ON NORI’'S FUNDAMENTAL GROUP SCHEME
HELENE ESNAULT, PHUNG HO HAI, AND XIAOTAO SUN

ABSTRACT. The aim of this note is to give a structure theorem on Nori’s
fundamental group scheme of a proper connected variety defined over a perfect
field and endowed with a rational point.

1. INTRODUCTION

For a proper connected reduced scheme X defined over a perfect field k£ Nori in-
troduced in [§] and [9] the notion of essentially finite bundles. He shows that they
form a k-linear abelian rigid tensor category, denoted subsequently by CV(X). A
k-rational point = of X endows C"(X) with a fiber functor V s V|, with values
in the category of finite dimensional vector spaces over k. This makes CV(X) a
Tannaka category, thus by Tannaka duality ([1, [12]), the fiber functor establishes
an equivalence between CV (X) and the representation category Rep(7¥ (X, x)) of
an affine group scheme 7% (X, x), which turns out to be a pro-finite group scheme
(see Section 2 for an account of Nori’s construction). The purpose of this note is
to study the structure of this Tannaka group scheme.

To this aim, we define two full tensor subcategories C*(X) and C*(X). The
objects of the first one are étale finite bundles, that is bundles for which the
corresponding representation of 7V (X, x) factors through a finite étale group
scheme, and the objects of the second one are F-finite bundles, that is bundles for
which the corresponding representation of 7V (X, x) factors through a finite local
group scheme. As Tannaka subcategories they are the representation categories
of Tannaka group schemes 7€ (X, z) and ¥ (X, z).

In fact 7 (X, z) relates closely to the more familiar fundamental group (X, 7)
defined by Grothendieck (J4, Exposé V]), where Z is a geometric point above z,
which is a pro-finite group. One has

(1.1) (X, 2) (k) = m(X %, &, 7)

(see Remarks for a detailed discussion). Thus the étale piece of Nori’s group
scheme takes into account only the geometric fundamental group and ignores
somehow arithmetics. On the other hand, 7% (X, z) reflects the purely inseparable
covers of X. That k is perfect guarantees that inseparable covers come only from
geometry, and not from the ground field.
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The inclusion of C%(X) (resp. CF(X)) in CV(X) as a full tensor subcategory
induces a surjective homomorphism of groups schemes ¢ : 7¥(X, z) — 7% (X)
(resp. rf' : V(X)) — 7F(X)). Our first remark is that the natural homomor-
phism

(1.2) (re, ety aV(X, 2) = 79X, 2) x 77 (X, 2)

is surjective but generally not injective. We give an example which is based on
Raynaud’s work [11] on coverings of curves producing a new ordinary part in the
Jacobian (see Corollary . In particular, it is given as a rank 1 bundle in Pic
of this covering, and thus does not come from a rank 1 bundle on X. The referee
observes here that the morphism induced from (1.2)) on the maximal abelian
quotients of C¥(X),CF(X),C%(X) is however an isomorphism. This provides
one reason for the determination of the representation category of the kernel of
: our work gives some information on the non-abelian part of Nori’s category.

The central theorem of our note is the determination by its objects and mor-
phisms of a k-linear abelian rigid tensor category £, which is equivalent to the
representation category of Ker(r®, r) (see Definition for the construction
and Proposition and Theorem to see that it computes what one wishes).
This is the most delicate part of the construction. If S is a finite subcategory
of CN(X) with an étale finite Tannaka group scheme (X, S, ), then the total
space Xg of the 7(X, S, z)-principal bundle g : Xg — X which trivializes all the
objects of S has the same property as X. It is proper, reduced and connected.
However, if S is finite but 7(X, S, z) is not étale, then Nori shows that Xg is
still proper connected, but may not be reduced. We give a concrete example in
Remark [2.3] 2), which is due to P. Deligne.

In order to describe £, we need in some sense an extension of Nori’s theory to
those non-reduced covers. We define on each such Xg a full subcategory F(Xs)
of the category of coherent sheaves, the objects of which have the property that
their push down on X lies in CV(X) (see Definition [2.4). We show that indeed
those coherent sheaves have to be vector bundles (Proposition , So in a sense,
even if the scheme Xg might be bad, objects which push down to Nori’s bun-
dles on X are still good. In particular, CN(Xg) = F(X5) if 7(X, S, z) is étale
(Theorem , so the definition generalizes slightly Nori’s one. For given finite
subcategories S and T of CV(X), with (X, S, x) étale and 7(X, T, ) local, we
introduce in Definition [4.1] a full subcategory &(Xsur) C F(Xsur) consisting of
those bundles V', the push down of which on Xg is F-finite. Now the objects of
€ are pairs (Xsur, V) for V an object in £(Xgur). Morphisms are subtle as they
do take into account the whole inductive system of such 7" C C¥(X). We can
formulate our main theorem (see Theorem for a precise formulation).

Main Theorem: The functor CN(X) — &€ which assigns (Xg,75(V)) to V,
where S is the maximal étale subcategory the subcategory (V') spanned by
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V € Obj(CY (X)), identifies the representation category of Ker(r¢, rf") with .

We now describe our method of proof. We proceed in two steps. As mentioned
above,the homomorphism 7¢ : 7V (X, z) — 7%(X, s) is surjective. We denote its
kernel by L(X,z) and determine its representation category in section 3. The
computation is based on two results. The first one of geometric nature asserts
that sections of an F-finite bundle can be computed on any principal bundle
Xg — X with finite étale group scheme (see Proposition . The second one is
the key to the categorial work and comes from [3, Theorem 5.8]. (For the reader’s
convenience, we give a short account of the categorial statement in Appendix A).
It gives a criterion for the exactness of a sequence of affine group schemes

1-L->G—A—>1

in terms of their representation categories. Roughly speaking, assuming the ex-
actness at L and A then the exactness at G holds if and only if the following
conditions hold: (i) a representation of G becomes trivial when restricted to L
if and only if it comes from a reprsentation of A; (ii) for a representation V' of
G considered as representation of L, its subspace of L-invariants is invariant un-
der G; (iii) each representation of L is embedable into the restriction to L of a
representation of G.

We show that the category Rep(L(X,z)) of (finitely dimensional) representa-
tions of L(X, x) is equivalent to the category D, whose objects are pairs (Xg, V)
where Xg — X is a principal bundle under an étale finite group scheme and V'
is a F-finite bundle on Xg. Morphisms are defined naturally via Proposition [3.2]

By definition of L(X,z), the kernel of (r® rf) is the kernel of restriction
rf|p  L(X,2) — 7F(X, z) of r¥" to L(X, x). The second step consists in showing
that the category £ constructed in Section 4 is equivalent to the representation
category of the kernel of r'|;. The proof is based on the strengthening of Propo-
sition [3.2] namely Proposition [3.6| and Proposition as well as the criterion
mentioned above.

