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Abstract. Let f : U → Spec(K) be a smooth open curve over a fieldK ⊃ k, wherek is an
algebraically closed field of characteristic 0. Let∇ : L → L ⊗ Ω1

U/k
be a (possibly irregular)

absolutely integrable connection on a line bundleL. A formula is given for the determinant of

de Rham cohomology with its Gauß-Manin connection
(
detRf∗(L⊗Ω1

U/K
), det∇GM

)
. The

formula is expressed as a norm from the curve of a cocycle with values in a complex defining
algebraic differential characters [7], and this cocycle is shown to exist for connections of arbitrary
rank.

Mathematics Subject Classification (2000):14C40, 19E20, 14C99

Thus mathematics may be defined as the subject in which we never know
what we are talking about, nor whether what we are saying is true.

Bertrand Russell

1. Introduction

Let f : U → Spec(K) be a smooth open curve over a fieldK ⊃ k, wherek
is an algebraically closed field of characteristic zero. Let∇ : L → L ⊗ Ω1

U/k

be a possibly irregular absolutely integrable (or vertical, see Definition 2.16)
connection on a line bundleL. The Riemann-Roch problem in this context is to
describe characteristic classes for the relative de Rham cohomologyRf∗(L ⊗
Ω∗
U/K) as a (virtual) vector space overK with an integrable connection, in terms

of data onU . The 0-th characteristic class, the Euler characteristic dimR0 −
dimR1, is well-known to be given by

2− 2g − n−
∑
i

max(0,mi − 1)(1.1)
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whereg is the genus of the complete curveC, n is the number of missing points,
andmi is the order of the polar part of the connection at thei-th missing point.
The purpose of this article is to give a formula for the first characteristic class,
which is the determinant of the Gauß-Manin connection on the relative de Rham
cohomology of the line bundle,(

det(Rf∗(L⊗Ω∗
U/K)),det∇GM

)
.(1.2)

WhenU = C, so the connection has no poles, the formula given in [2] is(
det(Rf∗(L⊗Ω∗

C/K)),∇GM
)
= −f∗((L,∇) · c1(Ω1

C/K)).(1.3)

Concretely, if one hasci ∈ C(K) with∑ ci a 0-cycle in the linear series repre-
sentingΩ1

C/K , then the determinant is given by restrictingL with its connection
to eachci and then tensoring the resulting lines with connection together.

When the connection∇ has at worst regular singular points at the points in
D := C −U there is an analogous formula using linear series given by divisors
of rational sectionss of Ω1

C/K(D) satisfying the rigidity condition resD(s) = 1.
Indeed, these formulas are valid also for higher rank connections. One takes the
determinant at zeroes and poles ofs.

In the case of irregular singular points, a similar formula is possible, but the
rigidification taken must depend on the polar part of the connection. Let(L,∇)
be an extension of(L,∇) to C, D = ∑

i miDi be a divisor with multiplicities
mi ≥ 1 supported inC − U such that the relative connection

∇/K : L→ L⊗Ω1
C/K(D)(1.4)

yields a complex quasiisomorphic toj∗L→ j∗L⊗Ω1
(C−D)/K and has poles at

all pointsDi . Then∇/K does not factor through

∇/K : L→ L⊗Ω1
C/K(D −Di)(1.5)

for anyi. WritingD also for the artinian subscheme ofC determined byD, this
implies that∇/K induces afunction linear isomorphism

∇|D : L|D
∼=→ L⊗Ω1

C/K(D)|D(1.6)

Because these maps are function linear, wemay cancel the linesL|D and deduce
canonical elements triv∇ ∈ Ω1

C/K(D)|D. We view triv∇ as a trivialization of
Ω1
C/K(D) alongD. It is known ([6], Appendix B) that the coboundary of triv∇

in H 1(C, ωC/K) ∼= K is given by the degree ofL. Our main result is:
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Theorem 1.1. Let notation be as above. Assume allDi are defined overK
and somemi ≥ 2. Because we are only concerned with the cohomology over
X − D, we can takeL of degree 0 so that the elementtriv∇ can be lifted to
H 0(C,Ω1

C/K(D)). Lets be any such lifting, and write(s) for the divisor ofs as
a section ofΩ1

C/K(D). Note the support of (s) is disjoint fromD. Then

(1.7) det(Rf∗(L⊗Ω∗
U/K)),det(∇GM) ∼=

− f∗(L · (s))+ τ(L) ∈ Ω1
K/d logK

∗.

Hereτ(L) is a2-torsion term which can be written

τ(L) =
∑
i

mi

2
d log(gi,0) ∈ 1

2
d log(K×)/d log(K×)

where the connection∇/K = (gi,0+ gi,1zi + . . . )dzi/zmii for a local coordinate
zi atDi ∈ D.
Note thatΩ1

K/d logK
× is thegroupof isomorphismclassesof rank1connections

onSpec(K). Our assumption that points ofD are definedoverK ismade to avoid
complications involving generalized jacobians in Sect. 2. We remark, of course,
that part of our task will be to give a precise definition of the right hand side of
the formula of the theorem. It will appear as a product followed by a trace, and
this definition does not depend on the particular choice ofL above. In particular,
this gives a formulation if we don’t assume thatL is of degree 0, and also if we
don’t assume thatmi ≥ 2 for at least onei, that is if∇ has regular singular points
(see Theorem 4.6). The precise general formulation of our theorem is in 4.8. In
the case that(s) is a sum ofK-pointsci , one may simply take the tensor product
of the lines with connectionL|ci . The right hand side of the formula depends
only on the equivalence class of(s) in a generalized Picard (or divisor class)
group of line bundles with trivializations alongD. Thus, by analogy with (1.3),
it is natural to write formula (1.7) in the form

(1.8)
(
(det(Rf∗(L⊗Ω∗

U/K)),det(∇GM)
) ∼=

f∗
(
L · c1(Ω1

C/K(D), triv∇))
)−1+ τ(L).

The classical Riemann-Roch pattern begins to break down in that the charac-
teristic classc1(Ω1

C/K(D), triv∇) depends on more than just the geometry of
f : U → Spec(K). This reflects the fact that the de Rham cohomology of an
irregular connection depends on more than topology.

There is an analogy here with the case of�-adic sheaves. IfE is an unramified
�-adic sheaf on a complete curveC over a finite fieldFq , then the global epsilon
factor is given by

(−Fq |det(H ∗
ét(CF

, E))) = det(E)−1 · c1(Ω1
C/Fq

).
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The basic result in the ramified�-adic case ([8]) is that the global epsilon factor
can be written as a product of local terms corresponding to points on the curve
where the sheaf ramifies or where a chosen meromorphic 1-form has zeroes or
poles. We suspect formula (1.8) is analogous to a classical formula for Gauß
sums

g(c, ψ) =
∑

a∈(O/f)×
c(a)ψ(a)

wheref ⊂ O is an ideal in the ring of integers in a local field,c (resp.ψ) is a
character of(O/f)× (resp.(O/f)+), and bothc andψ have conductorf. If the
residue field ofO hasq elements withq odd, one finds

g(ε, ψ) =
{
qnc(x) f = m2n, n ≥ 1

qnc(x)σ f = m2n+1, n ≥ 1.

In this formulax ∈ O/f is a suitable point,σ = ζσ0 with ζ q = 1andσ 2
0 =

(
−1
Fq

)
.

(Hereσ0 is a quadratic Gauß sum.)
Our proof follows the main idea of Deligne [3]. For computing theε-factor

associated to a rank one Galois representation on a curve, he expresses the deter-
minant of the cohomology as the cohomology on a symmetric product of(C−D)
and reduces the computation to the geometry of the generalized jacobian. In the
geometric situation one is further able to express the determinant Gauß-Manin
connection as the connection arising by restricting a certain translation-invariant
connection to one specificK-point of the generalized jacobian. The essential
point seems to be that the de Rham cohomology of a connection of the form
d + ω on a trivial bundle is somehow concentrated at the points whereω = 0.

In Sect. 4 we reinterpret the Riemann-Roch formula in terms of a pairing (4)

∪ : H1(C,O∗
C → O∗

D)×H1(C,O∗
C → Ω1

C〈D〉(D′))
→ H2(C,K2→ Ω2

C)(1.9)

and a trace map (4.7)

Tr : H2(C,K2→ Ω2
C)→ Ω1

K/d logK
∗.

In Sect. 5 we give an analogous “non-commutative” product formula in the
higher rank case which we conjecture calculates the determinant connection in
the generic situation when the connection defines local isomorphismsE|D ∼=
E|D ⊗ ωD/K (see (5.3)) and the poles of the absolute connection behave well
(see (5.1)). We verify the formula has the appropriate invariance properties. We
also show that there is a more general higher rank product of which it is a special
case. Finally, in Sect. 6 we give a general formula which calculates the group
of isomorphism classes of irregular, integrable, rank 1 connections in higher
dimensions on a smooth projective variety.
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We apologize for not expressing our results in the modern language ofD-
modules, but in fact for the study of Gauß-Manin determinants there is little gain
in passing from connections toD-modules.Also, rigidity for connections means
that the Gauß-Manin determinant connection is determined by its value at the
generic point on the base, so we may work with curves over a function field
Spec(K).

It is our pleasure to acknowledge the intellectual debt we owe in this work to
P. Deligne.We are also grateful to the Humboldt foundation for financing which
enabled us to work together.

2. Connections and forms on generalized jacobians

Throughout this paperC will be a smooth projective curve over a fieldK con-
taining an algebraically closed subfieldk of characteristic 0, andD = ∑

mici
is a divisor onC, with ci ∈ C(K). We writeG = JD for the generalized Ja-
cobian parametrizing isomorphism classes of degree 0 line bundles onC with
trivialization alongD. Fixing aK-rational point

c0 ∈ (C −D)(K),

there is a cycle mapi : C − D → JD associating to a closed pointx ∈ C

with [K(x) : K] = n the class of the line bundleO(x − nc0) together with the
trivializationb|D ◦ (a|D)−1, where

OC

a←↩ OC(−nc0) b
↪→ OC(x − nc0)

are the natural maps.
The aim of this section is to describe invariant line bundles with connection

on JD, comparing them via the cycle mapi to line bundles with connection on
(C −D) with a certain irregularity behavior alongD.

When the line bundle in question is the trivial bundle, this amounts to studying
invariant (absolute) differential forms on the generalized jacobian, so we should
start with that. Before doing so, however, it is necessary to understand global
functions on the generalized jacobian. We write

G � G0 � J(2.1)

whereJ is the usual Jacobian ofC, andG0 is a semi-abelian variety. We have
extensions

0→ T → G0→ J → 0(2.2)

0→ V → G→ G0→ 0(2.3)

HereV is a vector group (isomorphic to Spec(Sym(V ∗)) for some vector space
V ) andT is a torus, i.e.TK̄ ∼= Gr

m.
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Lemma 2.1. The semi-abelian varietyG0 admits a universal vectorial extension

0→ W → G → G0→ 0.(2.4)

In fact, this extension is given by the pullback toG0 of the universal vectorial
extension overJ . In particular,W = Γ (J∨,Ω1

J∨/K)⊗Ga.

Proof. It will suffice to show the pullback vectorial extension is universal. Since
Ext1(T ,Ga) = (0) = Hom(T ,Ga), any extension ofG0 by a vector groupW is
pulled back from a unique extension ofJ byW. This extension ofJ is a pushout
from the universal vectorial extension, so the same holds for the pullbacks toG0.

��
Lemma 2.2. Letπ : G0→ J be an extension ofJ byT as above. There exists,
possibly after a finite field extension, a quotient torusT � S and a diagram

T ↪→G0

surj.↓ ↙ a

S

(2.5)

such that

Hi(G0,OG0)
∼= Hi(J,OJ )⊗K H

0(S,OS)(2.6)

Proof. There is a boundary map

∂ : HomK̄ (T ,Gm)→ Ext1
K̄
(J,Gm)(2.7)

DefineN := ker(∂) ⊂ M := HomK̄(T ,Gm). Let S = Hom(N,Gm) be the
torus with character groupN . Form ∈ M let L(m) be the line bundle onJK̄
corresponding under the map (2.7). As anOJK̄

-algebra

π∗OG0,K̄
∼= ⊕m∈ML(m) ∼= H 0(OS)⊗

(
⊕m∈M/N L(m)

)
(2.8)

The mapa in the diagram (2.5) comes from the above inclusion

H 0(OS)⊗ L(0) ⊂ π∗OG0.

Form ∈ M/N , (as is well known, cf. [9] III 16),L(m) has trivial cohomology
in all degrees unlessm = 0. The proposition follows by taking cohomology of
(2.8). ��
Lemma 2.3. Let notation be as above. Let

0 −−−→ H 0(J∨,Ω1
J∨/K)⊗Ga −−−→ G p−−−→ G0 −−−→ 0(2.9)

be the universal vectorial extension. Then

H 0(G,OG) ∼= H 0(G0,OG0)(2.10)
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Proof. TheOG0-algebrap∗OG is filtered, with

grip∗OG = f ili/f ili−1 ∼= Symi(H 0(J∨,Ω1
J∨/K)

∗)⊗OG0(2.11)

With respect to the exact sequences

0 −−−→ f ili−1 −−−→ f ili −−−→ gri −−−→ 0(2.12)

it suffices to show the boundary map

b : Symi(H 0(J∨,Ω1
J∨/K)

∗)⊗H 0(G0,OG0)→ H 1(G0, f ili−1)(2.13)

is injective. Composing on the right with the evident map, it suffices to show the
maps

(2.14) Symi(H 0(J∨,Ω1
J∨/K)

∗)⊗H 0(G0,OG0)

→ H 1(G0,OG0)⊗ Symi−1(H 0(J∨,Ω1
J∨/K)

∗)

are injective. But

(2.15) H 0(J∨,Ω1
J∨/K)

∗ ⊗H 0(G0,OG0)
∼= H 1(J,OJ )⊗H 0(G0,OG0)

∼= H 1(G0,OG0)

and the map in (2.14) is the mapxi !→ x ⊗ x i−1, which is injective. ��
Lemma 2.4. LetG = JD be a generalized jacobian as above. Then there exists
a commutative affine algebraic groupG overK and a mapψ : G → G such
that

ψ∗ : H 0(OG) ∼= H 0(OG).(2.16)

Proof. TakeG = Spec(H 0(G,OG)). ��
Lemma 2.5. Let A be the coordinate ring of a commutative affine algebraic
groupH over a fieldK of characteristic0. Corresponding to the simplicial
algebraic groupBH , one has a complex

A
µ∗−p∗1−p∗2−−−−−−→ A⊗K A

p∗23−µ12⊗p∗3+p∗1⊗µ∗23−p∗12−−−−−−−−−−−−−−−→ A⊗ A⊗ A(2.17)

This complex is exact at the middle term.

Proof. By Proposition 4 on p. 168 of [10], the cohomology in the middle is a
subgroup of the group of extensionsExt(H,Ga). (Note,A = Map(H,Ga).)
By the classification of commutative algebraic groups in characteristic 0, this ext
group vanishes (cf [10], pp. 170-172). ��
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We writeΩ1
G (resp.Ω1

G/K ) for the sheaf of 1-forms relative tok (resp.K).
Now we would like to define invariant bundles, connections, differential forms,
cohomology classes ofOG.

Definition 2.6. 1. A rank one bundleL ∈ H 1(G,O∗
G) is called invariant if

µ∗L = p∗1L ⊗ p∗2L ∈ H 1(G × G,O∗
G×G), whereµ : G × G → G is the

multiplication andpi : G×G→ G are the projections.
2. A global1-form η ∈ Γ (G,Ω1

G) is called invariant ifη(0) = 0 ∈ Ω1
K and

µ∗η = p∗1η + p∗2η ∈ Γ (G×G,Ω1
G×G).

3. A rank one bundle with a connection(L,∇) ∈ H1(G,O∗
G → Ω1

G) is
called invariant if (L,∇)|{0} = 0 ∈ H1(SpecK,O∗

SpecK → Ω1
SpecK) =

Ω1
K/d logK

∗ andµ∗(L,∇) = p∗1(L,∇)⊗p∗2(L,∇) ∈ H1(G×G,O∗
G×G →

Ω1
G×G).

4. A classs ∈ Hi(G,OG) is called invariant ifs|{0} = 0andµ∗s = p∗1s+p∗2s
in Hi(G×G,OG×G).
We denote byH 1(G,O∗

G)
inv,Γ (G,Ω1

G)
inv,H1(G,O∗

G → Ω1
G)

inv, andHi(G,
OG)

inv the corresponding groups of invariant bundles, forms, connections and
classes. One defines similarly the groups of relative invariant formsH 0(G,

Ω1
G/K)

inv and relative invariant connectionsH1(G,O∗
G → Ω1

G/K)
inv without

condition on the restriction to the zero section, and observe that the natural map
Ω1
G → Ω1

G/K takes global invariant groups to relative invariant groups.

Remark 2.7.In the above definitions, we could have defined a weaker notion
of invariance by allowing constant elements. We adopt here the rigidification at
the origin, keeping in mind that without this condition, the corresponding groups
obtained are a direct sumof the ones obtainedwith the rigidification and the value
of the group on the zero section. Notice, for example, that with our definition,
nonzero constant functions are not invariant! Of course, for relative objects, there
is no distinction.

Lemma 2.8. Let G = JD be a generalized Jacobian as above. Letτ ∈
Γ (G,Ω1

G/K)
inv be an invariant relative1-form onG, and assumeτ lifts to an

absolute global form. Thenτ lifts to an invariant absolute form onG.

Proof. Let η ∈ Γ (G,Ω1
G) be an absolute lifting. Replacingη with η− η(0) we

may assumeη(0) ∈ Ω1
K vanishes. Then

(µ∗ − p∗1 − p∗2)(η) ∈ H 0(OG×KG)⊗Ω1
K(2.18)

vanishes inH 0(OG×KG×KG) ⊗ Ω1
K . Let ψ : G → G be as in Lemma 2.4,

soψ∗ : A := H 0(OG) ∼= H 0(OG). The previous lemma implies there exists
σ ∈ H 0(OG)⊗Ω1

K with (µ∗ −p∗1−p∗2)(σ ) = (µ∗ −p∗1−p∗2)(η). Thenη− σ
is the desired invariant absolute form. ��
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We next need to relate connections on the curve with invariant connections
on the generalized Jacobian. HereG = JD with D =∑

mici . Also,

D :=
∑

ci; D′ := D −D.(2.19)

We assumeD %= ∅.
First, rather briefly, we consider the question of what poles invariant forms on

G have when pulled back toC −D via the jacobian mapC −D→ G (defined
once we have a basepoint inC −D). For simplicity, we continue to assume the
ci are defined overK. Consider the diagram:

G � G0 � J

↑ i ↑ i ′
C −D

j
↪→ C

(2.20)

We want to compute the pullbacksi∗H 0(Ω1
G)

inv (resp. i∗H 0(Ω1
G/K)

inv) in
H 0(C,Ω1

C(∗D)) (resp. inH 0(C,Ω1
C/K(∗D))) .

