

One can consider the convergence result� j (uj ) ! � (u) in Theorem 2.5.9 as
unsatisfactory from the point of view of our original problem, the variational
inequality (2.3.8). With the hydrological background from the �rst chapter one
might be more interested in the convergence of the saturation M (uj ) ! M (u).
To address this issue we note the following general convergence results inL 2(
)
which can be formulated in the framework of superposition operators introduced
in De�nition 1.5.9.

Proposition 2.5.11. Let 
 � Rd be bounded andM : R ! R uniformly
continuous and bounded. Then the superposition operatorM 
 acts on L 2(
)
and is continuous.

Sketch of the proof. M 
 acts on L 2(
) because 
 and M are bounded. For the
proof of continuity let ( un )n� 0 � L 2(
) with un ! u for n ! 1 in L 2(
).
Now, we can argue similarly as in the proof of Proposition 1.5.14. One can
split 
 in


 n
>" = f x 2 
 : ju(x) � un (x)j2 > " g

and 
 n
� " = 
 n
 n

>" for an " > 0 and derive j
 n
>" j ! 0 for n ! 1 with the

Lebesgue measurej � j from the convergenceun ! u in L 2(
). Using the
uniform continuity of M on 
 n

� " and its boundedness on 
n>" , one can show
M (un ) ! M (u) in L 2(
).

If M is more regular we obtain more.

Proposition 2.5.12. Let 
 � Rd be bounded. IfM : R ! R is H•older con-
tinuous with respect to the exponent� 2 (0; 1], then M induces a superposition
operator

M � : L 2(
) ! L 2=� (
)

which is also H•older continuous with respect to� .
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Sketch of the proof. One can show that jM (u(�)) j2=� is integrable by consider-
ing jM (u(�)) j � j M (u(�)) � M (u(x0)) j + jM (u(x0)) j for an x0 2 
, using the
inequality

(a + b)q � 2q� 1(aq + bq) (2.5.37)

for a; b � 0 and q � 1 (consult e.g. [54, p. 161]) withq = 2=� and then the
H•older continuity of M . The claimed H•older continuity of M � is straightfor-
ward.

With the continuous embedding i : L 2=� (
) ,! L 2(
) for bounded 
 � Rd, it
follows easily that i � M � : L 2(
) ! L 2(
) is H•older continuous with respect
to � which improves the convergence result in Proposition 2.5.11 for H•older
continuous M . Recall that the generalized saturation M in (1.3.25) from the
Brooks{Corey parameter functions for the Richards equation is H•older contin-
uous. Of course, we can apply the results touj ! u from Theorem 2.5.9. Note
that in order to obtain

M (uj ) ! M (u) in L 2(
) for j ! 1 ; (2.5.38)

it is enough to assume the properties ofM (in Propositions 2.5.11 or 2.5.12)
only on the union of the ranges of the functionsuj , j � 0, and u. Otherwise,
one can think of M : [uc; 1 ) ! R to be extended onR by the value M (uc).
Furthermore, it is clear that Propositions 2.5.11 or 2.5.12hold for any L p(
)
with p � 1 instead of p = 2.

For practical purposes one might be even more interested in theSj -interpolation
of M (uj ) rather than in the exact function M (uj ), see (2.7.36) and (2.7.37).
With regard to the convergence of this inexact evaluation ofM (uj ), we state
the following result.

Theorem 2.5.13. Let M : R ! R be H•older continuous with respect to the
exponent � 2 (0; 1]. Then, for linear �nite element functions uj 2 S j , j � 0,
satisfying uj ! u in H 1(
) for j ! 1 , we have

M (uj ) � I Sj M (uj ) ! 0 in L 2(
) for j ! 1 :

Proof. For any point x contained in a triangle t 2 T j with the vertices p1; p2; p3

there are � i 2 [0; 1], i = 1 ; 2; 3, with
P 3

i =1 � i = 1 such that

I Sj M (uj )(x) =
3X

i =1

� i M (u(pi )) :

Therefore, using binomial formulas (as (2.5.37)) and the H•older continuity of M
with the H•older constant C� , we can estimate

jM (uj (x)) � I Sj M (uj )(x)j2 �

 
3X

i =1

� i jM (uj (x)) � M (uj (pi )) j

! 2

� 3
3X

i =1

jM (uj (x)) � M (uj (pi )) j2 � 3C2
�

3X

i =1

juj (x) � uj (pi )j2� : (2.5.39)
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Using the mean value theorem

juj (x) � uj (pi )j � jr uj jj x � pi j

on the triangle t (with the Euclidean norm j � j on Rd) while considering that
jr uj j is constant on t, we can go on estimating the last term in (2.5.39) by

9C2
� jr uj j2� h2�

j

with hj as in (2.5.19). Now, integration over 
 provides
Z



jM (uj (x)) � I Sj M (uj )(x)j2 dx �

X

t2T j

Z

t
jM (uj (x)) � I Sj M (uj )(x)j2 dx

� 9C2
� h2�

j

Z



(jr uj j2 + 1) dx :

Since (uj ) j � 0 converges inH 1(
), the last integral is uniformly bounded and
therefore this whole last term tends to 0 asj ! 1 due to (2.5.19).

Note that due to the Sobolev embedding (2.5.36), Propositions 2.5.11 and 2.5.12
as well as Theorem 2.5.13 also hold in one space dimension ifL 2(
) and
L 2=� (
) are replaced by ( C(
) ; k � k1 ). In this case the assertions of Proposi-
tion 2.5.11 and Theorem 2.5.13 are already satis�ed for any uniformly continu-
ousM : R ! R. Again, Theorem 2.5.13 can also be applied toM : [uc; 1 ) ! R
for our uj 2 K j , j � 0, and u 2 K . Note that with the continuous embedding
L 2(
) ,! L p(
) for all p 2 [1; 2] and (2.5.37), the proof can be generalized to
these L p(
), in particular to p = 1. Furthermore, with the Cauchy{Schwarz
inequality we obtain

M (uj )vj ! M (u)v in L 1(
) for j ! 1 (2.5.40)

from (2.5.38) for

vj 2 S j ; j � 0 ; with vj ! v in H 1(
) for j ! 1 : (2.5.41)

Now, it is not hard to adapt the proof of Theorem 2.5.13 in order to guarantee

M (uj )vj � I Sj (M (uj )vj ) ! 0 in L 1(
) for j ! 1 (2.5.42)

for H•older continuous M and these functionsuj ; vj and u; v. This is interesting
because (2.5.40){(2.5.42) entail

X

p2N j

M (uj (p)) ( vj (p)� uj (p)) hp �!
Z



M (u) (v� u) dx for j ! 1 : (2.5.43)

With a glance at (2.5.12) and (2.5.13), an application of Proposition 2.3.11
shows that the discretization

uj 2 K j :
X

p2N j

M (uj (p)) ( v(p)� uj (p)) hp+ a(uj ; v� uj )� `(v� uj ) � 0 8v 2 K j

(2.5.44)
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of the original variational inequality (2.3.8) is equivalent to the discretization
(2.5.9) on the level of our convex functional ifM : [uc; 1 ) ! R is continuous.
We can rewrite (2.5.43) as the convergence

@vj � u j � j (uj ) ! @v� u � (u) for j ! 1

on the level of the variational inequality (2.3.8) and its discretization for our
solutions uj of (2.5.44) andu of (2.3.8) with vj ; v as in (2.5.41). Note that for
any v 2 K there is a sequence (vj ) j � 0 satisfying (2.5.41) because of condition
(2.5.24) and Lemma 2.5.8.

It turns out that via the de�nition (2.3.9) and the analysis o n the convex min-
imization problem (2.3.23), we obtain all the desirable results concerning the
variational inequality (2.3.8) and the saturation M which are closer to our orig-
inal hydrological problem. The same strategy will be further pursued in the
following Sections 2.6 and 2.7 in which we deal with the numerical treatment
of (2.5.9) or (2.5.44), respectively. However, at the end (see e.g. Figure 2.1),
we also come back again to the derivativeM of �. In particular, we will never
need to evaluate � (as given in (2.3.9)) in the whole numerical process.

Remark 2.5.14. The above discussion was mainly motivated by the fact that
a hydrological situation is much better re
ected by the saturation M (u) than
the value of the functional � (u). But the same can be said in such a case
for the physical pressurep = � � 1(u) as compared to the generalized pressure
u 2 K with the Kirchho� transformation (1.3.1). It was already in dicated in
Remark 1.5.19 that we are limited in answering this questionfor the Brooks{
Corey parametrization. For example, we do not know the regularity of the
function p which is given almost everywhere on 
 by pointwise application
� � 1(u(x)) of the inverse transformation on the values ofu, say, in the Lebesgue
points x of u in 
 (see Rudin [82, p. 140]). Depending on the range ofu in
[uc; 1 ) and the singularity of � � 1 : (uc; 1 ) ! R (see (1.3.24) or Figure 1.9)
one might not even havep 2 L 1(
).

However, if there is a physically meaningful interpretation of (2.3.8) which is
given by the corresponding variational inequality in the physical pressurep
analogously to (1.5.38), then as derived in Remark 1.5.19 from Theorem 1.5.18,
this variational inequality is uniquely solvable by p = � � 1(u) 2 H 1(
). But
even then it is unclear if the iteratespj := � � 1(uj ), j � 0, converge top because
of the singularity of � � 1 in uc.

It seems that a nontrivial result can only be obtained if the ranges ofu and
uj , j � 0, are uniformly bounded from below by a constanta > u c. In this
case� � 1 can be regarded as a Lipschitz continuous function on these ranges
as in the nondegenerate casekr � c for a c > 0 in Lemma 1.5.7. Still, these
situations can be considered as somewhat natural in a realistic physical setting
where one does not expect deteriorating physical pressure values. In these cases
� � 1 : (a;1 ) ! R can be extended to a Lipschitz continuous function on the
real line and the strong result in Theorem 1.5.15 provides the convergence

pj = � � 1(uj ) ! p = � � 1(u) in H 1(
) for j ! 1 :
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For the interpolants Theorem 2.5.13 guarantees

I Sj pj ! p in L 2(
) for j ! 1 :

Again, in one space dimension the Sobolev embedding theorem(2.5.36) allows
us to replace the spaces in these convergence results by (C(
) ; k � k1 ). Note
that the Lipschitz continuity of � � 1 on compact subsets of (uc; 1 ) provides the
same convergence speed ofpj ! p as uj ! u in L 2(
) or ( C(
) ; k � k1 ) due to
Lemma 1.5.10.

We cannot close these considerations without mentioning that of course we also
obtain

M (uj ) ! M (u) in H 1(
) for j ! 1

for the saturation iterates in these nondegenerate cases byTheorem 1.5.15 since
M : (a;1 ) ! R as in (1.3.25) can be extended to a Lipschitz continuous
function on the real line, too.

2.5.5 Weak � convergence of the discrete generalized saturation
in the limit cases

We �nally want to address the situation of discontinuous saturation M , in par-
ticular the limit cases in (1.4.25) and in Remark 2.4.5, whereM is interpreted in
terms of a maximal monotone multifunction ~M = @�. As in Remark 2.4.5, but
now in the discretized case for general boundary conditions, we can naturally
associateuj 2 K j , j � 0, to a generalized discrete saturationmu j 2 Sj which
satis�es

mu j (p) = M (uj (p)) on f p 2 N j : uj (p) 6= ucg (2.5.45)

where ~M is single-valued. The de�nition is motivated by the equivalent formu-
lation (2.5.12) with (2.5.13) of our discretization and reads

mu j (p) := h� 1
p (`(� p) � a(uj ; � p)) 8p 2 N j nN D

j ; (2.5.46)

thus extending (2.5.45) to the singular caseuj (p) = uc for p 2 N j nN D
j .

Of course, mu j can be prescribed on the Dirichlet nodes by choosing values
mu j (p) 2 ~M (uD (p)) for p 2 N D

j . Analogously as in Remark 2.4.5, and again
for general boundary conditions, de�nition (2.5.46) leads to M (uj (p)) < � M

for the limit case discussed in Remark 2.4.5 ifuj (p) = uc and the variational
inequality (2.5.44) is strict for the test function v = uj + � p. Thus, the set of
nodes with this property gives rise to a discrete generalized unsaturated region
for the discretization of this limit case. (Note that as in Remark 2.4.5 these
considerations are not restricted to the limit case, but that uc is a singular value
in the case of continuousM : [uc; 1 ) ! R where the unsaturated regime can be
represented by hydrologically sensible generalized pressure values in (uc; � 1).)

On the other hand, as in Theorem 2.4.2, i.e. assuming
 S = ; with homogeneous
Dirichlet boundary conditions now, the general result in Jerome [51, p. 93] also
guarantees the existence of

�uj 2 S D
j and w�u j 2 @�(� uj ) (2.5.47)
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(see de�nition (2.4.5)) such that

(w�u j ; v)L 2 (
) + a(�uj ; v) � `(v) = 0 8v 2 S D
j (2.5.48)

is satis�ed. Of course,w�u j 2 L 2(
) does not have to be unique or accessible in
discrete terms. Instead, one might considerI Sj ~w�u j for some pointwise evaluable
L 2-approximation ~w�u j of w�u j (see [82, p. 140]) or the discrete variational equal-
ity (2.5.48) in which w�u j is replaced by its L 2-projection �w�u j on SD

j . �w�u j is
uniquely determined but does not need to ful�ll �w�u j 2 @�(� uj ) or the pointwise
discrete variant �w�u j (p) 2 @�(� uj (p)) for p 2 N j nN D

j . The latter, however, holds
for mu j which satis�es the analogue

uj 2 S D
j and mu j (p) 2 @�( uj (p)) for p 2 N j nN D

j (2.5.49)

with the property

(mu j ; v) j + a(uj ; v) � `(v) = 0 8v 2 S D
j (2.5.50)

of (2.5.47) and (2.5.48). Here, thelumped L 2-scalar product (�; �) j instead of
(�; �)L 2 (
) on SD

j occurs which is given according to (2.5.12) and (2.5.13) by the
de�nition

(u; v) j :=
Z



I Sj (u � v) dx =

X

p2N j

u(p)v(p) hp 8u; v 2 S j : (2.5.51)

There is a crucial observation with regard to the variational equality (2.5.48)
which can be derived with analogous arguments as Proposition 2.4.8.

Proposition 2.5.15. The solution �uj of (2.5.48) is the unique solution of the
convex minimization problem

�uj 2 S D
j : J (�uj ) + � (�uj ) � J (v) + � (v) 8v 2 S D

j : (2.5.52)

Proof. It is easy to see that an analogous version of Proposition 2.4.7 holds
for the minimization problem (2.5.52) in terms of a variational inclusion with
the subdi�erential @� of � on SD

j . Now, (2.4.6) shows that the restrictions
of the elements in (@�(� uj ); �)L 2 (
) onto SD

j form a subset of @�(�uj ). There-
fore, �uj in (2.5.48) solves (2.5.52). Finally, (2.5.52) is uniquelysolvable due to
Theorem 2.3.16.

It seems obvious that (2.5.52) provides a better approximation to the solution
of (2.3.23) than (2.5.9) in which � is not exactly evaluated on SD

j . Therefore,
it is not surprising that we have the following result.

Proposition 2.5.16. If the conditions of Theorem 2.5.9 hold, then the solutions
�uj , j � 0, of (2.5.48) converge in H 1


 D
(
) to the solution u of (2.3.23).
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The proof can be carried out analogously as above for the convergence result
in Theorem 2.5.9. It is just easier.

Equipped with Proposition 2.5.16 we can also ask if convergence of w�u j ! wu

or �w�u j ! wu for j ! 1 in some sense can be established. It turns out that the
variational equalities (2.4.8) and (2.5.48) together with the inclusion conditions
on the functions wu and w�u j do not seem to provide more than poor results if
one does not want to impose unacceptable regularity or stability conditions on
these functions. For example, one obtains �w�u j ! wu in L 2(
) for j ! 1 if �w�u j ,
j � 0, and wu are uniformly bounded in H 1


 D
(
). If kw�u j kL 1 (
) � C is satis�ed

for j � 0 and a C > 0, which can be regarded as the only situation in which a
physically interpretable generalized saturation is givenfor �uj , j � 0, and which
is certainly ful�lled in the case (1.4.25), one can show that a subsequence of
(w�u j ) j � 0 converges in the weak� sense inL 1 (
) to wu and a subsequence of
( �w�u j ) j � 0 converges weakly inL 2(
) to wu .

A more interesting result, which requires no further assumptions on w�u j , j � 0,
and wu , can be obtained in the dual spaceH 1


 D
(
) 0. Still, for the obstacle

problem in the limit case of Remark (2.4.5) we can only prove it in one space
dimension where the Sobolev embedding (2.5.36) is valid.

Proposition 2.5.17. Let 
 be a bounded interval in case ofM : [uc; 1 ) ! R
with a uc < 0 and 
 � Rd as at the beginning of this section in case of
M : R ! R. In both casesM is assumed to be monotonically increasing and
bounded. Furthermore, let u, wu as well as�uj , w�u j , j � 0, be given according
to (2.4.8) as well as (2.5.48), respectively. Then the sequence ((w�u j ; �)L 2 (
) ) j � 0

of functionals on H 1

 D

(
) converges in the weak� sense inH 1

 D

(
) 0 to the func-
tional (wu ; �)L 2 (
) .

Proof. First, the uniform boundedness

kw�u j kL 1 (
) � C0
0 8j � 0

with a C0
0 > 0 and therefore

j(w�u j ; v)L 2 (
) j � k w�u j kL 1 (
) kvkL 2 (
) � C0kvk1 8v 2 H 1

 D

(
) (2.5.53)

with a C0 > 1 is clear for M : R ! R.

The caseM : [uc; 1 ) ! R, where ~M (uc) is unbounded, is more interesting.
Here, we have at least the uniform boundedness

kw�u j kL 1 (
) � C0 8j � 0 (2.5.54)

for a C0 > 0, which can be shown in the following way.

Testing (2.5.48) with v = �uj and considering the convergence �uj ! u in H 1

 D

(
)
for j ! 1 due to Theorem 2.5.9, one obtains the uniform bound

�
�
�
�

Z



w�u j �uj dx

�
�
�
� � C1 8j � 0 (2.5.55)
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for a C1 > 0. Furthermore, with 
 c as in (2.4.9), but now dependent onj � 0,
we have Z



w�u j �uj dx = uc

Z


 c

w�u j dx +
Z


 n
 c

w�u j �uj dx : (2.5.56)

SinceM : [uc; 1 ) ! R is bounded, so is the corresponding maximal monotone
multifunction ~M (�) on (uc; 1 ). Together with (2.5.47), the convergence of
(�uj ) j � 0 and the boundedness of 
 this leads to

�
�
�
�
�

Z


 n
 c

w�u j �uj dx

�
�
�
�
�

� C2 8j � 0 (2.5.57)

for a C2 > 0. Since the range ofw�u j , j � 0, is uniformly bounded from above
due to the boundedness ofM , we obtain (2.5.54) from (2.5.55){(2.5.57).

Furthermore, the uniform bound (2.5.54) and the Sobolev embedding (2.5.36)
provide a C > 0 such that we have

j(w�u j ; v)L 2 (
) j � k w�u j kL 1 (
) kvkL 1 (
) � Ckvk1 8v 2 H 1

 D

(
) (2.5.58)

and also C � C0 in (2.5.53). Consequently, in both cases considered, the se-
quence ((w�u j ; �)L 2 (
) ) j � 0 of linear functionals on H 1


 D
(
) is uniformly bounded

by C. The function wu 2 L 2(
) also induces a linear functional on H 1

 D

(
) in
the canonical way

j(w; v)L 2 (
) j � k wkL 2 (
) kvkL 2 (
) � k wukL 2 (
) kvk1 8v 2 H 1

 D

(
)

with a norm bounded by kwukL 2 (
) . Let v 2 H 1

 D

(
). Using (2.5.24) and
Lemma 2.5.8 we havevj 2 S D

j , j � 0, with vj ! v in H 1

 D

(
) for j ! 1 . With
these test functions the variational equalities (2.4.8) and (2.5.48) lead to

(wu � w�u j ; vj )L 2 (
) = a(u � �uj ; vj ) 8j � 0

such that, with a Ca > 0, we can estimate

j(wu � w�u j ; v)L 2 (
) j � j a(u � �uj ; vj )j + j(wu � w�u j ; v � vj )L 2 (
) j

� Ca ku � �uj k1 kvj k1 + ( kwukL 2 (
) + C)kv � vj k1

where the last sum converges to 0 because of the convergenceku � �uj k1 ! 0
(Proposition 2.5.16) and kv � vj k1 ! 0 for j ! 1 .

The last estimate in the proof shows that a strong convergence of (w�u j ; �)L 2 (
) ,
j � 0, to (wu ; �)L 2 (
) in H 1


 D
(
) 0 seems to require a uniform approximation

property of (SD
j ) j � 0 in H 1


 D
(
).

The rest of this subsection is devoted to �nd a connection between wu j which
satis�es the continuous inclusion in (2.5.47) with mu j which satis�es the cor-
responding discrete inclusion in (2.5.49) forj ! 1 . This will be achieved in

98



(2.5.62) in the proof of the next proposition. Observe that our discrete gener-
alized saturation mu j , j � 0, in (2.5.46) gives rise to a linear functional at least
on a dense subset ofH 1


 D
(
) via the lumped scalar product

v 7! (mu j ; v) j 8v 2 C1

 D

(
) (2.5.59)

given in (2.5.51) and according to (2.5.23). Due to (2.5.50)and Theorem 2.5.9
the norm of these functionals (mu j ; �) j on SD

j is uniformly bounded for j � 0.
The following result shows that they are uniformly bounded on C1


 D
(
) and

therefore in H 1

 D

(
) 0 in one space dimension and how they are connected with
the generalized saturationwu of the in�nite dimensional problem in this case.

Theorem 2.5.18. Let 
 � R be a bounded interval andM : [uc; 1 ) ! R
with a uc < 0 or M : R ! R monotonically increasing and bounded. Letu, wu

and uj , mu j , j � 0, be given as in (2.4.8) and (2.5.46), respectively. Then both
the sequence((mu j ; �) j ) j � 0 and the sequence((mu j ; �)L 2 (
) ) j � 0 of functionals
are contained in H 1


 D
(
) and converge in the weak� sense in H 1


 D
(
) 0 to the

functional (wu ; �)L 2 (
) .

Proof. With the same reasoning as in the continuous case (see (2.5.54)) in the
proof of Proposition 2.5.17 one can show the existence of aC0 > 0 such that

X

p2N j

jmu j (p)j hp � C0 8j � 0 (2.5.60)

is satis�ed. Again, this is clear for M : R ! R, where we even have an
analogousL 1 (
)-bound, and it is more interesting for M : [uc; 1 ) ! R. In
this case (2.5.60) is proved just as in the derivation of (2.5.54) by testing (2.5.50)
with the test function uj for each j � 0 and using the convergenceuj ! u in
H 1


 D
(
) for j ! 1 . Focussing on the set of nodesN c

j (uj ) where uj (p) = uc

holds and using (2.5.49), one can prove (2.5.60) withN c
j (uj ) replaced by N j

and thus (2.5.60) altogether.

Now, (2.5.60) shows that (mu j ; �) j , j � 0, according to (2.5.59) even give rise
to bounded linear functionals on (C(
) ; k � k1 ). Moreover, their norms are
uniformly bounded by C0 in this case. In one space dimension, the Sobolev
embedding (2.5.36) provides the corresponding statement for these functionals
considered onH 1


 D
(
), i.e. there is a Cm > 0 independent of j � 0 such that

we have
(mu j ; v) j � Cmkvk1 8v 2 H 1


 D
(
) 8j � 0: (2.5.61)

In view of Proposition 2.5.17 we only need to show

j(w�u j ; v)L 2 (
) � (mu j ; v) j j ! 0 for j ! 1 (2.5.62)

for all v 2 H 1

 D

(
) in order to obtain the weak � convergence of (mu j ; �) j to
(wu ; �)L 2 (
) for j ! 1 . Now, for any v 2 H 1


 D
(
) we choose a sequence of func-

tions vj 2 S D
j with vj ! v in H 1


 D
(
) according to (2.5.24) and Lemma 2.5.8.

Testing the variational equalities (2.5.48) and (2.5.50) with vj , we obtain

(w�u j ; vj )L 2 (
) � (mu j ; vj ) j = a(�uj � uj ; vj ) 8j � 0:
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Then, with C as in (2.5.58) andCm as in (2.5.61), we can estimate

j(w�u j ; v)L 2 (
) � (mu j ; v) j j

� j (w�u j ; vj )L 2 (
) � (mu j ; vj ) j j + j(w�u j ; v � vj )L 2 (
) � (mu j ; v � vj ) j j

� Ca k�uj � uj k1 kvj k1 + ( C + Cm )kv � vj k1 :

The last term goes to 0 forj ! 1 becausek�uj � uj k1 ! 0 due to Theorem 2.5.9
and Proposition 2.5.16 andkv � vj k1 ! 0 holds by construction.

With the weak � convergence of (mu j ; �) j to (wu ; �)L 2 (
) for j ! 1 we can now
derive the weak� convergence of (mu j ; �)L 2 (
) to (wu ; �)L 2 (
) for j ! 1 by
proving

j(mu j ; v) j � (mu j ; v)L 2 (
) j ! 0 for j ! 1 (2.5.63)

for all v 2 H 1

 D

(
). To see this, we need to use the uniform continuity of
v 2 H 1


 D
(
) � C(
) given by (2.5.36). The left hand side in (2.5.63) can be

written and estimated as
�
�
�
�

Z




X

p2N j

mu j (p)v(p)� p(x) �
X

p2N j

mu j (p)� p(x)v(x) dx

�
�
�
� =

�
�
�
�

X

p2N j

mu j (p)
Z



(v(p)� v(x)) � p(x) dx

�
�
�
� �

X

p2N j

jmu j (p)jkv(p)� v(x)kC(supp � p ) hp :

This last term tends to 0 for j ! 1 because of (2.5.60) and the uniform
continuity of v. The latter provides kv(p) � v(x)kC(supp � p ) ! 0 for j ! 1
uniformly for p 2 N j since jp � xj � hj holds for all x 2 supp� p and p 2 N j

and we havehj ! 0 for j ! 1 due to (2.5.19).

Recall that according to Remark 2.4.3, our Propositions 2.5.15{2.5.17 and The-
orem 2.5.18 cover constant Dirichlet boundary conditions which is no restriction
in one space dimension if
 D contains one point.

In contrast to Proposition 2.5.17 the situation in Theorem 2.5.18 appears more
complicated in higher dimensions for the caseM : R ! R . Although (2.5.60)
is always satis�ed here with C0 = kM k1 j
 j, we do not have a H•older-like
inequality

j(mu j ; v) j j � k mu j kL 1 (
) kvkL 1 (
) 8v 2 C1

 D

(
)

for the lumped scalar product (with C1

 D

(
) de�ned in (2.5.23)). Of course, one
would like to obtain something stronger like

j(mu j ; v) j j � Ckmu j kL 1 (
) kvkk 8v 2 C1

 D

(
) 8j � 0 (2.5.64)

for a C > 0 and k = 1 with regard to (2.5.61) and in order to de�ne ( mu j ; �) j

for j � 0 on H 1

 D

(
) in the �rst place (with the usual technique as described
in [98, p. 48]). Using the continuity of I Sj : H 2(
) ! H 2(
) for 
 � Rd,
d = 1 ; 2; 3, see Ciarlet [27, p. 123], one can prove (2.5.64) fork = 2 in two or
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three space dimensions (and similarly for arbitraryRd with some k > 2 ). One
could derive (2.5.64) fork 2 N by an interpolation error estimate of the form
�
�
�
�

Z



m � v � I Sj (m � v) dx

�
�
�
� � Chj kmkL 2 (
) kvkk 8m 2 S j 8v 2 C1 (
) (2.5.65)

with a C > 0 independent ofj � 0 and the mesh sizehj from (2.5.19). For k = 1
the estimate is true for all m; v 2 S j according to Blowey and Elliot [17, p. 149],
and it is clear that a derivation of it for a triangle t 2 T j instead of 
 would
be enough to prove it. Again, using some interpolation theory to be found in
Ciarlet [27, pp. 122{124] for d = 1 ; 2; 3 (and with uniform re�nement, see the
beginning of Subsection 2.7.3, to getC independent of j ), we can only prove a
version of (2.5.65) where we haveh2

j instead of hj but with L 2(
) replaced by
W 2;1 (
) and k = 2 on the right hand side.

It is clear that (2.5.65) for k = 1 would prove (2.5.63), however, both (2.5.64)
and (2.5.65) are false fork = 1 in more than one space dimension because in
case of 
 � R2 already there are well-known examples of unboundedH 1(
)-
functions, see for example [19, p. 30]. And one can consider asequence of
small translations of such functions with the singularity around a nodep with
mu j (p) 6= 0 or m(p) 6= 0 (for a �xed j � 0) in order to see that the left hand
side of (2.5.64) or (2.5.65), respectively, can be arbitrarily large while the right
hand side remains bounded.

Another interesting task in this context, which is not dealt with here, is an
asymptotic convergence analysis for the limit cases discussed in Section 1.4. In
concrete terms, one could investigate the behaviour of the solutions u� or u�;j

as well asu0 or u0;j of the problems (2.3.23) and (2.5.9), respectively, for the
continuous Brooks{Corey functions (or (1.4.21)) with the parameter � > 0 and
the corresponding discontinuous limit case \� = 0". For example, u� ! u0 in
H 1


 D
(
) for � ! 0 and (2.4.8) would entail strong convergence of (wu � ; �)L 2 (
)

to (wu ; �)L 2 (
) in H 1

 D

(
) 0 for � ! 0. On the discrete levelu�;j ! u0;j in SD
j

for � ! 0 would provide mu �;j ! mu0;j in SD
j for � ! 0 in view of (2.5.46)

(compare also Remark 2.7.5).

2.6 Nonlinear Gauss{Seidel relaxation

The purpose of this and the next section is to present a numerical solution
method for the �nite dimensional problem (2.5.9). The presentation including
the notation is again based on Kornhuber [59], but also on Kornhuber [58]. As
indicated in the Introduction 2.1, our method is not based onregularization but
on minimization. Therefore, the scalar function � only need s to be piecewise
smooth on its domain, which it is in our case of the Brooks{Corey functions,
on which we will focus now, with the saturation M = � 0 of the generalized
pressure as given in (1.3.25). Moreover, our method will turn out to be robust
with respect to the size of the slope ofM . In fact, we can also use it to treat
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the degenerated situations as in the limit cases in Section 1.4 in which M turns
into a maximal monotone multifunction.

2.6.1 General setting and convergence result

To start with, we apply the nonlinear Gauss{Seidel relaxation to solve (2.5.9).
Although this well-known method (see Glowinski [45, 142{147] or Kornhuber
[59, pp. 45{50]) lacks e�ciency, it already has the properties just mentioned for
solving (2.5.9). Therefore, it is used as a basic ingredient, a smoother, for the
monotone multigrid method which, in addition to the propert ies of the Gauss{
Seidel method, provides the desired e�ciency of a solver for(2.5.9) and which
we present in the next section.

The nonlinear Gauss{Seidel method results from successiveminimization of the
convex functional J + � j in the direction of the nodal basis functions� (j )

p 2 � j ,
p 2 N j , de�ned at the beginning of Section 2.5. Here, we chose some ordering
of the nodesp 2 N j , i.e. N j = f pl gl=1 ;:::;n j with the cardinality n j = # N j of N j .
For a precise formulation, we introduce the splitting

Sj =
n jX

l=1

Vl with Vl = spanf � (j )
pl

g 8l = 1 ; : : : ; nj

of Sj into one-dimensional subspacesVl � S j . Analogously, observe that the
special form of the convex setK j de�ned in (2.5.1) allows for the splitting

K j =
n jX

l=1

K j l (2.6.1)

in which we denote the one-dimensional \traces" as

K j l := K j \ Vl 8l = 1 ; : : : ; nj :

Moreover, for an elementw 2 K j with w =
P n j

l=1 vl , vl 2 K j l for l = 1 ; : : : ; nj ,
the de�nition (2.5.2) of � j provides the decoupling property

� j (w) =
n jX

l=1

�( vl (pl )) hpl : (2.6.2)

Now, with a given iterate w�
0 = u�

j 2 K j , � � 0, we compute a sequence
of intermediate iterates w�

l = w�
l � 1 + �v�

l , l = 1 ; : : : ; nj , by solving the one-
dimensional convex minimization problems of �nding corrections

�v�
l 2 Vl with w�

l � 1 + �v�
l 2 K j : J (w�

l � 1 + �v�
l ) + � j (w�

l � 1 + �v�
l )

� J (w�
l � 1 + v) + � j (w�

l � 1 + v) 8v 2 Vl with w�
l � 1 + v 2 K j : (2.6.3)

Then we de�ne the next iterate by

u� +1
j =: M j u�

j = w�
n j

= u�
j +

n jX

l=1

�v�
l : (2.6.4)
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Much has been done so far on this kind of relaxation methods. So the following
global convergence result is well known. Its proof is heavily based on the two
properties (2.6.1) and (2.6.2).

Theorem 2.6.1. We assume the conditions given in Theorem 2.3.16 apart
from the continuity of M . Then for any initial iterate u0

j 2 K j , the sequence
of iterates (u�

j )� � 0 provided by the nonlinear Gauss{Seidel relaxation (2.6.4)
converges to the solutionuj of the discrete problem (2.5.9).

A proof of a more general theorem can be found in Glowinski [45, 142{147].
However, one might �nd the approach in Kornhuber [59, pp. 47{49], based on
an idea in Mandel [68], more instructive. In order to understand the basic
ingredients of this proof, observe �rst that the corrections given by (2.6.3) are
unique and that we have

J (w�
l ) + � j (w�

l ) � J (w�
l � 1) + � j (w�

l � 1) (2.6.5)

such that we get equality in (2.6.5) if and only if w�
l = w�

l � 1. Therefore, we
obtain the property

J (M j w) + � j (M j w) � J (w) + � j (w) (2.6.6)

for any �xed point w of M j : K j ! K j . Furthermore, we show below (see Re-
mark 2.6.3) that M j is continuous onK j . Finally, in light of Proposition 2.5.7,
the local problems (2.6.3) can be rewritten as the variational inequalities

�v�
l 2 Vl with w�

l � 1 + �v�
l 2 K j : a(w�

l � 1 + �v�
l ; v � �v�

l ) � `(v � �v�
l )

+ � j (w�
l � 1 + v) � � j (w�

l � 1 + �v�
l ) � 0 8v 2 Vl with w�

l � 1 + v 2 K j

which by virtue of (2.6.2) are equivalent to

�v�
l 2 Vl with w�

l � 1 + �v�
l 2 K j : a(w�

l � 1 + �v�
l ; v � �v�

l ) � `(v � �v�
l )

+�( w�
l � 1(pl ) + v(pl )) hpl � �( w�

l � 1(pl ) + �v�
l (pl )) hpl � 0

8v 2 Vl with w�
l � 1 + v 2 K j :

(2.6.7)

Now, the essential steps of the proof given in [59, pp. 47{49]for the homoge-
neous case can also be applied to our case without further technical problems.

Sketch of the proof for Theorem 2.6.1.Using to the coercivity of J + � j (see
Theorem 2.3.16) as well as the monotonicity (2.6.5), one obtains the bounded-
ness of the sequence (u�

j )� � 0.

Let u� 2 K j be the limit of a subsequence (u� k
j )k� 0. The monotonicity (2.6.5)

provides

J (u� k +1
j ) + � j (u

� k +1
j ) � J (M j u� k

j ) + � j (M j u� k
j ) � J (u� k

j ) + � j (u
� k
j ) :

With this estimate and the continuity of M j and J + � j on K j , one concludes
(2.6.6) for w = u� , i.e. u� is a �xed point of M j .
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Now, for any vj 2 K j , one adds up the inequalities (2.6.7) forw�
0 = w�

l � 1 = u� ,
i.e. with �v�

l = 0, for l = 1 ; : : : ; nj , tested with the one-dimensional interpolations
v = I Vl (vj � u� ). Thus the property (2.6.1) and the special structure (2.6.2)
of the functional � j show that any �xed point of M j satis�es the variational
inequality (2.5.17) in the form

uj 2 K j : a(uj ; vj � uj ) � `(vj � uj ) + � j (vj ) � � j (uj ) � 0 8vj 2 K j :

This variational inequality is uniquely solvable, i.e. u� = uj .

Finally, since any convergent subsequence of (u�
j )� � 0 converges touj , so does

the whole sequence (u�
j )� � 0.

Remark 2.6.2. In order to keep the notation as simple as possible, nodes
pl 2 N D

j also contribute corrections in (2.6.3), which are always vanishing of
course since we haveK j l = f uD (pl )g in these cases. In practical computations
the values of any iterate at these nodes are always kept �xed as the prescribed
Dirichlet values, such that any w�

l can be regarded as a suitablewj in the
variational inequality (2.5.17) cited in the proof. Note th at these points also
contribute to (a constant part) of � j in (2.5.2).

Observe that we do not obtain global convergence in the sensethat we can
start with any initial iterate u0

j 2 S j since in this case, the convex functional
in the one-dimensional minimization problem (2.6.3) for l = 1 might be identi-
cally + 1 (i.e. not proper), and so the problem is possibly not solvable (or not
uniquely solvable if we replaceK j by Sj ). However, one can choose a canonical
candidate for a solution by replacing considering the problems (2.6.7) instead
of the equivalent ones given in (2.6.3) and replacingK j by Sj in (2.6.7) (or
just by altering (2.6.3) accordingly). These latter subproblems are proper and
uniquely solvable for any initial iterate u0

j 2 S j and lead to u1
j 2 K j . In this

sense, we can de�neM j : Sj ! K j and obtain global convergence on the whole
spaceSj . This is re
ected by the practical treatment of (2.6.3) to wh ich we
turn now.

2.6.2 Practical realization of the method

Since we can assumew�
l � 1 = uD (p) 8p 2 N D

j for l = 1 and � = 0 and therefore
for all l = 1 ; : : : ; nj and � � 0, in the following, we only consider points

pl 2 N j nN D
j :

In order to make clear how the corrections �v�
l 2 Vl in (2.6.3) can be computed

practically, we observe that in light of Proposition 2.5.5, one Gauss{Seidel step
(2.6.3) is equivalent to

�v�
l 2 Vl : 0 2 a(w�

l � 1+�v�
l ; �)� `(�)+ @�j (w�

l � 1+�v�
l )( �)+ @ S (w�

l � 1+�v�
l )( �) on V 0

l :
(2.6.8)

Of course, the subdi�erential given on the right-hand side of this variational
inclusion is to be understood as a set of functionals on the subspaceVl � S j .
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Equivalently (Hahn{Banach), it can be interpreted as the set of restrictions
of the given subgradients inS0

j on Vl . Since Vl is one-dimensional, this set is
uniquely determined as a set of numbers (which has to contain0 2 R) provided
by (2.6.8) if we insert � (j )

pl with � (j )
pl (pl ) = 1.

In this way we can reformulate (2.6.8) as a variational inclusion on the real line,
setting �v�

l 2 Vl as
�v�

l := zl �
(j )
pl

with the unknown correction factor zl 2 R (while dropping the dependence on
� for notational reasons). Furthermore, we de�ne the real numbers

all := a(� (j )
pl

; � (j )
pl

) and r l := `(� (j )
pl

) � a(w�
l � 1; � (j )

pl
) (2.6.9)

as well as the real convex functionals

� l (z) := � j (w�
l � 1 + z� (j )

pl
) 8z 2 R and 	 S

l (z) :=  S(w�
l � 1 + z� (j )

pl
) 8z 2 R :

Applying the \chain rule" for subdi�erentials (consult e.g . Ekeland and Temam
[34, pp. 27/28]) while considering (2.5.13) we obtain

@� l (z) = @�j (w�
l � 1 + z� (j )

pl
)( � (j )

pl
) = @�( w�

l � 1(pl ) + z) hpl 8z � uc � w�
l � 1(pl )

and (2.5.14) provides analogously

@	 S
l (z) = @ S(w�

l � 1 + z� (j )
pl

)( � (j )
pl

)

=

(
@�R�

0
(w�

l � 1(pl ) + z) 8z � � w�
l � 1(pl ) if pl 2 N S

j

0 8z 2 R if pl 2 N j n(N D
j [ N S

j ) :

We recall from (2.4.2) and (2.4.4) that the maximal monotone multifunction
@� : R ! 2R reads

@�( y) =

8
><

>:

; for y < u c

( � 1 ; limu#uc M (u)] for y = uc

f M (y)g for y � uc

(2.6.10)

with M (= M̂ ) calculated in (1.3.25). Furthermore, the subdi�erential @�R�
0

is
obviously given by

@�R�
0

(y) =

8
><

>:

0 for y 2 R�

[0; + 1 ) for y = 0

; for y 2 R+ :

(2.6.11)

Altogether, inserting � (j )
pl in (2.6.8), we obtain the scalar inclusion

zl 2 R : 0 2 all zl � r l + @� l (zl ) + @	 S
l (zl ) (2.6.12)

as a reformulation of (2.6.8). Of course, there is a version of (2.6.12) in terms
of classical derivatives which is given by

zl 2 I l : 0 = all zl � r l + � 0(w�
l � 1(pl ) + zl ) hpl (2.6.13)
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with I l := [ uc � w�
l � 1(pl ); 1 ) for pl 2 N j n(N D

j [ N S
j ) and with the additional

constraint I l := [ uc � w�
l � 1(pl ); � w�

l � 1(pl )] for pl 2 N S
j . This formulation could

have been derived with analogous arguments for classical derivatives using The-
orem 2.3.11.

In the following, we abbreviate

�wl := w�
l � 1(pl ) 2 R

for any pl 2 N j nN D
j . Interpreting the right-hand side of (2.6.12) as a maximal

monotone graph � � R2, solving (2.6.12) requires to �nd the x-coordinate of the
intersection point of � with the x-axis in R2. Equivalently, we can determine
the intersection point of the real linear function

G : x 7! �
all

hpl

x +
r l

hpl

(2.6.14)

with the real multifunction

x 7!

(
@�( �wl + x) for pl 2 N j n(N D

j [ N S
j )

@�( �wl + x) + @�R�
0

( �wl + x) for pl 2 N S
j :

Instead, for simplicity, we introduce the translation

y := �wl + x ;

now, with (2.6.10) and (2.6.11), considering the multifunction

H l : y 7!

(
@�( y) for pl 2 N j n(N D

j [ N S
j )

@�( y) + @�R�
0

(y) for pl 2 N S
j

(2.6.15)

and the translated linear function

G� �wl : y 7! G(y � �wl ) :

Consequently, (2.6.12) can be written as

yl 2 R : G� �wl (yl ) = H l (yl ) (2.6.16)

with zl = yl � �wl .

Observe that the linear functions G� �wl are strictly decreasing since bothall and
hpl are positive numbers. Now, Figure 2.1 shows the concrete solution of (2.6.16)
for pl 2 N j n(N D

j [ N S
j ) if we chooseM according to our choice of parameter

functions due to Brooks and Corey, see (1.3.25) (and more concretely (1.4.1) or
Figure 1.12). The additional (vertical) constraint in y = 0 which would occur
for points pl 2 N S

j on the Signorini-type boundary is clear.

We distinguish three cases:

1st case (bottom linegb): G� �wl (uc) = G(uc � �wl ) � � m

=) zl = uc � �wl :
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Figure 2.1: Possible intersections ofH l and G� �wl 2 f gb; gm ; gt g

2nd case (top linegt ): G� �wl (� 1) = G(� 1 � �wl ) � � M

=) zl =

(
a� 1

ll (� hpl � M + r l ) if pl 2 N j n(N D
j [ N S

j )

minf a� 1
ll (� hpl � M + r l ); � �wl g if pl 2 N S

j :

3rd case (middle linegm ): \nontrivial" intersection of M and G� �wl

=) uc < y l = �wl + zl < � 1:

Remark 2.6.3. We solve the third case numerically (up to machine precision)
using the bisection method. In order to increase the convergence speed, this can
be replaced by Newton's method once an iterate obtained fromthe bisection is
smaller than yl . Alternatively, one could solve the third case inexactly in such
a way that a damped Gauss{Seidel method is obtained with! �

l �v�
l for instead

of �v�
l in (2.6.3) with ! �

l 2 [! 0; 1] for some! 0 2 (0; 1]. Convergence of such an
inexact Gauss{Seidel relaxation is shown in Kornhuber [58,pp. 3/4].

With a glance at Figure 2.1, one can \see" thatzl = yl � �wl depends continuously
on �wl , i.e. �v�

l depends continuously onw�
l � 1 which shows the continuity of

M j in (2.6.4). More precisely, one can interpret one Gauss{Seidel step as a
one-dimensional convex minimization problem in which the functional depends
linearly, via the residual, on the �xed coordinates of the unknown vector. Then
one can apply iteratively a one-dimensional version of Proposition 2.4.11 in
order to see the continuity of M j .

Furthermore, we note that for � j = 0 and no constraints (apart from the Dirich-
let values on N j ) the above considerations reduce to the well-known Gauss{
Seidel method for the solution of a linear systemAx = b 2 Rn with a sym-
metrical positive de�nite matrix A 2 Rn2

and n = n j � # N D
j , see for example

Glowinski [45, pp. 147/148].
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2.7 Monotone multigrid methods

In this section, we present monotone multigrid methods including discrete con-
vergence results for the solution of (2.5.9) in our hydrological setting with
Brooks{Corey functions and their limit cases (see Subsection 1.4.2). As already
stated at the beginning of Section 2.6, nonlinear Gauss{Seidel relaxations alone
do not provide an e�cient numerical method for solving probl ems like (2.5.9).

2.7.1 Monotone coarse grid corrections

In the linear case already, i.e. for� j = 0 and no constraints, convergence rates
of the Gauss{Seidel method deteriorate (exponentially with j ) if one passes
to more and more re�ned (uniform) triangulations Tj , see e.g. Kornhuber and
Sch•utte [60, pp. 115{121]. The well-known reason for this fact is the small
support or \high frequency" of the nodal basis functions used for the successive
minimization on the (�ne) grid. This restricts the informat ion transport for the
computation of the correction �v�

l = zl �
(j )
pl in one Gauss{Seidel step (2.6.3) to the

values ofw�
l � 1 at the neighbouring points of pl (see (2.6.12) and the de�nition

of the terms used therein). Therefore, the application ofM j to an iterate u�
j

only reduces the high frequency contribution of the error u�
j � uj . In order

to account for lower frequencies in the error and to accelerate the information
transport, one extends the set � j by additional functions (or search directions)
with larger support. Therefore, we introduce the ordered subsets

M � = ( � �
1; : : : ; � �

m �
j
)

of Sj for any � � 0 in which we assume that

� �
l = � (j )

pl
; l = 1 ; : : : nj ;

are the �ne grid functions and that � �
l , l = n j + 1 ; : : : ; m�

j , are suitably chosen
functions with larger support in general.

Now, (M � )� � 0 induces anextended relaxation methodresulting from the suc-
cessive minimization ofJ + � j in the direction of � �

l 2 M � , l = 1 ; : : : ; m�
j , for

� = 0 ; 1; : : : . Therefore, setting V �
l = spanf � �

l g, we can consider the problems

�v�
l 2 V �

l with w�
l := w�

l � 1 + �v�
l 2 K j : J (w�

l � 1 + �v�
l ) + � j (w�

l � 1 + �v�
l )

� J (w�
l � 1 + v) + � j (w�

l � 1 + v) 8v 2 V �
l with w�

l � 1 + v 2 K j (2.7.1)

and de�ne the next iterate by

u� +1
j = w�

m �
j

= w�
n j

+

m �
jX

l= n j +1

�v�
l =: ~C�

j M j u�
j (2.7.2)

with the so-called smoothed iterate from (2.6.4) which we denote by

�u�
j := w�

n j
= M j u�

j :
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In general, due to the form of (the nonlinear) � j and the constraints in (2.7.1),
the exact evaluation of (2.7.1) for l = n j + 1 ; : : : ; m�

j , i.e. of the coarse grid
correction ~C�

j �u�
j , is too costly for practical calculations. Therefore, muchwork

has been done on the construction of e�cient approximationsC�
j of ~C�

j . It turns
out that the only property such an approximation C�

j has to satisfy in order
to maintain the global convergence result (Theorem 2.6.1) for the extended
relaxation method is the monotonicity condition

J (C�
j w) + � j (C�

j w) � J (w) + � j (w) 8w 2 K j : (2.7.3)

Theorem 2.7.1. Assume that ~C�
j in (2.7.2) is replaced by any coarse grid

correction C�
j satisfying (2.7.3). Then the iteration given by (2.7.2) is globally

convergent.