Beyond the technicalities of the proof, let us remark that any finite k-group
scheme G has two natural quotients: its maximal étale quotient G and its
maximal local quotient G¥. The kernel G := Ker(G — G) is the 1-component
of G, in particular is local. If G is abelian, the morphism G° — G is an
isomorphism, and then G is the product of G¢ with GF'. In general, G° — GF is
surjective. The article here deals in some sense with the prosystem of the kernels
of G° — G*F.

Acknowledgements: Pierre Deligne sent us his enlightening example which we
reproduced in Remark , 2). It allowed us to correct the main definition of
our category £ (Section 5)) which was wrongly stated in the first version of this
article. We profoundly thank him for his interest, his encouragement and his
help. We also warmly thank Michel Raynaud for answering all our questions on
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his work on theta characteristics on curves and on their Jacobians. Finally we
thank the referee for careful reading, accurate remarks and helpful suggestions.

2. NORI’'S CATEGORY

Throughout this work we shall fix a proper reduced scheme X over a perfect
field k, which is connected in the sense that H°(X,Ox) = k. We assume that
X (k) # 0 and fix a rational point x € X (k).

In [§], [9], Nori defines a category of “essentially finite vector bundles” which
we recall now. A vector bundle on X is called semi-stable of degree 0 if it is
semi-stable of degree 0 while restricted to each proper curve in X. This is a full
subcategory of the category Qcoh(X) of quasi-coherent sheaves on X is abelian
[8, Lemma 3.6] and will be denoted by S(X). A vector bundle V' on X is called
finite if there are polynomials f # g whose coefficients are non-negative integers
such that f(V) and g(V) are isomorphic. Nori proves that finite bundles are
semi-stable of degree 0 [8, Corollary 3.5] and that the full abelian subcategory
of §(X), consisting of those bundles which are subquotients in S(X) of a direct
sum of finite bundles, is a k-linear abelian rigid tensor category. We shall denote
this category by C¥(X) and call its objects Nori finite bundles.

The fiber functor at x (where by assumption x(x) = k)

(2.1) o : CNV(X) = Vecty, V= V], =V R0, k()

with values in the category of finite dimensional k-linear vector spaces, implies
that C(X) is a Tannaka category. We denote by 7V (X, z) the corresponding
Tannaka group scheme over k. Tannaka duality ([I, Theorem 2.11]) yields an
equivalence of categories

(2.2) CV(X) 5 Rep(rV (X, z)).
We denote by 7 the inverse functor
(2.3) n: Rep(7™ (X, 2)) — CN(X).

Recall that for an affine group scheme G over k, a k-morphism j : P — X is
said to be a principal G-bundle on X if
(i) j is a faithfully flat affine morphism
(ii) ¢ : P x G — P defines an action of G on P such that jo¢ = jop;
(iii) (p1,¢): P x G — P xx P is an isomorphism.

Given such a principal G-bundle P one associates to it an exact tensor functor
(2.4) np : Rep(G) — Qcoh(X)
as follows. For each representation V' of G, one has the diagonal action of G on
the trivial bundle Op ®; V. Using Grothendieck flat descent [4, Exposé VIII],
one obtains a vector bundle np(V') on X by taking the G invariants of Op ®; V/,

denoted by P x% V. Conversely, consider the regular representation of G in k[G]
given by (gf)(h) = f(hg), g,h € G,h € k[G]. Then a functor n : Rep(G) —
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Qcoh(X) yields a principal G-bundle on X, which is the spectrum of the Ox-
algebra n(k[G]). These two constructions are inverse to each other.

Consider the regular representation of 7%(X, ) in k[z"V(X,x)]. Then the dis-
cussion above applied to functor 7 in yields a (universal) principal 7™ (X, x)-
bundle ¥ : X — X together with the identity 7 *(z) = (X, ). The unit
element of 7V (X, ) yields a distinguished rational point of X lying above z.

The projection 7 : X — X is in fact pro-finite in the following sense. Let
S be an abelian tensor full subcategory of CV(X) generated by finitely many
objects S;,i = 1,...r. That is, objects of S are subquotients of direct sums of
tensor products of copies of S; and S;¥ (the dual bundle to S;). In the sequel
we shall simply call S a finitely generated tensor subcategory of CN(X). S is a
Tannaka category by means of the fibre functor at = and denote its Tannaka
group by 7(X,S,z). The discussion above applied to the forgetful functor ng :
S — Qcoh(X) yields a m(X, S, z)-principal bundle 7g : Xg — X and a rational
point zg lying above x. Then 7(X,S,x) is a finite group scheme, which is a
quotient of 7V (X, z) and

(2.5) ™ (X, ) :@W(X,S,x),X:@XS, %:1.&17{'57 5:l'£1xg,
s S S S

where S runs in the pro-system of finitely generated full abelian tensor subcate-
gories of C™(X). Moreover the scheme Xg is connected:

(2.6) H°(Xg,0x,) =k
Furthermore, 7y is universal in the following sense:
(2.7) V € Obj(S) <= mg(V) trivializable.

Indeed, if 7§V is trivializable on Xg, then the injective map V' — mg,mgV =
WS*OE%, where d is the rank of V, shows that V' € Obj(S). Conversely, for
V € S the construction in shows that 7*V is trivializable on Xg.

Finally we notice that 7" (X, z) respects base change for algebraic extensions
of k, that is

(2.8) V(X xp, K, o x5, K) 27V (X, 2) xp K

for any algebraic extension K D k, in particular for K = k. We refer to [,
Chapters LII] for the exposition above.
For a finite bundle V', denote by (V') the tensor subcategory generated by V.

Definition 2.1. An étale finite bundle is a Nori finite bundle for which (X, (V'), )
is étale (equivalently is smooth). If k has characteristic p > 0, an F-finite bundle
is a Nori finite bundle for which 7(X, (V), ) is local. We denote by C%(X), resp.
CF(X), the full tensor subcategory of CV(X) of étale, resp. F-, finite bundles.

The categories C?(X) and C¥(X) are both abelian tensor full subcategories,
thus via the fiber functor at z they yield Tannaka k-group schemes 7% (X, r) and
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7' (X, ), respectively. Furthermore, one has
(2.9) C4(X)NCF(X) = {trivial objects}

where {trivial objects} means the full subcategory of CVV(X) consisting of trivi-
alizable bundles.
Following the method of [9] II, Proposition 5] we obtain the following lemma.

