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Abstract. A hyperplane arrangement is a finite set of hyperplanes through the
origin in a finite-dimensional real vector space. Such an arrangement divides the
vector space into a finite set of regions. Every such region determines a partial order
on the set of all regions in which these are ordered according to their combinatorial
distance from the fixed base region.

We show that the base region is simplicial whenever the poset of regions is a
lattice and that conversely this condition is sufficient for the lattice property for
three-dimensional arrangements, but not in higher dimensions. For simplicial
arrangements, the poset of regions is always a lattice.

In the case of supersolvable arrangements (arrangements for which the lattice
of intersections of hyperplanes is supersolvable), the poset of regions is a lattice if
the base region is suitably chosen. We describe the geometric structure of such
arrangements and derive an expression for the rank-generating function similar to
a known one for Coxeter arrangements. For arrangements with a lattice of regions
we give a geometric interpretation of the lattice property in terms of a closure
operator defined on the set of hyperplanes.

The results generalize to oriented matroids. We show that the adjacency graph
(and poset of regions) of an arrangement determines the associated oriented matroid
and hence in particular the lattice of intersections.

1. Introduction

Let ¥ be a finite set of hyperplanes through the origin in a real vector space R,
We study the combinatorial structure of the set R of regions, that is, connected

* The work of Anders Bjorner was supported in part by a grant from the NSF. Paul Edelman’s
work was supported in part by NSF Grants DMS-8612446 and DMS-8700995. The work of Giinter
Ziegler was done while he held a Norman Levinson Graduate Fellowship at MIT.
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components of
R~ U H,
Hed
the complement of the arrangement .

In particular, the adjacency graph of 3 has & as its set of vertices and connects
two regions by an edge if they are adjacent (separated by exactly one hyperplane).
If one of the regions B is chosen as a distinguished base region, the adjacency
graph, directed away from B, gives rise to a finite, graded poset P(%, B), the
poset of regions of F with respect to the base B as defined in [Ed3].

This paper has two main purposes. First we give conditions under which
P(%, B) is a lattice, and discuss some related geometric and combinatorial
questions. Secondly we prove that an oriented matroid can be reconstructed from
its adjacency graph, which has interesting consequences for hyperplane arrange-
ments.

If P(%, B) is a lattice, then B necessarily has to be a simplicial cone. We show
that this condition is also sufficient for d =<3 but not for d > 3. However, for
several highly structured arrangements more can be said.

If % is simplicial (every region of # is a simplicial cone), then P(3, B) is a
lattice for every region B. This generalizes results by Bjorner [Bj1] on the weak
ordering of finite Coxeter groups.

An arrangement & is called supersolvable if the lattice L(J) of intersections
of hyperplanes in # (ordered by reverse inclusion) is a supersolvable lattice as
defined by Stanley [St2]. We give a geometric description of supersolvable
arrangements. For such arrangements there is a natural choice of base region B
such that P(%, B) is a lattice. Furthermore, for such choice of a base region the
rank-generating function factors in a way which is similar to the expression
known for the case of Coxeter arrangements.

Much of our discussion of the lattice property of the bounded posets P(3, B)
depends on a simple “local” criterion for the lattice property in bounded posets
of finite length (Lemma 2.1) that appears to be new.

We proceed to describe the lattice property and lattice operations geometrically
in terms of a closure operator defined on the set ¥ of hyperplanes. With this
closure operator, the set S(R) of hyperplanes in # separating a region R from
the base region is both closed and co-closed. If P(%, B) is a lattice, the converse
also holds and the lattice operations can be expressed in terms of the closure
operator.

In the final section we show how our results generalize to oriented matroids,
which can be thought of as combinatorial abstractions of hyperplane arrange-
ments. The adjacency graph of a hyperplane arrangement determines the corre-
sponding oriented matroid. Thus the lattice L(#) of intersections can be construc-
ted from the poset of regions P(%, B) for all B.

. 2. Preliminaries

In this section we give a brief review of the relevant known results concerning
hyperplane arrangements, discuss some ideas in abstract convexity, and, most
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importantly, prove a lemma in pure lattice theory which is critical for the next
section. We also take the opportunity to establish most of our notation for the
rest of the paper.

For the most part our terminology and notation for lattices and posets
is taken from Birkhoff [Bi]. A  poset is called bounded if it has a max1mum and
a minimum element, denoted 1 and 0, respectively. If a poset P has a 0 then, for
each xe P let rk(x), the rank of x, be the length of the longest chain in the
interval [0, x], assuming that the length of such chains is bounded. By the rank
of P, tk P, we mean the length of the longest chain in P. The rank generating
function of P is the polynomial {(P, q) =Y ,cr ™. A poset is called graded if
it is bounded and every maximal chain has the same finite length. A poset with
0 is called ranked if every interval [0, x] is graded. If x and y are in P then we
say that y covers x, denoted x <y, if x<y and x<z=y implies z=y.

Critical for the next section is the following lemma. Surprisingly we were
unable to find any previous reference to it in the literature.

Lemma 2.1. Let P be a bounded poset of finite rank such that, for any x and
y in P, if x and y both cover an element z then the join x v y exists. Then P is a
lattice.

Proof. Since P is bounded, it is sufficient to show that P is a join semilattice,
i.e., for any pair x and y in P, x v y exists. It then easily follows that P is a lattice.
We prove this by induction on rk P. If rk P <2 then the lemma is obviously true.

Assume rk P = k. Take a, b € P so that a and b do not cover a common element.
We prove the existence of av b. Let j, and j, be atoms of P o that j,<a and
j»=b. If jy=j,=j then both a and b are in the interval [j, 1] in P and so by
induction a v b exists.

If j, # j, then, since j,,j2>6, J1VJja exists. Both a and j, vj, are in [, i] S0
by induction a v j, v j, also exists. Finally, both avj, vj, and b lie in [j,, i] SO
avj,vj,vb=c exists and av b=c since j,=a and j,<b. O

Let  be a collection (or arrangement) of hyperplanes in R? |%|= n. For the
most part we are interested in arrangements such that every hyperplane in #
contains the origin, i.e., ¥ is a central arrangement. If 3 is not central then it is
an affine arrangement. The rank of  is the dimension of the span of the normals
to the hyperplanes. Note that for a central arrangement the rank is exactly the
codimension of the intersection of all hyperplanes. Unless stated differently, we
assume that # has rank d, that is the normals to the hyperplanes in ¥ span all
of R

The set RY —|\Jycx H is the disjoint union of open connected d-cells called
regions. Let R denote the set of regions. If Re R then the set of boundary
hyperplanes B(R) is defined by

B(R)={H e ¥|HNR is of affine dimension d —1},

where R is the topological closure of R. A region R is called simplicial if
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|B(R)| = d, that is if R is a cone over an open simplex. A theorem of Shannon
[Sh] shows that for any central arrangement 3 there are at least d + 1 simplicial
regions. The central arrangement & is called a simplicial arrangement if every
region in & is simplicial.

