RELATIVE ALGEBRAIC DIFFERENTIAL
CHARACTERS

SPENCER BLOCH AND HELENE ESNAULT

ABSTRACT. Let f: X — S be a smooth morphism in character-
istic zero, and let (F,Vx/g) be a regular relative connection. We
define a cohomology of relative differential characters on X which
receives classes of (E,Vy,g). This is a version in family of the
corresponding constructions performed in [9]. It says in particular
that the partial vanishing of the trace of the iterated Atiyah classes
can be made canonical. When applied to a family of curves and c3,
the construction yields a connection on f.co(E) € Pic(S). Such a
connection has been constructed analytically by A. Beilinson ([5]).
We also relate our construction to the trace complex as defined in

3].

1. INTRODUCTION

Let f: X — S be a smooth family of curves aver a smooth base S
over a field &k of characteristic zero, and Vx5 : £ — Qﬁ(/s ® E be a
relative connection. Then the Atiyah class

At(E) € HY(X, Q% ® End(E))

lies in the image of H'(X, f*QL ®&nd(E)), and therefore higher Chern
classes in H'(X, Q%) die in H (X, Q% /f*(Q%)). In this situation, when
k is the field of complex numbers, A. Beilinson ([5]) uses Deligne-
Beilinson analytic cohomology to show that the images f.co(E) and
f«(c1(E)?), as analytic bundles, are endowed with canonical holomor-
phic connections. We show in this note that a careful analysis of split-
ting principle developed in [9] leads to the existence of functorial classes

e2((E,Vxys)) and ¢1((E, Vx/s))? in the group H?*(X, K, LN 0L ®
Qﬁ(/s). In other words, the vanishing of the class in H*(X, Q% /f*(2%))

is made canonical. The trace of those classes define then isomorphism

classes of line bundles with an algebraic connection in H'(S, O% dlog,

QL). We show how this example is a particular case of a more general
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theory of relative algebraic differential characters (see precise formula-
tion in in section 2, and in subsequent sections for the construction),
which allows higher dimensional smooth morphisms and higher classes
as well.

In fact, A. Beilinson does not consider just vector bundles and Chern
classes, but rather G-principal bundles under a reductive group G and
arbitrary characteristic classes of weight 2. In this note we give two
constructions of classes. The first is based on a splitting principle and
is valid for vector bundles. The second uses the Weil-algebra homo-
morphism, as constructed in [4], to define a universal class. The latter
should apply to more general G-bundles.

In a final note, we relate our construction to the trace complex as
defined in [3].

It is a pleasure to work out A. Beilinson’s idea in a more algebraic
language, hoping that he’ll like this framework. It is also a pleasure to
thank him for his generosity.

2. RELATIVE COHOMOLOGY

Let f : X — S be a smooth morphism between smooth varieties over
a field k of characteristic 0. Then, for ¢ > 0, one defines the subcomplex
of the de Rham complex

(2.1) F= 05" AQR[—e] = QF'li],

where f*Q5 P AQE = QP for i —p < 0, and F° = Q% for i = 0.
(Note F* starts with f*Q% in degree 0.) The basic object of study is
the complex

(2.2) ADiy /5 = cone (lCi @ Fi Loy Q)Zg'[z']) 1],

where the Zariski sheaf ; is defined to be the image of Milnor K sheaf
KM in its value at the generic point iy(x). KM (k(X)), or equivalently,
the kernel of the residue map

One introduces the following

Definition 2.1. The group of relative algebraic differential characters
in degree i 1s the group

(2.3) AD!(X/S) = H'(X, ADY ).

We first define a product structure, following [2], the way we did in
9], which is compatible to the natural product

(2.4) Ol x QP[] — Q3+ 4],
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the induced product
(2.5) Fix Fi— FO)
on the sub-complexes, and the K-product
(2.6) Ki x Kj = Kig)-
Definition 2.2. Let a € R. We define
ADY s x ADY g — ADYq

by
Uy y = {z,y} reKiyek,;
=0 rek;,yeF
=(l—-a)dlogz ANy x €Kiy € Q7]
=0 reF yek;
=z Ay reF yeF’
= (=1)%8%az Ay reFyc Q)Z{j[j]
= ax Adlogy xEQ)Z(i[i],yEICj
=(l—-a)zAy z e QY] y e FI
0 v e 3,y € 9F[j]
Proposition 2.3. a) For every a € R, the formulae of definition

2.2 define a product, compatible with the products (2.4), (2.5),
(2.6), with the graded commutativity rule

rUsy = (_1>degl’~degyy U(lfa) xz.

b) For all a, p € R, the products U, and Ug are homotopic, so, in
particular, the product on AD'(X/S) is commutative.

Proof. One has to show
(2.7) §(2 Ug y) = 8(z) Ug y + (—1)%8"2 U, §(y).