Pulling backG via i ′ we get a torseur

i ′∗G
p→ C(2.21)

under the groupO∗
D/Gm = ∏O∗

m�c�
/Gm. Fix � and letR = k[[t�]] ⊂ M =

k((t�)) wheret� is a formal parameter atc�. Fix a splitting of the torseur

GR
∼= O∗

D/Gm × Spec(R).(2.22)

Let c0 ∈ (C −D)(K) be the base point used to define the mapi : C −D→ G.
LetL onC × C be a line bundle withL|{c}×C ∼= O(c − c0). Note one has

OC×C ← p∗2O(−c0)→ L(2.23)

and these maps are isomorphisms on

Spec(M)× Spec(OC,D) ⊂ Spec(M)× C(2.24)

Corresponding toL|Spec(M)×C and the above trivialization, one gets a map
u : Spec(M)→ G.With respect to the above splitting, we viewu as an element∏

i

(ui0+ ui1ti + . . .+ ui,mi−1t
mi−1
i ) ∈

∏
i

(Omici ⊗K M)∗ modM∗(2.25)

As described in [10] VII 4, 21, the local shape ofu aroundc� is given by taking
the rational function(s� − t�)

−1, where the local coordinates around(c�, c�) in
C × C is (s�, t�), and considering it as a unit inOm�c� ⊗M ∼= M[t�]/ < t

m�
� >.

(We change notation sos� is the local parameter inR ⊂ M.) Sinceu is well
defined and non-vanishing inci for i %= �, we have (2.24) that

uij ∈ R, ui0 ∈ R∗ if i %= �, ord(u�0) = 1(2.26)
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The pullbacks to Spec(M) of the invariant relative differential forms onG
are given by the pullback of invariant relative forms onJ together with the
coefficients of powers of theTi mod T mi

i in the formal expression

(2.27)
∑
i

(ui0+ ui1Ti + . . .+ ui,mi−1T
mi−1
i )−1×

(dui0+ dui1Ti + . . .+ dui,mi−1T
mi−1
i )

=
∑
i

τi0+ . . .+ τi,mi−1T
mi−1
i .

Then (2.26) implies that

τij ∈ Ω1
R for i %= �

τ�j ∈ Ω1
R〈D〉(jD�)−Ω1

R〈D〉((j − 1)D�).(2.28)

Here we denote byΩ1
C〈D〉 the sheaf of absolute differential forms of degree 1

with logarithmic poles alongD. (See formula 3.59 for a more precise computa-
tion).

These are not all the absolutely invariant forms, however. One also has forms
pulled back fromJ , but these are regular alongD. Finally, from Lemma 2.8 one
has an exact sequence

(2.29) 0→ H 0(OG)
inv ⊗Ω1

K → H 0(G,Ω1
G)

inv → H 0(G,Ω1
G/K)

inv

→ H 1(OG)
inv ⊗Ω1

K

It shows one must consider invariant forms inH 0(OG)
inv ⊗Ω1

K . We will see in
the proof of Proposition 2.13 below that thesemap toΩ1

G(D′). In sum, the above
discussion shows that the maps in the following proposition are defined.

Proposition 2.9. Pullback gives isomorphisms

H 0(Ω1
G/K)

inv ∼=−→ H 0(C,Ω1
C/K(D))(2.30)

H 0(Ω1
G)

inv ∼=−→ H 0(C,Ω1
C〈D〉(D′))(2.31)

Proof. Pullback on invariant relative forms is injective, becauseG is generated
by the image ofC −D. It follows by dimension count that the first arrow (2.30)
above is an isomorphism. For the absolute forms we may consider the diagram

0→ H0(OG)
inv ⊗Ω1

K
→ H0(Ω1

G
)inv → H0(Ω1

G/K
)inv → H1(OG)

inv ⊗Ω1
K

↓∼= ↓ ↓∼= ↓∼=
0→ H0(OC(D′))⊗Ω1

K
→ H0(Ω1

C
〈D〉(D′)) → H0(Ω1

C/K
(D)) → H1(OC(D′))⊗Ω1

K

(2.32)
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The left and right hand vertical arrows are shown to be isomorphisms in the
proof of Proposition 2.13. Hence the isomorphism on invariant relative forms
implies the isomorphism (2.31) on invariant absolute forms. ��

We now consider invariant connections on line bundles onG.

Lemma 2.10. Assume the toric subquotientT ofG has trivial Picard group (e.g.
T split). Then the mapH1(G,O∗

G → Ω1
G/K)

inv → H 1(O∗
G)

inv is surjective.

Proof. This follows because

H1(J,O∗
J → Ω1

J/K)
inv � H 1(O∗

J )
inv � H 1(O∗

G)
inv.(2.33)

The second arrow is surjective because we have a diagram

0 −−−→ H 1(O∗
J )

inv −−−→ H 1(O∗
J ) −−−→ H 2

DR(J/K)
 
surj. 
inj.
0 −−−→ H 1(O∗

G)
inv −−−→

a
H 1(O∗

G) −−−→
b

H 2
DR(G/K)

(2.34)

The bottom row is not a priori exact, butb ◦ a = 0 (because(Nδ)∗ acts byN2

onH 2
DR(G/K).) The middle vertical arrow is onto e.g. because the Picard group

of the generic fibre ofG → J is zero. Indeed,G → J is rationally split, and
the kernel has trivial Picard group by hypothesis. (Since the function field of
the generic fibre equals the function field ofG, any divisor onG can be moved
by rational equivalence to avoid the generic fibre, i.e. to be a pullback from the
base.)

Finally, the right hand vertical arrow is injective because, after making a base
changeK ⊂ C, one can think ofG andJ as quotients of vector spaces by lattices,
and the map on lattices is surjective⊗Q. ��
Lemma 2.11. Leta ∈ H1(G,O∗

G → Ω1
G/K)

inv be an invariant connection on a
line bundle on the generalized jacobianG. Supposea lifts to an absolute con-
nectionb′ ∈ H1(G,O∗

G → Ω1
G). Thena lifts to an invariant absolute connection

b ∈ H1(G,O∗
G → Ω1

G)
inv.

Proof. One has as in (2.17)

(2.35) (µ∗ − p∗1 − p∗2)(b
′) ∈ Im H 0(OG×G)⊗Ω1

K

⊂ H1(G×G,O∗
G×G → Ω1

G×G)

Now

Im H 0(OG×G)⊗Ω1
K =
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H 0(OG×G)⊗Ω1
K/d logKer {H 0(O∗

G×G)→ H 0(Ω1
G×G/K)} =

H 0(OG×G)⊗ (Ω1
K/d logK

∗).

Exactness of the sequence in (2.17) implies that there exists an elementx ∈
H 0(G,O⊗Ω1

K)with (µ
∗−p∗1−p∗2)(x) = (µ∗−p∗1−p∗2)(b′). Takeb = b′ −x.

��
Proposition 2.12.One has an exact sequence

(2.36) 0→ H 0(OG)
inv ⊗Ω1

K → H1(G,O∗
G → Ω1

G)
inv

→ H1(G,O∗
G → Ω1

G/K)
inv → H 1(OG)

inv ⊗Ω1
K

Proof. This is immediate from the lemma. ��
Recall our notation.C is a smooth, projective, geometrically connected curve

overK.G = JD with D =∑
mici ,D =∑

ci ,D′ = D −D.

Proposition 2.13. There exists a diagram of exact sequences, with vertical ar-
rows isomorphisms:

0→ H 0(OG)
inv ⊗ (Ω1

K/d logK
∗) → H1(G,O∗

G → Ω1
G)

inv

↓ e ↓
0→

(
H 0(OC(D′))/H 0(OC)

)
⊗ (Ω1

K/d logK
∗)→H1(C,j∗(O∗

C−D)→Ω1
C 〈D〉(D′))

(Ω1
K/K

×)

→ H1(G,O∗
G → Ω1

G/K)
inv → H 1(OG)

inv ⊗Ω1
K

↓ ↓ h
→ H1

(
C, j∗(O∗

C−D)→ Ω1
C/K(D)

)
→ H 1(OC(D′))⊗Ω1

K

(2.37)

Proof. The first step is to computeHi(OG)
inv for i = 0,1. LetW be a finite

dimensionalK-vector space, and supposeG = JD is a vectorial extension

0→ W ⊗Ga → G
p→ G0→ 0(2.38)

We know by Lemma 2.1 that this sequence pulls back from an extension ofJ by
W ⊗Ga. Let

0→ OJ → f il1→ W ∗ ⊗OJ → 0(2.39)

be the exact sequence of functions of filtration degree≤ 1 as in Lemma 2.3, and
let ∂ : W ∗ → H 1(OJ ) be the boundary map in cohomology.
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Lemma 2.14.We have

H 0(OG)
inv ∼= ker(∂ : W ∗ → H 1(OJ ))(2.40)

H 1(OG)
inv ∼= H 1(OJ )/∂(W

∗).(2.41)

Proof of lemma.One has a filtrationf il·p∗OG with f il0 = OG0 andgrr =
Symr (W ∗)⊗OG0. The corresponding spectral sequence looks like

E
pq

1 = Hp+q(G0, gr−p) = Hp+q(G0,Sym
−p(W ∗)⊗OG0)⇒ Hp+q(OG).

(2.42)

Let

0→ H0→ G0→ S → 0(2.43)

be as in Lemma 2.2, soS is the maximal quotient torus ofG0.
The equation (2.6) identifiesHi(G0,OG0) with H

i(J × S,OJ×S), and the
invariance condition might be looked at onJ × S. Let us writeH 0(S,OS) =
K⊕V, f !→ f (0)⊕(f −f (0)), whereV consists of the regular functionswhich
vanish at{0} ∈ S. ThenHi(G0,OG0)

inv = Hi(J,OJ )
inv⊕ (H i(J,OJ )⊗V )inv.

Thus if a classF =∑
ϕf⊗f ∈ Hi(OJ )⊗V is invariant, whereϕf ∈ Hi(J,OJ )

and thef ∈ V are linearly independent overK, then
(µ∗ − p∗1 − p∗2)(F )|(J × J × {0} × S) =

∑
(µ∗ − p∗2)(ϕf )⊗ f = 0

thusµ∗ϕf = p∗i ϕf andµ
∗ϕf |{0} × J = ϕf = ϕf |{0}. So fori ≥ 1, this implies

thatϕf = 0 and fori = 0 this implies thatF ∈ H 0(OS)
inv = 0.

In short:

H ∗(OG0)
inv ∼=

(
H ∗(OJ )⊗H 0(OS)

)inv ∼= H ∗(OH0)
inv ∼= H ∗(OJ )

inv(2.44)

Thus, it suffices to prove the lemma withG0 replaced byH0, so we may assume
the quotient torusS = (0). Since in this caseHi(OG0)

∼= ∧iH 1(OJ ), one sees
that pullback under the multiplication byN map,Nδ : G→ G acts onEpq

1 by
multiplication byNq . It follows that the spectral sequence (2.42) degenerates
atE2. In particular the eigenspace whereNδ∗ acts by multiplication byN on
H 1(OG) is

H 1(OJ )/∂(W
∗) ∼= E

0,1
2
∼= E0,1

∞ ↪→ H 1(OG).(2.45)

Note that as a quotient ofH 1(OJ ) the spaceE0,1∞ is clearly invariant. Con-
versely, let∆ : G→ G×G be the diagonal. Sinceµ ◦∆ = 2δ it follows that
for a ∈ H 1(OG)

inv we have

(2δ)∗(a) = ∆∗µ∗(a) = ∆∗(p∗1(a)+ p∗2(a)) = 2a(2.46)

so necessarilya ∈ E0,1∞ , proving (2.41). A similar argument onE−1,1∞ proves
(2.40).
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We remark here thatH 0(J, f il1) is in a natural way a subspace of the regular
functions onG, and (2.40) takes the quotient of this byH 0(J,OJ ) = K. This is
because we have forced the rigidification condition in the Definition 2.6.��

We return to the proof of Proposition 2.13. The exact sequence

0→ OC → OC(D′)→ OC(D′)/OC → 0(2.47)

defines a map

ψ : W ∗ := H 0(OC(D′)/OC)→ H 1(OC).(2.48)

By Lemma 2.1, as a group extension ofG0, the groupG is defined by a unique
map fromH 0(C,Ω1

C/K) to a vector space. We claim that this map is the dual of
ψ . To see this, one identifiesJ andJ∨. Then it is well know that the universal
vectorextension onJ∨ is

0→ H 0(C,Ω1
C/K)→ H1(C,O∗

C → Ω1
C/K)→ Pic0(C)→ 0

inducing the universal vectorextension

0→ H 0(C,Ω1
C/K)→ H1(C,O∗

C,D → Ω1
C/K)→ Pic0(C,D)→ 0

on
Pic0(C,D) := Ker

(
H 1(C,O∗

C,D)→ H 1(C,Ω1
C/K)

)
where

O∗
C,Z := Ker(O∗

C → O∗
Z)

for any subschemeZ ⊂ C. The map of complexes

a : {O∗
C,D → 0} → {O∗

C,D → Ω1
C/K |D′ }

induces an isomorphism onH1. Indeed,a sends the exact sequence

0→ H 0(C, (1+OD′(−D)))→ H 1(C,O∗
C,D)→ H 1(C,O∗

C,D)→ 0

to the exact sequence

0→ H 0(C,Ω1
C/K |D′)→ H1(C,O∗

C,D → Ω1
C/K |D′)→ H 1(C,O∗

C,D)→ 0,

so one has just to see that

d log : H 0(C, (1+OD′(−D)))→ H 0(C,Ω1
C/K |D′)

is an isomorphism. ButH 0(C,OD′(−D)) ∼= H 0(C, (1+ OD′(−D))) via the
exponential map and the quasiisomorphism [4]

{OC(−D)→ Ω1
C/K(−D′)} → {OC(−D)→ Ω1

C/K}
allows to conclude.
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Define a bundleE onC by pullback

0 −−−→ OC −−−→ E −−−→ W ∗ ⊗OC −−−→ 0∥∥∥ 
 

0 −−−→ OC −−−→ O(D′) −−−→ OC(D′)/OC −−−→ 0

(2.49)

Because of the isomorphismH 1(OJ ) ∼= H 1(OC), the top row of the diagram
(2.49) pulls back uniquely from an extension ofW ∗ ⊗ OJ by OJ . There is a
unique vectorial extension

0→ W ⊗Ga → H
r→ J → 0(2.50)

such that the above extension of vector bundles coincides with

0→ OJ → f il1r∗OH → W ∗ ⊗OJ → 0(2.51)

From this we get a diagram (definingt andu. Herei : C ↪→ J )

0 −−−→ OJ −−−→ f il1r∗OH −−−→ W ∗ ⊗OJ −−−→ 0
 
t 
u
0 −−−→ OC −−−→ OC(D′) −−−→ OC(D′)/OC −−−→ 0

(2.52)

We get a diagram with exact rows

0 → H0(OJ ) → H0(f il1r∗OH ) → H0(W∗ ⊗OJ )
∂→ H1(OJ ) →↓∼= ↓ t ↓∼= ↓∼=

0 → H0(OC) → H0(OC(D′)) → H0(OC(D′)/OC) → H1(OC) →

H1(OH )
inv → 0

↓ v
H1(OC(D′)) → 0

(2.53)

The diagram (2.53) gives isomorphisms

e : H 0(OG)
inv ∼= ker(∂) ∼= Ker(H 0(OC(D′)/OC)→ H 1(OC))(2.54)

h : H 1(OG)
inv ∼= H 1(OC(D′)).(2.55)

These are two of the desired arrows for the diagram in the proposition.

Lemma 2.15. The natural map on relative connections

H1(G,O∗
G → Ω1

G/K)
inv → H1

(
C, j∗(O∗

C−D)→ Ω1
C/K(D)

)
(2.56)

is an isomorphism.
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Proof of lemma.We note the following facts:

1. H 1(G,Ω1
G/K)

inv =
(
H 0(G,Ω1

G/K)
inv ⊗H 1(OG)

)inv = (0).

2. H 1(O∗
G)

inv ∼= H 1(O∗
C−D). Indeed, as remarked in the proof of Lemma 2.10

one hasJ (K) � H 1(O∗
G)

inv. One checks that the kernel is generated by
divisors of degree 0 supported onD.

3. H 0(O∗
G)/consts.∼= H 0(O∗

G)
inv ∼= H 0(O∗

C−D)/consts..
4. (

H 0(Ω1
G/K)/d log(H

0(O∗
G))

)inv = H 0(Ω1
G/K)

inv/d log(H 0(O∗
G)

inv)

(This is seen by notingH 0(O∗
G)

inv = Hom(G,Gm), so one has a homomor-
phismψ : G→ Gr

m such thatψ∗ is an isomorphism on global units modulo
constants. The assertion then reduces to the caseG = Gr

m, which is easy.)

We build a diagram

0→ H0(Ω1
G/K)

inv

H0(O∗
G)

inv → H1(O∗
G → Ω1

G/K)
inv → H 1(O∗

G)
inv → 0

↓ ↓ ↓
0→ H0(Ω1

C/K(D))

H0(O∗
C−D)

→ H1
(
C, j∗(O∗

C−D)→ Ω1
C/K(D)

)
→ H 1(C −D,O∗)→ 0

(2.57)

Since the left and right hand arrows are isomorphisms, it follows that the central
arrow is as well, proving the lemma. ��

The assertions of the proposition follow easily from the lemma. ��
Finally, we need an analogous result for integrable connections. More pre-

cisely, we consider a slightly weaker condition.

Definition 2.16. LetX be a variety overK. A connection∇ : E→ E ⊗Ω1
X ⊗

K(X) (so possibly with poles) is said to have vertical curvature if the curvature

∇2 : E→ E ⊗Ω2
X ⊗K(X)(2.58)

has values in the subsheafE ⊗Ω2
K ⊗K(X) ⊂ E ⊗Ω2

X ⊗K(X). The group of
line bundles with vertical curvature will be denoted

H1(X,O∗
X → Ω1

X)
vert

and similarly for invariant line bundles with vertical curvature

H1(X,O∗
G → Ω1

G)
inv,vert .
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Proposition 2.17.With notation as above, we have isomorphisms

H1(G,O∗
G → Ω1

G/K)
inv,vert = H1(C, j∗O∗

C−D → Ω1
C/K(D))vert(2.59)

H1(G,O∗
G → Ω1

G)
inv,vert ∼= H1(C, j∗O∗

C−D → Ω1
C〈D〉(D′))vert

Ω1
K/K

×(2.60)

Proof. For example, in the absolute case, the curvature of a line bundle with
invariant absolute connectiononG is a sectionη ∈ H 0(Ω2

G/Ω
2
K⊗OG) satisfying

µ∗(η) = p∗1(η)+ p∗2(η). It is easy to see that such a section lies in the subsheaf
Ω1
G/K⊗Ω1

K . The isomorphism (2.60) follows fromProposition 2.13 and the fact
that pullback toC of invariant forms is injective by (2.30). The case of relative
forms is similar and is left for the reader. ��

3. The geometric setup

We continue to work with a curveC/K and a line bundleL onC of degree 0.
Let∇/K : L→ L⊗Ω1

C/K(D), whereD =
∑
mici . As in the previous section,

writeD =∑
ci andD′ = D −D.