Lemma 2.2. The group schemes n(X, x) and 77 (X, z) respect base change for
algebraic extensions of k, that is holds with N replaced by ét and F.

Remark 2.3. 1) It is shown in [7, Section 2| that a Nori finite bundle V' is F-
finite if and only if there is a natural number N > 0, such that (F},)*(V) is
trivial, where F,; is the absolute Frobenius.

2) If S € CN(X) is a finite subcategory, with m(X, S, z) étale, then Xg is still
proper, reduced and connected. However, if w(X, S, x) is finite but not étale, Xg
is still proper and connected [9, Chapter II, Proposition 3], but not necessarily
reduced. Indeed there are principal bundles Y — X under a finite local group
scheme, such that the total space Y is not reduced. We reproduce here an
example due to P. Deligne. Let k be algebraically closed of characteristic p > 0,
and let X C P? be the union of a smooth conic X’ and a tangent line X”.
Thus X’ N X" is isomorphic to Spec k[e]/(€?) as a k-scheme. One constructs
m:Y — X by gluing the trivial u,-torsors X’ xj p, to X" X p, along a non-
constant section of Spec kle]/(€*) Xy p, — Spec k[e]/(e?). For example, one may
take the non-constant section Spec k[e]/(e?) — Spec k[e]/(€?) X p, defined by
k(€ €]/(€P —1,€%) — kle]/(€*),£ — 1+¢. Then Y is projective, non-reduced, and
yet fulfills the condition H(Y, Oy) = k.

If Xg is not reduced, there is no good notion of semi-stable vector bundles
on Xg. However, for later use in this article, we introduce a category F(Xg)
on the principal 7(X, S, z)-bundle 75 : Xg — X where S C CV(X) is a finitely
generated full tensor subcategory. F(Xg) will play on Xg the role CV(X) plays
on X.

Definition 2.4. Let S C CV(X) be a finitely generated abelian tensor full sub-
category. Define F(Xg) C Qcoh(Xg) to be the full subcategory of Qcoh(Xg), the
objects of which are quasi-coherent sheaves V on Xg such that (7g).V € CV(X).

Notice that F(Xg) is an abelian category. In fact, for a morphism f:V — W
in F(Xs), by the exactness of (7g)., we have (7g).Kerf = Ker((75).f) € CN(X),
as CNV(X) is full in Qcoh(X), and the same holds for imf. We will show in
Proposition below that F(Xg) is k-linear abelian rigid tensor category and
its objects are vector bundles on Xg, and when 7(X,S,z) is reduced F(Xg)
coincides with CV(Xg).
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Let S C S’ C CN(X) be finitely generated abelian tensor full subcategories.
Then one has the following commutative diagram

Ts!s

(2.10) X
X

Further one has a surjective (hence faithfully flat) homomorphism

(2.11) Ge :=7(X,5 z) = n(X,S,z) = Gg

Xs

Lemma 2.5. The morphism mg s : X — Xg is a principal bundle under a
group G'sr g which is the kernel of the homomorphism (2.11]).

Proof. 1t is well-known that the morphism Gg» — Gy is a principal bundle under
the group Gg g. In fact, the map Gg X, Gs = Gg X Gg g is given by (g, h) —
(9,97 *h) and its inverse is given by (g, k) — (g, gk), where g,h € Gg/, k € Gy s.
Now apply the fibre functor ns to the corresponding function algebras k|G g ] and
k[Gs] we obtain the required isomorphism

Xgr X Xg Xg = Xg X GS’,S
(recall that ng/ (k[Gs]) is the Ox-algebra that determines X g, similarly ng (k[Gs]) =
nslk(Gg)] is the one that determines Xg). O

The principal bundle mg ¢ : Xg» — Xg yields a tensor functor
(212) UE Rep(GS’,S) — QCOh(Xs), nS’,S(V) = XS/ XGS’,S V.

Lemma 2.6. The functor ng s in (2.12)) is fully faithful and exact. Consequently
Gg s is isomorphic to the Tannaka group of the category im(ns s).

Proof. 1t is enough to check that n := ng g is full, i.e., any morphism n(V) —
n(W) in Qcoh(Xg) is induced by a morphism V' — W in Rep(Gg s). This is
equivalent to showing H°(Xg,n(V)) & Vs for any V € Rep(Gy.s). Recall
that (V) := Xg x%s's V. Thus

(2.13) H°(Xs,n(V)) =2 H'(Xg, Ox,, ®), V)Cs's = VCss
since H(Xg,Ox,,) = k. O

Proposition 2.7. The category F(Xs) defined in Definition 1s a Tannaka
category, whose objects are vector bundles.

Proof. We first show that for any V' € F(Xg), there are Wy, W, € CV(X) and
a morphism f : 7§W; — w&{Ws in Qeoh(Xg) such that V' = coker(f). One
takes Wy := (7g),V which by definition lies in C¥(X), and defines V; to be
the kernel of the surjection 7§W, — V. Then Wy = (7s).Vi € CN(X) and
fmiWy — Vi — m5Wy satistying coker(f) = V.
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Let S’ € CN(X) be the full tensor subcategory generated by Wi, W5 and S.
Then the pullbacks of 7§W; and 75Ws; to Xg (under mgr s : Xg» — Xg) become
trivial, thus 75W; and 7§Ws, are in the image of

(214) Ns’.s : Rep(Gs/,S) — QCOh(Xs).

By Lemma 2.6} the functor ng s is fully faithful, thus V' = coker(f) is also in the
image of 1¢ g. In particular, V' is a vector bundle.

It is now easy to check that F(Xg) is a k-linear abelian rigid tensor category.
Since Xg has a rational point x5, F(Xg) is a Tannaka category. d

Next we show F(Xg) = CV(Xs) when (X, S, x) is reduced. To this aim, recall
that a bundle V' on X is said to be strongly semi-stable of degree 0 if for any non-
singular projective curve C' and any morphism f : C' — X, the pullback f*V
is semi-stable of degree 0 on C. It is known that strongly semi-stable bundles
of degree 0 on X form a k-linear Tannaka full subcategory of Qcoh(X) [10,
Theorem 3.23]. On the other hand as Nori finiteness is preserved under pull-back
by any f: C — X, we see that CV(X) is a full subcategory of the category of
strongly semi-stable bundles of degree 0.

Lemma 2.8. If (X, S, x) is a smooth finite group scheme, and if V € CY(X5),
then w5 (ms, V) € CN(Xs) and W := g,V is strongly semi-stable of degree 0.