Even if the verification is a bit lengthy, we insert it here, for sake of
completeness. We have a complex X, sum of two complexes X =
X1 & Xy, with maps u; : X; — Y. We denote by ¢ = uy —us : X —
Y. Then we define Cone(yp) = X[1] @ Y, with differential d(x,y) =
(—d(x),p(x)+d(y)), and §[—1] on Cone(p)[—1] = X ® Y [—1] given by
d[—1] = =9, that is concretely d[—1](x,y) = (d(z), —p(x) — d(y)).
Now take local sections a; € K;, fi € F',w; € Q='[i] and similarly
for 7 replaced by j. So here, u; is dlog whereas uy is the natural
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embedding. In order to simplify the notation, we omit the a from the
notations (but not from the computations).
One has

(2.8) d(a;Uaj) = —ui(a; Uaj) = —dloga; A dloga;

§(a;) Ua; = —adloga; A dloga;

a; Ud(a;) = (1 —a)dloga; A (—dloga,)
thus (2.7) is satisfied.
One has

(2.9) a;Uf;=0

dai)U fj = —(1 —a)dloga; A f;

0(f3) = (dfj, ua(f) = f3)
a; Udf; =0

a; Uus(fj) = (1 —a)dloga; A f;

thus (2.7) is satisfied.

One has
(2.10) d(a; Uw;) = 0((1 — a)dlog a; A w;))
= —(1 - a)d(dloga; Nw;) = (1 — a)dloga; A dw;
d(a;)) Jw; =0

a; Uo(wj) = (a;, —dw;) = (1 — a)dlog a; A (—dwj)
thus (2.7) is satisfied.

One has
(2.11) fiUa; =0
6(fi) = (dfi, ua(fi))
dfz U aj = 0

us(fi) Ua; = afi Udloga,
fiUd(a;) = f; U (—dloga;) = (—1)%af; A (—dloga;)

thus (2.7) is satisfied.
One has

(2.12) 6(fi U fi) =o(fiNfi) =
(dfs A f; + (_1)deg(fi)fi Adfj,us(fi A fy)) € (F+j+1’9§(i+j))
S(f) U fi=dfi U fj+ua(fi) U fy=(dfi A fj, (L =) fi A )
fU8(f;) = [iudfy + f; Dus(fy) = (fi Afy, (1% af; A f)
thus (2.7) is satisfied.



RELATIVE CHARACTERS 5

One has
(213) 6(f; Uw;) = 8((—=1)%8Udaf; Aw;) = —d((—1)%*8Ua f; A w;)
§(fi) Uw; = dfs Uw; + ug(fi) Uw; = (—1)% @ adf; Aw; +0
fiUd(w)) = f; Udw; = (=1)%Waf; A (—dw;)

thus (2.7) is satisfied.
One has

(2.14) d(wi Ua;) = 0(aw; Adloga;) = —d(aw; A dloga;)
d(w;) Ua; = —d(w;) Ua; = —ad(w;) Udloga;
w; Ud(a;) =w; U(—=dloga;) =0
thus (2.7) is satisfied.
One has
(215) 6w U fy) = 6((1— o) A ) = —d((1 — @i A 1))
S(wi) U fj = —dw; U f; = —(1 — a)dw; A f;
wi UO(f;) = w; U (df;,ua(fj)) = (1 — a)w; Adf;.
The degree of w; in Cone(yp)[—1] equals the degree of w; in the complex

Q%' plus 1. Thus (2.7) is fulfilled.
One has

wiUon :O:(S(wl) UCUj :wiU(S(on) =0
thus (2.7) is satisfied.
The homotopy is defined as follows
m >irg )L >irs
ey =(-)"a-Bfery  ze(F) yeFl
=0 otherwise .
O

3. SPLITTING PRINCIPLE

Let f : X — S be a smooth proper morphism between smooth va-
rieties, and let Vy g : E — Qf /5 ® E be a relative connection on a
vectorbundle of rank r. Let 7 : P := P(E) — X be the projective bun-
dle associated to I. The relative connection Vx/g defines a splitting

of the exact sequence
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such that 7o 7"V x/g stabilizes the tautological sequence
(3.3) 0= Qpx(1) = 7" E — Op(1) = 0
(see [8], [6], [9]). Let i and p be defined by the exact sequence
(3.4) 0— 7k 5 QL5 Qb —0,
and ¢ : Qf — Q]%,/S be the projection.
Definition 3.1. We define the sheaf
(3.5) Q) := Ker (Qgp e, W*QQ/S)
From the definition, one has an exact sequence
(3.6) 0= 7 f" Qg = Q= Qp)x =0
Lemma 3.2. The extension class
Q] € H'(P, Tp/x @ 7 f*Qy) = H'(X, End’(E) ® Q)
given by (3.6) is the trace free part of the lifting of the Atiyah class of
E in H'(X,End’(E) @ Q) defined by the choice of V x/s.
Proof. The Atiyah sequence can be written

(3.7) 0— End(E) = F — Ty — 0.