The adjacency graph G of ¥ has the regions as vertices and an edge between
two vertices if the corresponding regions are adjacent, that is separated by exactly
one hyperplane. The simplicial regions of ¥ correspond to vertices of degree d
and, by Shannon’s theorem [Sh], G is a regular graph if and only if ¥ is a
simplicial arrangement.

Fix a region B e R, which we call the base region, and define for each Re R

S(R)={H € %|H separates R from B}.

This allows us to define a partial order on 2 which we denote by P(¥, B), or
P(%) if B is understood, by

R, =R, © S(R))cS(R,).

We call this poset the poset of regions. The Hasse diagram of this poset is the
adjacency graph G of #, directed away from B.

Given the fixed region B we choose a collection of vectors {z,; e R |H € %}
such that, for each H e ¥,

H={xeR%|(zy, x) =0},
where (, ) is the standard Euclidean inner product, and for be B
(zy, b)>0.

Let H" be the closed half-space bounded by H containing B and let H™ be the
other closed half-space of H. If ze R’ —{0} then let H, be the hyperplane

orthogonal to z.
We now collect a number of results concerning the structure of P(J, B) which

are used in the subsequent sections:

Theorem 2.2 [Ed3].

(1) For any arrangement ¥ and base region B, P(, B) is ranked and rk R =
|S(R)| for every R € R.

(2) For ¥ a central arrangement, P(3, B) is graded and self-dual under the
map R~ —R where —R ={xeR‘|-x€ R}.

(3) If % is a central arrangement and B is a simplicial region, then each subset
A of the atoms of P(¥, B) has a join (least upper bound). .
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These facts appear in Proposition 1.1, Proposition 2.1, and Lemma 2.3, respec-
tively, of [Ed3].
There is another partial order related to an arrangement #. Let L() be the set

L(%):{Tng|T= () H for some subset fg%},

Heg

where we partially order L(%) by reverse inclusion. We use the convention that
R“ is the empty intersection. L(9), the lattice of intersections, was introduced by
Zaslavsky [Za] to study enumerative questions about the arrangement . As we
see in Section 6, L(¥) can be recovered from the adjacency graph G, and hence
from P(%, B) for any base region B.

The lattice of intersections L(J) is a finite geometric lattice. Recall the
definition

X(L, t)= z #(6,x)trk(i)~rk(x)

xel

of the characteristic polynomial of a geometric lattice L, where u is its Mdbius
function. In the sequel we will see that for some arrangements 7 there are intimate
connections between the rank-generating function of the poset of regions,
{(P(%, B), q), and the characteristic polynomial of the lattice of intersections,
x(L(%), t).

We continue this section of preliminaries by presenting three classes of central
arrangements of hyperplanes which have special interest. The first, graphic
arrangements, is very useful for creating examples in high dimensions. In this
class the regions ? have a nice combinatorial interpretation. The second class,
polytopal arrangements, is of interest because the chains of P(%, B) have a useful
interpretation in terms of a related convex polytope. The third class of examples,
Coxeter arrangements, is of considerable importance in algebra and com-
binatorics.

Let G be a simple connected graph with vertex set {1,2,..., n} and edge set
E ={e;|i is adjacent to j}. From this graph we construct an arrangement of
hyperplanes %(G)={H,le;€ E} in R", where

This construction is due to Greene [Gre]. Notice that the rank of #(G) is n—1.
An arrangement of type #(G) is called a graphic arrangement.

By an acyclic orientation of the graph G we mean an orientation of the edges
of G so that there are no directed cycles. The edge e; is denoted (i, j) when the
orientation is from i to j. Let ® be the set of all acyclic orientations of G. The
following is a fundamental observation of Greene [Gre]. For the proof see [GZ].
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Theorem 2.3. The regions of #(G) are in one-to-one correspondence with the
elements of ®. The correspondence is given by

R(a)={xeR"|x;<x; if e; is oriented (i, j) in a}
for each acyclic orientation a and inversely
a(R)={(i, j)|e; € E and x; <x; for xe R}.
Fix an acyclic orientation B8 € ®. For each a € ® define
D(a)={(i,j) € |(j, ) € B}.

For each pair of acyclic orientations a; and a, of G we define a, < «, if and
only if D(a,) € D(a,). It is easy to see that this partial ordering on @ is the same
as the one induced by the partial order P(¥(G), B) where B= R(B). In this
ordering a, > a, if and only if the orientations differ on exactly one edge e; and
on that edge a, differs from B. This construction allows one to work easily with
examples of arrangements of large rank.

The second construction is due to Carl Lee [Lee]. Let Q be a (d—1)-
dimensional convex polytope with facets  ={F,, F,, ..., F,}. Embed Q into an
affine (d —1)-dimensional subspace not containing 0 of RY Let #=
{H,, H,, ..., H]} be the set of hyperplanes where H;=span{F;u{0}} for each
1=i=<k We will call such an arrangement ¥ a polytopal arrangement.

Let B be the region in & that contains Q. Notice that the set %B(B) is the
same as . (In fact this characterizes polytopal arrangements: an arrangement
9 is polytopal if and only if B(R) = ¥ for some region R.) Every maximal chain
of P(¥, B) induces a linear ordering of the set ¥, say (H,, H,,, ..., H, ), which
in turn gives a linear ordering of the facets of Q: (F,, F,,, ..., F, ). It was pointed
out by [Lee] that the work of Bruggesser and Mani [BM] implies that all these
linear orderings of & are shellings of the boundary of Q. In fact, these “‘curve
shellings” induced by maximal chains in P(%, B) generalize the “line shellings”
used by Bruggesser and Mani. It would be interesting to know more about the
combinatorial properties of such curve shellings. Such properties of line shellings
were studied by Danaraj and Klee [DK].

Generalizing the preceding paragraph, we observe that if # is any central
arrangement with base region B, then the maximal chains in P(3, B) induce
linear orderings of & which when restricted to the boundary hyperplanes %(B)
give shelling orders of the facets of B (or, more precisely, of the boundary of
the polytope over which B is a cone).

The third class of examples arises as follows. Let € be a finite collection of
central hyperplanes in R and let G, be the subgroup of GL(R?) generated by
orthogonal reflections through the hyperplanes in €. The finite groups arising in
this way are the finite Coxeter groups. See Bourbaki [ Bo] for a discussion of finite
Coxeter groups. If Gy is a finite Coxeter group, let ¥ be the set of hyperplanes
whose corresponding orthogonal reflections belong to G (this set is in general
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strictly larger than €). Arrangements % which correspond to finite Coxeter groups
in this way are called Coxeter arrangements.

