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THE STEINBERG CURVE

By HELENE EsnauLT and MARC LEVINE

Abstract. Let E and E’ be éliptic curves over C. We construct non-torsion 0-cycles in the kernel
of the Albanese mapping CHo (E x E')gego — E X E’, which are not detectable by a certain class
of cohomology theories, including the cohomology of the analytic motivic complex involving the
dilogarithm function defined by S. Bloch. Thisisin contrast to the étale version of Bloch’s complex
defined by S. Lichtenbaum, which contains the Chow group.

0. Introduction. Let X be a smooth projective algebraic variety over C,
and let X4, be the associated compact complex manifold. The equivalence of the
category of algebraic coherent sheaves on X with the category of analytic sheaves
on Xan, proved in [16], yields the isomorphism

CH! (X) = HY(Xan, O%,),

where CH! (X) is the group of divisors modulo linear equivalence, and Oy, is
the sheaf of analytic functions. This isomorphism, together with the exponential
sequence

0— (2mi)Z — Ox,, — Ox, — 1,
yields a direct connection of CH* (X) with the Hodge theory of Xa.
It is natural to ask if the group of codimension p cycles on X modulo rational
equivalence, CHP (X), admits a similar description for p > 1. Presumably with

thisin mind, S. Bloch has introduced a complex for the analytic topol ogy, denoted
B(2). Thereis a natural map

H* (Xan, B(2)) — Hp(X, Z(2)),

where H3(X, Z(2)) is the weight two Deligne cohomology, as well as a cycle
class
CH?(X) — H* (Xan, B(2)),

factorizing the cycle class to Deligne cohomology H, (X, Z(2)) [5]. Our purpose
in this article is to construct non-torsion cycles in CH? (X) (X a product of two
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784 HELENE ESNAULT AND MARC LEVINE

elliptic curves) which vanish in H*(Xan, B(2)). In fact, we construct non-torsion
cycles which vanish in H*(Xan, I'(2)an), Where I'(2)a is any complex of sheaves
on Xan satisfying a modest list of axioms.

The cycles we construct come from the Seinberg curve on the product E x E/
of eliptic curves. In the degenerate case of the product of nodal cubic curves
Eo x Eo, the Steinberg curve is just the line x+y = 1 on C* x C*, where
C* isthe nonsingular locus of Eg. In general, we have the Tate parametrizations
C* x C* — Ex E/, and the Steinberg curveistheimage of {x+y =1} c C* xC*
in E x E. It turns out that, using the definition of CHg (Eg x Eg) given by [8],
K2(C) is a summand of CHg (Eg x Eg)o, with the Steinberg curve parametrizing
the classical Steinberg relation. However, the fact that the Steinberg curve is
nonalgebraic unless E = E' = Ep implies that the analog of the Steinberg relation
is not satisfied in CHg (E x E'), unless E = E' = Ey. Since one can use the cover
C* x C* — E x E’ to compute cohomology in the analytic topology, the analog of
the Steinberg relation is satisfied in H*(Ean < E4,, T'(2)an), Where ' (2)a, is as above.

Our resultsare in contrast with various results on cohomology theories defined
viathe étale topology, or using coefficients mod n. For instance, Lichtenbaum [9]
has defined an étale version of weight two motivic cohomology, which receives
the codimension two Chow groupsinjectively. Also, Raskind and Spiel3 [14] have
shown that, for smooth elliptic curves E, E’ defined over a p-adic field k, thereis
a surjective map of Kx(k)/n onto the mod n Albanese kernel in CHg (E x E')/n
for n prime to p.

We recall some well-known facts on the Tate parametrization of elliptic curves
in §1. In §2 we introduce the Steinberg curve, and show that it parametrizes the
Steinberg relation in CHg (Eg x Eg). We then consider CHp (E x E'), with at
least one of E,E’ smooth, and show that the O-cycle in the Albanese kernel
corresponding to a point u of the Steinberg curve is non-torsion in CHp (E x E')
(outside of countably many points u). In §3, we list our axioms for the complex
[ (2)an, and show that the “ Steinberg relation” holds in H*(Ean x Eby, T'(2)an)- In
64, we consider the problem of constructing a non-torsion cycle which vanishes
in both H*(Xan, B(2)) and in the absolute Hodge cohomology H2(X, Q% 10)- We
give such an example for X = E x Eg, E # Ep, but we are not able to handle the
smooth case.

1. Tatecurvesand linebundles. For ascheme X over C, we let X5, denote
the set of C-points with the classical topology. We let Ox,, denote the sheaf of
holomorphic functions on Xg,.

We begin by describing a construction of the universal analytic Tate curve
over C. We first form the analytic manifold C* as the quotient of the digoint
union U __U;, with each U; = C?, by the equivalence relation

(W) €U LY =0}~ (£07) € Ui\ {x =0,
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The function #(x,y) = xy is globally defined on C*. Letting D C C be the disk
{|2] < 1}, we define C* = #~1(D), so 7 restricts to the analytic map =: C* — D.
We let 0: D — C* be the section z— (z, 1) € U.

Let D* C D be the punctured disk z # 0. Since the map (x,y) — (%,xy?) is
an automorphism of (C*)?, the open submanifold 7—1(D*) of C* is isomorphic
to (C*)?, and the restriction of the map ~ is just the map (x,y) — xy. Thus, the
projection pp: (C*)2 — C* gives an isomorphism of the fiber C; := 7—1(t) with
C*, for t € D*.