Proof. Let G := n(X,S,z), 7 := g, Y := Xg and y := zg. Since strong semi-
stability and Nori finiteness are compatible with base change by algebraic field
extensions of k, we can assume that £ = k. Consider

o
(2.15) Y0 G—>Y xx Y —>Y
\\L O lﬂ’

p1
Y X

where p: Y X, G — Y is the action of GG, p; is the projection to the first factor
and Y X, G =Y xx Y is induced by (pi, p). Then

9€G (k)
where V, is the translation of V by g. Thus 7*r,.V € CN(Y).

To show that W := «,V is strongly semi-stable, we consider the fiber square

YCLY

ml = i

C?X
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So in particular, 7 is still a principal bundle under GG. Since 7 is finite, one has
fW = (mV) =mc.(g"V).

Denote Vi := g*V. Since Vi € CN(Y(), the discussion above shows that 75 (f*W) =
75 (1o Vo) € CN(Ye). In particular, 75 (f*W) is semi-stable of degree 0, which
implies that f*W is semi-stable of degree 0. Indeed, for any subbundle U C f*W,
the bundle 75U is a subbundle of 75 (f*W), hence has negative degree, conse-
quently the degree of U is also negative. 0

Theorem 2.9. Assume that 7(X,S,z) is a smooth finite group scheme. Then
F(Xs) = CN(Xs) and there is an exact sequence of group schemes

(2.17) 1 — ¥ (Xg,25) = 7V (X, 2) = 7(X,S,2) = 1

Proof. By Proposition , F(Xs) C CV(Xs). We prove the inverse inclusion.
Thus let V € CV(Xs). By Lemma , W := g,V semi-stable of degree 0 and
mEW € CN(Xs). Let (W)US be the full tensor subcategory generated by W and
objects of S in the Tannaka category of strongly semi-stable bundles of degree
0 and denote by G its Tannaka group with respect to the fiber functor at z.
To show W € CV(X), it suffices to show that G is a finite group scheme (see
construction in (2.4))).

The full subcategory of (W) U .S whose objects become trivial when pulled-
back to Xg is precisely S (see (2.7)). The functor 7% : (W)U S — (x5W) yields
a sequence of homomorphisms of group schemes

(2.18) 1 = n(Xg, (msW),25) > G — w(X,S5,x) = 1

which we claim to be exact.

The surjectivity of G — w(X, S, x) and the injectivity of n(Xg, (tEW), xg) —
G follow from the definition and [A.1}, (i), (ii). We show the exactness at G, using
Theorem A.1, (iii). Condition (a) in[A.1] (iii), follows from (2.7).

We check condition (c¢). Let M € (n§W). By definition, M is a subquotient of
m§N, N € (W)U S. Thus mg, M is a subquotient of mg, (N = N @ g, m50x, €
(W)U S. Hence mg, M lies in (W) U.S. Now we have the required surjective map
m&(ms, M) — M.

As for (b) we use projection formula

(219)  H°(Xs,75N) = H(X, m5,75N) = Homo, (75.0%,, N) = P k - ¢
i=1

where ¢; : (15,Ox)” — N. Let Ny =), im(¢;) C N. Then N is in S and any
morphism ¢ : (75, Ox,)¥ — N has image in Ny. By comparing the ranks, we see
that 75Ny is the maximal trivial subbundle in 7gN.

Thus the sequence in is exact, hence G is finite. The exactness of
follows from the exactness of by taking the projective limit on S. 0J
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Remarks 2.10. The group scheme 7%(X, z) can be considered as the k- lineari-
zation of Grothendieck’s fundamental group ([4, Exposé V]), which we recall now.
Grothendieck considers the category of finite étale coverings of X with morphisms
being X-morphisms. A geometric point Z € X (K) (K = K) defines a fiber func-
tor from this category to the category of finite sets: Gr : (Y & X) — 7 (7).
The fundamental group m (X, z) of the connected scheme X with base point
is defined to be the automorphism group of the fiber functor. This is a pro-finite
group, hence has a natural topology in which subgroups of finite index are open
and form a basis of topology at the unit element. The main theorem claims
an equivalence between the category of finite étale coverings and the category
of finite sets with continuous action of Gr (finite sets are endowed with discrete
topology). Further there exists a pro-finitie étale covering 7 : X — X which is
universal in the sense that

(2.20) Morx(X,Y) 2 Gr(Y)

for any finite covering ¥ — X ([4, Theorem V.4.1]). One recovers the group
71 (X, Z) as the fiber #71(z). Notice that it suffices to check (2.20]) for Galois
coverings Y — X.

Assume that £ is moreover algebraically closed. Then the fundamental group
m1 (X, x) with base point at x is called the geometric fundamental group. Upon
the algebraically closed field k, a reduced finite group scheme is uniquely deter-
mined by its k-points, which is a finite group. Therefore for any S C C%(X),
s : Xg — X is a Galois covering of X under the group 7(X,S,z)(k). Con-
versely, any Galois covering Y = X under a finite group H can be considered
as a principal bundle under the constant (finite) group scheme defined by H. It
is easy to check that the covering 7 : Xeer(xy — X given in satisfies the
universal property . We conclude that the group of k-points of 7 (X, z) is
isomorphic to m; (X, x).

If k is perfect but not algebraically closed, take X = Spec(k) with the rational
point point z = X € X (k). Then C%(X) is equivalent via the fibre functor to
Vecty, and consequently 7 (X, ) = {1}. On the other hand, Grothendieck’s fun-
damental group is then Gal(k/k), which is highly nontrivial. However, according
to Lemma we have an isomorphism of k-group schemes

TUX Xk, x xp, k) = 74X, z) x4 k.
So we conclude in general

(X Xy k, ) = 7(X, 2)(k).

The aim of our article is to understand the relationship between the groups
™ (X, z), (X, x) and 77 (X, z). We first notice that Theorem [A.1] (i), applied
to the full subcategories C*(X) — CN(X), resp. CF'(X) — CV(X), shows that the
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restriction homomorphisms 7V (X, x) N (X, z), resp. (X, ) L (X, )
are faithfully flat.

Notation 2.11. We set L(X, ) = Ker(7" (X, z) — 7 (X, z)).

3. THE REPRESENTATION CATEGORY OF THE DIFFERENCE BETWEEN NORI’S
FUNDAMENTAL GROUP SCHEME AND IT’S ETALE QUOTIENT

We continue to fix X/k and x € X (k) as in section 2. The purpose of this
section is to determine the representation category of the kernel L of the map
7N (X, z) — 7%(X,x). To this aim, we first observe the following.