Here F' is interpreted as infinitesimal symmetries of the bundle E. A
connection Vg relative to S gives rise to an action of T /g0 Le. a

lifting p : T)l(/s — I of the inclusion T)l(/s C Tk.
The corresponding sequence for infinitesimal symmetries of the pro-
jective bundle P = P(E) looks like

0— End"(E) = 7. Tp — Ty — 0

Since symmetries of the vector bundle give rise to symmetries of the
projective bundle, we get a diagram (End’(E) = End(E)/k -id)

Txs

l

0 —— &nd(E) —— F > T > 0
0 —— End’(E) —— w13 > Ty 0

In particular, the bottom line represents the pushout of the Aityah
extension to the tracefree endomorphisms. On the other hand the
composite of the vertical arrows gives rise by adjunction to a map
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m*Ty,g — Ty which is dual to 7 in (3.1). Tt follows that the reduction
of structure of the tracefree Atiyah class defined by the connection
V x/s is given by the bottom line in the diagram

0 0

Ty ==

/

p

0 —— End’(E) —— w13

0 —— &nd’(E) —— 1Y —— f*Td —— 0

|
£

0 0

Given the relation between the map labelled p’ above and the map 7
in (3.1), it is straightforward to check that this bottom line is obtained
from (3.6) by dualizing and pushing forward. U

We now construct a 7 version of the AD complex. Certainly, one
has

(3.8) d(AN'Q) C NI A QF.

Definition 3.3. Formally replacing f*Q% by AN'Q and Q3 by Q5" in
the definition 2.1, we define the subcomplex

(3.9) FL=NTQAQF o] & QF'[1]
of the de Rham complex. Note F° = Qp and, in degree 0, (F')? = A'Q.
This allows one to define
Definition 3.4.
AD! = cone (/ci @ i DO i [z’]) 1],
and
AD: (P) = HI (P, AD').

Then one defines a product formally as in definitiom 2.2, replacing
ADY; g by AD:. To be precise:
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Definition 3.5. Let a € R. We define
. . »
AD. x AD! — ADI™

by
rUyy = {x,y} reK;,yek,;
=0 xElCi,ye]:i
—(1—a)dlogz Ay v €Kiy € QF[j]
-0 z€FLyek;
=z Ay re€FyeF
= (=1)%*eax Ay z e Fiye Q]
= ax Adlogy x € Q') € K;
=(l—-a)zAy x e Q'i],y € FI
=0 z € OF'lil,y € Q[4)

Of course, proposition 2.3 holds true as well, replacing AD(X/S) by
AD,(P).

Definition 3.6. We denote by & the class of the induced partial con-
nection

(O(l)p,TO VX/S) €
ADL(P) = H'(P, Ky =20, 2 ),

and by [£] its image in H'(P, F}) induced by the connecting morphism
of the exact sequence

0— FH-1] — (IC1 %Qéi@%%...) — AD! — 0.
Theorem 3.7. The product
ADL(P)UEY € ADE(P)
induces an isomorphism
AD(P) = AD"(X/S)® AD" " Y(X/S)UéD...® ADY(X/S) U U1,
Proof. From the exact sequence

(3.10)
= NP, Q) — HY(P, ADY) — H™(P,K;) @ H*(P, F!) — ...,
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the splitting principle on H™(P, K;) and H" (P, Q5°[i]), and the com-
patiblity of the products, one just has to see that

(3.11)
HY(P, F;) = H(X, F) o H" (X, FHu[ge.. HO(X, F) U

for { =14,1—1.
To this end, we will define a quasi-isomorphism
(3.12) B 7 4] = R (FP).
J
Definition 3.8. a) We write the term in degree q in FI' as \"~9Q-

Q2q C Qn+q
P P -
b) The exact sequence (3.6) defines a decreasing filtration on the
exterior powers of ), with fil? AP Q generated by wedges with
at least j entries in 7 f*Qy.

Lemma 3.9. fil?= 7O 5 Rix (AP - Q).

proof of lemma. By projecting [§] we find a canonical element 6 €
H°(X, R'7,(2)). Taking powers gives ¢/ € H°(X, Rim,(AQ). Since
7 f*Q C APQ, multiplication by 67 gives a map as in the statement of

the lemma. To see this map is an isomorphism, we argue by induction
on ¢q. Consider the diagram

RITIm (AP @ Q% g Rimo(APTIQ- Q) = RIm (APQ- Q) 5 Rim (APQ) @ Q

X/s
2 o] -

0 = SUPTIIQRTTTT o papmiQRFITT o QR @ QY o 0

where the top row comes from the short exact sequence of sheaves
+1 —1
0= APQ- Q" = APQ- O = APQ® Q% g — 0.

Suppose for a moment we know the lemma is true when ¢ = 0. It
follows that the maps d in the above diagram are isomorphisms in all
degrees. It follows that the maps ¢ are surjective and the maps a are
zero. By induction the maps b are isomorphisms for all j, so it follows
that the middle vertical arrow is an isomorphism as desired.