The fiber 7—1(0), on the other hand, is an infinite union of projective lines.
Indeed, define the map fi: CP* — Cg by sending (a: 1) € CP!\ oo to (0,d) € U,
and co = (1: 0) to (0,0) € U4y, and let C; = fi(CPY). Then 7=1(0) = UuX___Ci,
with co € C; joined with 0 € Ci+1. Note in particular that the value 0(0) of the
zero section avoids the singularities of 7—1(0).

Define the automorphism ¢ of C* over D by sending (x,y) € U; to (x,y) €
U;_1. This gives the action of Z on C*, with n acting by ¢". It is easy to see that
this action is free and proper, so the quotient space £ := C*/Z exists as a bundle
7. €& — D. The section 0: D — C* induces the section 0: D — &.

Take t € D*. Identifying C;* with C* as above, we see that ¢ restricts to
the automorphism z — tz. Thus, the fiber & := 7=(t) for t € D* is the Tate
dliptic curve C* /tZ, with identity O(t). On Cg, however, ¢ is the union of the
“identity” isomorphisms C; — Cj_1. Thus ¢(co € C;) =0 € Cj, so the restriction
of C5 — &o to Cp identifies &, with the nodal curve CIP’l/O ~ o0o. We let x € &
denote the singular point. Then 0(0) € & \ *.

The map (t,w) € Dx C* — (L, w) € Ug gives an isomorphism¢: D x C* —
Uo \ {Y =0} over D. The composition

DxC*—Up\{Y=0cc* 3¢

defines the map p: D x C* — & over D, with image £ \ {x}.
Take u € C*. We have the local system on £

Ly:=C*"xC/(z,\) ~ (6(2,uN) — &,

and the associated holomorphic line bundle £3" on £.

Let E; be the algebraic elliptic curve associated to the analytic variety &, let
Ly(t) and L3"(t) denote the restriction of £, and L3 to &, and let Lﬂg(t) be the
agebraic line bundle on E; corresponding to L&"(t) via [16]. The restriction of
p tot x C* defines the map pi: C* — Eian. FOr t Z 0, p; is a covering space
of Etan- The map pp: C* — Epa, is the analytic map associated to the algebraic
open immersion

P\ {0,00} & P! — PL/0 ~ o0 = Eo.
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If E is an dlliptic curve over C, then E5, = C/A, where A C C is a lattice
spanned by 1 and some 7 in the upper half plane. Taking t = €2 gives the
isomorphism Egn = &, so each élliptic curve over C occurs as an E; for some
(in fact for infinitely many) t € D*.

Sending u € C* to the isomorphism class of Lﬁ'g(t) defines a homomorphism
P C* — Pic(Ey). We denote the identity O(t) € E; simply by 0 if t is given.

Lemma 1.1. For all t € D, ca(L39(t)) = (pe(u)) — (0).

Proof. We first handle the caset # 0. Let g0 C — E := E; be the map
a2 = p(e¥™9), let 7 € C be an element with €7 = t, and let A C C be the
lattice generated by 1 and 7. The map q identifies E with C/A, and Ly(t) with
the local system defined by the homomorphism p: A — C*, p(a+ br) = uP.

There is a unique cocycle 6 in ZY(A,HO(C, OF)) with (1) = 1, 6(r) =
e 2z |egt L be the corresponding holomorphic line bundle on E. Computing
cP(L) € HZ(E,7) by using the exponential sequence, we find that deg (L) = 1.
By Riemann-Roch, we have HO(E, L) = C; let ©(2) be the corresponding global
holomorphic function on C, i.e.,

O(z+1) = O(2), O(z+ 1) = e ?"20(2),

and the divisor of © on E is (X), with L = Og(X).

Take v,w € C with u=€2"¥ and q(w) = x. Let f(2) = @g;;zv—v)w. Then

f(z+1) =12, f(z+71) = uf (2,
and Div(f) = (p(u)) — (0). Thus, multiplication by f defines an isomorphism
xf: Oga((p(W) — (0)) — LT

The proof for Ey = P1/0 ~ oo is essentially the same, where we replace

O(z+W—20) \,; . . XU
@(Z+W)” with the rational function $—. O

Thus, the image of P in Pic(E;) is Pic® (E). After identifying the smooth
locus of E? of E; with Pic? (Ey) by sending x € E? to the class of the invertible
sheaf Og,((X) — (0)), we have P = p.

2. The Albanese kernd and the Steinberg relation. Let X be a smooth
projective variety. We let CHg (X) denote the group of zero cycles on X, mod-
ulo rational equivalence, F1 CHg (X) the subgroup of cycles of degree zero, and
F2 CHo (X) the kernel of the Albanese map ax: F!CHp(X) — Alb(X). The
choice of a point 0 € X gives a splitting to the inclusion F CHg (X) — CHg (X).

Let E, E' be smooth €éliptic curves. As Alb(E x E') = E x E/, the inclusion
F2CHo (E x E') — F1CHo (E x E') is split by sending (x,y) — (0,0) to (x,y) —
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(x,0) — (0,y) + (0,0). Thus F2CHo (E x E') is generated by zero-cycles of the
form (x,y) — (x,0) — (0,y) + (0,0). Choosing an isomorphism E ¥~ E;, E' =~ Ey,
we have the covering spaces p: C* — Egy, p': C* — E,, and the map

(2.1) pxp: C* ® C* — F2CHp(E x E)
u® v pu)xp(o) =
(p(u),P'(v)) — (p(u),0) — (0,p'(v)) + (0, 0).

By the theorem of the cube [11], the map p = p’ is a well-defined group homo-
morphism, and thus is surjective.