Lemma 3.1. Assume∇/K |C−D lifts to an absolute integrable connection∇′ :
LC−D → LC−D⊗Ω1

C−D/k. Then∇′ extends to anabsolute integrable connection
∇ : L→ L⊗Ω1

C/k〈D〉(D′).(3.1)

The notation〈D〉 refers to log poles atD as in(1.4).

Proof. Let e be a basis forL at c a point with multiplicitym ≥ 1 inD, and let
x be a local parameter atc onC. Write

∇′(e) = A(x)dx +
∑
i

Bi(x)dτi; dτi basis inΩ
1
K, x

mA(x) ∈ OC,c.(3.2)

We must showxm−1Bi(x) is regular atc. But integrability of∇′ implies that
∂A/∂τi = ∂Bi/∂x, from which the assertion is clear. ��

We know from Proposition 2.17 that the restriction toC−D of an integrable
absolute connection of the form (3.1) pulls back from a unique invariant inte-
grable absolute connectionL→ L⊗Ω1

G onG = JD. More precisely, we fix a
basepointc0 ∈ (C −D)(K) and normalize our connection (3.1) to be trivial at
the basepoint by tensoring with a pullback from Spec(K).

We consider now the basic geometric picture of Deligne [3]

π : SymN(C −D)→ GN ; N = 2g − 2+
∑
i

mi(3.3)
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whereGN is theJD-torseur of degreeN line bundles trivialized alongD and
π(
∑
zi) = O(∑ zi) with trivialization given by restricting toD the canonical

(upto scalar inK) mapOC → OC(
∑
zi). Note thatN = deg(Ω1

C/K(D)) and
dimG = g − 1+∑

mi = N − g + 1. (Recall we assumeD %= ∅.) We identify
GN

∼= G by sending the point[O(Nc0)] !→ 0, and we writeL for the resulting
line bundle with connection onGN . The basic remark of Deligne is

Proposition 3.2. Assume

H 0
DR(C −D, (L,∇)) = H 2

DR(C −D, (L,∇)) = 0.

Then

(3.4) det(H ∗
DR(C −D, (L,∇)) = det(H 1

DR((C −D, (L,∇))))
∼= HN(SymN(C −D), (π∗(L,∇)))

as a line with connection onK.

Proof. Our hypotheses implyH 1
DR(C−D, (L,∇)) has dimensionN . Consider

the diagram

(C −D)N
p→ SymN(C −D)

↘ q ↓ π
GN

(3.5)

We haveq∗(L) ∼= L � · · · � L (exterior tensor product on(C − D)N . The
Künneth formula gives

HN((C −D)N, (L� · · ·� L,∇)) ∼= H 1
DR(C −D, (L,∇))⊗N.(3.6)

There is an action of the symmetric groupSN on the pair

((C −D)N,L� · · ·� L).

The resulting action on(H 1
DR)

⊗N is alternating because of the odd degree coho-
mology, so the invariants are precisely detH 1

DR. There is an evident map

(3.7) p∗ : HN
DR(Sym

N(C −D), π∗L)→ HN
DR((C −D)N,L� · · ·� L)SN

= detH 1
DR(C −D,L)

To show this map is an isomorphism, it suffices to remark that one has a trace
map

p∗ : HN
DR((C −D)N,L� · · ·� L)→ HN

DR(Sym
N(C −D), π∗L)(3.8)

BecauseL � · · · � L = p∗π∗L, the existence of such a trace follows from
the projection formula and the trace in de Rham cohomology with constant
coefficients. ��
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Now one uses the geometry of the mapπ and (3.4) to compute the determi-
nant.

Lemma 3.3. Let X be a smooth variety over a field of characteristic0. Let
A ⊂ X be a smooth subvariety of codimensionp. Let (E,∇) be an integrable
connection onX. Then

Hn
A(X,E ⊗Ω∗

X)
∼= Hn−2p(A,E ⊗Ω∗

A).(3.9)

Proof. Write Hr

A
(F ) for the Zariski sheaf associated to the presheafU !→

Hr
A(U, F ) for any Zariski sheafF on X. For F locally free,Hr

A
(F ) = (0)

for r %= p by purity. Duality theory gives (hereX ⊃ Aα ⊃ A runs through
nilpotent thickenings)

(3.10) E ⊗Ωm
A → Extp(OA,E ⊗Ω

m+p
X )→ lim−→ αExt

p(OAα , E ⊗Ω
m+p
X )

∼= Hp

A
(E ⊗Ω

m+p
X ).

We want to show that this map is an isomorphism, compatible with the connec-
tion, thus yielding a quasiisomorphism of complexes

E ⊗Ω∗
A → Hp

A
(E ⊗Ω∗

X).(3.11)

The problem is local, so we can assume

A ⊂ A1 ⊂ . . . ⊂ Ap = X

with Ai smooth of codimensionp − i in X. Now Hp

A
(E ⊗ Ω∗

X) represents
RΓ

A
(E ⊗ Ω∗

X)[p] in the derived category of Zariski sheaves onA, and in the
derived category we may write

RΓ
A
(E ⊗Ω∗

X)[p] = RΓ
A
[1] ◦ RΓ

A1
[1] ◦ . . . ◦ RΓ

Ap−1
(E ⊗Ω∗

X)[1]
(3.12)

In this way, we reduce to verifying (3.9) in the casep = 1. So, supposeA : t = 0
in X = Spec(R). We have

H 1
A
(E ⊗Ω∗

X)
∼= ER[t−1] ⊗Ω∗

R[t−1]/ER ⊗Ω∗
R(3.13)

asH 1
DR(X,E) ⊂ H 1

DR(X − A,E).

By [4], sinceE has no singularity alongt = 0, one has

(ER ⊗Ω∗
R(log(t = 0)),∇) q.iso.→ (ER[t−1] ⊗Ω∗

R[t−1],∇|SpecR[t−1])(3.14)

Thus res : H 1
A
(E ⊗Ω∗

X,∇)) → ER/tR ⊗ (Ω∗
R/tR[−1],∇|Spec(R/tR)) is an iso-

morphism. ��
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Lemma 3.4. Letp : GN → JN be the projection to the corresponding torseur
over the absolute jacobian. Write[Ω1

C/K(D)] ∈ JN for the point corresponding
to the canonical bundle twisted byO(D). Leta ∈ GN . We have

π−1(a) =


Ag−1 p(a) %= [Ω1

C/K(D)]
Ag p(a) = [Ω1

C/K(D)]; ∂(a) = 0

∅ p(a) = [Ω1
C/K(D)]; ∂(a) %= 0

(3.15)

where by definitionAg−1 = ∅ is g = 0. Note that ifp(a) = [Ω1
C/K(D)], thena

corresponds to a trivializationOD ∼= Ω1
C/K(D)|D defined upto scalar.∂(a) in

the above refers to the evident boundary of this trivialization inH 1(Ω1
C/K) = K

(again upto scale).

Proof. Let p(a) correspond to a line bundleM of degreeN , we consider the
exact sequence

0→ M(−D)→ M → M|D → 0(3.16)

Suppose firstM %= Ω1
C/K(D). ThenH 1(M(−D)) = (0), so any trivialization

in H 0(M|D) lifts to H 0(M), and the space of such liftings is a torseur under
H 0(M(−D)), a vector space of dimensiong − 1. (Note this is an affine torseur,
not a projective torseur.) IfM = Ω1

C/K(D),H 0(M(−D)) has dimensiong, and
the imageH 0(M)→ H 0(M|D) has codimension 1. ��
Remark 3.5.If we choose local parametersti at ci ∈ D, then

H 0(Ω1
C/K(D)|D)

can be identified with the space of polar parts of 1-forms with poles alongD,
and the map∂ is given by the residue

∂(
∑
i

mi−1∑
j=0

uijdti/t
mi−j
i ) =

∑
i

ui,mi−1(3.17)

Note the (open) condition for an element inH 0(Ω1
C/K(D)|D) to be a trivialization

is simply ∏
i

ui0 %= 0.(3.18)

BecauseB ⊂ GN , we must factor out by the action ofGm, which we can
normalize away by settingu10 = 1. Thus we have

(3.19) B := π(SymN(C −D)) ∩ p−1[Ω1
C/K(D)] ={∑

i

mi−1∑
j=0

uijdti/t
mi−j
i

∣∣∣ ∑
i

uimi−1 = 0;
∏
i

ui0 %= 0; u10 = 1
}
.
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DefineA := π−1(B) ⊂ SymN(C − D) =: X. Using the localization se-
quence and Lemma 3.4, we get an exact sequence

H
N−2g
DR (A/K, π∗L) −→ HN

DR(X/K, π
∗L) −→ HN

DR(X − A/K,π∗L)�∼= �∼=
H

N−2g
DR (B/K,L|B) HN

DR(GN − p−1[Ω1
C/K(D)]/K,L)

(3.20)

wherep : GN → JN with J = J (C) the absolute Jacobian. The fact that the
vertical arrows in this diagram are isomorphisms follows because the maps are
maps of affine space bundles and the line bundles with connection are pulled
back from the base.

To simplify the presentation, we will assume thatm1 ≥ 2. Another proof of
our formula for the de Rham determinant in the caseD = D = ∑

ci , (i.e. for
regular singular points) will be given in Theorem 4.6.

Lemma 3.6. Assume the line bundleL onC has degree0, and thatD isminimal,
i.e.∇ : L|D ∼= L⊗Ω1

C/K(D)|D. We continue to assume also thatD =∑
mici

withm1 ≥ 2. Then

H ∗
DR(Sym

N(C −D)− A/K,π∗L) = (0).(3.21)

Proof. The isomorphismon the right in (3.20) implieswemust showH ∗
DR(GN−

p−1[Ω1
C/K(D)]/K,L) = (0). The assumptionm1 ≥ 2 means we have aGa

action by translation onGN−p−1[Ω1
C/K(D)]/K,L, andminimality ofD implies

that the connection is nontrivial on the fibres. The fibration is Zariski-locally
trivial, so the Leray spectral sequence for de Rham cohomology reduces us
to showingH ∗

DR(Ga,S/S, (O, Ξ)) = (0) whereΞ is an everywhere non-zero,
translation invariant, relative 1-form onOGa,S

. In other words, fors ∈ O×
S we

must show

OS[t] d+sdt−→ OS[t]dt(3.22)

has trivial cohomology. This is straightforward. ��
Lemma 3.7. AssumeH 0

DR(C −D,L) = (0). Then

Hm−2
DR (B/K,L|B) ∼= HN

DR(Sym
N(C −D)/K, π∗L) ∼= K(3.23)

as a line with a connection overK.

Proof. Notem − 2 = N − 2g. Extending the top sequence in (3.20) one step
to the left and using the previous lemma gives the left isomorphism. We have
already seen the isomorphism on the right. ��
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Our task now is to calculateHm−2
DR (B/K,L|B) with its connection. We as-

sume thatL ∈ Pic0(J ) as in Lemma 3.6. ThenL carries a relative invariant
connectiond/K on J , and∇/K = d/K + Ξ for some invariant formΞ ∈
H 0(G,Ω1

G/K)
inv. Changing the choice ofd/K changesΞ toΞ + p∗(α), where

α ∈ H 0(J,Ω1
J/K)

inv andp : GN → JN is the torseur under the affine group
G := ker(G → J ). In particular,Ξ |p−1[Ω1

C/K(D)] does not depend on the
choice ofd/K . Asp−1(Ω1

G/K(D)) is isomorphic toG, and we see that
(L,∇/K)|B = (OB, d +Ξ |B).(3.24)

We say thatΞ |B vanishes at a pointb ∈ B if Ξ(b) = 0 inmb/m
2
b.

Lemma 3.8. Let b ∈ B ⊂ GN correspond to the trivialization onΩ1
C/K(D)|D

given by∇|D : L|D → L⊗Ω1
C/K(D)|D. ThenΞ |B vanishes atb.Ξ |B does not

vanish at any other point ofB.

Proof. Let us writeη := i∗Ξ |C − D, wherei : C − D → G is the cycle
map. Then by definition, the trivialization ofΩ1

C/K(D)|D associated toi∗(L,∇)
depends only onη|D, or equivalently only onΞ |p−1[Ω1

C/K(D)]. We have

π∗Ξ =
N∑
i=1

ηi(3.25)

whereηi is the pullback ofη via thei-th projection(C −D)N → C −D.
Suppose for amoment that thedivisor ofη (viewedasasectionofΩ1

C/K(D)) is
reduced,(η) =∑

ei; ei ∈ (C−D)(K̄). Lete := (e1, · · · , eN) ∈ SymN(C−D)
be the point corresponding toη.We havee ∈ A = π−1(B) ⊂ SymN(C−D) and
b = π(e). SinceA→ B is a projective bundle, there is a surjection on tangent
spaces

TA(e) ↪→ TSymN(C−D)(e)
surjective↓ ↓ π∗

TB(b) ↪→ TGN
(b)

(3.26)

SinceTSymN(C−D)(e) is spanned by expressions
∑
τi |ei , to showΞ |B vanishes

atb, it suffices to show

< Ξ,π∗(
∑

τi |ei ) >= 0.(3.27)

This expression equals

< π∗(Ξ),
∑

τi |ei >=
∑

< η, τi |ei > .(3.28)

Each term on the right vanishes becauseη(ei) = 0 inmei /m
2
ei
. The general case

((η) not necessarily reduced) follows from this by a specialization argument.
We postpone until Lemma 3.10 the proof thatΞ |B doesn’t vanish at any other

point ofB. ��
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By assumption we start with an absolute, invariant, integrable connection on
L of degree 0 onJ . Restricting toB, we get an absolute closed invariant 1-form
Ψ , whose corresponding relative form isΞ . Recall (3.19) we have coordinates
uij onB with u10 = 1,

∏
ui0 %= 0, andu1,m1−1 = −

∑
i≥2 ui,mi−1.

Lemma 3.9. Under the assumption that

{i∗∇/K : i∗L→ i∗L⊗Ω1
C/K(D)} → {j∗i∗L|(C −D)→ j∗i∗L⊗Ω1

(C−D)/K}
is aquasiisomorphism,andi∗∇/K haspolesalongall points ofD,wecanarrange
that aK-basis for

Hm−2
DR (B/K,L|B) = Hm−2

DR (B/K, (OB, d +Ξ))

is given by the closed form

θ :=
∏
(i,j)
mi≥2

duij ∧
∏
i

mi=1

dui0

ui0
(3.29)

Proof. Recall (2.27) the relative invariant forms onG := ker(G → J ) are the
τij defined by the expression

mi−1∑
j=0

τijT
j

i =
(∑

j

uijT
j

i

)−1∑
j

duijT
j

i .(3.30)

Write

Ξ =
∑
i,j

λij τij ; λi,mi−1 %= 0(3.31)

where the nonvanishing condition comes from the requirement that the form
restricted toC−D givesa trivializationalongD (see (2)). Ifwewrite ( modT mi

i )

(
ui0+ ui1Ti + . . .+ ui,mi−1T

mi−1
i

)−1 = νi0+ νi1Ti + . . .+ νi,mi−1T
mi−1
i

(3.32)

we get the table

τi0 = νi0dui0(3.33)

τi1 = νi0dui1+ νi1dui0

...

τi,mi−1 = νi0dui,mi−1+ . . .+ νi,mi−1dui0
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Note if we giveuij , duij , νij all weight j , thenτij will be homogeneous of
weight j . Comparing (3.33) and (3.31), it follows that if we expandΞ |B in
terms of theduij , omittingdu10 anddu1,m1−1, we find for suitableαij %= 0

(3.34) Ξ |B =
∑
i

gij duij =
∑
i,j

[
(αi,mi−1u

−1
i0 − α1,m1−1)dui,mi−1+

u−1i0
mi−2∑
p=0

(
αip

ui,mi−1−p
ui0

+
∑

terms at least quadratic in
uik

ui0

)
duip

]
Looking at the weights, we see that forp ≤ mi − 2

(3.35) gip = nonzero multiple of
ui,mi−p−1
ui0

+
terms only involvinguij , j < mi − p − 1

while

gi,mi−1 = αi,mi−1u
−1
i0 − α1,m1−1(3.36)

with neitherα coefficient 0.
Now generators ofHm−2

DR (B, (O, d +Ξ)) are of the formMθ whereM is a
monomial in theuij , u

−1
i0 andθ is as in (3.29). Relations are( ∂

∂uij
+ gij

)
(M)θ = 0(3.37)

Because of (3.35) one can use these relations to eliminateuij , j > 0 fromM

by downward induction onj , starting fromui,mi−1. We are left with the case
M = u

n2
2,0 · · · unrr,0 with ni ∈ Z. In this case we can apply (3.36). Ifmi ≥ 2, we

get the relation

u
n2
2,0 · · · unrr,0θ ≡

αi,mi−1
α1,m1−1

u
n2
2,0 · · · uni−1i,0 · · · unrr,0θ(3.38)

Using this, we can getni = 0. If mi = 1 andi ≥ 2 the relation becomes

u
n2
2,0 · · · unrr,0θ ≡

ni + αi,0

α1,m1−1
u
n2
2,0 · · · uni−1i,0 · · · unrr,0θ(3.39)

If αi,0 is not a positive integer, we can arrangeni = 0.
On the other hand, we claim that ifmi = 1, thenαi0 is the residue ofi∗∇

alongci . Indeed (2.27) shows that in this case,τi0 = d logui0, andui0 is then
just the local parameter in the pointci (see (2.26)). Thus the quasiisomorphism

(3.40) {i∗∇/K : i∗L→ i∗L⊗Ω1
C/K(D)} → {j∗i∗L|(C −D)

→ j∗i∗L⊗Ω1
(C−D)/K}

forcesai not to lie inN− {0}. ��
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The following was left open in the proof of Lemma 3.8:

Lemma 3.10. LetΞ = ∑
i,j λij τij be as in Lemma 3.8. ThenΞ vanishes at a

unique pointb ∈ B.
Proof. We have seen in the proof of Lemma 3.8 thatΞ vanishes at a point inB.
We must show it vanishes at at most one point. Letb = (. . . , bij , . . . ) ∈ B be a
point.Writeb = (. . . , yij , . . . )with respect to the coordinatesνij (3.32). Staring
at (3.33), the conditions thatΞ |b = 0 are seen to be (recall

∑
i dui,mi−1 = 0 =

du10) for i ≥ 2

λi,mi−1yi1+ λi,mi−2y10 = 0(3.41)

λi,mi−1yi2+ λi,mi−2yi1+ λi,mi−3yi0 = 0
...
...