It remains to prove the lemma when ¢ = 0. One proves by descending
induction on j that

0 k>p—3j

REm (fill NP Q) =
Tl St ) {f*Q’ék k<p-j.
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We have filP AP Q = f*QF, so the assertion is clear when j = p. The
induction step comes from consideration of the long exact sequence

R, (9F%) © f*Q% — Rim (fil' ™ A Q) — Rbm.(fil! AP Q) —
— Rkw*(Qﬁl;;;'() @ UL — RFm (Fil AP Q),

noting that Rm, Q5 /x = Ox when a = b and is zero otherwise. Details
are omitted. O

To finish the proof of theorem (3.7), it suffices to note that the maps
in the lemma are compatible with the de Rham differentials, so we get
quasi-isomorphisms in the derived category, which gives (3.12). The
desired decomposition (3.11) follows by taking cohomology on X. O

Definition 3.10. The decomposition of theorem 3.7 allows us to de-
fines classes ¢;(E,Vx;s) € AD'(X/S) in the usual way as the coeffi-
cients of the equation

r—1

(g)Ur _ Z(—l)(i_l)cr—z(E, VX/S) U (g)Uz

i=0
Theorem 3.11. Let
0— (E",VYs) = (E,Vx/s) = (E',V/5) = 0

be an exact sequence of relative connections. Then one has a Whitney
product formula

n

(3.13) cn(B,Vxys) = Y (B, Viys)) Ucni((E", VY s)

=0

Proof. Let P = P(E") 4P = P(E), and let U := P — P <, P. Let
7P — X and p: U — P” = P(E”) be the natural maps.

Lemma 3.12. Define AD,(U) by restricting the cone of complezes of
sheaves used to define AD,(P) to U. One has a pullback map

p* : ADTN (]PW) — ADT(U),
and p*(&") = j*(&). Finally, in degree " = rank(E") we have

ker (j* . AD”"(P) — AD:”(U)) ~ 7.
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proof of lemma. Compatibility of the connections on E and E” leads
to a commutative diagram of sheaves on U

0 0

0 — p* Qv —— p*Up —— p'r"* Qg — 0

‘ < 0|

0 — Qv — Q) —— p*ﬁ”*Qﬁ(/S — 0
Q[:lJ'/]P)// — Q[:lJ'/]P)//
0 0

Here of course we use the notation €2, 2.~ etc to indicate in which pro-
jective bundle we consider the construction 3.5 of (2. Exterior powers
of the maps labelled a enable one to define

p* : ADTN (PH) — ADT(U)

Commutativity of the square labelled (%) above implies, using definition

(3.6) that p*(£") = j*(§)-

Finally, regarding the kernel of j* in degree r”, we show here that it
is a subgroup of Z. Once we describe the Gysin homomorphism below,
it will be clear this kernel is nonzero. Since P’ C IP has codimension r”,
purity results for local cohomology imply

H, (P, AD™") < ker(H, (P, K @ A™' Q) — Hy/ (P, Q5 ).
Further we have
Hy (P, K, = Z;  Hb (P,A"'Q,) — Hb (P, Q5).
It follows that the local cohomology of AD,, which maps onto the
kernel of j*, is a subgroup of Z as claimed. 0
Lemma 3.13. Let i : P' — P be the inclusion. There is defined a
Gysin map
iy - ADK,(P') — ADF ().
The image i.(AD%(P')) = Z and 1 maps to the cycle class of P" in
CH™ (P). There is a projection formula

iv(z i) = iu(x)y.
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Proof. We have a commutative diagram

0 0
0 — "Q —— i"Qp —— 7 0% — 0

The left column leads to maps
det(Ny p) ® APQe — i APTT Q.
On the other hand, Grothendieck duality theory, [12], gives
det(Npjp) @ i* APT™" Q, = Exty (Op, APYQL) — HE (P APTTQL),

where Hp is the Zariski local cohomology sheaf. Composing these
arrows, we get

APQ = Hp (P, APTTQL).
An elaboration on this construction, using the middle column of the
previous commutative diagram and the analogous map on K-sheaves

Ko = HE (K p)
gives a map of complexes

ADP, — Hp, (ADPH).
Finally, using purity, we find

ADY(P) = BV (P, ADY,) — HP (P, Hy (AD2")) =
HE (P, ADPH) — P (P, ADPT) = ADET ().
In the special case p = 0, we find
Z = AD°(P') — Hy, (P, AD") — AD™ (P).

Composing with the map AD!" (P) — CH"™ (P), we see that the above
map is injective, and in fact is an isomorphism, taking 1 to the class of
P’
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Finally, the projection formula is a straightforward consequence of
the multiplication on the complex AD,, which makes AD.(P') an
AD.(P)-module. O

The proof of the Whitney formula (3.13) is now straightforward.
Write

F'(&) =D (=1)"ers( B, VE, F'(€) = Y (1) e y(E", V)¢
for the polynomials associated to E' and E”. We know that
JEE) = F'(¢") =0,
so necessarily F” (&) = i,(1). Also, F'(¢') =0, so
0= i (F() = i, ()F() = F'()F(€).