In case one or both of E, E is the singular curve Eg, we will need to use the
theory of zero-cycles mod rational equivalence defined in [8]. If X is a reduced,
quasi-projective variety over afield k with singular locus Xgng, the group CHg (X)
(denoted CHo (X, Xsng) in [8]) is defined as the quotient of the free abelian group
on the regular closed points of X, modulo the subgroup generated by zero-cycles
of the form Divf, where f is a rationa function on a dimension one closed
subscheme D of X such that:

(1) No irreducible component of D is contained in Xgng.

(2) In a neighborhood of each point of D N Xgng, the subscheme D is a
compl ete intersection.

(3) f isin the subgroup OE‘),Dﬂxs,ng of k(D)*.

It follows in particular from these conditions that Divf is a sum of regular points
of X.

For X areduced curve, sending a regular closed point x € X to the invertible
sheaf Ox(X) extends to give an isomorphism CHg (X) = Pic(X).

We extend the definition of F' CHg to E x E’ with either E = Eg, E' = Eg
or E = E' = Ep, by defining F1 CHq (E x E') as the subgroup of CHg (E x E’)
generated by the differences[x] —[y], and F? CHo (E x E') the subgroup generated
by expressions [(x,y)] — [(X,0)] — [(0,y)] +[(0, 0)], where x is a smooth point of
E and y a smooth point of E’. The surjection pxp': C* @ C* — F?CHg (E x E')
is then defined by the same formula as (2.1).

ProrosiTioN 2.1. (The Steinberg relation) Take E = E' = Ep. Then

() ThereisanisomorphismCHg (Eg x Eg) = Z& (C* x C*)dKy(C), sending
F2 CHo (Eo x Eg) onto the summand K(C).

(2) p(u)*xp(l—u)=0inCHo(Eo x Ep) for allue C\ {0, 1}.

Proof. Let X be a quasi-projective surface over afield k. By [7], there is an
isomorphism ¢: H?(X, k) — CHo (X). The product 0% ® 0% — K, gives the
cup product

HY(X, 0%) @ HY(X, 0%) = H2(X, ko).



788 HELENE ESNAULT AND MARC LEVINE

In addition, let D, D’ be Cartier divisors which intersect properly on X, and
suppose that supp D N supp D’ N Xging = 0. Then

(22) $(Ox(D) U Ox(D')) =[D - D],

where - is the intersection product and [—] denotes the class in CH.
Since L9 = Og,(p(u) — 0), (2.2) implies

p(U) * P(L — U) = p(piL3? U p5L3Y,),
<0 to prove (2), it suffices to show that p;Le% U p;L29, = 0 in H(Ey x Eg, K2).
Write X for Egx Ep. Let K0 be theimage of Kz in the constant sheaf Ko(C(X)).
By Gersten’s conjecture [13, §7, Theorem 5.11], the surjection 7 Ko — Kz isan
isomorphism at each regular point of X, hence 7 induces an isomorphism on H2.
Let g: P! — Eg be the normalization, giving the normalization q x g: P! x

P! — X. Leti: * — Eg be the inclusion of the singular point. We have the exact
sequence of sheaves on Eg

(2.3) 9.1 2 i.K(C) — 0
and the exact sequence of sheaves on X:
(2.4 (A% QK2 = (i X QKo ® (0 % 1)L2 — (i x 1):Kz(C) — 0,

with augmentations e;: K1 — (2.3), €2: 152 — (2.4). The various cup products
in K-theory give the map of complexes

(2.5) Pi(2.3) @ p3(2.3) — (24),
compatible with the cup product
(2.6) Pik1® p3K1 — Ka.
The augmentation e1: K1 — ker 3 is an isomorphism. The augmentation

€2. Ko — kera is an injection, and the cokernel is supported on * x *. Indeed,
by [6, Lemma 1.15 and Corollary 1.16], there is an isomorphism of sheaves on

X\ {x x %},
"Z/"Z2 ® (q X q)*Q%qu)_l(xéng)/xgng = ker oz/laz,

where 7 is the ideal sheaf of Xgng. Since (q x @) (Xsng) — Xsng is étale
away from x x x, the relative differentials vanish, verifying our claim. Thus,
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2. K» — kera induces an isomorphism on H?, and the complexes (2.3) and
(2.4) give rise to maps

H2(X, K2) = H3(X, K2)
K1(C) — H(Eo, K1)

62: Ko(C) — H?(X, ker a)
(51: C*

The compatibility of (2.5) with (2.6) yields the commutativity of the diagram

U

CecC » K5(O)
61®61 b2
H*(Eo, K1) ® H(Eo, K1) H2(X, K2)

p1Up;
Since L39 = 6,(v) for each v € C*, we have
LAY U LYY, = 62({u, 1 — u}) = 0.
completing the proof of (2). Similarly, since
piLE% U LYY = o2({u, o}),

we see that F2 CHg (X) is the image of K(C) in H2(X, K>).
For (1), we have the isomorphisms

H(P! x P, ICp) > Z, HY(P', Kp) * C,
the generator of H2(P! x P, KC») being the class of apoint in CHg (P! xP1), and the
map C* — H(P, KC,) being induced by the Gysin map C* = HO( SpecC, K1) —
HY(P!, KC,) for the inclusion of a point (this follows from the projective bundle

formula for K-cohomology). Using Gersten’s conjecture loc. cit. and the Gersten
resolution of X’z [13, §7, Proposition 5.8], we have

Rgx q):K2=0=R(i x q).K2 j>0

and

HI(PL, K =0; j>1.