Lemma 3.1. The group scheme 7 (X, x) is the largest quotient pro-finite group
scheme of 7™ (X, z) which is reduced.

Proof. For S C CM(X) an abelian tensor full subcategory generated by finitely
many objects we set

(3.1) S = S NCY(X),

i.e. the full subcategory consisting of objects in CV(X), isomorphic both to an
object in S and an object in C%(X). Thus 7(X, S, ) is a reduced quotient of
(X, S, x). We claim that this is the largest quotient of w(X, S, x).

Tannaka duality shows that any quotient map 7(X, S, x) — H of group schemes
over k yields a fully faithful functor from Rep(H) to C(X) with image, say (H),
lying in S, and consequently yielding an H-principal bundle mg) @ Xz) — X
which is proper, connected, with a rational point z(g) mapping to z, so that
V € (H) if and only if 7 (V) is trivial. If H is reduced then (H) consists only

of étale finite bundles, thus (H) C S¢. Hence 7(X,S,x) — H factors through
7(X,S,2) — m(X,S% z) — H. This shows that 7(X,S%, z) is the maximal
reduced quotient of 7(X,S,z). Now the claim of Lemma follows by passing to
the limit. U

In the rest of this section, S will denote a finitely generated tensor subcategory
of C4(X). Thus 7g : Xg — X is étale and Xg is reduced.

Proposition 3.2. Let X be a proper reduced connected scheme defined over a
perfect field k. Let V be an F'-finite bundle on X. Then

5 H' (X, V) = H(Xg,75V)
18 an isomorphism.

Proof. To simplify the notations, we set Y = Xg, m := mg. Let Vy be the
maximal trivial subobject of V. Since 7 is étale, the bundles associated to 7Oy,
and therefore to (m,.Oy)Y, are étale finite. The image under a morphism of
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(m.Oy )Y to V is therefore at the same time étale- and F-finite, hence (see (2.9))
lies in the maximal trivial subobject Vj of V. By projection formula we have

(3.2) HY(Y,7*V) = H'(X, (7,.0y) ® V) = Homx ((m.Oy)", V)
C Homx ((m,0y)", Vo) = H(Y, m*Vp) = H*(X, V).
as H'(Y,Oy) = k by (2.6). Hence
(3.3) HYX,Vp) c HYX,V) c HY,7*V) C H(Y,7*V,) = H* (X, V),
so one has everywhere equality. 0

Denote the directed system of finitely generated tensor subcategories of C%(X)
with respect to the inclusion

(3.4) S% ={S c C¥X), finitely generated} .

Let X¢ — X denote the universal pro-étale covering associated to (X, z),
defined similarly as in (2.5)). Thus

(3.5) X = lim X5, 7g5:X — Xg.
Seset

By means of Proposition we have the following isomorphism for any V €
CF(XS)a

(3.6) H°(Xg,V) = HY(X,75V).
Definition 3.3. The category D has for objects pairs (Xg, V) where S € 8%,
V € CF(Xs), and for morphisms

Hom((Xs,,V), (Xs,, W)) := Homg (75, V, 7, W).

For any two abelian tensor full subcategories Si,S, € 8%, denote S; U S,
the abelian tensor full subcategory generated by objects of S; and S5. One has
S1U S, € 8. We also extend this notation for several subcategories.

Proposition 3.4. The category D is an abelian, rigid k-linear tensor category,
with the tensor structure defined by

(37 (X5, V) ® (Xs,, W) = (X108, 75,085, (V) @ Tg,0s,,5,(W))
The functor

(3.8) w: D — Vecty, (Xg, V)= V]

makes D a Tannaka category.

Proof. We define the kernel, image and cokernel of a homomorphism f : (Xg,,V) —
(Xs,, W) in D as follows. By means of (3.6)), one has an isomorphism

(39) Homf(ét (%gl‘/’ %EQW) = HomXS (ﬂ-:;lLJSQ,Sl‘/’ WElUSQ,SQW)’
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under which f corresponds to fs. Then the kernel, image and cokernel of f are
defined to be the kernel, image and cokernel of fg respectively. It is clear that D
is an abelian category.
The unit object is (X, Ox), the endomorphism ring of the unit object is thus
k. The dual object is given by (Xg, V)Y = (Xg, V). O
We observe that (Xg, Ox,) is isomorphic to (X, Ox) in D. More generally, for
S1 € Sét,
(3.10)  (Xs,,V) is isomorphic to (Xs,us,, Ts,us,.s V) in D for all Sy € S,
For V € CV(X), the category (V)¢ is defined as in (3.1]). According to Lemma
, for " = (V) and S = (V)¥, Xy — Xy« is a principal bundle under the
group H = Ker(G ) — G e ), which, according to the proof of Lemma is
a local group. Therefore 7r2‘v>ét(V) is an F-finite bundle on Xyye. Define the
functor
(3.11) q:CN(X) =D, Vi (Xyya, mlpya(V)).
Then ¢ is an exact tensor functor which is compatible with the fiber functors w
and |,. Thus ¢ yields a homomorphism of group schemes
(3.12) q*: G(D) —» 7V (X, 2).
Denote by G(D) the Tannaka group scheme over k with respect to w. The functor
q has the property that V € CV(X) is étale finite if and only if ¢(V) is trivial in
D. Therefore the composition

(3.13) G(D) L 7V (X, z) - 74X, 2)

is the trivial homomorphism. That is ¢* factors though a homomorphism (de-
noted by the same letter) to L (see Notation [2.11]).

Theorem 3.5. The representation category of the kernel L(X,x) of the homo-
morphism r : 7V (X, z) — 7%(X, ) is equivalent to D by means of the functor
q.

Proof. We show that the sequence of k-group schemes is exact. We shall
use the criterion given in Theorem |A.1] (iii). Condition (a) there is satisfied by
29).

Let (Xs,V) be an object in D. Then, by Theorem W = (mg).V is an
object in C¥(X). Moreover one has a surjection ¢(W) — (Xg,V) in D. Thus
every object of D is a quotient of the image by ¢ of an object in C¥(X). Condition
(c) of [A1] (iii), is satisfied.

It remains to check condition (b) of [A.1] (iii). For V € CN(X) set S = (V)
then ¢(V) = (Xg, 7&V). Applying projection formula we obtain

(3.14) H'(Xs,75(V)) = Homo, ((75.0x4)", V) = Pk - ¢,
=1
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where ¢; : (15,0x,)Y — V. Let Vi C V be the image of
(3.15) i Prs,0xe) = V.