λi,mi−1yi,mi−1+ λi,mi−2yi,mi−2+ . . .+ λi,0yi0 = 0

Fori = 1 one gets the same list but with the last line (coefficient ofdui0) omitted.
Finally, usingν10 = 1 anddu1,m1−1 = −

∑
i≥2 dui,mi−1 one gets

λ1,m1−1 = yi0λi,mi−1; 2 ≤ i ≤ r(3.42)

Sinceλi,mi−1 %= 0, equations (3.41) and (3.42) admit a unique solution for the
yij . Since we knowΞ vanishes at at least one point ofB, this point must lie in
B. ��

Finally, we must calculate the Gauß-Manin connection on

Hm−2
DR (B, (OB, d +Ξ))

DefineΨ to be an absolute invariant form liftingΞ . By assumption our connec-
tion onC −D comes from an absolute integrable connection which, by Propo-
sition 2.17, comes from an absolute integrable connection onG. Restricting this
connection toB gives ourΨ .

Lemma 3.11.With notation as above, there existsF ∈ OB, η ∈ Ω1
K , and

ai ∈ k, i ≥ 2, such that

Ψ =
r∑
i=2

ai
dui0

ui0
+ dF + η.(3.43)

If moreover∇ is integrable, thenη is closed.
Proof. SinceΞ is (relatively) closed onB, one can write

Ξ =
∑
i≥2

ai
dui0

ui0
+ d/KF ; ai ∈ K.(3.44)
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Lifting to an absolute form forces

Ψ =
∑
i≥2

ai
dui0

ui0
+ dF +

∑
j

fjηj ; fj ∈ OB, ηj ∈ Ω1
K.(3.45)

Here theηj are linearly independent inΩ1
K . UsingdΨ = 0 moduloΩ2

K ⊗ OB

and taking residues alongui0 = 0 yieldsai ∈ k ⊂ K. Then computingdΨ
modOB ⊗Ω2

K yields

0=
∑
j

d/Kfj ⊗ ηj ∈ Ω1
B/K ⊗Ω1

K.(3.46)

It follows thatfj ∈ K, soη :=∑
fjηj ∈ Ω1

K . Takingd again showsη is closed
if ∇ is integrable. ��

Wenow compute theGauß-Manin connection.We have the diagramof global
sections

Ωm−2
B/k −−→

onto
Ωm−2
B/K
d+Ψ

Ωm−2
B/K ∧Ω1

K −→∼=
Ωm−1
B/k

Ωm−3
B/k ·Ω2

K

(3.47)

The connection is determined by its value onθ (3.29). To calculate, one lifts
θ to θ̃ ∈ Ωm−2

B/k and then appliesd + Ψ . But for θ̃ one can choose the form with
the same expression (3.29). This form is closed, so

∇GM(θ) = Ψ ∧ θ = (dK(F )+ η) ∧ θ(3.48)

Here we writeF =∑
I aIu

I , ai ∈ K anddK(F ) :=∑
daIu

I .
Let b ∈ B be the point corresponding to the trivialization ofΩ1

C/K(D) given
by the polar part of the original relative connection. It really lies inB since we
have assumed that degL = 0.

Lemma 3.12.With notation as above, the Gauß-Manin connection on the rank
1K-vector space

Hm−2
DR (B, (O, d +Ξ))

described by(3.48)is isomorphic to the connection onK given by

1 !→ Ψ |b + 1

2
d log(κ)

for a suitableκ ∈ K×.
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Proof. Wehave seen (Lemma3.8) that this pointb is determined by the condition
thatΞ(b) = 0 ∈ mB,b/m

2
B,b. ChangingΨ by a closed form pulled back fromK

changes the Gauß-Manin connection and the connection atb in the same way,
so we can assumeη = 0, i.e.Ψ =∑

ai
dui0
ui0
+ dF . Write

gij =
{

∂F
∂uij

j > 0
∂F
∂ui0

+ ai/ui0 j = 0.
(3.49)

Write F =∑
I aIu

I . Then

Ψ =
∑

gijduij +
∑
I

uI daI ; Ψ ∧ θ =
∑
I

uI daI ∧ θ(3.50)

We have

gij (b) = 0, j < mi − 1; gi,mi−1(b) = gk,mk−1(b); all i, k.(3.51)

Since
∑

i dui,mi−1|B = 0, we see from (3.51) that

Ψ |{b} =
∑
I

bI daI(3.52)

Thus, it will suffice to relateuIθ andbI θ in Hm−2
DR . Note that each monomialuI

involvesuij for only one value ofi, and the weight ofuI is ≤ mi − 1 (see the
discussion after (3.33)).

Suppose first the weight ofuI is strictly less thanmi − 1. Letj be maximal
such thatuij appears inuI . From (3.35) it follows that

gi,mi−1−j = αi,mi−1−j
uij

u2i0
+ terms involving onlyuik; k < j.(3.53)

Hereαi,mi−1−j %= 0.DefineuL = uIu2i0u
−1
ij .Note theweight ofu

L is< mi−1−j ,
so inHm−2

DR we have (compare (3.37))

(3.54) uIθ = (uI − α−1i,mi−1−j (
∂

∂ui,mi−1−j
+ gi,mi−1−j )u

L)θ =
(uI − α−1i,mi−1−jgi,mi−1−ju

L)θ = σI θ

whereσI is a sumof termsofweights< |I |and termsofweight|I |only involving
ui0, . . . , ui,j−1. Note thatbI = σI (b) becausegi,mi−1−j (b) = 0. In this way we
reduce to the caseuI = u

p

i0. Our assumption on the weight impliesmi ≥ 2, so

(
∂

∂ui,mi−1
+ gi,mi−1)u

p

i0 = gi,mi−1u
p

i0.(3.55)

Together with (3.35) andgij (b) = 0, this enables us to reduce top = 0.
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Suppose now the weight ofI is mi − 1. If mi ≥ 2 we can use the above
argument, except in the caseuI = uijui,mi−1−ju

−2
i0 . Here there are two subcases.

If j %= mi − 1− j , theαi,mi−1−j in (3.54) isaI in the expansionF =
∑

I aIu
I ,

so

uIdaI ∧ θ = (bIdaI + daI

aI
) ∧ θ.(3.56)

This completes the proof in this case because the connectionsbIdai andbIdaI +
d log(aI ) are isomorphic. If, on the other hand,mi is odd andj = mi−1

2 , the
monomialuI = u2ij u

−2
i0 anddF contains the term 2aIuijduij . Thus, from (3.53)

we concludeα
i,
mi−1
2
= 2aI . The lefthand identity in (3.54) yields in this case

uIdaI ∧ θ = (bIdaI + 1

2
d logaI ) ∧ θ.(3.57)

In the statement of the lemma, we takeκ to be the product of the corresponding
aI .

Suppose finallymi = 1. In this case∂F
∂ui0

= 0, so the correspondingaI = 0
and by (3.52) this term contributes nothing toΨ |{b}. Similarly, by (3.50) there is
no contribution toΨ ∧ θ . ��

We give two interpretations of the 2-torsion term12d log(κ) occurring in the
previous lemma.

Definition 3.13. Letσ be a closed1-form relative toK on

Spec(K[[t1, . . . , tN ]]).
Assumeσ(0) = 0 ∈ m/m2. Writeσ = dh with h(0) = 0, soh = h2+ h3+ . . .

withhi homogeneousof degreei. If h2 is nondegenerate,wemaydefinedisc(σ) =
discriminant(h2) ∈ K×/K×2. This is well-defined independent of the choice of
parameters.

Theorem 3.14.The Gauß-Manin connection onHm−2
DR/K(B, (O, d +Ξ)) is iso-

morphic to

(d + Ψ )|{b} + 1

2
d log(disc(Ξ |ÔB,b

)).

(In particular, the quadratic term inh = ∫
Ξ |ÔB,b

is non-degenerate.)

Proof. First we collect some facts aboutΞ = ∑
i,j λij τij =

∑
gijduij . We

haveu1,0 = 1 andνi,0 = u−1i,0 . It follows from (3.33) of the paper thatu1,m1−1
does not appear in the expression forΞ anddu1,m1−1 only appears with constant
coefficient. Restricting toB : u1,m1−1 = −∑

i≥2 ui,mi−1 thus has the effect
of surpressing the term indu1,m1−1 and changing the coefficientsgi,mi−1 by a
constant fori ≥ 2. Expressed in this way, it follows that the coefficient ofduij
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in Ξ |B involves only monomials inuip for the samei. Givinguij andduij both
weightj , the terms ingijduij all have weight≤ mi−1. It follows from formulas
(3.34)-(3.36) that, writingUij = uij − bij soUij (b) = 0, we may write

Ξ |B =
∑

Gij (U)dUij .

HereGij (0) = 0. givingUij anddUij weightsj , all terms with first indexi have
weights≤ mi − 1. All terms of the form

UijdUi,mi−1−j , 0 ≤ j ≤ mi − 1, i ≥ 2 (resp.i = 1, 1≤ j ≤ m1− 2)

occurwith nonzero coefficient. Notice that replacinguij withUij+bij introduces
monomials of lower degree, but these have weight< mi − 1.

It follows that disc(Ξ |ÔB,b
) is the determinant of a matrix

M =


M1 0 . . . . . . 0
0 M2 0 . . . 0
...

...
...

...
...

0 0 . . . . . . Mr


whereMi is symmetric,mi ×mi (resp.(m1− 2)× (m1− 2)), and has the shape

. . . . . . . . . . . . •

. . . . . . . . . • 0

. . . . . . • 0 0
...

...
...

...
...

• 0 . . . . . . 0


with the entries• non-zero.

Mod squares, det(Mi) is 1 if mi is even, and is given by

1

2
· coefficient of(U

i,
mi−1
2
dU

i,
mi−1
2
)

if mi is odd. Writing

Ψ |B =
∑

ai
dui0

ui0
+ dF(3.58)

as just above (3.49) withF =∑
aIu

I we find

1

2
d log disc(Ξ |ÔB,b

) = 1

2

∑ daI

aI
= 1

2
d log(κ).

(The sum on the right is over allI such thatuI = (u
i,
mi−1
2
)2.) ��
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Another interpretation of the 2-torsion is the following. As in (2.25) forsi
a local parameter atci ∈ D and ti another copy ofsi (so si − ti is a local
defining equation for the diagonal in(C × C), the pullback ofuip toK((si)) is
the coefficients−(p+1)i of tpi in (si − ti)

−1. It follows from (3.30) that

τij pulls back to
−dsi
s
j+1
i

.(3.59)

Write thepolar part of the connectionatsi = 0 in the form(g0+g1si+. . . ) dsi
s
mi
i

.

SinceΞ =∑
i,j λij τij pulls back to this connection form, we getg0 = −λi,mi−1.

On the other hand, again from (3.30) the coefficient ofu−2i,0ui,mi−12
du

i,
mi−1
2

in Ξ

is−λi,mi−1 if mi is odd. This coefficient is the contribution to disc(Ξ |OB,b
) from

the pointci ∈ D, so we conclude

Theorem 3.15.Write the relative connection atci ∈ D in the form (gi,0 +
gi,1si + . . . ) dsi

s
mi
i

. Then the Gauß-Manin connection onHm−2
DR/K(B, (O, d + Ξ))

is isomorphic to

(d + Ψ )|{b} +
∑
i

mi

2
d log(gi,0(0)).

Definition 3.16. With notation as above, write

τ(L) =
∑
i

mi

2
d log(gi,0(0)).

To summarize, we have proven

Theorem 3.17.Let C/K be a complete smooth curve of genusg over a field
K ⊃ k. Let∇/K : L→ L⊗Ω1

C/K(D) be a connection, such that(
L→ L⊗Ω1

C/K(D)
)
→

(
j∗L|(C −D)→ j∗L⊗Ω1

C/K |(C −D)
)

is a quasiisomorphism. This implies that the divisorD is minimal such that
∇|C−D extends with values inΩ1

C/K(D) (see Sect. 4,(4.2)). We also assume that
L has degree 0, and that the connection onL|C−D lifts to an integrable, absolute
(i.e./k) connection∇̃. Then

∇|D : L|D → L⊗Ω1
C/K(D)|D(3.60)

is anOD-linear isomorphism and determines a trivialization of

Ω1
C/K(D)|D

Write JD for the generalized jacobian andJD,N for the torseur of divisors of
degreeN := 2g − 2 + degD. The above trivialization corresponds to aK-
point b ∈ JD,N . Write πN : (C − D)N → JD,N for the natural map, and let
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(LN, ∇̃N) be the evident bundle and absolute connection on(C − D)N . Then
there exists a unique invariant, absolute connection(L, Φ) on JD,N such that
π∗N(L, Φ) = (LN, ∇̃N). Moreover, we have

(
det(H ∗

DR(C −D, (L,∇)),∇GM
)−1 ∼= (L, Φ)|{b} + τ(L)(3.61)

whereτ(L) is as in Definition 3.16.

Remark 3.18.2-torsion also occurs in the determinant of de Rham cohomology
for the trivial connection [2]. By virtue of the following lemma this can only
happen when the variety has even dimension.

Lemma 3.19. LetX/K be a smooth projective variety of odd dimensionn =
2m+1overa functionfield in characteristic0.Then theGauß-Manindeterminant

det(HDR(X/K), d)

is trivial in Ω1
K/d logK

∗.

Proof. The strong Lefschetz theorem identifies the determinant connections on
H

p

DR andH 2n−p
DR so we need only consider the connection on detHn

DR. As well
known, the Poincar´e duality morphism

ϕ : Hn
DR(X/K)⊗Hn

DR(X/K)→ H 2n
DR(X/K) = K

is compatiblewith theGauß-Manin connection,which is trivial onH 2n
DR(X/K) =

K. On the other hand, it is alternating, thus its determinant

det(ϕ) : det(Hn
DR(X/K))⊗ det(Hn

DR(X/K))→ K

fulfills

det(ϕ)(e ⊗ e) = p2 · 1
wherep ∈ K∗ is the Pfaffian of the determinant ofϕ, written in the basise. Thus
if ∇(e) = α ⊗ e, one has

det(ϕ)(∇(e ⊗ e)) = 2αp2 · 1= 2pd(p) · 1.

Thusα = d logp and the determinant of the Gauß-Manin connection is trivial.
��
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4. Product and trace

In this section, we introduce a product which is reminiscent of Deligne’s product
explained in [5].

We keep the notations of Sects. 2 and 3 forC/K, (L,∇), j : U = C−D→
C,D =∑

mici , andD′ = D −D. Further,

∇ : L→ L⊗Ω1
U(4.1)

is an absolute connection with vertical curvature∇2(L) ⊂ L ⊗ Ω2
K ⊗ K(X).

Let∇/K : L→ L⊗Ω1
C/K(D) be an extension of(L,∇/K) such that

{L→ L⊗Ω1
C/K(D)} → {j∗L→ j∗L⊗Ω1

U/K}(4.2)

is a quasiisomorphism. We assume∇/K has a pole at everyci ∈ D. Note this
implies that∇/K does not factor throughΩ1

C/K(D − ci) for any i. Indeed, by
assumption, the complex

j∗L/L→ (j∗L/L)⊗Ω1
C/K(D)(4.3)

is acyclic. Takee a local basis ofL at ci andz a local parameter, and suppose
the connection can be written locally as∇/Ke = a(z)dz/zm−1e with m = mi .
Then∇/K(z−1e) = (a(z)dz/zm − z−2dz)e. The assumption that∇/K does have
a pole atci implies thatm ≥ 2, soz−1e would represent a nontrivial element in
H 0 of the complex (4.3), a contradiction.

By Lemma3.1weknow that the verticality condition implies that the absolute
connection extends as

∇ : L→ L⊗Ω1
C〈D〉(D′).(4.4)

From now on, we fix such a(L,∇).
Aswehaveseen, themapL|D → L⊗Ω1

C/K(D)|D is function linear. Since the
connection does not factor through lower order poles, this gives a trivialization
(denoted triv(∇)) of Ω1

C/K(D)|D. We have

(c1(Ω
1
C/K(D)), triv (∇)) ∈ H1(C,O∗

C → O∗
D)(4.5)

(L,∇) ∈ H1(C,O∗
C → Ω1

C〈D〉(D′)).

The aim of this section is to define a product

∪ : H1(C,O∗
C → O∗

D)×H1(C,O∗
C → Ω1

C〈D〉(D′))
→ H2(C,K2→ Ω2

C)(4.6)

HereK2 is the Milnor sheaf associated toK2, and the mapK2 → Ω2
C is the

d log map{a, b} !→ da
a
∧ db

b
. For a more detailed study of characteristic classes
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for connections defined in the hypercohomology of such complexes, the reader
is referred to [7]. In addition, we will define a trace

Tr : H2(C,K2→ Ω2
C)→ Ω1

K/d logK
∗(4.7)

We write

A · B := Tr(A ∪ B)(4.8)

so for example

(4.9) (c1(Ω
1
C/K(D)), triv (∇)) · (L,∇) :=

Tr ((c1(Ω
1
C/K(D)), triv (∇)) ∪ (L,∇))

LetO∗
C,D = Ker (O∗

C → O∗
D). Then

Lemma 4.1. d logO∗
C,D ∧Ω1

C〈D〉(D′) ⊂ Ω2
C

Proof. SinceO∗
C,D ⊂ 1+ ID, whereID is the ideal sheaf ofD,

d logO∗
C,D ⊂ OCdID ⊂ Ω1

C(∗D).
Also one hasdID ⊂ ID ⊗OC

Ω1
C〈D〉. Thus

d logO∗
C,D ∧Ω1

C〈D〉(D′) ⊂ ID ⊗OC
Ω2
C〈D〉 ⊂ Ω2

C.