If Ry, R,,..., R, is a path of regions in the adjacency graph of a Coxeter
arrangement, then reflection through the unique hyperplane which separates R;_,
from R; must map R;_, isometrically onto R;, 1 =i=<k. So the product of these
reflections will map R, onto R,. It follows that the Coxeter group acts transitively
on the set of regions & of its arrangement. In fact, the action is simply transitive,
so once a base region B is chosen there is an induced one-to-one correspondence
between regions and group elements. Clearly, due to symmetry under the group,
the poset of regions P(3) = P(, B) is the same (up to isomorphism) for every
base region B. The corresponding ordering of the group elements is known as
the weak order (or weak Bruhat order) of the Coxeter group, see [Bj1] and [Ed3].

Let us now collect a few known facts about Coxeter arrangements that are
relevant for this paper. Note that the transitive action on the regions together
with the existence of at least one simplicial region [Sh] implies the first part of
the following theorem, which is also otherwise well known [Bo, p. 153].

Theorem 2.4. Let 3 be a Coxeter arrangement. Then:

(1) [Bo] # is a simplicial arrangement.
(2) [Bj1] P(¥) is a lattice.
(3) There exist integers 1 =e,<e,=<- =< e,, called exponents, such that

d
[So] ((P(H,q)=1I] (1+q+q’+-+q"),
d
[Te2] x(L(%),1)= _lel (t—e).

In Section 3 we show that P(#) is a lattice for any simplicial arrangement,
thus generalizing (2). In Section 4 we discuss another class of arrangements for
which the rank-generating function and characteristic polynomial factor just like
for Coxeter arrangements.

As an example, consider K,,, the complete graph on the vertex set{1,2, ..., n},
and the graphic arrangement #(K,,). This is a Coxeter arrangement corresponding
to the symmetric group S, of permutations of {1, 2, ..., n}. It is an arrangement
of rank n—1 (all hyperplanes contain the line x,=x,=---=x,) and the
exponents are ¢; =i, 1 <i=n—1. The lattice of intersections of #(K,) is isomor-
phicto the lattice of partitions of the set {1, 2, ..., n}. The regions are in one-to-one
correspondence with the acyclic orientations of K, and also with the elements
of S,. The acyclic orientation of K, corresponding to a certain permutation is
simply its inversion graph.

Finally we discuss some ideas from abstract convexity that are relevant for
Section 5. Our terminology is taken from [EJ]. Let X be a finite set and £ a
collection of subsets of X satisfying the properties:

(Al) O, X e %,
(A2) £ is closed under intersection.
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We can alternatively think of & as a closure operator on X. That is, for any
subset A< X define the closure of A, $(A), or A, by

L(A)=A= () K

{Ke¥|K2A}

It is easy to check that £ is a closure operator on X with the additional property
that (&) =, i.e., £ is a map £: 2* »2* with the properties:

(C1) £(A)2A,
(C2) A< B=>%(A)c 4(B),
(C3) Z(A)=Z(Z(A)).

We move freely between the interpretation of £ as a collection of subsets and
as a closure operator. Those sets K € &, or equivalently those sets K < X such
that K = £(K), are called convex sets.

A closure operator % is said to be an antiexchange closure if, for every pair
x,ye X, x# y, and a convex set K, x, y € K, we have that xe £(K u y) implies
y2L(Kux). A pair (X, ¥) where £ is an antiexchange closure is called a
convex geometry on X. If X is understood, we just refer to £ as the convex
geometry. This is only one of numerous equivalent ways of defining a convex
geometry. For other definitions see Theorem 2.1 of [EJ].

The collection £ has a natural partial order by containment. Under this partial
order £ is a lattice where the meet operation is intersection and the join operation
is closure of the union. We refer to this lattice as L(%).

A finite lattice L is said to be meet-distributive if, for every ye L and x the
meet of all elements covered by y, the interval [x, y] is a Boolean algebra. For -
a survey of results on meet-distributive lattices see [Ed4].

Theorem 2.5 [EJ, Theorem 4.1]. A lattice L is meet-distributive if and only if
L= L(Z) for some convex geometry (X, £).

3. Simplicial Regions and Arrangements
In this section we focus on the question of how the geometry of the arrangement

& and the base region B affects the combinatorial structure of the poset P(¥, B).
Our main concern is under what conditions is P(, B) a lattice.

Theorem 3.1. If P(%, B) is a lattice, then B is a simplicial region.

Proof. Suppose that B is not simplicial. Then |(B)|=d +1 and B is covered
by the set of regions

{Re R||S(R)|=1and S(R) € B(B)}.



Hyperplane Arrangements with a Lattice of Regions 271

If Z={zy|H € B(B)} then Z is a dependent set and we let D < Z be a minimal
dependent subset of Z.
If ze D then

z==3Y apznt+ ¥ PBozs, (*)
Heu Gev

where D ={z}i{zy|H € U}LI{z5|G € V} (here LI means disjoint union) and the
coefficients of a,; and Bs are all positive.

We observe that V # (J because otherwise (z, b) <0 for all b € B which contra-
dicts the choice of Z. Also U # J because otherwise (zg, b)>0 for all be B
would imply that (z, b)> 0 and this means that H, ¢ (B).

Consider the set of regions R'={R> B|S(R)e V}. We will find an upper
bound for R'. Since D —{z} is an independent set of vectors, the corresponding
hyperplanes of U U V can be thought of as coordinate hyperplanes. In particular,
(MNuev H)U(Mgev G7) contains an open set of R? and thus some region T.
In other words, we can find a Te R such that V< S(T) and S(T)nU=0.
Choose such a T minimal in P(%, B).

Now V< S(T) means that T is an upper bound for the set &'. On the other
hand, from (*) we see that H, € S(T) as well. If we let R be the region so that
S(R)={H,}then from Theorem 2.2(2) we seethat —Re€ & and S(—R) = ¥ —{H,}.
Hence, both T and —R are upper bounds for #’' and T % —R.

Since T was chosen minimally there is therefore no least upper bound
for R'. O

For small dimensions, we have a converse to Theorem 3.1.

Theorem 3.2. Let ¥ be a central arrangement in R® for d < 3, and B be a simplicial
region. Then P(J, B) is a lattice.

Proof. The cases d =1 and d =2 are trivial. Suppose then that d =3. Since B
is simplicial, we know from Theorem 2.2(3) that the join of any set of atoms
exists. It suffices to show that, for any atom R, of P(¥, B), the interval [R,, —B]
is a lattice. That this is sufficient follows from Lemma 2.1.