For the notion of global convergence see Theorem 2.6.1 and Remark 2.6.2. With
our knowledge gathered so far the proof of Theorem 2.7.1 is surprisingly easy
and unveils how powerful the monotonicity condition (2.7.3) is.

Proof. We only need to replace \monotonicity (2.6.5)" by \monotoni city (2.6.5)
and (2.7.3)" in the proof of Theorem 2.6.1. The rest is literally the same.

Often the monotonicity

J (w�
l ) + � j (w�

l ) � J (w�
l � 1) + � j (w�

l � 1) 8� � 0; l = 1 ; : : : ; m�
j

is enforced for every one-dimensional correction step suchthat

J (u� +1
j )+ � j (u� +1

j ) � J (w�
l )+ � j (w�

l ) = J (u�
j )+ � j (u�

j ) 8� � 0; l = 1 ; : : : ; m�
j

together with the continuity of J + � j on K j and the uniqueness of the limit
uj of u�

j provide the convergence

w�
l ! uj for � ! 1 ; l = 1 ; : : : ; m�

j (2.7.4)

of the whole sequence (w�
l )� � 0; l=1 ;:::;m �

j
of intermediate iterates.

2.7.2 Constrained Newton linearization with local damping in
case of Brooks{Corey parametrization

It is well known that Newton's method does not converge globally, consider for
instance �nding the zero of the real (strictly increasing) function arctan : R ! R
or equivalently the minimum of a (strictly convex) primitiv e of arctan. How-
ever, since the coarse grid correctionC�

j alone does not need to provide a con-
vergent iteration and since our � is at least piecewise smooth, some lineariza-
tion of J + � j for an approximate solution of (2.7.1) seems feasible. Based on
Kornhuber [59] this idea is carried out in Kornhuber [58].
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We sketch this idea and the main results in [58] considering the example of
the convex function � : R ! R [ f + 1g given by (1.3.27) due to our choice
of Brooks{Corey parameter functions and �( u) = + 1 for u < u c according to
(2.4.2) and (2.4.4). In order to incorporate the points in N j located on the
Signorini-type boundary (as in (2.6.15)) or the Dirichlet b oundary, we de�ne
the point-dependent convex functions

� p : u 7!

8
><

>:

�( u) for p 2 N j n(N D
j [ N S

j )

�( u) + � R�
0

(u) for p 2 N S
j

� f uD (p)g for p 2 N D
j

with the subdi�erentials

@� p : u 7!

8
><

>:

@�( u) for p 2 N j n(N D
j [ N S

j )

@�( u) + @�R�
0

(u) for p 2 N S
j

@�f uD (p)g for p 2 N D
j

where

@�f uD (p)g : u 7!

(
R if u = uD (p)

; if u 6= uD (p) :

For p 2 N j nN D
j the function � p is in�nitely times di�erentiable on

I 1 := ( uc; � 1)

and on

I 2 :=

(
(� 1; 1 ) for p 2 N j n(N D

j [ N S
j )

(� 1; 0) for p 2 N S
j

(2.7.5)

where it is the identity. It is continuously di�erentiable o n a neighbourhood
of � 1 but not twice di�erentable in this point.

We call p 2 N j a critical node of v 2 K j if p 2 N D
j or

v(p) 2 Cp :=

(
f uc; � 1g for p 2 N j n(N D

j [ N S
j )

f uc; � 1; 0g for p 2 N S
j

and de�ne N �
j (v) as the set of critical nodes ofv. We call the elements ofCp

critical values and the elements ofRnCp regular values for � p. Accordingly, we
de�ne N �

j (v) := N j nN �
j (v) as the set ofregular nodesof v.

We point out that the results given in [58] can be generalizedto our situation of
point-dependent � p and more than one critical value. In fact, the results in [59],
where �nitely many critical values are treated for piecewise quadratic �, can be
merged with the ones in [58], where � is only required to be twice di�erentiable
on the interior of its domain with locally Lipschitz continu ous � 00. According
to [59, p. 59], further classi�cation of the regular nodes ofv with respect to
connected subsets of regular values is helpful. Therefore,we de�ne the discrete
phasesof v by

N i
j (v) := f p 2 N j : v(p) 2 I i g; i = 1 ; 2: (2.7.6)
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Now, for a given smoothed iterate �u�
j and each regular nodep 2 N �

j (�u�
j ), we

can �nd real numbers
'

�u �
j
(p) < �u�

j (p) < ' �u �
j
(p)

such that on the neighbourhood ['
�u �

j
(p); ' �u �

j
(p)] of �u�

j (p) the function � p is

twice di�erentiable with

j� 00
p(z1) � � 00

p(z2)j � L �
p jz1 � z2j 8z1; z2 2 ['

�u �
j
(p); ' �u �

j
(p)] (2.7.7)

and a pointwise Lipschitz constant L �
p > 0. More concretely, if p 2 N 1

j (�u�
j ) we

set
['

�u �
j
(p); ' �u �

j
(p)] := [( uc + �u�

j (p))=2; (�u�
j (p) � 1)=2] (2.7.8)

and if p 2 N 2
j (�u�

j ) we choose

['
�u �

j
(p); ' �u �

j
(p)] :=

(
[(� 1 + �u�

j (p))=2; 2j �u�
j (p)j + 1] for p 2 N j n(N D

j [ N S
j )

[(� 1 + �u�
j (p))=2; �u�

j (p)=2] for p 2 N S
j :

(2.7.9)
Setting in addition

'
�u �

j
(p) = ' �u �

j
(p) = �u�

j (p)

for p 2 N �
j (�u�

j ), we introduce the closed and convex set

K �u �
j

:= f w 2 S j : '
�u �

j
(p) � w(p) � ' �u �

j
(p) 8p 2 N j g: (2.7.10)

Then, due to the special form of� j given by (2.5.2), we obtain the representation

� j (w) = � �u �
j
(w) + const : 8w 2 K �u �

j
(2.7.11)

with the smooth functional

� �u �
j

: w 7!
X

p2N �
j (�u �

j )

�( w(p)) hp 8w 2 K �u �
j

: (2.7.12)

Even though K �u �
j

is not a neighbourhood of �u�
j , we can regard� �u �

j
as given on

an open neighbourhood of �u�
j since the critical nodes of �u�

j do not contribute
to � �u �

j
.

Now, we consider theconstrained minimization of the smooth energyJ + � �u �
j
:

u �u �
j

2 K �u �
j

: J (u �u �
j
) + � �u �

j
(u �u �

j
) � J (v) + � �u �

j
(v) 8v 2 K �u �

j
: (2.7.13)

Replacing � �u �
j

by a Taylor expansion of second order around �u�
j , one obtains

a functional J �u �
j

as the quadratic approximation of J + � �u �
j

around �u�
j . The

quadratic obstacle problem

w�u �
j

2 K �u �
j

: J u �u �
j
(w�u �

j
) � J �u �

j
(v) 8v 2 K �u �

j
(2.7.14)

can then be regarded as aconstrained Newton linearization of (2.7.13).
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Now, we choose search directions� �
l , l = n j + 1 ; : : : ; m�

j , possibly depending
on K �u �

j
, and replace the nonlinear relaxation steps (2.7.1) by the constrained

one-dimensional linear problems

v�
l 2 D �

l : J �u �
j
(w�

l � 1 + v�
l ) � J �u �

j
(w�

l � 1 + v) 8v 2 D �
l (2.7.15)

with constraints D �
l � V �

l satisfying

0 2 D �
l � f v 2 V �

l : w�
l � 1 + v 2 K �u �

j
g: (2.7.16)

SinceJ �u �
j

is a quadratic approximation of J + � �u �
j

around �u�
j and � �u �

j
is convex,

the following is clear for l = n j + 1, i.e. for w�
l � 1 = �u�

j . If v�
l 6= 0 in (2.7.1), then

v�
l is a direction in which J + � �u �

j
is (also) decreasing (at least) locally around

the iterate w�
l � 1. Consequently, (2.7.1) holds if the next iterate

w�
l = w�

l � 1 + ! �
l v�

l (2.7.17)

is chosen with a suitable damping parameter! �
l 2 (0; 1]. Of course this does

not have to be true for l > n j + 1. (Considering quadratic expansions of� �u �
j

around all intermediate iterates w�
l , l = n j +1 ; : : : ; m�

j , would in general lead to
suboptimal numerical complexity, see also (2.7.26) and Kornhuber [58, p. 15].)
However, in [58, pp. 8, 10] an upper bound is available forw�

l 2 [0; 1] and any
k� �

l k1 = 1, l = n j + 1 ; : : : ; m�
j , � � 0, which guarantees the monotonicity

(2.7.1) for the choice of w�
l according to (2.7.17). For the computation of a

suitable ! �
l only (local) properties on supp� �

l are required and we have

! �
l ! 0 for max

p2 int supp � �
l

L p ! 1 : (2.7.18)

Choosing thelocal damping parameters! �
l according to this bound, one obtains

a monotone coarse grid correction

C�
j �u�

j = �u�
j +

m �
jX

l= n j +1

! �
l v�

l (2.7.19)

with local damping which preserves global convergence due to Theorem 2.7.1.
Such a damped version of an extended relaxation is also called extended under-
relaxation.

2.7.3 Standard and truncated multigrid: asymptotic conver -
gence result

Monotone multigrid methods now provide realizations of coarse grid correc-
tions C�

j , �rst with optimal numerical complexity, i.e. with O(n j ) point opera-
tions for one iteration step

u� +1
j = C�

j M j u�
j

and secondly, with a considerable acceleration of the convergence u�
j ! uj

for � ! 1 .
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Again, we sketch the main de�nitions and results about monotone multigrid
methods for our special setting and refer to Kornhuber [59] and [58] for further
details. The only aspects of the method described above thatstill need to be
speci�ed is the concrete choice of search directions� �

l and the corresponding
constraints D �

l for l = n j + 1 ; : : : ; m�
j and � � 0.

For convenience assume that a sequence of (nested) triangulations T0; T1; : : : ; Tj

of 
 resulting from uniform re�nement is at hand, i.e. each tr iangle t 2 Tk is
subdivided into four congruent subtriangles constituting Tk+1 , k = 0 ; : : : ; j � 1.
This also gives nested sets of nodesN0 � � � � � N j and a nested sequence
S0 � � � � � S j of subspaces ofSj which correspond to the levelsk = 0 ; � � � ; j .
Let

� S := ( � (j )
p1

; : : : ; � (j )
pn j

; � (j � 1)
p1

; : : : ; � (j � 1)
pn j � 1

; : : : ; � (0)
p1

: : : ; � (0)
pn 0

)

be the multilevel nodal basis consisting of allmS = n j + � � � + n0 nodal basis
functions from all re�nement levels, ordered from �ne to coarse, and set

� �
l = � (k l )

pl
; l = n j + 1 ; : : : ; m�

j = n j + mS ;

also in an ordering from �ne to coarse. Note that with this choice, the nodal
basis functions on the �nest grid also enter the coarse grid correction. This is
reasonable due to the di�erent nature of the problems (2.6.3) and (2.7.15) for
these search directions.

In order to obtain optimal numerical complexity, the result ing algorithm should
allow for an implementation as a multigrid V -cycle in which calculations of
corrections on a levelk 2 f 0; : : : ; j g should only require to access information
on nodesp 2 N k . Therefore, the �ne grid obstacles

'
�u �

j
� w�

l � 1 � v � ' �u �
j

� w�
l � 1

for an admissible correctionv in (2.7.15) are enforced by approximated local
coarse grid obstacles �

l
;  

�
l 2 V �

l which satisfy

'
�u �

j
(p) � w�

l � 1(p) �  �
l
(p) � 0 �  

�
l (p) � ' �u �

j
(p) � w�

l � 1(p) 8p 2 N j :

We refer to [59, pp. 74{76] for inductive constructions ofquasioptimal restric-
tions which provide such obstacles. Now, the local constraintsD �

l in the local
problems (2.7.15) are given by

D �
l := f v 2 V �

l :  �
l

� v �  
�
l g; l = n j + 1 ; : : : ; m�

j :

Altogether, these selections of search directions� �
l and constraints D �

l lead to
a � -independent coarse grid correctionCstd

j = C�
j of the standard monotone

multigrid method
u� +1

j = Cstd
j M j u�

j ; � � 0 : (2.7.20)

A drawback of this method is that, due to the de�nition of K �u �
j
, any � �

l with

int supp � �
l \ N �

j (�u�
j ) 6= ; (2.7.21)
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gives a trivial correction v�
l = 0. This can exclude many coarse grid search direc-

tions and therefore a�ect the information transport provid ed by low-frequency
functions, which was the reason for setting up extended relaxations in the �rst
place. Therefore,truncated multilevel nodal bases~� �

S have been de�ned. They
depend on the setN �

j (�u�
j ), i.e. on � � 0, and are based on the idea of appro-

priately \cutting" any p 2 N �
j (�u�

j ) \out" of int supp � (k)
p for any nodal basis

function � (k)
p 2 � S. More concretely, for k = 0 ; : : : ; j and � � 0, the modi�ed

basis functions
~� (k)

p := T �
j;k � (k)

p

on level k are de�ned for any p 2 N k with the truncation operators

T �
j;k := I S�

j
� � � � � I S�

k

arising from the interpolations I S�
k

: Sj ! S �
k on the reduced subspaces

S�
k := f v 2 Sk : v(p) = 0 8p 2 N �

k g

of Sk induced by the critical nodesN �
k = Nk \ N �

j (�u�
j ) on level k. The modi�ed

basis functions ~� (k)
p now constitute the truncated multilevel nodal basis

~� �
S := ( ~� (j )

p1
; : : : ; ~� (j )

pn j
; ~� (j � 1)

p1
; : : : ; ~� (j � 1)

pn j � 1
; : : : ; ~� (0)

p1
: : : ; ~� (0)

pn 0
)

and vanish if and only if all nodes p 2 int supp ~� (k)
p are critical nodes of �u�

j .
We point out that this also gives additional search directions for p 2 N D

j if the
Dirichlet boundary 
 D is not resolved on the coarse grid given byN0 (as it is
the case in the numerical example in Section 4.3).

As above, we de�ne the search directions

� �
l = ~� (k l )

pl
; l = n j + 1 ; : : : ; m�

j = n j + m�
S ;

ordered again from �ne to coarse. As in (2.6.4) for the searchdirections � p

with p 2 N D
j , the elements of~� �

S which are equal to 0 can be skipped.

The local coarse grid constraintsD �
l , l = n j +1 ; : : : ; m�

j , � � 0, can be obtained
analogously as in the standard case by quasioptimal restrictions, see [59, p. 81].

As a result of these search directions� �
l and constraints D �

l we obtain � -depen-
dent coarse grid correctionsCtrc ;�

j = C�
j and the truncated monotone multigrid

method
u� +1

j = Ctrc ;�
j M j u�

j ; � � 0 : (2.7.22)

It is observed that truncated monotone multigrid usually converges more rapidly
than the standard one. Unfortunately, this is not yet re
ect ed by the an-
alytical results which cannot guarantee better asymptotic convergence rates
for the truncated version, see Theorem 2.7.4 (or consult [58, pp. 17{19] and
[59, pp. 87{92] for more details). The di�culty for the analy sis lies in the fact
that the truncated basis functions ~� (k)

p can have a rather strange shape and are
in general not contained in with Sk . Despite this, it may surprise that truncated
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monotone multigrid methods can be implemented as multigrid V -cycles with
only minor changes as compared to the standard ones, see [59,p. 82].

Asymptotic bounds of convergence rates demonstrating the fast convergence of
the monotone multigrid methods described above can be proved for problems
(2.5.9) whose solutionuj satis�es the non-degeneracy condition

`(� (j )
p ) � a(uj ; � (j )

p ) 2 int @�j (uj )( � (j )
p ) + @ S(uj )( � (j )

p ) 8p 2 N �
j (uj )nN D

j :
(2.7.23)

This condition guarantees that all the critical nodes of uj and their (exact)
values are detected by the nonlinear Gauss{Seidel method after a �nite number
of iterations. (The values on N D

j are known anyway.)

Lemma 2.7.2. Assume that the solutionuj of the discrete minimization prob-
lem (2.5.9) is non-degenerate in the sense of (2.7.23). Thenthere is a � 0 � 0
such that

w�
l (p) = uj (p) 8p 2 N �

j (uj ) (2.7.24)

and
N i

j (w�
l ) = N i

j (uj ) (2.7.25)

holds for all l = 1 ; : : : ; m�
j and � � � 0.

Remark 2.7.3. The proof of this result is based on continuity arguments and
the convergence (2.7.4) of the intermediate iterates. It ismainly a consequence
of the nonlinear Gauss{Seidel smootherM j since critical nodes remain un-
touched in the coarse grid correction. Observe that the essential assertion of
Lemma 2.7.2 is (2.7.24) and that (2.7.25) follows from (2.7.4).

Figure 2.1 displays the abstract arguments of the proof and the relevance of
(2.7.23) for the example of the critical valueuc: Small perturbations of the bot-
tom line gb do not change thex-coordinate uc of its intersection with int @�( uc).
With a glance at the coe�cients constituting the line gb, one can see that this
demonstrates (2.7.23), on a scalar level, as a stability condition for critical
nodesN �

j (uj ) with respect to small perturbations of uj (consider uj or small
perturbations of it as coming from a Gauss{Seidel iteration). Observe that if
(2.7.23) does not hold for the critical value 0 = uj (p) at a critical node p 2 N S

j ,
then uj (p) assumes this value whether the obstacle conditionuj (p) � 0 at this
node is imposed or not. Finally, we remark that the condition in (2.7.23) can
obviously be never ful�lled in case of any critical point p in which uj assumes
the value � 1 where � is di�erentiable but not \smooth enough". We come ba ck
to this phenomenon in more detail in Subsection 2.7.4.

As a consequence of Lemma 2.7.2, of our choice of the obstacles de�ning K �u �
j

in (2.7.10) and the convergence (2.7.4) we conclude thatuj 2 K �u �
j

holds for
all � � � 1 with some � 1 � 0. Now, sinceuj minimizes J + � j on K j and � �u �

j

from (2.7.11) only di�ers by a constant from � j on K �u �
j
, which is contained

in K j for all � � 0, the solution uj of the non-smooth problem (2.5.9) solves
the constrained smooth problem (2.7.13).
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With this crucial observation and the local Lipschitz conti nuity (2.7.7) of � 00

one can prove that there is a� 2 � 0 such that the constrained Newton lin-
earization (2.7.14) is equivalent to classical Newton linearization of (2.7.13) at
�u�

j for � � � 2. The latter becomes a linear problem for which the local obstacle
problems (2.7.15) asymptotically (for � � � 3 and a � 3 � 0) provide an extended
linear underrelaxation. This property can be guaranteed with the special choice
of the coarse grid constraintsD �

l described in [59, pp. 71{76, 81]. Now, with
the technical assumption that all non-zero correctionsv�

l have the property

kv�
k k2

1 = o(kv�
l k1 ) for � ! 1 ; k = n j + 1 ; : : : ; l � 1 ; (2.7.26)

there is a � 4 � 0 such that the damping parameters w�
l in (2.7.19) satisfy

! �
l = 1 for all � � � 4. (2.7.26) accounts for the fact that derivatives of � �u �

j
are

not evaluated at the intermediate iterates w�
l , � � 0, l = n j + 1 ; : : : ; m�

j .

Altogether, one concludes that our coarse grid correctionsC�
j asymptotically

become iterations of linear (Newton) multigrid methods or more generally linear
subspace correction methods for which convergence rates can be derived. These
results can be combined with an asymptotic error estimate for the nonlinear
Gauss{Seidel smoothing (2.6.4) for which (2.7.7) is exploited. The asymptotic
convergence rates are based on the local energy normk � ku j de�ned by

kvk2
u j

:= a(v; v) + � 00
u j

(uj )(v; v) 8v 2 S �
j (2.7.27)

on the reduced space

S�
j := f v 2 S j : v(p) = 0 8p 2 N �

j (uj )g:

Observe that by Lemma 2.7.2 the errorsuj � u�
j are elements ofS�

j for � � � 0.
We assume that

kvku j � 
 j kvk 8v 2 S �
j (2.7.28)

is satis�ed for the energy norm k � k given by

kvk2 := a(v; v) 8v 2 S �
j :

Theorem 2.7.4. Assume that the non-degeneracy condition (2.7.23) as well as
(2.7.26) and (2.7.28) is satis�ed. Then there is a � j � 0 such that the iterates
produced by the standard (2.7.20) or the truncated (2.7.22)monotone multigrid
method ful�ll the error estimate

kuj � u� +1
j ku j � (1 � c
 � 1

j (j + 1) � 4)kuj � u�
j ku j 8� � � j

with a positive constant c depending only on the ellipticity ofa(�; �) and on the
initial triangulation T0.

2.7.4 Practical treatment and nature of the critical values

We proceed with some further comments on the critical nodes which are also
of interest in the practical computation. As a matter of fact , the three possible
critical values uc, � 1 and 0 for a � p are quite di�erent in nature.
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The critical value 0 is imposed as an obstacle condition for nodes on the
Signorini-type boundary whereas the critical valueuc occurs as a singularity of
� 00with � 00(u) ! 1 and � 000(u) ! 1 for u # uc. Therefore, the local Lipschitz
condition (2.7.7) deteriorates for regular nodesp with values �u�

j (p) in a small
neighbourhood ofuc in the sense that L �

p explodes. Now, due to (2.7.18), this
produces small damping parameters, i.e. hardly any contribution of search di-
rections � �

l with p 2 int supp � �
l to the coarse grid correction of �u�

j . In this way,
such nodes play a similar role as critical nodes in (2.7.21).Therefore, it seems
reasonable to consider such nodes as critical, too, and leave their values �u�

j (p)
untouched in the coarse grid correction. Skipping all� �

l with p 2 int supp � �
l

as the corresponding search directions obviously does not violate the global
convergence.

In concrete terms, givenv 2 K j we de�ne

N �
j (v) := f p 2 N j : p 2 N �

j (v) ^ L �
p > L g (2.7.29)

with a threshold L > 0 as an extended set of critical nodes ofv and replace
N �

j (�u�
j ) by N �

j (�u�
j ) for the de�nition (2.7.10) of K �u �

j
. If L is large enough, then

we haveN �
j (uj ) = N �

j (uj ) and N �
j (w�

l ) = N �
j (w�

l ) = N �
j (uj ) for l = n j ; : : : ; m�

j
and � � �� 0 with a �� 0 � 0 due to (2.7.4) and Lemma 2.7.2. Consequently, a suit-
able choice ofL preserves the asymptotic convergence result in Theorem 2.7.4.

In our practical computations (as in Section 2.8), we determine the solution
~uc > u c of � 000(u) � L = 0 (see (1.3.27)) and choose

'
�u �

j
(p) := ~uc

for any regular node p 2 N 1
j (�u�

j ) instead of (2.7.8). As a consequence, (2.7.7)
holds with the global Lipschitz constant L := � 000(~uc) = L �

p, uniformly for all
regular nodesp 2 N j nN �

j (�u�
j ). Note that some balance has to be kept in the

choice ofL versus ~uc in order to get reasonable corrections. On the one hand, the
larger L (i.e. the smaller ~uc) is, the smaller the damping parameters in (2.7.19)
are due to (2.7.18). On the other hand, the bigger ~uc (i.e. the smaller L ) is,
bigger damping parameters might be useless since in this case the constraints
K �u �

j
and D �

l become more restrictive.

With regard to the other critical values observe that even though � 00does not ex-
ist in � 1, we still have existing one-sided limits � 00

� (� 1) := lim u"� 1 � 00(u) 2 R+

and � 00
+ (� 1) := lim u#� 1 � 00(u)(= 0) as well as � 00

� (0) := lim u" 0 � 00(u)(= 0) in
contrast to lim u#uc � 00(u) = 1 for the singularity uc. Using these real one-sided
limits in the endpoints of the intervals in (2.7.9) we can simplify the choice of
these intervals altogether and

replace ['
�u �

j
(p); ' �u �

j
(p)] by phase-dependent intervals (2.7.30)

as, for example, by [~uc; � 1] if p 2 N 1
j (�u�

j ), by [� 1; 0] for p 2 N 2
j (�u�

j ) \ N S
j and

by [� 1; 1 ) for p 2 N 2
j (�u�

j )nN S
j . With the de�nitions of � 00(u) as the suitable

one-sided limits of � 00in the endpoints of these intervals, property (2.7.7) still
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holds and the analysis in Kornhuber [58] can be carried out analogously leading
to the same results. We use these modi�cations in our practical calculations in
Section 2.8.

Observe that there is no \naturally occurring" obstacle corresponding to the
value � 1, which is critical just because � is not smooth enough in � 1 (for our
analysis), even though � 0 exists and is continuous in� 1. Again, we point out
that this is a special feature of the Brooks{Corey parameterfunctions (1.2.9)
and (1.2.10) in which a \sharp" bubbling pressure pb is incorporated. Other
parameter functions, e.g. according to van Genuchten [91],do not have this
property and are hydrologically reasonable, too.

However, for the parametrization according to the Brooks{Corey functions, one
could argue that nodes referring to the critical value � 1 (which corresponds
to the bubbling pressure pb in (1.2.9), see Section 1.3) mark the free bound-
ary of the waterfront separating the saturated from the unsaturated region.
By Lemma 2.7.2 the nodes on the free boundary of Signorini's type are found
after a �nite number of nonlinear Gauss{Seidel steps (guaranteeing the asymp-
totic error estimates) if the non-degeneracy condition (2.7.23) is satis�ed. This
certainly applies to all critical nodes, but condition (2.7.23) cannot hold for
nodes p referring to the critical value � 1 because � is \too regular" at this
point such that uj (p) is always unstable under small perturbations ofuj (see
also Remark 2.7.3). Souj can only be non-degenerate in the sense of (2.7.23) if

uj (p) 6= � 1 8p 2 N j nN D
j (2.7.31)

is satis�ed, which is sensible from a numerical point of view. Nevertheless,
together with our considerations on (2.7.29) above, this motivates the de�-
nition of even more extended sets of critical nodes in order to \get rid" of
the non-degeneracy condition (and therefore (2.7.31)) by introducing an "-non-
degeneracy.

For " > 0 we de�ne

N "
j (v) := f p 2 N j : jv(p) � cpj � " for a cp 2 Cpg (2.7.32)

with the set Cp of all critical values of � p. As Cp is �nite, cp is unique in (2.7.32)
if " is su�ciently small. We call the solution uj of (2.5.9) " -non-degenerateif

N "
j (uj ) = N �

j (uj ) : (2.7.33)

Sinceuj is an element of a �nite-dimensional space, it is always"-non-degenerate
for some" > 0 even if it is non-degenerate. Due to (2.7.4) there is also a� 0 � 0
such that N "=2

j (w�
l ) = N "

j (uj ) is satis�ed for all l = 1 ; : : : ; m�
j and � � � 0.

Consequently, if we choose" > 0 small enough and� 0 � 0 large enough while
setting w�

l (p) = cp for p 2 N "=2
j (w�

l ) according to (2.7.32) for all l = 1 ; : : : ; m�
j

and � � � 0, the assertions (2.7.24) and (2.7.25) of Lemma 2.7.2 hold and the
asymptotic convergence analysis can be applied to the corresponding algorithm
with the same results.
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2.7.5 Monotone multigrid for the limit cases

So far, our focus concerning the numerical treatment of (2.3.23) in this and
in the previous section was on the special situation according to Brooks and
Corey in (1.3.25). However, the Gauss{Seidel method as wellas the monotone
multigrid method in Kornhuber [59] and [58] can be applied to much more
general cases. For the arguments in this section to hold, it is obviously enough
to impose the following conditions onM : I ! R, given on a nontrivial interval
I � R with 0 2 I . First, the function M should be monotonically increasing
and bounded (or else satisfying (2.3.25)). Secondly,M should be continuously
di�erentiable on the interior of �nitely many subintervals I k , k = 1 ; : : : ; n, of I ,
whose union isI , such that M 0 is still Lipschitz continuous on compact subsets
of int I k for each k = 1 ; : : : ; n (compare [59, pp. 23/24] and [58, p. 1]). These
conditions include the nondegenerate case and all the limitcases discussed in
Section 1.4.

For the nondegenerate case in (1.4.21) and its limit cases, we do not have a
lower obstacleuc < 0, thus the convex function � : R ! R given by (2.3.9) is
de�ned on the whole real line. In (1.4.21) the valueu� occurs as an additional
critical value (due to lack of regularity of M ) which plays a similar role as
the critical value � 1 above, but does not have a physical meaning other than
perhaps as an upper bound for \unrealisticallly small" (generalized) pressure
values. In the limit case (1.4.25) we obtain a piecewise linear � on R with
only one critical value � 1 (apart from 0 for the Signorini-type boundary), for
which (in contrast to � 1 in the Brooks{Corey case)@� = ~M is setvalued with
~M (� 1) = [ � m ; � M ]. Note that in the limit case pb=p0 ! 0 in (1.4.26) the critical

value � 1 is replaced by 0 such that we only have one critical value here.

The numerical treatment of the (hydrologically reasonable) limit case for the
Brooks{Corey parameter functions treated in this section is not only possible,
but it is in fact much easier than what has been done above. In Remark 2.4.5 it is
discussed how the limit cases (1.4.6) with (1.4.7) and (1.4.13) can be regarded as
the same situation, in which a linear � or, equivalently, a co nstant � 0 = M � � M

on an interval [uc; 1 ) with uc � 0 resulting in

@�( u) = ~M (u) =

8
><

>:

; for u < u c

(�1 ; � M ] for u = uc

� M for u > u c

(2.7.34)

constitutes a linear constrained problem. We obtaineduc 2 f� 2; � 1; 0g in
Section 1.4, the value 0 coming frompb=p0 ! 0. The e�ect of this latter case
is that the boundary conditions of Signorini's type now turn into homogeneous
Dirichlet boundary conditions which makes the situation even more simple.
Otherwise, the value of uc < 0, which we discuss in the following, does not
matter.

With (2.7.34) instead of (2.6.10) the construction in Figure 2.1 degenerates and
becomes very easy. Furthermore, we only have the critical values uc and 0
(for the Signorini-type boundary) which constitute the int ervals I 2 as in (2.7.5)
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(with � 1 replaced byuc) for the discrete phasesN 2
j (v) as in (2.7.6). Accord-

ingly, the constraints in (2.7.30) can be replaced by the closures of these inter-
vals, on which we have vanishingL �

p due to � 00� 0, such that we can choose
the constraints in

K �u �
j

= K j

independently of �u�
j with the full convex set K j from (2.5.1). Since� j is linear

on K j , the constrained Newton linearization (2.7.14) is a constrained problem
for the original quadratic functional

J �u �
j

= J + � �u �
j

= J + � j (2.7.35)

on K j , and so are the one-dimensional problems (2.7.15). The constraints D �
l are

chosen as above and damping is not necessary due to the identity (2.7.35). As a
consequence, we end up with a usual multigrid method for a linear constrained
problem. The truncated version can be used as above without the adjustments
described in Section 2.7.4 for exploding �00.

2.7.6 Convergence of the iterates for the saturation, the ph ys-
ical pressure and the generalized saturation

Finally, as in Subsection 2.5.4, we remark that the convergence u�
j ! uj in K j

for � ! 1 entails

I Sj M (u�
j ) ! I Sj M (uj ) in Sj for � ! 1 (2.7.36)

for the sequence of discrete saturations (I Sj M (u�
j )) � � 0 if M : R ! R or, al-

ternatively, M : [uc; 1 ) ! R is uniformly continuous. This is obvious if one
considers the equivalentk � k1 -norm on Sj and it completes our convergence
results given in Propositions 2.5.11 and 2.5.12 as well as inTheorem 2.5.13.
Note that the map M Sj : Sj ! S j de�ned by

M Sj (v) := I Sj M (v) 8v 2 S j (2.7.37)

is H•older continuous with respect to � 2 (0; 1] if M : R ! R or M : [uc; 1 ) ! R
is. In this case we also obtain asymptotic geometric convergence

kM Sj (uj ) � M Sj (u�
j )k1 � Ckuj � u� j

j ku j (� �
j )� � � j 8� � � j (2.7.38)

on Sj for someC > 0 and with � j := (1 � c
 � 1
j (j + 1) � 4) 2 (0; 1) from Theo-

rem 2.7.4.

With regard to the iterates p�
j := I Sj � � 1(u�

j ) of the discrete physical pressure
I Sj pj = I Sj � � 1(uj ) the same restrictions concerning the singularity of� � 1 in uc

apply here as already discussed in Remark 2.5.14. If, however, a physically re-
alistic situation with uj (p) > u c or equivalently uj (p) > u c + " with an " > 0 for
all p 2 N j is given, then the Lipschitz continuity of � � 1 on [uc + "; 1 ) provides
the same convergence results for the sequence (p�

j )� � 0 = ( I Sj � � 1(u�
j )) � � 0 and
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its limit I Sj pj = I Sj � � 1(uj ) as we have just obtained in (2.7.36) and (2.7.38)
for the sequence (I Sj M (u�

j )) � � 0 and its limit I Sj M (uj ).

If M : R ! R or M : [uc; 1 ) ! R is discontinuous as in the limit cases (1.4.25)
and in Remark 2.4.5, we can associate the generalized saturation mu �

j
2 S j

de�ned by

mu �
j
(p) := h� 1

p (`(� p) � a(u�
j ; � p)) 8p 2 N j nN D

j (2.7.39)

(and with �xed prescribed values for p 2 N D
j ) to the iterate u�

j 2 K j , analo-
gously as foruj in (2.5.46). Now, we can interpret (2.7.39) in concrete terms if
we assume thatu�

j is obtained from a Gauss{Seidel iteration (2.6.4). In this case
the number mu �

j
(p) for the node p = pl corresponding to the last Gauss{Seidel

step (2.6.3) occurs as the second coordinate of the intersection point of the line
in R2, given by the right hand side of (2.7.39) (compare (2.6.9) and (2.6.14)),
with the monotone graph gr( ~M ) as depicted in Figure 2.1. The convergence
u�

j ! uj in K j for � ! 1 provides

jmu j (p) � mu �
j
(p)j � h� 1

p ja(uj � u�
j ; � p)j � Ckuj � u�

j k1 h� 1
p k� pk1 ! 0

for � ! 1 and any p 2 N j nN D
j . Again, with Theorem 2.7.4 we can conclude

the asymptotic convergence

kmu j � mu �
j
k1 � Ckuj � u� j

j ku j � � � � j
j 8� � � j

on Sj for a C > 0 and with � j as in (2.7.38). Strangely enough, this general
result guarantees better asymptotic convergence rates than (2.7.38) for H•older
continuous M . Note, however, that mu �

j
(p) < M (u�

j (p)) or mu j (p) < M (uj (p))
is possible foru�

j (p) = uc or uj (p) = uc as discussed for (2.5.46) in Section 2.5.

2.8 Numerical results in 2D

The purpose of this section is to demonstrate the robustnessand the e�ciency of
our spatial solver, the truncated monotone multigrid method from Section 2.7,
when applied to the Richards equation. Since we have not yet dealt with the
issue of how to treat the gravitational term, we consider theRichards equation
in (1.2.7) with no gravity, i.e. with g = 0. Recall that neglecting this term
does not restrict the di�culties in the spatial problems (2. 3.2) or (2.3.8) arising
after our implicit{explicit time discretization because t he gravitational term
\disappears" in the linear functional `(�) by the time discretization.

Concretely, based on the Brooks{Corey parameter functions, we consider the
Kirchho�{transformed Richards equation in two space dimensions in the form
(1.3.18) in which the last product accounting for the gravitation is skipped. In
the pressure unit %gz0 in (1.3.15) we still choose the density%= 103 [kg=m3] of
the water and the gravitational constant g = 10 [m=s2] in order to obtain the
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usual hydraulic conductivity K h given in (1.3.14). Altogether, with 
 � R2

and T > 0 given below, we consider the equation

n t � 1
0 M (u)t � K h � u = 0 on 
 � [0; T ] (2.8.1)

in which the porosity n = 0 :4 and K h = 2 � 10� 3 [m=s] are chosen in a realistic
range, see Subsection 1.4.1. Consequently, the time unit ist0 = 200 [s]. The
spatial units are x0 = z0 = 1 [m] and the scaling factor in (1.3.15) is chosen
to be constant ur = 1. With this choice, varying bubbling pressures pb are
dealt with according to Remark 1.4.1. We give the pressure values with the
unit [ m] in terms of water column level under earth's gravitation conditions.
Our standard bubbling pressure ispb = � 0:1 [m] and the pore size distribution
factor is set as� = 1 which is realistic according to Subsection 1.4.1.

The domain 
 is chosen to be the triangle in R2 given by the vertices (0; 0),
(2; 0) and (0; 2). Recall from (1.6.3){(1.6.6) that an initial saturation M 0 has
to be given on 
 in order to obtain a well-posed problem. With t he ball

B := f x 2 R2 : jxj � 1:38g

given by the Euclidean norm j � j on R2, we choose an extreme saturation

M 0(x) =

(
� M := 1 for x 2 
 \ B

� m := 0 for x 2 
 nB :
(2.8.2)

The initial condition is depicted in Figure 2.2. The set of points between (0; 0)
and (0; 1:38) on the y-axis including (0; 0) and (0; 1:38) is chosen to be the
Dirichlet boundary 
 D which is constant in time. On 
 D we impose Dirichlet
boundary conditions equal to the pressure a water column between thex-axis
and the parallel line through (0; 1:38) would generate in case of existing gravity.
Consequently, with the atmospheric pressure 0 [m], we have

uD (x; y; t ) = (1 :38 � y) 8(x; y) 2 
 D :

We impose homogeneous Neumann boundary conditions on the edge between
the endpoints (0; 0) and (2; 0) on the x-axis and also between the points (0; 1:38)
and (0; 2) on the y-axis, again constant in time. The hypotenuse between
(2; 0) and (0; 2) including these points is the Signorini-type boundary
 S. Note
that the Dirichlet condition and the initial condition are c ompatible according
to (1.3.25), but that the initial condition on 
 nB corresponds tou = uc, i.e. to
the unphysical pressurep = �1 .

The initial triangulation T0 of 
, which resolves the Dirichlet boundary, is given
by the triangles t1 and t2 with the vertices (0; 0), (1; 1) and (0; 1:38) or (1:38; 0),
respectively, and the two remaining triangles 
 n(t1 [ t2), see Figure 2.3. The
re�ned triangulations Tj , j = 1 ; : : : ; 7, are obtained by uniform re�nement,
indicated on page 113, and result in 33024 unknowns on the �nest level j = 7
with the mesh sizehj = 1 :38=128 � 0:01.

For the iterative solution of the discretized Signorini-ty pe problems (2.5.44) or,
equivalently, (2.5.9) on each re�nement levelj = 0 ; : : : ; 7, we use the truncated
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Figure 2.2: Initial condition Figure 2.3: Initial triangulation

monotone multigrid V -cycle as described in Section 2.7, but with 3 presmooth-
ing and 3 postsmoothing steps. The latter means that the relaxation procedures
per level within the multigrid method as in Section 2.7 are repeated twice on
each level and are then carried out backwards from the coarsest to the in the
same manner. This whole process is repeated twice and gives the V(3; 3)-cycle
which is intended to increase the convergence speed.

We apply the modi�cations in Remark 2.7.4, in particular we t ake into account
the threshold Lipschitz constant L = 1012 in (2.7.29). Remarkably, ~uc with
� 000(~uc) = L can be determined explicitly due to the special form of the Brooks{
Corey parametrization, see (1.3.27). The size ofL is not adapted for variations
of pb because the scaling factorur = 1 in (1.3.18) is always kept �xed (see
Remark 1.4.1) such that the factor in front of � u in (2.8.1) does not change
either.

Since the solution from the previous time step usually serves as a good ini-
tial iterate for the spatial problem at the next time step, nested iteration as
described in Kornhuber [57, p. 7] is not necessary in general. However, we
carry out numerical studies by variations of the parameters. Therefore, we
use nested iteration in order to obtain suitable initial ite rates throughout. As
a stopping criterion for the multigrid on level j we accept the approximate
solution ~uj = u� �

j as soon as the relative accuracy condition

ku� �

j � u� � � 1
j ku � �

j
� 10� 12ku� �

j ku � �
j

(2.8.3)

is satis�ed. Here, k � ku � �
j

is intended to approximate the local energy norm

k � ku � �
j

and is de�ned analogously as in (2.7.27).

Note that the treatment of the constrained linear problems (2.7.15) on the
algebraic level requires the sti�ness matrix (a(� p; � q))p;q2N j as well as the ad-
ditional vector b := ( � 0

�u �
j
(�u�

j )( � p))p2N j added to the right hand side and the

matrix D := ( � 00
�u �

j
(�u�

j )( � p; � q))p;q2N j . Due to the special form of� �u �
j

in (2.7.12),

the entries of b are M (�u�
j (p)) hp for p 2 N �

j (�u�
j ) and 0 otherwise, andD is a

diagonal matrix with the nontrivial entries M 0(�u�
j (p)) hp for p = q 2 N �

j (�u�
j ).

Therefore, the norm k � ku � �
j

given according to (2.7.27) can be computed easily.

123



Restrictions and prolongations of the matrices and the residual are carried out
as stated in Kornhuber [59, pp. 77, 82].

We also refer to the numerical example of a stationary porousmedium equation
treated in Kornhuber [58]. It contains a similar nonlineari ty as M : [uc; 1 ) ! 1
considered here, however, with a discontinuity for the critical value � 1. (Never-
theless, recall from (2.7.31) that this situation can be regarded as \less degener-
ate" than the one considered here, whereM is continuous but non-di�erentiable
in � 1.) As in [58] the implementation for our case was carried outin the frame-
work of the �nite element toolbox KASKADE [14].

With a glance at the initial condition (2.8.2) observe that t he interior of 
 \ B
is still connected such that all of 
 S is completely unsaturated at the begin-
ning. In the time development, for which we choose the constant time step
size � = 0 :1 (=̂20 [s]) and the end time T = 1 (=̂ 200 [ s]), free boundaries are
detected on 
 S and water 
ows out of the domain across parts of
 S until 
 is
fully saturated.

Figure 2.4: t = 0 :1 Figure 2.5: t = 0 :2 Figure 2.6: t = 0 :3

Figure 2.7: t = 0 :8 Figure 2.8: t = 0 :9 Figure 2.9: t = 1 :0

Figures 2.8{2.8 show the development of the pressurep or the saturation � (p)
in time. In these graphics the innermost (red) line in each triangle is the
isoline p = 0 and the succeeding (magenta) line is the isolinep = pb. The latter
marks the border of the fully saturated region outside of which both pressure
and saturation decrease. All the following (black) lines are isolines on which
constant equidistant saturation values � (p) < � M = 1 occur, which correspond
to constant pressure valuesp < pb.
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Our set of parameters is chosen in such a way that in the �rst time step a
nontrivial part of 
 S, where p � pb occurs, is already fully saturated but not
yet with p � 0. In the second time step, a free boundary is detected on
 S

separating the part where p < 0 prevails from the part where we havep � 0,
and out
ow is possible.

Apart from the �xed data given at the beginning of this sectio n, the following
set of model parameters (with the units as introduced above)is the basis of our
numerical results.

1. end time T = 0 :1
2. time step size � = 0 :1
3. maximal re�nement level j = 7
4. pore size distribution factor � = 1
5. bubbling pressure pb = � 0:1

In the following, we present average convergence rates� of the truncated multi-
grid and the numbers of multigrid iterations # it (= � � ) until (2.8.3) is satis�ed.
The convergence rates are based on the relative errors with respect to the pre-
vious iterates. We determine the average convergence rate� by the geometric
mean of the relative errors, i.e. we set

� =

0

@
ku� �

j � u� � � 1
j ku � �

j

ku1
j � u0

j ku � �
j

1

A

1
� � � 1

:

Our intention is to show that both � and # it do not degenerate if a parameter
from the above set is varied. The following Tables 2.1{2.7 show the results we
have obtained.

T � # it

0.1 0.273 18
0.2 0.288 18
0.3 0.295 18
0.4 0.324 19
0.5 0.317 19
0.6 0.353 21
0.7 0.363 22
0.8 0.338 20
0.9 0.328 20
1.0 0.202 14

Table 2.1: Variations of T

� � # it

0.001 0.223 16
0.01 0.186 14
0.05 0.244 16
0.1 0.273 18
0.25 0.383 23
0.5 0.438 27
0.75 0.528 34
0.9 0.576 40
0.95 0.288 18
1.0 0.288 18

Table 2.2: Variations of � = T

Table 2.1 refers to the time development discussed above anddepicted in Fig-
ures 2.8{2.8. Here,� and # it are given for each time stepT = 0 :1; 0:2; : : : ; 1:0.
In Table 2.2 the time step size � (which is set equal to the end time T in
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j � # it

1 0.780 5
2 0.496 10
3 0.104 12
4 0.196 16
5 0.251 18
6 0.192 14
7 0.273 18
8 0.392 24

Table 2.3: Variations of the maximal re�nement level j

this case) is varied. With regard to variations of the spatial step size, i.e.
the mesh sizehj , Table 2.3 shows the results for di�erent maximal re�nement
levels j = 1 ; 2; : : : ; 8.

Tables 2.4{2.7 provide the most interesting results since they refer to varia-
tions of the Brooks{Corey parameter functions which are intensely discussed
in Section 1.4, especially regarding their big slopes. First, Tables 2.4 and 2.5
display the e�ects which variations of the soil parameters � and pb (the latter
given in the unit [m]) in their realistic ranges have on� and # it . According to
Rawls et al. [77, Table 5.3.2], we have� 2 [0:1; 0:7] (and up to � 2 [0:037; 1:090]
including standard deviations) and pb 2 [� 0:4; � 0:1] (with deviations up to
pb 2 [� 1:872; � 0:0136]) in naturally occurring situations. Furthermore, Ta -
bles 2.6 and 2.7 show the asymptotic behaviour for decreasing or increasing soil
parameters, i.e. referring to extreme shapes of the parameter functions, most
importantly M : [uc; 1 ) ! R, \near" the limit cases derived in Subsection 1.4.2.

The results demonstrate the robustness and the e�ciency of our spatial solver.
Yet, we have found some extreme cases documented in Tables 2.4 and 2.5, in
which the convergence results are comparatively unsatisfactory. For � = 0 :1,
for example, the isolinep = pb touches the boundary of Signorini's type. For
pb = � 1:8 there is only a small neighbourhood around the vertex (0; 1) in which

 is not fully saturated, and for pb = � 4:0 the same situation occurs around
the vertex (1; 0) (this is also the case forT = 0 :9 in Table 2.1). These situations
have in common that small pertubations of the correspondingparameter change
the (topological) shape of the unsaturated regime considerably. Therefore, the
convergence results could be worse here than on the average because of the
sensitivity of the solution rather than of the solver.