1
As (15.0x,)" is étale finite, Vi, is étale finite and lies in S, hence 75V is a trivial
bundle by (2.7). Thus ¢(Vi) is a trivial subobject of (V). We show that it is
the largest one. By the definition of Vi, one has

(3.16) H(X, (15.0x,) @ V) = H(X, (15.0x4) @ Ver).

Applying the projection formula again, one has

(3.17) H(X, (75:0x5) ® Var) = H(Xs,75(Ver)).

That is, (Vi) is the maximal trivial subobject of ¢(V'). O

Our next aim is to study the kernel of 7 x r¥'. For this we shall need a
strengthening of Proposition 3.2

Proposition 3.6. Let S C C%(X) be a finitely generated tensor subcategory.
Then the homomorphism of group schemes ©¥'(Xg,xg) — 7'(X,z) induced by
g S surjective.

Proof. To simplify notations, we set Y := Xg, m := 7g in the proof. According
to Lemma if suffices to consider the case where k is algebraically closed.
According to Theorem [A.1] (i), one has to show that for any V' € C¥(X) and
any inclusion ¢ : W — 7*V in C¥(Xg), there exists an inclusion ¢ : Vj < V
in CF'(X), such that ¢ = 7* : 7*Vy — 7*V. We first assume that W is simple.
The bundle V has a decomposition series Vo C V3 C ... C Vy =V with V;/V;_;
simple. Then there exists an index i such that the image of (W) in 7*(V;/Vi_1)
is not zero. Thus we may assume that V' itself is simple. It suffices now to show
that ¢ is an isomorphism.
Using the adjointness between 7, and 7" we have

(3.18) Homy, (W, 7*V) & Homy, (7" VY, W") =2 Homx (V", m.(W")) =
Hom((m, (W)Y, V).
Thus ¢ corresponds to a non-zero morphism ¢ : m, (W)Y — V. Since V is

simple, ¢ is surjective and hence so is 7*¢ : 7*m (WVY)¥ — 7*V. On the other
hand, as in Lemma [2.8] we have

(3.19) W= P W,
9€G(k)

Since W is simple, so are Wy, g € G(k). This shows that 7%V, being a quotient
of a direct sum of simple objects, is semi-simple. According to Proposition [3.2]
7V has to be simple. Therefore W = 7*V/.

The general case follows by induction on the length of the decomposition of
W. OJ
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Corollary 3.7. The natural map ™™ (X, x) il e X, z) x (X, x) is sur-
jective and in general not an isomorphism.

Proof. In fact, the surjectivity of ¢ x % holds for any pro-finite group, as it holds
for finite groups. In our case this can also be seen from the proof of Proposition
0.0l

The claim of Corollary is equivalent to showing that the induced homomor-
phism r7|p : L(X,2) — «F(X, ) is surjective and not necessarily an isomor-
phism. This homomorphism is Tannaka dual to the restriction gler(x) : CF(X) —
D, for functor ¢ defined in (3.11f), which is the identity functor q|cF (V) =
(X,V). Now the proof of Proposition and the injectivity crlterlon (i),
prove the corollary.

It remains to exhibit an example when r¥'|}, is not an isomorphism. According
to the discussion above, this amounts to finding an F-finite bundle on Xg which
does not come from X. By [II], Théoreme 4.3.1, if X is a smooth projective
curve of genus g > 2 over an algebraic closed field k£ of characteristic p > 0, then
for ¢ # p prime with £+ 1 > (p — 1)g, there is a cyclic covering 7 : Y — X of
degree ¢ (thus étale), such that Pic’(Y)/Pic’(X) is ordinary. Since 7 is Galois
cyclic of order ¢, it is defined as Specy (®§ *L?) for some L étale finite of rank 1
over X and of order ¢, thus 7 = w7y and Y = X;,. We conclude that there are
p-power torsion rank 1 bundles on X, which do not come from X. O

4. THE REPRESENTATION CATEGORY OF THE DIFFERENCE BETWEEN NORI’S
FUNDAMENTAL GROUP AND THE PRODUCT OF ITS ETALE AND LOCAL
QUOTIENTS

The aim of this section is to describe the representation category of the kernel
of the homomorphism 7% x r¥'. Recall that X is a reduced proper scheme over
a perfect field of characteristic p > 0 with a rational point x € X (k) and is
connected in the sense that H°(X, Ox) = k.

In order to determine the representation category £ of the kernel of 7 x r' we
shall need an auxiliary category £(Xgsur), where S is a finitely generated tensor
full subcategory of C%(X) and T is a finitely generated tensor full subcategory
of C¥(X).

Definition 4.1. For S a finitely generated tensor subcategory of C%(X) and T
a finitely generated tensor full subcategory of C*(X), one defines £(Xsur) C
F(Xsur) (for the definition of F(Xsur), see Definition to be the full sub-
category whose objects V have the property that (msur.s).V € CF'(Xg).

Denote the directed system of finitely generated tensor subcategories of C¥'(X)
with respect to inclusion

(4.1) T":={T c C*(X), finitely generated} .
Lemma 4.2. Let SC S €S8, T CT €T andV € E(Xsur). Then:
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1) The following commutative diagram is cartesian

Ts'uT,S’

Xgur — Xg
WS’UT,SUTi l”s',s

— >
Xsur msrs Xs

2) E(Xsur) is a k-linear abelian, rigid tensor category.
3) murrsurV € E(Xsur).
4) moorsurV € E(Xgur).

5) The canonical homomorphism

(4.2) H(Xsur, V) = H*(Xsur, TsursurV)
1S an tsomorphism.

Proof. 1) We first show the following commutative diagram

mTsSuT,S

(43) XSUT —_— XS

7I'SuT,Tl iﬂs

XT?X

is cartesian. Indeed, mg : Xg — X is a principal bundle under 7(X, S, z), and
similarly for 77, mgur. So the assertion is equivalent to showing that the natural
homomorphism

(4.4) (X, SUT,z) —» n(X, S5, 2) xn(X,T, )

induced by the embeddings S C (SUT),T C (SUT) of categories is an isomor-
phism. Since 7(X,S,z) (resp. (X, T,x)) is a reduced (resp. local) quotient of
m(X,SUT,x), is surjective. On the other hand, by definition, every object
in S UT is a subquotient of tensors of objects in S and objects in T, thus by
A1 (ii), is injective. Therefore we have

(45) XS/ XXS XguT = XSI XXS (XS Xx XT) = XS’UT~

This shows 1).