Fix a smooth point y of Eg. The inclusion y x y — X induces the map
7Z — CHo (X). The inclusions Eg x y — X, ¥ X Eg — X induce the map

C* x C* = FY CHg (Eg) x F* CHo (Eg) — CHo (X);
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one checks that these maps correspond to the terms H2(PL xP*, KC,) and H(P?, IC,) x
HY(P!, KC,) in the spectral sequence arising from the resolution (2.4) of kera.
Thus, this spectral sequence gives the exact sequence

H(X, kera) & HY(P! x PYKo) — Z @ C* x C* @ Ky(C)
— H%(X,K,) — 0.
To complete the proof of (1), we need only show that + is surjective.
Let x = g X(y), giving the inclusions i1: P! x x — P x P!, io: x x P —

P! x PL. By the projective bundle formula, HY(P' x P, K5) is isomorphic to
C* @ C*, with each C* given as the image under Gysin of the maps

0 C =HOPY Kp) — HYP x PL ), j=1,2
We can factor say i1, as the composition
C* = HO(SpecC, K1) % HI(PL, Kp) 22 HI(P x PL, KC).
Since y is a smooth point of Eg, we have

HI(Eo, K2) 2 HL(PY, K2) = HO(x, o),

so we have the Gysin map HO(SpecC, K1) LN Y(Eo, K2) with g* 0 iys = ixs.
Also, the map

(@x ) ops: Kog, — Koptypt

factors through ker .. Thus, we see that the factor i1, (C*) of HY(P! x PL, KCy) is
in the image of ~. The factor i,.(C*) is handled similarly. O

In contrast to Proposition 2.1, the Steinberg relation isnot satisfied in CHg (E x
E') if at least one of E, E’ is smooth. To show this, we first require the following
lemma:

Lemma 2.2. Lets: C\{0,1} — ExE' betheanalytic map s(u) = (p(u), p'(1—
u)). Then s(C \ {0, 1}) isnot contained in any algebraic curveon E x E’, except in
caeE =F =Ej.

Proof. We first consider the case in which both E and E’ are smooth elliptic
curves, E = E;, E' = Ey, wheret and t' are in C* and [t| < 1, |t'| < 1. We have
the maps

p. C" - E, p: C" = FE,

which are group homomorphisms with kerp = t#, kerp’ = t'Z.
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Suppose that S(C*) is contained in an algebraic curve D C E x E'. For each
x € E, (xx E')ND isafinite set, hence, for each u € C\ {0, 1}, the set of points
of C* x C* of the form (t"u, 1 — t"u) has finite image in E x E’. Thus, for each
u, there are integers n, m and p, depending on u, such that n # m and

(2.7) 1—t"u=1tP(1 - t"u).

Since there are uncountably many u, there is a single choice of n, m and p for
which (2.7) holds for uncountably many u. But then

(2.8) (tPt" —tMu=1tP - 1.

If tPt" —t™ = O, then |t'| = 1, contradicting the condition |t'| < 1. If t'Pt"—t™ # 0,
then we can solve (2.8) for u, so (2.7) only holds for this single u, a contradiction.

If say E' = Eg, then p’: C* — E’ isinjective, and we have the infinite set of
points p’(1 — t"u) in the image of s, al lying over the single point p(u). O

THeorem 2.3. Let E = E, E' = Ey, with at least one of E, E' nonsingular.
Then, for all u outside a countable subset of C \ {0,1}, p(u) x p'(1 — u) isnot a
torsion element in F2 CHg (E x E').

Proof. We first give the proof in case E and E’ are both nonsingular. For a
quasi-projective C-scheme X, we let S'X denote the nth symmetric power of X.
For X smooth, we have the map

pn: SX(C) x S'X(C) — CHg (X)

For each integer n > 1, we have the morphism

¢n: Ex E — S(E x E') x S(E x E')
(xy) — (n(x,y) +n(0,0), n(x, 0) +n(0,y)),

By [15, Theorem 1], (p2no ¢n) ~2(0) is a countable union of Zariski closed subsets
of E x E.

On the other hand, since py(E x E') = 1, the Albanese kernel F2CHo (E x
E') is “infinite dimensional” [10]; in particular, F2CHop (E x E')q # 0. Since
F2CHo (E x E') is generated by cycles of the form p(u) = p(v), it follows that
(p2n © ¢n)~1(0) is a countable union of proper closed subsets of E x E/. If D isa
proper Zariski closed subset of E x E/, then, by Lemma 2.2, s~1(D) is a proper
closed analytic subset of C \ {0, 1}, hence s~1(D) is countable. Thus, the set of
ue C\ {0,1} such that p(u) x p'(1 — u) is torsion is countable, which completes
the proof in case both E and E’ are nonsingular.



792 HELENE ESNAULT AND MARC LEVINE

If say E' = Ep, we use essentialy the same proof. We let X be the open
subscheme E x (Eg \ {*}) of E x Eg. We have the map p,: S'X(C) x SX(C) —
CHo (E x Eg) defined as above. By [8, Theorem 4.3], (p2no ¢n) (0) is a countable
union of closed subsets D; of X. By [17], we have the similar infinite dimension-
ality result for CHg (E x Ep) as in the smooth case, from which it follows that
each D; is a proper closed subset of X. Thus, the closure of each D; in E x Eg is
a proper algebraic subset of E x Eg. The same argument as in the smooth case
finishes the proof. m|

3. Indetectability. The zero-cycle p(u) * p(1 — u) is indetectable by coho-
mology theories based on the sheaf O ., . We first consider the following
abstract situation.