Finally, the convergence results for� and pb in an asymptotic range in Tables 2.6
and 2.7 make clear that the performance of the solver is not restricted by big
slopes ofM : [uc; 1 ) ! R. Altogether, the initial iterates obtained from nested
iteration usually seem to be su�ciently good so that the asymptotic linear
convergence guaranteed by Theorem 2.7.4 governs most of theiteration history
and provides convergence rates that are independent of �.
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� � # it

0.01 0.384 23
0.05 0.457 28
0.09 0.511 34
0.1 0.584 41

0.105 0.526 34
0.2 0.401 25
0.3 0.328 21
0.4 0.265 17
0.5 0.332 21
0.6 0.248 17
0.7 0.294 19
0.8 0.267 17
0.9 0.264 17
1.0 0.273 18
1.25 0.260 17
1.5 0.252 16
1.75 0.249 16
2.0 0.248 16
2.5 0.232 16
3.0 0.237 16

Table 2.4: � in a realistic range

pb � # it

-0.005 0.235 16
-0.01 0.248 16
-0.05 0.237 16
-0.1 0.273 18
-0.2 0.268 18
-0.3 0.299 19
-0.4 0.310 20
-0.5 0.342 22
-0.75 0.433 28
-1.0 0.523 37
-1.25 0.643 52
-1.5 0.683 61
-1.7 0.756 81
-1.8 0.810 112
-1.9 0.643 52
-2.0 0.470 30
-2.5 0.564 39
-3.0 0.619 47
-4.0 0.786 94
-5.0 0.274 17

Table 2.5: pb in a realistic range

� � # it

10� 10 0.270 17
10� 9 0.270 17
10� 8 0.270 17
10� 7 0.270 17
10� 6 0.270 17
10� 5 0.258 17
10� 4 0.260 17
10� 3 0.282 18
101 0.253 16
102 0.376 22
103 0.400 23
104 0.469 28
105 0.292 18
106 0.282 18
107 0.278 17
108 0.278 17
109 0.278 17
1010 0.282 18

Table 2.6: � in an asymptotic range

pb � # it

� 10� 10 0.169 13
� 10� 9 0.170 13
� 10� 8 0.170 13
� 10� 7 0.169 13
� 10� 6 0.168 13
� 10� 5 0.321 19
� 10� 4 0.294 18
� 10� 3 0.299 18
� 101 0.274 17
� 102 0.278 15
� 103 0.275 13
� 104 0.270 11
� 105 0.263 9
� 106 0.234 7
� 107 0.268 5
� 108 0.300 6
� 109 0.302 6
� 1010 0.302 6

Table 2.7: pb in an asymptotic range
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Chapter 3

Steklov{Poincar�e theory for
domain decomposition
problems with jumping
nonlinearities

3.1 Introduction and overview

In the �rst chapter of this work, mainly in Subsections 1.5.3 and 1.5.4, we
provided weak formulations of a Signorini-type problem forthe Richards equa-
tion and its Kirchho�{transformed version in homogeneous soil. The second
chapter was devoted to a numerical treatment of such a problem if we ignore
gravity. However, we already pointed out there that our implicit{explicit time
discretization of the Richards equation leads to spatial problems which were
discussed generally enough in the last chapter to cover a treatment of the grav-
itational term by an upwind technique which we present in Chapter 4. The
same applies to the next two chapters which are motivated by the question of
how we can treat the Richards equation in heterogeneous soil. We only con-
sider spatial problems in a heterogeneous setting which might have arisen from
time-dependent problems after a suitable time discretization. Moreover, we do
not restrict ourselves to the time-discretized Richards equation although the
starting point (in Section 3.2) and the most important resul t of this chapter
(Theorem 3.4.23) are concerned with it.

As already indicated in Section 1.6, there seems to be a lack of analysis for the
Richards equation in a heterogeneous setting so far. Moreover, to our knowl-
edge, a numerical treatment of the Richards equation in heterogeneous soil
has only been carried out in Fuhrmann [39], Fuhrmann and Langmach [41] as
well as in Bastian et al. [10], however, with a solver that is not robust with
respect to deteriorating soil parameters (see Section 2.2). By contrast, our
approach presented in Chapter 2 provides such a solver in thehomogeneous
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setting (see Sections 2.6 and 2.7). Recall, however, that the Kirchho� transfor-
mation, on which our approach is based, does not lead to semilinear problems
in the heterogeneous case (see Remark 1.3.1).

It should be pointed out at this stage that we consider the setting given by the
Richards equation (1.2.7) still as homogeneous, even though the permeability
K (�) is allowed to depend onx 2 
. In this form the spatial problems arising
from the Richards equation after the implicit{explicit tim e discretization can
be treated just as described in the last chapter. The heterogeneous case comes
into play if we also consider the parameter functions� (�) and kr (�) as explicitly
dependent on space since the choice of these functions depends on the soil type
that occurs in 
. Therefore, what we call heterogeneous soilin the following
will be a setting in which di�erent subdomains 
 i , i = 1 ; : : : ; n, of 
 contain dif-
ferent soil types which are themselves homogeneous in each 
i in the sense just
described. But then the question arises how a partial di�erential equation with
nonlinearities which have jumps across the interfaces between two subdomains
can be interpreted or given sense at all.

In Section 3.2 we give a weak formulation of and therefore a meaning to a
Signorini-type problem for the Richards equation in such a heterogeneous set-
ting. It consists of a multi-domain formulation which is mot ivated by an equiv-
alence result that holds in the homogeneous case. This formulation is a gen-
eralization of a result from the linear theory in Quarteroni and Valli [75] and
gives rise to a Dirichlet{Neumann algorithm for the Richards equation which
we also present.

In Section 3.3 we discuss a Dirichlet{Neumann method for a nonlinear transmis-
sion problem on two subdomains which includes the special case of a stationary
Richards equation without gravity in heterogeneous soil with nondegenerating
parameter functions (as in Subsection 1.4.3). Despite the heterogeneity, the
main idea for our further treatment of this domain decomposition problem is
the same as in the homogeneous case, namely the application of the Kirchho�
transformation, now independently in the subdomains. We point out that the
equivalence of the reformulated problem with the original one depends strongly
on the results we obtained in Subsection 1.5.4, in which the Kirchho� trans-
formation on a domain or on (parts of) a boundary was investigated in the
framework of superposition operators. The reformulated substructuring prob-
lem can then be analysed on the basis of the linear Steklov{Poincar�e theory,
to be found in Quarteroni and Valli [75], which we extend to our nonlinear
case. Doing so, we �nd su�cient conditions for the convergence of the non-
linear Dirichlet{Neumann method which turn out to be satis� ed in one space
dimension. Counterexamples show that these conditions need not hold in higher
dimensions. However, numerical computations suggest thatthe algorithm can
also be applied successfully to higher-dimensional problems.

Section 3.4 is devoted to an analysis of Robin's method applied to a larger class
of nonlinear transmission problems than in Section 3.3, which also contains the
implicit-explicitly time-discretized Richards equation in the nondegenerate case
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of Subsection 1.4.3. Nevertheless, we proceed similarly asin Section 3.3 by �rst
applying Kirchho� transformations on the subdomains, again using the results
on superposition operators in Subsection 1.5.4. Then, a nonlinear Steklov{
Poincar�e theory is established for the transformed problem which extends the
linear theory in Discacciati [33, Chapter 5]. As in Section 3.3, this leads to suf-
�cient conditions for the convergence of the nonlinear Robin method which can
be proved to be satis�ed in one space dimension. However, these considerations
are more complicated in Section 3.4 because here we have two nonlinearities in
the partial di�erential equation of the original problem, w hereas in Section 3.3
we only have one. In addition, and in contrast to Section 3.3,the subproblems
in the Robin iteration procedure are always nonlinear, which is also discussed
on the continuous and on the discrete level. Finally, although the same coun-
terexamples as in Section 3.3 apply here, the Robin method shows a satisfying
convergence behaviour in numerical tests carried out in twospace dimensions.

3.2 Substructuring of a Signorini-type problem for
the Richards equation in heterogeneous soil

The purpose of this section is to obtain a weak formulation ofa Signorini-type
problem for the Richards equation in heterogeneous soil. This is achieved via
substructuring of a corresponding problem in homogeneous soil, which leads to
an equivalence between the global problem and local problems that are coupled
by suitable interface conditions. The latter set of problems is then taken as a
de�nition of a Signorini-type problem for the Richards equation in heteroge-
neous soil. We start with the global homogeneous problem andsome necessary
notation in Subsection 3.2.1. Then, Subsection 3.2.2 contains the theoretical re-
sults (especially Theorem 3.2.4) for the substructuring ofthis problem. Finally,
in Subsection 3.2.3 we address the Dirichlet{Neumann scheme arising from the
substructuring for the Richards equation and note De�nitio n 3.2.7, which gives
sense to a Signorini-type problem for the Richards equationin a heterogeneous
setting.

3.2.1 Global problem and notation

The setting that we want to consider is given by a decomposition of a bounded
open Lipschitz domain 
 � Rd into two non-overlapping open and nonempty
subdomains 
 1 and 
 2 (i.e. 
 1 [ 
 2 = 
 and 
 1 \ 
 2 = ; ) with the interface

� := 
 1 \ 
 2:

As in Quarteroni and Valli [75, p. 6] we assume that � is a (d � 1)-dimensional
Lipschitz manifold so that the results on trace spaces in theappendix (on
pages 248{251) are applicable. In addition, both 
1 and 
 2 are assumed to
have Lipschitz boundaries. Figure 3.1 displays such a situation for d = 2 which
we have already considered in Subsection 1.5.1 in the homogeneous case.
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n

�

 1


 2

Figure 3.1: 2D-domain 
 decomposed into two subdomains

As already stated in the introduction to this chapter, many of our considerations
here are motivated by and generalizations of the corresponding theory presented
in Quarteroni and Valli [75] for the linear case. However, since we consider
weak formulations of Signorini-type problems for the Richards equation, which
involve nonlinearities and convex sets in Sobolev spaces rather than the full
spaces, our notation needs to be di�erent in this section. Nevertheless, we will
use the notation in [75] wherever it is appropriate, for example, we will denote
the \restriction" of a p 2 H 1(
) to � � @
 by pj � instead of tr � p with the
trace operator tr � : H 1(
) ! H 1=2(�). Moreover, for di�erent domains and
i 2 N we will from now on distinguish H 1-norms as

kvk1;
 := kvkH 1 (
) 8v 2 H 1(
) and kvi k1;
 i := kvi kH 1 (
 i ) 8vi 2 H 1(
 i ) :

We start with the homogeneous case, i.e. we assume constant soil parameters
(� and pb in case of the Brooks{Corey functions, see Section 1.2) on 
1 as
on 
 2 providing space-independent nonlinearities� (�) and kr (�) on the whole
domain 
. Instead of the weak formulation (1.5.38) of the Signorini-type prob-
lem for the Richards equation we consider the problem arising from an implicit{
explicit time discretization of (1.5.38). We point out, however, that our equiva-
lence result in Theorem 3.2.4 can equally be established forthe problem (1.5.38),
see also Subsection 3.2.3.

Setting f N (t) = 0 without loss of generality as in Section 2.3 and applyingour
implicit{explicit time discretization to (1.5.38) explai ned in that section, we
obtain the variational inequality

p 2 K 0 :
Z



� (p) (v � p) dx + �

Z



kr (� (p)) r pr (v � p) dx �

Z



� (~p) (v � p) dx + �

Z



kr (� (~p))ezr (v � p) dx 8v 2 K 0 : (3.2.1)

Here, � > 0 is some time step size and we assume that ~p 2 H 1(
) is a known
physical pressure from the previous time step. We omit the time stept or tn in
the notation as done in Subsection 2.3.1. Recall from (1.5.37) that

K0 = f v 2 H 1(
) : vj 
 D
= pD ^ vj 
 S

� 0g

with an appropriate pD as in (1.5.36). As already stated in Remark 1.5.19,
Theorem 1.5.18 holds equally for the time-discretized versions, i.e. if p solves
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the variational inequality (3.2.1), then the Kirchho�{tra nsformed u = � (p)
solves (2.3.8) with uD = � (pD ). The converse is true providedkr � c > 0
(compare Subsection 1.4.3) and
 S = ; .

For the purpose of this section it is indicated to introduce the abbreviations

~a(p; v � p) :=
Z



� (p) (v � p) dx + �

Z



kr (� (p)) r pr (v � p) dx 8v 2 K 0

and

`(v � p) :=
Z



� (~p) (v � p) dx + �

Z



kr (� (~p))ezr (v � p) dx 8v 2 K 0

in (3.2.1) with the solution p 2 K 0 if it exists. The form ~a(�; �) on (H 1(
)) 2 is
nonlinear in the �rst and linear in the second entry while `(�) is a linear form
on H 1(
). Analogously, we introduce the convex sets

K i := f v 2 H 1(
 i ) : vj 
 D i
= pD j
 D i

^ vj 
 Si
� 0g

as well as the forms

~ai (pi ; vi � pi ) :=
Z


 i

� (pi ) (vi � pi ) dx+ �
Z


 i

kr (� (pi )) r pi r (vi � pi ) dx 8vi 2 K i

and

` i (vi � pi ) :=
Z


 i

� (~pi ) (vi � pi ) dx + �
Z



kr (� (~pi ))ezr (vi � pi ) dx 8vi 2 K i

with pi 2 K i and given ~pi := ~pj 
 i for i = 1 ; 2, which correspond to the sub-
domains 
 1 and 
 2. Here we have used the de�nitions
 D i := @
 i \ 
 D and

 Si := @
 i \ 
 S.

We also need to introduce convex sets with prescribed Dirichlet values on the
interface which we de�ne as

Kpj
i := f v 2 K i : vj � = pj j � g

for pj 2 K j and i; j 2 f 1; 2g. In addition, we introduce the convex set of traces

� 0 := f � 2 H 1=2(�) : � = vj � for a v 2 K 0g

and its translated copy

~� := � 0 � pj � = f � 2 H 1=2(�) : � = vj � for a v 2 K 0 � pg:

with a p 2 K 0 (which will later be the assumed solution of (3.2.1)). We refer to
Lemma 3.2.3 to make sure that traces ofH 1(
)-functions in the interior of 

are well de�ned.

With respect to the setting for the Poisson problem considered in Quarteroni
and Valli [75, p. 6] we note that our convex sets degenerate and �t into that
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setting if we only have homogeneous Dirichlet values imposed on @
. With the
de�nitions

V := H 1
0(
)

Vi := f v 2 H 1(
 i ) : vi j@
 \ @
 i
= 0g

V 0
i := H 1

0(
 i )

� := f � 2 H 1=2(�) : � = vj � for a v 2 Vg

(3.2.2)

for i = 1 ; 2 we obtain V = K0; Vi = K i and V 0
i = Kpi

i � pi as well as �0 = ~� = �

in this case. We recall that � = H 1=2(�) for � \ @
 = ; and � = H 1=2
00 (�) if

� \ @
 6= ; which is the case we mostly consider here (compare (A.2.4) and
[75, pp. 6/7]). However, the structure of ~� is more delicate in our general case
where we can only guarantee that~� is a convex subset of H 1=2(�). For our
equivalence result (Theorem 3.2.4) we need the vector spacestructure of ~�
which we cannot expect if � \ 
 S 6= ; .

3.2.2 Substructuring equivalence result in homogeneous so il

We start with a result which guarantees that ~� is a vector space.

Proposition 3.2.1. We assume� \ 
 S = ; . Then ~� is a subspace ofH 1=2(�)
with the property

~� = f � 2 H 1=2(�) : � = vj � for a v 2 H 1

 D [ 
 S

(
) g; (3.2.3)

i.e. containing H 1=2
00 (�) . If, in addition, � \ 
 N = ; and � \ @
 6= ; or

� \ 
 D = ; , then we have~� = H 1=2
00 (�) or ~� = H 1=2(�) , respectively. In the

general case~� is a Hilbert space with the quotient norm

k� k~� = inf fk vk1;
 : v 2 H 1

 D [ 
 S

(
) ^ � = vj � g: (3.2.4)

Moreover, with the subspace

~H 1

 D i [ 
 Si

(
 i ) := f v 2 H 1

 D i [ 
 Si

(
 i ) : vi j � 2 ~� g

of the Hilbert spaceH 1

 D i [ 
 Si

(
 i ) the trace operator

tr � : H 1

 D [ 
 S

(
) ! ~� (3.2.5)

induces continuous linear trace operators

tr � ;i : ~H 1

 D i [ 
 Si

(
 i ) ! ~� ; i = 1 ; 2;

for which, in addition, continuous linear extension operators

Ri : ~� ! H 1

 D i [ 
 Si

(
 i ) ; i = 1 ; 2; (3.2.6)

with tr � ;i Ri � = � for all � 2 ~� exist.
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Proof. In order to see \� " in (3.2.3) observe that v+ p 2 K 0 for p 2 K 0 and any
v 2 H 1


 D [ 
 S
(
). Conversely, since we have dist(� ; 
 S) > 0 or 
 S = ; there are

open neighbourhoodsO� and O
 S of � and 
 S, respectively, with O� \ O
 S = ;
and an open ball B � Rd with O� [ O
 S [ 
 � B . It is well known that
there is a ' 2 C1

0 (B ) with a range in [0; 1] satisfying ' jO
 S
= 0 and ' jO�

= 1,

consult e.g. [56, p. 277]. Let� 2 ~� and v 2 K 0 with vj � = � . Then one can
check with the Leibniz rule (compare e.g. [1, p. 21]) and' j 
 2 W 1;1 (
) that
'v 2 H 1


 D [ 
 S
(
) holds. Moreover, we have ( 'v ) j � = vj � = � . In particular,

(3.2.3) entails ~� � H 1=2
00 (�). Note that the arguments can also be applied to

the case
 S = ; .

If, in addition, � \ 
 N = ; , then we can replaceH 1

 D [ 
 S

(
) by H 1
0 (
) in (3.2.3)

and obtain ~� = H 1=2
00 (�) due to � \ @
 6= ; . This can be seen in the same

manner as above: IfO� and O
 N are chosen analogously asO� and O
 S and
a function ' 2 C1

0 (B ) with ' jO
 N
= 0 and ' jO�

= 1 is at hand, then for any
v 2 H 1


 D [ 
 S
(
) the function 'v 2 H 1

0(
) satis�es ( 'v ) j � = vj � .

If, instead, � \ 
 D = ; , then we can replaceH 1

 D [ 
 S

(
) by H 1(
) in (3.2.3). Now
we chooseO� and O
 D [ 
 S analogously asO� and O
 S above and a' 2 C1

0 (B )
with ' jO
 D [ 
 S

= 0 and ' jO�
= 1. As a consequence, for anyv 2 H 1(
) we have

'v 2 H 1

 D [ 
 S

(
) and ( 'v ) j � = vj � .

With regard to the general case it is easily checked that the quotient norm
in (3.2.4) is indeed a norm (compare [98, p. 34]). With this norm, tr � in
(3.2.5) is a quotient map and therefore ~� is isometrically isomorphic to the
quotient H 1


 D [ 
 S
(
) =ker(tr � ), see [98, pp. 54, 56]. SinceH 1


 D [ 
 S
(
) is a Hilbert

space we have the canonical representationH 1

 D [ 
 S

(
) = ker( tr � ) � ker(tr � )?

in which ker(tr � )? is the orthogonal complement of the (closed) kernel ker(tr � ),
see [98, p. 221]. Therefore, we can conclude the isometric isomorphisms

ker(tr � )? �= H 1

 D [ 
 S

(
) =ker(tr � ) �= ~�

in which tr � induces the isomorphism ker(tr � )? �= ~�. In particular, ~� is a
Hilbert space. The inverse

R : ~� ! ker(tr � )? � H 1

 D [ 
 S

(
)

of tr � restricted to ker(tr � )? is a continuous linear map with the property
tr � R� = � for all � 2 ~�. The de�nition Ri � := ( R� ) j 
 i for all � 2 ~� and
i = 1 ; 2 provides continuous linear operators (3.2.6) with the properties

kRi � k1;
 i � k R� k1;
 = k� k~� 8� 2 ~�

and (with a glance at Lemma 3.2.3)tr � ;i Ri � = tr � R� = � as required.

Observe that for the existence of the extension operatorsRi , i = 1 ; 2; we needed
to use the Hilbert space structure ofH 1


 D i [ 
 Si
(
 i ), in particular the existence

of an orthogonal complement of ker(tr � ). In contrast, a closed subspace in a
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general Sobolev spaceW 1;p

 D i [ 
 Si

(
) for p � 1 and p 6= 2 does not necessarily

have a complemented subspace inW 1;p

 D i [ 
 Si

(
), see [98, pp. 162, 248]. In such
a case one would have to de�ne extension operators as in (3.2.6) or, equiva-
lently, projections from W 1;p


 D i [ 
 Si
(
) on ker( tr � ) more explicitly. Concerning

this question we refer to Lions and Magenes [64, pp. 19{23, 38{43].

Remark 3.2.2. Since H 1=2
00 (�) is intrinsically de�nable (see (A.2.4) but also

Quarteroni and Valli [75, p. 7]) and thus only dependent on �, it seems that
~� = H 1=2

00 (�) holds whenever � \ 
 D = � \ @
 is satis�ed (at least if we have
� [ 
 D � @~
 with some Lipschitz domain ~
 and except for possibly higher
dimensional \degenerate cases"). With the same reasoning it seems that ~� is
also a vector space (satisfying (3.2.3)) if �\ 
 S 6= ; holds with � \ 
 S = � \ 
 D
(again possibly except for degeneracies). Note that if � intersects arbitrary
parts of 
 D or 
 N (but not of 
 S), then the trace space~� could be regarded as
a \partially 00" H 1=2(�)-space. Depending on the geometry, especially in higher
dimensions, one might obtain cases, which could result in di�erent \00-degrees",
for example, if d = 3 and � \ 
 D contains one point. (Note that we always
assume
 D to have positive Hausdor� measure if 
 D 6= ; .) At least in such
degenerate cases~H 1


 D i [ 
 Si
(
 i ) might be a proper subspace ofH 1


 D i [ 
 Si
(
 i ).

The following basic result is crucial for any substructuring in H 1(
).

Lemma 3.2.3. If p 2 H 1(
) , then we havepi := pj 
 i
2 H 1(
 i ) for i = 1 ; 2

and p1j� = p2j� . Conversely, if pi 2 H 1(
 i ) for i = 1 ; 2 and p1j� = p2j� holds,
then

p :=

(
p1 on 
 1

p2 on 
 2

is contained in H 1(
) .

Proof. The �rst assertion is easy to see by considering a sequence offunctions
(' n )n2 N � C1 (
) converging to p in H 1(
) and observing that their restric-
tions to 
 i or to � converge to pi or to pi j � , respectively, for i = 1 ; 2 in the
corresponding norms. Conversely, to see thatp is weakly di�erentiable we
apply partial integration (A.2.11) in H 1(
 i ) to the weak derivatives of pi for
i = 1 ; 2 tested with test functions in C1

0 (
) and observe that the contributions
on � cancel each other due to the gluingp1j� = p2j� .

We can now prove the main result of this section which is a generalization
of Lemma 1.2.1 in Quarteroni and Valli [75] to problems of Signorini's type
for nonlinear equations. Recall that extension operators are de�ned as right
inverses to corresponding trace maps.

Theorem 3.2.4. Let � \ 
 S = ; . Then the variational problem (3.2.1) which
in short reads

p 2 K 0 : ~a(p; v � p) � `(v � p) � 0 8v 2 K 0 (3.2.7)
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can be equivalently reformulated as: Findp1 2 K 1 and p2 2 K 2 such that

~a1(p1; v1 � p1) � `1(v1 � p1) � 0 8v1 2 K p1
1 (3.2.8)

p1 = p2 on � (3.2.9)

~a2(p2; v2 � p2) � `2(v2 � p2) � 0 8v2 2 K p2
2 (3.2.10)

~a2(p2; R2� ) = `2(R2� ) + `1(R1� ) � ~a1(p1; R1� ) 8� 2 ~� (3.2.11)

where Ri denotes any possible extension operator from~� to H 1

 D i [ 
 Si

(
 i ) for
i = 1 ; 2.

Note that Ri , i = 1 ; 2; exist and can be chosen as the continuous linear extension
operators given by Proposition 3.2.1.

Proof. First let p be a solution of (3.2.7). Then we havepi := pj 
 i 2 K i for
i = 1 ; 2 and (3.2.9) due to Lemma 3.2.3. Letv1 2 K p1

1 . Since (3.2.9) holds, the
function

v :=

(
v1 on 
 1

p2 on 
 2

is contained in K0 (Lemma 3.2.3), and (3.2.8) follows from (3.2.7). Analogously,
we obtain (3.2.10). Now, for each� 2 ~� the function R� de�ned by

R� :=

(
R1� on 
 1

R2� on 
 2
(3.2.12)

belongs toH 1

 D [ 
 S

(
) (Lemma 3.2.3) and we have � R� + p 2 K 0 ( ~� is a vector
space!). The variational inequality (3.2.7) applied to both v = R� + p 2 K 0

and v = � R� + p 2 K 0 provides (equality in) (3.2.11).

Conversely, let pi 2 K pi
i , i = 1 ; 2, be solutions of (3.2.8){(3.2.11). Setting

p :=

(
p1 on 
 1

p2 on 
 2

we obtain p 2 K 0 due to (3.2.9), the de�nitions of Kpi
i and Lemma 3.2.3.

Choosing a v 2 K 0 we set � := vj � and � := pj � and obtain � � � 2 ~� by
de�nition of ~�. De�ning R(� � � ) according to (3.2.12) we see that

vi := vj 
 i
� Ri (� � � ) 2 K pi

i ; i = 1 ; 2;

holds. Now, (3.2.8), (3.2.10) and (3.2.11) entail

~a(p; v � p) � `(v � p) =
2X

i =1

~ai (pi ; vj 
 i � pi ) � ` i (vj 
 i � pi )

=
2X

i =1

�
~ai (pi ; vi � pi ) � ` i (vi � pi )

+ ~ai (pi ; Ri (� � � )) � ` i (Ri (� � � ))
�

� 0

as required.

137



Remark 3.2.5. We point out that it seems unrealistic to generalize Theo-
rem 3.2.4 in a satisfying way to situations in which � and 
 S have a nonempty
intersection (and thus ~� is in general no longer a vector space). Observe that
for the second part of the proof we need extension operators

Ri : ~� ! K i � K pi
i � H 1


 D i
(
 i ) ; i = 1 ; 2; (3.2.13)

(not necessarily linear or continuous) with the property

(v � R(vj � � pj � )) j 
 S
� 0 8v 2 K 0 (3.2.14)

(with R as in (3.2.12)) and for which (3.2.11) is satis�ed with \ � " instead
of \=". And, indeed, with this modi�ed condition (3.2.11) we obtain the equiv-
alence | if such extension operators exist. However, we havethe following
proposition, in which the second assertion presumably alsoholds in all cases
where the intersection of � and 
 S leads to a~� without a vector space structure.

Proposition 3.2.6. Let p 2 K 0 and R : ~� ! H 1

 D

(
) be some (not necessarily
linear or continuous) extension operator, i.e. satisfyingtr � R� = � for all � 2 ~� .
In addition, assume with (3.2.12) that R satis�es (3.2.13) and (3.2.14). Then
we have

R : ~� ! f v 2 H 1

 D

(
) : vj 
 S
� 0g: (3.2.15)

In particular, if there is a neighbourhood O� of � with O� \ @
 = O� \ 
 S 6= ; ,
then such a mapR does not exist.

Proof. For simplicity but without loss of generality we assume p = 0. Then
(3.2.14) reads

vj 
 S
� (R(vj � )) j 
 S

8v 2 K 0 : (3.2.16)

The following construction can be carried out as in the proof of Proposi-
tion 3.2.1. Assuming that 
 S is open in the relative topology of@
, we consider
neighbourhoodsOn � Rd of 
 Sn
 S and neighbourhoodsUn of � for n 2 N with
Lebesgue measurejOn j; jUn j ! 0 for n ! 1 . Now, for any � 2 ~� it is possible
to construct a sequence of functions (vn )n2 N � K 0 which satisfy vnj� = � and
vnj
 S n(On [ Un ) = 0 for all n 2 N. (vn )n2 N can probably even be chosen uniformly
bounded in H 1(
) if one uses the example function in Braess [19, p. 30]. Now,
it follows from (3.2.16) that R has to provide (R� ) j 
 S

� 0 for all � 2 ~�. This
proves the �rst assertion (3.2.15) of Proposition 3.2.6 (which can analogously
be obtained for arbitrary p 2 K 0). Consequently, the elements of~� are both
traces of functionsv with vj 
 S

� 0 and of functions w with wj 
 S
� 0.

In particular, if O� \ @
 = O� \ 
 S 6= ; for some neighbourhoodO� of �, then
we obtain ~� � H 1=2

00 (�) (and therefore ~� = H 1=2
00 (�)) with the help of arguments

as in Proposition 3.2.1 for the case �\ 
 N = ; and � \ @
 6= ; . However, there
is an ~� 2 H 1=2(�) nH 1=2

00 (�) and a v 2 H 1(
) with vj � = ~� . In addition, we
(generally) have

v+ := max( v; 0) 2 H 1(
) and v� := min( v; 0) 2 H 1(
)
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due to Theorem 1.5.15. Again, by a localization technique asin Proposi-
tion 3.2.1 for the case � \ 
 D = ; , using O� \ @
 = O� \ 
 S 6= ; , we conclude

� v+
j� ; v�

j � 2 f wj � : w 2 H 1

 D

(
) ^ wj 
 S
� 0g � ~� (3.2.17)

with the help of Proposition 1.5.6. But since we havevj � =2 H 1=2
00 (�), at least one

of the functions v+
j� , v�

j � is not contained in H 1=2
00 (�) which, however, contradicts

the inclusion ~� � H 1=2
00 (�).

Using an ~� in the gap between a \partially 00" H 1=2(�)-space (\00" on � \ 
 D )
and another suitable \partially 00" H 1=2(�)-space (\00" on � \ (
 D [ 
 S)), in
which ~� is contained, one might obtain (3.2.17) by a possibly more re�ned lo-
calization technique. In this way, it seems feasible to extend the assertion about
the non-existence of the operatorR to much more general nontrivial intersec-
tions of � and 
 S, which lead to proper convex subsets~� of a \partially 00"
trace space (see also Remark 3.2.2).

Although the considerations in Remark 3.2.5 lead to the poornon-existence
result in Proposition 3.2.6 they still contain a positive message for the discrete
setting. If we discretize the problems (3.2.7) and (3.2.8){(3.2.11) analogously
as in Subsection 2.5.1, then obviously Theorem 3.2.4 and Remark 3.2.5 can be
established accordingly in the discrete setting. Now, however, the properties
(3.2.13) and (3.2.14) are satis�ed if we considerR to be the trivial extension,
setting R� as 0 on the nodes in 
n� while respecting the Dirichlet values. In
this case we would also obtain an equivalence between the discretized version
of (3.2.7) and the discretized versions of (3.2.8){(3.2.11) where \=" is replaced
by \ � " in the discretization of (3.2.11).

3.2.3 Dirichlet{Neumann scheme for the time-discretized R i-
chards equation and the heterogeneous case

As far as the interpretation of the interface conditions is concerned, it is clear
that (3.2.9) indicates the continuity of the pressure p across the interface �.
Furthermore, with the help of Green's formula (A.2.12) one can easily verify
that (3.2.11) is the weak formulation for the continuity of t he implicit-explicitly
time-discretized 
ux

(kr (� (p1)) r p1 � kr (� (~p1))ez) � n = ( kr (� (p2)) r p2 � kr (� (~p2))ez) � n on �
(3.2.18)

related to the implicit-explicitly time-discretized Rich ards equation (see (1.5.1)
and (1.5.3)) which reads

� (p) � � (~p)
�

� div
�

kr (� (p)) r p � kr (� (~p))ez

�
= 0 (3.2.19)

in strong form (see also Subsection 3.4.5). For simplicity,we dropped the minus
sign on both sides of (3.2.18), so we actually deal with the negative discretized
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water 
ux here. Moreover, we adapt to the usual convention that n is the
outward normal of the subdomain 
 1 (see Figure 3.1 and compare [75, pp. 1/2]).

As already stated above, we can also establish Theorem 3.2.4for the variational
form (1.5.38) of the Richards equation before time discretization. Then, we
have pi = ~pi for i = 1 ; 2 in (3.2.18), and the strong form of (3.2.11) is just the
continuity of the water 
ux at the time t.

As in the linear case in Quarteroni and Valli [75, p. 7], the subproblems (3.2.8)
and (3.2.10) are underdetermined because of lacking boundary values for pi ,
i = 1 ; 2, on �. If these problems are nontrivial problems of Signorini's type,
even the convex sets of test functionsKpi

i are unknown a priori. This is not the
case if 
 Si = ; since then Kpi

i � pi = V 0
i is a vector space. Nevertheless, both

from an algorithmic and from an analytic point of view, it is q uite important to
know how one can \complete" these problems in order to make them well-posed.

As in the linear case this can be done within an iterative process with the
help of the Dirichlet interface condition (3.2.9) and the Neumann interface
condition (3.2.11). Given an iterate pk

2 2 K 2, one can compute an iterate
pk+1

1 2 K 1 by solving the convex problem

pk+1
1 2 K pk

2
1 : ~a1(pk+1

1 ; v1 � pk+1
1 ) � `1(v1 � pk+1

1 ) � 0 8v1 2 K pk
2

1 (3.2.20)

imposing the Dirichlet condition pk+1
1 = pk

2 on � which refers to (3.2.9). Given
pk+1

1 2 K 1, one can obtainpk+1
2 2 K 2 by solving the convex problem

pk+1
2 2 K 2 : ~a2(pk+1

2 ; ~v2 � pk+1
2 ) � `2(~v2 � pk+1

2 ) (3.2.21)

�
�

`1(R1(~v2 � pk+1
2 ) j � ) � ~a1(pk+1

1 ; R1(~v2 � pk+1
2 ) j � )

�
� 0 8~v2 2 K 2

into which the weak form (3.2.11) of the Neumann condition (3.2.18) (with
pi replaced by pk+1

i , i=1,2) is wired. To see this observe �rst that (3.2.21)
is uniquely solvable due to Theorem 2.3.16 with the assumptions given there.
Now, for any ~v2 2 K 2 consider the trace function

� := (~v2 � pk+1
2 ) j � 2 � 0 � pk+1

2j� and v2 := ~v2 � R2� 2 K pk +1
2

2 :

Then, with these functions, adding (3.2.10) and (3.2.11) leads to (3.2.21).

Together with an initial guess p0
2, the iterative procedure given by (3.2.20) and

(3.2.21) for k � 0 is a nonlinear Dirichlet{Neumann scheme in a weak for-
mulation applied to the Signorini-type problem (3.2.1) for the time-discretized
Richards equation. However, as in the linear case one would apply an additional
damping (compare (3.3.10)) in order to have a chance to get a convergent se-
quence.

It is also possible to combine the two interface conditions (3.2.9) and (3.2.11) in
order to obtain convex problems with Robin boundary conditions on �. They
also turn out to be uniquely solvable for the Richards equation in homogeneous
soil under natural conditions. In Subsection 3.4.1 we will address this option,
resulting in a Robin method for the Richards equation, in detail.
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Finally, we turn to the case of heterogeneous soil, i.e. to the case of possibly
di�erent parameter functions � 1(�) and kr 1(�) in 
 1 and � 2(�) and kr 2(�) in 
 2.
This is the case referred to asjumping nonlinearities in the title of this work.
We assume that ~ai (�; �) and ` i (�), i = 1 ; 2, are constituted accordingly as in
Subsection 3.2.1. With these ingredients one can also de�ne~a(�; �) and `(�)
on 
 and give sense to the corresponding variational inequality (3.2.7).

However, our solution theory from Chapter 2 cannot be applied in this het-
erogeneous setting since the Kirchho� transformation cannot be carried out
globally on 
 (compare Remark 1.3.1). Therefore, we turn to t he correspond-
ing substructuring problem (3.2.8){(3.2.11) for which the arising Dirichlet and
Neumann problems can be solved uniquely after (di�erent) Kirchho� transfor-
mations in the subdomains. The interface conditions which require continuity
of the physical pressure (3.2.9) and continuity of the (time-discretized) water

ux as discussed above (see (3.2.11) and (3.2.18)) also seemto be hydrologically
very well justi�ed. Therefore, we can �nally note

De�nition 3.2.7. Let � \ 
 S = ; and � i (�), kr i (�) given (possibly di�erent)
parameter functions on 
 i for i = 1 ; 2. Let ~ai (�; �), ` i (�), i = 1 ; 2, be de�ned with
these functions according to Subsection 3.2.1. We call a function p de�ned a.e.
on 
 with pi := pj 
 i

, i = 1 ; 2, a weak solution of the corresponding Signorini-
type problem for the Richards equation in heterogeneous soil on 
 if we have
p1 2 K 1 and p2 2 K 2 such that

~a1(p1; v1 � p1) � `1(v1 � p1) � 0 8v1 2 K p1
1 (3.2.22)

p1 = p2 on � (3.2.23)

~a2(p2; v2 � p2) � `2(v2 � p2) � 0 8v2 2 K p2
2 (3.2.24)

~a2(p2; R2� ) = `2(R2� ) + `1(R1� ) � ~a1(p1; R1� ) 8� 2 ~� (3.2.25)

where Ri denotes any possible extension operator from~� to H 1

 D i [ 
 Si

(
 i ) for
i = 1 ; 2.

As usual, for more than two subdomains one would consider convex prob-
lems for each subdomain and impose continuity of the pressure and the (time-
discretized) water 
ux on each interface.

3.3 Nonlinear Dirichlet{Neumann method

The topic of this section is a quasilinear elliptic transmission problem where
the nonlinearity changes discontinuously across two subdomains. This problem
is motivated by De�nition 3.2.7 of a boundary value problem for the Richards
equation on a domain with two di�erent soils in the subdomains. In fact, it can
be regarded as a nondegenerate stationary Richards equation without gravity
in such a setting.
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We treat this problem applying a nonlinear version of the linear Steklov{
Poincar�e theory introduced in Quarteroni and Valli [75, pp . 8{11]. Therefore,
in Subsection 3.3.1, we start with a short introduction to the basic idea under-
lying the usage of Steklov{Poincar�e operators for the analytical treatment of
the Dirichlet{Neumann method applied to linear problems.

In order to extend the linear theory to cover our case, we reformulate our
nonlinear transmission problem via Kirchho� transformati on, thus obtaining
linear problems on the subdomains (cf. Bonani and Ghione [18]). However,
this entails nonlinear transmission conditions. Still, this allows a reformulation
of the problem as a nonlinear Steklov{Poincar�e interface equation. Then, we
introduce a Dirichlet{Neumann iteration for this problem w hich, in analogy to
the linear case, can be regarded as a preconditioned Richardson iteration applied
to the nonlinear Steklov{Poincar�e equation. All this is do ne in Subsection 3.3.2.

Then, in Subsection 3.3.3, we present a convergence analysis based on Banach's
�xed point theorem for our nonlinear Dirichlet{Neumann ite ration, generalizing
related results for the linear case in Quarteroni and Valli [75, pp. 117{120].
This leads to su�cient conditions for a convergence of the scheme to a unique
solution which are satis�ed in one space dimension. As a by-product, we obtain
well-posedness of our transmission problem in this case.

In Subsection 3.3.4 we present counterexamples in 2D, one ofthem given and
discussed analytically, showing that the su�cient conditi ons for the conver-
gence of the nonlinear Dirichlet{Neumann algorithm, on which our proof via
the contraction argument is based, are violated in higher dimensions. This still
leaves the open question whether (at least local) convergence of the Dirichlet{
Neumann method can be proved by other techniques.

Finally, in view of the convergence in 1D and the considerations on the coun-
terexamples in 2D, numerical results in two space dimensions are given for our
transmission problem in Subsection 3.3.5, suggesting thatthe algorithm can be
applied successfully to higher-dimensional problems and in the general case of
the Richards equation.

3.3.1 Basic idea of linear Steklov{Poincar�e theory

In order to understand the basic problem that we encounter when we try to
analyse the substructuring problem (3.2.22){(3.2.25) with jumping nonlineari-
ties across the interface �, it is helpful to recall the princ iples of linear Steklov{
Poincar�e theory. In the following, this is pursued in looseterms and also leads to
a formulation of the Dirichlet{Neumann method in terms of St eklov{Poincar�e
operators which our nonlinear approach in Subsection 3.3.2extends.

Consider a non-overlapping decomposition of 
 � Rd into 
 1 and 
 2 as in Sec-
tion 3.2, compare Figure 3.1. The starting point is a boundary value problem

L u = f on 
 (3.3.1)
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with boundary conditions ' on @
 (linear in u) where L is some linear partial
di�erential operator. As seen in the (even nonlinear) example in Section 3.2,
such a problem can turn out to be equivalent to solving

L i ui = f on 
 i (3.3.2)

where L i , are the restrictions of L on 
 i for i = 1 ; 2, together with the re-
strictions due to the boundary conditions ' and with suitable transmission
conditions on �. The regularity of u on 
 in some solution space often requires

u1j� = u2j� (3.3.3)

and the fact that u also solves (3.3.1) \across �" generally leads to a continuity
condition on some \
ux" across �

	 1u1 = � 	 2u2 (3.3.4)

given by certain linear operators 	 1 and 	 2.

Now, usually the aim is to obtain an interface equation for the trace � := uj �
of the solution in the trace space � which is equivalent to the global problem
(3.3.1) or to the substructuring problem (3.3.2){(3.3.4). For simplicity, we
assume that ' are homogeneous Dirichlet boundary conditions on@
. Then
the general approach in the linear case is the following.

We write L � 1
i (f; � ), i = 1 ; 2, for the solution of (3.3.2) where � is either a

Dirichlet boundary value or a \
ux" (Neumann) boundary valu e as in (3.3.4).
Both the unknown interface value � on � and the known source term f can
be regarded as inhomogeneities for the solution of the subproblems (3.3.2) on

 i for i = 1 ; 2. Using the linearity of L i , i = 1 ; 2, one can decouple these
inhomogeneities and separate the known onef from the unknown one� . Then,
obviously, the solutions for the

homogeneous system + inhomogeneity� on � : u0
i = L � 1

i (0; � ) =: L � 1
i;hom (� )

inhomogeneous system + homogeneity on � : u�
i = L � 1

i (f; 0) =: L � 1
i;inh (f )

give the solution for the data f; � on 
 i : ui = u0
i + u�

i :
(3.3.5)

Considering (3.3.5) for any interface value � , the �rst continuity condition
(3.3.3) is satis�ed. Now, with the linearity of 	 i , i = 1 ; 2, the second con-
dition (3.3.4) can be written as

	 1u0
1 + 	 2u0

2 = � 	 1u�
1 � 	 2u�

2 (3.3.6)

so that the in
uence of the two inhomogeneities occurs on di�erent sides. The
left hand side of this equation results from the action of theSteklov{Poincar�e
operators, de�ned by

Si := 	 i L � 1
i;hom ; i = 1 ; 2; S := S1 + S2 ; (3.3.7)
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on the interface value� . Together with the right hand side

� := ( � 	 1L � 1
1;inh � 	 2L � 1

2;inh )( f ) (3.3.8)

of (3.3.6) one obtains the desired Steklov{Poincar�e interface equation in the
form

S� = � : (3.3.9)

Now, with a given initial iterate � 0, and as already seen in (3.2.22){(3.2.25) in
a weak formulation for our nonlinear problem, the Dirichlet{Neumann iteration
is obtained by the Dirichlet step and the Neumann step

uk+1
1 = L � 1

1 (f; � k)

uk+1
2 = L � 1

2 (f; � 	 1uk+1
1 )

for k � 0, respectively. It provides the next iterate

� k+1 = #uk+1
2j� + (1 � #)� k (3.3.10)

after a damping with the factor 0 < # < 1 which is necessary in general to
obtain convergence.

The natural decomposition S = S1 + S2 allows for a reformulation of (3.3.10)
in terms of Steklov{Poincar�e operators. As a result, the damped Dirichlet{
Neumann method turns out to be a Richardson procedure

� k+1 = � k + #S� 1
2 (� S� k + � )

for the Steklov{Poincar�e interface equation S� = � with S2 as a preconditioner,
see Quarteroni and Valli [75, pp. 13/14]. In what is to come, these basic results
are generalized to certain nonlinear problems.

3.3.2 Steklov{Poincar�e formulation for elliptic problem s related
to the nondegenerate stationary Richards equation with-
out gravity

In this subsection we introduce a nonlinear elliptic problem in a heterogeneous
setting as considered in Subsection 3.2.3 which can be regarded as a stationary
Richards equation without gravity in heterogeneous soil with nondegenerate
relative permeability (see Subsection 1.4.3). Furthermore, we generalize the
ideas from the linear Steklov{Poincar�e theory indicated in the last subsection
to this nonlinear problem.

As in Subsection 3.2.1, let 
 � Rd be a bounded Lipschitz domain divided into
two non-overlapping subdomains 
 1, 
 2 with the Lipschitz continuous interface
� = 
 1 \ 
 2, compare Figure 3.2.

Given f 2 L 2(
), k1, k2 2 L 1 (R) with ki � � > 0 for i = 1 ; 2, we consider the
following quasilinear elliptic transmission problem in strong formulation.
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n


 1

 2

�

Figure 3.2: Non-overlapping partition of the domain 
.

Find a function p on 
, pj 
 i = pi 2 H 1(
 i ); i = 1 ; 2; pj@
 = 0 ; such that

� div( ki (pi )r pi ) = f on 
 i ; i = 1 ; 2 (3.3.11)

p1 = p2 on � (3.3.12)

k1(p1)r p1 � n = k2(p2)r p2 � n on � : (3.3.13)

Compare this problem to (3.2.19) with (3.2.18) in order to see the claimed
relationship with the stationary Richards equation withou t gravity. We remark
that the gravitational term cannot be treated explicitly in the stationary case
and would lead to an additional nonlinearity which our approach does not cover.
In addition, note that we impose uniform ellipticity

ki (�) � � > 0 for i = 1 ; 2 (3.3.14)

here, so this case is comparable to the nondegenerate case induced by altered
Brooks{Corey functions treated in Subsection 1.4.3. On theother hand, observe
that the nonlinearities ki need not be continuous here, so this setting covers
much more and in particular the limit cases discussed in Subsection 1.4.4.

Due to lack of regularity of the nonlinearities, Newton-typ e linearization is ruled
out in advance. However, by our approach based on Kirchho� transformation,
we can reformulate the two nonlinear partial di�erential eq uations (3.3.11) as
linear Poisson equations in both subdomains.

Since large parts of what we present here can be regarded as generalizations
of the linear theory given in Quarteroni and Valli [75], we use much of the
notation accordingly. This includes the spaces de�ned in (3.2.2) with the trace
space � = H 1=2

00 (�) in the case we consider here. Furthermore, for i = 1 ; 2, we
use the abbreviation

(wi ; vi )
 i :=
Z


 i

wi vi dx 8wi ; vi 2 L 2(
 i ) (3.3.15)

for the L 2-scalar product on 
 i and de�ne the forms

ai (wi ; vi ) := ( r wi ; r vi )
 i (3.3.16)

bi (wi ; vi ) := ( k(wi )r wi ; r vi )
 i (3.3.17)

for wi ; vi 2 Vi . As usual, the norm in H 1(
 i ) will be denoted by k � k1;
 i , the
norm in � with k � k� .
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Let Ri ; i = 1 ; 2, be any linear continuous extension operator from � to Vi . Then,
with Green's formula (1.5.9), the variational formulation of problem (3.3.11){
(3.3.13) reads as follows:

Find pi 2 Vi , i = 1 ; 2; such that

bi (pi ; vi ) = ( f; v i )
 i 8vi 2 V 0
i ; i = 1 ; 2 (3.3.18)

p1j� = p2j� in � (3.3.19)

b1(p1; R1� ) � (f; R 1� )
 1 = � b2(p2; R2� ) + ( f; R 2� )
 2 8� 2 � : (3.3.20)

We now introduce new variablesui , i = 1 ; 2, by Kirchho� transformations � i

de�ned as

ui (x) := � i (pi (x)) =
Z pi (x)

0
ki (q) dq a.e. in 
 i (3.3.21)

according to (1.3.1), which yieldski (pi )r pi = r ui in a weak sense due to Propo-
sition 1.5.12. For the details we refer to Subsection 1.5.4,where we discussed
the topic of weak Kirchho� transformations in terms of super position operators
in appropriate depth. There, we had kr � � from the Richards equation instead
of the function ki but with equal generality. Nevertheless, we note the following
basic properties of� i here.