Since F(&) = S (=1)"*" "¢,y n_i(E, V)& is the unique monic poly-
nomial in & of degree v’ + r” vanishing in AD.(PP), we conclude F' =
F'F". H

Corollary 3.14. Let Y C X be a fiber of f. The classes ¢;(E,Vx/s) €
AD'(X/S) specialize to the classes ¢;(Ely,Vxsly) € AD(Y) defined
in [9].

Let d be the relative dimension of the morphism f. The existence
for n — a < d of a trace or transfer map

RE(Q%/f°0% - Q5) = Q5
leads to a transfer map

(3.14)
£ ADMX/S) = H4(S, Kpg 225 Qrd &

~1$1-1

)

defined for example by taking the Gersten-Quillen resolution of the IC
sheaves, and the Cousin resolution of the coherent sheaves of forms. In
particular

Corollary 3.15.
o d+1
Fulcasi (B, Vys)) € HY(S Ky 225 0L 4 ol

s the isomorphism class of a rank one line bundle with a connection,
which is flat for d > 3.
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4. UNIVERSAL CONSTRUCTION VIA THE WEIL ALGEBRA

In this section we give another construction of the relative classes,
using unpublished work of A. Beilinson and D. Kazhdan [4]. These
authors define a filtered differential graded algebra Q% p D> F"Q% g,

such that (Q%,Q3") =Y (Q% g, F"Q% p), together with a Weil homo-
morphism S"(G*)¢ ), FnQO% p[2n]. For us, the algebraic group is
G = GL(r), and S"(G)% are the G-invariant polynomials on the Lie
algebra G over k.

We begin by recalling the Beilinson-Kazhdan construction. Let p :

E — X be the GL(r)-torsor corresponding to a vector bundle £ on X.
Define

Q&E = (pa Q]IE)GL(T) .

The Atiyah sequence can be reinterpreted as the exact sequence of
GL(r)-invariant relative differentials pushed down to X

(4.1) 0— Qy = Qxp — End(E) — 0.
Given an exact sequenc of vector bundles 0 - A — B = C — 0, the
generalized Koszul sequence yields for any n
(4.2) 0= A"A = A"B -2 A" B C -2

A" 2 B® Sym?*(C) — ... — Sym™(C) — 0
with
(5(()1/\ . ./\bp®01'. . "Cn—p) = Z(—l)z_lbz/\ .. l/); .. /\bp®7T(bZ)Cl - Cn—p

Combining (4.1) and (4.2) we define a complex Q%  to be the simple
complex associated to the first quadrant double complex:

0 — Sym?(End(E)) — - -

(43) |
0 — &End(E) L end(E)@ 0k, — -

T d/l:ﬂ. /l\ dll

1 201
OX — QX,E — /\ QX,E —> .-
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Grading by total degree gives
(4.4) g = @ A g ® Sym®(End(E)) = D 2

a+b=n
a>b
The n-th column in (4.3) is a resolution of %, so defining
(4.5) PPy o= @ 0%

a+b=n
azp

we get a filtered quasi-isomorphism

(4'6) (Q;O Q)Z(p) i) (Q_.X,Ea FpQ;{,E)‘

In addition, End(E) is a twisting of the Lie algebra g of GL(r), so there
is a map

(4.7)  w'(E): Sym"(g")"") — Sym™(End(E)) — F"Q% z[2n].

Assume now we are in a relative situation, with f : X — S and
(E,Vx/s) as in section 2.

Lemma 4.1. The connection Vx /g determines a descent of the Atiyah
extension (4.1) to an extension

(4.8) 0— f*(Qg) = Oy — End(E) — 0.
Le. the Atiyah extension comes from (4.8) by pushout f*QL — Q.

Proof. A connection defines an infinitesimal action of vector fields over
X on E, i.e. a splitting of the Atiyah sequence (3.7). Thus, a relative
connection leads to a diagram

00— Qy — Qkp —— &End(E) — 0

(1.9 | [ |

0 —— Qs — Uy/sm = End(E) —— 0
The descent comes by defining
(4.10) Oy :={z € Q% p | Mz) €im(o)}.
O
Recall the complex F" defined in (2.1). Our next objective is to
mimick the above Weil construction, replacing (4.1) by (4.8). The
construction leads to complexes Fg and quasi-isomorphisms F" — Fg

analogous to (4.6). Note by (4.10) that Qg C Q% p, so one may define
AN Qg - Nk g C AT .