Let H be the hyperplane so that S(R,) = H. Consider the affine arrangement
#, induced on the hyperplane

H,={veR’(v, zy)=—1}.
If we use Ryn H, as the base region, then we get that
P(3%,, Ron H))=[R,, —B]
are isomorphic posets with isomorphism

R—>RNH,.
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From the construction P(%,, R, H,) is a bounded planar poset, i.e., the Hasse
diagram can be drawn in the plane without intersecting edges. It is known that
all bounded planar posets are lattices (see Example 7(a), p. 32 of [Bi]) and hence
the proof is complete. O

Example 3.3. For d =4, Theorem 3.2 fails to hold as we illustrate with this
example. Consider the arrangement % ={H,, H,, ..., H¢} in R* given by

H,={x,=0},
H,={x,=0},
H;={x,+2x,+x;=0},
H,={2x,+x,+x; =0},
H; ={x3~x4=0},
={xs=0}.

Pick as a simplicial base region
B={xeR%x,>0, x,>0, x;> x,> 0}
and let R be the atom of P(%, B) such that S(R) ={H}, i.e.,
R={xeRYx,>0,x,>0, x;> x4, X, <0, X, +2x,+ x>0, 2x, + X, + X, > 0}.

Let ﬁ={x4=—1} and 9?’={H,-n1-1|15i55} SO 7?={I-I,,I~12,..., H.} is a three-
dimensional affine arrangement given by

ﬁl = {xl = 0}7
ﬁz ={x,=0},

={x,+2x,+ x; =0},
H,={2x,+x,+x;=0},
1:15 = {X3 = "1}.
Then as seen in the Proof of Theorem 3.2 the interval [R,—B] in P(¥, B) is
isomorphic to P(?f R) where R=RnH
The region — —B=-Bn H is the maximum element of P(% R)
-B={xeR’x,<0,x,<0, x;,< -1}

and hence — B covers a region T in P(%’, ﬁ),

f'={xeR3|x,<0, X, <0, x3> —1, x;+2x,+x3 <0, 2x, + x,+ x; < 0}.
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Notice that S(T) = % - A;.

The interval [R T] consists of exactly those regions in P(%, R) which lie in
the half-space H? 15 so this interval is canonically isomorphic to the poset P(% -
Hs, R') where R’ is the region containing R. We note that % — H; is a_central
arrangement in R® and R’ is not simplicial, so neither the interval [R, T] in
P(%’ R) nor the interval [R, T] in P(%, B) is a lattice and hence P(%, B) is not
a lattice.

So although it is necessary that B be simplicial in order for P(%, B) to be a
lattice it is not sufficient. The following theorem presents a sufficient condition.

Theorem 3.4. If 3 is a simplicial arrangement then P(, B) is a lattice for all
choices of base region B.

Proof. As noted in Theorem 2.2(3) if B is a simplicial region then the join exists
for every subset of regions covering B, hence in particular for every pair of regions
covering B.

Assume R, and R, cover a common region R. We wish to show that R,v R,
exists in P(%, B). Since maximal chains in [ R, —B] correspond to minimal paths
from R to —B in the adjacency graph, it is clear that the interval [R, —B] in
P(%, B) is isomorphic to the interval [R, —B] in P(¥, R). The regions R, and
R, still cover R in P(¥, R) and by Theorem 2.2(3), since R is simplicial, R, v R,
exists in P(%, R). Since R, and R, are both less than —B we also have that
R,vR,e[R,—B]in P(¥, R). Hence R, v R, exists in P(¥, B) as well.

Now, applying Lemma 2.1 we see that P(¥, B) is a lattice.

By Lemma 2.1 there must be some local criterion for deciding in general when

P(, B) has the lattice property. We do not have a good guess for such a criterion
and thus we leave open the question of finding one.

4. Supersolvable Arrangements

Now we proceed to study ‘“‘supersolvable” arrangements:

Definition 4.1. Let L be a finite geometric lattice of rank d. An element V of L
is modular if

tk(Vv W)+rk(Va W)=rk V+rk W
for every We L. L is supersolvable if it has a maximal chain
0=Vy<V,< -:<V,=

of modular elements [St2].



274 A. Bjorner, P. H. Edelman, and G. M. Ziegler

From now on let L be a supersolvable geometric lattice and 0= Vo<Vi<:::<
V, =1 be a fixed maximal chain of modular elements in L. For 1=<i=< d, let ¢;
be the number of atoms of L that lie below V;, but not below V,_,, i.e., the
number of atoms in [6, V.]1-[0, V._,]. Trivially we get e, =1, and ZLI e; is the
number of atoms in L.

A main result of [St2] states that the characteristic polynomial of L factors as

d
X(L0=11 (1=e).

In particular this shows that the multiset {e,,..., e,} does not depend on the
maximal chain of modular elements in L.

Definition 4.2. A central arrangement  is supersolvable if its lattice L(¥) of
intersections is a supersolvable lattice. The integers e,,..., e, associated with
L() are called the exponents of .

Supersolvable arrangements were first considered in [St3] and [JT] in the
context of free arrangements of hyperplanes as defined by Terao [Tel].

The following result, generalizing Theorem 5.4 of [JT] to arbitrary dimension
d, describes the geometric structure and construction of supersolvable arrange-
ments inductively. An equivalent theorem for supersolvable arrangements in
complex vector spaces was independently proved in Corollary 2.17 of [Te3].

Theorem 4.3. Every arrangement 3 of rank at most 2 is supersolvable. An arrange-
ment ¥ of rank d =3 is supersolvable if and only if it can be written as ¥ = ¥, ¥,
(disjoint union, ¥, # &), where 3, is a supersolvable arrangement of rank d —1,
and, for any H', H" € %, (H'# H"), there is an H € 3, such that H' ~n H"< H.

Proof. Every geometric lattice of rank 2 is supersolvable, from which the first
statement follows.

If ¥ is supersolvable, let V,_, be the coatom in a maximal modular chain of
L(%) as above, and define #,={He ¥|H=2V,_,}, ¥ =H—H,. Then ¥, is
obviously supersolvable of rank d — 1, and, for H', H"e %, H' # H", we find that
H' and H" are both complements of V,_, in L(#). Thus V,_,v(H'vH")=1,
hence by modularity H=V,_, A (H'v H")is an atom in L(J), that is a hyperplane
in ¥ But H=V,_, means He ¥,,and H=H'v H" means H2 H'n H".

To prove the converse, let ¥, and ¥, be given as above. Any maximal chain
of modular elements of L(%,) together with 1 defines a maximal chain in L().
By the argument on p. 217 of [St1] it is sufficient to show that V,_, (the maximal
element of L(%,)) is modular in L(¥). For this let Y e L(). For Y € L(3,)
there is nothing to show. For Y € L(%)— L(%,), write Y as a join of rk(Y) atoms
such that the number of atoms (hyperplanes) from %, in this expression is
minimal. Butfor H', H"e %,, H' # H" thereisan H € ¥,suchthat Hv H'=H'v



Hyperplane Arrangements with a Lattice of Regions 275

H". Thus Y can be written as Y =Y,v H', where Y,€ L(%,), H'e %,, and
rk Yo=rk Y —1 from semimodularity. This shows that

tk(Va_ v Y)+1k(Vi, a Y) =1k 1+1k Y,
=(rk Vo, + )+ (tk Y1)
=rk V,_,+rk Y. O

We remark that the exponents {e,,..., e;} of & are recursively given by
Theorem 4.3 as the multiset {e,,..., e;_,} of exponents of ¥, together with
eq =3,

To study the poset of regions of a supersolvable arrangement %, we observe
that Theorem 4.3 describes a canonical, order-preserving, surjective map

m: P(¥, B) > P(%,, n(B))

which is inclusion of the regions of # into larger regions of #,, where 3, is a
supersolvable arrangement of lower rank. This allows constructions and proofs
by induction. For every region R of the arrangement #, let #(R) be its fiber
under =, that is #(R) = 7" "(#(R)).