The exponential sequence

0—-7Z1) ~CcZEc -1
defines a projective resolution of the group C*, so the complex
cr (1) Y4 cwc
represents the derived tensor product C* @~ C*. Let 'g(2) be the complex:

zZIC\{0,1}]]®#C* (1) —» Ce C
(U, 2riNn® 2 — log(l—u)Ru+27in® Z,

with C ® C* in degree two (we make some choice of log(1 — u) for each u €

C\{0,1}).
Let X = E x E/, and let I'(2)an be a complex of sheaves on Xz, with the
following properties:

(3.1)

(1) Thereis a group homomorphism cl: CHg (X) — H*(Xan, T (2)an).

(2) Thereisamap p: Ox - O%.[ — 2] — I'(2)an in the derived category
of sheaves D(Shy,,).

(3) The composition
C* @ C'[-2] — 0%, ® 0% [ 2] = T
extends to a map Mp(2) — ' (2)an in D(Shx,,).
(4) The composition

Pic(X) ® Pic(X) & H'(Xa, O%,) ® H'(Xan, O%,)
=5 HR (Xan, 0%, @" O%,) 2 H*(Xan, T (2)an)
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agrees with the composition
Pic (X) @ Pic(X) = CHo (X) 2 HA(Xan, T (2an)-

Remark 3.1. To justify the axioms above, at least in case X is smooth, we
note the following: Let Y be a scheme smooth and of finite type over a field k.
There is a complex of sheaves I'v(g) on Yzy whose hypercohomolgy computes
the motivic cohomology of Y,

HP(Y, Z(q)) = HP(Yzar, Tx(0).

The complexes IMy(q) have products My(q) @ My(qf) — Ty(q+ ) in the derived
category, and the assignment Y — I'y(g) extends to a functor from smooth C-
schemes of finite type to the derived category of sheaves on the big Zariski site
of smooth schemes of finite type over C. I'y(0) = Zy,, and I'y(1) = OJ[ — 1] in
the derived category. For details, see e.g. [19].

Suppose we have complexes of sheaves on Yan, IM'v(Q)an, fOr q = 1, 2, functo-
rial in Y, with natural products IMy(1)a @ M'y(Dan — Mv(2an, and with Fy(1) =
05,,- Suppose in addition we have maps in the derived category of sheaves on
the big Zariski site of smooth quasi-projective C-schemes

Og: T(-)(@) — Rel (=) Qan; 9=1,2,

where ¢ is the change of topology morphism, such that the 6 are compatible with
the products. Finally, suppose that 6, is the canonical map adjoint to theinclusions
€0y — O, Then IN'(2)an = 'x(2)an stisfies the axioms above. Indeed, since
K2(C) = H?(SpecC, Z(2)) = H3(I specc(2)) (see [12], [18]) the product map

C* @ C*[ - 2] — MNgpecc(2)

extends to amap No(2) — I specc(2). Composing this with the map p%: I specc(2)
— 'x(2) given by the structure morphism, and then with 6,(X), verifies axiom
(3). The remaining axioms follow from the isomorphisms

H2(X, Z(1)) = CH (X) = Pic(X), H*(X, Z(2)) = CH?(X),

compatible with the various products.

THeoREM 3.2. Let E = E; and E' = Ey, and let '(2)a, be a complex of sheaves
on Ea x EL, satisfying the conditions (3.1). Then cl (p(u) * p(1 — u)) = O for all
ue C\{0,1}.

Proof. We give the proof in case both E and E’ are nonsingular; the singular
case is similar, but easier, and is left to the reader.
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Since
p(U) * P(L — U) = [pica(L39] N [psca(L3],

it follows from (3.1)(4) that we need to show that p([L"] U [LE" ]) = O. The
class [L3"] € HY(Ean, OF,) is the image of [Ly] € H!(Ea, C*) under the map
of sheaves C* — Of_, and similarly for Ly, and L§",. Thus, by (3.1)(3), it
suffices to see that pi[Ly] U ps[L1_u] € H?(Ean x Ej,, C* ®- C*) vanishes in
H*(Ean x Ej To0(2)).

The Z-covers p: C* — E=E, p': C* — E' = Ey give natural maps

o H*(Z,HO(C*,C*)) — H*(Ean, C"),
B: H*(Z,H°(C*,C*)) — H*(E,, C").

Similarly, the Z?-cover p x p’: C* x C* — E x E' gives the natural map
v HY(Z? HY(C* x C*,To(2))) — H* (Ean X Epn, T0(2)).

Letting : C* ®@- C*[ — 2] — p(2) denote the natural map, the maps above are
compatible with the respective cup products:

to(a(@ U pb) =vyoaub).

Each v € C* gives the corresponding homomorphism v: Z — C*, v(n) =
o". Since [Ly] € HY(Eqm, C*) is a(u: Z — C*) and [L1_y] € HYEL,, C*) is
B(l—u: Z — C*), it suffices to show that «(pjuups(1—u)) = 0in H*(Z?, M o(2)),
where piu, p5(1 — u): Z? — C* are the respective homomorphisms (a, b) — W2,
and (a,b) — (1 — u)®.

We have the spectral sequence

ESY = HP(Z?, HY(T0(2))) == HP*(Z?, T o(2)).

Since Z? has cohomological dimension two, and since H9(o(2)) = O for q #
1,2, it follows that the natural map H*(Z?,To(2)) — H2(Z?,H?(Mo(2))) is an
isomorphism. Since H2(Io(2)) = K»(C), we need to show that the image of
piuU ps(1 — u) in H3(Z?,Ky(0)) is zero.

By definition of the cup product in group cohomology, we have

[P1uUp2(1 - wl((a,b). (c,d)) = pru(a b) ® pa(1—u)(c —a,d—b)

w2 ® (1 o U)d_b,

which clearly vanishes in Ky(C). O
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As an immediate consequence of Theorem 3.2, we have:

CoroLLARY 3.3. LetE, E' and '(2)a, be asin Theorem 3.2. Then the compo-
sition

C* @ C* "% CHo (E x E') & H4Em x Ey, T (2an)

factors through the surjection C* @ C* — Ky(C).