16 SPENCER BLOCH AND HELENE ESNAULT

Lemma 4.2. Recall (F*) = f*Q¥7 - Q3. There is a Koszul type
resolution
(4.11) 0= (F*) = A"IQL - APQL , —
(A1 QL ABQL ) @ End(E) - ...
— (AP Qg A2jQ§(7E) ® SymP(End(E)) — ...
— Sym"™ ™ (End(E)) — 0
Proof. We start with the resolution
(412) 0= Q% = ANy g = AT'Q% p @ ENd(E) — ...
— Sym(End(E)) — 0
which we filter
(4.13) Fil'(Q%) = Q- Q%
Jill (N8 QX p @ Sym*(End(E))) =
J(ATRQL - ATIQK ) @ SymP(End(E)) i >k
)0 i<k

This filtration is compatible with the differential, and (using Q% /€%, =
Q% /g), we find

(4.14) gr' (AT Q% g ® Sym"(End(E)))
_ {N—mlv ® Qs ® SymH(End(B)) i >k
0 1< k
The complex gr? is obtained by tensoring the Koszul resolution
0= f*QL = N'Qy = A1 @ End(E) — . ..
with Q% /s and is thus exact. It follows that fil’ is a resolution of

QL - Qg(_i. Taking ¢ = n — J; ¢ = n + 7, we obtain the desired
resolution of (F™)7. O

Definition 4.3. The complex

(4.15) (Fo) = D (Fo) ¢ @ oYl
a+b=e at+b=e
a>b a>b
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1s defined by
(4.16)
| (/\Qi—a—b QL . /\QG—QZQ%(,E) ® Sym®(End(E)) 2i>a+b; a>i
(Fo)*" =10 >a
0% a>i; 2i<a+b

The differentials are induced by the differentials on Q% p.

Remark 4.4. The content of lemma (4.2) is that one has a resolution
0 — F'[—i] = (F&)"0 — (F&)"t — ...

with differential d”.

Remark 4.5. The Beilinson-Kazhdan- Weil homomorphism w, (E), (4.7),
takes values in (Fg)™" = QY = Sym™(End(E)) C F*Q¥' .
In particular, the complex

dlog wy,

(417)  cone (/cn ® S"(G*)C[—n] LEEND), F”Q}QE[n]) 1]

used in [9] to define the absolute differential characters is endowed with
a map

dlog dwn (E
_—

), ey
Fr% gln]) 1]
dlog ®wn(E) e
F% gln]) (1]
where the latter complex is quasi-isomorphic to ADY /s
Let X = U;X; be a Zariski covering trivializing £ and let [E] : X —

BG, be the induced map to the simplicial classifying scheme BG,. We
denote by Ey, the universal bundle on BG,. Since

(4.19)
H"(BG., cone (ICn ® S"(G*)%[~n]
= H"(BG,,K,)

(4.18) cone(lCn ® S"(G")[—n]

vy =(10wny,1)
T

cone <ICn ® FLin|

d 10g Dwn, (Eun)
T

F"Q6, 5 l]) (1)

(see [9]), one has a well defined universal class

(4.20) cpan €
H"(BG.,, cone (lCn ®S™(G*)%[-n]

dlog ®wn (Eun)
_—

F"Q6, 1)) (1)).
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One way to define ¢, ,, is again via the splitting principle on BG,. Via
the functoriality map

d 10g Dwn (Eun)
—

(] : cone(K, ® §(G")¢[~n] F"Q6, 1) (1]

= R[EJ.cone(JCy @ 5(5") [=n] 55 P03 pln]) -1

this defines a class

(4.21) [E]"(chun) €
dlog ®wn (E
oA

H' (X, cone K, @ §7(G")n) S E"O%, pln]) 1)

and via ¢y, one obtains a class
Definition 4.6.
& (E,Vxs) == tv([E]"(chu)) € AD™(X/S).

It remains to compare those classes to the classes ¢,(E, Vx/g) con-
structed in the previous section with the splitting principle. As in [9],
theorem 3.26, one has to verify the Whitney formula (4). One proceeds
as in (4) of loc. cit.

Proposition 4.7. One has
Cn(E, Vx/g) = C;(E, Vx/g) € ADZ(X/S)

5. THE IMAGE OF ¢y IN A FAMILY OF CURVES

We now specialize the discussion to the case where f : X — S is
a smooth family of curves. Let (E,Vy/g) be a relative connection, to
which one has assigned classes

(5.1) e (E,Vxs),c1(E, Vx/s)? € AD*(X/S).
One considers the trace map
(5.2) fo: AD*(X/S) — AD"(S/k)

introduced in corollary 3.15. Since AD'(S/k) is the group of isomor-
phism classes of line bundles with connection, we have constructed in
this way a connection on the line bundles

feca(E) and f.(ci(E)?).

We want to identify the curvature of the connection.
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We consider the exact sequence of complexes on X
(5.3) 0 (92 = /ot @ 0lys)[-1
= (16 2% 0% = 0%/ Q%) — ADY 5 — 0.

(Recall that f has dimension 1, thus Q% /f*Q¢ = f*Q% ® QY g.) Then
given a class v € AD?(X/S), the connecting morphism ¢ of 5.3 defines
a class

(5.4) 5(y) € HA(X, frO% — fO% @ Qks) 5

Proposition 5.1. Let f.(y) = (L,V) € ADY(S/k), with curvature
V2% e H°(S,Q%). Then one has

V? = fo(7).

Proof. Briefly, one has diagrams of complexes of sheaves on X

ICQ’X — ICQ,X
(5.5) % — % — Qe

l !