Proposition 3.3.1. The following holds for i = 1 ; 2. � i : R ! R satis�es
ki (0) = 0 and is a.e. di�erentiable with � 0

i = ki , strictly increasing and Lip-
schitz continuous with Lipschitz constantkki k1 . The inverse � � 1

i is also a.e.
di�erentiable, strictly increasing and Lipschitz continu ous with Lipschitz con-
stant kk� 1

i k1 .
Furthermore, with � � 0 from (3.3.14) we have

� kpi k1;
 i � k � i (pi )k1;
 i � k ki k1 kpi k1;
 i (3.3.22)

and there exist positive constantsc; C with

ckpi j � k� � k � i (pi ) j � k� � C kpi j � k� : (3.3.23)

Finally, interpreted as superposition operators, � i : Vi ! Vi and � i : � ! � are
homeomorphisms.

Proof. The �rst statements have already been noted in Lemma 1.5.7. The
estimates in (3.3.22) come from Proposition 1.5.12. Property (3.3.23) is entailed
by (3.3.22) and the last statement on� i , interpreted as superposition operators,
which is a direct consequence of Theorem 1.5.15 and Proposition 1.5.17. The
bijectivity of these operators and the commutativity (1.5. 33) applied to (3.3.22)
provide

� kpi j � k � k � i (pi ) j � k � k ki k1 kpi j � k

for the norm k � k in � de�ned by

k� k := inf
p2 Vi ; pj � = �

kpk1;
 i 8� 2 �

which is known to be equivalent to k � k� , see (A.2.10).
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Now, with the transformations � i , problem (3.3.18){(3.3.20) becomes:

Find ui 2 Vi , i = 1 ; 2; such that

ai (ui ; vi ) = ( f; v i )
 i 8vi 2 V 0
i ; i = 1 ; 2 (3.3.24)

� � 1
1 (u1j� ) = � � 1

2 (u2j� ) in � (3.3.25)

a1(u1; R1� ) � (f; R 1� )
 1 = � a2(u2; R2� ) + ( f; R 2� )
 2 8� 2 � : (3.3.26)

Remark 3.3.2. At �rst glance, the equivalence of problem (3.3.18){(3.3.20)
with pi 2 Vi and its transformed version (3.3.24){(3.3.26) with ui = � i (pi ) 2 Vi

seems to be an easy matter. Notice, however, that for (3.3.18) , (3.3.24)
and (3.3.20) , (3.3.26) we need to apply the weak chain rule (1.5.22) which
is not trivial. In addition, for (3.3.12) , (3.3.19) we need the commutativity
of the trace map and the Kirchho� transformation (see Proposition 1.5.16),
which is not straightforward either and which requires a strong result from the
theory of superposition operators in the general setting occurring here (compare
Proposition 1.5.14 and Theorem 1.5.15).

Moreover, bearing these results from Subsection 1.5.4 in mind, we can interpret
� i , i = 1 ; 2, equally as a pointwise evaluation almost everywhere on 
i or �
or as a superposition operator in the relevant function spaces on these sets. In
particular, the crucial commutativity (1.5.33) makes it po ssible to talk about
the Kirchho� transformation on � of a function in Vi . To simplify the notation,
we usually leave out the brackets for operators as in� i (�) from now on.

Now, we turn to a Steklov{Poincar�e formulation of problem ( 3.3.24){(3.3.26).
The latter is a weak formulation of a problem as discussed in Subsection 3.3.1
including linear subproblems (3.3.24), but now with nonlinear Dirichlet trans-
mission conditions (3.3.25) for the transformed variablesin the two subdomains.
Since the linearity of the subproblems can be used now, the argumentation is
quite similar as usual and outlined in Subsection 3.3.1.

For a given � 2 � and i = 1 ; 2 we now consider the harmonic extensions
u0

i = H i (� i � ) 2 Vi of the Dirichlet boundary value � i � on �. Furthermore,
let u�

i = Gi f be the solutions of the subproblems (3.3.24) with homogeneous
Dirichlet data u�

i j@
 i
= 0. Due to the linearity of the local problems (3.3.24),

the functions
ui = H i � i � + Gi f ; i = 1 ; 2; (3.3.27)

satisfy (3.3.24){(3.3.26) if and only if

a1(H1� 1�; R 1� ) + a2(H2� 2�; R 2� ) =

(f; R 1� )
 1 � a1(G1f; R 1� ) + ( f; R 2� )
 2 � a2(G2f; R 2� ) 8� 2 � : (3.3.28)

Since the extension operatorsRi , i = 1 ; 2, can be chosen arbitrarily, we set
Ri = H i . Denoting by h�; �i the duality pairing between � 0 and �, we recall the
de�nition of the Steklov{Poincar�e operators Si : � ! � 0,

hSi �; � i = ai (H i �; H i � ) 8�; � 2 � ; i = 1 ; 2; (3.3.29)
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and furthermore the functional � = � 1 + � 2 2 � 0,

h� i ; � i = ( f; H i � )
 i � ai (Gi f; H i � ) 8� 2 � ; i = 1 ; 2; (3.3.30)

which can be found in Quarteroni and Valli [75, pp. 8/9].

Now, (3.3.28) can be written as the nonlinear Steklov{Poincar�e interface equa-
tion

�nd � 2 � : ( S1� 1 + S2� 2)� = � (3.3.31)

or, equivalently,

�nd � 2 2 � : ( S1� 1� � 1
2 + S2)� 2 = � (3.3.32)

if we set � 2 = � 2� . Note that since � 2 : � ! � is a homeomorphism due to
Proposition 3.3.1, the convergence of a sequence of iterates � k

2 to � 2 implies the
convergence of� k = � � 1

2 � k
2 to � an vice versa. We state the main result of this

subsection.

Proposition 3.3.3. Solving problem (3.3.18){(3.3.20) is equivalent to solving
the nonlinear Steklov{Poincar�e equations (3.3.31) or (3.3.32) in the sense of
(3.3.21) and (3.3.27).

3.3.3 Convergence result for a Dirichlet{Neumann method an d
well-posedness in 1D

In this subsection we present a nonlinear Dirichlet{Neumann algorithm for our
problem (3.3.18){(3.3.20) which is a straightforward generalization of the lin-
ear one introduced in Subsection 3.3.1. It requires the solution of two linear
problems in each iteration step and a nonlinear transformation only on the
interface, but it does not involve any further linearizatio n. We analyse the al-
gorithm along the lines of the linear theory in Quarteroni and Valli [75] leading
us to su�cient conditions for convergence which are satis�ed in one space di-
mension. As a consequence, we get an existence and uniqueness result for the
original nonlinear heterogeneous problem (3.3.18){(3.3.20).

Since it turns out that for a rigorous analysis the damping has to be carried out
in the transformed variables, we state our Dirichlet{Neumann algorithm for the
transformed version (3.3.24){(3.3.26) as follows.

Given � 0
2 2 �, �nd successively uk+1

1 2 V1 and uk+1
2 2 V2 for each k � 0 such

that

a1(uk+1
1 ; v1) = ( f; v 1)
 1 8v1 2 V 0

1 (3.3.33)

uk+1
1j� = � 1� � 1

2 (� k
2) in � (3.3.34)

and then

a2(uk+1
2 ; v2) = ( f; v 2)
 2 8v2 2 V 0

2 (3.3.35)

a2(uk+1
2 ; H2� ) � (f; H 2� )
 2 = � a1(uk+1

1 ; H1� ) + ( f; H 1� )
 1 8� 2 � :(3.3.36)
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Then, with some damping parameter# 2 (0; 1), the new iterate is de�ned by

� k+1
2 := # uk+1

2j� + (1 � #)� k
2 : (3.3.37)

As for the linear case in Subsection 3.3.1, one can reformulate the nonlin-
ear Dirichlet{Neumann algorithm (3.3.37) in terms of Steklov{Poincar�e opera-
tors (3.3.29), including the nonlinear Kirchho� transform ations now. Consid-
ering the harmonic extensionsH i uk+1

i j� and the solutions Gi f of the problems
(3.3.24) with homogeneous boundary data fori = 1 ; 2, the intermediate iterates
are obtained by

uk+1
1 = H1� 1� � 1

2 � k
2 + G1f and uk+1

2 = H2uk+1
2j� + G2f :

Thus, equation (3.3.36) provides

a1(H1� 1� � 1
2 � k

2; H1� ) + a2(H2uk+1
2j� ; H2� )

=
2X

i =1

(f; H i � )
 i � ai (Gi f; H i � ) 8� 2 �

which, due to (3.3.29) and (3.3.30), is the same as

hS2uk+1
2j� ; � i = h� S1� 1� � 1

2 � k
2 + �; � i 8 � 2 �

and, regarding (3.3.37), altogether yields

S2(� k+1
2 � � k

2) = #(� � (S1� 1� � 1
2 + S2)� k

2) in � 0: (3.3.38)

Consequently, the damped Dirichlet{Neumann algorithm applied to (3.3.24){
(3.3.26) is a preconditioned Richardson procedure for the nonlinear Steklov{
Poincar�e formulation (3.3.32) with S2 as a preconditioner.

Note that an analogous formulation for the interface equation (3.3.31) cannot
be obtained due to the nonlinearity of S2� 2. However, (3.3.38) can be treated
just as in the linear case if we apply the following generalization of an abstract
convergence result in Quarteroni and Valli [75, pp. 118/119]. Let X be a Hilbert
space, letQ1 : X ! X 0be a not necessarily linear operator and letQ2 : X ! X 0

be linear and invertible. With the de�nition Q := Q1+ Q2 and for given G 2 X 0

we consider the problem

�nd � 2 X : Q� = G (3.3.39)

together with the corresponding Richardson iteration

� k+1 = � k + # Q� 1
2 (G � Q� k) (3.3.40)

with the linear operator Q2 as a preconditioner.
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Theorem 3.3.4. Let Q2 be continuous and coercive, i.e. there are positive
constants � 2 and � 2 such that

hQ2�; � i � � 2k� kX k� kX 8�; � 2 X ; hQ2�; � i � � 2k� k2
X 8� 2 X : (3.3.41)

Let Q1 be Lipschitz continuous, i.e. there is a constant� 1 > 0 such that

hQ1� � Q1�; � i � � 1k� � � kX k� kX 8�; �; � 2 X : (3.3.42)

Suppose there exists a constant� � > 0 such that

hQ2(� � � ); Q� 1
2 (Q� � Q� )i + hQ� � Q�; � � � i � � � k� � � k2

X 8�; � 2 X :
(3.3.43)

Then (3.3.39) has a unique solution� 2 X . Furthermore, for any given � 0 2 X
and any # 2 (0; #max ) with

#max :=
� � � 2

2

� 2(� 1 + � 2)2 ;

the sequence given by (3.3.40) converges inX to � .

The proof is an application of Banach's �xed point theorem and is carried out
here along the lines of the one given in Quarteroni and Valli [75, pp. 119].

Proof. First, the operator Q2 is invertible as a consequence of (3.3.41) and
of the Lax{Milgram lemma (see e.g. [98, pp. 240]). With this observation we
introduce the Q2-scalar product

(�; � )Q2 :=
1
2

(hQ2�; � i + hQ2�; � i ) 8�; � 2 X :

The correspondingQ2-norm given by

k� kQ2 := ( �; � )1=2
Q2

= hQ2�; � i 1=2 8� 2 X

is equivalent to the norm k � kX ; actually, it satis�es the two-sided inequality

� 2k� k2
X � k � k2

Q2
� � 2k� k2

X 8� 2 X : (3.3.44)

To prove the convergence of the sequencef � kgk� 0 it is su�cient to show that
the mapping

T# : X ! X ; T # � := � � # Q� 1
2 Q� 8� 2 X ;

is a contraction with respect to the Q2-norm. With this aim, assuming that
# � 0, we have for�; � 2 X :

kT# � � T# � k2
Q2

= k� � � k2
Q2

+ #2hQ� � Q�; Q � 1
2 (Q� � Q� )i

� #(hQ2(� � � ); Q� 1
2 (Q� � Q� )i + hQ� � Q�; � � � i )

� k � � � k2
Q2

+ #2 (� 1 + � 2)2

� 2
k� � � k2

X � #� � k� � � k2
X :
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To verify the second term of the estimate (the third one is (3.3.43)), observe
that due to (3.3.41) and (3.3.42) we have

hQ� � Q�; Q � 1
2 (Q� � Q� )i � (� 1 + � 2)k� � � kX kQ� 1

2 (Q� � Q� )kX

and that due to (3.3.44) we get

kQ� 1
2 (Q� � Q� )k2

X �
1

� 2
kQ� 1

2 (Q� � Q� )k2
Q2

=
1

� 2
hQ� � Q�; Q � 1

2 (Q� � Q� )i :

Now, setting

K # = 1 + #2 (� 1 + � 2)2

� 2
2

� #
� �

� 2

we obtain
kT# � � T# � k2

Q2
� K #k� � � k2

Q2
:

The bound K # < 1 is guaranteed if 0< # < # max .

Remark 3.3.5. Observe that the proof does not depend on the splitting
Q = Q1 + Q2 if Q1 in (3.3.42) is replaced byQ. Furthermore, note that con-
dition (3.3.43) reduces to a much simpler expression if, in addition, Q2 is sym-
metric. In the linear case (3.3.43) is just the coercivenessof Q or, equivalently,
the coerciveness ofQ1. In our nonlinear case (3.3.43) states thestrong mono-
tonicity of Q (see e.g. [102, p. 501]) which reads

hQ� � Q�; � � � i �
� �

2
k� � � k2

X 8�; � 2 X : (3.3.45)

Now, it is well known that in the particular situation of (3.3 .32) and (3.3.38)
both Steklov{Poincar�e operators S1 and S2 are symmetric, continuous and co-
ercive, see [75, pp. 8/9]. Thus in order to apply Theorem 3.3.4 to the case
X = �, G = � , Q2 = S2 and Q1 = S1� 1� � 1

2 , we have to make sure that the
conditions (3.3.42) and (3.3.45) are satis�ed forQ1 = S1� 1� � 1

2 . So we arrive at
the following

Theorem 3.3.6. The nonlinear Steklov{Poincar�e equation (3.3.32) admits a
unique solution � 2 in � to which the nonlinear Dirichlet{Neumann scheme
(3.3.33){(3.3.37) converges for su�ciently small # and any � 0

2 2 � if the fol-
lowing two conditions are satis�ed:
� 1� � 1

2 : � ! � is Lipschitz continuous, i.e., there is a constantL (� 1� � 1
2 ) > 0

such that

k� 1� � 1
2 � � � 1� � 1

2 � k� � L (� 1� � 1
2 )k� � � k� 8�; � 2 � ; (3.3.46)

and S1� 1� � 1
2 : � ! � 0 is a strongly monotone operator, i.e. there is a constant

� 1 > 0 such that

hS1(� 1� � 1
2 � � � 1� � 1

2 � ); � � � i � � 1k� � � k2
� 8�; � 2 � : (3.3.47)
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Note that the conditions (3.3.46) and (3.3.47) do not require � i : � ! �,
i = 1 ; 2, to be superposition operators or Kirchho� transformations de�ned
by (3.3.21). In case of linear� i : � ! �, condition (3.3.46) reduces to the
boundedness of� i , i = 1 ; 2, and (3.3.47) is the coercivity of the linear map
S1� 1� � 1

2 : � ! � 0. Note that (3.3.46) and (3.3.47) are trivially satis�ed
for linear Kirchho� transformations corresponding to constant functions ki as
in (3.3.14). However, our abstract theorem also has a concrete relevance for our
general setting in problem (3.3.11){(3.3.13).

Proposition 3.3.7. The conditions (3.3.46) and (3.3.47) are satis�ed in one
space dimension.

Proof. Let 
 1 = [ a; b]; 
 2 = [ b; c] with � = f bg and a < b < c . Then we
have � = H 1=2

00 (�) = H 1=2(�) �= (R; j � j ) and condition (3.3.46) follows from
Proposition 3.3.1.

Let L (� � 1
1 ) and L(� 2) be the Lipschitz constants of the real functions� � 1

1 and
� 2 according to Proposition 3.3.1. In order to prove (3.3.47),let �; �; � 2 R.
The harmonic extensionH1(� ) is the a�ne function x 7! �

b� a x � �
b� a a. As � � 1

1
and � 2 are monotonically increasing, then (3.3.29) provides

hS1(� 1� � 1
2 � � � 1� � 1

2 � ); � � � i

=
Z b

a
r H1(� 1� � 1

2 � � � 1� � 1
2 � )r H1(� � � ) dx

=
Z b

a

� 1� � 1
2 � � � 1� � 1

2 �
b� a

�
� � �
b � a

dx

=
(� 1� � 1

2 � � � 1� � 1
2 � )( � � � )

b� a

�
1

(b� a)L (� � 1
1 )L (� 2)

j� � � j2 :

Now, we are able to state an existence and uniqueness result for the nonlinear
heterogeneous problem (3.3.18){(3.3.20), which is satis�ed at least in one space
dimension.

Proposition 3.3.8. If the conditions (3.3.46) and (3.3.47) are satis�ed, then
problem (3.3.18){(3.3.20) is well-posed. Moreover, we have pk

i ! pi , k ! 1 ,
in Vi for the iterates

pk
i = � � 1

i (H i � i � k + Gi f ) 2 Vi ; i = 1 ; 2; (3.3.48)

on 
 i which correspond via� k = � � 1
2 � k

2, k � 0, to the iterates (� k
2)k� 0 of the

Dirichlet{Neumann scheme (3.3.33){(3.3.37).

Proof. The equivalence of problem (3.3.18){(3.3.20) and (3.3.32)has been ob-
tained in Proposition 3.3.3. We recall from (3.3.27) that the functions

pi = � � 1
i (H i � i � + Gi f ) 2 Vi ; i = 1 ; 2; (3.3.49)
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solve (3.3.11){(3.3.13) if � 2 = � 2� solves (3.3.32). With Theorem 3.3.6 this
gives existence and uniqueness of these solutions for (3.3.18){(3.3.20).

In order to prove the continuous dependency ofpi , i = 1 ; 2, on the data
f 2 L 2(
), it is enough to prove the continuous dependency of � on f since
all operators in (3.3.49) are known to be continuous. For� i : � ! � and
� � 1

i : Vi ! Vi see Proposition 3.3.1, forH i : � ! Vi see e.g. [75, p. 9], and
for Gi : L 2(
 i ) ! H 1

0 (
 i ) we refer to [60, p. 82].

To see that � = � � 1
2 � 2 depends continuously onf in (3.3.32) observe �rst

that � 2 � 0 depends continuously onf due to (3.3.30). Secondly, the strong
monotonicity (3.3.47) provides the Lipschitz continuity o f the inverse operator
(S1� 1� � 1

2 )� 1 : � 0 ! � and therefore of ( S1� 1� � 1
2 + S2)� 1 in (3.3.32). Con-

sequently, � 2 and �nally � depend continuously on f . This shows the well-
posedness of problem (3.3.18){(3.3.20).

Now, the claimed convergence of the iteratespk
i in (3.3.48) to the solutions pi ,

i = 1 ; 2, on the subdomains is a consequence of the convergence of (� k
2)k� 0 to � 2

in �, the continuity of the Kirchho� transformations as supe rposition operators
on � and Vi , i = 1 ; 2, (Theorem 1.5.15 and Proposition 1.5.17) as well as the
continuity of H i in (3.3.48) for i = 1 ; 2.

Remark 3.3.9. In Subsection 3.3.5 we are going to carry out the Dirichlet{
Neumann iteration (3.3.33){(3.3.36) for the solution of (3.3.24){(3.3.26) on a
discrete level. In light of Subsection 2.5.1 it is quite clear how to do this. We
discretize (3.3.24) as well as (3.3.33) and (3.3.35) by linear �nite elements in
suitable �nite element spacesSi

j on 
 i for i = 1 ; 2, such that the restrictions of
the �nite element functions from both sides of � constitute a common interface
space � j of �nite elements on � (which needs to be polygonal in this case).
The Dirichlet transmission conditions (3.3.25) as well as (3.3.34) are imposed
on the nodes on � only, involving corresponding discrete Kirchho� transforma-
tions � i;j : � j ! � j . The Neumann conditions (3.3.26) as well as (3.3.36) are
discretized for all � 2 � j with discrete (linear continuous or, more speci�cally,
harmonic) extension operatorsRi;j ; H i;j : � j ! S i

j for i = 1 ; 2. Accordingly,
discrete Green operatorsGi;j and � j as in Quarteroni and Valli [75, pp. 46/47]
come into play.

Then, due to the coercivity and the continuity of the discrete Steklov{Poincar�e
operators Si;j : � j ! (� j )0 (with constants independent of j � 0, consult
[75, p. 105/106]), the convergence theory with the corresponding results from
Theorem 3.3.6 and Proposition 3.3.7 in the discrete settingis literally the same
as in the continuous case. For the proof of (3.3.46) and (3.3.47) in one space
dimension we even have �j = �, � i;j = � i and H i;j = H i for j � 0 and i = 1 ; 2.

However, in contrast to the continuous setting, the discrete Kirchho� transfor-
mations � i;j : � j ! � j do not satisfy the weak chain rule (1.5.22). Therefore,
the discretized transmission problem (3.3.24){(3.3.26) is only equivalent to a
corresponding retransformed transmission problem similar to (3.3.18){(3.3.20)
with solutions pi;j = � i (ui;j ) =2 S i

j and with equality p1;j j � = p2;j j � just for
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the nodes on �. Accordingly, Proposition 3.3.8 has to be understood and thus
has a satisfying discrete counterpart only for the discretized transformed prob-
lem (3.3.24){(3.3.26).

Recall that we have � i = � i;j for i = 1 ; 2, j � 0, in the trivial case of linear
Kirchho� transformations � i and that for � 1 = � 2 the discretization of (3.3.24){
(3.3.26) can be shown to be equivalent to the corresponding discretized global
problem as done in the proof of Theorem 3.2.4. In the general nonlinear case,
however, we do not know whether the solutionsui;j of the discretized prob-
lem (3.3.24){(3.3.26) converge toui , i = 1 ; 2, for j ! 1 .

Remark 3.3.10. Observe that we do not know whether a Dirichlet{Neumann
method applied to (3.3.18){(3.3.20) in the \physical pressure" � = pi j � con-
verges if the damping parameter is chosen small enough. Due to the nonlinear-
ities Si � i for i = 1 ; 2 in the symmetric equation (3.3.31) we do not even get a
Steklov{Poincar�e formulation for this method.

We note that there is another proof of the convergence for theDirichlet{
Neumann method to be found in Marini and Quarteroni [71] which does not
involve Steklov{Poincar�e operators directly. Nevertheless, one can also adapt
and extend that proof to our situation and obtain Theorem 3.3.6 as well.

Remark 3.3.11. It is possible to formulate a nonlinear Neumann{Neumann
method for problem (3.3.24){(3.3.26) in terms of Steklov{Poincar�e operators
and involving the Kirchho� transformations as done in Quart eroni and Valli
[75, pp. 14{16] for the linear case. With a� 0

1 2 � and given positive constants
� 1; � 2, one obtains the iteration

� k+1
1 = � k

1 + #(� 1S� 1
1 + � 2 ~S� 1

2 )( � � ~S� k
1) ; k � 0; (3.3.50)

with ~S2 = S2� 2� � 1
1 and ~S = S1 + ~S2 referring to the Steklov{Poincar�e equation

(S1 + ~S2� 2� � 1
1 )� 1 = �

for the transformed variable � 1 = � 1� on � from the �rst subdomain with � as
in (3.3.31). However, both for (3.3.50) and its symmetric counterpart

� k+1 = � k + #(� 1(S1� 1)� 1 + � 2(S2� 2)� 1)( � � (S1� 1 + S2� 2)� k ) ; k � 0;

for the untransformed variable � referring to (3.3.31) we do not have a linear
preconditioner such that a direct application of Theorem 3.3.4 is not possible.
It is unclear whether this theorem can be extended to nonlinear preconditioners
which do not induce a norm in which convergence could be measured.

3.3.4 Counterexamples in 2D for the strong monotonicity of
the nonlinear Steklov{Poincar�e operator

Let us point out at the beginning of this subsection that we donot know whether
the assertions of Theorem 3.3.6 or Proposition 3.3.8 or weaker ones, for ex-
ample local convergence, hold in higher dimensions if some natural conditions
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on � 1 and � 2, possibly other than (3.3.46) and (3.3.47), are satis�ed. Therefore,
although this subsection is about counterexamples, we do not have a counterex-
ample for which the Dirichlet{Neumann scheme diverges in higher dimensions.
The counterexamples that we talk about here concern our approach to prove
the assertions in Theorem 3.3.6 by a contraction argument and to use The-
orem 3.3.4 to achieve that. This special approach seems to beruled out for
higher dimensions in which the trace space �, in contrast to 1D, is an abstract
in�nite dimensional function space with a norm that is not so easily treatable
in concrete terms (see pages 248{251 in the appendix).

Concerning the question whether the Kirchho� transformati ons � 1 and � 2 are
Lipschitz continuous as superposition operators acting onthe trace space �,
recall that we deduced Proposition 1.5.17 from Lemma 1.5.11, Theorem 1.5.15
and Proposition 1.5.16, i.e. the continuity of � i on � is a consequence of the
continuity of � i on H 1(
 i ), i = 1 ; 2. But with a glance at the proof of the latter,
even for restrictive conditions on ki (see Proposition 1.5.14), and even more so
in the general case treated in Theorem 1.5.15, one will �nd itextremely unlikely
that � i : H 1(
 i ) ! H 1(
 i ) and therefore � i : � ! � are Lipschitz continuous.

Much more so, the strong monotonicity (3.3.47) is in generalnot satis�ed in
higher dimensions. This is what the two counterexamples in 2D, which we are
going to present, are intended to show. Unfortunately, in higher dimensions
condition (3.3.47) may be violated to the extent that

hS1(� 1� � 1
2 � � � 1� � 1

2 � ); � � � i < 0 (3.3.51)

can occur for certain �; � 2 � and � i : � ! �, i = 1 ; 2.

As a starting point for the considerations leading to possible counterexamples
observe that in case of� i = id : � ! �, condition (3.3.47) is just the coercivity
of the Steklov{Poincar�e operator

hSi �; � i =
Z


 i

jr H i � j2 dx � c
 i kH i � k1;
 i

which is a consequence of the Poincar�e inequality (see Theorem A.2.5) with a
C
 i > 0, i = 1 ; 2. It is well known that if � and @
 i are smooth enough, then
the harmonic extensionH i � on 
 i , i = 1 ; 2, is harmonic in the strong sense (see
e.g. Werner [99, pp. 5, 11, 36, 62, 212]) and the classical normal derivatives of
ui := H i � exist on � � @
 i , i.e. we have

hSi �; � i =
Z

�

@ui
@n i

� ui d� > 0 (3.3.52)

for i = 1 ; 2 due to Green's formula (1.5.9). Now, the crucial observation is that
although (3.3.52) holds for any harmonic functionui on 
 i which is in C2(
 i ),
there may well be subsets �� � � of positive Hausdor� measure on which

@ui
@n i

� ui < 0 (3.3.53)
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Figure 3.3: u : (x; y) 7! � x2 + y2 satisfying (3.3.53) between (� 1; 1) and (1; 1)

is possible. This fact is exploited in the construction of the counterexamples.
Loosely speaking, with a certain choice of a Kirchho� transformation one can
provide a bigger weight to the product on the left hand side of(3.3.53) such
that altogether one can obtain (3.3.51).

We start with an analytical counterexample based on the harmonic function

u : (x; y) 7! � x2 + y2

given on the trapezium T � R2 with the vertices (� 1; 1), (1; 1), (2; 2) and
(� 2; 2), see Figure 3.3. Fori = 1 ; 2 let � i be the edge between the vertices
(� i; i ) and (i; i ), not containing the vertices in both cases. We compute

@u
@n

= �
@u
@y

= � 2y = � 2 on � 1 ;
@u
@n

=
@u
@y

= 2y = 4 on � 2

and, moreover,
Z

@T

@u
@n

� u d� =
Z

� 1

@u
@n

� u d� +
Z

� 2

@u
@n

� u d�

=
Z 1

� 1
(� 2) � (� x2 + 1) dx +

Z 2

� 2
4 � (� x2 + 4) dx

= � 2
2
3

+ 29
1
3

= 26
2
3

; (3.3.54)

i.e. we have � � = � 1 on which (3.3.53) holds in this example. Now, we choose a
� : R ! R intended to replace (� 1� � 1

2 )� 1 in (3.3.51) and some�; � 2 H 1=2(@T)
with uj@T= � � � such that

hS1(� � � ); �� � �� i =
Z

@T

@u
@n

� (�� � �� ) d� < 0:
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Let � j � 1 := 0, � j � 2 := 1 and � j � 1 := uj � 1 , � j � 2 := uj � 2 + 1, and extend both
� and � linearly on the edges between (� 1; 1) and (� 2; 2) as well as between
(1; 1) and (2; 2). Furthermore, we de�ne � := id on (�1 ; 1] and

� : x 7! ax + 1 � a 8x 2 [1; 1 ) (3.3.55)

for a constant a > 0. As a consequence, we have

hS1(� � � ); �� � �� i =
Z

@T

@u
@n

� (�� � �� ) d� =
Z

� 1

: : : +
Z

� 2

: : : +
Z

@Tn(� 1 [ � 2 )
: : :

in which the last integrand vanishes since� = � on @Tn(� 1 [ � 2). Moreover,
we still have Z

� 1

@u
@n

� (�� � �� ) d� = � 2
2
3

as in (3.3.54) and
Z

� 2

@u
@n

� (�� � �� ) d� = 4
Z

� 2

�� � �� d� = 4
Z

� id

� � � d� + 4
Z

� 2n� id

�� � �� d�

with � id := f (x; y) 2 � 2 : � x2 + y2 � 1g where � = id. Sinceu = � x2 + 4 � 1
on � id is satis�ed if and only if � 2 < x � �

p
3 or x �

p
3 < 2 holds, we can

estimate
Z

� 1 [ � id

@u
@n

� (�� � �� ) d� � 4 � 2 � (2 �
p

3) � 1 � 2
2
3

< 0

and due to (3.3.55) we get

Z

� 2n� id

@u
@n

� (�� � �� ) d� =
Z p

3

�
p

3
4(a(5 � x2) + 1 � a � 1) dx

= a
Z p

3

�
p

3
4(4 � x2) dx �! 0 for a ! 0:

This example is certainly somewhat arti�cial, mostly because the interface � is
assumed to be a superset of �1 [ � 2 here, i.e. it is either quite large or discon-
nected. Nevertheless, such a case occurs ifT = 
 1 is contained in the interior
of a bounded Lipschitz domain 
 � R2 so that the complement 
 2 = 
 nT sat-
is�es @
 2 = @
. However, in contrast to the situation in Figure 3.2, such a
decomposition of 
 provides the trace space � = H 1=2(�). Note that in this
case,T = 
 1 must be chosen as the subdomain for the Dirichlet problems in
a Dirichlet{Neumann method similar to (3.3.33){(3.3.37) since otherwise pure
indeterminate Neumann problems occur.

Alternatively, one can consider T = 
 1 as a subset of a ring-shaped domain
with 
 1 \ 
 2 = � 1 [ � 2. Note, however, that we have� j � 2 ; � j � 2 =2 H 1=2

00 (� 2)
in the counterexample. In order to still apply the considerations above, one
can think of the following modi�cation for arbitrary " > 0. Choose� and �
to be constantly 0 on the edges between (� 1; 1) and (� 2 + "; 2 � " ) as well as
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Figure 3.4: Harmonic function satisfying (3.3.53) around (0; � 1)

between (1; 1) and (2 � "; 2 � " ), and then to be linear between the value 0 and
the value 1 which has to be assumed on the vertices (� 2; 2) and (2; 2). At least
this construction gives � j ~� ; � j ~� 2 H 1=2

00 (~�) with a subset ~� � @Tcontained in
an arbitrarily small neighbourhood of � 2.

In addition to what has been considered above, there are alsocounterexamples
on domains 
 � R2 for the case of connected and smaller interfaces �� @
.
Figure 3.4 illustrates such an example on 
 = [ � 1; 1]� [� 1; 1] in which we have
chosen � = [ � 1; 1] � f� 1g. The plot shows an approximation of the harmonic
function u on 
 with piecewise linear and continuous Dirichlet boundar y values
satisfying uj@
 n� = 0 and

u(x; � 1) = sign( x2 � 0:25) + 1:1 8x 2 ~�

on a subset~� � � for which � n~� is a small neighbourhood of the points (� 1; 1),
(� 0:5; � 1), (0:5; � 1) and (1; � 1). Although we do not have an analytical ex-
pression foru on 
 and we cannot prove that the normal derivative of u across
the connected component �0 of ~� containing (0 ; � 1) is negative, it is quite obvi-
ous from the plot in Figure 3.4 that this is the case. Consequently, (3.3.53) holds
on � 0, which is the basis for a similar construction as above for our analytical
example, leading to the non-monotonicity (3.3.51).
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3.3.5 Numerical example in 2D

The purpose of this subsection is to apply our nonlinear Dirichlet{Neumann
method to a problem in two space dimensions. Although the counterexamples
in Subsection 3.3.4 rule out a similar proof for the convergence of this method
in a 2D-setting as done in 1D for Proposition 3.3.7, it turns out that the method
works quite well in this case, too.

We consider the transmission problem (3.3.11){(3.3.13) onthe Yin Yang do-
main 
 within a circle of radius 1 as shown in Figure 3.5. We denote the white
subdomain together with the grey circleB1 by 
 1 and the grey subdomain with
the white circle B2 by 
 2.

Furthermore, we select the data

f (x) = ( � 1)i on B i ; i = 1 ; 2; f (x) = 0 elsewhere (3.3.56)

and the nonlinearities

ki (pi ) =

(
K h maxf (� pi )� 3� i � 2; cg for pi � � 1

1 for pi � � 1
(3.3.57)

with certain parameters � i and c > 0 to be speci�ed below.

This choice is motivated by the state equations of Brooks{Corey and Burdine for
the relative permeability in saturated-unsaturated porous media with di�erent
soils that we introduced in (1.2.9){(1.2.11), see also Subsection 1.4.3. In this
way, our model problem can be regarded as a nondegenerate stationary Richards
equation without gravity in a heterogeneous setting as in Subsection 3.2.3.

Note that pi < � 1 characterizes the unsaturated region which is separated by
a free boundary from the linear, saturated regime occurringfor pi � � 1. Here,
the adimensional entity � 1 represents the bubbling pressurepb, see Section 1.3.
In agreement with realistic hydrological data as in Subsection 1.4.1 we choose
it to be equivalent to the negative pressure of 0:1 meters of a water column.

We recall from Section 1.2 that the parameters� 1 and � 2 in 
 1 and 
 2, respec-
tively, are known as pore size distribution factors. According to Rawls et al.
[77, Table 5.3.2] we choose them in an extreme manner as

� 1 = 1 :0 (coarse sand)

� 2 = 0 :1 (�ne clay) :
(3.3.58)

The factor K h = 0 :002 is a realistic hydraulic conductivity in the case of full
saturation (see Subsection 1.4.1). The parameterc = 0 :1 > 0 is introduced to
enforce ellipticity (compare Subsection 1.4.3). The convergence results worsen
if c is chosen smaller and forc = 0 we do not observe convergence of the method.

The choice of the data f which results in a strong sink in B1 and a strong
source in B2 (due to the small value of K h) and our special choice of 
1
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Figure 3.5: Yin Yang domain 

Figure 3.6: Solution p on 
 with

free boundary (black line)

and 
 2 ensure that the free boundary has a nontrivial intersection with the
interface � = 
 1 \ 
 2. Since we apply the Dirichlet{Neumann scheme (3.3.33){
(3.3.37), we hereby make sure that step (3.3.34) is nonlinear.

The free boundary can be seen in Figure 3.6 which shows the numerical solu-
tion p on 
 obtained on the 6th level with the ranges [ � 56:1; 0:9] in 
 1 and
[� 7:3; 3:0] in 
 2. Here, the pressure of one meter of a water column is used as
the unit.

We discretize the problem using piecewise linear �nite element spaces on each of
the two subdomains, see Remark 3.3.9. The linear problems onthe subdomains
are solved by a linear multigrid method which occurs as the method discussed
in Section 2.7 when there are no nonlinearities.

In contrast to Section 2.8, the implementation for this test case has been
performed in the numerics environment DUNE [12] using the grid manager
from UG [11]. This also applies to all the following numerical examples pre-
sented in this work. For the visualization of the corresponding results we make
use of the toolbox AMIRA [89].

Figure 3.7 shows the average convergence rates� of the Dirichlet{Neumann
iteration with respect to the damping parameter # on the �rst 6 levels as in-
dicated by numbers at the graphs of the functions. The convergence rates are
given with respect to the transformed variables uk

i and are measured in the
energy normsai (�; �)1=2 on Vi for i = 1 ; 2, which are induced by the sti�ness
matrices on the relevant �nite element spaces.

More precisely, with initial iterates u0
i = 0 for i = 1 ; 2, the Dirichlet{Neumann

iteration is carried out until the relative error satis�es
� P 2

i =1 ai (un
i � un� 1

i ; un
i � un� 1

i )
� 1=2

� P 2
i =1 ai (un� 1

i ; un� 1
i )

� 1=2
< 10� 12 (3.3.59)

for somen � 0. Then we calculate� as the maximum of the geometric means
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Figure 3.7: � vs. damping parameter# on levels 1 to 6

of the rates � P 2
i =1 ai (uk

i � un
i ; uk

i � un
i )

� 1=2

� P 2
i =1 ai (uk� 1

i � un
i ; uk� 1

i � un
i )

� 1=2
(3.3.60)

for 1 � k � ~n over all ~n < n (note that we get zero for ~n = n). Each of the local
problems on the subdomains is solved by 50 multigrid iterations which leads to
numerically exact solutions.

We use a grid hierarchy of 7 levels resulting from a uniform mesh re�nement of
the coarse grid with 169 nodes depicted in Figure 3.5. In thisway, we obtain
about 940,000 nodes on the �nest mesh on 
 corresponding to about 938,000
unknowns on the 7th level.

As can be seen in Figure 3.7, we need quite small damping parameters for
the Dirichlet{Neumann iteration to converge. Moreover, th e convergence rate
as a function of the damping parameter depends on the re�nement level: On
higher levels more damping is necessary in order to obtain convergence at all.
Furthermore, the �ner the grid the smaller the optimal dampi ng parameter#opt

and the bigger the optimal convergence rate� opt = � (#opt) become.

However, this e�ect seems to stabilize on higher levels. Figures 3.8 and 3.9
show the dependency of#opt and � opt, respectively, with respect to the levels 1
to 7. It turns out that we have #opt = 0 :175 on the levels 5 (with� opt = 0 :762)
and 6 (with � opt = 0 :765) and #opt = 0 :17 on level 7 (with � opt = 0 :770).

In Berninger et al. [16], where this numerical example has �rst been addressed,
the situation concerning the 5th level in Figure 3.7 and the constant convergence
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Figure 3.9: � opt vs. re�nement level

rates for #opt = 0 :175 on levels 1 to 6 have been presented. Now, Figure 3.7
indicates that level-independence of the convergence rates is obtained if and
only if the damping parameter is at most #opt corresponding to the �nest level
considered.

3.4 Nonlinear Robin method

In the last section we discussed a Dirichlet{Neumann methodfor elliptic trans-
mission problems related to the nondegenerate stationary Richards equation
without gravity. This section is devoted to the discussion of Robin's method
for a larger class of non-overlapping nonlinear domain decomposition problems
on two subdomains containing the problems treated in Section 3.3 but which
also includes our implicit-explicitly time-discretized Richards equation (3.2.19)
in the nondegenerate case (see Subsection 1.4.3). We carry out a similar anal-
ysis for this problem class as done in Section 3.3 although our considerations
need to be more sophisticated this time.

First, in Subsection 3.4.1, we present our domain decomposition problem both
in the physical and in the Kirchho�{transformed variables a nd we introduce
the nonlinear Robin method for an iterative solution of this problem. It turns
out that the Robin boundary value problems that occur in the i teration are
uniquely solvable if natural conditions hold.

In Subsection 3.4.2 we derive an equivalent formulation of our domain decom-
position problem in terms of an interface equation involving nonlinear Steklov{
Poincar�e operators. Furthermore, the Robin method can be expressed by these
operators which leads us to a nonlinear ADI method for the solution of the
interface equation. With regard to a convergence analysis we also introduce an
altered version of this ADI method which is equal to the latter in one space
dimension.
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In Subsection 3.4.3 we develop a convergence analysis for the altered ADI or
the altered Robin method which extends existing results forthe linear case in
Discacciati [33, Chapter 5]. Based on a contraction argument as in Subsec-
tion 3.3.3 we get the same su�cient conditions on the Steklov{Poincar�e oper-
ators as obtained there (namely Lipschitz continuity and strong monotonicity)
which ensure convergence.

Finally, in Subsection 3.4.4, we examine these su�cient conditions in more
detail in one space dimension for the nondegenerate Richards equation in het-
erogeneous soil. This leads us to the convergence of the Robin method and
the well-posedness of the original domain decomposition problem if natural
conditions on the nonlinearities are satis�ed. Unfortunately, the same coun-
terexamples as given in Subsection 3.3.4 also apply in the case and the method
of proof considered here.

Subsection 3.4.5 contains a short presentation of the spacediscretization and
the numerical treatment of the subproblems occurring in the Robin iteration
procedure for the Richards equation (still neglecting gravity which is discussed
in Section 4.2). Basically, this can be carried out analogously as presented in
Chapter 2. Moreover, analogously as in Subsections 3.4.3 and 3.4.4, a conver-
gence result is obtained for the discrete Robin method in onespace dimension.

This section ends with numerical tests for the Robin method in two space
dimensions which can be found in Subsection 3.4.6. In a �rst part we compare
the Robin method with the Dirichlet{Neumann method when app lied to the
Yin Yang example in Subsection 3.3.5. In a second part of Subsection 3.4.6
the Robin method is applied to a time-dependent case of the Richards equation
without gravity in heterogeneous soil. We obtain reasonable results for the
performance of the Robin method in both cases.

3.4.1 Robin method for elliptic problems related to the time -
discretized nondegenerate Richards equation

In this subsection we introduce our class of transmission problems with a fo-
cus on the Richards equation. As already seen before, for example in Subsec-
tion 3.3.2, these problems are transformed by Kirchho� transformations. We
give both strong and weak formulations. Then we introduce the Robin method
for such problems, which we discuss in the sequel and for which we give an
existence and uniqueness result concerning the solvability of the subproblems.
For the latter we need to apply and extend the theory on convexminimization
problems which we presented in Section 2.3.

As in Subsection 3.3.2 suppose 
 � Rd is a bounded Lipschitz domain and
f 2 L 2(
). We consider a non-overlapping decomposition of 
 in 
 1 and 
 2

as in Figure 3.2 with a Lipschitz continuous interface � = 
 1 \ 
 2. In light
of Theorem 3.2.4, De�nition 3.2.7 gives sense to certain problems of �nding a
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function p on 
 with pj@
 = 0 such that

� (x; p) � div ( kr (x; � (p)) r p) = f in 
 : (3.4.1)

Such problems arise from an implicitly time-discretized Richards equation with
an explicit treatment of the gravitational term as in (3.2.1 9), and with a sat-
uration � and a relative permeability kr which are space-independent on the
subdomains only and may jump across �. Analogously as in Subsection 3.3.2,
we give a strong formulation �rst.

Given real nonnegative monotonically increasing functions � 1 and � 2 and func-
tions k1; k2 2 L 1 (R) satisfying k1; k2 � � with an � > 0 we consider the
following domain decomposition problem:

Find a function p on 
, pj 
 i = pi 2 H 1(
 i ); i = 1 ; 2; pj@
 = 0 ; such that

� i (pi ) � div( ki (pi )r pi ) = f on 
 i ; i = 1 ; 2 (3.4.2)

p1 = p2 on � (3.4.3)

k1(p1)r p1 � n = k2(p2)r p2 � n on � : (3.4.4)

If we ignore gravity and if � 1 = � 2 and k1 = k2, then Theorem 3.2.4 provides
the equivalence of (3.4.2){(3.4.4) and the corresponding global problem (3.4.1).
If gravity is included (explicitly as always in here), one should actually consider

(k1(p1)r p1 � k1(~p1)ez) � n = ( k2(p2)r p2 � k2(~p2)ez) � n on � (3.4.5)

with the solutions ~pi on 
 i , i = 1 ; 2, from the previous time step instead of
(3.4.4) since we havek1(~p1) 6= k1(~p1) in general due to k1 6= k2 even though
~p1 = ~p2 holds on �. This is hydrologically reasonable and mathematically indi-
cated (see (3.2.18)). Therefore, we point out here that all the results in this sec-
tion can easily be extended to the more general transmissionconditions (3.4.5)
which are discussed in more detail in Subsection 3.4.5, see also Remark 3.4.3.

An application of Kirchho�'s transformation (3.3.21) to (3 .4.2){(3.4.4), sep-
arately in the two subdomains 
 1 and 
 2 with the transformed functions
M i := � i � � � 1

i (see the saturation of the generalized pressure (1.3.2)), gives
the following transformed problem:

Find a function u on 
, uj 
 i
= ui 2 H 1(
 i ); i = 1 ; 2; uj@
 = 0 ; such that

M i (ui ) � � ui = f on 
 i ; i = 1 ; 2 (3.4.6)

� � 1
1 u1 = � � 1

2 u2 on � (3.4.7)

@u1
@n

=
@u2
@n

on � : (3.4.8)

Observe that just as � i the transformed M i are nonnegative, monotonically
increasing functions on the real line for i = 1 ; 2. Additionally, due to the
de�nition of Kirchho�'s transformation we have ui = 0 , pi = 0.

In order to obtain weak formulations of the transmission problems (3.4.2){(3.4.4)
and (3.4.6){(3.4.8) we use the de�nition (3.2.2) of the spacesVi , V 0

i for i = 1 ; 2

164



and the trace space �. Furthermore, we need the bilinear forms as de�ned in
(3.3.15){(3.3.17) and the L 2-scalar product

(�; � )� :=
Z

�
�� d� 8�; � 2 �

on the trace space. The norm inL 2(
 i ) will be denoted by k � k0;
 i , the norm in
H 1(
 i ) by k � k1;
 i and the norm in � by k � k� . Finally, as in Subsection 3.3.2,
let Ri ; i = 1 ; 2, be any linear continuous extension operator from � to Vi .

Now, with the help of Green's formula (1.5.9) it is easy to seethat the weak
form of (3.4.2){(3.4.4) reads as follows:

Find pi 2 Vi , i = 1 ; 2, such that

(� i (pi ); vi )
 i + bi (pi ; vi ) = ( f; v i )
 i 8vi 2 V 0
i ; i = 1 ; 2 (3.4.9)

p1j� = p2j� in � (3.4.10)

(� 1(p1); R1� )
 1 + b1(p1; R1� ) � (f; R 1� )
 1 =

� (� 2(p2); R2� )
 2 � b2(p2; R2� ) + ( f; R 2� )
 2 8� 2 � : (3.4.11)

Analogously, the weak formulation of the transformed problem (3.4.6){(3.4.8)
reads:

Find ui 2 Vi , i = 1 ; 2; such that

(M i (ui ); vi )
 i + ai (ui ; vi ) = ( f; v i )
 i 8vi 2 V 0
i ; i = 1 ; 2 (3.4.12)

� � 1
1 (u1j� ) = � � 1

2 (u2j� ) in � (3.4.13)

(M 1(u1); R1� )
 1 + a1(u1; R1� ) � (f; R 1� )
 1 =

� (M 2(u2); R2� )
 2 � a2(u2; R2� ) + ( f; R 2� )
 2 8� 2 � : (3.4.14)

Proposition 3.4.1. With our assumptions on � i and ki , i = 1 ; 2, the domain
decomposition problem (3.4.9){(3.4.11) is equivalent to its transformed version
(3.4.12){(3.4.14).

The proof is essentially the same as for Theorem 1.5.18 whichalready holds if
we havekr � � 2 L 1 (
). We just recall that kr is monotonically increasing in
hydrologically realistic situations and that, nonetheless, our assumptions onki ,
i = 1 ; 2, are enough for the weak chain rule (1.5.22) to hold. We alsorefer to
Remark 3.3.2 for an explanation that Proposition 3.4.1 is not as straightforward
as it seems to be since the commutativity� � 1

i (ui j � ) = � � 1
i (ui ) j � , i = 1 ; 2, is not

trivial.