Inductively define a base region B for # to be canonical if it is chosen such
that (B) is canonical for %,, and that #(B) is linearly ordered in P(¥, B). For
n =2, every base region is canonical.

Note that, given any base region B, for H,, the regions of the arrangement
# contained in B, are linearly ordered by adjacency such that for every canonical
B, for 3, there are exactly two canonical B for ¥ such that 7(B)= B,. Thus
every supersolvable arrangement of rank d has at least 2¢ canonical base regions.

Theorem 4.4. Let ¥ be a supersolvable arrangement and B be a canonical base
region for ¥, then the rank-generating function for P(¥, B) is

d
L(P(%,B),q)=T1 (1+q+q*+:--+q"),

where the e; are the exponents of L(¥).

Proof. If B is canonical, then all the fibers of P(%, B) under the mapping =
are chains of length |%,|=e,. Recall from Theorem 2.2(1) that P(¥, B) is
graded with rank being given by rk R =|S(R)|. Thus, if R is a region and h(R)
denotes its rank in the fiber #(R), then rk R=rk(#(R))+ h(R). Hence we can
compute the rank-generating function by induction as the product of the rank-
generating functions Hf:' (1+qg+---+g%) for #, and 1+q+- - -+q° for the
fibers. a

It is easy to see that the conclusion of Theorem 4.4 can hold only if B is
simplicial. It is not true, however, that the hypothesis that B is canonical can be
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Fig. 4.1

replaced by B being simplicial. The central, supersolvable, arrangement in R*
(given by an affine section) shown in Fig. 4.1, with the base region B shaded,
provides a counterexample. The rank-generating function for P(%, B) is 1+3q+
6q°+6q°+6q*+6q°+3q°+q’ instead of (1+q)(1+q+¢>+4°)°

Corollary 4.5 [Te2], [JT]. The number of regions of a supersolvable arrange-
ment is

d
T (1+e).

Theorem 4.6. Let 3 be a supersolvable arrangement and B be a canonical base
region, then P(¥, B) is a lattice.

Proof. As noted above, for every region R of the arrangement ¥, F(R) is a
chain of length |%,| and forms an interval of P(¥, B).

Let R, and R, be two regions of %, and let T € 7~ '(w(R;) v w(R;)) be minimal
in #(m(R,) v 7(R,)) such that T= R, and T = R,. This is well-defined because
we can assume that P(¥,, m(B)) is a lattice by induction on the rank, and the
maximal element of F(7(R,) v w(R,)) is an upper bound for R, and R,. Note
that T is a minimal upper bound for R, and R, by construction.

Let T' be a different minimal upper bound. This implies that T# T' and
a(T)<a(T).

Now let H be the hyperplane in ¥ that separates T from the region it covers
in #(T). Choose H'e S(T)—S(T'): this is possible because T% T'. Note that
- H'e ¥, because w(T)=<=(T').

We now use that for every fiber ¥ (i.e., for every region of ¥,) there is a
unique linear order on ¥, defined by H, = H, if and only if H,€ S(R) for Re &,
that is *“H, is higher than H,” in the corresponding region of #,.
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By construction we have that H'< H in ¥(T).

The construction of T implies H € S(R,). On the other hand, H'¢ S(T"), thus
H'¢ S(R;)uU S(R,) and H'¢ S(R,), and therefore H < H' in #(R,).

Finally He S(T'), but H'¢ S(T'), hence H < H' in F(T').

Now if H, is the (unique) hyperplane in %, that contains H n H', then these
data imply that Hye S(R,)AS(T) and Hye S(T)AS(T’) (here A means symmetric
difference), which contradicts #(R,)=< #(T)=a(T'). Thus T as constructed
above is the unique minimal upper bound for R, and R,. O

Since the conclusions of Theorems 4.4 and 4.6 are also known to hold if % is
a Coxeter arrangement (Theorem 2.4), it is natural to ask whether they generalize
to the case where ¥ is a “‘free’” arrangement in the sense of Terao [Tel]. In this
general case, Corollary 4.5 is known to hold [Te2], with respect to the generalized
exponents as described by Terao, see [Tel] or [St3]. It has been conjectured by
Bjorner [Bj2] and Terao and Wagreich [Wa, p. 137] that Theorem 4.4 holds for
free arrangements, that is, for a suitable choice of a base chamber B, the
rank-generating function of P(¥, B) factors as H:.":, (1+q+---+g%) for the
generalized exponents e;. However, Terao [Te4] has found that the arrangement
“A4(17)” from Griinbaum’s lists [Gr2, p. 89], [GS, p. 53] of simplicial arrange-
ments forms a counterexample to this conjecture. The generalization of Theorem
4.6 to free arrangements is true for d =3 by Theorem 3.2 and the existence of
simplicial base regions [Sh]. However, for large enough dimension it is probably
false, too.

If 3 is a Coxeter arrangement, then the posets of regions P(, B) obtained
for the different bases are canonically isomorphic via the transitive action of the
corresponding Coxeter group on the regions. However, an analogous statement
for supersolvable arrangements is false as we show in the next example.

Example 4.7. Let ¥ be the supersolvable arrangement in R® with exponents 1,
2, 2 (Fig. 4.2(a)). Its adjacency graph is given by Fig. 4.2(b). The base regions

|\/I l
j \~7 ( l

\ y w—

<

Bl BZ
(a) (b)
Fig. 4.2
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B, and B, are both canonical, but the posets P(¥, B,) and P(¥, B,) (obtained
by directing the adjacency graph from the respective base) are not isomorphic,
though they share the lattice property and the same rank-generating function
(1+9)(1+q+q)>. |

In connection with Theorem 3.2, it seems interesting that the regions of
supersolvable arrangements, though not simplicial in general, are of a very
restricted combinatorial type. In particular, the regions of a supersolvable arrange-
ment in RY have at most 2(d — 1) bounding hyperplanes. In fact, they are cones
over (d —1)-dimensional polytopes that can be described inductively via the
construction of Theorem 4.3. We omit the details.