��
We define∪ by

O∗
C,D ∪O∗

C → K2(4.10)

(λ, c) !→ {λ, c}
O∗
C,D ∪Ω1

C〈D〉(D′)→ Ω2
C

(λ, ω) !→ d logλ ∧ ω.
Concretely, we can write the product in terms of Cech cocyles. HereCi refers to
Cech cochains,δ is the Cech coboundary, andd is a boundary in the complex:

(λij , µi) ∈ (C1(O∗
C)× C0(O∗

D))d−δ
(cij , ωi) ∈ (C1(O∗

C)× C0(Ω1
C〈D〉(D′))d−δ

one has

(λ, µ) ∪ (c, ω) = ({λij , cjk}, d logλij ∧ ωj ,−d log µ̃i ∧ ωi)(4.11)

∈ (C2(K2)× C1(Ω2
C〈D〉(D′))× C0(Ω2

C〈D〉(D′)/Ω2
C))d+δ

whereµ̃i ∈ C0(O∗
C) is a local lifting ofµi . Note we have replaced the complex

K2→ Ω2
C with the quasiisomorphic complex

K2→ Ω2
C〈D〉(D′)→ Ω2

C〈D〉(D′)/Ω2
C.
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Proposition 4.2. The product∪ extends to
∪ : H1(C,O∗

C → O∗
D)×H1(C, j∗O∗

U → Ω1
C〈D〉(D′))

→ H2(C,K2→ Ω2
C).

Proof. The map

H1(C,O∗
C → Ω1

C〈D〉(D′))→ H1(C, j∗O∗
U → Ω1

C〈D〉(D′))

is surjective, and its kernel is theZ-module generated by(O(Di), di) wheredi
is the connection with logarithmic poles alongDi with residue -1. Letz1 be a
local coordinate aroundc1. LetUi be a Cech covering ofC, with c1 ∈ U1 ⊂ V1,
andc1 /∈ Ui, i %= 1. Assumec1 is the only zero or pole ofz1 onU1. Let

(λ, µ) ∈ H1(C,O∗
C → O∗

D)

be a Cech representative of a class inH1(C,O∗
C → O∗

D). Then(cij , ωi) with
c1j = z−11 , cij = 1 for i %= 1, ω1 = −d logz1, ωi = 0 for i %= 1 is a Cech
representative of(O(D1), d1). Thus consideringZ ∈ C0(OC[z−11 ]∗) with Z1 =
z1 andZi = 1 for i %= 1, the cocyle of (4.7) is just the coboundary

(d − δ)({λij , Zj }, d log µ̃i ∧ d logZi) ∈ (d − δ)(C1(K2)× C0(Ω2
C〈D〉(D′)).

(NoteZj is invertible onUij for i %= j so theK2-cochain is defined.) ��
Now we define the trace. We have (with standardK-theoretic notation, [1])

H 2(C,K2) = 0(4.12)

Nm : H 1(C,K2) = {⊕x∈C(1)κ(x)∗}/Tame(K2(K(C)))→ K∗∑
x

ϕx !→ ΠxNm (ϕx)

and of courseH 1(C,Ω2
C) = Ω1

K ⊗H 1(C,Ω1
C/K) = Ω1

K . This defines

Tr : H2(C,K2→ Ω2
C) = H 1(C,Ω2

C)/H
1(C,K2)→ Ω1

K/d logK
∗.(4.13)

Lemma 4.3. The trace

Tr : H2(C,K2→ Ω2
C) = H2(C,K2→ Ω2

C〈D〉(D′)→ Ω2
C〈D〉(D′)/Ω2

C)

→ Ω1
K/d logK

∗

factors through

H2
(
C,K2→ Ω1

K ⊗Ω1
C/K(D)→ Ω1

K ⊗ (Ω1
C/K(D)/Ω1

C/K)
)

(4.14)

∼= Ω1
K/d logK

∗

∼= Ω1
K ⊗K H

0(D, ωD/K)/H
1(C,K2→ Ω1

K ⊗Ω1
C/K(D))

whereωD/K is the relative dualizing sheaf of the schemeD, containingK ∼=
ωD/K .
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Proof. Note that

Ω1
K ⊗K Ω

1
C/K(D) ∼= Ω2

C〈D〉(D′)/(Ω2
K ⊗OC(D′))

so the complex in (4.14) is indeed a quotient. From the diagram

K2 K2
 

0 −→ Ω1

K ⊗Ω1
C/K −→ Ω1

K ⊗Ω1
C/K(D) −→ Ω1

K ⊗ (Ω1
C/K(D)/Ω1

C/K) −→ 0

one deduces that the left hand side of (4.14) is isomorphic to

H2(C,K2→ Ω1
K ⊗Ω1

C/K)
∼= coker(H 1(C,K2)→ Ω1

K ⊗H 1(C,Ω1
C/K)).

The right hand side here is identified under the norm withΩ1
K/d logK

∗, which
proves the second equality. The third one comes from the map

Ω1
K ⊗ ωD/K [−2] → {K2→ Ω1

K ⊗Ω1
C/K(D)→ Ω1

K ⊗ ωD/K}
and the vanishing ofH2(K2Ω

1
K ⊗ Ω1

C(D)). Note that this cumbersome way
of writing this cohomology allows to write local contribution of a class in this
cohomology group. ��

The first main result of this section is the following

Theorem 4.4. Let (L,∇) and (L′,∇′) be two extensions of the vertical con-
nection(L,∇) onU as above satisfying the quasiisomorphism condition(4.2).
Then, with notation as in(4.10),

((c1(Ω
1
C/K), triv ∇) · (L,∇)) = ((c1(Ω

1
C/K), triv ∇′) · (L′,∇′)).

Proof. The quasiisomorphism condition is local about each point ofD, so we
may assume our line bundles areL(νc) ⊂ L for someν < 0 andc ∈ D.

Choose local coordinateszi nearci and a Cech coveringUi of C such that
ci ∈ Ui , zi ∈ O∗(Ui − ci), ci /∈ Uj for i %= j . Let us denote by

(c1(Ω
1
C/K), zi) ∈ H1(C,O∗

C → O∗
D)

the class defined by the local trivialization

dzi

z
mi
i

: Omici → Ω1
C/K(D)⊗Omici .

Let (L,∇) = (cij , ωi). Thenωi = ai
dzi

z
mi
i

+ bi

z
mi−1
i

, with ai ∈ OC such that

ai |mici ∈ O∗
mici

andbi ∈ Ω1
K ⊗ OC. Supposec = ci . We drop the indexi for

convenience. One has

((c1(Ω
1
C/K), triv ∇) · (L,∇)) =(4.15)
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(c1(Ω
1
C/K), z) · (L,∇)+

(
0,0,−d log(a) ∧ (a dz

zm
+ b

zm−1
)
)
.

where the last term is a cocycle as in (4.12) or the quotient complex (4.17). For
(L(νc),∇(νc)) one replacesa by a − νzm−1, leavingb andm unchanged.

By Proposition 4.2, one has

(c1(Ω
1
C/K), z) · (L,∇) = (c1(Ω

1
C/K), z) · (L(νc),∇(νc))

Thus

((c1(Ω
1
C/K), triv ∇) · (L,∇))− ((c1(Ω

1
C/K), triv ∇′) · (L′,∇′))

=
(
0,0, (d(a − νzm−1)− d(a)) ∧ dz

zm
+ d log(

a − νzm−1

a
) ∧ b

zm−1
)

=
(
0,0,

ν(m− 1)d logz ∧ b
a

(1− ν z
m−1
a
)

)
.

The nontrivial part in the last expression is computed in

H 0(Ω2
C〈c〉/Ω2

C)
∼= Ω1

c .

Computing using the residue atc we find the above difference is(
0,0, ν(m− 1)

b(c)

a(c)

)
The verticality condition for the curvature reads

da ∧ dz

zm
+ db

zm−1
− (m− 1)

dz

zm
∧ b = 0 ∈ Ω1

K ⊗Ω1
C/K(D).

In particular,(da − (m − 1)b)|c = 0. The difference of the two products is
therefore(0,0, d logaν), which vanishes inΩ1

K/d logK
∗. ��

Remark 4.5.A version of the formula (4.15) in higher rank plays a central role
in Sect. 5.

Suppose now

mi = 1 for all i.(4.16)

In this case, the class(c1(Ω1
C/K(D), zi) ∈ H1(C,O∗

C → O∗
D) as defined in the

proof of Theorem4.4 does not in fact depend on the choice of the local coordinate
zi . Indeed, the trivialization

OD → (Ω1
C/K(D)/Ω

1
C/K = OD),1 !→ dzi

zi

is just the canonical identification given by the residue alongci . In other words,
the class(c1(Ω1

C/K(D), zi) is what is denoted by(c1(Ω
1
C/K(D), resD) in [2], and

appears on the right hand side of the Riemann-Roch formula. The second main
result of this section is
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Theorem 4.6. Let (L,∇) be as above, withmi = 1 for all i. Then

det
(
H ∗
DR(U,L)), Gauß - Manin connection

)
=

− c1

(
Ω1
C/K(D), triv∇

)
· (L,∇).

Proof. Given the main result of [2], and Lemma 3.19, the theorem is of course
equivalent to

c1(Ω
1
C/K(D), resD) · (L,∇) = c1(Ω

1
C/K(D), triv ∇) · (L,∇).(4.17)

Keeping the same notations as in the proof of Theorem 4.4, one has

c1(Ω
1
C/K(D), resD)− c1(Ω

1
C/K(D), triv ∇) = (0, ai)

and thus

(c1(Ω
1
C/K(D), resD)− c1(Ω

1
C/K(D), triv ∇)) · (L,∇) =

(0,0,−d(ai) ∧ d logzi − d logai ∧ bi) =
(0,0,−d(ai) ∧ d logzi).

This lies inΩ1
K⊗ωD/K = Ω1

K and by Lemma 4.3, its trace factors throughΩ1
K⊗

H 1(C,Ω1
C/K). But the image ofγ =

∑
i aid logzi ∈ ωD/K in H 1(C,Ω1

C/K) is
the relative Atiyah class at/K(L) ([6], appendix B), thus the image ofdγ =∑

i d(ai) ∧ d logzi ∈ Ω1
K ⊗ ωD/K in Ω1

K ⊗ H 1(C,Ω1
C/K) is d(at(L)), where

at(L) ∈ H 1(C,Ω1
C) is the absoluteAtiyah class ofL. Indeed,d : H 1(C,Ω1

C)→
Ω1
K⊗H 1(C,Ω1

C/K) factors throughH
1(C,Ω1

C/K)byHodge theory.On theother
hand, ifcij ∈ C1(O∗

C) is a cocyle forL, thend logcij ∈ C1(Ω1
C) is a cocyle for

at(L), and consequently,d(at(L)) = 0. ��
Wewant to explain brieflya fundamental compatibility satisfiedby thepairing

(4.8). Letb = ∑
bi be a 0-cycle onC with support disjoint fromD, and let

∇ : L → L ⊗Ω1
C < D > (D′) be an absolute, integrable connection. We can

interpret∇|bi ∈ Ω1
K(bi)

/d logK(bi)∗.

Proposition 4.7.With notation as above, let[b] ∈ H1(C,O∗
C → O∗

D) be the
class of the0-cycleb. Then

[b] · (L,∇) =
∑
i

TrK(bi)/K(∇|bi ) ∈ Ω1
K/d logK

∗.

Let (L0,∇0) be the invariant connection onJD which pulls back to(L,∇) via
the cycle mapi : (C −D)→ JD (Proposition 2.17). Then

[b] · (L,∇) = Tri0(b)/(L0,∇0)|i0(b).
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Proof. One reduces easily to the caseb is a singleK-point. LetU2 be a Zariski-
open set containingD andb. ShrinkU2 if necessary so there existsz ∈ H 0(OU2)

with z|D = 1 and(z) = b. LetU1 = C−{b}−D soC = U1∪U2. Shrinking the
Ui if necessary, we can assumeL|Ui ∼= OUi , so(L,∇) is represented by some
cocycle(µ12, ω1, ω2). Then

∇|b = ω2|b ∈ Ω1
K/d logK

∗

On the other hand, by the Definition (4.12),[b] · (L,∇) is represented by the
image of the cocycle

d log(z) ∧ ω2|U12 ∈ H 1(C,Ω2
C)→ Ω1

K ⊗K H
1(C,Ω1

C/K)
∼= Ω1

K.

Writeω2 = ω2(b)+ zη2 with η2 regular onU2. Sinced log(z) ∧ zη2 extends to
U2, it is homologous to zero, so

[b] · (L,∇) = ω2(b)[b] ∈ Ω1
K ⊗H1(C,Ω1

C/K) !→ ω2(b) ∈ Ω1
K.

Now, since one obviously has

Tr(∇|bi ) = Tr(∇0)|i0(bi )
and the translation∇0 is invariant, the second equality is a direct interpretation
of the first one. ��

Now we can formulate and prove a variant of Theorem 3.17.

Theorem 4.8. Let (C/K,U/K, (L,∇),D) be as in(4.1), (4.2), (4.3). Then

det(H ∗
DR(U,L)) = −(c1(Ω1

C/K(D), triv (∇)) · (L,∇) ∈ Ω1
K/d logK

∗
(4.18)

modulo torsion (see remark 3.18), where∇/K : L → L ⊗ Ω1
C/K(D) is any

extension of(L,∇/K) having poles along all points ofD such that

{L→ L⊗Ω1
C/K(D)} → {j∗L→ j∗(L⊗Ω1

U/K)}
is a quasiisomorphism.

Proof. If all mi = 1 this is just Theorem 4.6. So we assume thatm1 ≥ 2 in the
sequel. Then as in the proof of Theorem 4.4, replacingL byL(−c1) changesa1
to (a1+ z

m1−1
1 ) and keeps the rest unchanged. Thus the quotient complex

L/L(−c1)→ L/L(−c1)⊗Ω1
C/K(D)

isOc1-linear and the map is the multiplication bya1 ∈ O∗
c1
. In particular,L(νc1)

fulfills (4.2) for all ν ∈ Z and takingν = −degL, we may assume by Theorem



Gauß-Manin determinants 53

4.4 that degL = 0. If H 0
DR(U,L) %= 0, then there is a meromorphic sectionϕ

of L verifying the flatness condition

dϕ + ωϕ = 0.

This implies in particular thatω has at most logarithmic poles alongD, which
contradicts the conditionm1 ≥ 2. On the other hand,H 2

DR(U,L) = 0 for
dimension reasons, thus we can apply Theorem 3.17 together with Proposition

4.7 to obtain the result, afterwehave replaced(L,∇)by(L,∇)⊗f ∗
(
(L,∇)|−1c0

)
to trivialize the connection atc0 and applied the projection formula to this tensor
connection. ��
We finish this section with an example. LetU = A1

K be the affine line over
SpecK, with parametert , and∇ be a connection on the trivial bundle. Then up
to a twist by a form of the base,∇ has equationA = df , wheref =∑m−1

i=1 ait
i ,

ai ∈ K, am−1 %= 0. Write df = dKf + f ′dt with dkf = ∑m−2
i=1 dait

i and
f ′ =∑m−2

i=1 iait
i−1. Letbi, i = 1, . . . , (m−2) be the zeroes off ′ (defined over

K after some finite field extension), and letN�(b) = ∑m−2
i=1 b

�
i be the Newton

classes of the zeroes off ′, which of course are expressable in theai already on
SpecK. Then the main theorem says

det(GM)−1 =
m−2∑
i=1

daiNi(b).

5. A formula in higher rank

In this section, we want to define a sort of non-commutative product of a higher
rank connection with the Chern class of the dualizing sheaf ofC with poles. The
notations are as in the whole article:C is a curve defined over a function field
K over an algebraically closed fieldk of characteristic 0,U is an open set such
thatD = X − U = ∑

i ci consists ofK−rational points. Let(E,∇) be a rank
r-connection onU with vertical curvature (2.58). Letmi be the multiplicity of
the relative connection at the pointci , that is, the minimal multiplicity such∇
factors

∇/K : E→ E ⊗Ω1
C/K(

∑
i

mici).

Lemma 3.1 no longer holds true in the higher rank case.We say that the poles of
the global connectionbehave wellif

∇ : E→ E ⊗Ω1
C < D > (D′)(5.1)

whereD =∑
i mici andD′ = D −D.
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Let s = {si} be a trivialization ofωC/K(D)|D ∼= ωD/K . That is,si ∈ ωmici
and the map 1!→ si is an isomorphismOD ∼= ωmici . For example, ifzi is a local
parameter, one can takesi = dzi

z
mi
i

. We will abuse notation and writesi also for

a lifting of the trivialization to a local section ofΩ1
C < D > (D′). The local

matrix of the connection has the shape

Ai = gisi + ηi

z
mi−1
i

(5.2)

wheregi and ηi are r × r matrices with coefficients inOC andΩ1
K ⊗ OC

respectively. Note that the matrix of functionsgi depends only on the lifting of
si to a section ofωC/K(D). (Indeed, the relative connection has matrixgsi .)

We assume

Image(gi) ∈ M(r × r,OD)
lies inGL(r,OD)(5.3)

Under this assumption, we define

{c1(ω(D)),∇} :=(5.4)

c1(ω(D), si) · det(∇)−
∑
i

res Tr(dgig
−1
i Ai)

∈ Ω1
K/d logK

∗

Conjecture 5.1.Assuming (5.1) and (5.3), we have

detH ∗
DR(U, (E,∇))−1 = {c1(ω(D)),∇} ∈ (Ω1

K/d logK
∗)⊗Z Q.

We discuss the assumption (5.3) (see Proposition 5.6) at the end of this section.
The assumption (5.1) on the poles behaving well is not very well understood.
It reflects a sort of stability in all possible directions for the poles of the global
connection.

First, we justify the conjecture by establishing some rather surprising invari-
ance properties for{c1(ω(D)),∇}.
Lemma 5.2. Fix an indexi and write the connection matrix locally in the form

A = g
dz

zm
+ η

zm−1

whereg is an invertible matrix of functions andη is a matrix with entries from
Ω1
K ⊗OC . Then

1. res Tr(dgg−1A) = res Tr(dgg−1 η

zm−1 ).
2. [η, g]z1−m has no pole at the pointz = 0.



Gauß-Manin determinants 55

Proof. The assumption that the curvature is vertical implies

dA = dg
dz

zm
+ d(

η

zm−1
) ≡ A2 = [η, g] dz

z2m−1
mod Ω2

K ⊗OC[z−1](5.5)

Multiplying through byzm and contracting against∂
∂z
we deduce 2.

For 1, we must show res Tr(dg dz
zm
) = 0. From 5.5, using Tr[g, η] = 0 we

reduce to showing res Trd( η

zm−1 ) = 0. Sinceη has entriesΩ1
K , one has

res Trd(
η

zm−1
) = res TrdC/K(

η

zm−1
).

And the residue of an exact form is vanishing. ��
Lemma 5.3. {c1(ω(D)),∇} is independent of the choice of the trivializations
si .