Example 3.4. In [3], S. Bloch defines a quotient complex B(2)x of the analytic
complex Ox_(1) 8id Oxa ® Ox, fulfilling H'(B(2)=0fori #1,2,

HY(B(2)) = Im (r: Kzjna(C) — C/Z(2)) =: A*(2),

wherer isthe regulator map, and H2(B(2)) = K2.an. He shows in the same article
that r(Ksind(C)) = r(Ksina(Q)), thus A*(1) is a countable subgroup of C/Z(2),
and also that B(2) maps to the complex Z(2) — Ox,, — Qx_ which computes
the Deligne cohomology H% (X, 2) when X is projective smooth over C. In fact,
the cycle map CH? (X) — H%(X,2) is shown to factor through H*(Xan, B(2))
[5]. Bloch asked in [4] whether the cycle map CH? (X) — H*(Xan, B(2)) could
possibly be injective. The computations of this article show that it is not. Indeed,
the complex B(2)x is defined as

B@)x = 0, (1) ““8 Ok, ® 0%, /e(ZIC \ {0,1}]),

wheree: Z[C\ {0,1}] — C® C* isthe map defined on generatorsa € C\ {0, 1}
by

e(@=log(l—a)®a— [Zwi ® exp <2_—7T1| /oalog(l—t)$>} :

Let us take IN'(2)an = B(2). We now verify the conditions 3.1. The complex
0%.,(1) il Oxa @ O, represents O "t 0%,,» So the evident surjection of
complexes gives us amap O L O%,, — B(2)x. Also, the complexes B(2)x are
clearly contravariantly functorial in X, so to verify (3), it suffices to extend the
map C* ®- C* — B(2)specc t0 @ map Mo(2) — B(2)specc. We have the evident
surjection

(C(1) - CoC) — B)specc,

which we extend to the map Mo(2) — B(2)specc by using the map € Z[C \
{0,1}] — C*(1) defined on generators by

#(a) = 2ri ® exp <;—7r1| /Oalog(l - t)%) .
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The condition (1) is given by [5]. Indeed, one computes the Leray spectral
sequence associated to o Xgn — Xza and the first term entering H*(B(2)) is

E%? = H3, (R2. B(2) = H(K22),

where Kz7, = Ker (Ko dlogndlog, H?(C/Z(2))) . Then the cycle map cl is
induced by K2 — K27 on Xza, which is obviously compatible with the product
in Pic. Thus we have (4).

Hence we can apply Theorem 2.3 to yield a 0-cycle p(u) *p(1—u) on E x E/,
where both E and E’ are smooth €elliptic curves, which is non-torsion in the Chow
group CHo (E x E’), but which dies in H*(B(2)) by Theorem 3.2.

In[9], S. Lichtenbaum constructs an étale version I'(2) of S. Bloch's analytic
complex B(2), the cohomology of which contains CH? (X). This contrasts with
the examples discussed above.

Over a p-adic field, W. Raskind and M. Spief3 [14] show that the Albanese
kernel modulo n of aproduct of two Tate elliptic curvesis dominated by Ky(k)/n.
This result is not immediately comparable to ours, but is obviously related.

Remark 3.5. Since, K>(Q) = 0, it follows from Corollary 3.3 that cl (p(u) *
p(2)) = 0 in H*(Ean x E4,, T (2)an) for al u, v € Q*, and al I'(2)a, satisfying the
conditions (3.1), in particular for I'(2)an = B(2). It would be interesting to know
if p(u) * p(v) € F2CHo (E x E') is non-torsion for some u, v € Q*.

4. Therdative situation. In this section, we study the cycles constructed
in Section 2 on X = E x Eg, where as there, E is smooth, and Eg is a nodal
curve. We extend the definition of Bloch’s complex B(2) to this case by using
a relative complex B(2), and use Theorem 3.2 to show that the cycles p(u) *
p(1 — u) die in H*(Xa, B(2)). Using some results from transcendence theory, we
are able to construct examples of non-torsion cycles on X which not only die in
H*(Xan, B(2)), but vanish aswell in the absol ute Hodge cohomology H?(X, Q% 10):

Let v =1x q E x P! — X be the normalization. We define
(4.1) K2 = Ker <V*/Cz IEx0lgxeo ’C2|E>
Lemma 4.1. One has
CHo (X) = H*(X, K2),
and the Chow group CHo (X) fitsinto an exact sequence

0 — HYE, K2) 2 CHo (X) 5 CHo (E x P) = Pic(E) ® Pic(Pt) — 0.
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Moreover, the map ~ is defined by

Y ( Z X® )\X) = Z (Xv pO()‘X)) - (X! O)

xeEW xeE®

Proof. Asin the proof of Proposition 2.1, the map v*: K, — K> issurjective,
and the kernel is supported in codimension 1. Thus »* induces an isomorphism
on H2.

On the other hand,

H(E x P, Kp) = HY(E, K2) @ HO(E, K1) U c1(O(2)).
The term H(E, K2) maps to 0 € HY(E, K,) via the difference of the restrictions
to E x 0 and E x oo, while ¢1(O(1)) restricts to O to either E x 0 or E x co. This
shows the long exact sequence associated to the short one defining K yields the
exact sequence in the statement of the lemma.