FRe0l, — Q%/F 0,

and on S
O —— 05
| |
(5.6) QL — ol
|

Using Gersten resolutions and Cousin complexes, one defines a trace
map

R f.(diagram (5.5))[1] — diagram (5.6),
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which yields a commutative diagram

ADX(X/S) —— HP(X, f*Q% — f0% ® Q)

| |«
ADY(S) —%- I'(S,02).

U

5.1. Beilinson’s gerbe construction. Now let us explain the con-
struction (see [5]), which is the whole motivation for this note: A.
Beilinson constructs such a connection on f.co(E) (and more gener-
ally on the image of classes of G-bundles of weight 2) in the analytic
Deligne cohomology. We want to compare our construction to the one
in [5]. We should emphasize that this comparison lacks precision in two
points. First, we give our own interpretation of Beilinson’s construc-
tion in terms of a specific cocyle, and then we do not give the details
of how this precise cocyle yields the same class as ours.

Beilinson uses gerbes as follows. Consider the Atiyah torsor of F.
Given a local trivialization of E on X = U,;X;, this defines transition
functions g;; € C'(Aut(Ex)), and dgi;g;;' € C'(Qk ® End(Ex)) is a
cocyle for the Atiyah torsor. Then the Q%-gerbe ¢? — 2c¢, is represented
by the cocyle Tr(dgijgigldgjkgj_kl) € C?(Q%) whereas the Q%-gerbe c?
is represented by the cocyle (Trdg;g;;')?* € 0%, Let us consider the
Cech resolution (j;: X7 — X)

: d : d : d
i i<j i<j<k
Then a cocyle ¢ € H(X, [,y Jijie%,,,) defines a gerbe, with ob-
jects @ on U C X given by a € d;'(c|y) and morphisms
Hom(a,b) = dy*(b— a).

We consider the image gerbe ¢ € H*(X, [, jijk*(f*Q}q@)Qﬁ(/s) Xir)-
In particular, for X; the complement of étale multisections on a suffi-
ciently small affine open sets S, C S, the residue (k; : S; — S)

res(d) € HY(S, H kaﬁ*Q}gaﬁ)

a<f

represents the image torsor

(5.8) 0 — Qg — dy'(res(c)) € Hka*ﬂéa — res(d) = 0
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where

d d
(5.9) Of = [ ka2, = [ Fap2b,, = -

a<f

is the Cech resolution of Q.
Assume now that ¢’ is a coboundary, and choose

1<j

with di(y) = ¢. So v is a trivialization of the gerbe ¢’ and res(y) €
dy'(res(c’)) is a trivialization of the torsor res(¢’). In particular, for ¢
equal, as above, ¢? — 2¢, or ¢2, the torsor res(c’) is the Atiyah torsor of
the line bundle f.c € Pic(S). Thus the choice of 7 defines a splitting
res(y) of the Atiyah torsor, or equivelently, it defines a connection on
the line bundle f,(c).

It remains to see why the choice of a relative connection Vx/g : £ —
Q% /5 ® E defines a . The gauge transformation equation reads

(5.11) dgijgigl =A - gz‘jAjgzgl + pij

where A; € H°(X;, Q% ®End(E)) is a lifting to global forms of the local
relative forms of the connection, and p;; € H°(Xj;, f*(Q5) ® Q4 ®
End(F)) is a cocyle. This defines in natural way

(5.12) Tr(dgi;9;; dgirgze ) = 0(niz)
(5.13) Tr(dgijg;; ) Tr(dging;y, ) = 6(&ij)
with

(5.14) my; = TH(AUSA +[A, o)),
= TI‘(Azé(A)U - ,OijAj + Azpz]) S HO(XU, f*QAlg ® Q%(/S)
&ij = (aid(a)iy — kija; + aikij) € HO(Xy, [*Q5 @ Qi /5)
for a = Tr(A), k = Tr(p).
We claim now that this construction leads to the same class as ours.
It is obvious for f,(c?) because of the product defined in section 3. As

for f.(c? — 2cy), we can exhibit the AD class as follows. The relative
AD-complex in this case is

Ko — Q% /202,
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To write down a cocycle, we fix a flag in F, so the transition matrices
g;j are upper triangular:

A
0o 2 .
9ij = : J ;
- ()
0 0 ..
and we take a;j == Zp{ﬁg-’), Eﬁ)} € Ko(Uijk). Clearly,

dlog(a;i) = Tr(dgijgigldgjkgj_kl).
The claim is now that the AD-class is represented by the 2-hypercocycle

(5.15) (asin,m5) € (C2K2) x C1(F 0k @ Q) )

where 7;; is the same cochain (5.14) which trivializes the gerbe ¢’ in
Beilinson’s construction.