Proof. First we show independence of the choice of lifting ofs. As remarked
above,g is determinedby the local liftingofs toω(D), so{c1(ω(D)),∇}depends
only on that choice. Ifs ands ′ are two such local liftings, withgs = g′s ′, we
have

dgg−1 = dg′g′−1+ d log(
s ′

s
)I = dg′g′−1+ zmh

for someh ∈ Mr(OC). It follows immediately that

res Tr(dgg−1A) = res Tr(dg′g′−1A)

as desired.
Next we show independence of the choice of trivializations themselves. Let

f be a rational function onC whose divisor(f ) is disjoint from the singular
locus of∇. It will suffice to show thats andf s as trivializations give rise to the
same invariant, i.e.

(5.6) c1(ω(D), s) · det(∇)−
∑
i

res Tr(dgig
−1
i Ai) =

c1(ω(D), f s) · det(∇)−
∑
i

res Tr((dgig
−1
i − dff −1I )Ai)

Recall we can calculatec1(ω(D), s) ·det(∇) by choosingδ a divisor in the linear
seriesω(D) compatible with the rigidifications and then restricting∇|δ and
taking the norm to Spec(K). Associated to the trivializationf s wemay take the
divisor δ + (f ). It follows that

c1(ω(D), f s) · det(∇)− c1(ω(D), s) · det(∇) = Normdet∇|(f )
(To get this relation, one could have taken the formula (4.15) as well). On the
other hand, since the formula depends only on the local behavior off nearD,
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by suitably choosingf , we may assume∇ is defined byA in a neighborhood
of (f ) and thatf ≡ 1 modulo some large power of the maximal ideal at the
finite set of points where the connection is not given byA. We can interpret
Tr(dff −1A) ∈ Ω1

K ⊗ ωk(C), so the sum of the residues over all closed points of
C will vanish inΩ1

K . Thus∑
i

res Tr(dff −1Ai) = −
∑
(f )

res Tr(dff −1A) = Tr(A|(f ))

Since the connection matrix for the determinant connection is the trace of the
connection matrix, the contributions to (5.6) cancel. ��

Now consider what happens to the expression

{c1(ω(D)),∇}(5.7)

under a change of coordinates given by a matrixh of functions. We have

A !→ A′ := hAh−1+ dhh−1 = g′
dz

zm
+ η′

zm−1
(5.8)

Note thath is regular, sodhh−1 does not contribute to the polar part of the
connection, i.e.

g′ = hgh−1+ zma; η′ = hηh−1+ zm−1b(5.9)

with a andb regular.
We compute

(5.10) dg′g′−1 = d(hgh−1)hg−1h−1+ ezm + f zm−1dz =
= dhh−1+ hdgg−1h−1− hgh−1dhg−1h−1+ ezm + f zm−1dz

with e andf regular. Thus

(5.11) res Tr(dg′g′−1A′) = res Tr(dg′g′−1hAh−1) =
res Tr(h−1dhA)+ res Tr(dgg−1A)− res Tr(h−1dhg−1Ag).

Note

A− g−1Ag = z1−m(η − g−1ηg) = z1−mg−1(gη − ηg)(5.12)

FromLemma5.2,2, this expression is regular. Plugging into (5.11), we conclude.

Lemma 5.4. {c1(ω(D)),∇} is independent of the choice of basis for the bundle
E.



Gauß-Manin determinants 57

Remark 5.5.1. Thedefinitionof{c1(ω(D)),∇}was inspiredby thecalculations
in Sect.4 (cf. formula (4.15)) for a rank one connection. The formula

detH ∗
DR(U, (E,∇))−1 = {c1(ω(D)),∇}(5.13)

when applied to the rank 1 case, gives back the main theorem of this article.
2. Whenmi = 1 for all ci , that is when∇ has regular singularities, then the

argument from Theorem 4.6 (slighlty modified in the higher rank case) gives

{c1(ω(D)),∇} = c1(ω(D), resD) · det(∇)(5.14)

where, as in theorem 4.6, resD refers to the natural trivialization coming from
the residue.

3. Finally, twisting∇ by f ∗α, whereα ∈ Ω1
K comes from the base, changes

the right hand side of the formula by

(2g − 2+ n−
∑
i

mi)rα = −χ(H ∗
DR(U, (E,∇/K)))α,

as it should. Herer = rankE.

Proposition 5.6. LetD ⊂ C be a divisor on a smooth curve, and letf ∈ OC,D
be a local defining equation forD. Let

∇ : E→ E ⊗ ω(D)
be a connection, and write

g = ∇|D : E/E(−D)→ (E(D)/E)⊗ ω

Let j : E −D ↪→ E be the inclusion and consider the connection

j∗j ∗∇ : j∗j ∗E→ j∗j ∗E ⊗ ω.

There is a natural map

ι : {E→ E ⊗ ω} → {j∗j ∗∇ : j∗j ∗E→ j∗j ∗E ⊗ ω}.
The mapι is a quasi-isomorphism if and only if for anyn ≥ 0 the natural map

g − n · id ⊗ df

f
: E(nD)/E((n− 1)D)→ (E((n+ 1)D)/E(nD))⊗ ω

given byf −ne !→ f −ng(e)− nf −n−1e ⊗ df is a quasi-isomorphism.
In particular, if, every point ofD has multiplicity≥ 2, theng is an isomor-

phism if and only ifι is a quasi-isomorphism.
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Proof. The usual exact sequence reduces us to showing the condition is equiva-
lent to

j∗j ∗E/E
∼=→ (j∗j ∗E/E)⊗ ω(D).

Writing as usualD = D′ +D whereD is the reduced divisor with support equal
to the support ofD, we have a commutative square

E/E(−D)
g−nid⊗ df

f−−−−−→ (E(D′)/E(−D))⊗ ω(D)

∼=

“ ·f−n" ∼=


“ ·f−n"
E(nD)/E((n− 1)D) g−−−→ (E(nD +D′)/E((n− 1)D +D′))⊗ω(D)

The mapι is a quasi-isomorphism if and only if for alln ≥ 0 the mapg on the
bottom line of the above square is an isomorphism, and this will hold only if the
top line is.

In particular, sincedf
f
has poles of order 1, if all multiplicities are≥ 2, then

ι is a quasiisomorphism if and only ifg is an isomorphism. ��
We close those remarks by a numerical computation forE = ⊕r

1O onU =
A1
K , with parametert . There is only one singular point at∞. Let us write

A =
m−1∑
i=0

Bit
i +

m−2∑
i=0

Cit
idt

where theBi and theCi arematrices with coefficients inΩ1
K respectivelyK. The

assumption 5.3 means thatCm−2 ∈ GL(r,K). We consider the casesm = 2,3.
Form = 2 both sides of the formula are 0, and form = 3 they are equal to

Tr(B0− B1C0C
−1
1 + B2C0C

−1
1 C0C

−1
1 )(5.15)

Note that−C0C
−1
1 is thezeroof the “polynomial”C0+C1t ,wheret is a “variable”

of matrices, and thus the formula could also be written as

TrA|zero(C0+C1t)(5.16)

if it made sense. For higherm, the right hand side should be a sort of restriction
of ∇ to the “Newton” classes of

∑m−2
i=0 Cit

i .
In the remaining part of this section, we show that the product{c1(ω(D)),∇}

is a particular case of a more general product between higher rank connections
and a larger class of trivializations alongD.

We consider the tuples{E,L,∇,D, g}, where
∇ : E→ E ⊗Ω1

C < D > (D′)(5.17)
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is a connection on a rankr vector bundleE. We denote by∇|D theOC-linear
map

∇ : E→ E ⊗
(
Ω1
C < D > (D′)/Ω1

C

)
.(5.18)

Further,L is a rank 1 bundle,g is a trivialization

g : E|D ∼= E ⊗ L|D,(5.19)

which fulfills

0= [g,∇|D] : E|D → E ⊗ L|D(5.20)

By Lemma 5.2, ifL = ωC(D) and g is the trivializationE|D → E ⊗(
ωC(D)/ωC

)
arising from the principal part of∇C/K , then the condition 5.20 is

fulfilled.
Let us introduce the cocyles of the tuple{E,L,∇,D, g}, as in Sect.4. If

E has cocyclecij ∈ GL(r,OC), L has cocycleλij ∈ O∗
C , g has cocyleµi ∈

GL(r,OD), and∇ has cocyleωi ∈ M(r × r,Ω1
C < D > (D′)) then one has

dcij c
−1
ij = ωi − cijωjc

−1
ij(5.21)

µi = cijµjc
−1
ij λij .(5.22)

The commutativity condition 5.20 then reads

[µi, ωi] = 0.(5.23)

Let µ̃i ∈ GL(r,OC) be a local lifting otµi ∈ GL(r,OD). Then one has

Theorem 5.7. The cochain{
{λij ,det(cjk)}, d logλij ∧ Tr(ωj ),Tr(−dµ̃iµ̃−1i ∧ ωi)

}
(5.24)

is a cocyle in

K2→ Ω2
X〈D〉(D′)→

(
Ω2
X〈D〉(D′)/Ω2

X

)
(5.25)

and defines a cohomology class{c1(L), g,∇} in

H2
(
C,K2→ Ω2

X〈D〉(D′)→
(
Ω2
X〈D〉(D′)/Ω2

X

))
(5.26)
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Proof. First

(5.27) δ(d log(λ) ∧ Tr(ω))(ijk) =
d log(λij ) ∧ Tr(ωj )+ d log(λjk) ∧ Tr(ωk)− d log(λik) ∧ Tr(ωk) =

d log(λik) ∧ Tr(ωj − ωk)− d log(λjk) ∧ Tr(−ωk + ωj) =
d log(λij ) ∧ Tr(ωj − ωk) = d log(λij ) ∧ d log(det(cjk)).

Next computing mod the ideal ofD and so ignoring the tilde,

(5.28) δ(Tr(−dµ̃iµ̃−1i ∧ ωi))(ij) = Tr(−dµ̃j µ̃−1j ∧ ωj + dµ̃iµ̃
−1
i ∧ ωi) =

Tr
(
(dλijλ

−1
ij · I + c−1ij dcij − c−1ij dµiµ

−1
i cij − c−1ij µidcij c

−1
ij µ

−1
i cij ) ∧ ωj +

+ dµiµ
−1
i ∧ ωi

)
= Tr

(
(dλijλ

−1
ij · I + c−1ij dcij − c−1ij dµiµ

−1
i cij

− c−1ij µidcij c
−1
ij µ

−1
i cij ) ∧ (c−1ij ωicij − c−1ij dcij )+ dµiµ

−1
i ∧ ωi

)
By our commutation assumption 5.20

Tr(c−1ij dcij ∧ c−1ij ωicij ) = Tr(c−1ij µidcij c
−1
ij µ

−1
i cij ∧ c−1ij ωicij )(5.29)

Also terms with no poles (i.e. terms not involvingω) can be ignored. We get

δ(Tr(−dµ̃iµ̃−1i ∧ ωi))(ij) = dλijλ
−1
ij ∧ Tr(ωi) = dλijλ

−1
ij ∧ Tr(ωj )(5.30)

which is what we want. Note the right hand equality holds because we are com-
puting mod forms regular alongD, and Tr(ωi) ≡ Tr(ωj ) mod regular forms by
the cocycle condition 5.21.

It remains to show that our cocyle 5.24 does not depend on the choice of the
cocycles{c, ω, λ, µ}.

If λij is replaced byλij δ(ν)ij , then the new 5.24 differs from the old one by
the cochain

δ
(
{νi,det(cij )}, d logνi ∧ Tr(ωi)

)
.

If cij is replaced byγicij γ
−1
j , thenωi is replaced bydγiγ

−1
i + γiωiγ

−1
i , and

µi is replaced byγiµiγ
−1
i . The commutativity relation impliesdγiµiγ

−1
i −

γiµiγ
−1
i dγiγ

−1
i = 0. Then the new 5.24 differs from the old one by{

{λij ,det(δ(γ ))jk}, dλij ∧ Trd log(γi),(5.31)

res Tr
(
γ−1i dγiωidµiµ

−1
i γ−1i dγi − µiγ

−1
i dγiµ

−1
i γ−1i dγi − µiγ

−1
i dγiµ

−1
i ωi

)}
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Using the commutativity relation 5.20 as well, we see that this is this expression
is the cochain

δ
(
{λij ,detγj },0,0

)
.(5.32)

��
Now we consider the image under the mapf : C → Spec(K):

f∗({c1(L), g,∇}) ∈ Ω1
K/d logK

∗(5.33)

of {c1(L), g,∇}.Wewant to study closedness for forms in the image of this map.

Lemma 5.8. Let {a, b, c} be a cocycle as in(5.24) representing a class in
H2(C,K2→ Ω2

C), with db = 0. Thendf∗{a, b, c} = resD(dc) ∈ Ω2
K .

Proof. Another representative of{a, b, c} in
H1(C,Ω2

C < D > (D′)→ Ω2
C < D > (D′)/Ω2

C)/d log(H
1(C,K2))

is of the shape{0, b + d logα, c}, thus its derivative in
H1(C,Ω3

C < D > (D′)→ Ω3
C < D > (D′)/Ω3

C)

is of the shape{0,0, dc} sincedb = 0. Then one applies the commutativity of
the diagramm

H
1(C,Ω2

C
〈D〉(D′)→ Ω2

C
〈D〉(D′)/Ω2

C
)

d−−−−→ H
1(C,Ω3

C
〈D〉(D′)→ Ω3

C
〈D〉(D′)/Ω3

C
)
 


Ω1
K

d−−−−→ Ω2
K

(5.34)

��
Theorem 5.9. If ∇2 = 0, that is if∇ is flat, thenf∗({c1(L), g,∇}) ∈ Ω1

K,clsd/

d logK∗, that is the image is flat as well. In particular, this is true for{c1(ω(D)),
∇}, as predicted by conjecture 5.1.
Proof. Since, under the integrabiltiy assumption, one has in particular
d(d logλij ∧ Trωj) = 0, one can apply Lemma 5.8. One has to compute

γ = −res Trd(dµµ−1ω)
= −res Tr(dµµ−1)2ω + res Trdµµ−1dω(5.35)

We omit the indices since we compute only with one index. Note in the calcu-
lations which followµ is regular andω has poles alongD. We writea ≡ b to
indicate that the polar parts ofa andb coincide.



62 S. Bloch, H. Esnault

The condition 5.20 implies

dµω + µdω ≡ dωµ− ωdµ(5.36)

thus

dµµ−1ω + µdωµ−1 ≡ dω − ωdµµ−1(5.37)

which implies

(dµµ−1)2ω + dµdωµ−1 ≡ dµµ−1dω − dµµ−1ωdµµ−1(5.38)

So taking the trace, one obtains

2Tr((dµµ−1)2ω) ≡ Tr((dµµ−1− µ−1dµ)dω)(5.39)

Now, under the integrability assumption

dω = ωω(5.40)

(using (5.23)) one obtains

2Tr((dµµ−1)2ω) = 0(5.41)

Now we consider the other term

γ ′ = Tr(dµµ−1(ω)2)(5.42)

Choosing a local basis of the bundleE, we writeµ as a matrixM, andω as
matrixΩ. Then the condition 5.20 reads

MΩ = ΩM(5.43)

and one has

γ ′ = Tr(dMM−1Ω2)(5.44)

The condition 5.43 implies

Ω2 = M−1Ω2M(5.45)

thus

γ ′ = Tr(dMΩ2M−1) = Tr(M−1dMΩ2)(5.46)

On the other hand, differentiating the condition 5.43, one obtains

M−1dMΩ2+ dΩΩ =
M−1dΩMΩ −M−1ΩdMΩ =
M−1dΩΩM −ΩM−1dMΩ(5.47)

So taking the trace, one obtains

γ ′ = Tr(M−1dMΩ2) = −Tr(M−1dMΩ2) = −γ ′(5.48)

Thusγ ′ = 0. ��
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6. Rank 1 irregular connections in arbitrary dimension
on projective manifolds

Let X be a smooth, projective variety in characteristic 0, and letD ↪→ X be a
normal crossings divisor. Givenmi ≥ 0, defineC(X,D,m) to be the group of
isomorphism classes of line bundlesL onX together with an integrable connec-
tion

∇ : L→ L⊗Ω1
X < D > (D)

whereD =∑
i miDi . Define formi ≥ 1

Irreg(X,D,m) := C(X,D,m)/C(X,D,0).

Theorem 6.1.With notation as above, there is a canonical isomorphism

Irreg(X,D,m) ∼= Γ (X,OX(D)/OX),

whereOX(D)/OX is the sheaf of principal parts of degree≤ mi alongDi .

Lemma 6.2. Exterior differentiation induces an isomorphism

d : OX(D)/OX

∼=→ Ω1
X < D > (D)clsd/Ω1

X < D >clsd

Proof of lemma.Wefirst check injectivity. Letx = 0 be a local defining equation
for D. Suppose for somen with 1≤ n ≤ m we had

d(
a

xn
) = 1

xn
(da − na

dx

x
) ∈ Ω1

X < D >

Multiplying by xn and taking residue alongD, it would follow thata|D = 0, i.e.
a
xn
= b

xn−1 .
To show surjectivity, write a local section ofΩ1 < D > (nD)clsd (here

1≤ n ≤ m) in the form

ω = adx

xn+1
+ B

xn
(6.1)

whereB does not involvedx. Replacingω byω + d( a
nxn
), we can assume

ω = adx + B

xn
.

Then

0= dω = da ∧ dx + dB − ndx
x
∧ B

xn
.

Multiplying by xn and taking residue alongD, we seeB|D = 0. SinceB does
not involvedx, it follows thatB = xC andω can be written

ω = adx

xn
+ C

xn−1
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Comparing with (6.1), we have lowered the order of pole by 1. This process
continues untilω has log poles. ��
Proof of Theorem 6.1.Using the lemma, we get a diagram with exact rows

0 −→ O∗
X O∗

X −→ 0 −→ 0
 
 

0 −→ Ω1

X < D >clsd −→ Ω1
X < D > (D)clsd −→ OX(D)/OX −→ 0

We view this as a diagram of complexes written vertically. Using the standard
hypercohomological interpretation of line bundles with connection, this yields
an exact sequence

0→ C(X,D,0)→ C(X,D,m)→ H 0(X,OX(D)/OX)

δ→ H2(X,O∗
X → Ω1

X < D >clsd)

We claim the mapδ above is zero. In the derived category,δ factors

OX(D)/OX

∼=→ Ω1
X < D > (D)clsd
Ω1
X < D >clsd

∂→ Ω1
X(< D >)clsd[1]
→ {O∗

X → Ω1
X(< D >)clsd}[2].