For a general analysis of the problem (3.4.6){(3.4.8), which is of course carried
out for the weak form (3.4.12){(3.4.14), we �rst assume that some transforma-
tions � 1; � 2 : � ! � and monotonically increasing functions M 1; M 2 : R ! R
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are given. We will impose conditions on� 1; � 2 and M 1; M 2 that ensure con-
vergence of a re�ned version of the Robin method applied to (3.4.6){(3.4.8). In
analogy to Quarteroni and Valli [75, p. 16] the classical strong formulation of
the Robin method reads as follows:

Given positive parameters
 1 and 
 2 and an initial iterate u0
2 2 V2 �nd succes-

sively uk+1
1 2 V1 and uk+2

2 2 V2 for k � 0 such that

M 1(uk+1
1 ) � � uk+1

1 = f on 
 1 (3.4.15)

@uk+1
1

@n
+ 
 1 � � 1

1 uk+1
1 =

@uk2
@n

+ 
 1 � � 1
2 uk

2 on � (3.4.16)

and then

M 2(uk+1
2 ) � � uk+1

2 = f on 
 2 (3.4.17)

@uk+1
2

@n
� 
 2 � � 1

2 uk+1
2 =

@uk+1
1

@n
� 
 2 � � 1

1 uk+1
1 on � : (3.4.18)

Expressed for the original nontransformed problem (3.4.2){(3.4.4) related to
the Richards equation the Robin condition (3.4.16) translates into

k1(pk+1
1 )r pk+1

1 � n + 
 1 pk+1
1 = k2(pk

2)r pk
2 � n + 
 1 pk

2 on � (3.4.19)

and analogously for (3.4.18). As a consequence, for a �xed point �u = � (�p) of
the iteration both the physical pressure and the part ki (�pj 
 i )r �pj 
 i � n, i = 1 ; 2,
of the physical water 
ux across � are continuous. Therefore, �p would be a
solution of (3.4.2){(3.4.4), see also Remark 3.4.3.

With the help of Green's formula (1.5.9) the weak form of the Robin method
(3.4.15){(3.4.18) reads as follows: Given au0

2 2 V2 �nd successively uk+1
1 2 V1

and uk+2
2 2 V2 for k � 0 such that

(M 1(uk+1
1 ); v1)
 1 + a1(uk+1

1 ; v1) = ( f; v 1)
 1 8v1 2 V 0
1 (3.4.20)

(M 1(uk+1
1 ); R1� )
 1 + a1(uk+1

1 ; R1� ) � (f; R 1� )
 1 + 
 1(� � 1
1 uk+1

1 ; � )� =

� (M 2(uk
2); R2� )
 2 � a2(uk

2; R2� ) + ( f; R 2� )
 2 + 
 1(� � 1
2 uk

2; � )� 8� 2 �
(3.4.21)

and then

(M 2(uk+1
2 ); v2)
 2 + a2(uk+1

2 ; v2) = ( f; v 2)
 2 8v2 2 V 0
2 (3.4.22)

(M 2(uk+1
2 ); R2� )
 2 + a2(uk+1

2 ; R2� ) � (f; R 2� )
 1 + 
 2(� � 1
2 uk+1

2 ; � )� =

� (M 1(uk+1
1 ); R1� )
 1 � a1(uk+1

1 ; R1� )+( f; R 1� )
 1 + 
 2(� � 1
1 uk+1

1 ; � )� 8� 2 � :
(3.4.23)

Note that the alternating signs in front of 
 1 and 
 2 are also respected in
the weak formulation because the outward normal on � with respect to 
 2 in
(3.4.18) is � n which has to be considered for (3.4.23). Of course, we �rst have
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to check whether this method consists of well-posed subproblems generating
uniquely determined iterates. In order to clarify this, we need to apply and ex-
tend the theory of convex minimization problems given in Section 2.3 to convex
functionals given by \convex" superposition operators on � � @
 instead of 
.

Theorem 3.4.2. Let M i : R ! R be monotonically increasing, continuous
and either bounded or else H•older continuous outside of a bounded interval.
Furthermore, let � i : � ! � be a superposition operator arising from Kirch-
ho� 's transformation (3.3.21) with ki 2 L 1 (R) satisfying ki � � > 0 for
i = 1 ; 2. Then the subproblems (3.4.20){(3.4.21) and (3.4.22){(3.4.23) of the
Robin method are uniquely solvable.

Proof. We only consider the problem (3.4.20){(3.4.21) since it is symmetric to
(3.4.22){(3.4.23) and skip the indicesk and k + 1 for convenience.

Using the trace operator tr � : V1 ! � we de�ne the functional `1 on V1 by

`1 : v1 7! (f; v 1)
 1 � (M 2(u2); R2 tr � v1)
 2 � a2(u2; R2 tr � v1)

+ ( f; R 2 tr � v1)
 2 + 
 1(� � 1
2 u2; tr � v1)� 8v1 2 V1 :

`1 is linear and bounded sincetr � and R2 are. Then, one can easily see that
(3.4.20){(3.4.21) is equivalent to the variational equality

(M 1(u1); v1)
 1 + 
 1(� � 1
1 u1; tr � v1)� + a1(u1; v1) = `1(v1) 8v1 2 V1 : (3.4.24)

Now, with a primitive 	 1 of � � 1
1 we de�ne the functional  1 on V1 by

 1 : v1 7!
Z

�
	 1(v1(s)) d� (s) 8v1 2 V1 : (3.4.25)

Since the real function � � 1
1 is monotonically increasing and Lipschitz contin-

uous (Proposition 3.3.1), 	 1 is convex and di�erentiable (Lemma 2.3.6). The
latter provides the convexity of  1 (Proposition 2.3.7) and the existence of the
directional derivative @v  1(w) for any v; w 2 V1 with

@v  1(w) =
Z

�
� � 1

1 (w) � v d� = ( � � 1
1 w; tr � v)� (3.4.26)

analogously as in Proposition 2.3.9. Therefore, if we choose a convex primitive
� 1 of M 1 as in Subsection 2.3.2 (possibly withM 1 as in (2.3.25)) leading to
a convex functional � 1 on K = V1 as in Subsection 2.3.3, Proposition 2.3.11
provides the equivalence of (3.4.24) and the convex minimization problem

u1 2 V1 : F1(u1) � F1(v1) 8v1 2 V1 (3.4.27)

for the convex functional

F1 : v1 7! � 1(v1) + 
 1 1(v1) +
1
2

a1(v1; v1) � `1(v1) 8v1 2 V1 : (3.4.28)

Now, an obvious extension of Theorem 2.3.16 can be applied toshow that
(3.4.27) is uniquely solvable. This generalization can be obtained although M 1
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and � � 1
1 are not necessarily bounded since, as indicated in (2.3.25)for M 1,

H•older continuity of M 1 and � � 1
1 outside of an interval is enough to ensure the

coercivity of the functional F1. For � � 1
1 this follows with the same reasoning as

for M 1 because here, an a�ne estimate on the right hand side of (2.3.11) can
be established after an application of the trace inequality(A.2.9).

We point out that the unique solvability of a Robin boundary v alue problem for
the implicit-explicitly time-discretized Richards equat ion (in the nondegenerate
case kr � � > 0 as in Theorem 3.4.2) also holds if we include additional
Dirichlet, Neumann and Signorini-type boundary conditions, see Section 2.3.
Furthermore, as discussed in Remark 2.3.17 and in Section 2.4, the continuity
and boundedness ofM i , i = 1 ; 2, can be relaxed while still preserving the
unique solvability of the convex minimization problem (3.4.27). After a suitable
space discretization the numerical treatment of these Robin boundary value
problems for the Richards equation can be carried out by monotone multigrid,
see Subsection 3.4.5 and note Remark 3.4.28.

Unfortunately, we cannot prove Theorem 3.4.2 for general linear operators
� i : � ! �, i = 1 ; 2, which have continuous inverses. In this case one would
be tempted to deal with an additional bilinear form

(w; v) 7! (� � 1
1 tr � w; tr � v)� 8v; w 2 V1 (3.4.29)

on the right hand side of (3.4.24) instead of the contribution @v  1(w) of the
convex functional  1. However, we would need to require symmetry and non-
negativity of this bilinear form as an additional assumption in order to proceed
successfully as in the proof above. Note that if a� i : � ! � is a superposition
operator coming from a Kirchho� transformation (3.3.21), i t is linear if and
only if ki : R ! R is a constant function and in this case the corresponding
(symmetric) bilinear form (3.4.29) is nonnegative if and only if ki � 0.

Remark 3.4.3. Finally, we address the case of the Richards equation in our
time-discretized form for which (3.4.4) is replaced by the continuity (3.4.5)
of the discretized water 
ux across �. Due to the explicit tre atment of the
gravitational term, this generalization of problem (3.4.2){(3.4.4) easily �ts into
our framework in the following way. Consider (3.4.4) to be replaced by

k1(p1)r p1 � n + g1 = k2(p2)r p2 � n + g2 on �

with g1; g2 2 L 2(�). Then the linear and bounded functionals � 7! � (f; R i � )
 i ,
i = 1 ; 2, on � in the weak formulations (3.4.11) or (3.4.14) and also in (3.4.21)
and (3.4.23) need to be replaced by the functionals

� 7! � (f; R i � )
 i + ( gi ; � )� 8� 2 �

which are also linear and bounded. Of course this does not change the validity
of Theorem 3.4.2. Moreover, the rest of our theory in this section, to which we
turn now, can be extended to this more general case in the sameway.
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3.4.2 Steklov{Poincar�e formulation, equivalence of Robi n and
ADI method, and altered versions

As done in Subsections 3.3.2 and 3.3.3 for the Dirichlet{Neumann method
(3.3.33){(3.3.37), it is possible to derive a Steklov{Poincar�e formulation of the
Robin method (3.4.20){(3.4.23). This shall be carried out in the following, gen-
eralizing existing results for the linear case in Discacciati [33, Chapter 5], which
also leads to the introduction of a nonlinear ADI method and an altered version
of the Robin method. Since in contrast to (3.3.33){(3.3.37), where we only had
one nonlinearity on the interface, two nonlinearities M i and � i are involved in
each subproblem fori = 1 ; 2 now. Therefore, in the following we recapitulate
the ideas given in Section 3.3.1 in order to extend them to ournonlinear case.

In general, a classical Steklov{Poincar�e interface equation should provide an
equivalent formulation of the given problem (3.4.6){(3.4.8) in terms of a suitably
chosen interface value� corresponding to the solution on � while enforcing the
continuity of the normal derivatives (3.4.8) on the interface. More concretely,
applying the Steklov{Poincar�e operators Si , i = 1 ; 2; to � means solving a
Dirichlet subproblem in Vi with boundary values arising from the interface
value � and then providing the normal derivative Si � on � of the obtained
solution. Taking into account the sign of the normals, the continuity of the
normal derivative then just means

S1� + S2� = 0 (3.4.30)

which is already the Steklov{Poincar�e formulation of the p roblem (3.4.6){(3.4.8)
that we desired. Now, the di�culty in the analysis is often du e to the fact
that the solution of a subproblem does not only depend on� but also on the
source term f . This is why in the linear setting one usually splits linearly the
dependency of the solutionsu1 and u2 on the two inhomogeneities, i.e.f and
the boundary value � on �, thus obtaining an equation

S� = S1� + S2� = � (3.4.31)

in which the application of S is no longer dependent onf since the depen-
dency on f is completely contained in � on the right hand side, as done
in (3.3.5){(3.3.9). Due to the nonlinearities M 1 and M 2 we cannot carry out
such a splitting here. Therefore, we only split o� parts of the solutionsu1 and
u2 which are representing the source termf with regard to the main part, i.e
the partial di�erential operator in the equation, the Lapla cian, which is linear.
More concretely, analogously to (3.3.5) and fori = 1 ; 2 we consider the splitting

ui = ui (� ) + u�
i (3.4.32)

where u�
i is the solution of the linear problem

� � u�
i = f on 
 i (3.4.33)

u�
i = 0 on @
 i (3.4.34)
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with homogeneous Dirichlet boundary conditions andui (� ) is the solution of
the nonlinear problem

M i (ui (� ) + u�
i ) � � ui (� ) = 0 on 
 i (3.4.35)

ui (� ) = � i (� ) on � (3.4.36)

ui (� ) = 0 on @
 i n� (3.4.37)

which is homogeneous in the source term. With regard to the time-discretized
Richards equation we have chosen the interface value� as the retransformed
variable that has to be equal on both subdomains and that represents the phys-
ical pressure in the case of the Richards equation. Observe that the functions
ui (� ) depend nonlinearly on � , but they are also still dependent on f whose
in
uence is hidden in the solutions u�

i which occur in the problems (3.4.35){
(3.4.37) for i = 1 ; 2.

Remark 3.4.4. If 
 i are bounded Lipschitz domains andM i monotonically
increasing, continuous and either bounded or else H•older continuous outside of
a bounded interval (see (2.3.25)), we have unique solutionsui 2 Vi , i = 1 ; 2, of
the nonlinear problems

M i (ui ) � � ui = f on 
 i (3.4.38)

ui = � i (� ) on � (3.4.39)

ui = 0 on @
 i n� (3.4.40)

whose weak forms are equivalent to convex minimization problems (see Sec-
tion 2.3 and in particular Theorem 2.3.16 and Remark 2.3.17). Due to the
unique solvability of (3.4.33){(3.4.34) we also have unique solutions ui (� ) of
the problems (3.4.35){(3.4.37). The latter problems can beregarded as par-
tially homogeneous, i.e. the solutionsui (� ) \depend mainly" on � if M i and
� i , i = 1 ; 2, behave well enough, which will become clear in and is the basis of
the analysis carried out in Subsections 3.4.3 and 3.4.4 (seeProposition 3.4.14,
Corollary 3.4.18 and Lemma 3.4.21).

This fact turns out to be the main reason for the splitting of u1 and u2 whereas
the occurrence of� as the in
uence of the inhomogeneity f via u�

1 and u�
2 on

the right hand side of (3.4.31) seems to be rather pointless here. After all,
there is an in
uence of f on the left hand side and onui (� ), i = 1 ; 2, already
(compare with the advantage of� in (3.3.32) for the proof of the well-posedness
in Proposition 3.3.8, but see also the proof of Theorem 3.4.23).

Therefore, we de�ne the Steklov{Poincar�e operators in the general way as
in (3.4.30) by giving the equation

S� = S1� + S2� =
@

@n
u1 �

@
@n

u2 =
@

@n
(u1(� ) + u�

1) �
@

@n
(u2(� ) + u�

2) = 0

(3.4.41)
the following weak formulation.
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De�nition 3.4.5. Let i = 1 ; 2. AssumeRi : � ! Vi , is any linear and continu-
ous extension operator (e.g. a harmonic extension) andM i is as in Remark 3.4.4.
Then for � 2 � we de�ne the functional Si � 2 � 0 by

hSi �; � i := ( M i (ui (� ) + u�
i ); Ri � )
 i + ai (ui (� ) + u�

i ; Ri � ) � (f; R i � )
 i 8� 2 �
(3.4.42)

and we setS := S1 + S2.

Observe that well-de�nedness ofSi , i = 1 ; 2, is only guaranteed if there is a
unique solution u(� ) of (3.4.35){(3.4.37). Therefore, we always assume that
M i , i = 1 ; 2, is chosen at least as in Remark 3.4.4 from now on.

Proposition 3.4.6. Solving problem (3.4.12){(3.4.14) is equivalent to �nding
a � 2 � satisfying

S� = 0 : (3.4.43)

The solutions ui 2 Vi , i = 1 ; 2, of (3.4.12){(3.4.14) correspond to � 2 � by
ui j � = � i (� ) or equivalently ui = ui (� ) + u�

i .

Proof. By de�nition, ui = ui (� ) + u�
i satis�es (3.4.12){(3.4.13) which is the

weak form of (3.4.38){(3.4.40) for i = 1 ; 2. Therefore, � satis�es (3.4.43) by
de�nition (3.4.42) if and only if ui satis�es (3.4.14).

Following Remark 3.4.3, it is clear that if (3.4.4) is replaced by (3.4.5) for the
full Richards equation with gravity, then each normal derivative in (3.4.41) has
to be replaced by the sum of the normal derivative and the correspondinggi

for i = 1 ; 2. Of course, (3.4.42) has to be adapted, too, and Proposition 3.4.6
also holds in this general case.

Now we are ready to derive a formulation of the Robin method (3.4.20){(3.4.23)
in terms of the Steklov{Poincar�e operators. This leads to the so-calledAlter-
nating Direction Iterative (ADI) method which was �rst related to the Robin
method in Discacciati [32, pp. 4{6] for the linear case, and this also works in
our nonlinear setting. Using the notation

hI�; � i = ( �; � )� 8�; � 2 � (3.4.44)

we obtain

Proposition 3.4.7. Let M i and � i , i = 1 ; 2, be as in Theorem 3.4.2. Then, with
a given � 0

2 = � � 1
2 (u0

2j� ) 2 � , the Robin method (3.4.20){(3.4.23) is equivalent
to solving successively fork � 0

h(
 1I + S1)� k+1
1 ; � i = h(
 1I � S2)� k

2; � i 8 � 2 � (3.4.45)

h(
 2I + S2)� k+1
2 ; � i = h(
 2I � S1)� k+1

1 ; � i 8 � 2 � (3.4.46)

in the sense that

uk
i = ui (� k

i ) + u�
i () � k

i = � � 1
i (uk

i j� ) 8k � 0; i = 1 ; 2; (3.4.47)

holds for the iteratesuk
i from (3.4.20){(3.4.23).
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Proof. Assume that uk
2 is the initial iterate for k = 0 or has been obtained from

(3.4.22){(3.4.23) for k � 1. Furthermore, assume that

� k
2 = � � 1

2 (uk
2j� ) (3.4.48)

holds. Let � k+1
1 be a solution of (3.4.45) and de�ne �uk+1

1 := u1(� k+1
1 ) + u�

1.
Then �uk+1

1 satis�es (3.4.20) since it is the solution of (3.4.38){(3.4.40), which
also provides

� k+1
1 = � � 1

1 (�uk+1
1j� ) : (3.4.49)

Therefore, �uk+1
1 also solves (3.4.21) due to (3.4.48). Since (3.4.20){(3.4.21) is

uniquely solvable due to Theorem 3.4.2,

�uk+1
1 = uk+1

1 (3.4.50)

is the solution of this Robin step.

As �uk+1
1 is uniquely determined, � k+1

1 must be a unique solution of (3.4.45).
On the other hand, there exists a solution �� k+1

1 of (3.4.45) because with the
existing solution uk+1

1 of (3.4.20){(3.4.21) the function

�� k+1
1 := � � 1

1 (uk+1
1j� ) (3.4.51)

satis�es (3.4.45) if uk+1
1 = u1( �� k+1

1 )+ u�
1 holds. But, indeed, due to (3.4.20) and

(3.4.51), uk+1
1 is the solution of (3.4.38){(3.4.40) with � = �� k+1

1 . This shows
the converse of the equivalence for the �rst iteration step (3.4.45).

With regard to the second step (3.4.46), one can use (3.4.50)besides (3.4.49)
instead of (3.4.48) in order to derive �uk+1

2 = uk+1
2 for �uk+1

2 = u2(� k+1
2 ) + u�

2 and
the unique solvability of (3.4.46). The reasoning is the same as just seen for the
�rst step. Therefore, since (3.4.48) holds fork = 0, we can conclude inductively
that the iterates � k

i give the iterates uk
i by (3.4.47) and vice versa.

The iteration (3.4.45){(3.4.46) is a nonlinear extension of the ADI method which
was introduced in Peaceman and Rachford [74] on an algebraiclevel and fur-
ther investigated e.g. in Wachspress and Habetler [95], Wachspress [94] and
Varga [92]. A nonlinear ADI method (involving a linearizati on) for the solution
of the Richards equation without gravity in homogeneous soil with Signorini-
type boundary conditions is given in Hornung [50]. A convergence theory for
a nonlinear version of the ADI method concerning monotone operators which
act on a Hilbert space can be found in Lions and Mercier [66]. With regard
to an analysis of the ADI method in connection to the Robin method for the
linear case see Discacciati [32] or [33, Chapter 5], where one can also �nd the
analysis that shall be generalized in the following. As in Lions and Mercier [66]
this will lead us to monotonicity conditions for the Steklov {Poincar�e opera-
tors Si : � ! � 0 (see Theorem 3.4.12 and Remark 3.4.26).

Due to the just derived invertibility of the operators invol ved, the operator
T
 1 ;
 2 : � ! � providing the iteration � k+1

2 = T
 1 ;
 2 � k
2 in (3.4.45){(3.4.46) is

given by

T
 1 ;
 2 = ( 
 2I + S2)� 1(
 2I � S1)( 
 1I + S1)� 1(
 1I � S2) : (3.4.52)
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Proposition 3.4.8. Let M i and � i , i = 1 ; 2, be as in Theorem 3.4.2. Any �xed
point u2 2 V2 (corresponding to u1 2 V1) of the Robin method (3.4.20){(3.4.23)
is a solution of the domain decomposition problem (3.4.12){(3.4.14) and vice
versa, and it provides a �xed point � = u2j� 2 � of T
 1 ;
 2 : � ! � in (3.4.52).
Conversely, any �xed point � 2 � of the operator T
 1 ;
 2 provides a �xed point
u2 = u2(� )+ u�

2 of the Robin method (3.4.20){(3.4.23). Finally, any �xed point
� 2 � of T
 1 ;
 2 : � ! � is a solution of the Steklov{Poincar�e interface equation
S� = 0 and vice versa.

Proof. Let u2 2 V2 (corresponding tou1 2 V1) be a �xed point of the Robin iter-
ation (3.4.20){(3.4.23). Then subtracting (3.4.23) from (3.4.21) with u1 = uk+1

1
and u2 = uk

2 = uk+1
2 we obtain

(� � 1
1 u1; � )� = ( � � 1

2 u2; � )� 8� 2 � ; (3.4.53)

i.e. � � 1
1 (u1j� ) = � � 1

2 (u2j� ) in L 2(�) (in particular almost everywhere on �) and
therefore in �. Now, adding 
 2 � (3.4.21) to 
 1 � (3.4.23) with u1 = uk+1

1 and
u2 = uk

2 = uk+1
2 and considering (3.4.53) gives (3.4.14), i.e.u1 2 V1, u2 2 V2 is

a solution of the domain decomposition problem (3.4.12){(3.4.14).

Conversely, if u1 2 V1, u2 2 V2 satisfy (3.4.12){(3.4.14) one obtains (3.4.53)
from (3.4.13) and therefore (3.4.21) and (3.4.23) from (3.4.14) with u1 = uk+1

1
and u2 = uk

2 = uk+1
2 .

Furthermore, the �xed points of the Robin method (3.4.20){( 3.4.23) and the
ADI method (3.4.45){(3.4.46) coincide in the asserted way due to Proposi-
tion 3.4.7.

Finally, since the �xed points of T
 1 ;
 2 : � ! � and the solutions of the domain
decomposition problem (3.4.12){(3.4.14) correspond to each other in the way
described, Proposition 3.4.43 entails the last assertion.

For a rigorous analysis we replace the identity operatorI on � inducing bounded
linear functionals on � via (3.4.44) by the bounded linear operator I : � ! � 0

from the Riesz representation theorem (see e.g. [98, p. 222]). The latter can be
de�ned as

I � 2 � 0 : (I �; � )� 0 = h�; � i 8 � 2 � 0 (3.4.54)

where (�; �)� 0 denotes the scalar product in � 0. Consequently, we have

hI �; � i = ( I �; I � )� 0 = ( �; � )� : (3.4.55)

Therefore, if we replaceI by I in (3.4.52), we replace theL 2-scalar products

(� � 1
i uk+1

i ; � )� ; i = 1 ; 2 ; and (� � 1
2 uk

2; � )�

in (3.4.20){(3.4.23), k � 0, by the corresponding scalar products in �

(� � 1
i uk+1

i ; � )� ; i = 1 ; 2 ; and (� � 1
2 uk

2; � )� :
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Consequently, we consider another iterative method instead of the classical
weak formulation of the Robin method given in (3.4.20){(3.4.23). Note that
this di�erence is not yet re
ected in the strong Robin bounda ry condition

@
@n

w + 
w on �

for 
 > 0. The usual weak treatment of the quantities @
@n w and w as in

(3.4.20){(3.4.23) is to interpret them as elements of �0 induced by the L 2-scalar
product. This is natural for @

@n w for which Green's formula (1.5.9) provides
the weak form. In what is to come, the element of �0 arising from the second
quantity w shall be induced by the scalar product in � 0 via Riesz's operatorI
as shown above. The corresponding iterative method reads:

For a given u0
2 2 V2 �nd successively uk+1

1 2 V1 and uk+2
2 2 V2 for k � 0 such

that

(M 1(uk+1
1 ); v1)
 1 + a1(uk+1

1 ; v1) = ( f; v 1)
 1 8v1 2 V 0
1 (3.4.56)

(M 1(uk+1
1 ); R1� )
 1 + a1(uk+1

1 ; R1� ) � (f; R 1� )
 1 + 
 1(� � 1
1 uk+1

1 ; � )� =

� (M 2(uk
2); R2� )
 2 � a2(uk

2; R2� ) + ( f; R 2� )
 2 + 
 1(� � 1
2 uk

2; � )� 8� 2 �
(3.4.57)

and then

(M 2(uk+1
2 ); v2)
 2 + a2(uk+1

2 ; v2) = ( f; v 2)
 2 8v2 2 V 0
2 (3.4.58)

(M 2(uk+1
2 ); R2� )
 2 + a2(uk+1

2 ; R2� ) � (f; R 2� )
 1 � 
 2(� � 1
2 uk+1

2 ; � )� =

� (M 1(uk+1
1 ); R1� )
 1 � a1(uk+1

1 ; R1� )+( f; R 1� )
 1 � 
 2(� � 1
1 uk+1

1 ; � )� 8� 2 � :
(3.4.59)

We shall call this new iterative method the altered Robin method.

Remark 3.4.9. We point out, that it seems unclear if (3.4.56){(3.4.57) and
(3.4.58){(3.4.59) are equivalent to convex minimization problems or uniquely
solvable at all. So on the one hand, the application of monotone multigrid for
the equations arising from (3.4.56){(3.4.57) and (3.4.58){(3.4.59) on the discrete
level might be ruled out, and on the other hand we have toassume the

unique solvability of (3.4.56){(3.4.57) and (3.4.58){(3. 4.59) (3.4.60)

here. Obviously, we need to assume the well-de�nedness of the Steklov{Poincar�e
operators in the �rst place. With this assumption, however, we can establish
a convergence analysis for the altered Robin method to whichwe turn in the
next subsection and which leads to natural conditions on theSteklov{Poincar�e
operatorsSi or, more speci�cally, on the nonlinearities M i and � i , i = 1 ; 2, that
guarantee convergence.

In order to see that this assumption is not arti�cial note tha t it is certainly
satis�ed in one space dimension. In this case � only containsone point such
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that the altered Robin method and the classical one (3.4.20){(3.4.23) coincide
with I = I and equality of (�; �)� and (�; �)� since here � = L 2(�) is just the one
dimensional Hilbert space (R; j � j ). At least in the one-dimensional case we ob-
tain convergence of the Robin method for the implicit-explicitly time-discretized
Richards equation in the nondegenerate setting (see Subsection 1.4.3) which we
prove in Subsection 3.4.4.

It is straightforward to see and it will be helpful in our furt her analysis that
Propositions 3.4.7 and 3.4.8 carry over to the altered Robinmethod.

Proposition 3.4.10. With the assumption (3.4.60) the altered Robin method
(3.4.56){(3.4.59) is equivalent to the altered ADI method

h(
 1I + S1)� k+1
1 ; � i = h(
 1I � S2)� k

2; � i 8 � 2 � (3.4.61)

h(
 2I + S2)� k+1
2 ; � i = h(
 2I � S1)� k+1

1 ; � i 8 � 2 � (3.4.62)

for given � 0
2 = � � 1

2 (u0
2j� ) 2 � in the same sense as in Proposition 3.4.7.

Proposition 3.4.11. We assume (3.4.60). Then the assertions of Proposi-
tion 3.4.8 also hold if we replace the Robin method (3.4.20){(3.4.23) by the
altered Robin method (3.4.56){(3.4.59) and the operator T
 1 ;
 2 : � ! � in
(3.4.52) by T
 1 ;
 2 : � ! � de�ned as

T
 1 ;
 2 = ( 
 2I + S2)� 1(
 2I � S1)( 
 1I + S1)� 1(
 1I � S2) : (3.4.63)

In the following section we deduce conditions for which the �xed points in this
proposition are existing and unique.

3.4.3 Convergence analysis for the altered Robin method via
nonlinear Steklov{Poincar�e operators

In this subsection we provide conditions �rst on the Steklov{Poincar�e opera-
tors Si : � ! � 0 and then on M i : R ! R and � i : � ! �, i = 1 ; 2, that
guarantee convergence of the altered Robin method (3.4.56){(3.4.59). We have
introduced this altered version of (3.4.20){(3.4.23) in the last subsection be-
cause this variant seems to be the \right" weak formulation of (3.4.15){(3.4.18)
for a successful convergence analysis using a contraction argument. The aim
is to prove the convergence of a transformed sequence (~� k

2)k� 0 of the sequence
(� k

2)k� 0 of iterates from (3.4.61){(3.4.62) in the Hilbert space � 0 using its nat-
ural inner product ( �; �)� 0.

As pointed out in Remark 3.4.9 we need to assume (3.4.60). Forthe proof of
the next theorem, where we deal with contractions on �0, we even require the
stronger condition


 i I + Si : � ! � 0 is invertible for i = 1 ; 2 (3.4.64)

if we are not in a one dimensional setting where this condition is satis�ed due
to Theorem 3.4.2 under reasonable conditions onM i ; � i , i = 1 ; 2. For the well-
de�nedness of the Steklov{Poincar�e operators in De�nitio n 3.4.5 we need to
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assume the conditions onM i , i = 1 ; 2, given in this theorem anyway. With
these assumptions we can prove the following generalization of a linear result
in Discacciati [33, pp. 99/100]. It is not surprising that tw o conditions that we
already encountered in Theorem 3.3.4 (see (3.3.42) and (3.3.45)) reoccur in this
case.

Theorem 3.4.12. Assume that (3.4.64) holds andM i : R ! R, i = 1 ; 2, is
monotonically increasing, continuous and either bounded or H•older continuous
outside of a bounded interval. Let
 1 = 
 2 = 
 > 0. Then for any initial iterate
� 0

2 2 � the operator T
 : � ! � de�ned by

T
 = ( 
 I + S2)� 1(
 I � S1)( 
 I + S1)� 1(
 I � S2)

provides a sequence(� k
2)k� 0 which converges in� to the unique �xed point of T


if both S1; S2 : � ! � 0 are Lipschitz continuous and strongly monotone, i.e. if
there are positive constantsci and Ci such that the following holds fori = 1 ; 2:

hSi � � Si �; � i � Ci k� � � k� k� k� 8�; �; � 2 � (3.4.65)

hSi � � Si �; � � � i � ci k� � � k2
� 8�; � 2 � : (3.4.66)

Proof. First the operator T
 is well-de�ned by assumption (3.4.60). For k � 0
we introduce the auxiliary variable ~� k

2 = ( 
 I + S2)� k
2 and rewrite � k+1

2 = T
 � k
2

as ~� k+1
2 = ~T
 ~� k

2 with the operator ~T
 : � 0 ! � 0 de�ned by

~T
 = ( 
 I � S1)( 
 I + S1)� 1(
 I � S2)( 
 I + S2)� 1 :

Then, since I : � ! � 0 is continuous, S2 : � ! � 0 is assumed to be Lipschitz
continuous and 
 I + S2 : � ! � 0 is invertible with

T
 = ( 
 I + S2)� 1 ~T
 (
 I + S2) ; (3.4.67)

it su�ces to prove the analogous statement for ~T
 and the auxiliary variables
instead of T
 and the original ones. In fact, it turns out that both operato rs

~Ti;
 : � 0 ! � 0; ~Ti;
 = ( 
 I � Si )( 
 I + Si )� 1 ; i = 1 ; 2;

are contractions under the assumptions that are imposed on the operatorsSi .
So for any ~�; ~� 2 � 0, ~� 6= ~� , and i = 1 ; 2 we consider the ratio

k ~Ti;
 ~� � ~Ti;
 ~� k2
� 0

k~� � ~� k2
� 0

=
k(
 I � Si )( 
 I + Si )� 1~� � (
 I � Si )( 
 I + Si )� 1~� k2

� 0

k~� � ~� k2
� 0

=
k(
 I � Si )� � (
 I � Si )� k2

� 0

k(
 I + Si )� � (
 I + Si )� k2
� 0

where we have introduced the auxiliary variables� = ( 
 I + Si )� 1~� 2 � and
� = ( 
 I + Si )� 1~� 2 �, � 6= � . This ratio can be reformulated as


 2kI � � I � k2
� 0 � 2
 (Si � � Si �; I � � I � )� 0 + kSi � � Si � k2

� 0


 2kI � � I � k2
� 0 + 2 
 (Si � � Si �; I � � I � )� 0 + kSi � � Si � k2

� 0
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and the Riesz representation theorem provideskI � � I � k� 0 = k� � � k� while
(3.4.54) gives (Si � � Si �; I � � I � )� 0 = hSi � � Si �; � � � i so that all that is left
to do is to �nd a positive constant c < 1 such that


 2k� � � k2
� � 2
 hSi � � Si �; � � � i + kSi � � Si � k2

� 0


 2k� � � k2
� + 2 
 hSi � � Si �; � � � i + kSi � � Si � k2

� 0

� c : (3.4.68)

Now, exploiting �rst the strong monotonicity and then the Li pschitz continuity
of Si we can estimate the left hand side in (3.4.68) by


 2k� � � k2
� � 2
c i k� � � k2

� + kSi � � Si � k2
� 0


 2k� � � k2
� + 2 
c i k� � � k2

� + kSi � � Si � k2
� 0

�

 2 � 2
c i +

kSi � � Si � k2
� 0

k� � � k2
�


 2 + 2 
c i +
kSi � � Si � k2

� 0

k� � � k2
�

� 1 �
4
c i


 2 + 2 
c i +
kSi � � Si � k2

� 0

k� � � k2
�

� 1 �
4
c i


 2 + 2 
c i + C2
i

< 1:

Observe that the stronger condition (3.4.64) instead of (3.4.60) was only neces-
sary for i = 2 in the proof. Note, in addition, that in contrast to Theore m 3.3.4,
which plays the same role in Section 3.3 as Theorem 3.4.12 here, the above
result does not guarantee the existence of an upper bound� max 2 (0; 1) for
convergence rates of the convergence� k

2 ! � since the operatorT
 providing
the sequence (� k

2)k� 0 is only a composition (3.4.67) of continuous operators
with a contraction and may not be a contraction itself. On the other hand,
Theorem 3.4.12 guarantees the convergence� k

2 ! � for any parameter 
 > 0
whereas it is well known (and observed in Subsection 3.3.5) that for damping
parameters above some threshold in (0; 1) the Dirichlet{Neumann method need
not converge.

In what is to come we give conditions onM i : R ! R and � i : � ! �, i = 1 ; 2,
under which the assumptions (3.4.65) and (3.4.66) are satis�ed. The following
nice result will turn out to be a fundamental tool for the furt her considerations
in this direction.

Lemma 3.4.13. Let M i : R ! R be as in Theorem 3.4.12 andH i : � ! Vi the
harmonic extension operators for i = 1 ; 2. Then for any �; � 2 � we have the
identity

(M i (ui (� ) + u�
i ) � M i (ui (� ) + u�

i ); ui (� ) � ui (� )) 
 i

+ ai (ui (� ) � ui (� ); ui (� ) � ui (� )) =

(M i (ui (� ) + u�
i ) � M i (ui (� ) + u�

i ); H i � i � � H i � i � )
 i

+ ai (ui (� ) � ui (� ); H i � i � � H i � i � ) :

(3.4.69)
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Proof. Let i = 1 ; 2. The conditions on M i provide the unique solvability of
(3.4.35){(3.4.37). The weak form of (3.4.35) reads

(M i (ui (� ) + u�
i ); vi )
 i + ai (ui (� ); vi ) = 0 8vi 2 V 0

i (3.4.70)

and due to (3.4.36) we havevi (�; � ) := ui (� ) � ui (� ) � (H i � i � � H i � i � ) 2 V 0
i

for any �; � 2 �. So setting � = � in (3.4.70) and vi = vi (�; � ) we obtain

(M i (ui (� ) + u�
i ); ui (� ) � ui (� )) 
 i + ai (ui (� ); ui (� ) � ui (� )) =

(M i (ui (� ) + u�
i ); H i � i � � H i � i � )
 i + ai (ui (� ); H i � i � � H i � i � ) (3.4.71)

while setting � = � in (3.4.70) and testing again with vi = vi (�; � ) we have

(M i (ui (� ) + u�
i ); ui (� ) � ui (� )) 
 i + ai (ui (� ); ui (� ) � ui (� )) =

(M i (ui (� ) + u�
i ); H i � i � � H i � i � )
 i + ai (ui (� ); H i � i � � H i � i � ) : (3.4.72)

Now, subtracting (3.4.72) from (3.4.71) gives the identity (3.4.69).

At �rst glance (3.4.69) looks like a special \nonlinear orthogonality" of the
di�erence ui (� ) � ui (� ) of solutions to (3.4.35){(3.4.37) and the correspond-
ing di�erence H i � i � � H i � i � of solutions to the same problem with M i = 0
for i = 1 ; 2. Note, however, that in the proof no special properties ofH i

are applied and that, in fact, (3.4.69) holds for arbitrary extension operators
Ri : � ! Vi , i = 1 ; 2. Nevertheless, we will exploit the linearity and the well-
known continuity

kH i � k1;
 i � Ck� k� 8� 2 �

with a C > 0 of the harmonic extension operators (see Quarteroni and Valli
[75, p. 8/9]) in the following analysis. Therefore, we choose Ri = H i in the
representation of the Steklov{Poincar�e operators (3.4.42) (which could of course
be any extension operator with the same properties). Beforewe turn to the main
propositions of this subsection we need an additional preliminary result which
is of interest on its own.

Proposition 3.4.14. Let i = 1 ; 2. If M i : R ! R is monotonically increasing
and Lipschitz continuous and� i : � ! � is Lipschitz continuous, then for any
given u�

i 2 V 0
i the problem (3.4.35){(3.4.37) is well-posed with respect to � .

More speci�cally, there is a well-de�ned solution operator

L i : � ! Vi ; L i � = ui (� ) ;

which is Lipschitz continuous, i.e. there is a constantC > 0 such that

kL i � � L i � k1;
 i � Ck� � � k� 8�; � 2 � :

Proof. The unique solvability of problem (3.4.35){(3.4.37) depends on the prop-
erties ofM i and has already been addressed in Remark 3.4.4. For the continuous
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dependence of the solution on the data consider the identity(3.4.69) which we
would like to abbreviate by

A = B :

In the following Ck , k = 1 ; 2; 3, are suitably chosen positive constants. Using
the monotonicity of M i (noting that ui (� ) � ui (� ) = ui (� ) + u�

i � ui (� ) � u�
i )

and the Poincar�e inequality (A.2.13), the left hand side A in (3.4.69) can be
estimated from below by

A � C1kui (� ) � ui (� )k2
1;
 i

: (3.4.73)

With the Cauchy{Schwarz inequality and the Lipschitz conti nuity of M i (with
the Lipschitz constants L (M i )), � i and H i on the right hand side B of (3.4.69)
can be estimated from above by

B � k M i (ui (� ) + u�
i ) � M i (ui (� ) + u�

i )k0;
 i kH i (� i � � � i � )k0;
 i

+ kui (� ) � ui (� )k1;
 i kH i (� i � � � i � )k1;
 i

� (L (M i ) + 1) kui (� ) � ui (� )k1;
 i kH i (� i � � � i � )k1;
 i

� C2kui (� ) � ui (� )k1;
 i k� � � k� :

Taking into account the estimate (3.4.73) we obtain

kui (� ) � ui (� )k1;
 i � C3k� � � k�

as claimed.

Proposition 3.4.15. The Steklov{Poincar�e operator Si : � ! � 0, i = 1 ; 2, is
Lipschitz continuous if M i : R ! R is monotonically increasing and Lipschitz
continuous and � i : � ! � is Lipschitz continuous.

Proof. We choose�; �; � 2 �. Using (3.4.42) with Ri = H i and we obtain

hSi � � Si �; � i � j (M i (ui (� ) + u�
i ) � M i (ui (� ) + u�

i ); H i � )
 i j

+ jai (ui (� ) � ui (� ); H i � )j : (3.4.74)

Applying the Cauchy{Schwarz inequality and exploiting the Lipschitz continu-
ity of M i as in the proof of Proposition 3.4.14, the right hand side of (3.4.74)
can be estimated by

kM i (ui (� ) + u�
i ) � M i (ui (� ) + u�

i )k0;
 i kH i � k0;
 i + kui (� ) � ui (� )k1;
 i kH i � k1;
 i

� (L (M i ) + 1) kui (� ) � ui (� )k1;
 i kH i � k1;
 i : (3.4.75)

The assertion now follows by applying Proposition 3.4.14 aswell as the conti-
nuity of H i .
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Just as encountered for the transmission problem (3.3.11){(3.3.13) discussed
in Section 3.3 (compare Proposition 3.3.7), the monotonicity of the Steklov{
Poincar�e operators turns out to be considerably more delicate than their Lip-
schitz continuity in our more general case of problem (3.4.2){(3.4.4), too. This
is re
ected by the next proposition which does not yet provide easily veri�able
conditions that guarantee (3.4.66). But even though the estimate in this propo-
sition seems to be a bit technical, it unveils the power of ouridentity (3.4.69)
and makes space for more detailed monotonicity considerations, which we carry
out in the next subsection.

Proposition 3.4.16. The Steklov{Poincar�e operator Si : � ! � 0, i = 1 ; 2,
is strongly monotone if M i : R ! R is as in Theorem 3.4.12, � i : � ! � is
invertible with Lipschitz continuous � � 1

i and there is a constantCi > 0 such
that

(M i (ui (� ) + u�
i ) � M i (ui (� ) + u�

i ); H i � � H i � )
 i

+ ai (ui (� ) � ui (� ); H i � � H i � )

� Ci

�
(M i (ui (� ) + u�

i ) � M i (ui (� ) + u�
i ); H i � i � � H i � i � )
 i

+ ai (ui (� ) � ui (� ); H i � i � � H i � i � )
�

:

(3.4.76)

Proof. Let i = 1 ; 2. Condition (2.3.25) on M i guarantees that (3.4.35){(3.4.37)
is uniquely solvable, and thereforeSi is well-de�ned. In the following Ck ,
k = 3 ; 4; 5, are suitable positive constants. Let�; � 2 �. Then, with Ri = H i

in (3.4.42) we have

hSi � � Si �; � � � i = ( M i (ui (� ) + u�
i ) � M i (ui (� ) + u�

i ); H i � � H i � )
 i

+ ai (ui (� ) � ui (� ); H i � � H i � ) :

Now, due to (3.4.76) and (3.4.69) we obtain

hSi � � Si �; � � � i � Ci

�
(M i (ui (� ) + u�

i ) � M i (ui (� ) + u�
i ); ui (� ) � ui (� )) 
 i

+ ai (ui (� ) � ui (� ); ui (� ) � ui (� ))
�

which can be further estimated from below by

C3kui (� ) � ui (� )k2
1;
 i

� C4k(ui (� ) � ui (� )) j � k2
� = C4k� i � � � i � k2

� � C5k� � � k2
�

(3.4.77)
using successively the monotonicity ofM i , the Poincar�e inequality (A.2.13) and
the trace inequality (A.2.9) as well as the Lipschitz continuity of � � 1

i .

Remark 3.4.17. Note that (3.4.76) could be more compactly written as

hSi � � Si �; � � � i � Ci hSi � � Si �; � i � � � i � i

in terms of the Steklov{Poincar�e operators Si , i = 1 ; 2, and the above proof
guarantees that the right hand side of this inequality can always be bounded
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from below by C5k� � � k2
� . This should not confuse since the term on the right

hand side is actually \the symmetric term" in this inequalit y. It depends on
� i � and � i � in both entries of h�; �i due to the de�nition (3.4.42) of Si , i = 1 ; 2,
based on the solutionsui = ui (� ) + u�

i of (3.4.38){(3.4.40) with ui j � = � i (� ).

With the last estimate (3.4.77) in the proof of Proposition 3.4.16 we obtain
the following result which completes Proposition 3.4.14. Recall that the unique
solvability of (3.4.35){(3.4.37), i.e. the existence ofL i , i = 1 ; 2, only depends
on the properties of M i .

Corollary 3.4.18. Let i = 1 ; 2. If M i : R ! R is monotonically increasing and
Lipschitz continuous and � i : � ! � invertible with Lipschitz continuous � � 1

i ,
then the solution operator L i in Proposition 3.4.14 has a Lipschitz continuous
inverse on L i (�) , i.e. there is a constant c > 0 such that

k� � � k� � ckui (� ) � ui (� )k1;
 i 8�; � 2 � :

Concluding Remarks 3.4.19. Summarizing the analysis in this section we
can establish an abstract convergence result for the altered Robin method
(3.4.56){(3.4.59) which reads:

Let i = 1 ; 2 and 
 1 = 
 2 > 0. SupposeM i : R ! R is a monotonically increasing
and Lipschitz continuous function and � i : � ! � is Lipschitz continuous and
has a Lipschitz continuous inverse. Moreover, we assume (3.4.64) and (3.4.76)
for Ci > 0. Then the altered Robin method (3.4.57){(3.4.59) providessequences
of iterates (uk

1)k� 1 and (uk
2)k� 0 converging in V1 and in V2, respectively, to the

unique solution of the domain decomposition problem (3.4.12){(3.4.14) which,
in addition, is well-posed with respect tof 2 L 2(
) .

The proof is mainly based on Theorem 3.4.12 and Propositions3.4.15 and 3.4.16
and will be carried out in detail for a more concrete one-dimensional result in
Theorem 3.4.23 to which we turn in the next subsection.

3.4.4 Convergence of the Robin method in 1D for the time-
discretized nondegenerate Richards equation in hetero-
geneous soil

The purpose of this subsection is to prove (3.4.65) and (3.4.66) in 1D for our set-
ting in Subsection 3.4.1. As already indicated at the end of the last subsection,
the main task will be the proof of (3.4.76). Note that we have already come
across a similar inequality in the proof of Proposition 3.3.7, where we derived
an inverse estimate forM i = 0 and monotonically increasing and Lipschitz con-
tinuous � i ; � � 1

i : R ! R, i = 1 ; 2, in one space dimension. The proof of (3.4.76)
in this case could be carried out with the same arguments as used there.

In the following, we prove that (3.4.76) holds in one space dimension if M i

and � i , i = 1 ; 2, are as in the setting of the implicit-explicitly time-dis cretized
Richards equation (3.4.6){(3.4.8). To achieve this we needto look more closely
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at the concrete monotonic behaviour of the solutionsui (� ) of (3.4.35){(3.4.37)
for varying � in 1D. The latter can be carried out after we have establishedthe
following regularity result for these solutions.

Lemma 3.4.20. Let 
 1 = ( a; b) and 
 2 = ( b; c) for a < b < c and i = 1 ; 2.
Suppose thatM i : R ! R satis�es the conditions in Theorem 3.4.12. Then for
any � 2 R the weak solutionui (� ) 2 Vi of (3.4.35){(3.4.37) is also a strong
solution of (3.4.35){(3.4.37) satisfying ui (� ) 2 C2(
 i ).