Finally, the value v(x ® \y) of the map is given by the boundary morphism
C* — HY(X, 0%) induced by the normalization sequence

0— 0% — q.0% 1= ¢ — 0
on the right argument \. The formula for ~ thus follows from Lemma 1.1. O

Let Nm: HY(E, KC2) — C* be the norm map, defined by

(4.2) Nm ( > x® /\X) =11
x€EM® x€EW

We set

(4.3) V(E) = KerNm.

One has:

LemmA 4.2. F2CHg (X) = v (V(E)).

Proof. By the definition given in §2, F2 CHg (X) is generated by the expres-
sions [(x,Y)] — [(x,0)] — [(0,y)] +[(0,0)], with x € E(C) and y € Eo(C) \ {*}.
By the formula for « given in Lemma 4.1, this expression is y(X@ y — 0 ® y),
after identifying y € C* with po(y) € Eo(C). Clearly V(E) is generated by the
elements of HY(E, K>) of the form x ® y — 0 ® y, whence the lemma. O
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Next, we want to map CHg (X) to a relative version of S. Bloch’s analytic
motivic cohomology. So we define

(4.4) B(2) = Ker (V*B(Z) [Exolexa B(2)|E> .
In particular, 5(2) is an extension of

T ‘E _‘E o'
Kom = Ker (mcz,an <ol o, e )

placed in degree 2, by A*(1), placed in degree 1. In other words, B(2) is the
pull-back of B(2) viathe map v*: Koan — Kzan, and in particular, B3(2) receives
the complex Mg(2) as explained in Example 3.

Considering again the L eray spectral sequence attached to the identity a: Xgn —
Xzar, We see that

(4.5) Koz = Ker (a*/@,an - HZ(C/Z(Z))>
receives K, and that the first map of the spectral sequence is then
(4.6) H2(X, K22) — H*(Xan, B(2)).

In conclusion, we have shown:

LemmA 4.3. One has a cycle map
¢x: CHo (X) — H*(Xan, B(2))
compatible with the cycle map
Yexpi CHo (E x PY) — HY((E x P1)an, B(2)

on the normalization. Moreover, vx fulfills the conditions described in (3.1).

Proof. We just have to verify the condition (4) of (3.1). From the normaliza-
tion sequence

O—) O;(( v, Expl ‘EX07|E><90 OE N o’
one has a natural map

O, ® Ox, — Kam

which obviously fulfills (3.1)(4). O
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Now we can apply Theorem 3.2 to conclude:

THeorem 4.4. The O-cycles defined by the Seinberg curve on E x Eq dieinthe
analytic motivic cohomology H*(Xan, B(2)).

Let K beasubfield of C. We next consider for any algebraic variety Z defined
over K, the cycle map with values in the absolute Hodge cohomol ogy

4.7) H™(Z, k) 228 Mz, 2 )
induced by the absolute dlog map
(4.8) 0; 2 al .

This cycle map is obviously compatible with the map ~, and with extension of
scalars.

Let E — SpecK be an elliptic curve over a subfield K of C. We have the
exact sheaf sequence

0— O ® Qi /g — /g — Qi — O,

of Q2 with F2Q2

which induces a two-term filtration F* Q2 20

2
E/Q E/o = OE®Qi¢/q-
This gives us the natural maps

7 H*(E Og) ®QK/Q — H*(E, O E/Q)
v2: H*(E,Og) ® QK/Q — H*(E, QE/Q)'

We have the norm map Nm: H1(E, k) — HO(K, K1) = K* asin (4.2), but
over K; we let V(E) c H(E, K,) be the kernel of Nm (see (4.3)).

LemmA 4.5. Let K be an algebraically closed subfield of C, E — SpecK an
eliptic curveover K. Thenthecycle mapwith valuesin absolute Hodgecohomol ogy
maps V(X) to the subgroup ~2[H(E, Og) ® Q2 £/l Of H(E, Q2 10)-

Proof. The kernel of the composition
dl
Pic(E) = HY(E, K1) =3 HY(E, Q¢ ¢) — HYE, QL ) =
is the composition
Pic(E) 9 7 C K,

hence the dlog map sends Pic” (E) to the subgroup v1[HY(E, Og) ® Q% sol of
HY(E, QL o)-



800 HELENE ESNAULT AND MARC LEVINE

Take 7 € Pic® (E), u € HY(E, K1) = K*, and let ¢ = 7 Uu € HY(E, K>). Then

dlog(¢) = dlog () U dlog (u).

Since dlog: K* — Qi/Q is just the absolute dlog map, we see that dlog (&)
lands in the image of the cup product map

HY(E, Og) ® Qi /g| ® Qicjg — HY(E QF q).

which is v2(HY(E, Og) ® Qﬁ/Q).

Since K is algebraicaly closed, the cup product Pic(E) @ K* — HY(E, K>)
is surjective, from which one sees that the cup product maps Pic® (E) ® K* onto
V(E). Combining this with the computation above completes the proof. O

From the surjectivity of the cup product Pic® (E) @ K* — V(E) for K al-
gebraically closed, we see that the injection H(E, K2) — CHo (X) sends V(E)
isomorphically onto F2 CHg (X).

Let K be a subfield of C. We say that an element £ of CHg (X) is defined over
K if there is an K-scheme X°, an element ¢° of CHg (X®) and an isomorphism
a: X% — X such that ¢ = a.(¢2). From Lemma 4.5 and the compatibility of
dlog with extension of scalars, we have:

Lemma 4.6. TakeK = C, and let ¢ be an element of F2 CHg (X) = V(E). If ¢ is
defined over a field of transcendence degree one over Q, then ¢ vanishes under the
cycle map to absolute Hodge cohomol ogy.