To see this, let us introduce the complete flag variety ¢ : ) — X, such
that ¢* F carries a tautological complete flag. The construction of {2 (see
3.5) carries over to the complete flag variety, and the connection ¢*V
on ¢*E induces a Qb /€2 connection, which then stabilizes the flag. The
cohomology group in which the class considered is living is AD?(Q),
and since Q3/Q - Q4 = ¢"Q%,y = 0 for a family of curves, one has

dlo
ADX(Q) = HX(Q, K, == Q% / A2 Q).
The equation of the connection becomes

(5.16) dhi;hi' = B; — hiBihi;' + 0y

J" g

where h;; is an upper triangular matrix of functions, B; is an upper
triangular matrix of forms in Qég, 0;; is an upper triangular matrix of
forms in €. In particular, since h, B and ¢ are upper triangular, the
rule for the product implies that ¢*(c? — 2c,) is

(5.17) (b, Te(BUS(B) +[B, o)) € (02(/@) x C (03] N? Q)),

where b, = Zp{)\g), )‘5‘11?} and where the )\g) are the invertible diag-
onal entries of h;;.
To finish the argument, one just needs that (5.17) is compatible with

gauge transformation.

Remark 5.2. The construction of a connection on f.co(E) is used in
[11], Theorem IV.3 in Faltings’ construction of Hitchin’s connection,
when f is the projection C x My — My to the moduli (or stack) of
connections on a fixed curve C, and E 1is the universal bundle. In
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particular, it identifies My with the Atiyah torsor of f.ca(Ey), where
fo: C x M — M is the projection to the moduli of stable bundles (see
Lemma IV.4 of [11]), and Ey is the universal bundle on C' x M.

5.2. The trace complex. Let f : X — S be a smooth family of
curves, and let £/ be a vector bundle on X with a relative connec-
tion Vx,g. Under what conditions can one construct a connection on
det Rf.(E)? Intuitively, the Riemann Roch theorem gives [det Rf.(E)] €
Pic(S) as a linear combination of

feea(E), fu(er(E)?), fuler(E) - Kxys), and fo(K%)g)-

We have shown how to put connections on f.co(E) and f.(c1(E)?).
Suppose in addition that X =Y x .S — S is a product family so K)zf/s
is trivial, and assume further that we have an absolute connection D
on det E (e.g. det E = Ox). Intuitively again, D gives a connection
on f.(c1(&) - Kx/g). We sketch how in this situation one may use the
trace complex of Beilinson and Schechtman [3] (see also [10]) to define
a connection on det Rf,(E).

Associated to the family X/S and the bundle E one has the Atiyah
algebra

(5.18) 0—&nd(E) —» Apx — Tx — 0.

One has a filtration Ty, C Ty C T, where T} consists of vector
fields whose image falls in f~'Ts C f*ITs. By pullback one defines
subalgebras

(5.19) End(E) C AE,X/S C .AEJ C AE,X‘

Pushing out by the trace map yields that corresponding Atiyah algebra
for det £

0 —— &nd(E) —— Agq T > 0
(5.20) JTT J ‘

0 — Ox —— Agety? > 17 > 0.
Thus we get
(5.21) 0— End”(E) = Ap? = Agerp? — 0.

The trace complex
(5.22) A = {A2 5 A = A%
fits into an exact sequence of complexes

(5.23) 0— wX/S[2] — t.TA. — {.Aij/S — .AEJ} — 0
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One has

(5.24) A2 =0x; A" =Apxs

and A~! is an extension

(5.25) 0 — wyys — A1 —— Agxs — 0.

An absolute connection on det E' induces compatible splittings

e
AderB,x78 — Txys

(5.26) ! !

+—

Adesn,y — T}

Assuming X = Y xS (or, more generally, that we are given a connection
for the map f: X — S) we get a decomposition

(5.27) Ty =Txs® f'Ts

Combining (5.26) and (5.27) yields an injective quasiisomorphism of
complexes

(5.28) {0 — fﬁlTs} — {AdetE,X/S — AdetE,f}-

We can pull back the sequences (5.21) along this map to get a quasi-
isomorphic subcomplex (defining Bget ,r)

(5.29) {5Tld(E)0 — BdetE,f} — {-AE,X/S — AE,f}

Finally, we can pull back (5.23) along this map, defining a quasiiso-
morphic subcomplex "B* C 74* with

(5.30) B?=A7=0x; B =DBarys
(5.31) 0— wxss = B = End(E)° — 0
The sequence (5.31) is the trace-free part of the dual of the relative

Atiyah sequence, so it is split by the given relative connection on F.
there results a map of complexes

(5.32) B w2

splitting the sequence (5.23) upto quasiisomorphism. Applying R°f,
yields a splitting for the exact sequence

(5.33) 0= O0s = R*fw* — R f"B* = Tsg — 0.

But, by [3], this is the Atiyah sequence for det Rf.(F), and a splitting
defines a connection on that line bundle. In summary, we have shown
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Theorem 5.3. Let f: X — S be a trivial family of curves. Let E be
a bundle on X, together with a global connection D : det(E) — QL @
det(E) and a relative one Vx/g : B — Q%{/s ®@ E. Then D and Vx/g
define a subcomplex *"B® C YA* of the trace complez, quasiisomorphic
to it, and a splitting ""B* — w(2]. In particular, these data induce a
connection on the determinant of Rf.(E).

We admit to not having worked out the precise relation between this
connection and the connections on f,(cs) and f.(c?) described earlier.
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