Proof. Let i = 1 ; 2. The conditions on M i guarantee the unique solvability of
(3.4.35){(3.4.37) in the weak sense (see Remark 3.4.4). Since (3.4.33){(3.4.34)
is also uniquely solvable in the weak sense (f j 
 i

2 L 2(
 i ) is always assumed)
and the Sobolev embedding theorem (2.5.36) providesui (� ); u�

i 2 C(
 i ) in 1D,
we also have

M i (ui (� ) + u�
i ) 2 C(
 i ) (3.4.78)

becauseM i : R ! R is continuous. The weak form of (3.4.35) reads
Z


 i

M i (ui (� ) + u�
i ) vi dx +

Z


 i

ui (� )0v0
i dx = 0 8vi 2 V 0

i : (3.4.79)

Now consider i = 1. Due to (3.4.78) the primitive
R �

a M 1(u1(� ) + u�
1) ds is in

C1(
 1) \ V1 such that weak partial integration (A.2.11) gives
Z


 1

M 1(u1(� ) + u�
1) v1 dx = �

Z


 1

� Z �

a
M 1(u1(� ) + u�

1) ds
�

v0
1 dx 8v1 2 V 0

1 :

Consequently, (3.4.79) provides
Z


 1

�
u1(� )0 �

Z �

a
M 1(u1(� ) + u�

1) ds
�

v0
1 dx = 0 8v1 2 V 0

1 (3.4.80)

or equivalently
a1(w1; v1) = 0 8v1 2 V 0

1 (3.4.81)

for the function w1 2 V1 � C(
 1) de�ned by

w1 = u1(� ) �
Z �

a

Z x

a
M 1(u1(� ) + u�

1) ds dx :

In case of i = 2 we can argue in the same way as fori = 1 by replacing the
homogeneous Dirichlet boundarya by c. Now, again for both i = 1 ; 2, it is well
known that the energy scalar product ai (�; �) induces an equivalent norm onVi

(see (A.2.13)) such that (3.4.81) entails

(wi ; ' i )
 i = 0 8' i 2 C1
0 (
 i )

for the L 2-scalar product with the dense subsetC1
0 (
 i ) of L 2(
 i ) (or of V 0

i ). We
concludewi = 0 in L 2(
 i ), and sincewi ; ui (� ) 2 C(
 i ) we obtain the identities

ui (� ) =
Z �

a

Z x

a
M i (ui (� ) + u�

i ) ds dx and ui (� )00= M i (ui (� ) + u�
i ) (3.4.82)

pointwise on 
 i and with a replaced by c for i = 2.
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Lemma 3.4.21. Let 
 1 = ( a; b) and 
 2 = ( b; c) for a < b < c and i = 1 ; 2.
Suppose thatM i : R ! R satis�es the conditions in Theorem 3.4.12 and� i is a
monotonically increasing real function. Then for real � � � the solutions ui (� )
and ui (� ) of (3.4.35){(3.4.37) satisfy

ui (� ) � ui (� ) on 
 i (3.4.83)

u1(� )0 � u1(� )0 on 
 1 (3.4.84)

u2(� )0 � u2(� )0 on 
 2 : (3.4.85)

Proof. For the proof of (3.4.83) we �rst consider i = 1. Suppose the func-
tions u1(� ) and u1(� ) coincide in a point x 2 (a; b], then they coincide on the
whole interval [a; x] due to the unique solvability of the convex subproblem
(3.4.35){(3.4.37) for i = 1 restricted to [ a; x] which is guaranteed by the as-
sumptions on M 1, see Remark 3.4.4. Since� 1 is monotonically increasing and
u1(� ) = u1(� ) for � 1� = � 1� we can assume� 1� > � 1� . Then, due to the
continuity of u1(� ) and u1(� ) provided by (2.5.36), we concludeu1(� ) > u 1(� )
on an interval (x; b] wherex is either a or the maximum of the elements in [a; b)
in which u1(� ) and u1(� ) coincide. This showsu1(� ) � u1(� ) on 
 1.

u2(� ) � u2(� ) on 
 2 follows analogously.

We turn to the proof of (3.4.84) and (3.4.85). Sinceui (� )00= M i (ui (� ) + u�
i ),

i = 1 ; 2, holds for any real � due to Lemma 3.4.20, we can write

u1(� )0 =
Z �

a
M 1(u1(� ) + u�

1) ds (3.4.86)

with the homogeneous boundary condition ina. Due to u1(� ) � u1(� ) on 
 1

we also haveu1(� ) + u�
1 � u1(� ) + u�

1 on 
 1, and since M 1 is monotonically
increasing we conclude

u1(� )0 � u1(� )0 =
Z �

a
(M 1(u1(� ) + u�

1) � M 1(u1(� ) + u�
1)) ds � 0 on 
 1 :

Arguing in the same way for i = 2 we obtain instead

u2(� )0 � u2(� )0 =
Z �

c
(M 2(u2(� ) + u�

2) � M 2(u2(� ) + u�
2)) ds � 0 on 
 2

with the homogeneous boundary condition inc and the reversed direction of
integration on 
 2.

We remark that it seems unclear whether the estimates (3.4.83) are strict in-
equalities on 
 i if � i , i = 1 ; 2, are strictly increasing. On the other hand, in the
Richards equation we usually have continuousM i and M i � 0 (or evenM i > 0).
Then, due to ui (� )00= M i (ui (� )+ u�

i ) we obtain (strict) convexity of ui (� ) on 
 i

and therefore (strict) monotonicity of ui (� )0 on at most two subintervals of 
 i .
Note that this implies ui (0) � 0 (or even ui (0) < 0) on 
 i for i = 1 ; 2. Finally,
observe that the solutions ui = ui (� ) + u�

i of the inhomogeneous subproblems
(3.4.38){(3.4.40) also satisfy the inequalities (3.4.83){(3.4.85).
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The next proposition can be regarded as corresponding to Proposition 3.3.7 for
the problem considered in the last section. As done there, weapply the concrete
form of the harmonic extension operatorsH i , i = 1 ; 2, in one space dimension
in the proof of this crucial result.

Proposition 3.4.22. Let 
 1 = ( a; b) and 
 2 = ( b; c) for a < b < c and i = 1 ; 2.
Suppose thatM i : R ! R satis�es the conditions in Theorem 3.4.12 and� i is
monotonically increasing and Lipschitz continuous. Then (3.4.76) is satis�ed
for Ci = L(� i )� 1 with the Lipschitz constant L (� i ) of � i .

Proof. Suppose without loss of generality� > � . Then, considering �rst i = 1
we have for anyx 2 (a; b)

(H1� � H1� )(x) =
� � �
b� a

(x � a)

�
� 1� � � 1�

L (� 1)(b� a)
(x � a) =

1
L(� 1)

(H1� 1� � H1� 1� )(x) � 0

which obviously entails

(M 1(u1(� ) + u�
1) � M 1(u1(� ) + u�

1); H1� � H1� )
 1

�
1

L (� 1)
(M 1(u1(� ) + u�

1) � M 1(u1(� ) + u�
1); H1� 1� � H1� 1� )
 1

because (3.4.83) givesu1(� ) + u�
1 � u1(� ) + u�

1 and the monotonicity of M 1

provides M 1(u1(� ) + u�
1) � M 1(u1(� ) + u�

1) � 0 on 
 1. Analogously, considering
i = 2 we obtain for any x 2 (b; c)

(H2� � H2� )(x) =
� � �
c � b

(c � x)

�
� 2� � � 2�

L (� 2)(c � b)
(c � x) =

1
L(� 2)

(H2� 2� � H2� 2� )(x) � 0

and argue in the same way.

Furthermore, for i = 1 we can estimate from below

r (H1� � H1� ) =
� � �
b � a

�
� 1� � � 1�

L (� 1)(b� a)
=

1
L(� 1)

r (H1� 1� � H1� 1� ) � 0

which leads to

a1(u1(� ) � u1(� ); H1� � H1� ) �
1

L (� 1)
a1(u1(� ) � u1(� ); H1� 1� � H1� 1� )

since we haver (u1(� ) � u1(� )) � 0 on 
 1 due to (3.4.84). In the casei = 2 we
estimate from above

r (H2� � H2� ) = �
� � �
c � b

� �
� 2� � � 2�

L (� 2)(b� a)
=

1
L(� 2)

r (H2� 2� � H2� 2� ) � 0

which then gives again

a2(u2(� ) � u2(� ); H2� � H2� ) �
1

L (� 2)
a2(u2(� ) � u2(� ); H2� 2� � H2� 2� )

since we now haver (u2(� ) � u2(� )) � 0 on 
 2 because of (3.4.85).
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Collecting the results of this and the previous subsectionswe obtain the main
theorem of this section. It states the convergence of the Robin method (3.4.15){
(3.4.18) for the domain decomposition problem (3.4.6){(3.4.8) and its original
version (3.4.2){(3.4.4) concerning the Richards equationand, in addition, it
asserts the well-posedness of these problems in one space dimension.

Theorem 3.4.23. Let 
 1 = 
 2 > 0, a < b < c and 
 1 = ( a; b) and 
 2 = ( b; c).
SupposeM i : R ! R are monotonically increasing and Lipschitz continuous and
� i : R ! R are monotonically increasing, Lipschitz continuous and invertible
with Lipschitz continuous � � 1

i for i = 1 ; 2.

Then the Robin method (3.4.20){(3.4.23) provides sequences (uk
1)k� 1 as well

as (uk
2)k� 0 of iterates converging in V1 and in V2, respectively, to the unique

solution of the domain decomposition problem (3.4.12){(3.4.14).

Furthermore, the domain decomposition problem (3.4.9){(3.4.11) has a unique
solution to which the sequences(� � 1

1 uk
1)k� 1 and (� � 1

2 uk
2)k� 0 of the retransformed

iterates converge inV1 and in V2, respectively.

Finally, both domain decomposition problems (3.4.12){(3.4.14) and (3.4.9){
(3.4.11) are well-posed with respect to the dataf 2 L 2([a; c]).

Proof. Let i = 1 ; 2. By Theorem 3.4.2 the conditions onM i : R ! R guarantee
the unique solvability of the subproblems (3.4.20){(3.4.21) and (3.4.22){(3.4.23)
as well as (3.4.64). In one space dimension the Robin method (3.4.20){(3.4.23)
and the altered Robin method (3.4.56){(3.4.59) coincide sothat Theorem 3.4.12
is applicable. With the given conditions on M i : R ! R and � i : R ! R we
obtain the Lipschitz continuity (3.4.65) of the Steklov{Po incar�e operators by
Proposition 3.4.15 and their strong monotonicity (3.4.66)by Propositions 3.4.16
and 3.4.22.

Now, Theorem 3.4.12 provides a converging sequence (� k
2)k� 0 � � for which

we have uk
2 = u2(� k

2) + u�
2 for the iterates uk

2, k � 0, from the Robin method
(3.4.20){(3.4.23) by Proposition 3.4.7. Due to Proposition 3.4.14 the conver-
gence� k

2 ! � for k ! 1 in � entails the convergence uk
2 ! u2 for k ! 1 in V2

to the unique solution u2 = u2(� )+ u�
2 on 
 2 of the domain decomposition prob-

lem (3.4.12){(3.4.14) since� is the unique �xed point of T
 (Proposition 3.4.8
and Theorem 3.4.12).

Since (� k
2)k� 0 converges in �, so does (� k

1)k� 1 because we have

� k+1
1 = ( 
 I + S1)� 1(
 I � S2)� k

2 8k � 0 (3.4.87)

due to (3.4.45) and the operators
 I � S2 : � ! � 0 and (
 I + S1)� 1 : � 0 ! �
are continuous. For the latter this is a consequence of the strong monotonicity
(3.4.66) of S1 which provides

h(
 I + S1)� � (
 I + S1)�; � � � i � (ci + 
 )k� � � k2
� 8�; � 2 �

with h
 I (� � � ); � � � i = 
 k� � � k2
� (see (3.4.55)), i.e. the Lipschitz continuity

of (
 I + S1)� 1. Now, with � k
2 ! � for k ! 1 and (3.4.87) we obtain a�� 2 �
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such that we have� k
1 ! �� for k ! 1 and

(
 I + S1) �� = ( 
 I � S2)� : (3.4.88)

However, we also have (3.4.46) which gives

� k+1
2 = ( 
 I + S2)� 1(
 I � S1)� k+1

1 8k � 0

such that we obtain
(
 I � S1) �� = ( 
 I + S2)� (3.4.89)

and adding (3.4.88) to (3.4.89) gives�� = � .

Now, with the same reasoning as above fori = 2 we obtain the convergence
uk

1 ! u1 for k ! 1 of the iterates uk
1 from the Robin method (3.4.20){(3.4.23)

in V1 to the unique solution u1 = u1(� )+ u�
1 on 
 1 of the domain decomposition

problem (3.4.12){(3.4.14).

Finally, the unique solvability of (3.4.12){(3.4.14) enta ils the unique solvabil-
ity of the original problem (3.4.9){(3.4.11) by Propositio n 3.4.1, and Theo-
rem 1.5.15 provides the convergence of the retransformed iterates to this unique
physical solution p on 
 with pj 
 i = pi in Vi , i = 1 ; 2.

As far as the continuous dependency ofui or pi on the data f 2 L 2([a; c]) is
concerned for i = 1 ; 2, observe �rst that the convex subproblems (3.4.38){
(3.4.40) are well-posed due to Proposition 2.4.11. (This can also be obtained
directly by testing the di�erence of (3.4.38) for two soluti ons corresponding to
di�erent right hand sides with the di�erence of these soluti ons). Then another
application of Theorem 1.5.15 leads to the well-posedness of the retransformed
subproblems and therefore of (3.4.9){(3.4.11).

Remark 3.4.24. With a glance at Remark 2.3.17, we note that Theorem 3.4.23
can be extended to more generalized situations in which there are space-depen-
dent parameter functions on 
 i like the porosity n i (�) as a factor in front of � i (pi )
and the hydraulic conductivity K h;i (�) as a factor in front of ki (pi ) in (3.4.2)
for i = 1 ; 2. In contrast to Remark 2.3.17, however, we need to make sure
that these functions �t into our one-dimensional theory, in particular into the
regularity and the monotonicity results in Lemmas 3.4.20 and 3.4.21.

Going through the proofs of these lemmas, it becomes clear from (3.4.78)
and the proof of (3.4.84) and (3.4.85) that we need to choose nonnegative
n i (�) 2 C(
 i ) while K h;i (�) should be Lipschitz continuous on 
 i , i = 1 ; 2, with
K h;i (�) � c > 0 as always. ThenK h;i (�)� 1 is Lipschitz continuous on 
 i and
therefore an element ofH 1(
 i ) with ( K h;i (�)� 1)0 2 L 1 (
 i ) (see e.g. [15, p. 25]).
Therefore, the product function

K h;1(�)� 1
Z �

a
n1(s) M 1((u1(� ) + u�

1)(s)) ds

appearing in (3.4.80) instead of the primitive of M 1(u1(� ) + u�
1) is Lipschitz

continuous on 
 1 and in V1, too. Altogether, we obtain

ui (� ) =
Z �

a
K h;i (x)� 1

Z x

a
n i (s) M i ((ui (� ) + u�

i )(s)) ds dx
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and (K h;i ui (� )0)0 = n i M i (ui (� ) + u�
i ) instead of (3.4.82) pointwise on 
 i for

i = 1 ; 2 with a replaced by c for i = 2. Now, with this result the proof of
Lemma 3.4.21 can be carried out in the same way.

Remark 3.4.25. Unfortunately, we cannot extend our theory of the last two
subsections to higher space dimensions because it is based on a contraction ar-
gument for the proof of Theorem 3.4.12, which requires the strong monotonicity
(3.4.66) of the Steklov{Poincar�e operators. This property may not hold in 2D
since the same counterexamples as given in Subsection 3.3.4apply in our more
general situation if we setM i = 0 for i = 1 ; 2.

As already pointed out in Remark 3.4.17, our nonlinear Steklov{Poincar�e op-
erators Si de�ned in 3.4.42 already contain the nonlinearities � i , i = 1 ; 2, due
to the de�nition of ui (� ) as the solutions of (3.4.35){(3.4.37). Therefore, they
do not reduce to the Steklov{Poincar�e operators of Section3.3 but to the com-
position Si � i in (3.3.31) with the de�nition (3.3.29) of the well-known li near
operators Si for i = 1 ; 2.

Despite this lack of rigidness of the notation, it should notconfuse since it is jus-
ti�ed by the di�erent requirements of the convergence theory for the Dirichlet{
Neumann method (3.3.33){(3.3.37) and the Robin method (3.4.20){(3.4.23).
Recall that the convergence of the former could only be proved by the linear-
ity of the preconditioner S2 for the unsymmetric Steklov{Poincar�e interface
equation (3.3.32), whose solution� 2 is the limit of the corresponding sequence
(� k

2)k� 0 of transformed variables and occurs as a transformed physical pres-
sure � 2 = u2j� = � 2(p2j� ) = � 2(p1j� ). In contrast, the convergence of the latter
is based on the symmetric interface equation (3.3.31) to which (3.4.42) reduces
for M i = 0, i = 1 ; 2. Here, the sequence (� k

2)k� 0 of interface values in Theo-
rem 3.4.12 consists of physical variables converging to thesolution pi , i = 1 ; 2,
in the form � k

2 ! p1j� = p2j� = � for k ! 1 with � as in (3.3.31). And since
for general M i 6= 0, the Steklov{Poincar�e operators are nonlinear anyway, they
are de�ned in (3.4.42) as to contain both nonlinearities M i and � i for i = 1 ; 2.

Our treatment of the domain decomposition problem (3.3.11){(3.3.13) in Propo-
sition 3.3.7 is based on the special properties of the harmonic extension oper-
ators H i , i = 1 ; 2. Note, however, that the theory in this section and Re-
mark 3.4.24 also guarantee the convergence of the nonlinearDirichlet{Neumann
method (3.3.33){(3.3.37) if we replaceki (pi ) in (3.3.11) by K h;i (�) ki (pi ) with
space-dependent functionsK h;i (�) as in Remark 3.4.24. This can easily be seen
if we consider the function � := � 1� � 1

2 : R ! R which has the same properties
as � 1 and � 2 such that Propositions 3.4.15, 3.4.16 and 3.4.22 can be applied
on the nonlinear operator S1� 1� � 1

2 : � ! � 0 in Subsection 3.3.3. Then, well-
posedness of (3.3.11){(3.3.13) can be obtained analogously as in the proof of
Theorem 3.4.23.

Remark 3.4.26. With regard to Theorem 3.4.12 we note that in Lions and
Mercier [66] there has been done some nice analysis on a nonlinear ADI method
given by the operator

T� = ( I + �B )� 1(I � �A )( I + �A )� 1(I � �B ) : H ! H
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with � > 0 for inclusion problems

u 2 H : C(u) 3 0 (3.4.90)

involving a monotone operator C = A + B on a Hilbert spaceH on which A
and B are maximal monotone. The severe restriction which is imposed in [66]
is the assumption that (3.4.90) is solvable. Then, strong convergence of the
sequence given by au0 2 H and the iteration uk+1 = T� uk , k � 0, to the
solution u of (3.4.90), which then turns out to be unique, can be proved e.g.
if B is strongly monotone.

We remark that one can alter the proofs in [66] such that they cover the situation
of (possibly multivalued monotone) operators A; B : H ! H 0 and I replaced
by the Riesz operator I : H ! H 0. Then the results are also applicable to
our situation above with H = �, A = S1 and B = S2, however, as already
emphasized, with the assumption that a solution of (S1 + S2)� = 0 exists.

Remark 3.4.27. At the end of our discussion on the convergence of the Robin
method in the continuous setting and in view of Remark 3.4.26it seems to be in
order to comment on Lions [65], which one might regard as the classical reference
concerning the Robin method. In this paper, proofs for the convergence of the
Robin method (in di�erent topologies and in di�erent spaces) can be found for
linear cases and an arbitrary number of subdomains.

Nice variants of these proofs, which are based on \energy type" estimates, can
be found in Quarteroni and Valli [75, pp. 135{137, 242{244] for the special case
of two subdomains and a single Robin parameter
 = 
 1 = 
 2 > 0. The idea
is to deduce that the sequence of error norms tends to 0 by proving that the
series of these norms converges. Therefore, one needs to assume the existence
of a solution and one does not obtain convergence rates.

Unfortunately, these classical proofs do not seem to work for our problems
related to the Richards equation. The drawback one encounters if one follows
this approach is that the main part in the spatial derivative of the Richards
equation (see e.g. (3.4.1) and (3.4.2)) does not generate a monotone operator,
i.e. we do not have

Z


 i

�
ki (p1

i )r p1
i � ki (p2

i )r p2
i

�
r (p1

i � p2
i ) � 0

for p1
i ; p2

i 2 H 1
@
 \ @
 i

(
 i ) and positive ki 2 L 1 (
 i ) in general, not even if the
functions ki are monotonically increasing for i = 1 ; 2. This can be di�erent if
the relative permeabilities ki are functions of r pi rather than functions of pi

with pi 2 H 1
@
 \ @
 i

(
 i ), i = 1 ; 2, for example if they generate (possibly di�erent)
p-Laplacians. In the latter case, the corresponding operators are well-known to
be strictly monotone, i.e., with a change to the usual notation forp-Laplacians,
we have Z


 i

�
jr u1

i jpi � 2r u1
i � jr u2

i jpi � 2r u2
i

�
r (u1

i � u2
i ) > 0
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for real numbers 1< p i < 1 , now, and functions u1
i ; u2

i 2 W 1;pi
@
 \ @
 i

(
 i ) with
u1

i 6= u2
i for i = 1 ; 2. (We refer to [81, p. 71/72] or [102, p. 568] for more details.)

The corresponding relative permeability functions

ki : ui 7! jr ui jpi � 2 ; i = 1 ; 2;

lead to nonlinear versions of Darcy's law (1.2.3) in case of full saturation and
have been considered in Chipot and Lyaghfouri [26]. In that sense, an ana-
logue of the domain decomposition problem (3.3.11){(3.3.13) for p-Laplacians
related to di�erent pi with 1 < p i < 1 , i = 1 ; 2, can be given a hydrological
interpretation.

Moreover, again assuming the existence of a solution to sucha problem, the
proof in [75, pp. 135{137], given in a di�erential form, can in principle be carried
over to the situation of di�erent p-Laplacians. However, one needs to assume
that the \normal 
uxes" of the solution and of the initial ite rate across � belong
to L 2(�) as well as their traces and the traces of all iterates on � p rovided by
the Robin method. The latter is guaranteed by

pi �
2d

d + 1
; i = 1 ; 2;

with the space dimensiond according to Theorem A.2.2. But still, the unique
solvability of the Robin problems involved is not clear in all cases since the
trace spaces generated byW 1;pi (
 i ), i = 1 ; 2, on � (and their norms) do not
coincide for p1 6= p2. Here, one probably needs to impose further regularity
assumptions in order to succeed as in the proof given in [75, pp. 242{244] for
the weak formulation of the problem.

3.4.5 Robin method applied to the time- and space-discretiz ed
Richards equation, convergence and numerical treatment

In this subsection we take a close look at the Robin method forthe time-
discretized Richards equation, its space discretization and the numerical treat-
ment how we perform it. We obtain convergence of the discreteRobin method in
one space dimension. The considerations here will be completed in Section 4.2
where we �nally include gravity.

Note that for the Dirichlet and Neumann subproblems as in Section 3.3 the
space discretization and the numerical treatment is clear even in the nonlinear
case of the Richards equation (without gravity) since they have already been
discussed in Section 2. This is not true for the Robin subproblems which are
even nonlinear in the stationary case of Section 3.3 due to the contribution of
the physical pressure which is the retransformed unknown onthe interface. Un-
fortunately, we do not have a suitable discretization and a numerical treatment
for the altered Robin method (3.4.56){(3.4.59), let alone atreatment based on
convex analysis. We do not even know if the corresponding continuous subprob-
lems are well-posed in general. Nevertheless, in one space dimension the Robin
method and its altered version coincide and the convergenceproof in Subsec-
tions 3.4.3 and 3.4.4 can be successfully translated into discrete arguments.
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Robin method for the implicit-explicitly time-discretize d Richards
equation

With regard to the numerical treatment of the Robin method fo r the implicit-
explicitly time-discretized Richards equation, we consider it once again in con-
crete terms here since this has not been done in complete detail in Subsec-
tion 3.4.1. Neglecting constants as well as the porosityn and the hydraulic
conductivity K h , our time-discretized Richards equation in the Kirchho�{t rans-
formed version reads

M i (ui ) � M i (~ui )
�

� div
�

r ui � kr i (M i (~ui ))ez

�
= 0 on 
 i (3.4.91)

for i = 1 ; 2 with the time step size� > 0, see (3.2.19). Here, the time-discretized
(unknown) water 
ux for the present time step expressed in the transformed
variables is

v i = � (r ui � kr i (M i (~ui ))ez) =: � ~v i ; i = 1 ; 2:

Let us consider Neumann datav � n = f N 2 L 2(
 N ) (which is 
ow of water
out of 
) on a subset 
 N � @
 as well as homogeneous Dirichlet values on

 D := @
 n
 N with 
 N i := @
 i \ 
 N and nontrivial 
 D i := @
 i \ 
 D for i = 1 ; 2.
(Inhomogeneous Dirichlet data and boundary conditions of Signorini's type
can be included according to Chapter 2 where this case has been extensively
discussed.)

In this setting, we look for ui 2 ~Vi := H 1

 D i

(
 i ) (with the corresponding trace

space �), where ~ui 2 H 1(
 i ), i = 1 ; 2, is supposed to be known from the
previous time step. As indicated in (3.4.5) and in Remark 3.4.3, the Robin
interface conditions (3.4.16) and (3.4.18) are replaced by

~v k+1
1 � n + 
 1 � � 1

1 (uk+1
1 ) = ~v k

2 � n + 
 1 � � 1
2 (uk

2) on � (3.4.92)

~v k+1
2 � n � 
 2 � � 1

2 (uk+1
2 ) = ~v k+1

1 � n � 
 2 � � 1
1 (uk+1

1 ) on � : (3.4.93)

We derive a weak formulation of (3.4.92) by testing (3.4.92)with � 2 � and
setting vi = Ri � with linear continuous extension operators Ri : � ! ~Vi

for i = 1 ; 2. First, Green's formula (1.5.9) (or (A.2.12) in the weak sense) gives
Z


 i

(div ~v i ) vi dx = �
Z


 i

~v i r vi dx +
Z


 N i

~v i � n i vi d� +
Z

�
~v i � n i � d� (3.4.94)

for i = 1 ; 2, with the outward normal n i of 
 i and div ~v i = � � 1(M i (ui ) � M i (~ui ))
as well as~v i � n i = � f N on 
 N i . Therefore, skipping the indicesk and k + 1 in
(3.4.92) as done in the proof of Theorem 3.4.2, the weak form of the left hand
side in (3.4.92) reads

�
Z

�
~v1 � n � d� + � 
 1

Z

�
� � 1

1 (u1) � d�

=
Z


 1

M 1(u1) v1 dx + �
Z


 1

r u1r v1 dx + � 
 1

Z

�
� � 1

1 (u1) � d� � ~̀1(v1)
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with

~̀1(v1) :=
Z


 1

M 1(~u1) v1 dx + �
Z


 1

kr 1(M 1(~u1))ezr v1 dx � �
Z


 N 1

f N v1 d� :

Analogously, setting n2 = � n1 = � n in (3.4.94), we obtain the weak form of
the right hand side in (3.4.92) as

�
Z

�
~v2 � n � d� + � 
 2

Z

�
� � 1

2 (u2) � d�

= �
� Z


 2

M 2(u2) v2 dx �
Z


 2

M 2(~u2) v2 dx + �
Z


 2

r u2r v2 dx

� �
Z


 2

kr 2(M 2(~u2))ezr v2 dx + �
Z


 N 2

f N v2 d�
�

+ � 
 2

Z

�
� � 1

2 (u2) � d�

which can be regarded as a continuous linear functional~̀2 on ~V1 if one considers
v2 = R2 tr � v1 and � = tr � v1. We denote by

ci (~ui ; vi ) :=
Z


 i

kr i (M i (~ui ))ezr vi dx (3.4.95)

the in
uence of the gravitation in the functionals ` i , i = 1 ; 2. Altogether, setting
`1 := ~̀1 + ~̀2, the weak form of (3.4.92) reads

(M 1(u1); v1)
 1 + � 
 1(� � 1
1 u1; tr � v1)� + �a 1(u1; v1) = `1(v1) ; v1 = R1� ; 8� 2 � :

Choosingv1 2 V 0
1 in this equation gives

(M 1(u1); v1)
 1 + �a 1(u1; v1) = ( M 1(~u1); v1)
 1 + �c1(~u1; v1) � � (f N ; v1)
 N 1

(3.4.96)
by which the weak formulation of (3.4.91) in V 0

1 is recovered (the scalar product
in L 2(
 N1 ) is denoted by (�; �)
 N 1

). Therefore, just as (3.4.24) in the proof of
Theorem 3.4.2, the variational equality

u1 2 ~V1 : (M 1(u1); v1)
 1 + � 
 1(� � 1
1 u1; tr � v1)� + �a 1(u1; v1) = `1(v1) 8v1 2 ~V1

(3.4.97)
is equivalent to one iteration step of the Robin method for (3.4.91) in subdo-
main 
 1 with the Robin transmission condition (3.4.92). Due to n2 = � n,
the weak form of the corresponding subdomain problem on 
2 with the Robin
condition (3.4.93) turns out to be completely symmetric to (3.4.97). Therefore,
we deal with (3.4.97) in the following.

Remark 3.4.28. The boundedness ofkr i 2 L 1 (R) and the conditions on
M i : R ! R, i = 1 ; 2, in Theorem 3.4.2 guarantee the boundedness of̀1
(see Propositions 2.5.11 and 2.5.12) and the unique solvability of (3.4.97). If
M 1 : [uc; 1 ) ! R is monotonically increasing, continuous and bounded as in
Chapter 2, this is still true as long asM 2, � 2 and u2 are such that `1 2 ~V 0

1. Note,
however, if � � 1

1 : (uc; 1 ) ! R is as in case of the Brooks{Corey functions, i.e.
unbounded around the singularity uc (see (1.3.24) or Figure 1.9), we cannot
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guarantee the unique solvability of (3.4.97). In fact, we donot even have well-
de�nedness� � 1

1 u1 2 L 2(�) with u1 2 ~V1 in this case for certain u1 with ranges
around the critical value uc. But, again, if M 2, � 2 and u2 are such that `1 2 ~V 0

1,
then one can still consider the related minimization problem as in (3.4.27). The
convex function 	 1 : [uc; 1 ) ! R occurring in this problem is continuous in
uc because� � 1

1 has a �nite integral on ( uc; � 1). Therefore, this minimization
problem is uniquely solvable. We point out that, just as for the generalized
saturation, this even works in the limit cases considered inSubsections 1.4.2
and 1.4.4. And again, we can solve the corresponding problems on the discrete
level robustly in these limit cases (see later in this subsection). Nevertheless,
we assume here that� 1 : R ! R has the properties as in Theorem 3.4.2. Then,
with the additional convex functional  1 on ~V1 as de�ned in (3.4.25), which
has the directional derivative as in (3.4.26), the variational equality (3.4.97)
(with � = 1 for simplicity) is equivalent to �nding the minimum of F1 as given
in (3.4.28) on ~V1.

Space discretization of the subproblems in the Robin method

Now we turn to the space discretization of (3.4.97), more concretely its dis-
cretization with linear �nite elements in a corresponding � nite element space
S1

j � ~V1, j � 0, with the set of nodesN 1
j . This has already been dealt with in

Section 2.5 except for the contribution (� � 1
1 u1; tr � v1)� coming from the direc-

tional derivative of  1. With a glance at (2.5.12) and (2.5.44), one �nds that
in light of Section 2.5, the \correct" discretization of thi s term must be given
by the lumped L 2(�)-scalar product on the restrictions of the functions in S1

j

on �, which is the integral over the S1
j -interpolant of � � 1

1 (u1) � v1 over �. In
concrete terms, with an assumed discrete solutionu1;j 2 S 1

j and v 2 S 1
j as in

Section 2.5, we discretize (� � 1
1 u1; tr � v1)� by

Z

�

X

p2N 1
j

� � 1
1 (u1;j (p)) v(p) � (j )

p dx =
X

p2N 1
j \ �

� � 1
1 (u1;j (p)) v(p) h� ;p

with the weights

h� ;p :=
Z

�
� (j )

p d� 8p 2 N 1
j

which vanish for p =2 �. Obviously, this discretization corresponds to discreti z-
ing  1 : ~V1 ! R, given via the convex function 	 1 in (3.4.25), by  1;j : S1

j ! R
de�ned as

 1;j : v 7!
X

p2N 1
j \ �

	 1(v(p)) h� ;p 8v 2 S 1
j : (3.4.98)

It is analogous to the discretization of � 1 in (3.4.28) by � 1;j as in (2.5.2).
With the properties of 	 0

1 = � � 1
1 : R ! R in Theorem 3.4.2 one can �rst

guarantee the unique solvability of the obtained discretization of (3.4.97) in
S1

j as in Subsection 2.5.1. Furthermore, one can derive the convergence of
u1;j 2 S 1

j to the solution of (3.4.97) in the norm k � k1;
 1 in ~V1 for j ! 1
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analogously as in Subsection 2.5.2, which shall not be carried out here. Recall,
however, that we are not really interested in this convergence result for the
time-discretized Richards equation with Robin boundary values, but rather in
the question whether the Robin method on the space-discretized level converges.
(Note that the in
uence of the previous iterate u2 in the second subdomain is
still hidden in `1.) We will address this question and give a positive answer to
it at the end of this subsection.

As far as the numerical realization of the discretized functional `1 is concerned,
we approximate the above integrals after the �nite element discretization by
interpolation of M 1(~u1) or M 1(~u1) v in S1

j and f N in S1
j restricted to �. As a

consequence, a numerical treatment with the mass matrix given by the entries
Z


 1

� (j )
p � (j )

q dx for p; q 2 N 1
j

or its lumped version (with the entries
R


 1
� (j )

p dx for p 2 N 1
j on the diagonal,

and the same on � instead of 
 1) is possible. The same applies to~̀2. In case
of a nonconstant porosity n(�) or a nonconstant hydraulic conductivity K h(�)
on 
 1 quadrature rules need to be applied to the integral (M 1(u1); v1)
 1 and
the bilinear form a1(u1; v1) in (3.4.97), too, see Subsection 2.5.3.

For the time being we can consider the contributions (3.4.95) from the gravi-
tation in the linear functional to be vanishing. Our further treatment of these
terms in the �nite element discretization will be explained in Section 4.2.

Numerical treatment of the space-discretized subproblems

In the following, we deal with the numerical treatment of the discretized vari-
ational equality which, as just seen, results in a �nite-dimensional convex min-
imization problem of �nding the minimum u1;j 2 S 1

j of the functional

v 7! � 1;j (v) + � 
 1 1;j (v) +
1
2

�a 1(v; v) � `1(v) 8v 2 S 1
j : (3.4.99)

On the one hand, we have� 1;j (v) + � 
 1 1;j (v) = � 1;j (v) for all v 2 S 1
j whose

support does not intersect �, i.e. for all nodes in N 1
j n� we are in the situation

of the problems dealt with in our numerical Sections 2.6 and 2.7. On the other
hand, if we replace� j by ~� j := � 1;j + � 
 1 1;j in these sections, we can transfer
the considerations therein to the present case.

More concretely, recall by the Gauss{Seidel step (2.6.7) or(2.6.12) that the
convex function � in (2.5.2) may well depend on the nodes p 2 N j in the
Gauss{Seidel method as long as we have the decoupling structure in (2.6.2),
which is enforced by the de�nition (3.4.98) of  1;j for nodesp 2 N 1

j \ �, too.
In addition, as emphasized at the beginning of Subsection 2.7.2, this general-
ization � p instead of constant � for all p 2 N j is also covered by the theory of
monotone multigrid.
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As far as the practical realization of the Gauss{Seidel method is concerned,
note that we only need to write the additional summand

� 
 1	 0
1(w�

l � 1(pl ) + zl ) h� ;pl with 	 0
1 = � � 1

1

on the right hand side of (2.6.13). Consequently, the nonlinear monotonically
increasing (multi-)function H l in (2.6.15) (possibly given onR for M 1 : R ! R)
needs to be replaced by the function

F� (�) := H l (�) + � 
 1� � 1
1 (�)

h� ;pl

hpl

(3.4.100)

on (uc; 1 ) (or R) so that for pl 2 � the intersection of the graph of F� and the
line given by G� �wl in Figure 2.1 has to be calculated instead of (2.6.16). Obvi-
ously, this also works for unbounded� � 1

1 : (uc; 1 ) ! R according to Brooks{
Corey as in (1.3.24), see Figure 1.9. In fact, the Gauss{Seidel iteration converges
to a unique minimum of (3.4.99) in this case of the fully discrete Richards equa-
tion according to Brooks{Corey and even in the limit cases (cf. Subsections 1.4.2
and 1.4.4), too, see Glowinski [45, pp. 142{147]. Compare this with our con-
siderations on the continuous setting as noted in Remark 3.4.28. We point
out that even if H l = 0 in the case of the stationary problems considered in
Subsection 3.3.5, the subproblems in the Robin method applied to them are
always nonlinear due to the convex functional 1 : ~V1 ! R such that nonlinear
Gauss{Seidel steps as just described always occur for nodesp 2 N 1

j \ �.

As far as the coarse grid corrections in the monotone multigrid for the mini-
mization of (3.4.99) are concerned, we have already emphasized that they can
be carried out with an additional convex contribution on p 2 N 1

j \ �. A dif-
ferent critical point ( u� instead of uc) occurs if altered Brooks{Corey functions
(from Subsection 1.4.3) are used in the nondegenerate case.For the constrained
Newton linearization as in (2.7.14) we obviously have to calculate 	 00

1 = ( � � 1
1 )0.

In addition, for the estimates as in (2.7.7) we also need 	000
1 = ( � � 1

1 )00in case of
p 2 N 1

j \ � and F� : (uc; 1 ) ! R. More concretely, we use a global threshold~L
and compute ~uc as in Subsection 2.7.4 withL = ~L=2. Then we computeuc by

� 
 1� � 1
1 (uc)

h� ;pl

hpl

= L (3.4.101)

(which can be done explicitly in case of the Brooks{Corey functions) and choose
u0

c = max(~u; uc) in order to obtain an estimate as in (2.7.7) on [u0
c; 1 ) with the

global Lipschitz constant ~L and with F 0
� instead of � 00

p.

Remark 3.4.29. As already indicated in Remark 1.4.1, in case of di�erent
bubbling pressurespb;i in di�erent subdomains for i = 1 ; 2; : : : ; n, one only
needs to take into account the di�erent scaling factors ur;i = � pb;i(%gz0)� 1 in
the sti�ness matrix for the numerical treatment of the subpr oblems (compare
(1.3.15) and (1.3.18)). Otherwise, nothing else needs to bechanged in the latter.
In addition to that, only the Kirchho� transformations and t heir inverses on
each subdomain need to be altered because the physical pressure should be

194



measured not in units of � pb;i but in units of p0 which is common for all
subdomains. (For convenience one can set the unitp0 = %gz0, i.e. as the
pressure equivalent to the pressure of a water column with the height z0.)

As a convention introduced in Section 1.3 by the de�nition of the adimensional
parameter functions, the generalized pressuresui on the subdomains are always
given in units of � pb;i and so are� � 1

i (ui ). (Recall that pb;i always corresponds
to � 1 in the scaled functions in (1.3.20){(1.3.26).) Therefore, for i = 1 ; 2; : : : ; n
in case ofn subdomains, the conversion of the units can be seen by multiplying 1
in

� � 1
i (ui ) [� pb;i ] �

�
[p0]

[� pb;i ]
�

[� pb;i ]
[p0]

�
= � � 1

i (ui )
[� pb;i ]

[p0]
[p0] ;

i.e. � � 1
i (ui ) needs to be multiplied by � pb;i=p0 = ur;i in order to get pi in

the unit p0 and analogously, pi given in this unit needs to be multiplied by
p0=(� pb;i) = u� 1

r;i before applying � i to it. Note that this has to be done
for the Dirichlet and the Robin transmission conditions (3.3.34) and (3.4.16)
or (3.4.18), respectively, in each iteration step. In addition, this must be done
for the transformation of the initial or Dirichlet boundary conditions into the
generalized pressure in each subdomain as well as for the retransformation of
the solutions ui in the subdomains into the physical pressure measured in the
common unit p0.

Convergence of the Robin method for the time- and space-disc retized
Richards equation

As in the discrete case for the Dirichlet{Neumann method discussed in Re-
mark 3.3.9, we also obtain a convergence result for the discrete Robin method,
the proof of which shall be sketched here. Again, the considerations follow
those of the continuous case and are more complicated than for the Dirichlet{
Neumann method. First, we discretize the transmission problem (3.4.12){
(3.4.14) analogously as in Remark 3.3.9 with the discretization

X

p2N i
j

M i (ui;j (p)) v(p) hp ; ui;j ; v 2 S i
j

of (M i (ui ); vi )
 i via the lumped L 2-scalar product and use the (corresponding)
discretization of the Robin steps (3.4.20){(3.4.21) and (3.4.22){(3.4.23) as de-
scribed above. Accordingly, the nonlinear discrete Steklov{Poincar�e operators
Si;j : � j ! (� j )0 are given by

hSi;j �; � i :=
X

p2N i
j

M i ((ui;j (� ) + u�
i;j )(p)) ( Ri;j � )(p) hp

+ ai (ui;j (� ) + u�
i;j ; Ri;j � ) � (f; R i;j � )
 i 8� 2 � j

for i = 1 ; 2, j � 0, with the notation as in Remark 3.3.9. Then Proposi-
tions 3.4.6, 3.4.7 and 3.4.8 can be established in the discrete case, too. Since
the altered discrete Robin method is equal to our discretized Robin method in
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one space dimension (we do not have a general suitable discretization of the
altered Robin method), Theorem 3.4.12 can be carried over tothe discrete case
in 1D. Our basic Lemma 3.4.13 also holds on a discrete level. For the proof
of the discrete versions of Propositions 3.4.14 and 3.4.15 (in arbitrary dimen-
sions) we can usej -independent H 1-estimates for lumped L 2-scalar products
on 
 i , i = 1 ; 2, which can be found e.g. in Elliott et al. [35] or in Blowey and
Elliott [17]. Proposition 3.4.16 and Corollary 3.4.18 can be proved analogously
in the discrete setting.

We need to take a closer look at the proof of Lemma 3.4.21, where we used
\continuous arguments" based Lemma 3.4.20 and on the strongformulation of
(3.4.35){(3.4.37). The latter does not have a straightforward discrete analogue
in a strong sense so that, for example, (3.4.86) is false on the discrete level.
However, we can also establish the results in Lemma 3.4.21 here by translating
the ideas used there into \discrete arguments". Note that the discretization
of (3.4.35) with � 2 � j reads

X

p2N i
j

M i (ui;j (� )(p)) v(p) hp +
Z


 i

ui;j (� )0v0dx 8v 2 S i
j ; vj � = 0 : (3.4.102)

Let a := p0 < p 1 < � � � < p n =: b, n 2 N, be the nodes inN 1
j \ [a; b]. In order

to prove
ui;j (� )(p) � ui;j (� )(p) 8p 2 N i

j (3.4.103)

with � � � for i = 1, we carry out an induction in which one step looks
as follows. We test (3.4.102) with v 2 S 1

j satisfying v(p) = 1 for all nodes
p < pk and vanishing on all others, once the inequalityui;j (� )(p) � ui;j (� )(p)
for all p < pk and k with 1 � k � n is known. Consequently, since

X

p0 � p� pk

�
M 1(u1;j (� )(p)) � M 1(u1;j (� )(p))

�
v(p) hp � 0

holds, we obtain
Z p1

a
(u1;j (� ) � u1;j (� ))0v0dx +

Z pk

pk � 1

(u1;j (� ) � u1;j (� ))0v0dx � 0

from (3.4.102) and thereforeui;j (� )(pk ) � ui;j (� )(pk ). For the proof of

u1;j (� )0 � u1;j (� )0 on (pk� 1; pk ) ; 1 � k � n ; (3.4.104)

we can also use induction. Testing (3.4.102) by� p, p 2 N i
j , � p(b) = 0, gives

�
M i (ui;j (� )(p)) � M i (ui;j (� )(p))

�
v(p) hp = � j

�
ui;j (� ) � ui;j (� )

�
(p) � 0

for a discrete Laplacian � j which provides the same discretization as central
di�erences for the second derivatives. With this inequality one can easily deduce
(3.4.104) by induction for k = 1 ; : : : ; n while using ui;j (� )(a) = ui;j (� )(a) = 0
and (3.4.103). The proofs of (3.4.103) and (3.4.104) with� replaced by �

196



for i = 2 are analogous for the second subdomain. In addition, theywork for
nonconstant porosity n(�) and hydraulic conductivity K h(�) if we use a quadra-
ture by replacing hp in (3.4.102) by n(p)hp and approximate K h between two
successive nodes by a constant value (compare Remark 3.4.24).

Now, Proposition 3.4.22 can be carried over to the discrete case with the same
constants which are independent ofj � 0. Altogether, if we collect all the
results we can prove the following discrete analogue of Theorem 3.4.23 as in the
continuous setting.

Theorem 3.4.30. Assume that the conditions as in Theorem3.4.23 are sat-
is�ed and the domain decomposition problem (3.4.12){(3.4.14) as well as the
Robin method (3.4.20){(3.4.23) are discretized as described above.

Then this discretization of the Robin method provides sequences (uk
1;j )k� 1 and

(uk
2;j )k� 0 of �nite element iterates converging in S1

j and in S2
j , respectively, to

the unique solution of the discretized domain decomposition problem (3.4.12){
(3.4.14) which, moreover, is well-posed with respect to thedata f 2 L 2([a; c]).

The lack of a convergence resultui;j ! ui , i = 1 ; 2, for j ! 1 and the
basic problems around the connection to the untransformed discretized problem
(3.4.9){(3.4.11) have already been addressed in Remark 3.3.9.

3.4.6 Numerical tests in 2D: Robin method vs. Dirichlet{Neu -
mann method and applied to the Richards equation with-
out gravity

In this subsection we present some numerical results on the performance of
the Robin method that we obtained for some model problems related to the
Richards equation in two space dimensions. As in Subsection3.3.5 for the
Dirichlet{Neumann method, it turns out that the algorithm c an also be applied
successfully in cases for which we do not have a proof of its convergence.

In the �rst part of this subsection we test the Robin method in the same situa-
tion as done for the Dirichlet{Neumann method in Subsection3.3.5. This leads
to a comparison of these two methods in the Yin Yang case considered there
which we extend by applying these iteration techniques in the same case with
nonlinearities that di�er from each other even more than in Subsection 3.3.5.
Although both procedures can be applied successfully to these domain decompo-
sition problems, it turns out that the Dirichlet{Neumann me thod shows better
convergence results in these cases than the Robin method. Nevertheless, due
to our analytical results from this section, we go on to test the Robin method
in cases such as (3.4.2){(3.4.4) involving two nonlinearities � i ; ki : R ! R
for i = 1 ; 2 in the subproblems. Therefore, in the second part of the subsection
we present numerical results obtained by the application ofthe Robin method
to the Richards equation without gravity in a heterogeneoussetting with two
di�erent soil types. The performance of the method for this two-dimensional
time-dependent case is quite satisfying.
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Comparison of Robin method and Dirichlet{Neumann method

With the following numerical results the performance of the Robin method and
the Dirichlet{Neumann method when applied to the model problem in Subsec-
tion 3.3.5 can be compared. In the �rst example concerning the Robin method
we use the same data, parameter functions and meshes as in that subsection.
The discretization by piecewise linear �nite elements is carried out as discussed
in Subsection 3.4.5. Recall that in contrast to the Dirichlet{Neumann method
in Section 3.3 the resulting problems on the subdomains are nonlinear for the
Robin method in general. They are treated by a monotone multigrid solver
which we also described in Subsection 3.4.5. More concretely, we use trun-
cated monotone multigrid with a V(3; 3)-cycle, i.e. containing 3 presmoothing
and 3 postsmoothing steps as explained on page 123. The threshold in (3.4.101)
is chosen asL = 108. As a stopping criterion for this local solver we require
the relative error to satisfy

juj
i � uj � 1

i j1;
 i

juj � 1
i j1;
 i

� 10� 12 ; i = 1 ; 2; (3.4.105)

for the last multigrid iterate uj
i with j � 1 where j � j 1;
 i is the energy norm

on 
 i induced by the bilinear form ai (�; �).