We have a factorization of∂:

H 0(OX(D)/OX) → H 1(OX)
d̃→ H 1(Ω1

X,clsd) → H 1(Ω1
X < D >clsd),

so it suffices to show the map̃d is zero. By Hodge theory, the composition

H 1(OX)
d̃→ H 1(Ω1

X,clsd)
ι→ H1(Ω1

X → Ω2
X)

is zero, and the mapι is injective as the complex{Ω1
X/Ω

1
X,clsd→ Ω2

X} is quasi-
isomorphic to the complex{0 → Ω2

X/Ω
2
X,exact}, and in particular starts in de-

gree 1. ��

In his letter dated February 8, 1974 and addressed to J.-P. Serre, P. Deligne
develops a geometric method in order to compute theε-factor of a character of
the Galois group on a curveC over a finite field, ramified over a divisorD. He
expresses the determinant of cohomology as the cohomology on the symmetric
product of(C \D), and identifies it with a class on the generalized Jacobian. The
proof of our formula for the determinant of Gauß-Manin cohomology in rank 1
uses the whole strength of this geometric idea.
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It was Serre’s idea and wish to publish Deligne’s letter as an appendix, for
the reader’s convenience. We thank him, first for giving us a copy of the letter,
and later for insisting on the publication of the letter. We thank Deligne for
accepting. We are grateful to the IHES’ staff for texing the manuscript and to
Serre for screening through the typed manuscript.

Hélène Esnault and Spencer Bloch

Bures-sur-Yvette, le 8 f´evrier 1974

Cher Serre,

Je t’avais dit il y a deux mois que je comprenais un peu mieux les constantes,
pour un faisceau de rangun. Voici la lettre promise. Elle consiste de parties assez
disjointes :

abcdf: constantes
e: corps de classe g´eométrique
gh: sommes de Gauss, Jacobi et Gr¨ossencharaktere

Table des matières

a. Position du probl`eme
b. A-modules stables
c. Méthode utilisée
d. Le cas non ramifi´e
e. Corps de classe g´eométrique
f. Cas général
g. Sommes de Gauss et de Jacobi
h. Jacobi sums as “Gr¨ossencharakter”

a. Position du problème

SoientΛ un anneau commutatif local fini, d’ordre premier `ap, Fq un corps fini
à q éléments de caract´eristiquep, X0 une courbe lisse surFq , F0 un faisceau
localement constant deΛ-modules libres surX0, F̄q une clôture algébrique de
Fq etF/X déduit deF0/X0 par extension des scalaires deFq à F̄q .
Dans l’équation fonctionnelle deL(X0,F0) apparaˆıt

det(−F t,H ∗
c (X,F)) [abus de notation ; cf. ci-dessous].

Dans certains cas, on sait ´ecrire cette “constante” comme un produit ´etendu aux
points deX̄0. On veut de mˆemeécrire canoniquement leΛ-module de rang un
detH ∗

c (X,F) comme produit tensoriel, ´etendu aux points deX, deΛ-modules
de rang un “locaux” (presque tous trivialis´es).
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Je commets ici un abus de notations : on s’int´eresse non pas `aH ∗
c (X,F)mais

àR Γc(X,F), un complexe fini deΛ-modules libres, bien d´efini à homotopie
près. SiK∗ représenteR Γc(X,F), on veut calculer

i⊗(detKi)(−1)
i

à isomorphismeuniqueprès.

b.A-modules stables

1.SoitA un anneau. On d´efinit comme suit la cat´egorie desA-modules (projec-
tifs) stables

α) effectifs: objets :A-modules projectifs

flèches: lim−→
n

hom(M ⊕ An,N ⊕ An)/ commutateurs de GL(N ⊕ An) .

On dispose d’un foncteur ´evident

χ : (A-modules projectifs, isomorphismes) −→ (A-modules stables effectifs) ,

d’une notion de⊕ (associative et commutative, avec 0) dans les modules stables
etχ est compatible `a⊕.

NB : dans (A-modules stables), l’isomorphisme de sym´etrieM⊕M → M⊕M
n’est en général pas l’identité.

β) quelconques: le foncteurN !→ M ⊕ N est pleinement fid`ele. On peut
ajouter formellement des inverses aux objets de (A-modules stables effectifs) ;
on obtient la cat´egorie avec⊕ (A-modules stables).

On suppose maintenantA commutatif.

γ ) les opérations⊗ etλn passent auxA-modules stables.

On a dansA = (A-modules stables,⊕,⊗, λ) les données et compatibilit´es
suivantes (la liste contient ce qu’on utilisera – non tout ce qu’on peut rˆever).

(a) C’est une cat´egorie où tout morphisme est un isomorphisme. Elle est non
vide.

(b) ⊕ : A ×A → A est muni de donn´ees de commutativit´e et d’associativit´e.
On a
(α) – ∀M,N → M ⊕N est une ´equivalenceA→ A
(β) –M ⊕N → N ⊕M → M ⊕N est l’identité. Pentagone. Hexagone.

(c) ⊗ : A×A→ A est un foncteur biadditif muni de donn´ees de commutativit´e
et d’associativit´e. On a
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(β) comme ci-dessus pour⊗.
Il existe 1 tel queM !→ M ⊗ 1 soit uneéquivalenceA → A et que 1⊗ 1

soit isomorphe `a 1.
[D’après “biadditif”, il est donc donn´e A ⊗ (B ⊕ C) ∼ A ⊗ B ⊕ A ⊗ C et
(A ⊕ B) ⊗ C ∼ · · · ; ces isomorphismes fonctoriels sont compatibles aux
isomorphismes de sym´etrie et d’associativit´e de⊕ – échang´es l’un en l’autre par
la symétrie de⊗ – compatibles `a l’associativité de⊗.]
(d) On aλn : A→ A, muni de

λn(A⊕ B) ∼ ⊕
i+ j = n

λi(A)⊗ λj (B) ,

compatibleà l’associativité età la commutativit´e de⊕ (via celles de⊗).
2.a) Chaque objetK deDb

parf(Λ) définit χ(K) dans (Λ-module stable).

b) PourK dansDFb
parf(Λ) (catégorie dérivée filtrée), on a un isomorphisme

naturel
χ(K) ∼ ⊕

i
χ(Gri K)

c) χ(K
L⊗L) ∼ χ(K)⊗ χ(L), compatible `a . . .

d) PourK dansDtor≥0
parf , (resp.Dtor≤0), on a

n∧ χ(K) ∼ χ(L
n∧ K)

(L
n∧ = foncteur dérivé de

n∧).
On aχ(K) ∼ (−1)n χ(K[n]).

e) Rappelons queL
n∧(K [1]) ∼ (LΓ n K) [n]. (Quillen).

[Γ = tenseurs sym´etriques].

3. Je n’utiliserai pas les modules stables, mais leur introduction rend plus na-
turelles les propri´etés de la cat´egorie quotient suivante.

1edéfinition : commeen 1., sauf que, dans le cas effectif, les fl`eches sont d´efinies
par

lim−→
n

hom(M ⊕ An,N ⊕ An)/ éléments de d´eterminant 1 dans GL(N ⊕ An) .

2e définition : A-modules gradu´es inversibles.

Equivalence des d´efinitions : (Pour simplifier, on suppose Spec(A) connexe.)
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α) Pourµ etν deuxA-modules gradu´es inversibles, posons

µ ⊕ ν = µ⊗ ν (produit tensoriel gradu´e).

On définit l’isomorphisme de commutativit´e par la règle de Koszul, l’iso-
morphisme d’associativit´e de façonévidente.

β) On a un foncteur

(Λ-modules projectifs ;⊕) −→ (A-modules gradu´es)

par
M !→ detM en degré dimM .

La règle de Koszul mange le probl`eme de signe :

det(M ⊕N)
det(symétrie)←−−−−−−→ det(N ⊕M)

3 + 3

det(M)⊗ det(N)
Koszul←−−−−−−→ det(N)⊗ det(M) ;

il se factorise par un⊕-foncteur :
δ : (A-module stable,⊕) −→ (A-module gradu´e inversible,⊕) .

On vérifie de plus que⊗ etλn passent au quotient.

4. Calcul de⊗ et λ dans (A-module gradué). (On supposeA ne pas ˆetre un
produit, pour simplifier.)

Pourµ dansΛ-module gradu´e, soit|µ| le module inversible sous-jacent, et
dim(µ) le degré où se placeµ.

a) µ⊗ ν = |µ|⊗ n ⊗ |ν|⊗m en degrénm, n = dim ν,m = dim µ

δ (M ⊗N) ∼ δ (M)⊗ δ (N) :

(e1⊗ f1)∧ . . . ∧(e1⊗ fn) ∧ (e2⊗ f1) ∧ . . . ∧ . . . ∧ (em ⊗ fn)

↔ (e1 ∧ . . . em)⊗ n ⊗ (f1 ∧ . . . ∧ fn)⊗m .
Ceci impose les signes pour les isomorphismes d’associativit´e, etc. de⊗ ; de
même pourλ. On a

|λi(µ)| = |µ|⊗
(
m−1
i−1

)
sim = dimµ .[

On pose

(
x

−1
) = 0 (pouri = 0)(

x

0

) = 1 (pouri = 1)
et en général

(x
k

)
= x(x − 1) (x − k + 1)

k!
]
.

Corollaire 1 : si dim(µ) = m > 0, alors|µ| = |λm(µ)|.
Corollaire 2 : si dim(µ) = m ≥ 2, alors

m⊕
i=0

(−1)i λi(µ) = 0 canoniquement.
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c. Méthode utilisée

Le problème pos´e est un affaiblissement de celui de d´eterminer leΛ-module
stableχ (R Γc(X,F)) (à isom. unique pr`es). Cet affaiblissement nous permet
d’utiliser les corollaires 1 et 2 de b.

SiF est de caract´eristique d’Euler-Poincar´e−N :

EP(R Γc(X,F)) = −N
avecN ≥ 1, on a

detR Γc(X,F) ∼ (detR Γc(X,F) [1])dual∼ det(L
N∧(R Γc(X,F)) [1])dual

∼ det(LΓ N(R Γc(X,F)) [N ])dual∼ (detLΓ N(R Γc(X,F)))(−1)N+1 .
Par ailleurs, d’apr`es SGA 4 XVII 5.5,

LΓ N(R Γc(X,F)) ∼ R Γc(Sym
N(X), Γ N

ext(F))

où le faisceauΓ N
ext(F) sur SymN(X) se déduit du faisceauSN -équivariant

N×
1
F =

N⊗
1
pr∗i F surXN par passage aux invariants. PourF de rang un, la fibre deF en

le point de SymN(X) correspondant au diviseurΣ Pi est⊗FPi .
PourF de rang un, nous saurons utiliser l’isomorphisme d´eduit de ce qui

précède

detR Γc(X,F) ∼ (detR Γc(Sym
N(X), Γ N

ext(F)))(−1)
N+1

pour calculer le membre de gauche `a l’aide de la relation entre SymN(X) et la
jacobienne.

d. Le cas non ramifié

X courbe projective et lisse surk algébriquement clos – de genreg ≥ 2 –F
localement constant de rangunsurΛ.

Ici, Euler-Poincar´e est 2− 2g ; il faut calculer

detR Γc(Sym
2g−2(X), LΓ 2g−2

ext (F)) .
Soit π la projection de Sym2g−2(X) sur la composante de degr´e 2g − 2 de

Pic(X)
π : Sym2g−2(X) −→ J 2g−2 .
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SiL est un faisceau inversible universel surX × J , on a

X × J 2g−2

pr2



J 2g−2

Sym2g−2(X) ∼ P(R1 pr2∗(Ω
1
X ⊗ L−1))

etR1 pr2∗(. . . ) est localement libre, sauf en la classe du diviseur canonique, o`u
sa fibre est de rang un de plus.

Le morphismeπ est propre, et ses fibres 1-connexes ; le faisceau localement
constantLΓ 2g−2

ext (F) est donc image inverse d’un faisceau localement constant
G sur J 2g−2, uniqueà isomorphisme unique pr`es. On verra que les fibres de
Ri π∗ R Γ

2g−2
ext F = Ri π∗ π∗G sont desΛ-modules projectifs ; par b. 2) b) on a

donc
detR Γc(π

∗G) = ⊗
i
det(R Γc(R

i π∗ π∗G))(−1)i

(“suite spectrale de Leray deπ ”).

Calcul desRi π∗ π∗G
On a vu que Sym2g−2 est un fibré projectifP(. . . ) surJ 2g−2. On dispose donc

deη ∈ H 0(R2π∗ Z�(1)), et on vérifie fibre par fibre que

Ri π∗ Z� = 0 si i est impair

R2i π∗ Z�(i) est le faisceauZ� sur le fermé deJ 2g−2 où la dimension de la
fibre deπ est≥ i, prolongé par zéro ailleurs (base :ηi).

Dès lors,

Ri π∗ π∗G =


0 si i est impair
le faisceau localement constantG (− i

2

)
si i est pair,

et i ≤ 2(g − 2)
0 si i ≥ 2g

etR2g−2π∗ π∗ G = ι! ι∗ G(−g + 1) pour ι : pt → J 2g−2 l’inclusion du point
représentatif de la classe canonique.

Le résultat suivant va nous d´ebarrasser desRi π∗ pouri %= 2g − 2 :

Construction 1. Soit S une extension d’un sch´ema ab´elien (dim. a) par un
tore (dim.t), et soitF un faisceau localement constantmodéré deΛ-modules
projectifs surS. Si 2a + t ≥ 2, on a

detR Γ (S,F) ∼ 1 canoniquement.

Soit S̃ le revêtement premier `ap universel deS (point base l’origine deS).
PuisqueHi(S̃,F) = 0 (i > 0), on a

H ∗(S,F) = H ∗(π, F )
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où

π = ∏
� %=p

T�(S) est un̂Zp′-module libre de rang> 2

F est la fibre deF en 0.
On a pareil dans la cat´egorie dérivée desΛ-modules.

Il y a intérêt à oublierπ : on dispose deΛ, d’un anneauR surΛ, isomorphe
àΛ [[t1, . . . , tn]] (n ≥ 2), et d’une augmentationε : R → Λ (“ ti → 0”). On a
aussi unR-moduleF projectif surΛ, et on s’intéresse `a

δΛ (Ext
∗
R(Λ, F )) .

SoitL unR-module libre, muni deL
ω−→Ker (ε) induisant

L⊗Λ
∼−→Ker (ε)⊗R Λ .

On en déduit une résolution de Koszul deΛ, et un complexe

(∧i
R
L∗ ⊗R F )

qui calcule Ext∗R(Λ, F ). Choisissons de plus une base(ei)1≤ i ≤ n deL. On a alors
un isomorphisme

(1) δ (Ext∗R(Λ, F )) = ⊕ (−1)i δ (∧i
R
L∗ ⊗R F ) =

(
Σ (−1)i (n

i

))
δ(F ) = 0 ,

dépendant a priori de(L, ω, e), i.e. deω : Rn −→→ Ker (ε). Changeons deω,
et soita rendant commutatif le diagramme

Rn

a


 R

Rn


�

✏✏✏✶
ω′

ω

L’isomorphisme canonique identifiant Ext∗ (dansDparf) calculé avecω ouω′ est
donné par∧ t a−1.

Pour voir que (1) est ind´ependant des choix faits, il suffit donc de v´erifier que∏
detΛ (

i∧ a ⊗R F )
(−1)i = 1 .

Appliquons la formule de calcul des d´eterminants par blocs :

Rappel :PourR uneΛ-algèbre commutative,F unR-module projectif surΛ,
M unR-module libre eta un endomorphisme deM, on a

detΛ(endomorphismea ⊗ 1 deM ⊗R F) =

detΛ(endomorphisme de multiplication par det(a) deF) .
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Ici, ceci nous ram`eneà vérifier que
∏

det(
i∧ a)(−1)i = 1 dansR, ce qui est

vrai pour toute matrice inversiblen× n (n ≥ 2).
Revenons au calcul principal de ce no. SiK est la classe canonique, et notant

〈F,K〉 la fibre deG enK(
siK ∼ Σ Pi, 〈F,K〉 ∼ ⊗FPi

)
,

on a

detR Γ (X,F) = (detR Γ (Sym2g−2(X), π∗ G))(−1) = (〈F,K〉 (1− g))(−1)

detR Γ (X,F) = 〈F,−K〉 (g − 1)
(X projectif lisse,F de rang un) genreg ≥ 2

.

Remarque :On a encore de tels isomorphismes pourg = 0 ou 1 (g = 1 : par la
construction ci-dessus).

e. Corps de classe g´eométrique

Cenoest unedigression–qui abien retard´ecette lettre.Pour la suite, onn’abesoin
que de ton article. J’ai n´eanmoins voulu comprendre la lettre de Grothendieck
(9/8/60). Notes que p. 2 il charrie un peu : il dit que la d´efinition deJ entraˆıne
que (extensions deJ parG)→ (G-torseurs surX) est pleinement fid`ele. Seul
fidèle est clair. Pleinement fid`ele requiert de plus

Ext1(J,G) ↪→ H 1(X,G)

(d’où en particulier Ext1(J,G) ↪→ H 1(J,G) : tout 2-cocycle sym´etriqueJ ×
J → G doit être un cobord).

J’ai aussi incorpor´e une idée de SGA 7 XVIII§ 1 pour pouvoir prendreX
complet,G = Gm.

SoientX unecourbe lisse irr´eductiblesurk algébriquement clos,̄X sacomplétée
projective, etS = X̄−X.Onnotemunmoduleà support dansS :m = Σ ni si ; on
l’identifie à un sous-sch´emadeX̄, concentr´e enS (

∐
s

Spec(OX,s/(idéal max)ni ).

Pours ∈ S, on noteX̄s le spectre dêOX̄,s (complété deX̄ ens) etXs le spectre
du corps des fractions dēXs

Xs ↪−→ X̄s (local)
 

X ↪−→ X̄ (global)

On va d’abord construire les objets en termes desquels s’´enonce le corps de
classe g´eométrique.
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Construction 1. J (X) = lim←−
m

Picm(X̄), où Picm(X̄) classifie les faisceaux in-

versibles surX̄ trivialisés le long dem.
(Intuitivement : 1-cohomologie `a support propre deX à coefficients dans

Gm.)
On dispose de

ξ : X→ J (X)

x
ξ!→ classe deO(x), muni de la trivialisation 1 `a l’infini.

PourS = ∅, il y a lieu de modifier ces d´efinitions. On consid`ere plutôt J (X),
la catégorie des faisceaux inversibles surX. On la consid`ere au choix comme :

a) un champ de Picardfppf sur (Sch/k) ;
b) un “smooth stack” au sens d’Artin, muni d’une structure de groupe ;
c) un objet de la cat´egorie dérivée de celle desk-groupes alg´ebriques. Sous cette
forme, il est bien concret :
(α) Le choix d’un point basex permet d’identifierJ (X) au complexe `a

diff érentielle nulle

Gm
0−→Pic(X) (= faisceaux trivialis´es enx)

(β) Si on changex, on obtient deux complexes qui repr´esententJ (X) (deux
fois le même, d’ailleurs). Les deux repr´esentations sont li´ees par le quasi-
isomorphisme suivant

On dispose encore de

ξ : X −→ J (X) : x !→ O(x) .
PourS %= ∅, J sera synonyme deJ (un faisceau inversible rigidifi´e n’a pas

d’automorphisme non trivial).

