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Abstract: Letw : X — S be a smooth projective family of curves over a smooth base

S over a field of characteristic 0, together with a bunéllen X. Then A. Beilinson

and V. Schechtman define in [1] a beautiful “trace compfé4; on X, the 0" relative
cohomology of which describes the Atiyah algebra of the determinant bundieoof

S. Their proof reduces the general case to the acyclic one. In particular, one needs a
comparison ofRn*(‘M;) for F = E andF = E(D), whereD is étale overS (see
Theorem 2.3.1, reduction ii) in [1]). In this note, we analyze this reduction in more
detail and correct a point.

1. Introduction

Letw : X — S be a smooth projective morphism of relative dimension 1 over a smooth
baseS over a fieldk of characteristic 0. One denotes By and the tangent sheaf over
k, by Tx,s the relative tangent sheaf, and &y s the relative dualizing sheaf. For an
algebraic vector bundIg on X, one writesE® = E* @, wx/s. Let Diff (E, E) (resp.

Diff (E/S, E/S) c Diff (E, E)) be the sheaf of first order (resp. relative) differential
operators onE ande : Diff (E, E) — &End(E) ®p, Tx be the symbol map. The
Atiyah algebradr := {a € Diff (E, E)|e(a) € idg ®p, Tx} of E is the subalgebra
of Diff (E, E) consisting of the differential operators for which the symbolic part is a
homothety. Similarly the relative Atiyah algebséz,s C Ag of E consists of those
differential operators with symbol in d®o, Tx/s and Ag , C Ag with symbols

in T, = dn-Y(x1Tg) c Tx. Let A C X x5 X be the diagonal. Then there is a
canonical sheaf isomorphism D{ff /S, E/S) = % (see [1], Sect. 2) which is
locally written as follows. Let be a local coordinate of at a pointp, and(x, y) be

the induced local coordinates éhx s X at(p, p), such that the equation af becomes
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x = y. Lete; be alocal basis of, ejf be its local dual basis. Then the action of

Py(x.y)
Pl

ons =) ,se(y)ecis

P(s) =Y ey (PP (x. 00s;(x) + Pij(x, 2)s i (x, 0)), (1.2)
i J

where
Pyj(x, y) = Pij(x,x) + (y = ) PSP (x, y = x),
s () =s5;) + (v = 0s P x, y = x).
Beginning with

EXE° EX E°(2A) .
0 Diff (E/S, E/S 0, 1.2
T ERE(N  ENE—a)  DME/SE/S = (1.2)
restricting toAg,s C Diff (E, E), and pushing forward by the trace m EfﬁA) —
wa = wyys, Yields an exact sequence
0— wys - "AZ 25 Aps — 0. (1.3)

One defines the trace complé4® by A , fori = 0,‘54;1 fori = —-1,0xfori = -2
and 0 else, with differentialé ! := y andd—2 equal to the relative Kahler differential
(see [1], Sect. 2).

One has an exact sequence of complexes

0— Q%/s[2] > A} - (Tx/s — To)[1] — 0, (1.4)

whereQ;(/S is the relative de Rham complex af Taking relative cohomology, one
obtains the exact sequence

0— Os — Ron*(t.rA;;) — Ts — 0. (1.5)

FurthermoreR%r,.(4%.) is a sheaf of algebras ([1], 1.2.3). One denotes B{A3,) the
sheaf onS together with its algebra structure.

Finally, letB;,i = 1, 2 be two sheaves of algebras &nwith an exact sequence of
sheaves of algebras

00— Os— B — Tsg — 0. (1.6)

One defines; + B, by taking the subalgebra # @ ,, inverse imagés, x r; B, of the
diagonal embeddin@iy — Ts @ Ts, and its push out via the trace mé&p ® Os — Os.
The aim of this note is to prove

Theorem 1.1.Let D C X be a divisor, étale ove§. One has a canonical isomorphism
m(Ay) = 7T(t547;(,D)) + Adetr.(E|p) (1.7)

This is [1] Theorem 2.3.1, ii). We explain in more details the proof given there and
correct a point in it.
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2. Proof of Theorem 1.1

The proof uses the construction of a complé together with map«<*® —>“A;5 and
L* —>”A;E(_D) ® ip«AEg|, inducing isomorphisms from%r, £* with the left and the
right-hand side of Theorem 1.1. We make the constructiof*aind the maps explicit,
and show that the induced morphisms are surjective, with the same (non-vanishing)
kernel.

We first recall the definition of the sub-complég c 43, (see [1, Theorem 2.3.1,
ii)]): £° ¢ YAQ consists of the differential operataPswith e (P) € T, < —D >, where
Tr < =D >=T, NTx < =D > andTx < —D >= Homp, (Q% < D >, Ox),
where9§( < D > denotes the sheaf of 1-forms with log poles aldnglin particular,
dH71(L% c Y mapstdp.Ag|,,and.™t c (@) ~1(L0 is defined as the kernel.
Then£~2 = Oy. The product struture o‘ilél;E is defined in [1], 2.1.1.2, and coincides
with the Lie algebra structure 0% = Ag .. Since£L™2 = 4,2, to see that the
product structure stabilize&®, one just has to see thaf c"A% is a subalgebra, which

is obvious, and thaf® x £~1 —>“Agl takes values ifL 1, which is a consequence of
Proposition 2.2.