The convergence rates� for the Robin method in Figures 3.10 and 3.12 have
been obtained in the same way as for the Dirichlet{Neumann method in Fig-
ures 3.7 and 3.9 (see (3.3.59){(3.3.60)). Here, the Robin parameter 
 needs to
be chosen on another scale than the damping parameter# for the Dirichlet{
Neumann method. But as in the latter case there also seems to be an opti-
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Figure 3.10: � vs. Robin parameter 
 on levels 1 to 6
Robin method for the case in (3.3.58)
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Robin method for (3.3.58)

1 2 3 4 5 6 7
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure 3.12: � opt vs. re�nement level
Robin method for (3.3.58)

mal choice of the parameter which depends on the re�nement level, and there
seems to be an interval inside of which the parameter has to bechosen in or-
der to guarantee reasonable convergence rates, see Figure 3.10. To achieve this
we need larger parameters
 on higher levels which corresponds to a bigger
damping needed for the Dirichlet{Neumann method on higher levels (compare
Figure 3.7). Unfortunately, however, in contrast to the Dir ichlet{Neumann
procedure this e�ect does not seem to stabilize on higher levels for the Robin
method (note the logarithmic scale in Figure 3.10). Figures3.11 and 3.12 show
the behaviour of the optimal Robin parameter 
 opt and the optimal convergence
rate � opt = � (
 opt) on levels 1 to 7.

We remark that apart from the size of the hydraulic conductivity K h in (3.3.57),
which occurs as a factor in front of the Laplacians in (3.4.15) and (3.4.17) and
therefore in front of the normal derivatives in (3.4.16) and(3.4.18), respectively,
we do not have further a priori indicators for the order of magnitude of the
optimal Robin parameters. (Concerning the linear theory onthis topic we refer
to Wachspress [93] and Discacciati [33, pp. 102{105].)

The model problem in Subsection 3.3.5 that we considered so far is heteroge-
neous in the sense that di�erent pore size distribution factors (3.3.58) are given
on 
 1 and 
 2. However, the bubbling pressurepb = � 1 corresponding to the
discontinuity in the derivative of the nonlinearities ki (pi ) in (3.3.57) and the
hydraulic conductivities K h as an additional factor in front of ki are the same
in both subdomains. In the following, we extend this model problem such that
it also contains di�erent bubbling pressures pb;i (see (1.2.9), (1.2.11) and Sec-
tion 1.3 for details) and hydraulic conductivities K h;i in 
 i for i = 1 ; 2. More
concretely, we consider the case of sand in 
1 and clay in 
 2 given in Table 3.1
which we shall call strongly heterogeneous case.

As in Subsection 3.3.5 we choose one meter of a water column asthe pressure
unit for pb;i and K h;i are given in [m=s]. The data in Table 3.1 are hydrologically
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 i � i pb;i K h;i

i = 1 (sand) 0:694 � 0:073 6:54 � 10� 5

i = 2 (clay) 0:165 � 0:373 1:67 � 10� 7

Table 3.1: Strongly heterogeneous case

quite extreme since they are covering the whole range of possible soil parameters
according to the USDA (United States Department of Agricult ure) soil texture
triangle, see Rawls et al. [77, Tables 5.3.2 and 5.5.5]. In order to distinguish this
strongly heterogeneous case from the heterogeneity (3.3.58) in the �rst model
problem above we call the latter mildly heterogeneous caseform now on.

Note that K h;1 and K h;2 in Table 3.1 are smaller than K h = 0 :002 chosen in
the previous example and, in addition, di�er from each other by two orders of
magnitude. Therefore, we also alter the right hand sidef (as in (3.3.56) given
in the unit [1 =s]) in order to obtain a solution which has approximately the
same range as the one from the previous example in Figure 3.6.We de�ne f as

f (x) =

8
><

>:

� 2:5 � 10� 3 on B1

5 � 10� 5 on B2

0 elsewhere:

(3.4.106)

Moreover, we choose a smaller ellipticity constantc = 0 :01 for the nonlinearity
in (3.3.57) than in the mildly heterogeneous case.

For the numerical treatment of di�erent bubbling pressures in di�erent subdo-
mains see Remarks 1.4.1 and 3.4.29. Other than that, the solvers are the same
as used in the mildly heterogeneous case. Figure 3.13 shows the numerical so-
lution p on 
 of the domain decomposition problem (3.3.11){(3.3.13) in the
strongly heterogeneous case of Table 3.1, calculated on about 235,000 nodes as
in Figure 3.6 for the case (3.3.58). Here, the range ofp is [� 56:1; 0:0] in 
 1 and
[� 36:2; 3:0] in 
 2 and thus resembles the range of the solution in the previous
example.

Again, but now more obvious than in Figure 3.6 (where this hasbeen indi-
cated by a black line), the plot contains a \crater" corresponding to a circular
area in 
 in which the soil is not fully saturated (i.e. where pi < p b;i holds
for i = 1 ; 2). The boundary � of this area, which is the free boundary separat-
ing the unsaturated from the saturated regime, is given bypi = pb;i , i = 1 ; 2,
in 
 i . In particular, even though this can only be guessed from Figure 3.13,
this free boundary has a nontrivial two-dimensional intersection with the inter-
face � = 
 1 [ 
 2 because we now havepb;1 6= pb;2. More concretely, the same
pressure may result in a maximal saturation in 
 2 (which contains the source
and the smaller bubbling pressure) but not in 
 1. Still, as can be seen along
� [ 
 2 and despite the strong e�ect of the Kirchho� transformation across �,
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Figure 3.13: Solution p on 
 in the
strongly heterogeneous case
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the solution pi 2 H 1(
 i ) is smooth across � [ 
 i for i = 1 ; 2. However, it is ob-
vious that p is not smooth across � which re
ects that (3.3.13) rather enforces
the continuity of the normal 
uxes across the interface suchthat we have

@p1
@n

6=
@p2
@n

on � in general :

This contrasts the situation in the saturated region in Figure 3.6 where (3.3.13)
also entails the continuity of the normal derivatives of p across � because of the
constant bubbling pressure and hydraulic conductivity on 
 .

Despite the strong impact of the heterogeneities in Table 3.1 on the solution
in Figure 3.13 we do not obtain worse convergence results forour domain de-
composition methods in this model problem compared to the mildly hetero-
geneous case. On the contrary, the Dirichlet{Neumann method applied to
the strongly heterogeneous case shows an unexpected and surprisingly good
behaviour. Figures 3.14{3.16 and Figures 3.17{3.19 were obtained for the
Dirichlet{Neumann and the Robin iteration, respectively, in the same way as
described above for the mildly heterogeneous case.

As can be seen in Figure 3.14, the Dirichlet{Neumann method provides ex-
tremely good optimal convergence rates (� opt = 0 :012) on the �rst two levels
with almost no damping (#opt = 0 :9875). Moreover, we can allow a considerable
overrelaxation (i.e. # > 1) and still obtain convergence. The situation on the
third level is worse but still much better than in the mildly h eterogeneous case
in Figure 3.7. Surprisingly, the convergence results improve again on level 4,
and even on levels 5 and 6 they are better than on the third level. As in the
previous example, but now with considerably better values,the optimal damp-
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Figure 3.14: � vs. damping parameter# on levels 1 to 6
Dirichlet{Neumann method for the case in Table 3.1
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Figure 3.15: #opt vs. re�nement level
Dirichlet{Neumann for Table 3.1
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Figure 3.16: � opt vs. re�nement level
Dirichlet{Neumann for Table 3.1

ing parameter (#opt = 0 :86) and the optimal convergence rates (� opt = 0 :136 on
the 6th and � opt = 0 :132 on the 5th and the 7th level) stabilize on higher levels,
see Figures 3.15 and 3.16.

Figures 3.17{3.19 show that the Robin method applied to the new model prob-
lem behaves similarly as in the mildly heterogeneous case. In contrast to the
latter, the Robin parameter 
 has to be chosen on a smaller scale now which
re
ects the smaller hydraulic conductivities used in Table 3.1. (As indicated
above, the hydraulic conductivities K h;i , i = 1 ; 2, are factors in front of the
Laplacians in (3.4.15) and (3.4.17), which means they also appear as factors
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Figure 3.17: � vs. Robin parameter 
 on levels 1 to 6
Robin method for the case in Table 3.1
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 opt vs. re�nement level
Robin method for Table 3.1
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Figure 3.19: � opt vs. re�nement level
Robin method for Table 3.1

in front of the normal derivatives in (3.4.16) and (3.4.18), respectively.) As
already seen in Figure 3.10, level-independence of the convergence rates occurs
if and only if the Robin parameter is bigger than the optimal parameter 
 opt

related the the �nest level considered. In addition, as in the mildly heteroge-
neous case, we also observe in Figures 3.18 and 3.19 that
 opt and � opt do not
seem to stabilize on higher levels. If one regards the continuous situation as the
limit of the discrete settings, these results could provokethe hypothesis that
our 1D-convergence result on the Robin method in Theorem 3.4.23 cannot be
generalized to higher dimensions.

With regard to the original problem (3.3.11){(3.3.13) related to the Richards
equation, one might be interested in the convergence rates� p for the domain
decomposition methods measured in the physical variablespi , i = 1 ; 2, i.e.
after the application of the inverse of the Kirchho� transfo rmation. Recall
that in general this retransformation is ill-conditioned f or physical pressures
corresponding to the unsaturated regime or at least having asimilar e�ect for
small ellipticity constants c > 0 in (3.3.57) (see Subsections 1.4.1 and 1.4.3).
However, the valuesc = 0 :1 and c = 0 :01 used in our two examples do not seem
to be small in this sense. If we calculate the convergence rates � p in the same
way as the convergence rates� , i.e. by replacing u by p in (3.3.59) and (3.3.60),
it turns out that in neither case nor method the convergence rates � and � p

seem to di�er more than by a few percentage points. The optimal parameters
can also vary a bit, but qualitatively the same results as above are obtained
for the convergence rates� p. In general the situation is di�erent for c = 0, see
Remark 3.4.31.

As already indicated in Subsection 3.3.5, we do not obtain convergence of our
methods if we do not have uniform ellipticity, i.e. for c = 0. We even observe
numerical instabilities in this case which occur if small generalized pressure
values in iteration histories happen to be too close to the critical generalized
pressure uc corresponding to the physical pressurep = �1 . Furthermore,
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the smaller c > 0 is chosen the worse the convergence rates become | again
with the exception of the Dirichlet{Neumann method applied to the strongly
heterogeneous case for which the convergence rates� (measured inu) even seem
to remain stable in case of a very small ellipticity constants such asc = 10 � 100.
In contrast to these observations we can always choosec = 0 in our time-
dependent cases which are still to come.

Despite the very good convergence behaviour of the Dirichlet{Neumann method
in the strongly heterogeneous case we apply the Robin methodto the time-
dependent numerical examples concerning the Richards equation in the rest of
this subsection and in Chapter 4. This decision is mainly motivated by the fact
that, in contrast to the Dirichlet{Neumann method (Proposi tion 3.3.8), our
convergence results for the Robin method in Theorem 3.4.23 include spatial
problems arising from a time-discretization of the Richards equation at least in
the uniformly elliptic case c > 0. Our aim is to test how far our 1D-convergence
theory of this section can be numerically maintained in two space dimensions.

Robin method applied to the Richards equation without gravi ty

In the following, we present a numerical example which we obtained for the
Robin method applied to the Richards equation without gravity in a hetero-
geneous setting with two di�erent soil types in two subdomains. Our analyt-
ical and numerical approaches to such a problem have been provided in Sec-
tions 3.4.1 and 3.4.5. In contrast to the examples above, thespatial problems
which we encounter now are transmission problems of the kind(3.4.2){(3.4.4)
or (3.4.6){(3.4.8) which contain an additional nonlineari ty related to the satu-
ration.


 2 (loamy sand)


 1 (sandy loam)

Figure 3.20: Co�ee �lter like domain 


Concretely, we consider the domain 
 � R2 depicted in Figure 3.20 which re-
sembles a co�ee �lter. We assume that the top subdomain 
1 is �lled with
sandy loam while the bottom subdomain 
 2 contains loamy sand. As be-
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fore in the strongly heterogeneous case in Table 3.1, the corresponding hy-
drological data are chosen according to the USDA soil texture triangle, see
Rawls et al. [77, Tables 5.3.2 and 5.5.5]. Since now the saturation occurs ex-
plicitly in the equations (3.4.2) or (3.4.6) we also need to specify the residual
water contents � m;i and the porosity-valuesn i for i = 1 ; 2 (compare the original
equation (1.2.7) and (1.2.9)). The maximal water contents � M;i are constant
with � M;i = 1 for i = 1 ; 2 according to Rawls et al. [77, Table 5.1.1]. However,
the variation of these values is neither signi�cant nor doesit e�ect the perfor-
mance of the Robin method in a way as done by the other soil parameters � i ,
pb;i and K h;i , i = 1 ; 2, which in
uence the spatial derivative in (3.4.2). Alto-
gether, the heterogeneities for our co�ee �lter example aregiven in Table 3.2.
Here, we use the unaltered Brooks{Corey functionsp 7! � (p) and � 7! kr (� )
according to Burdine given in Sections 1.2 and 1.3 (as opposed to the ones in
Subsection 1.4.3) which corresponds to the situation of (3.3.57) with c = 0, i.e.
to the degenerate Richards equation.


 i n i � m;i � i pb;i K h;i

i = 1 (sandy loam) 0:453 0:091 0:378 � 0:147 6:06 � 10� 6

i = 2 (loamy sand) 0:437 0:080 0:553 � 0:087 1:66 � 10� 5

Table 3.2: Soil parameters for the co�ee �lter example

The domain 
 is situated in the quadrilateral [ � 1; 1] � [� 0:74; 0:56] and the
top boundary is [� 1; 1] � f� 0:74g (the z-axis is directed downward although
we do not yet deal with gravity here). We start with a practica lly dry soil as
the initial condition given by p0 = � 20 on 
 except for p0 = 100 on the subset
[� 0:21; 0:21] � f� 0:74g of the top boundary, see Figure 3.21. The latter is
treated as a Dirichlet boundary 
 D with constant data pD = 100 for all time
steps (as before the pressure unit is one meter of a water column). Apart from
the bottom boundary 
 S situated on [� 0:25; 0:25] � f 0:56g, which is chosen as
a Signorini-type boundary where out
ow is possible, we assume homogeneous
Neumann boundary conditions v � n = 0 on @
 n(
 D [ 
 S). This situation
results in an evolution process with an increasing saturation due to 
ow of
water into 
 with possible out
ow across 
 S until 
 is fully saturated and a
stationary solution is obtained.

We treat the problem as described in Subsection 3.4.5 using an implicit time dis-
cretization (since there is no gravity) with the constant ti me step size� = 1 [ s]
and a space discretization with linear �nite elements. The discrete Robin prob-
lems for the Richards equation in each time step result in convex minimization
problems which are solved by monotone multigrid with a V(3; 3)-cycle (see
page 123). We use 4 levels of a grid hierarchy with 112 nodes onthe coarse
grid in Figure 3.20 and about 5500 nodes on the �nest grid witha mesh size of
h = (10 � 24)� 1 = 1=160 obtained by uniform re�nement. Moreover, a constant
Robin parameter 
 = 3 � 10� 4 suggested by numerical experiments is chosen.
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Figure 3.21: t = 0

In Figures 3.22{3.33 one can see the evolution of the physical pressure at equidis-
tant time steps (except for the last one) in heightplots on the left and colourplots
on the right. One can clearly detect the wetting front (cf. [13, p. 303]), where
a pressure di�erence of almost � p = 20 occurs, moving from the top to the
bottom. More concretely, the wetting front marks the free boundary which
separates the unsaturated from the fully saturated regime and, thus, around
which we encounter the pressure di�erence between the initial condition p0 and
the bubbling pressurepb;i on 
 i for i = 1 ; 2. We need 684 time steps until the
stationary situation with a fully saturated 
 is reached. At about t = 133 the
wetting front reaches the interface and starting with t = 473 the top subdomain

 1 is fully saturated. The range of p is between� 20 and 100 until shortly be-
fore the last time step and in the stationary case it is in the interval [26:3; 100]
on 
 1 and [0:0; 32:2] on 
 2. As in the solution of the strongly heterogeneous
Yin Yang case in Figure 3.13, one can see in the heightplots that the physical
pressure is nonsmooth across the interface, at least in the saturated regime.

The stopping criteria for the multigrid solver and the Robin method are given
according to (3.4.105) and (3.3.59), respectively, at eachtime step, now of course
with the initial condition given by the previous time step. F igures 3.34 and 3.35
show averaged (as well as maximal) multigrid convergence rates � m;1 and � m;2

(as well as� M; 1 and � M; 2) per time step for 
 1 and 
 2, respectively, which are
determined in the following way. For each domain decomposition step l 2 N in
a �xed 
 i , i = 1 ; 2, the geometric mean

�� l;j =

 jY

k=2

� k

! 1=j

of the approximated rates

� k =
juk

i � uk� 1
i j1;
 i

juk� 1
i � uk� 2

i j1;
 i

; i = 1 ; 2;
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Figure 3.22: t = 60

Figure 3.23: t = 120

Figure 3.24: t = 180
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Figure 3.25: t = 240

Figure 3.26: t = 300

Figure 3.27: t = 360
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Figure 3.28: t = 420

Figure 3.29: t = 480

Figure 3.30: t = 540
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Figure 3.31: t = 600

Figure 3.32: t = 660

Figure 3.33: t = 684
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Figure 3.34: Multigrid convergence
rates per time step in 
 1

(top: maximal, bottom: averaged)
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Figure 3.35: Multigrid convergence
rates per time step in 
 2

(top: maximal, bottom: averaged)

with the multigrid iterates uk
i is calculated for k � 2 as long as �� l;j increases.

(Here, again, j � j 1;
 i is the energy norm on 
 i , and we set �� l;1 = 0 if one
multigrid step is needed only.) With the maximum obtained in this way, which
we call �� l , we determine� m;i and � M;i as

� m;i =
1
n

nX

l=1

�� l and � M;i = max
1� l � n

�� l ; i = 1 ; 2;

where n is the number of Robin steps needed for the corresponding time step.
Since we use the solution from the previous time step as the initial condition
for the next time step, we already have a good approximation for the solution
at that time step. With this choice we obtain fast multigrid c onvergence as
one can see from Figures 3.34 and 3.35. Here,� M;i often occurs in the �rst few
Robin steps, and the multigrid convergence rates can improve quite a lot for
higher accuracies in the domain decomposition iteration history (where �nally
often one multigrid step is enough). This explains that the di�erence between
� M;i and � m;i can be quite considerable.

Figure 3.36 displays the average convergence rates� for the domain decom-
position iteration given by the Robin method at each time step. The conver-
gence rates are calculated as in the examples on the Yin Yang domain, see
(3.3.59) and (3.3.60), now of course with the initial condition given by the pre-
vious time step. For t 2 [138; 472], when the location of the wetting front
has a nontrivial intersection with the interface �, the conv ergence rates vary
quite a lot between around 0:3 and 0:9. These big variations can also be ob-
served in the Robin iteration history at various time steps. In Figures 3.37
and 3.38 we illustrate two examples of such cases fort = 197 and t = 443
where we have the average convergence rates 0:56 and 0:63, respectively. One
can see that di�erent error reduction rates (i.e. convergence rates) are obtained
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Figure 3.36: Convergence rates� per time step for the Robin method

for di�erent accuracies, i.e. absolute errors

 
2X

i =1

ai (uk
i � un

i ; uk
i � un

i )

! 1=2

; k = 0 ; :::; n � 1; (3.4.107)

(un
i being the last Robin iterate) in the iteration history. We as sume that

these e�ects occur because the pressure values for nodes directly at the wetting
front probably depend quite sensitively on the solution of the previous time
step, the precise Robin conditions at the interface and the required accuracy
given by the stopping criterion. In addition, our measuring (3.3.59){(3.3.60) of
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Figure 3.37: Error (3.4.107) vs. Robin
iteration step at time t = 197
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Figure 3.38: Error (3.4.107) vs. Robin
iteration step at time t = 443
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the convergence rates in the generalized variablesui seems to be particularly
sensitive in this respect, see Remark 3.4.31 below.

In general the �rst convergence rate in the iteration history is considerably
smaller than the following ones for any time step. In particular, for time
steps t < 133 the error reduction in the �rst Robin step is such that it a l-
ready provides an almost vanishing average convergence rate. For t � 473,
when 
 1 is fully saturated and the wetting front is entirely located in 
 2, the
convergence rates do no longer oscillate, neither with respect to t nor in the
iteration history for �xed t. Furthermore, they increase as the wetting front ap-
proaches the Signorini-type boundary until the stationary solution is attained
at t = 684 (for t > 684 vanishing convergence rates are observed as expected).

Remark 3.4.31. As in the �rst part of this subsection concerning the examples
on the Yin Yang domain, one might again be interested in the convergence rates
measured in the physical variablespi rather than in the generalized pressure
variables ui , i = 1 ; 2, as done so far. Since we have chosenc = 0 in the
co�ee �lter example, one needs to be more careful here than inthe Yin Yang
examples because the inverse transformations� � 1

i , by which ui is transformed
into pi for i = 1 ; 2, are ill-conditioned for small generalized pressure values
now, compare Figures 1.7 and 1.8. As can be seen in these �gures, small
perturbations in ui can result in big variations of pi in the unsaturated regime.

Therefore, the stopping criterion (3.3.59) expressed inpi may correspond to
a much more restrictive stopping criterion in ui which might require a higher
accuracy than provided by the local solvers given by (3.4.105). In the example
above, a certain absolute error (3.4.107) inui usually corresponds to a much
bigger absolute error calculated inpi , i = 1 ; 2. In fact, they can di�er by several
orders of magnitude. We even observe numerical instabilities if we choose the
same accuracy 10� 12 in the stopping criterion (3.3.59) with ui replaced by pi .
If, instead, we choose the stopping criterion

� P 2
i =1 ai (pn

i � pn� 1
i ; pn

i � pn� 1
i )

� 1=2

� P 2
i =1 ai (pn� 1

i ; pn� 1
i )

� 1=2
< 10� 9 (3.4.108)

rather than (3.3.59) and measure the convergence rates as in(3.3.60) with ui re-
placed bypi , we obtain a time evolution (with 684 time steps) which practically
does not di�er from the one above (i.e., the �rst few digits of the obtained pres-
sure values usually coincide). Interestingly, however, the convergence rates� p

per time step measured in the physical pressurep and displayed in Figure 3.39
do not show as big oscillations as the ones measured inu in Figure 3.36. Con-
siderable oscillations only occur shortly before time stept = 473 when 
 1 is
fully saturated. In addition, the convergence rates measured p are more stable
in the iteration history for �xed time steps than the ones measured in u.

As in the stationary case on the Yin Yang domain the convergence rates de-
teriorate on higher levels. They also deteriorate if we choose more extreme

214



0 100 200 300 400 500 600 700
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure 3.39: Convergence rates� p per time step for the Robin method
measured in physical variables with stopping criterion (3.4.108)

soil parameters such as the ones in Table 3.1. Furthermore, the convergence
rates depend on the choice of the time step size for the variation of which we
have to alter 
 as well. (Observe that the time step size occurs as an additional
factor in front of the water 
ux in the Robin conditions (3.4. 16) or (3.4.19),
compare (2.3.2) and (3.4.15).)

In addition, we observe deteriorating convergence rates ifthe pressure di�erence
� p of the wetting front is too big. Note, however, that the situation � p = 20
in the co�ee �lter example with the Dirichlet value p = 100, measured in
meters of a water column, already seems quite extreme. Therefore, we have
hope that the Robin method can at least be successfully applied in reasonable
hydrological settings which are not too extreme. The next chapter is devoted
to the construction of such an example.
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Chapter 4

Numerical results for the
Richards equation with
gravity, various soils and
surface water in 2D

4.1 Introduction

In this last chapter we extend our solution method for the Richards equation in
heterogeneous soil such that it also takes the gravitational impact into account.
As a result we obtain a new solver for the Richards equation, which does not
rely on smooth parameter functions or regularization such as the ones based
on Newton's method which were mentioned in Section 2.2. Furthermore, we
introduce a discrete version for the coupling of the saturated-unsaturated 
ow
through a porous medium with surface water in a reservoir. At the end of
this chapter we solve the Richards equation in a 2D-setting containing realistic
hydrological ingredients.

The underlying idea of our approach to solve the Richards equation is to sepa-
rate the occurring di�culties and to treat them in di�erent s teps. First of all,
by Kirchho� transformation (see Section 1.3) we \got rid of" the nonlinear-
ity kr (� (p)) in the spatial derivative of the Richards equation (1.5.1) with the
e�ect that a robust solver exploiting convexity rather than regularity (see Sec-
tion 2.6 and 2.7) could be applied to the spatial problem in case of homogeneous
soil. The inverse Kirchho� transformation, which is in general ill-conditioned
if kr (� (p)) can be arbitrarily small, and therefore the e�ect of a very small
factor kr (� (p)) in the Richards equation (1.5.1), is then separated from the so-
lution process and only occurs in the retransformation in order to obtain the
physical pressure from the generalized pressure variable in which the solution
was calculated.
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Of course, with regard to the full Richards equation in heterogeneous soil, this
approach still entails two di�culties that have to be dealt w ith. First, the spatial
solver can only be applied to homogeneous soil. Therefore, we introduced non-
overlapping domain decomposition methods (Dirichlet{Neumann and Robin
method) in Section 3 for further treatment of the occurring nonlinear spatial
problems in heterogeneous settings as in De�nition 3.2.7. Secondly, we needed
to treat the gravitational impact in the Richards equation ( 1.5.1) explicitly in
the time discretization (2.3.2) in order to obtain a convex minimization problem
to which our monotone multigrid solver can be applied.

It is well known that an explicit treatment of a convective te rm usually leads
to instabilities in the numerical solution of the spatial pr oblems which can be
addressed by upwind techniques for small time step sizes. Wewill apply such
a technique, more concretely an arti�cial viscosity method, in the framework
of our �nite element discretization of the Richards equation in Section 4.2. As
a result, our numerical example therein shows that the problem posed by our
explicit treatment of the gravitational term can be successfully addressed by
this technique. Furthermore, the theoretical restriction on the time step size
can be violated in this numerical example without encountering instabilities.

Finally, in Section 4.3 we apply our developed solver in a 2D-setting to the
Richards equation with 4 di�erent soils, boundary conditions of Signorini's type
and surface water which is included via the reservoir model discussed in Re-
mark 1.5.1. This �nal example contains both in
ow from the su rface water into
the domain of the porous medium and out
ow into the surface water and shall
illustrate the applicability of our solver to realistic hyd rological situations.

4.2 Treatment of the Richards equation with gravity
in homogeneous soil

This section is devoted to the concrete treatment of the gravitational term
div

�
kr (M (u))ez

�
in our numerical solution of the homogeneous Richards equa-

tion (1.5.2). The theoretical presentation of this approach will be given in Sub-
section 4.2.1 followed by a numerical test of our method in Subsection 4.2.2.
The method is needed in order to achieve stability of the numerical solution
and it is based on an appropriate �nite element discretization of the explicitly
time-discretized gravitational term in (2.3.2). Such a discretization is obtained
by adding a di�usion matrix to the straightforward discreti zation of that term
which leads to upwind di�erences when interpreted as a �nite di�erence scheme
in special uniform settings. Our approach exploits the special direction of the
convection given by the earth's gravitation and is re�ned by a lumping of the
occurring convection matrix. It turns out that the restrict ion on the time step
size, i.e. the CFL condition, imposed by the explicit treatment of the gravita-
tion requires the time step size to be an order of magnitude smaller than the
mesh size in realistic hydrological situations. The numerical example in Subsec-
tion 4.2.2, however, demonstrates that the method can be applied successfully
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in case of realistic hydrological data without the occurrence of numerical insta-
bilities even if the CFL condition is violated considerably.

4.2.1 Upwind �nite element discretization of the gravitati onal
term by an arti�cial viscosity method

In this subsection we present an approach how one can easily and appropri-
ately deal with the gravitational term div

�
kr (M (u))ez

�
in the numerical treat-

ment of the Richards equation (1.5.2). Recall that we already decided to treat
the gravitational impact in a relatively simple way, i.e. explicitly in the time
discretization of (1.5.2), on the right hand side in the linear functional of a
variational inequality, see (2.3.2) and (3.4.96).

However, it is well known in the linear case already that a numerical treatment
of an elliptic equation with a convective term is unstable if the latter is not
space-discretized properly, which means that the sum of thesti�ness matrix
and the matrix coming from the convective part should result in an M -matrix
(see e.g. Kornhuber and Sch•utte [60, p. 53] and Fuhrmann andLangmach [41]).
In this sense we seek an appropriate space discretization of

Z



kr (M (un� 1))ezr v dx =

Z



kr (M (un� 1)) vz dx = ( kr (M (un� 1)) ; vz)L 2 (
)

(4.2.1)
in the linear functional (2.3.7) on the right hand side of (2.3.2). Note that the
treatment of this term should lead to a stable scheme in particular if it has a
considerable impact in the Richards equation (1.5.2) compared to the di�usion
term div r u. Therefore, we take a look at the scalar conservation law

wt + kr (w)z = 0 (4.2.2)

to which the Richards equation (1.5.2) reduces if we ignore the di�usion term
and set w := M (u).

Equations like (4.2.2) have been intensively studied both on the continuous and
the discrete level, see for example Johnson [52] or Kr•oner [62] to which we refer
in the following. It is well known for kr 2 C1(R) that classical C1-solutions
w of (4.2.2) are (at least locally) constant on characteristics which are curves
t 7! (
 (t); t) in the z-t-plane with the property 
 0(t) = kr 0(w(
 (t); t)) for t > 0,
see [62, p. 16]. Since we can assumekr 0 > 0 in case of the Brooks{Corey
model (1.2.9) and (1.2.10), this already suggests that the information trans-
port given by the equation (4.2.2) goes from the left to the right on the z-axis
within time, see Figure 4.1. This fact should also be re
ected by a discretiza-
tion of (4.2.2) as a necessary condition for stability and convergence, compare
[62, Ex. 2.1.20]. Therefore, in the framework of �nite di�er ence discretizations,
one should choosebackward di�erences or equivalently an upwind discretiza-
tion of the spatial derivative kr (w)z in (4.2.2), see Kr•oner [62, Ex. 2.2.7] and
Fuhrmann and Langmach [41, Sec. 6]. More concretely, withwn

i := w(zi ; tn ),
i = 0 ; : : : ; K , K 2 N, z0 < z 1 < � � � < z K and n = 0 ; : : : ; N , t0 < t 1 < : : : < t N
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Figure 4.1: Upwind discretization

as in Subsection 2.3.1 such a �nite di�erence discretization would read

wn
i � wn� 1

i

tn � tn� 1
+

kr
�
wn� 1

i

�
� kr

�
wn� 1

i � 1

�

zi � zi � 1
= 0 (4.2.3)

together with certain initial and boundary conditions, see Figure 4.1.

Our aim is to reproduce (4.2.3) on the level of our �nite element discretization
of (1.5.2) in (2.3.2) and (3.4.96). As a �rst step to achieve this note that, as
just seen, the convective part in the Richards equation (1.5.2) has a given �xed
direction along the z-axis, independently of the dimension of 
. Therefore, in
2D one should choose triangulationsTj , j � 0, of 
 in which each triangle has
an edge on a vertical line parallel to thez-axis in the y-z-plane. In other words,
the triangulations should be arranged within vertical stri pes in the y-z-plane
as depicted in Figure 4.2.

With the notation as in Subsection 2.5.1 a straightforward � nite element dis-
cretization of (4.2.1) could be given bySj -interpolations of the known function
kr (M (un� 1)) and of the test function v in this integral. This would lead to the
matrix

C := ( cpq)p;q2N j =
� Z



� q

@
@z

� p dx
�

p;q2N j

: (4.2.4)

Note that (4.2.1) was obtained after an application of Green's formula which was
not the case for (4.2.2). However, this just leads to a rearrangement of terms
by the application of the negative transposed matrix � CT instead of C and
additionally occurring boundary terms. We come back to this fact later in this
section. Since the integral (4.2.1) is on the right hand sideof the equation cor-
responding to (4.2.2) we seek upwind di�erence quotients for � kr (M (un� 1(�)))
coming from suitable modi�cations in the discretization of that term.

In cases with congruent equilateral orthogonal triangles around an inner node
p 2 N j in Figure 4.2 one can easily check that the matrix (4.2.4) produces
central di�erences (up to a constant factor depending onj ) of � kr (M (un� 1(�)))
for p on the vertical lines in z-direction but also \side e�ects" coming from
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a = y0 b = yn
y1 yi � 1 yi yi +1 yn� 1

hi hi +1

q1

q2 q3

q0
1

q0
2q0

3

p

c

d

� y
i

Figure 4.2: Vertical stripes for Tj and horizontal lumping in 
 = ( a; b) � (c; d)

(neighbouring) nodesq on the neighbouring vertical lines. To \eliminate" the
latter, one can carry out a lumping of the L 2-scalar product (4.2.1) iny-direction
which we describe now. Here we need to assume that 
 is a rectangle with
edges parallel to they-axis or the z-axis. Then, by Fubini's theorem (see e.g.
[82, pp. 164{167]), settingw := M (un� 1) now, we can write

Z



kr (w) vz dx =

Z b

a
F (y) dy (4.2.5)

with

F (y) :=
Z d

c
(kr (w) vz)(y; z) dz 8y 2 [a; b] a.e.

and some reala < b and c < d. We approximate the integral on the right hand
side of (4.2.5) by an interpolation of F in a space of linear �nite elements on
the y-axis with nodes yi , i = 0 ; 1; : : : ; L , L 2 N, given by and located on the
vertical lines corresponding to our triangulation, see Figure 4.2. The resulting
nodal basis functions in one space dimension which are independent of z are
denoted by � y

i . We obtain

Z b

a
F (y) dy �

Z b

a

LX

i =0

F (yi ) � y
i (y) dy =

LX

i =0

F (yi ) �
1
2

(hi + hi +1 )
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if we denote hi := yi � yi � 1 for all i = 1 ; : : : ; L and set h0 = hn+1 = 0. Now,
for yi , i = 0 ; 1; : : : ; L , we approximate the integral F (yi ) by interpolating both
kr (w) and v in Sj restricted to the vertical line parallel to the z-axis through the
point ( yi ; c). The corresponding nodal basis functions in 1D with their support
on this line (and related to the nodes (yi ; zik ) with the order zik < z ik +1 for
k = 0 ; : : : ; K � 1) shall be denoted by� ik , k = 0 ; : : : ; K , with K 2 N as above.
The related nodes (yi ; zik ) shall be ordered byzik � 1 < z ik with hik := zik � zik � 1

for k = 1 ; : : : ; K , as for exampleq2 = ( yi ; zik � 1), p = ( yi ; zik ) and q0
2 = ( yi ; zik +1 )

in Figure 4.2. Consequently, with v = � il , l = 0 ; : : : ; K , we have

F (yi ) =
Z d

c
(kr (w)( � il )z)(yi ; z) dz �

KX

k=0

kr (w(yi ; zik ))
Z d

c
� ik (� il )z dz

with
Z d

c
� ik (� il )z dz =

8
>><

>>:

1
2 for l = k + 1

� 1
2 for l = k � 1

0 else:

Altogether, by this lumping we replace the matrix C in (4.2.4) by

~C := (~cpq)p;q2N j

with

~cpq =

8
>><

>>:

1
4(hi + hi +1 ) for q = q2

� 1
4(hi + hi +1 ) for q = q0

2

0 else

(4.2.6)

where q2 and q0
2 are given according to Figure 4.2. Just asC, the matrix ~C

gives central di�erences (up to a j -independent factor) for inner nodesp 2 N j ,
but now without additional contributions from vertical lin es on whichp is not
situated. More concretely, for such a point this lumping is obtained by the
de�nition

~cpq2 := cpq2 + cpq3

~cpq0
2

:= cpq0
2

+ cpq0
3

(4.2.7)

~cpp := cpp + cpq1 + cpq0
1

with the setting and the notation as in Figure 4.2 if we have a constant mesh
sizeh = hi = hik for all i = 1 ; : : : ; L and k = 1 ; : : : ; K .

Now, it is well known that one can get one-sided di�erences from central dif-
ferences by adding an arti�cial viscosity term, i.e. a di�usion term or central
di�erences for second derivatives, see [62, Ex. 2.2.6]. Therefore, we introduce
the one-dimensional di�usion matrix

D :=
� Z




@
@z

� q
@
@z

� p dx
�

p;q2N j

(4.2.8)
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which (after multiplication with h� 2) leads to central di�erences for second
derivatives of � kr (M (un� 1(�))) in z-direction for inner nodes p 2 N j , without
further \side e�ects" coming from neighbouring points if we are in the uniform
situation as in Figure 4.2 with a constant mesh sizeh = hi = hik for i = 1 ; : : : ; L
and k = 1 ; : : : ; K . In this setting one can easily verify that the sums of matrices

K := C �
h
3

D (4.2.9)

and
~K := ~C �

h
2

D (4.2.10)

give upwind di�erence quotients for � kr (M (un� 1(�))) in z-direction, i.e. the
discretization (4.2.3), for inner nodes p 2 N j when multiplied with 3 =(2h2)
(and with \side e�ects" in case of (4.2.9)).

For nodes p 2 N j on the leftmost and the rightmost vertical line on @
 half
of the upwind di�erence quotients from the inner nodes occur. Unfortunately,
this is not the case for nodes on the top and the bottom horizontal line on @
.
Interestingly, however, the latter can be interpreted after an application of
Green's formula to (4.2.1). Then we obtain an additional integral on @
 but
the contributions for p 2 N j in the corresponding matrix � K T or � ~K T on the
bottom line lead to upwind di�erence quotients for � kr (M (un� 1(�))) in this
node now, whereas they vanish forp 2 N j on the top line (while the situation
for all the other nodes does not change).

Both discretizations of (4.2.1) given by (4.2.9) and (4.2.10) are also applicable
for domains 
 � R2 which are not rectangles if a certain value forh related
to the mesh size and big enough to ensure stability of the scheme is chosen.
(We even chooseh locally in case of non-uniform meshes.) Note, however,
that (4.2.10) could only be derived by Fubini's theorem for the special rect-
angular cases considered above. Nevertheless, one can in principle use both
de�nition (4.2.6) and (4.2.7) in more general cases, too. Whatever possibility is
pursued, one should always choose vertical stripes for the triangulations of 
 in
order to account for the direction of gravity in the space discretization of (4.2.1).
Finally, we remark that our method of adding arti�cial visco sity terms given
by the one-dimensional di�usion matrix (4.2.8) in (4.2.9) and (4.2.10) is just
a special example of the streamline upwind Petrov{Galerkinmethod described
in Johnson [52]. Since in our case the direction of convection is parallel to a
coordinate axis and �xed for all times, that method can be more easily realized
here.

Finally, it is well known that upwind discretizations (4.2. 3) for the solution of
(4.2.2) with kr 0 > 0 lead to so-calledmonotone schemesif the CFL (Courant,
Friedrichs, Lewy) condition is satis�ed, see [62, pp. 50/51, 66]. This condition is
a restriction on the time step size� := tn � tn� 1 in (4.2.3) which must be chosen
small enough compared to the mesh sizeh = zi � zi � 1 (we assume constant�
and h here). It reads

� < h
�

sup
w2 R

jkr 0(w)j
� � 1

(4.2.11)
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and is the price that has to be paid if explicit time discretizations are applied
to convective terms as done in (4.2.3) and for the Richards equation in (2.3.2).
If (4.2.11) is satis�ed, however, the monotone scheme (4.2.3) is stable and con-
vergent, see [62, pp. 72, 91].

In order to get an impression of the size of the factor (supw2 R jkr 0(w)j)� 1 in
(4.2.11) for realistic situations, we take a look at concrete hydrological examples
for the relative permeability function kr (�). First, recall that the Brooks{Corey
model (1.2.9) and (1.2.10) provides

kr 0(� ) = e(� )
�

� � � m

� M � � m

� e(� )� 1

and therefore

sup
w2 R

jkr 0(w)j = e(� ) � 1 = 3 +
2
�

=

(
5 for � = 1

23 for � = 0 :1
(4.2.12)

if we choosee(� ) according to Burdine in (1.2.10), compare Figure 1.2. Herewe
have chosen extreme values� = 1 (coarse sand) and� = 0 :1 (�ne clay) for the
pore size distribution factor, compare Rawls et al. [77, Table 5.3.2]. However,
our numerical example to which we turn in the next subsection, suggests that
the theoretical bounds in (4.2.11) given by (4.2.12) are quite pessimistic in
practical situations and that larger time step sizes can be used without visible
drawbacks concerning the numerical stability.

4.2.2 Numerical test: Richards equation with gravity

In the following, we present a numerical example which shallillustrate the per-
formance of the arti�cial viscosity method described in the previous subsection,
more concretely the lumped version given by the matrix in (4.2.10). As the do-

Figure 4.3: Initial condition p = � 20, �nest grid, gravity along right axis
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main we choose the unit square 
 = [0; 1]2 in the y-z-plane where thez-axis
(i.e. the direction of gravity), is directed downwards (to t he right in Figure 4.3)
and the y-axis is directed to the left as in Figure 4.3. Therein, one can see
the initial condition p = � 20 (in meters of a water column, i.e. a practically
dry soil) on the �nest grid with h = 1=32 on the fourth re�nement level. The
coarse grid and uniform re�nement are chosen such that equilateral orthogonal
triangles occur within vertical stripes as proposed above (compare Figure 4.2).

We assume homogeneous soil parameters in 
, more concretelywe choose the
parameters of sand as given by the USDA soil texture trianglein Rawls et al. [77,
Tables 5.3.2 and 5.5.5], see Table 4.1. With regard to the parameter functions
the (unaltered) Brooks{Corey model (1.2.9) and (1.2.10) shall be applied here.


 = [0 ; 1]2 n � m � pb K h

soil: sand 0:437 0:046 0:694 � 0:073 6:54 � 10� 5

Table 4.1: Soil parameters of sand for the Richards equationwith gravity

We choose a constant in
ow � v � n = 0 :002 [m=s] on 
 i := f 0g � [0:25; 0:5]
(i.e. on the right face of 
) and homogeneous Neumann boundary data v �n = 0
on @
 n
 i which can already be resolved on the coarse grid. As a consequence,
the time evolution depicted in Figures 4.4{4.12 in heightplots on the left and
colourplots on the right (with gravity directed downwards) shows an increasing
physical pressure while the saturated regime in 
 extends more and more.

Due to the mass matrix arising from the spatial discretization of the saturation
term (see for example (2.5.44)) the occurring spatial Neumann problems are
uniquely solvable for each time stept � 810. Our spatial solver is the monotone
multigrid as used in Subsection 3.4.6 for the local problemsin the co�ee �lter
example with the same stopping criterion given in (3.4.105). Recall that the
gravitational impact only occurs in the right hand side of th e discrete spatial
problems. As usual the solution of such a problem serves as the initial iterate
for the next time step.

Starting with the solution for the �rst time step t = 10, the evolution of the
physical pressure in Figures 4.4{4.12 is given at equidistant time steps until
for t = 810 the domain is almost fully saturated. As in the co�ee �lt er example
in Subsection 3.4.6, we obtain a quite sharp moving wetting front, where a pres-
sure di�erence of almost 20 occurs and which represents the interface between
the saturated and the unsaturated regime of 
. Moreover, we observe a pres-
sure decline from the face
 i where in
ow is imposed to the wetting front which
increases in time. For t = 810 we have pmax = 10:9 in the central node of 
 i

and pmin = � 14:5 in the left bottom corner of 
 while the pressure practicall y
vanishes for all nodes on the left face of 
 where the domain isfully saturated.
Note that we have a constant 
ow of water into the domain and we do not al-
low out
ow. Therefore, it is no surprise that the multigrid n o longer converges
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Figure 4.4: t = 10

Figure 4.5: t = 110

Figure 4.6: t = 210
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Figure 4.7: t = 310

Figure 4.8: t = 410

Figure 4.9: t = 510
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Figure 4.10: t = 610

Figure 4.11: t = 710

Figure 4.12: t = 810

228



for the next time step t = 820, for which the maximal amount of 
uid in the
domain would be exceeded due to the constant in
ow.

The (constant) time step size � = 10 [s] used in this example is three orders of
magnitude larger than the upper bound given by the CFL condition (4.2.11)
which is

h
�

3 +
2
�

� � 1

�
1
32

�
1

5:88
�

1
188

in our case (see (4.2.12) and Table 4.1). Surprisingly, we donot observe any
visible numerical instabilities in the corresponding graphics if we further in-
crease the time step size� and decrease the mesh sizeh. For example, we can
still solve the problem with h = 2 � 10, i.e. on the 9th level, and varying big
time step sizes up to� = 810 without encountering instabilities. Remarkably,
these e�ects are the same if we use clay (compare Table 3.1) instead of sand
in the model problem. In that case, we do not obtain a wetting front as in
Figures 4.4{4.12 but rather a uniform decline of the pressure from the right
face of 
 to the boundary of the dry regime p = � 20 in 
. However, this
decline is steeper than the wetting front in sand since the range of the pressure
is two orders of magnitude larger in clay. Observe that we obtained a stronger
theoretical time step restriction (4.2.12) for clay than for sand. Altogether, the
results show the practicability and the stabilizing e�ect o f our upwind method
for the gravitation as discussed in the previous subsection. In addition, the
theoretical bounds for the time step sizes given by the CFL condition (4.2.11)
seem to be too pessimistic at least for realistic hydrological data.

Figure 4.13: Solutions with gravity (surface graph)
and without gravity (lines) at time t = 710

In Figure 4.13 one can see the e�ect of the gravitation in our model problem.
The surface graph in this �gure represents the above solution of our problem
with gravity at the time t = 710. The graph given by lines was obtained
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at the same time for the same problem without gravity. With regard to the
next numerical example, we remark that we obtain a solution for which the
pressure values coincide in the �rst few digits with the corresponding ones in
Figures 4.4{4.12 if we apply the Robin method to this homogeneous problem. In
the following last section we consider a heterogeneous problem for the Richards
equation with gravity and surface water.

4.3 Numerical example: Richards equation in four
di�erent soils with surface water

The following last section of this work is devoted to the presentation of a numer-
ical example for the Richards equation in a heterogeneous setting in two space
dimensions including surface water. This example simulates a situation which
one may call hydrologically realistic in principle. The results suggest that our
algorithm might well be suitable for the solution of more practical groundwater

ow problems.

Before we turn to the presentation of our example we explain how we treat the
coupling of the Richards equation with surface water numerically. Recall that
in Remark 1.5.1 we already introduced the model we use for this coupling in the
continuous setting. It is based on the assumption of mass conservation (1.5.8)
and uses a simple reservoir model for the surface water, compare Figure 1.16.
Loosely speaking, the 
ow of water out of (or into) the domain increases (or
decreases) the height of the water reservoir, which in turn has an e�ect on the
shape of the Dirichlet boundary and the size of the Dirichlet boundary values
given by the hydrostatic pressure.

T1

T2




@



 h
h(t)

Figure 4.14: Flow across
 h � @
 between T1 and T2 a�ects lake height h(t).