5. Geometric Interpretation of the Lattice Property

When the poset of regions P(3, B) is a lattice the set ¥ of hyperplanes admits
the structure of a convex geometry which encodes much of the combinatorial
information. In this section we describe this convex-geometric view on arrange-
ments with a lattice of regions. The same analysis was previously carried out for
Coxeter arrangements on p. 187 of [Bj1].

Let ¥ be a finite, central arrangement of hyperplanes in R? defining a set of
regions %. Choose a base region Be R, and for each H € ¥ define the normal
vector z; and the closed half-spaces H* and H™ as in Section 2. This means
that z, e H" and B H* for all He %.

For each He ¥, let R;; ={R e ®&|H ¢ S(R)}. Equivalently, R, is the set of
regions that are contained in the half-space H™. Clearly, R, is an order ideal
in the poset of regions P(¥, B).

Now define a closure operator on the subsets of # by

Az{HE%IQHQ m @K} (5.1)

KeA
for A< . The formulation A={H e #¥|H" 2(\ x4 K*} is equivalent.

Proposition 5.1. The operator A~ A is an antiexchange closure on the set of
hyperplanes.

Proof. 1t is clear that A— A is a closure operator, i.c., increasing, monotone,
and idempotent. To check the antiexchange property assume that for some
H,GeX—A we have A=A, HeAU{G], and H # G. Then (\xca Rk is an
order ideal that is not contained in &;. Let the region R be minimal in the set
(Mkea Bx)—Rg, and pick a region R’ which is covered by R. Then Ge
S(R)-S(R’), and since |S(R)|=|S(R’)|+1 we have that S(R)=S(R’)u{G}.
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Now, R'e€((Nkea &k) N Rg, so the assumption H € AU{G} implies that R'e
Ry, i.e., Hg S(R'). But then also H g S(R), i.e., ReRy. So Re((\kea Rx)N
Ry, which shows that Gg AU{H]. Od

Remark 5.2. Assume that P is any finite poset and (0;),., is a system of order
ideals that satisfies the following separation property: if x covers y then there
exists at most one ideal O; such that y € 0;, x£ O,. Then the closure operator

A»—->/§={ieI|€7,~Qﬂ 0,.},
JjeA

for Ac I, has the antiexchange property. This is shown by a straightforward
generalization of the preceding proof.

Remark 5.3. In the geometric setting of Proposition 5.1 the closure of a set
A c ¥ can also be characterized as

A={H € ¥#|z,; € cone{z« |K € A}},

where by cone{zx} we mean the convex cone generated by the rays {zx}. This
illuminates the connection with ordinary convexity.

A set of hyperplanes A< % will be called convex if A=A and biconvex if
both A and its complement A°= % — A are convex.

Proposition 5.4. For each region R € R the set S(R) of separating hyperplanes is
biconvex.

Proof. Since S(R)= S(—R)", it suffices to show that
S(R)={He ¥ H¢S(R)}={He ¥|Re Ry}

is convex. But this is immediately clear from the definition of closure in
(5.1). a

Theorem 5.5. Suppose that the poset of regions P(3, B) is a lattice. Then:

(1) A=S(R) for some region R if and only if A is biconvex, for A< ¥.
(2) S(R,)uS(R,)=S(T) ifand only if R,v R, =T, for regions R,, R,, and T.

Proof. Let R be any region and [ B, R] the closed interval below R in P(%, B).
Clearly, [B, R]c & for all H € S(R)", since R is an order ideal containing R.
In fact,

[B,R]I= N @Ru, (5.2)

HeS(R)*
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since a region R’ in the intersection satisfies H ¢ S(R’) for all H € S(R)S, i.e.,
S(R') < S(R).

Part (2): Suppose that S(R,)U S(R,)=S(T). Then T is an upper bound to
the regions R, and R, in P(¥). Also, if T’ is another upper bound then
S(R,)uU S(R,)< S(T'), and, by Proposition 5.4, S(R,) U S(R,) = S(T")=S(T').
Hence, T is a least upper bound.

Conversely, assume that R, v R, = T. Write (A) for the order ideal { \xca R
when Ac #. Then, using (5.2) we have

R(S(R)) L S(Ry)) = R(S(—R,)) N R(S(—Ry))
= [B’ —Rl] N [B’ _RZ] = [B9 (_Rl) A (—RZ)] = [B, _T]'

Hence, H € S(R,)uU S(R,) ifand onlyif —-T € Ry, i.e.,ifandonlyif He S(-T) =
S(T).

Part (1): Necessity was proven in Proposition 5.4. Assume now that A and
A€ are convex. Look at the order ideal R(A°) =( \keac Rk. Clearly, by definition

ReR(A°) & S(R)cA. (5.3)
We have

R, R,e R(AY) = S(R)US(R)<A
= S(R,)US(R,)c A (since A is convex)
= S(R,vR,)cA (using part (2))
= R,VvR,e R(A°).

So, R(A°) is closed under taking joins. Being an order ideal this means that
R(A°) has a unique maximal element, say R,, and that R(A°) is in fact a lower
interval: &#(A°)=[B, R,].

Now, S(R,) < A by (5.3). Conversely, if H € A then R 2[B, R,] since A° is
convex, which means that H € S(R,). Hence, A= S(R,). O

Corollary 5.6. If A and B are biconvex sets of hyperplanes then AU B is also
biconvex.

Easily available counterexamples show that the geometric property expressed
by Corollary 5.6 is quite special; it seems to fail in most other classes of convex
geometries.

Remark 5.7. The proof for part (2) of the theorem extends to show the following
strengthening. If R, and R, are regions of an arbitrary arrangement  (the lattice
property not assumed) and # denotes the set of minimal upper bounds to R,
and R, in P(%, B), then

S(R)US(R,)= (N S(T). (5.4)

TeM
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Let # be an arrangement of hyperplanes with a lattice of regions P(%, B).
The convex geometry on the set # defined in Proposition 5.1 contains surprisingly
much information about the combinatorial-geometric structure of . Theorem
5.5 shows that P(#, B) is isomorphic to the lattice of biconvex subsets of #
ordered by inclusion. In the next section we prove that the combinatorial type
of the arrangement 3, up to isomorphism as an oriented matroid, is determined
by P(%, B). It then follows that the same information is also carried by the
convex geometry on .

It follows from the general properties reviewed in Section 2 that the mapping
R+— S(R) embeds the poset of regions P(%, B) into the Boolean lattice 2% so
that order and rank is preserved, for any arrangement . If P(, B) is a lattice,
then this embedding factors through the meet-distributive lattice of convex subsets
of ¥:

]
P(%, B) = {biconvex sets} b {convex sets} > {sets}.

Clearly, both ¢ and ¢ preserve order and rank. Also, ¢ preserves joins (by
Theorem 5.5) and ¢ preserves meets (since the intersection of convex sets is
convex). This is illustrated for an arrangement of three lines in R? in Fig. 5.1.