2) Note that msurs : Xsur — X is a principal 7(X, T, z)-bundle since is
cartesian, thus (msur.s)«Oxg . 18 F-finite on Xg. The pullback by mgur s of any
F-finite bundle on X lies in £(Xgyur). Then it is easy to write any V' € &(Xsur)
as a cokernel of a morphism 7§ ,p W1 — & sWa, where Wi, Wy € CF(X).
Thus 2) follows.

3) and 4) are easy by chasing diagrams and using projection formula, as we
did already many times.
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To show 5), one uses Proposition and projection formula
(4.6) HO(XS’UTa 71':kG'uT,SuTV) = HO(XS’a (WS'UT,S')*WE"UT,SUTV)
% Prop. |3.2)
= H(Xg, 74 s(msur,s)s V) (Prop- B3 H°(Xs, (msur,s)«V) = H*(Xsur, V).
OJ

Fix S in S and consider the principal bundle X sucr(x) associated to S U
CF(X), that is
(4.7) Xsuerxy = Wm Xsur,  Tsr : Xguer(x) = Xsur
TeT*
The cartesian diagram in (4.3) implies that Xg cr(x) is the product of Xg with

XF = Xer(xy over X. For each V' € &(Xsur), set
(4.8) HY(Xsur, V) = H*(Xsuer(x) TerV).

Recall that (2.6) implies that H°(Xgucr(x), O) = k. Consequently, H*(Xsucr(x), TerV)
is a finite dimensional k-vector space and one has

(4-9) HO<XSUCF(X)>%§,TV> = hﬂ HO(XSUTHWEUT’,SUTV)-
TCT'eTt

So in fact,

(4.10)

H*(Xgucr(x), Ts1V) = H (Xsur, meurr surV) for some T D T,T" € T*.
Denote U := C%(X) UCF(X) and Xy, the associated principal bundle. Thus

(4.11) Xy = lm Xsur, Tsur © Xu = Xsur.
sesét
TeT?
Then for any bundle V' € £(Xgur) we have, by means of (4.2)),
(4.12) H(Xy, T50pV) &2 HYo(Xsur, V).

Definition 4.3. The category £ has for objects pairs (Xsur, V), where S € 8%,
T e T and V € £(Xgur), and for morphisms

(4.13) Home ((Xs,ury, V), (Xsoumy, W)) := Homy,, (75, Vs Ts,um W)-

Proposition 4.4. The category € in Definition[{.3 is a Tannaka cateogry over
k, with tensor product defined by (S :=S;USy, T :=T1UT,)

(XSIUT17 V) ® (XS2UT27 W) = (XSUT’ 71-ikS‘LJT,SlLJTl (V) ® ’n—gUT,SQUTQ (W))
the unit object is (X, Ox), and a fiber functor
(4.14) & = Vecty, (Xsur, V) = Viegor-
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Proof. We first show that £ is an abelian category. The kernel, image and cokernel
of a morphism f : ((Xs,ury, V), (Xs,ur,, W)) are defined as follows. Set S :=
S1USy, T := T, UT;. By means of , f corresponds to an element fg of
HY (Xsur, Tsur.s,um VY @ Teur.s,ur, W), which by means of is represented
by an element fsur in Homx, (7§57 ¢,0m Vs Tsur s,um W) Now we define
the kernel, image and cokernel of f to be the kernel, image and cokernel of
fsur respectively. It is clear that £ is thus an abelian category. With respect
to the tensor product in &, the dual of an object is defined by (Xgur, V)Y =
(Xsur, V). O

One notices that the kernel (image, cokernel) of f does depend on the choice
of T", in particular, for an object (Xgur, V) in &, and for any 77 € T4, T > T

(4.15) (Xsur, V) is isomorphic with (Xsur, 75 v sur(V)) in €.

Let G(&, z) be the Tannaka group scheme of £ with respect to the given fiber
functor. Consider the tautological functorp : D — &, (Xgs,V) — (Xg, V') which is
clearly compatible with the fiber functors of D and £. It yields a homomorphism
p*: G(€,x) — L(X,z) which is clearly injective.

Theorem 4.5. The k-group scheme homomorphism ¢* : G(E,x) — L(X, x) is the
kernel of the homomorphism L(X,x) — n¥ (X, z) and consequently is the kernel
of rét x vt 7N (X, 2) — (X, z) x 7F (X, x). In other words the representation
category of Ker(rét x rI') is equivalent to &.

Proof. We use Theorem |A.1} (iii), to show that the sequence

(4.16) G(&) — L(X,r) = nF (X, z)
is exact.

If (Xsur,V) is an object in &, then
(417) WguTﬁ(WSUT,S)*V —-»V

and since (Xg, (msur,s)<V) is an object of D, every object of £ is the quotient of
an object coming from D via ¢. Thus condition (c) in (iii), is fulfilled.

The maximal trivial subobject of (Xg,V) in € is an object (Xgur, Vo) for
some T € T* and V; is the maximal trivial subobject of 7§, ¢(V) in €(Xsur).
Proposition below shows that there exists an F-finite bundle W € T on X
and an inclusion j : 7gW < V, such that

7T;UT,SU) meurW = Vo,
Thus condition (b) in [A.1] (iii), is fulfilled.

Finally recall that the homomorphism L(X, z) — 7 (X, x) is induced from the
functor C¥'(X,z) — D, V + (X, V). On the other hand the above discussion
also shows that (Xg, V) is trivial if and only if the inclusion j : 7§W — V is
an isomorphism, that is (Xg, V') is isomorphic to (X, W) in D (see [3.10). Thus
condition (a) is also fulfilled. O
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It just remains to prove

Proposition 4.6. Let V € C"(Xs), and Vy C &,y g(V) be the mazimal trivial
subobject of w5 p s(V) in E(Xsur). Then there exists an F-finite bundle W € T
on X equipped with an inclusion j : m5(W) < V' such that

7Tj‘?uT,S(j) cmsur(W) =W C 7TE’UT,S(V)'
Proof. Using the cartesian diagram (4.3), we have

(4.18) H°(Xsur, moursV) = H(Xr, msurrmoursV)

@3 0
= H (XT,’/T;WS*V) & H (X,’/TT*OXT(X)’/TS*V)

= HOmx((ﬂ'T*OXT)V,WS*V) = @qk " Pi
for some morphisms ¢; : (77,0x,)" — 7s,V. Let W C 7g,V be the image of
(419) 697{301 . @;(WT*OXT)V — WS*V

Then W is trivializable by 7 and in particular W € T is F-finite. We show that
the map j : mgWW — V, induced from the inclusion ¢ : W — 7g,V, is injective.