More concretely, with a glance at Figure 4.14, we call
 h the part of the bound-
ary between the top points T1 and T2 through which (independent of time)

ow of water contributes to the height h(t) of a lake betweenT1 and T2. Now,
choosing a suitable ~
 h � @
 with 
 h � ~
 h and a v 2 H 1

@
 n~
 h
(
) with the trace

tr 
 h v = 1, we can approximate the integral on the right hand side of (1.5.8) as
Z

~
 h

v � n v d� = �
Z



M (u)t v dx �

Z



r ur v dx +

Z



kr (M (u))ezr v dx

if ~
 hn
 h has a small Hausdor� measure and the functions involved are smooth
enough, compare (1.5.13). This gives rise to the following explicit time dis-
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cretization of (1.5.8). With a slight abuse of notation we call u(tn ) the semi-
discrete solution for a time step tn , n � 0, corresponding toun in (2.3.2). We
denote u(t � 1) := u0 with the initial condition u0 and choose a constant time
step size� = tn � tn� 1, n = 1 ; : : : ; N . Then, with given solutions u(tn ) and
u(tn� 1), n � 0, the new approximated volumeV (tn+1 ) of the lake is de�ned as

V(tn+1 ) = V (tn ) �
Z



(M (u(tn )) � M (u(tn� 1))) v dx � �

Z



r u(tn )r v dx

+ �
Z



kr (M (u(tn ))) ezr v dx : (4.3.1)

Finally, using the same notation as in Subsection 2.5.1, we carry out the space
discretization of (4.3.1) in the �nite element space Sj for a j � 0. As a test
function we choose

v =
X

p2N j \ 
 h

� p

which has a support in a neighbourhood of
 h only, and the discretization of
the three integrals on the right hand side of (4.3.1) is carried out as already
described earlier. The discretization of the �rst integral is given via the mass
matrix as in (2.5.44), the second one is given with the help ofthe sti�ness matrix
as usual and the third integral is discretized via the matrix ~K in (4.2.10) as
explained in Subsection 4.2.1.

In order to translate the volume V(tn+1 ) (now obtained by the fully discrete
version of (4.3.1)) into the new heighth(tn+1 ) of the lake in our implementation
we use the following simpli�ed geometry model. First, we assume that 
 h can
be approximated by a part of a semi-circle line with a certain radius r > 0
which should be su�ciently accurate at least for small heights of a lake. Then
we can write

V (tn+1 ) =
Z h(tn +1 )

0
2
p

r 2 � (r � s)2 ds

and we just approximate the right hand side by numerical integration. Con-
cretely, for a �xed small interval length � s and k � 1 with k � s � r we
approximate Z k � s

(k� 1) � s
2
p

r 2 � (r � s)2 ds � I k

where I k is obtained by the trapezoidal rule applied to the integral. Then we
set h(tn+1 ) := k0� s if

k0X

k=1

I k � V (tn+1 ) >
k0� 1X

k=1

I k

and h(tn+1 ) := 0 if V (tn+1 ) � 0. OtherwiseV(tn+1 ) is too big for our geometry
model which does not occur in our example below. Now, withh(tn+1 ) we obtain
the Dirichlet boundary 
 D (tn+1 ) � 
 h together with the Dirichlet boundary
values given by the hydrostatic pressure of the water in the lake above each
Dirichlet node. The rest of the top boundary, which is not covered by the lake,
is treated as a boundary of Signorini's type, compare Subsection 1.5.1.
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Figure 4.15: Fine grid, four layers of soil
from top to bottom as in Table 4.2

Figure 4.16: Initial condition:
dry soil and surface water

With regard to our concrete example, Figure 4.15 shows the domain 
 � R2

decomposed into the four subdomains 
1, 
 2, 
 3 and 
 4 (from the top to
the bottom) which we use for our model problem. The width of the domain
is 2 [m] and the height from the bottom to the highest point of 
 is app roxi-
mately 1:214 [m]. The z-axis points downwards in gravitational direction. As
always in this work we apply the Brooks{Corey model according to Burdine
for the equations of state (1.2.9) and (1.2.10). We choose the soil parameters
of sand, loamy sand, sandy loam and loam given in Table 4.2 (compare Rawls
et al. [77, Tables 5.3.2 and 5.5.5]) as the parameters in the layers of soil corre-
sponding to 
 1, 
 2, 
 3 and 
 4. Figure 4.15 already shows the �nest grid (with
the mesh sizeh = 0 :038) which we obtain on the third re�nement level with
585 nodes in each subdomain.


 i n i � m;i � i pb;i K h;i

i = 1 (sand) 0:437 0:046 0:694 � 0:073 6:54 � 10� 5

i = 2 (loamy sand) 0:437 0:080 0:553 � 0:087 1:66 � 10� 5

i = 3 (sandy loam) 0:453 0:091 0:378 � 0:147 6:06 � 10� 6

i = 4 (loam) 0:463 0:058 0:252 � 0:112 3:67 � 10� 6

Table 4.2: Soil parameters for the heterogeneous problem with surface water

As the initial condition depicted in Figure 4.16 in a colourplot we choose
p = � 10 (meters of a water column) corresponding to an initially dry soil in 

except for the nodes on the top boundary which are covered by surface water
(red in Figure 4.16) where a hydrostatic pressure from the lake is given. The
height of the lake at the time t = 0 is 0:1686 [m], the radius of the circle line
by which we approximate 
 h is r = 1 :2 [m].

As already indicated above, the part of the top boundary which is not covered by
the lake is treated as a boundary of Signorini's type for all time steps (compare
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also the situation in Theorem 3.2.4 and Remark 3.2.5). In thetime evolution
we impose a constant in
ow of � v � n = 3 � 10� 4 [m=s] across the lower half of
the left boundary of 
 1. On the rest of the left boundary of 
 as well as on the
right and the bottom part of @
 homogeneous Neumann boundary conditions
v � n = 0 are assumed for all time steps. For the time evolution we choose the
constant time step size� = 10 [s].

The spatial problems for each time step are solved by the Robin method in
which one iteration step for the four subdomains looks as follows. First, for any
iterate uk , k � 1, provided by the method on 
, and the solution u0 from the
previous time step we abbreviate

uk
i := uk

j
 i
; i = 1 ; 2; 3; 4:

Now, given an iterate uk , k � 0, on 
, we determine uk+1
1 according to

(3.4.15){(3.4.16) and uk+1
2 according to (3.4.17){(3.4.18), in which the inter-

face with the Robin boundary condition for the unknown uk+1
2 also contains

the connected component@
 2 \ @
 3 of @
 2n@
, where the previous iterate uk
3

on 
 3 contributes to the right hand side in (3.4.18) as well. The subsequent
iterates uk+1

3 and then uk+1
4 are obtained analogously asuk+1

2 and uk+1
1 , respec-

tively. We choose the constant parameter
 = 10 � 4 suggested by numerical
experiments for the Robin method at all time steps.

As the inner solver for the homogeneous problem on each subdomain 
 i for
i = 1 ; 2; 3; 4, we apply the monotone multigrid method described in Subsec-
tion 3.4.5 and already used for the co�ee �lter example in Subsection 3.4.6.
Again, the stopping criterion for the multigrid is given by ( 3.4.105).

In order to account for the realistic nature of our model problem in this section
we use another stopping criterion and another way of measuring the perfor-
mance of the Robin method than in Subsection 3.4.6. To this end, we �rst
estimate a global convergence rate� of the Robin method for all time steps,
carrying out the whole calculation for the time evolution wi th the quite restric-
tive stopping criterion

� P 4
i =1 ai (pn

i � pn� 1
i ; pn

i � pn� 1
i )

� 1=2

� P 4
i =1 ai (pn� 1

i ; pn� 1
i )

� 1=2
< 10� 8 (4.3.2)

in which we denotepn
i := pn

j
 i
for the nth iterate pn of the domain decomposition

iteration. We refer to Remark 3.4.31 for a discussion on a stopping criterion
given in terms of the physical pressurep rather than the generalized pressureu.
As before, the corresponding bilinear formsai (�; �), i = 1 ; 2; 3; 4, are induced via
the related sti�ness matrices given by the problem on the subdomains 
 i . In
what is to come, the norm arising from these forms onSj shall be denoted by

kpk :=

 
4X

i =1

ai (pi ; pi )

! 1=2

; p 2 S j ; pi := pj 
 i ; i = 1 ; 2; 3; 4:
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In the computation where the stopping criterion (4.3.2) was used we observed
that

kpk+1 � pkk � � kpk � pk� 1k ; 1 � k � n � 1; (4.3.3)

usually holds with the maximal rate � = 0 :95 for succeeding iterates of the
Robin iteration at any time step. Now, in addition to (4.3.3) we assume that
this convergence rate is globally valid for this problem in the sense that for any
time step we have

kp � pk+1 k � � kp � pkk ; k � 0;

with the exact solution p of the discrete spatial problem. Then we can write

(1 � � )kp � pkk � k p � pkk � k p � pk+1 k � k pk+1 � pkk ; k � 0;

and assumingkpk � k pkk, which is justi�ed if initial iterates are chosen in a
neighbourhood ofp, we get

kp � pkk
kpk

�
1

1 � �
�

kpk+1 � pkk
kpkk

; k � 0:

Now, in order to determine p at least up to a relative accuracy of 1% we choose
the stopping criterion

kpk+1 � pkk
kpkk

< 0:0005 (4.3.4)

and obtain
kp � pkk

kpk
<

1
1 � 0:95

� 0:0005 = 0:01: (4.3.5)

Figure 4.41 shows the number of iterations obtained with this stopping cri-
terion per time step (recall � = 10) for the time evolution displayed in Fig-
ures 4.17{4.40. Note that in these �gures the evolution is given columnwise in
time. Except for the last column we have chosen constant timeintervals � t in
each column which are, however, increased considerably later in the evolution.

One can observe a quite fast evolution in the �rst 20 time steps, in which the
lake loses more than half of its height while its water 
ows quickly into the �rst
soil layer which is sand. With regard to the fast evolution at the beginning
as compared to later time steps observe that the hydraulic conductivity of the
soil gets smaller from layer to layer if we go downwards. Between t = 800 and
t = 4320 the water level is below 0:01, and it is equal to 0 (e.g. fort 2 [940; 1160])
or oscillating in the interval [0 ; 0:0012] betweent = 930 and t = 2410. Later
the water level rises again slowly while the saturated area of the soil increases
gradually (the colour blue in the graphics represents the initial pressurep = � 10
while we havep � 0 in the yellow regions, orange forp � 1 and red for p � 2).
At t = 12790 (Figure 4.39) the surface water has reached its initial height
h = 0 :1686 again, and att = 13420 (Figure 4.40) the pressure has been equalized
in the right bottom corner of 
 and the domain is fully saturat ed with the range
p 2 [0; 2:2] while the lake can already be regarded as over
owing.
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Figure 4.17: t = 10

Figure 4.18: t = 40

Figure 4.19: t = 70

Figure 4.20: t = 100

Figure 4.21: t = 200

Figure 4.22: t = 400

Figure 4.23: t = 600

Figure 4.24: t = 800
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Figure 4.25: t = 1000

Figure 4.26: t = 1500

Figure 4.27: t = 2000

Figure 4.28: t = 2500

Figure 4.29: t = 3000

Figure 4.30: t = 4000

Figure 4.31: 5000

Figure 4.32: t = 6000
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Figure 4.33: t = 7000

Figure 4.34: t = 8000

Figure 4.35: t = 9000

Figure 4.36: t = 10000

Figure 4.37: t = 11000

Figure 4.38: t = 12000

Figure 4.39: t = 12790

Figure 4.40: t = 13420
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Figure 4.41: Number of iterations per time step of the Robin method
with stopping criterion (4.3.4) for a relative accuracy (4.3.5) of 1%

The time evolution is also re
ected by Figure 4.41 where the number of Robin
iterations needed per time step is given for the stopping criterion (4.3.4). Mostly
we obtain iteration numbers below 15. In the �rst few time steps, however, they
are considerably bigger, for example at least 20 fort 2 [40; 240] with a maximum
of 38 for t = 100. With regard to this fact, we point out that starting wit h
t = 40 the wetting front coming from the lake already crosses the interface
between the �rst and the second layer. (Recall that the wetting front is the
border between the fully saturated and the unsaturated regime.) Furthermore,
a solution from the previous time step as the initial iterate for the next time
step is certainly further away from the next solution at small time steps, where
we observe a fast evolution.

We remark that at t = 1300 the wetting front coming from the surface water
reaches the third layer, and at around t = 5000 the wetting front reaches the
bottom layer at the left boundary of the domain. At around t = 2300 a topology
change of the previously disconnected parts of the saturated regime of 
 takes
place. Starting at about t = 10000 the layers 
 1 and 
 2 are fully saturated,
and so is 
 3 at around t = 11700. The last peak (with the iteration number 15)
in Figure 4.41 is obtained at t = 13420 (see Figure 4.40).

Our time step size � = 10 is chosen three orders of magnitude larger than
prescribed by the CFL condition (4.2.11) for linear cases, which would require
� < 0:0015 if we seth as the smallest side length of a triangle inz-direction
(see Figure 4.15) and� = � 4 from Table 4.2 in (4.2.12). With a glance at
Figures 4.17{4.40 and Figure 4.41, the choice of� = 0 :0015 would require about
106 time steps for the same evolution process leading to a time resolution which
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seems far too �ne for this problem. In addition, we would needunrealistically
long calculation times of several weeks for the computationof this problem with
the stopping criterion (4.3.4) on a PC. Note that we also solved our problem
above (using� = 10) with the much bigger accuracy (4.3.2) which took about
a day of computation while the calculation with the stopping criterion (4.3.4)
only lasted a few hours.

We do observe some numerical instabilities (i.e. unrealistic physical pressure
valuesp < � 10) in the solution of some spatial problems in our example above.
They occur in nodes of certain triangles when the wetting front crosses that
area, for example at the left boundary or in the right top corner of 
. These
critical triangles contain angles which are (possibly much) bigger than �= 2.
We point out that we also observe such instabilities if we choose bigger mesh
sizes or smaller time steps such as� = 0 :02 (CFL time step for the �rst level).
They even occur if we carry out numerical experiments with a wetting front
around critical triangles using the CFL time step � = 0 :0015. Moreover, we
also observe such instabilities if we compute the same example without gravity.
These observations suggest that the instabilities which weobtained in our model
problem are not due to the gravitational term but rather due t o the grid quality
which we have not optimized here. We assume that such problems might require
grids which satisfy the Delaunay or a similar property, see Delaunay [31] and
Fuhrmann and Langmach [41].

Altogether, the nature of our example and the numerical results we obtained
demonstrate that the solution method we propose for the Richards equation in
heterogeneous soil with surface water can be successfully applied to a realistic
hydrological model problem.
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Zusammenfassung (deutsch)

Dreh- und Angelpunkt der vorliegenden Arbeit ist die Richardsgleichung. Diese
ist eine nichtlineare elliptisch-parabolische partielle Di�erentialgleichung zur
Beschreibung des Grundwasser
usses in por•osen Medien im ges•attigten wie
im unges•attigten Fall. Eine der beiden Nichtlinearit•ate n, die relative Perme-
abilit•at, f•uhrt zu einer Degeneriertheit in der Ortsable itung, da sie f•ur kleine
Druckwerte beliebig klein werden kann. Weiterhin k•onnen die Parameterfunk-
tionen gro�e Steigungen enthalten und f•ur extreme Bodenparameter zu Sprung-
funktionen degenerieren. Da zudem die Parameterfunktionen vom Bodentyp in
Teilbereichen des Rechengebiets abh•angen, erhalten wir heterogene Probleme
mit springenden Nichtlinearit•aten.

Angesichts dieser Eigenschaften der Nichtlinearit•aten streben wir eine L•osungs-
methode f•ur die Richardsgleichung an, welche v•ollig ohneLinearisierung aus-
kommt. Dazu ist es n•otig, das Problem in Teilprobleme zu zerlegen, welche
getrennt voneinander gel•ost werden k•onnen. Als erstes wird daf•ur der homo-
gene Fall ortsunabh•angiger Parameterfunktionen betrachtet, f•ur den wir durch
Kirchho�{Transformation die quasilineare Richardsgleic hung in eine semilinea-
re Gleichung transformieren k•onnen, welche nun gleichm•a�ig elliptisch im Ort
ist. Die erhaltene Gleichung wird dann implizit im Haupttei l und explizit im
Gravitationsanteil der Ortsableitung in der Zeit diskreti siert. Dies f•uhrt auf
Ortsprobleme, welche •aquivalent zu eindeutig l•osbaren konvexen Minimierungs-
problemen sind. Letztere lassen eine Diskretisierung mit linearen �niten Ele-
menten zu, f•ur die Existenz und Eindeutigkeit sowie Konvergenz der diskreten
L•osungen gezeigt werden kann. Die entstandenen diskretenProbleme k•onnen
mit monotonen Mehrgitter{Methoden e�zient und robust bez• uglich extrem
variierender Bodenparameter gel•ost werden.

Im heterogenen Fall f•uhren verschiedene Kirchho�{Transformationen in den
Teilgebieten mit homogenem Boden auf ein Gebietszerlegungsproblem. In die-
sem sind konvexe Minimierungsprobleme auf den Teilgebieten mit nichtlinearen
•Ubergangsbedingungen auf den Gebietsgrenzen gekoppelt. Konkret fordern die
•Ubergangsbedingungen die Stetigkeit des physikalischen Drucks sowie des Nor-
malen
usses •uber die Gebietsgrenze. Mittels dieser Gr•o�en lassen sich nicht-
lineare iterative Verfahren wie die Dirichlet{Neumann{ un d die Robin{Methode
de�nieren. Ohne weitere Linearisierung werden diese Verfahren durch eine
Weiterentwicklung der linearen Steklov{Poincar�e{Theor ie analysiert. Im Falle
von nichtdegenerierenden relativen Permeabilit•aten auf zwei Teilgebieten im
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Eindimensionalen erhalten wir folgende Konvergenzaussagen sowohl im Kon-
tinuierlichen als auch im Diskreten. Die gen•ugend ged•ampfte Dirichlet{Neu-
mann{Methode sowie die Robin{Methode konvergieren f•ur die station•are Ri-
chardsgleichung ohne Gravitation, und das zugeh•orige Gebietszerlegungsprob-
lem ist wohlgestellt. Weiterhin konvergiert die Robin{Met hode f•ur die zeit-
diskretisierte Richards{Gleichung, und auch hier erhalten wir die Wohlgestellt-
heit des Gebietszerlegungsproblems. Obwohl unsere auf einem Kontraktionsar-
gument basierende Beweismethode im Zweidimensionalen versagt, erhalten wir
befriedigende numerische Resultate f•ur die Anwendung derMethoden auf die
untersuchten Probleme in zwei Raumdimensionen.

Schlie�lich wird eine geeignete Upwind{Diskretisierung f•ur den explizit zeit-
diskretisierten Gravitationsterm mittels �niter Element e entwickelt. Damit las-
sen sich die Ortsprobleme der zeitdiskretisierten Richardsgleichung numerisch
stabil l•osen, wobei Zeitschrittbeschr•ankungen in der Praxis akzeptabel bleiben.
Ein numerisches Beispiel in zwei Dimensionen zur L•osung der Richardsgleichung
mit vier verschiedenen B•oden und Ober
•achenwasser sowierealistischen hydro-
logischen Daten zeigt die Anwendbarkeit unserer L•osungsmethode.

242



Appendix

In this appendix we collect some basic de�nitions and well-known results that we
use in this work. For more information we give some literature on the subjects
mentioned here. In general the de�nitions and theorems can be applied to

 � Rd for any d 2 N. In Section 1.5 we specify the properties of the domains

 � Rd we would like to consider. Here we give the relevant de�nitions, one
of which (C1-polyhedron) is needed in Gauss's theorem whereas the otherone
(Lipschitz domain) is most prominent in the theory of Sobolev spaces.

A.1 Gauss's theorem

One central ingredient in the whole theory of partial di�ere ntial equations is
certainly Gauss's theorem, from which Green's formulas of partial integration
are obtained. We quote this theorem from [55, p. 380] where the following
conditions on the boundary @
 are imposed, see [55, p. 376].

De�nition A.1.1. Let 
 be an open set in Rd.

a) A point a 2 @
 is called a regular point of @
 if there is a neighbourhood
U � Rn of a and a C1-function q : U ! R with r q(x) 6= 0 for all x 2 U
such that


 \ U = f x 2 U : q(x) < 0g:

An element of @
 is called a singular point if it is not a regular point.
The collection of all regular points of @
 is called the regular or smooth
boundary @r 
 of 
. Analogously, @s
 := @
 n@r 
 is called the singular
boundary.

b) 
 is called a C1-polyhedron if its singular boundary @s
 is a ( d� 1)-nullset.

See [55, pp. 376/377] for the proof of the fact that the smoothboundary of
a C1-polyhedron is an orientable C1-hypersurface. In this context we also
refer to [55, pp. 115/116] for the de�nition of a (di�erentia ble) manifold, to
[55, pp. 360{369] for measurability of subsets of manifoldsand the de�nition
of a (Hausdor�) nullset, furthermore to [3, p. 13] for the ( d � 1)-dimensional
Hausdor� measure of a smooth surface inRd.
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Now we can state Gauss's theorem, also known as the divergence theorem.
Later on we will encounter it again in a weak form (see (A.2.12)).

Theorem A.1.2. Let 
 � Rd be a boundedC1-polyhedron andF : 
 ! Rd a
vector �eld with the following properties:

a) F is continuous on 
 and continuously di�erentiable on 
 ,

b) div F is integrable on 
 ,

c) F is integrable on @
 .

Then the following holds:
Z



div F dx =

Z

@

F � n d� :

Note that property b) is satis�ed if div F is bounded on 
 and property c) holds
if @
 is a measurable hyperface. As a consequence of this theoremwe give the
following version of partial integration in Rd.

Theorem A.1.3. Let 
 � Rd be a boundedC1-polyhedron with Hausdor� mea-
surable @
 , G : 
 ! Rd a continuous vector �eld and v : 
 ! R a continuous
scalar function, both continuously di�erentiable on 
 . Furthermore, let div G
and the partial derivatives of v be bounded on
 . Then the following holds:

Z



div(G(x)) v(x) dx = �

Z



G(x)r v(x) dx +

Z

@

(G(x) � n(x)) v(x) d� (x) :

Proof. The result follows immediately by considering the vector �eld F := G � v
in Theorem A.1.2 and applying the product rule div(G�v) = div( G) v+ Gr v.

Note that for G = r u with a su�ciently smooth scalar function u we ob-
tain Green's �rst formula. Instead of requiring properties a) and b) in Theo-
rem A.1.2, one often con�nes oneself to vector �elds with coordinate functions
from the well-known spaceC1(
) (as done in Section 1.5), which we de�ne in
the following (see [98, p. 7]). Hausdor� measurability of @
 provided, Gauss's
theorem clearly holds for such vector �elds. In the following we de�ne these
spaces along with some other well-known function spaces.

De�nition A.1.4. For any 
 � Rd we denote byC(
) the space of all contin-
uous functions f : 
 ! R.
If 
 is compact, then C(
) equipped with the norm kf k1 := supx2 
 jf (x)j is
a Banach space.
Now let 
 be open. We call � = ( � 1; :::; � d) 2 Nd

0 a multi-index and de�ne
j� j := � 1 + � � � + � d. By the expression

D � f :=
@� 1 : : : @� d

@x� 1
1 : : : @x� d

d
f
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we abbreviate the corresponding partial derivative of a function f : 
 ! R if it
exists.
In caseD � f exists and is continuous for any multi-index � with j� j � k 2 N0,
the function f is called k times continuously di�erentiable. The space of all
these functions is denoted byCk(
) (note C0(
) = C(
)).
In addition, we de�ne the space of all in�nitely di�erentiab le functions with
compact support as

C1
0 (
) := f f 2 \ k2 N Ck(
) : supp f is compactg:

For open and bounded 
 � Rd we de�ne

Ck(
) := f f 2 Ck(
) : D � f has a continuous extension on
 for all j� j � kg:

Equipped with the norm

kf kCk (
) :=
X

j � j� k

kD � f k1

Ck(
) is a Banach space. Finally, we de�ne the sets

C1 (
) := \ k2 N Ck(
) and C1 (
) := \ k2 N Ck(
) :

It makes sense not to de�ne Ck(
) as the space of all k times continuously
di�erentiable functions f : 
 ! R, whose one-sided partial derivativesD � f
exist on @
. This is because there may be points in @
 where, according
to the shape of 
, certain one-sided partial derivatives D � f cannot even be
de�ned (e.g. in the north pole of a circle in R2). However, if a one-sided partial
derivative D � f of an f 2 Ck(
) can be de�ned in a point in @
, by the mean
value theorem it is equal to the extension ofD � f on 
 in that point.

A.2 Sobolev spaces

For what is to come, we refer to the standard literature Adams [1], Lions and
Magenes [64] and Wloka [101] as well as to Alt [3], Werner [98]and Ziemer [104].
In particular, we follow the exposition in the compendium by Brezzi and Gi-
lardi [21] and the appendix in Quarteroni and Valli [75] according to which
most of our notation is chosen.

L p-spaces

Let 1 � p < 1 and 
 � Rd be open and bounded. ByL p(
) we denote the
well-known Banach space of all equivalence classesf of Lebesgue measurable
functions on 
 which coincide almost everywhere in 
 and for w hich jf jp is
Lebesgue integrable.L p(
) is endowed with the norm

kf kL p (
) :=
� Z



jf (x)jp dx

� 1=p

:
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For p = 2 this gives the Hilbert space L 2(
) with the scalar product

(f; g )L 2 (
) :=
Z



f (x) g(x) dx :

Considering functions only except for a Lebesgue nullset, it is commonplace
not to distinguish between the functions and their equivalence class. The space
L 1 (
) is de�ned as the space of all essentially boundedfunctions f on 
 with

kf k1 := inf f M > 0 : jf (x)j � M almost everywhere in 
 g < 1 :

Now, for a multi-index � (see De�nition A.1.4) and a function f 2 L p(
), a
function g 2 L p(
) with the property

Z



g v dx = ( � 1)j � j

Z



f D � v dx 8v 2 C1

0 (
) (A.2.1)

is called the weak derivativeD � f of f . If such a g exists, it is unique, and if
we have f 2 Ck(
) for j� j � k and a C1-polyhedron 
, integration by parts
(see Theorem A.1.3) givesg = D � f in the classical sense of De�nition A.1.4.
We note that in general, by consideringf as a continuous linear functional in
the sense of the right hand side of (A.2.1) on the spaceC1

0 (
), equipped with
a certain locally convex topology � , D � f can always be de�ned as an element
of the dual (C1

0 (
) ; � )0.

Sobolev spaces of natural order

For k 2 N0 the Sobolev spaceW k;p(
) is the space of all functions in L p(
)
whose weak derivatives up to the orderk also belong toL p(
), i.e.

W k;p(
) := f v 2 L p(
) : D � v 2 L p(
) for all j� j � kg:

W k;p(
) is a Banach space with respect to the norm

kvkk;p :=

 
X

j � j� k

kD � vkp
L p (
)

! 1=p

for 1 � p < 1 and
kvkk;1 := max

j � j� k
kD � vk1

for p = 1 . If p < 1 then W k;p(
) is re
exive.

For p = 2 we write H k (
) instead of W k;2(
) and k � kk instead of k � kk;2.
H k (
) is a Hilbert space with the scalar product

(v; w)H k (
) :=
X

j � j� k

(D � v; D � w)L 2 (
) :

It is crucial to have a notion of boundary values for Sobolev functions, i.e. for
elements ofW k;p(
). As a �rst step towards that, one de�nes the space W k;p

0 (
)
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as the closure ofC1
0 (
) with respect to the norm k � kk;p for 1 � p < 1 . For

k = 0 we obtain W 0;p
0 (
) = W 0;p(
) = L p(
) (see [1, p. 31]), but for k 2 N

and p > 1, W k;p
0 (
) is always a proper subset of W k;p(
) if Rdn
 has a positive

Lebesgue measure (see [1, pp. 56{63]). Again, forp = 2, we write H k
0 (
) instead

of W k;p
0 (
). The most prominent case of the Hilbert spaces H k

0 (
) � H k (
) is
obtained for k = 1.

The dual space ofW k;p
0 (
) is denoted by W � k;p0

(
) with the conjugate exponent
p0 de�ned by

1
p

+
1
p0 = 1

for 1 � p � 1 setting 1
0 := 1 and 1

1 := 0. The reason for this notation is
that every element of W k;p

0 (
) 0 can be interpreted as a sum of distributional
derivatives up to the order k of certain functions coming from the product
space (L p0

(
)) N where N is the number of multi-indices � with 0 � j � j � k
(see [1, pp. 46{51] for details). However, a similar identi�cation for W k;p(
) 0

is not possible if W k;p
0 (
) 6= W k;p(
) (compare [21, pp. 1.48, 1.56]). Again, for

p = 2, we write H � k (
) = H k
0 (
) 0.

It has to be pointed out that the de�nitions of the spaces H k(
) (sometimes also
H k;p(
)) are by no means consistent in the literature (compare th e references
given at the beginning of this section). In Adams [1, p. 44] for example, H k;p(
)
is de�ned as the completion of the functions in Ck(
) with �nite k � kk;p-norm
with respect to this norm. For 1 � p < 1 , this is shown to be W k;p(
) (see
[1, p. 52]). In Werner [98, p. 204],H k (
) is the closure of the Ck (
)-functions
in W k;p(
) with respect to k � kk;p, and in Wloka [101, pp. 96{98], H k(
) is
de�ned via the Fourier transform (see (A.2.2)). In these two cases,H k (
) can
be a proper subspace ofW k;2(
), however, we always have H k (
) = W k;2(
)
if the boundary @
 is smooth enough (see [1, pp. 54{56]), for example to allow
a continuous linear extension operatorF
 : W k;2(
) ! W k;2(Rd) (consult
[101, pp. 99/100]). For bounded 
 � Rd a su�cient condition to obtain this is
the Lipschitz boundary (see [1, pp. 66/67] and [19, p. 31]), which we de�ne in
the following.

Lipschitz boundary

Recall that a subset S of the boundary @
 is called a graph of a function
f : V � Rd� 1 ! R if for a �xed i 2 f 1; : : : ; dg the i -th coordinate x i of any
x 2 S can be written as f applied to the other coordinates ofx, considered as
a vector in V .

De�nition A.2.1. A set 
 � Rd is called a Lipschitz domain and @
 a
Lipschitz (continuous) boundary if for any x 2 @
 there is a neighbourhood Ux

of x such that Ux \ @
 is the graph of a scalar Lipschitz function f on an
open subset ofRd� 1. Lipschitz continuous subsets or submanifolds � � @
 are
de�ned accordingly.
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This de�nition is important, in particular since we conside r bounded domains

 � Rd. For bounded Lipschitz domains, the so-calledstrong local Lipschitz
property and consequently thecone property hold. The latter is the essen-
tial property of 
 required in the well-known embedding theo rems of Sobolev
[1, p. 97] and Rellich [1, p. 144]. Lipschitz continuous boundaries are also
needed for the trace theorem A.2.3 and the Poincar�e inequality (A.2.13) which
we note below.

Real order Sobolev spaces

For the trace theorem Sobolev spaces \of fractional order"s 2 R+
0 are needed.

For p = 2 this can be achieved via the Fourier transform û of u 2 L 2(Rd) by
extending the result

H k (Rd) =
�

u 2 L 2(Rd) :
Z

Rd
jû(� )j2(1 + j� j2)k < 1

�
(A.2.2)

(see [98, p. 218]) to all nonnegative reals and then by considering restrictions of
these functions on 
 � Rd. Using so-called tempered distributions this can even
be done for all s 2 R (see e.g. [64, pp. 30{32] and [101, pp. 95{100]). Another
abstract approach for 1� p < 1 is to interpolate between the spacesW k;p(
)
and W k+1 ;p(
) in order to get W s;p(
) for k < s < k + 1. If 
 is bounded
and @
 is smooth enough (see [1, pp. 67, 214]),W s;p(
) with s = k + � and
0 < � < 1 turns out to be isomorphic to the space of all functions inW k;p(
)
with �nite Sobolev{Slobodeckij{norm

kuks;p =

0

@kukp
k;p +

X

j � j= k

Z




Z




jD � u(x) � D � u(y)jp

jx � yjd+ �p dx dy

1

A

1=p

: (A.2.3)

The spacesW s;p
0 (
) are again de�ned as the closure of the C1

0 (
)-functions in
W s;p(
) and the duals W s;p(
) 0 are calledW � s;p0

(
). In case of p = 2 and the
de�nition via Fourier transform, the latter is a theorem. Fo r p = 2 again, Hilbert
spacesH s(
) := W s;2(
) and H s

0(
) := W s;2
0 (
) and H � s(
) = W � s;2(
) are

de�ned. It turns out that C1 (
) is dense in H s(
) regardless of how regular
the boundary @
 is (consult [101, p. 74]). If 
 is a Lipschitz domain we also
have the density of C1 (
) in H s(
) (see [27, p. 114]).

Trace spaces

If @
 is a su�ciently smooth hypersurface, trace spaces W s;p(@
) can be de�ned
using spacesW s;p( ~
) with ~
 � Rd� 1 and parameter functions constituting @

via parameter regions ~
 (see [64, pp. 34{37] and [1, 214{217]). For polygons
in R2 this is done in [21, pp. 1.56{1.60], whereW s;p(�) for smooth subsets
� � @
 are de�ned accordingly. Finally, W s;p

0 (�) is de�ned as the closure of
traces vj � of C1 (
)-functions v vanishing in a neighbourhood of@
 n�. Now,
unfortunately, for s � 0 and 1 < p < 1 such that s � 1=p 2 N0, functions in
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W s;p
0 (�) do not necessarily have extensions in W s;p(@
) that vanish on @
 n�.

Therefore, the space of all functionsv 2 W s;p(�) allowing trivial extensions
~v 2 W s;p(@
) is de�ned as

W s;p
00 (�) := f v 2 W s;p(�) : ~v 2 W s;p(@
) g (A.2.4)

with the norm
kvkW s;p

00 (�) := k~vkW s;p (@
) : (A.2.5)

If @
 n� has a positive Hausdor� measure, the space W s;p
00 (�) is strictly con-

tained in W s;p
0 (�) if and only if s � 0 and 1< p < 1 such that s � 1=p 2 N0.

In this case (compare [21, pp. 1.57{1.60] and [75, p. 7]) we have

kvkW s;p (�) � k vkW s;p
00 (�) 8v 2 W s;p

00 (�) : (A.2.6)

In general the spacesW s;p(�) and W s;p
00 (�) are re
exive Banach spaces for

s � 0 and 1 � p < 1 . In case of W s;p(�) the Sobolev{Slobodeckij{norm,
analogously de�ned as in (A.2.3), provides an equivalent norm. Furthermore,
we always haveW s;p

0 (@
) = W s;p(@
), and for s � 0 and 1 � p < 1 the dual
spaceW s;p

0 (�) 0 is denoted by W � s;p0
(�). For p = 2 we obtain again Hilbert

spacesH s(�), H s
0(�), H s

00(�) and H � s(�).

Embedding and trace theorems

Now, with all these de�nitions and facts, we can state the main theorems
which we use in this work. Unless otherwise stated they applyfor bounded
and connected 
 � Rd with a smooth boundary @
, i.e. a C1 -manifold, or
a polygon 
 2 R2 (see [21, pp. 1.29, 1.30, 1.56]). Furthermore, we assume
� � @
 to be a connected smooth or polygonal subset of@
 throughout in
what is to come. First we note a version ofSobolev's embedding theorem(con-
sult [21, pp. 1.52, 1.55, 1.56, 1.60]), which we need for the trace spacesW s;p(�).
As usual, by A ,! B between two vector spacesA and B we indicate that A is
naturally included in B and the corresponding linear map is continuous, i.e. a
continuous embedding.

Theorem A.2.2. Let 0 � r � s; 1 < p � q < 1 and 
 � Rd, � � @
 as
above. Thens � d� 1

p � r � d� 1
q implies the continuous embedding

W s;p(�) ,! W r;q (�)

and s > d� 1
p implies the compact embedding

W s;p(�) ,! C(�) :

The following theorem is called trace theorem and gives a precise meaning to
the notion of the restriction on � � @
 of a Sobolev-function on 
. It consists
of two parts giving also an extension result and thus making clear the space of
all restrictions.
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Theorem A.2.3. Let 1 � p � 1 , s > 1
p and s � 1

p =2 N. Then the following
holds:

a) There is a unique continuous linear maptr � : W s;p(
) ! W s� 1=p;p(�) ,
such that tr � v = vj � for each v 2 C(
) \ W s;p(
) .

b) There is a continuous linear mapR� : W s� 1=p;p(�) ! W s;p(
) , such that
tr � R� � = � for each � 2 W s� 1=p;p(�) .

In this work the trace theorem is frequently applied, mainly for s = 1 and p = 2.
In this case the theorem is also valid for bounded and open 
 and Lipschitz
continuous @
 or � (see [75, p. 339]). Now, for s and p as in Theorem A.2.3,
the following de�nition of Banach spaces of Sobolev functions vanishing on �
is necessary for our purposes:

W s;p
� (
) := f v 2 W s;p(
) : tr � v = 0g and H s

� (
) := W s;2
� (
) : (A.2.7)

It turns out that W s;p
0 (
) = W s;p

@
 (
) (see [21, p. 1.66]).

Note in Theorem A.2.3 that tr � is surjective andR� is injective. Consequently,
the trace theorem provides a useful characterization ofW s� 1=p;p(�) as the space
of all restrictions vj � := tr � v of the functions v 2 W s;p(
). Furthermore,
observe that by de�nition (A.2.4) of W s;p

00 (�) we have

v 2 W s;p
@
 n� (
) () vj � 2 W s;p

00 (�) : (A.2.8)

The trace operator tr � gives the trace inequality

kvj � kW s� 1=p;p (�) � C1kvks;p 8v 2 W s;p(
)

with C1 = ktr � k. In addition, considering (A.2.5) and (A.2.8) it provides

kvj � k
W s� 1=p;p

00 (�)
= k fvj � kW s� 1=p;p (@
) � C2kvks;p 8v 2 W s;p

@
 n� (
) (A.2.9)

with C2 = ktr @
 k, thus a trace inequality for W s� 1=p;p
00 (�), too (compare this

result with (A.2.6)). However, although the extension operator R� gives

kR� � k1 � C3k� kW s� 1=p;p (�) � C3k� k
W s� 1=p;p

00 (�)
8� 2 W s� 1=p;p

00 (�)

with C3 = kR� k, this does not entail the equivalence of the normsk � k
W s� 1=p;p

00 (�)

and k � kW s� 1=p;p (�) on W s� 1=p;p
00 (�) if s � 1=p =2 N. More speci�cally, we cannot

set � = vj � in (A.2.9) and assume ~� = tr @
 R� � 8� 2 W s� 1=p;p
00 (�). In fact,

the latter must be false since this would provide the equivalence. But the
C1 (
)-functions vanishing in a neighbourhood of @
 n� are contained both in
W s� 1=p;p

0 (�) and W s� 1=p;p
00 (�). Therefore, if s � 1=p =2 N0, then W s� 1=p;p

00 (�) is

a non-closed dense subspace ofW s� 1=p;p
0 (�).

Finally, using the inequalities just mentioned, it is easy to see that

k� k := inf fk uk1 : u 2 W s;p
@
 n� (
) ; � = tr � ug 8� 2 W s� 1=p;p

00 (�) (A.2.10)

provides an equivalent norm onW s� 1=p;p
00 (�).
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Normal components in a weak sense

There is also a trace theorem for normal components which we can use for the
notion of weak normal derivatives. For this purpose we de�nethe space

L p
div (
) := f w 2 (L p(
)) d : div w 2 L p(
) g

for 1 � p < 1 with the graph norm

kwkdiv :=
�

kwkp
(L p (
)) d + k div wkp

L p (
)

� 1=p
;

wherein we write kwkp
(L p (
)) d :=

P d
i =1 kwi k

p
L p (
) and div w =

P d
i =1

@
@xi

wi with

weak derivatives @
@xi

wi 2 L p(
) for w = ( w1; : : : ; wd). In case of p = 2 this
space is calledH (div w; 
). We have ( W 1;p(
)) d � L p

div (
) with equality only
if d = 1, and (C1 (
)) d is dense inL p

div (
).

Theorem A.2.4. Let 1 < p < 1 . Then the following holds:

a) There is a unique continuous linear operatortr n : L p
div (
) ! W � 1=p;p(@
)

such that tr nw = ( w � n) j@
 for each w 2 (C(
)) d \ L p
div (
) .

b) There is a continuous linear operator Rn : W � 1=p;p(@
) ! L p
div (
) , such

that tr nRn � = � for each � 2 W � 1=p;p(@
) .

Here, as always,n denotes the unit normal vector on@
 directed outward. We
point out that n exists almost everywhere on@
 since @
 is a Lipschitz bound-
ary (see Ciarlet [28, pp. 32{37]). As in Theorem A.2.3 above,Theorem A.2.4
also holds in case of � � @
. Then for p = 2, however, we need to replace
W � 1=p;p(�) by H 1=2

00 (�) 0 which is larger than H � 1=2(�) because H 1=2
00 (�) is

strictly contained in H 1=2(�) for nontrivial @
 n�. In this case Theorem A.2.4
also holds forC1-polyhedra 
 with a Lipschitz boundary (see [75, p. 339]).

Now, if for u 2 H 1(
) we have div( r u) 2 L 2(
) as an additional regularity
condition, then r u 2 H (div ; 
) holds and we obtain r u � n 2 H � 1=2(@
) or
r u � n 2 H 1=2

00 (�) 0, de�ned according to Theorem A.2.4. If the regularity of
u is even higher, one can prove more, for example there is an analogous trace
theorem that assigns eachu 2 H 2(
) a unique normal derivative @u

@n 2 H 1=2(@
)
or more general @u

@n 2 H 1=2(�) (see [21, pp. 1.62{1.65]).

Gauss's theorem in a weak sense and Poincar�e inequality

Using the trace theorems and the density ofC1 (
) in W 1;p(
), one can gener-
alize Gauss's theorem and Green's formulas of partial integration to the weak
setting for C1-polyhedra 
 with a Lipschitz boundary. In particular, we ha ve

Z




@
@xi

w v dx = �
Z



w

@
@xi

v dx +
Z

@

tr @
 w tr @
 v ni d� (x) 8w; v 2 H 1(
)

(A.2.11)
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for i = 1 ; : : : ; d with n = ( n1; : : : ; nd). More generally, for 1 < p < 1 one
obtains

Z



div w v dx = �

Z



wr v dx + htr nw; tr @
 vi 8 w 2 L p

div (
) 8v 2 W 1;p0
(
)

(A.2.12)
as a generalization of Theorem A.1.3, which gives a generalization of Gauss's
theorem A.1.2 by setting v = 1. Here, h�; �i denotes the duality pairing between
the relevant trace spacesW � 1=p;p(@
) and W 1=p;p0

(@
) which can be written
as the usual boundary integral if the �rst entry has a representation in L p0

(
).

In the following, we state the well-known Poincar�e inequality (see for example
[30, pp. 127{130] and [75, p. 340]) which is used to prove coercivity of bilinear
forms or equivalence of the energy-norm and thek � k1-norm in the spaceH 1

� (
).
In [30, pp. 129{130] the notion of a positive capacity (which di�ers from a
measure) of � � @
 is required (see [29, p. 447]), but the proof applies for all �
with a positive Hausdor� measure which are regular enough such that the trace
theorem A.2.3 holds andH 1

� (
) can be de�ned as in (A.2.7).

Theorem A.2.5. Assume that 
 � Rd is bounded, connected and open and
� � @
 is a Lipschitz manifold with a positive Hausdor� measure. Then there
exists aC
 > 0 such that

Z



jr v(x)j2 dx � C


Z



v2(x) dx 8v 2 H 1

� (
) : (A.2.13)

Spaces of vector-valued functions

For weak formulations of parabolic equations on a time cylinder Q = 
 � (0; T)
with T > 0 one usually considers function spaces on (0; T) or [0; T] with values
in a Banach space (V;k � kV ), at least almost everywhere on (0; T). Here, we
give some basic de�nitions of the spaces that we address in Section 1.6. We refer
to [21, pp. 1.67{1.75] for a survey of these spaces and to [101, pp. 364{390] for
a more extended presentation of the topic.

The space of all continuous functionsv : (0; T) ! V is denoted byC((0; T); V ),
the space of all k times continuously di�erentiable functions v : (0; T) ! V
(de�ned straightforwardly) is denoted by Ck((0; T); V ) for k 2 N. Analogously,
the Banach spacesC([0; T]; V ) and Ck ([0; T ]; V ) are de�ned with norms just
as for real-valued functions as well as the spacesC1 ((0; T); V ), C1 ([0; T ]; V )
and C1

0 ((0; T); V ).

A function v : (0; T) ! V , de�ned almost everywhere on (0; T), is called mea-
surable if there is a sequence (vn )n2 N 2 C([0; T]; V ) such that vn (t) ! v(t),
n ! 1 , holds in V for almost all t 2 (0; T). For such measurable functionsv,
one can show thatkv(�)kV is Lebesgue measurable. For 1� p < 1 we denote
by L p(0; T ; V ) the space of all measurable functionsv : (0; T) ! V with

kvkL p (0;T ;V ) :=
� Z T

0
kv(t)kp

V

� 1=p

< 1 :
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Furthermore, L 1 (0; T ; V ) is the space of all measurable functionsv : (0; T) ! V
with

kvkL 1 (0;T ;V ) := k kv(�)kV k1 < 1 :

If V is a Hilbert space with the scalar product (� ; � )V , then L 2(0; T ; V ) is a
Hilbert space with the scalar product

(u; v) :=
Z T

0
(u(t); v(t))V dt 8u; v 2 L 2(0; T ; V ) :

For functions v 2 L 1(0; T ; V ) one can de�ne the integral
RT

0 v(t) dt (Bochner
integral, see [101, pp. 364{377]), which is an element ofV satisfying










Z T

0
v(t) dt










V
�

Z T

0
kv(t)kV dt :

If V is separable, the dual spaceL p(0; T ; V )0 is naturally isometrically isomor-
phic to L p0

(0; T ; V 0).

Now, for k 2 N and 1 � p < 1 , the Sobolev spaceW k;p(0; T ; V ) is de�ned as
the completion of C1 ([0; T ]; V ) with respect to the norm

kvkW k;p (0;T ;V ) :=

0

@
kX

j =0

kv(j )kL p (0;T ;V )

1

A

1=p

;

v(j ) 2 C1 ([0; T ]; V ) denoting the j -th derivative of v. The closure of the space
C1

0 ((0; T); V ) in W k;p(0; T ; V ) is denoted by W k;p
0 (0; T ; V ). Analogous de�ni-

tions are possible for indicess � 0 instead of k 2 N.

If V is separable and re
exive and 1< p < 1 , the dual space ofW k;p0

0 (0; T ; V 0)
is denoted by W � k;p(0; T ; V ). Accordingly, for p = 2 we de�ne Hilbert spaces
H 1(0; T ; V ) := W k;2(0; T ; V ), H 1

0 (0; T ; V ) := W k;2
0 (0; T ; V ) and the dual spaces

H � k(0; T ; V ) := W � k;2(0; T ; V ) of the latter.

It can be proved that for a sequence (vn )n2 N 2 C1 ([0; T ]; V ) converging to
v 2 W k;p(0; T ; V ), the sequence of derivatives (v(j )

n )n2 N, for j = 1 ; : : : ; k, con-
verges to a function in L p(0; T ; V ), which is then de�ned as the weak derivative
of v. Thus, as for real-valued functions,W k;p(0; T ; V ) can be identi�ed as the
space of all functions in L p(0; T ; V ) for which weak derivatives v(j ) exist in
L p(0; T ; V ) up to the order k.

We remark that weak derivatives can also be de�ned in the distributional sense
generalizing (A.2.1), see [101, pp. 378{382]. In particular, for parabolic prob-
lems with weak solutions u 2 L p(0; T ; V ), u0(= ut ) is no longer a function in
general and needs to be de�ned by giving sense to a notion of partial integration
in spaces of vector-valued Sobolev spaces. We de�neu0 as the continuous linear
operator L 2 W 1;p0

0 (0; T ; V 0)0 = W � 1;p(0; T ; V ) given by

L(v) := �
Z T

0
V 0hv0(t); u(t)i V dt 8v 2 W 1;p0

0 (0; T ; V 0) ;
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whereV 0h �; � i V is the duality pairing between V 0 and V . It can be proved that
kLk � k ukL p (0;T ;V ) holds.

Finally, we note that Sobolev embeddings and trace theoremscan be obtained
for Sobolev spaces of vector-valued functions as well. For example, we have
the continuous embeddingW 1;p(0; T ; V ) ,! C([0; T]; V ) such that in case of
u 2 W 1;p(0; T ; V ) initial values u(0) 2 V make sense for parabolic problems.
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