6. Oriented Matroids

In this section we discuss how the results from the preceding sections can be
generalized to oriented matroids. For the most part the details are not difficult
and so we frequently leave the details of proofs to the reader. The technical issues
involved in generalizing the results for supersolvable arrangements are somewhat
more complicated and they are discussed at greater length.

We use the axiomatization of Folkman and Lawrence [FL] for oriented
matroids. An oriented matroid O = (E, €, *) is a triple consisting of a ground set
E, a fixed-point free involution * on E, and a collection of subset € of E called
circuits satisfying the axioms:

(C1) C, D€ % implies that C# D (and D& C).
(C2) C e € implies that C*e € and CNnC*=0.
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(C3) Gy, C,e %6, C,# C%, and x e C,n C¥% implies that there is a D € € so that
Dg C|UC2—{x, x*}. '

Here we use the convention that for a subset S< E, $* = {x*|x e S}.

From an oriented matroid 0 =(E, €, *) we define the underlying matroid
0 = (E, €) to be the matroid with point set E = {% = {x, x*}|x e E} and circuits
€ ={C|C € €} where C = {%|x € €}. By the rank of an oriented matroid rk © we
mean the rank of the underlying matroid 6. We call O an oriented geometry if 0
is a geometry, i.e., @ has no loops and all the points are closed.

A subset Ac E is called an acyclic set if there is no circuit C€ € sothat Cc A
and An A*=(. Let & be the collection of all acyclic sets. The collection &
forms a simplicial complex. All the maximal acyclic sets have size |E|/2 [Ed2,
Corollary 2.2]. We call these the acyclic orientations of 0. The collection of all
acyclic orientations of O we call (0).

Associated with an oriented matroid O is a closure operator h on the set E
defined by

h(B)= B u{x € E|there exists C € € such that x* € C < Bu {x*}}

for each B < E. This operator was studied in this form on p. 204 of [FL] and is
equivalent to one studied by Las Vergnas [La2, Section 3]. The reader should
observe that if A is an acyclic orientation then h(A)=A. If A is an acyclic
orientation of an oriented geometry then by ex(A), the extreme points of A, we
mean the unique minimal subset of A such that h(ex(A)) = A. That there is such
a unique minimal subset follows from Theorem 2.2 of [La2] and Corollary 2.6
of [Ed1].

In what sense is an oriented matroid a generalization of an arrangement of
hyperplanes? If & is a hyperplane arrangement then let E ={+zy|H € ¥}, let *
be the change-of-sign map, and let € be the minimal subsets of E, not of the
form {+z,}, that are linearly dependent using only positive coefficients. Then
O = (E, €, *) is an oriented matroid. For Re R let A(R)={ze€ E|(z, r)>0, re R}.
Then ®={A(R)|Re R} is the collection of acyclic orientations of O [Lal].
Moreover, ex(A(R))={ze A(R)|H, € B(R)}. Thus all the important geometric
information in the arrangement 5 is easily interpreted in the context of oriented
matroids. An oriented matroid that arises in the above way from a set of
hyperplanes is called coordinatizable.

There is a natural way to generalize the construction of P(¥, B) to a partial
order on the acyclic orientations of 0. If we fix B € ®(0) then partially order ®
by A, <A, if and only if S(A,)< S(A,) where S(A)=A— B. Call this partial
order P(O, B). It has been shown by Cordovil [Co2] that many of the properties
of posets of regions carry through for P(0, B).

Theorem 6.1 [Col, Lemma 3.7], [Ed2, Theorem 2.3]. For O an oriented geometry,
and fixed acyclic orientation B, P(O, B) is ranked and tk A=|S(A)| for every
A e ®(0). Moreover, P(O, B) is self-dual under the map A— A*.
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Theorem 6.2 [La2, Theorem 2.2]. For @ an oriented geometry and B a fixed acyclic
orientation, an element x € E is in ex(B) if and only if there is an acyclic orientation
Ae®(0) so that S(A) ={x*}.

We call an acyclic orientation B simplicial if |ex(B)|=rk 0. If every acyclic
orientation of O is simplicial then we call 0 a simplicial oriented matroid. There
are numerous examples of simplicial oriented matroids that are not coordinatiz-
able, e.g., the “nonstretchable” simplicial arrangement of lines in Fig. 3.5 of
[Gr3] gives rise to one. We should remark that (unlike the coordinatizable case)
it is not known whether all oriented geometries possess a simplicial acyclic
orientation. It has been conjectured that this is the case by Las Vergnas [La2].

Theorem 6.3. For O an oriented geometry, if P(0, B) is a lattice then B is simplicial.

Proof. The proof is a direct translation of the proof of Theorem 3.1 into oriented
matroid terminology. We leave it to the reader. O

Theorem 6.4 [Co2, Theorem 2.13].  For O an oriented geometry and B a simplicial
acyclic orientation, each subset S of the atoms of P(0, B) has a unique least upper
bound.

Theorem 6.5. If O is a simplicial oriented geometry, then P(0, B) is a lattice for
all acyclic orientations B.

Proof. The proof follows the lines of that of Theorem 3.4 only substituting the
use of Theorem 6.4 for Theorem 2.2(3). O

If we fix an oriented matroid O and an acyclic orientation B, the closure
operator h restricted to the subsets of B is an antiexchange closure [Ed1, Theorem
2.1]. This closure is just the oriented matroid generalization of the closure defined
in Section 5 and in fact all the techniques from that section go through. Thus
using these ideas we have

Theorem 6.6. Suppose that for an oriented matroid O and fixed acyclic orientation
B the poset P(O, B) is a lattice. Then for every biconvex set S< B, B—Su S* is
an acyclic orientation of 0. Given two acyclic orientations A, and A, of 0, A, v A,
is the acyclic orientation

B—-h(S(A) U S(A))U[h(S(A) U S(A)]*.

Finally we discuss the extensions of results in Section 4 on supersolvable
arrangements to oriented matroids. An oriented matroid O is called supersolvable
if the lattice of flats L(0) of the underlying matroid @ is supersolvable. Note
that there exist supersolvable oriented matroids which are not coordinatizable.
These can be produced by adding some lines to the nonstretchable configuration
of pseudolines in Fig. 3.6 of [Gr3]. We assume from now on that O is a geometry.
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Suppose that O is supersolvable and E,, E, < E, is the modular coatom in the
modular chain in L(0). Then the matroid @ restricted to E,, O(E,), is also
supersolvable. Let O(E,) be the oriented matroid O restricted to the set E,=
{e€ E|é€ E,}. By E, we mean the set E, ={ee E|e E,}. Thus E, and E, form
a partition of E. There is a natural projection map : ®(0) > ®(O(E,)) defined
by w(A) =An E, for each acyclic orientation A of 0.

Central to the results of Section 4 was the idea of a canonical region for a
supersolvable arrangement. We now show how to define this for any supersolvable
oriented geometry. First we require a lemma similar to Theorem 4.3. We leave
the proof for the reader.