Indeed, let V' = imj C V thus V'’ is a quotient of 75W and according to
Proposition and Theorem |A.1] (i), we conclude that there is a quotient ¢ :
W — W' of W such that the quotient map 7*W — V’ is the pull back 7§q :
7sW — W', Now the inclusion 7fW’ = V' C V corresponds to a morphism
i : W’ — V which is compatible with 7 in the sense that i = i’ og. By assumption
q is surjective and i is injective, hence ¢’ is an isomorphism, consequently j is
injective.

On the other hand, one has from (4.19)

(4.20) Homy ((77,0x,)", 7s.V) = Homx ((77,O0x,.)", W)

Thus

(4.21) H(Xsur, m5ursV) = HY(Xp, mp W) = H*(Xsur, mour W)

which means that 75 (W) = Vo C 75 rs(V). O

Remark 4.7. Using Proposition 2.7} replacing X by Xg and Xg by Xsur, one
sees that the objects of £(Xgur) are precisely those bundles which come from a
representation of a local fundamental group over k.

APPENDIX A. EXACT SEQUENCES OF TANNAKA GROUP SCHEMES

In this appendix, we summarize the material on Tannaka categories which we
used throughout the article. The statements and their proofs are taken from [3],
but for the reader’s convenience, we gather the information in a compact form
here.
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Let L 5 G % A be a sequence of homomorphism of affine group scheme over
a field k. It induces a sequence of functors

(A.1) Rep(A) 7, Rep(G) , Rep(L)
where Rep denotes the category of finite dimensional representations over k.

Theorem A.1. With the above settings we have

(i) The map p : G — A is faithfully flat (and in particular surjective) if
and only if p*Rep(A) is a full subcategory of Rep(G), closed under taking
subquotients.

(ii) The map q : L — G is a closed immersion if and only if any object of
Rep(L) is a subquotient of an object of the form q*(V') for some V €
Rep(G).

(iii) Assume that q is a closed immersion and that p is faithfully flat. Then

the sequence L - G & A is exact if and only if the following conditions

are fulfilled:

(a) For an object V€ Rep(G), ¢*(V') in Rep(L) is trivial if and only if
V =2 p*U for some U € Rep(A).

(b) Let Wy be the mazimal trivial subobject of ¢*(V') in Rep(L). Then
there exists Vo C V in Rep(G), such that ¢*(Vp) = Wy.

(¢) Any W in Rep(L) is embeddable in (hence, by taking duals, a quotient
of) ¢*(V') for some V € Rep(G).

Proof. The statements (i) and (ii) are due to Saavedra [12]. We refer also to [I,
Proposition 2.21] for a nice proof. We show (iii).

Assume that ¢ : L — G is the kernel of p: G — A. Then (a), (b) follow from
the well-know properties of normal subgroups (cf. [13, Chapter 13]). It remains
to show (c).

Let Ind : Rep(L) — Rep(G) be the induced representation functor, it is the
right adjoint functor to the restriction functor Res : Rep(G) — Rep(L) that is,
one has a functorial isomorphism

(A.2) Homg(V, Ind(W)) = Homy(Res(V), W).
It is easy to check
(A.3) Ind(W) 22 (k]G] @, W)*

where L acts on k[G] on the right. It is well-known that k[G] is faithfully flat
over it subalgebra k[A] ([I3, Chapter 13]) and there is the following isomorphism

(A4) K[G) @i K(G) = K{L] @ K(C)
which precisely means that G — A is a principal bundle under L. Consequently

Thus the functor Ind : Rep(L) — Rep(G) is exact.
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Setting V' = Ind(W) in (A.2), one obtains a canonical map uy : Ind(W) — W
in Rep(L) which gives back the isomorphism in (A.2)) as follows:

Homg(V,Ind(W)) 5 h — uw o h € Hompy(Res(V), W).

The map uy is non-zero whenever W is non-zero. Indeed, since Ind is faithfully
exact, Ind(WW) is non-zero whenever W is non-zero. Thus, if uy = 0, then both
sides of were zero for any V. On the other hand, for V' = Ind(W), the right
hand side contains the identity map. This show that uy, can’t vanish.

We want to show that uy, is always surjective. Let U = Im(uw ) and T'= W/U.
We have the following diagram

(A.6) 0 —Ind(U) — Ind(W) —Ind(T) — 0
uUl ur UW\L
0 U w T 0

By assumption, the composition Ind(W) — Ind(T") — T is 0, therefore Ind(T") —
T is a zero map, implying T" = 0.

Since Ind(W) is the union of its finite dimensional subrepresentations, we can
find a finite dimensional G-subrepresentation Wy(W') of Ind(W') which still maps
surjectively on W. In order to obtain the statement on the embedding of W, we
dualize Wy(WV) — WV,

Conversely, assume that (a), (b), (c¢) are satisfied. Then it follows from (a)
that for U € Rep(A), ¢*p*(U) € Rep(L) is trivial. Hence pg : L — A is the
trivial homomorphism. Recall that by assumption, ¢ is injective, p is surjective.
Let §: L — G be the kernel of p. Then we have commutative diagram

i*

A7) L

&  Rep(L) Rep(L)

Nz

Rep(G)

with injective homomorphisms. It remains to show that ¢ is surjective, which
amounts to saying that the category i*Rep(L) in Rep(L) is full and closed under
taking subquotients.

We first show the fullness. Let Wy, W) be objects in Rep(L) and ¢ : Wy :=
i*(Wo) — i*(W;) =: W, be a morphism in Rep(L). Since Rep(L) also satisfies
(c), there exists Vp, Vi in Rep(G) with a surjective morphism 7 : ¢*(V) — W,

and an injective morphism ¢ : Wi — ¢*(V1). These yield a morphism
(A.8) = 1"()pi"(m) ¢ (Vo) = ¢" (V1)
The morphism ¢ induces and element in H°(L,¢*(Vy’ ® V4)). Now, by (b) and

by the fact that Rep(L) also satisfies (b) we conclude that ¢ = i*(¢), for some
v (Vo) — ¢ (V1). Since ¢ is injective and 7 is surjective, we conclude that
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¢ = @, for some @ : Wy — W; in Rep(L). Thus the category i*Rep(L) is full in
Rep(L).
On the other hand, for any W € Rep(L), by (c) there exist Vj, V; in Rep(G)

and ¢ : ¢* (Vo) — ¢* (V1) such that W = imp. By the fullness of i*Rep(L) in
Rep(L), ¢ = i*p, hence W = 4*(imp). Thus we have proved that any object in

Rep(L) is isomorphic to the image under i* of an object in Rep(L). Together
with the discussion above this implies that L = L. 0
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