CoroLLARY 4.7. If Eisanéliptic curvewith complex multiplication, thenthere
are non-torsion cycles ¢ € F?CHo (X) dying in the analytic motivic cohomology
aswell as in absolute Hodge cohomol ogy.

Proof. By the remark above, we may replace F2 CHo (X) with V(E). Let E
be a model for E, with equation y? = 4x3 — ax — b defi ned over a number field
KcC. Letw= dVX be the standard global one-form on E.

Choosing an isomorphism E¢ = E¢ defines the period lattice L, € C for w.

Choose a basis for L,, of the form {Q,7Q}, and let t = emT | et
P: C — CP?

be the Weierstral3 P-function for the lattice L.
The map xQ~1: C — C gives rise to the isomorphism of Riemann surfaces
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aan: EX — EX making the diagram

xQ~1

C C

.

(PP Cc*

E

EE —— B

commute, i.e.,

We let
. E(C — E

be the corresponding isomorphism of algebraic elliptic curves over C.

By [1, théoréme 1], P(% logu) has transcendence degree 1 over Q for all
ueN, u> 2 (Wethank Y. André for giving us this reference). Fix au > 2, let
K be the algebraic closure of the field Q(P(z% logu)), and let x € E(K) be the
point (’P(% log u),P’(% logu)). Then x is a generic point of E over Q.

We take

€= p(u) * p(1 - u).

By construction, & = a(¢k xk C), where & € HY(E, Ky) is the element [(x) —
(0)] U [1 — u]. Here [(X) — (0)] denotes the class in Pic(E) = HY(E, K1), and
[1 — u] denotes the class in HO(E, K1) = K*. Since K has transcendence degree
one over Q, the class of ¢ in the absolute Hodge cohomology of E vanishes, by
Lemma 4.6. By Theorem 4.4, ¢ dies in the analytic motivic cohomology of E as
well. It remains to show that ¢ is a non-torsion element of H(Ex, K>).

We give an analytic proof of this using the regulator map with values in
Deligne-Beilinson cohomology.

Let Y be a smooth projective surface over C, and let NS(Y) denote the
Néron-Severi group of divisors modulo homological equivalence. Then Hodge
theory implies that

NS(Y) = {(z ¥) € (H*(Yan, Z(1)) x F*H?(Yan, 0)),2® C = o},
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and that
NS(Y) N F2H3&(Y) = 0.

We note that the map Pic(Y) ® C* — H%(Y, Z(2)) induced by the cup product
in Deligne cohomology factors through NS(Y) ® C*, and that the induced map
2 NS(Y) ® C* — H3,(Y, Z(2)) is injective. Indeed,

H3,(Y, Z(2)) = H(Yan, C/Z(2))/F2.

Now take Y = E x E, and let U C E be the complement of a nonempty
finite set < of points of E. Let [E x O] be the class of E x 0 in NS(Y), and let
v: C* — NS(Y) ® C* bethe map v(v) =[E x 0] ® v. Let

w: NS(Y) @ C* — H3(E x U, Z(2))

be the composition of « with the restriction map H3,(Y, Z(2)) — H(E x U, Z(2)).
We claim that the sequence

C* L NS(Y) @ € 2% H3(E x U, Z(2))
is exact. Indeed, we have the localization sequence
BsesHB(E x 8, 7(1)) 28 H3,(Y, Z(2)) — H3(E x U, %(2)) —,
the isomorphism H (E x s,Z(1)) = C* and the identity
ts(v) =y(v), v eC,

which proves our claim.

In particular, let [Z] = [A — {0} x E] ® v, where A is the diagonal, v is an
element of C* which is not a root of unity, and [A — {0} x E] is the class in
NS(Y). Since [A — {0} x E] is not torsion in NS(Y)/[E x {0}], we see that [=]
has non-torsion image [=¢g)] in

H3(E xc C(E), Z(2)) := lim H(E x U,Z(2)),

»zUCE

where the limit is over nonempty Zariski open subsetsU of E.

Let = be the image of (A—0x E)® v in HY(Y, KC2). Then [Z] is the image of
= under the regulator map H(Y, K2) — H3(Y,Z(2)). Similarly, letting =¢) be
the pull-back of = to E xc C(E), [=c()] isthe image of =¢E) under the regulator
map HY(E xc C(E), K2) — HE(E xc C(E), Z(2)). Thus, =¢() is a non-torsion
element of HY(E x¢ C(E), k) for each non-torsion element v € C*.
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Let A be the diagonal in E x E, let £ be the image of (A —0x E) ® (1 —u)
in HY(E, K2), and let {5 be the image of ¢ in HY(E xg Q(E), K2). Clearly,
after choosing a complex embedding Q C C, =¢) (for v = 1 — u) is the image
of g under the extension of scalars Q(E) — C(E) = C(E), hence {5, is a
non-torsion element of H(E Xg QE),K2).

Since x is a geometric generic point of E over Q there is an embed-
ding o: Q(E) — C such that x: SpecC — E is the composition SpecC —
SpecQ(E) — E. Thus, ¢ is the image of ¢ under (idxx)*: HL(E xgE, ng) -
H(E, K2), and hence ¢ is the image of {5, under the map id xo.: HY(E xg
Q(E), K2) — H(E, K>) induced by the extension of scalars o.

Sincethe kernel of id x o, istorsion, it follows that £ is a non-torsion element
of HY(E, K>), as desired. O

Remark 4.8. Going back to X = E x E/, where both elliptic curves are smooth,
we are lacking the transcendence theorem which would force the existence of a
cycle 0 # ¢ = p(u) * p(1 — u) € F2CHo (X) dying both in H*(X, B(2)) and in
absolute Hodge cohomology.
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