Lemma 6.7. Let O be a supersolvable oriented geometry with partition E, and E,
described above. For every pair e,, e;€ E, there is a circuit C € € so that C =
{e—la -é—Za .}7} for some }76 EO'

Theorem 6.8. Let O be a supersolvable oriented geometry with partition E, and E,
described as above. There is exactly one partition of E,= S| S* with the property
that for every acyclic orientation A € ®(O(E,)) both Au S and AL S* are acyclic
orientations of 0.

Proof. We build the set S inductively by consecutively choosing among pairs
{x, x*}< E,. Assume

El={xl’x2’"-’xt}u{xalk’x;k:""x;k}

and we begin by defining {x,} € T,. We assume that for 1=k—1<t we have
chosen a subset T, < E, where exactly one of each pair {x;, x}} is in T,_, for
1=i=<k-1,and, for every Ae ®(O(E,)), Au T,_, and AU T¥_, are acyclic sets
in 0.

From Lemma 6.7 we deduce that there is a y € E, so that exactly one of the
following sets is in €:

Cl ={xl, xk, y},

Co={x, xi, y*},

Cy={x,, x¥, y},

Co={x,, x¥, y*}.
In the cases where C, or C,€ €, let T, = Ty_, U {x¥} and in the cases where C;
or C,e €let T, = T,_, U {x}. It is easy to show that these choices are independent

of y and that T, has the necessary properties. Moreover, by the way in which it
was constructed, it must be unique up to the choice of x, € S. O

By a canonical acyclic orientation of a supersolvable oriented matroid 0 we
mean an acyclic orientation B of 0 so that #(B) is a canonical acyclic orientation
of O(E,) and that Bn E, is one of the sets described in Theorem 6.8. As in
Section 4, any acyclic orientation of a rank 2 oriented geometry is canonical.
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The key to the results in Section 4 is the fact that the fiber = '(#w(R)) is a
chain of length |%,| for every region R. The oriented matroid analogue of this
fact is

Theorem 6.9. Let B be a canonical acyclic orientation of a supersolvable oriented
geometry O with partition E, and E,, and let S= BN E,. Each acyclic orientation
Ae®(O(E,)) induces a unique linear ordering on S={s,, s,, ..., sk} so that the
orientations

AU{S,, Sit1500 s Sk}U{ST, S;, ) s;k—l}
are acyclic for all 1=t=<k.

Proof. For x,,x,€S we say that x,=<x, if there exists a ye A so that x, €
h({x,, y}). It is clear that =< is a partial order on S. If we show that < is a total
order then the lemma follows immediately. The proof of this fact follows from
a case analysis similar to that used in the proof of Theorem 6.8. O

Corollary 6.10. Let O be a supersolvable oriented geometry with canonical acyclic
orientation B. Then, for each acyclic orientation A ®(0), = '(w(A)) is a chain
in P(0, B) of length |E,|.

Armed with Theorem 6.9 and Corollary 6.10 the reader will be able to fill in
the proofs for the following theorems, following the proofs of the related theorems
from Section 4.

Theorem 6.11. Let O be a supersolvable oriented geometry and B be a canonical
acyclic orientation. Then the rank generating function for P(O, B) is

d
(1+g+q’+---+g%),
i=1

where {e;} are the exponents of L(0) and tk O=d.

Theorem 6.12. Let O be a supersolvable oriented geometry and B be a canonical
acyclic orientation. Then P(O, B) is a lattice.

Finally in this section we show how the structure of the set ®(0) uniquely
determines the oriented geometry 0. Define the graph G(®) to be the one with
vertex set ® and for each pair of acyclic orientations A, Be ®, A is adjacent to
B in G(®) if there exists an x € A so that A—xu x* = B. If 0 is coordinatizable,
then G(®) is just the adjacency graph previously defined. As before, the Hasse
diagram of P(O, B) is G(®) oriented away from B.

Let Q, be the graph of the n-dimensional cube, i.e., V(Q,) ={0, 1}" and two
vertices of Q, are adjacent if they differ in exactly one component. An isometric
embedding of a graph G into a graph H isamap a: V(G)- V(H) which preserves
distance, i.e., dg(x, y) =dy(a(x), a(y)) for each pair x, ye G where d(x, y) is
the length of the shortest path connecting x and y.
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Lemma 6.13.  For an oriented geometry 0, G(P(0)) can be isometrically embedded
in the cube graph Q, where n=|E|/2, and Q, is the smallest cube for which this
can be done.

Proof. Fix an acyclic orientation Ae ®, A={x,, x,..., x,}, and consider the
map x4: G(®) - Q, defined by

XA(B)z(sl’ E2,..., En)

for each B € ® where

{0 if x;eB,
&= .
1 if x*eB

for all 1=i=n. That y, is an isometric embedding follows from Theorem 6.1.
Since dg¢)(A, A*)=n, Q, is the smallest cube isometrically containing
G(D). O

Theorem 6.14. Assume O =(E, 6,*) and 0'=(E’, €', 1) are oriented geometries
with acyclic orientations ® and @', respectively. If G(®) is isomorphic to G(D'),
then O is isomorphic to 0’ and G is tsomorphzc 0.

Proof. Assume G = G(®) is isomorphicto G'= G(®P') andlet Ac ®and A’e ¢'.
By Lemma 6.13 the maps x4 and x4 are isometric embeddings of G and G/,
respectively, into the cube graph Q, where n=dg(A, A*)=dg (A, A'"). Hence
|E|=|E"|.

By a result of Winkler [Wi, Theorem 1], isometric embedding into Q,, is unique
up to an automorphism of Q,. Let ¢ be the automorphism of Q, such that
©(xa(G)) = xa(G"). Then ¢ induces a bijection ¢: E > E' which respects * and
1 and so that ¢(®)=d', i.e., ¢(e*)=[¢(e)]" and for each Be @, ¢(B)e .

As shown by Mandel, related in Theorem 1.1 of [Co2], we can recover the
set of circuits € from ® uniquely by

€ ={Bc E|B is minimal such that Bn B*= and BZ Ae ®}.

Thus, since the map ¢ is a bijection, ¢: E - E’, which preserves * and t and
¢(P)=P' we have that ¢ (%)= €' and thus ¢ is an isomorphism between O

and O0'. It then follows immediately that € is isomorphic to @' and we are
done. O

Theorem 6.14 was conjectured in the case of hyperplane arrangements (coor-
dinatizable oriented matroids) by Griinbaum [Grl, p. 397]. Using the duality
between hyperplane arrangements and zonotopes (see Section 3 of [Ed3]) we
see that this is equivalent to the fact that the 1-skeleton of a zonotope completely
determines its combinatorial structure. A recent result of similar flavor [BIM],
[Ka] states that simple polytopes are determined by their 1-skeletons.
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