Asin Sect. 1, we denote by, 5 the relative Atiyah algebra df, with symbolic part
Tx,s and by Ag , Beilinson’s subalgebra of the global Atiyah algebra with symbolic
partT,.If  : F C E is a vector bundle, isomorphic 6 away of D, then one has an
injection of differential operators

Diff (E, F) - Diff (E, E) 2.1)

induced by on the second argument, and an injection

Diff (E, F) 2> Diff (F, F) (2.2)
induced byt on the first argument. One has

Definition 2.1.
A(E/S,F/S) = Ag/s N; Diff (E, F) = Ap;s N; Diff (E, F)

Recallyg : tLélEl — Ag/s denotes the map coming from the filtration by the order
of poles ofOy x (*A) on4,1. One has

Proposition 2.2.

VEl(AE/S,E(—D)/S) = )/E(l_D) (Ag/s.E—pys) = L1
Proof. One considers
E(—D)X E°(2A) + EX E°
EX E°(—A)

_ [ E(=D)X E°(2A) EXE° E(—D)XR E°
B [E(—D) NE°(-A)  EX E°<—A>}/[E<—D> DX E°<—A>}

(2.3)
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which, via the natural inclusion to

EX E°(2A)

EX E°(—A) (2.4)

is the inverse imagq?b?l Diff (E, E(—D)) ) (here we abuse notations, still denoting
by yg the map coming from the filtration), and via the map coming from the natural
inclusion

E(-D)RE°(2A)  E(=D)RE°(D)@A)

25
E(—D)X E°(—A) E(—D)X E°(D)(—A) (2:5)
; PP : : : ; —D)XE®(D)(2A)
and the identification with the first term of the filtration D RE (D) (-2
ENXE®° E(—D)X E°(D
~ (=D) (D) 2.6)

EXE°(—A)  E(—D)X E°(D)(—A)
is the inverse imagng_(l_D)<Diff (E, E(—D))). O

The filtration induced by the order of poles®@f « x (x D) induces the exact sequences

0 — Hom(E, E(—D)) = A/s,e-py/s) = Tx/s(=D) — 0, 2.7)
0— 5nd(E)—>AE/S—> Tx;s — 0, (2.8)
0— &nd(E) — AE(fD)/S — Txys — 0. (2.9)

Now, as one has an injectiof® C t54;5 with cokernelQ, and again by looking at the
filtration by the order of poles on the sheaf in degree (-1), one obtains

Q = End(E)|p[1] (2.10)
and
Theorem 2.3.0ne has an exact sequence
0 — R%m.(End(E)|p) — R%7mu(L®) — R%m.("4%) — 0.
On the other hand, one has an injectthc tMg(_D) @ ipsAg|, with cokernelP,
and, asC*® injects into‘%;;(_ py» ONe has an exact sequence
0— ipyAg),[0] > P — [y, _p) /L] — 0, (2.11)

whereip : D — X is the closed embedding. We see that the induced filtration on the
sheafin degree (-1) cD'IfA'E(_D)/E‘] has graded piecé8, End(E|p), Tx/s|p), whereas
thefiltration on the sheafin degree (0) has graded pigkds /T, < —D >= Tx/s|p).

This last point comes from the obvious

Lemma 2.4.

{P € Diff (E, E), P(E(—D)) C E(-D)} =
{P € Diff (E(—=mD), E(~mD)), e(P) € EndE)® T < —D >}

for anym € Z, wheree is the symbol map.
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So
Lemma 2.5. [M;E(_D)/ﬁ'] is quasi-isomorphic t&nd(E | p)[1].
The connecting morphisrﬁ‘ln*[tmg(fm/ﬁ'] — RO, (ipyAg|)[0] is just the

natural embedding.(End(E|p)) — 7« (ip+AEg|p) With cokerneln*mngS. If Dis
ireducible, one has,.| ;! Ts = Ts, and therefore

Proposition 2.6.If D is irreducible, one has an exact sequence
0— R%7,L° — RO, ["A%_p)] @ ROmulipsAp,] > Ts — 0

and the image oR%..£* is obtained from the direct sum by taking the pull back under
the diagonal embeddinfiy — Ts & Ts.

On the other hand, still assumidyirreducible, one has the exact sequence
0 — mENA(E|p) — ROmulipsAg|,] — Ts = mur | s — 0 (2.12)

and the Atiyah algebral gey, £ ) is the push out oRO7, [ip+AE|,] by the trace map
m.ENd(E|p) — Os.
Defining

K= Ker(OS @ 7.ENd(E|p) 42T 05) ~ 7, End(E|p), (2.13)
one thus obtains
Theorem 2.7.1f D is irreducible, one has an exact sequence
0 K — RomL® — m.("A%_p)) + Adetr, (£[) — O.

It can be easily shown that the embeddingnd(E|p) c ROm.L® in Theorems 2.3
and 2.7 is the same embedding of a subsheaf of ideals. It finishes the proof of Theorem
1.1 whenD isirreducible. In general, sind® is étale oves, its irreducible components
are disjoint, thus one proves Theorem 1.1 by adding one component at a time.
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