Construction 2. J (Xs) = K∗
s

L’objet canonique qui relieXs etJ (Xs) est unJ (Xs)-torseurξ̄ surX̄s , trivi-
alisésur{s} et surXs . Une application

ξ : Xs −→ J (Xs)

définit un tel torseur̄ξs : on prend le torseur trivial sur̄Xs , trivialisé

(a) de façonévidente sur{s}
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(b) par la sectionξ surXs

(cf.H 0(Xs,G)
δ−→H 1

{s}(X̄s,G)) .

Siξ1 etξ2 sontdeux tellesapplications, et queξ1 = σ ξ2 pourσ : X̄s → J (Xs)

valent 1 ens, alors ξ̄1 et ξ̄2 sont canoniquement isomorphes : l’isomorphisme
ξ̄ → ξ̄ est la multiplication parσ . Le problème est donc de d´efinir une classe
d’applicationξ : Xs → J (Xs), avec l’arbitraire dit.

Pour dire comment je vois la classe voulue deξ , je veuxêtre na¨ıf, et voirXs

comme un disque ´epointé autour des, avec une coordonn´ee couranteT . On note
t cette coordonn´ee, vue comme ´elément deK∗

s . ξ est une applicationT → FT ,
FT fonction sur le dit disque. On veut que

(a) la fonctionFT (x) a un pôle simple enx = T ; elle n’a pas d’autre z´ero et
pôle dans le disque, sauf peut-ˆetre pourx = 0.

(b) loin de 0,FT ∼ 1

[(a)+ (b) imposeàFT d’avoir en 0 un z´ero simple].

0 T

FT ~1

La fonction de deux variablesF(T , T ′) = FT (T
′) doit avoir les valeurs

0,∞,1 sur les diviseurs indiqu´es

T'

1

∞

0

T

T =
 T

'

Exemple :On peut prendreFT = t
t−T = −

∞∑
1
T −i t i = −(t T −1)(1− t T −1)−1

(série formelle ent à coefficients dansKs).

Remarque :(i) La figure montre queξ est bien d´efini à multiplication près par
σ : X̄s → J (Xs) valant 1∈ J (Xs) ens ∈ X̄s .

(ii) Dans l’exemple, j’ai chang´e le signe par rapport `a Grothendieck.

C’est nécessaire.
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Construction 3. ι : J (Xs)→ J (X)

f ∈ K∗
s !→ O(vs(f ) · s), rigidification 1 enS − s, et ens rigidification

O(vs(f ) · s) f ·−→∼ O.

4. Compatibilit é local/global(S %= ∅)
Choisissonsξs comme dans la construction 2. Son lien avec leξ global est le

suivant :

Xs

J(Xs)

X

J(X)

Xs
δ

ι

ξs ξ

ι

(ξ2)(ι ξs)
−1 : Xs → J (X) se prolonge enδ : X̄s → J (X) valant 1 ens.

Ici se testentque lesd´efinitionssont lesbonnes (cf.Remarque `a laconstruction
2, (ii)).

Jemepermets encore de raisonner na¨ıvement, en termedeT ∈ disqueépointé
Xs

T −→ T ∈ X −→ O(T ), rigidification 1 enS

FT −→ O(s), rigidification

{
1 enS−s
O(s)

FT−→ O en s

d’où pourδ(T ) :O((s)−(T )), rigidifié par
{
1 enS−s
FT−→ O en s qu’on peut décrire ainsi :

recollement deO, avec la rigidification 1, hors d’undisqueD1 et de [O((s)−(T ))
dansD2, rigidificationFT ], isomorphe par

FT−→ à [O dansD2, rigidification 1 en

s], la fonction de recollement sur la couronneD2−D1 étant dans cette nouvelle
présentationFT . PuisqueFT → 1 pourT → 0,δ(T ) tend vers (O, rigidification
1) pourT → 0. D’où l’assertion.

s T

D2

D1

Traduisons ceci en terme de torseurs
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(a) PourG un faisceau sur̄X, et f une section deG surX, on définit δf , un
G-torseur trivialisé surX et surS 1 par :
∂f est le torseurG, muni des trivialisationsf sur X et 1 surS [notant
H̃ 1
S (X̄,G) le groupe de ces torseurs, on a

(α) H 0(X,G) δ−→ H̃ 1
S (X̄,G)

(β) H 0
S (X̄,G) −→ H 0(S,G | S) −→ H̃ 1

S (X̄,G) −→ H 1
S (X̄,G)

−→ H 1 (S,G | S)
‖
0

]

(b) La compatibilité local/global est un isomorphisme canonique

restrictionà X̄s de∂ξ : unJ (X)-torseur trivialisé surXs et ens�

ι (ξ̄s)

ξ ∈ H 0(X, J (X))

H̃ 1
S (X̄, J (X)) H 0(Xs, J (Xs)) 7 ξs
 


H̃ 1
{s}(X̄s, J (X)) ←− H̃ 1

{s}(X̄s, J (Xs)) 7 ξ̄s
Ces torseurs tr`es rigidifiés n’ayant pas d’automorphismes, l’´enoncé de com-
patibilité est :

ξ ∈ H 0(X, J (X)) et ξ̄s ∈ H̃ 1
{s}(X̄s, J (Xs)) ont même image

dansH̃ 1
{s}(X̄s, J (X)).

5. Corps de classe g´eométrique SoitG un groupe alg´ebrique (commutatif)/k.
Nous aurons `a considérer

(a) Hi(X,G) : il s’agit de cohomologiefppf

(b) H̃ i
{s}(X̄s,G) : on travaille aussi en cohomologiefppf . On peut aussi l’´ecrire

Hi(X̄s moduloXs et {s} ,G) ; on a une suite exacte longue
· · ·Hi(X̄s mod· · · ) −→ Hi(X̄s) −→ Hi(Xs)⊕Hi({s}) ∂−→· · ·

PuisqueH ∗({s},G) = H 0({s},G) = G, ils diffèrent peu des groupes
Hi
{s}(X̄s,G) = Hi(X̄s moduloXs,G) (égalité pouri %= 1).
On a

H̃ 0
s (X̄s,G) = 0

H̃ 1
s (X̄s,G) = groupe déjà défini.

1 surS signifie : leG ⊗X S torseur surS (réduit). . .
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SiG estlisse, unG-torseur surX̄s est trivial, et∂ est un isomorphisme

∂ : G(Ks)/Ker (G(Os)→ G(ks))
∼−→ H̃ 1

s (X̄s,G) (G lisse).

(c) Ext : il s’agira de Ext `a laYoneda (i.e. dans la cat´egorie dérivée de celle des
groupes alg´ebriques/k).

La théorieducorpsdeclasseg´eométrique (en ´egale caract´eristique) est que les
lignes horizontales du diagramme commutatif suivant sont des isomorphismes,
pour tout groupe alg´ebrique (commutatif)G surk

Exti(J (X),G)
∼−→
ξ

H i(X,G)
 ι


 δ

Exti(J (Xs),G)
∼−→̄
ξ

H̃ i+1
{s} (Xs,G)

Signification

(a) global,i = 0 : c’est le théorème de Rosenlicht

Hom(J (X),G)
∼−→{applicationsX→ G}

(b) local,i = 0 : pourG lisse, l’assertion est que lesξ : Xs → J (Xs) définis
en la construction 2 induisent des isomorphismes

Hom(J (Xs),G)
∼−→G(Ks)/ Ker (G(Os)→ G(ks))︸ ︷︷ ︸

“G(m)” ,m : idéal maximal

(c) global,i ≤ 1 : cela signifie queξ ∗ est une ´equivalence de cat´egorie

(extensions deJ (X) parG)
≈−→(G-torseurs surX)

(d) local,i ≤ 1 : pourG lisse, l’assertion est queξ induit uneéquivalence

(extensions deJ (Xs) parG)
≈−→

(G-torseurs surXs , les flèches ´etant moduloG(m))

Dévissages

(a) Si on a une suite exacte 0→ G′ → G → G′′ → 0, et si le théorème est
vrai pour deux des groupes, il l’est pour le 3e

(b) soient les ´enoncés

(X,G ; global) (X − s,G ; global) (Xs,G ; local)
si deux de ces ´enoncés sont vrais, idem pour le 3e.

Je n’ai pas fait une v´erification soigneuse. Il y a deux points (en supposantG
lisse, ce qui est permis)
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(a) comparerXs à un hens´elisé
(b) noter que la seconde ligne ´equivautà des isomorphismes

Exti(J 0(Xs),G)
∼−→Hi+1

s (Xs,G) ,

où J 0 est défini par

0−→ J 0 −→ J
v−→Z −→ 0

(le Z correspond aũ), et utiliser la suite exacte longue de cohomologie
versus

0−→ J (X) −→ J (X − s) −→ J 0(Xs) −→ 0

(c) Un recouvrement ´etaleU → X donne une suite exacte

0−→ J (X) −→ J (U) −→ J (U ×X U) −→ · · ·
la suite des Ext correspondante se compare `a la suite spectrale de Leray pour
ce recouvrement.

Preuve :(global) Par d´efinition, toute classe dans un Exti(J (X),G) (i > 0)
s’efface parG→ G′, avecG′ lisse si on veut. D’autre part, pourG lisse, toute
classe dans unHi(X,G) (i > 0) s’efface dans unHi(U,G) avecU → X étale
surjectif. Ces propri´etés d’effacement ram`enent le th´eorème au casi = 0, i.e.à
Rosenlicht. Enfin, global⇒ local.

Pour formaliser l’argument, le mieux peut ˆetre de regarder Exti(J (X),G) et
Hi(X,G) comme des foncteurs cohomologiques de deux arguments

α) un faisceauF de la formeZ[U ] (U/X étale),
β) un groupe alg´ebriqueG/k.

Ces foncteurs sont effa¸cables et co¨ıncident pouri = 0, donc co¨ıncident – (il
faut les deux arguments `a la fois pour effacerH ).

6. Remarques
(1) PourS = ∅, il est essentiel de travailler avecJ et nonJ . Dans la cat´egorie
dérivée, on a une suite exacte (je veux dire : un triangle)

0−→ Gm[1]︸ ︷︷ ︸
degré−1

−→ J −→ J −→ 0 ,

d’où

0−→ Ext1(J,G) −→ Ext1(J ,G) −→ Hom(Gm,G) −→ Ext2(J,G) . . .

qui pourG = Gm correspond `a la suite

0−→ Pic0 −→ Pic−→ Z −→ 0 .
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C’est de même requis pour avoir

0−→ J (X̄) −→ J (X̄ − {s}) −→ J 0(Xs)︸ ︷︷ ︸
y compris le
quotientGm

−→ 0 .

(2) Dans certains cas, les Exti sont horribles, mais sont les groupes de coho-
mologie d’un joli complexe.

Exemple.Si P est extension d’une vari´eté abélienne par un tore,

0−→ T −→ P −→ A −→ 0

les Exti(P ,Gm) (i = 0,1) sont les noyaux et conoyaux de

Hom(T ,Gm) −→ A∗ .

7. Constructions inverses
i = 0

global : pourf : X→ G donné, f̃ : J (X)→ G se calcule par

f̃ (O(Σ xi)) = Σ f̃ (xi) ;
que cela marche est l’existence d’un module.

local : l’intuition, pourmoi, est la suivante (mais je n’ai rien d´efini ou démontré).
On part de

f : Xs → G .

On doit construire〈f, g] : K∗
s → G.

RegardonsXs comme un disque. On calcule ainsi

(α) trouverg′, avecg′ très congru `ag, et tel que

g′ ∼ 1 dans une couronne autour des

s

 ~1

(β) faire tendre le bord int´erieur de la couronne verss. On aura

f (−div (g′)+ vs(g)(s)) −→ 〈f, g] .
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Exemple :si f se prolonge `a X̄s , il n’est pas n´ecessaire queg′ soit très congru `a
g ; prenonsg′ = 1, on aura simplement〈f, g] = f (vs(g)(s)) = f (s)vs(g). Pour
un autre choix, noter queg′ a autant de 0 que de pˆoles dans le disque ; noter aussi
que, avec la notation de la construction 2, cela donne〈

f,
t

t − T

]
∼ f (T ) comme voulu.

i = 1 : La même image s’applique – un peu moins bien –

global : àT ,G-torseur surX, on doit associer une loi qui, `aL, faisceau inversible
sur X̄ très rigidifié à l’∞, associe unG-torseur〈T ,L] sur k (la fibre enL de
l’extension, correspondant `a T , deJ parG). On veut〈T ,O(Σ xi)] = Σ Txi .
PourS %= ∅, s’il n’y a pas d’application non constante de l’espace affine dans
G, c’est encore une question d’existence d’un module : pourL assez ample et
assez rigidifié, d’espace de sections valant 1 `a l’infini L, on veut que le torseur
suivant sur l’espace affineL soit trivial :

fibre en� ∈ L : G-torseur
∑

�(x)=0

Tx

local : pourG lisse,àT ,G-torseur surXs , on veut associer une loi

g ∈ K∗
s → unG-torseur〈T , g]

. . .?. . .

8. Le cas modéré
Soit X̄s local complet comme ci-dessus. Le “cas mod´eré” est celui o`u on peut
remplacerJ (Xs) par son quotientJ (Xs)/(1+m)∗. Ce quotient est lemˆeme pour
X̄s et pour le compl´eté à l’origine de l’espace tangent de Zariski deX̄s ens ; de
plus, les revˆetements mod´erés dans ce cas s’identifient aux revˆetements mod´erés
de la droite affine ´epointée.

Des arguments analogues valent en in´egale caract´eristique “PourK un corps
local à corps résiduel alg´ebriquement clos, et pourT l’espace tangent de Zariski
m/m2, il “revient au même” de se donner une extension mod´erément ramifiée
deK ou un revêtement mod´eré deT − {0}.”

Dès lors, il revient aumˆemedesedonnerun faisceau ´etale localement constant
modérément ramifié surXs ou surT − {0}.
Notation :[ désigne le passage `a cettte approximation lin´eaire (X̄[

s = T , X[
s =

T − {0}, F [ = le faisceau. . . surX[
s).

Remarque :il revient au même de se donner une extension deJ (Xs)/(1+m)∗
parG, ou de se donner surX[

s un torseurT muni de la structure additionnelle
suivante :

Tx11 − Tx10 − Tx01 + Tx00 ∼ 1 pour
x00x11

x01x10
= 1
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(tel que. . . )
[pour avoir des conventions coh´erentes, il faut normaliser le “il revient aumˆeme”
par : extensionE !→ torseur (enx ∈ X[

s , si π est l’uniformisante telle que
〈dπ, x〉 = 1, la fibredu torseurest l’image inversedansE de−π ∈ K∗/(1+m)∗]〈

−π car
t

t − T
= −t

T
+ · · ·

〉
.

f. Cas général

X courbe projective, lisse, irr´eductible surk algébriquement clos – genreg –
U ouvert non vide deX ; j : U ↪→ X ; S = X − U

F faisceau localement constant deΛ-modules de rangunsurU .
On veut calculer

detR Γc(U,F) .
Pours ∈ S, soitas = 1+ conducteur de Swan deF ens. On a

χ = 2− 2g −Σ as .

Supposonsque2−2g−Σ as < 0, etS %= ∅ (on s’y ramènerait enagrandissant
S). Il s’agit alors de calculer

detR Γc(Sym
2g−2+Σ as (U), LΓ

2g−2+Σ as
ext (F)) .

Soitm le conducteur
∑
s ∈ S

as · s, et Jm la jacobienne g´enéralisée classifiant les

faisceaux inversiblesm-trivialisés surX. D’après la théorie du corps de classe
géométrique, le faisceauLΓ 2g−2+Σ as

ext (F)est image r´eciproquepar l’application
canoniqueπ : Sym2g−2+Σ as (U) → J

(2g−2+Σ as)
m d’un faisceau localement

constantG. Nous allons utiliser la suite spectrale de Leray deπ sous la forme

detR Γc(Sym
2g−2+Σ as (U), LΓ

2g−2+Σ as
ext (F))

= ⊗
i
detR Γc(J

(2g−2+Σ as)
m , Ri π! π∗ G)(−1)i .

Calcul desRi π! π∗ G
SoientN = 2g− 2+Σ as , ω ∈ J (N) la classe deΩ1(Σ as s) etϕ : J (N)m →

J (N). La fibre deπ en� ∈ J (N)m , représentée par un faisceau inversible de degr´e
N surX, notéL, muni d’une trivialisationα surm, est l’ensemble des sections
duL(−m)-torseur suivant : le faisceau des sections locales dem congrues `a 1
modm (relativement `aα).

Pourϕ(�) %= ω, on aH 1(L(−m)) = 0, et dimH 0(L(−m)) = g − 1. Sur
l’ouvert complémentaire deϕ−1(ω), π est donc une fibration de fibre un espace
affine de dimensiong − 1, et

Ri π! π∗ G =
{G(1− g) si i = 2(g − 1)
0 sinon.

(horsϕ−1(ω))
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Pourϕ(�) = ω, deux cas sont `a distinguer. Cette fois, on peut prendreL =
Ω1(m), et α s’identifie à un syst`eme (ωs)s ∈ S de parties polaires de formes
diff érentielles (avecωs d’ordreas)

(a) SiΣ Res(ωs) %= 0,π−1(�) = ∅
(b) SiΣ Res(ωs) = 0,π−1(�) est un espace affine de dimensiong.

Sur le lieu (b),π est un brave espace fibr´e. Dès lors

Ri π! π∗ G =



0 si i %= 2(g − 1),2g

G(1− g) sur l’ouvertϕ(�) %= ω, prolongé par zéro ailleurs,
si i = 2(g − 1)

G(−g) sur le ferméϕ(�) = ω,Σ Res= 0,
prolongé par zéro ailleurs sii = 2g .

Lemme 1.SoientG un groupe alg´ebrique commutatif,E une extension deG
parA (A fini) etχ : A→ Λ∗. Soitr : Λ→ Λ/ idéal maximal la réduction. On
supposequer χ(E) est une extension non triviale deG par (Λ/m)∗. SoitGχ le
faisceau deΛ-modules de rang un associ´e àΛ. On a

H ∗(G,Gχ) = 0 (idem pourHc) .

Preuve.1) On peut supposerE connexe (remplacerA parA ∩ E0)
2)E agit sur(G,Gχ), donc surH ∗(G,Gχ). Étant connexe, il agit trivialement.

En particulier, l’action deA par multiplication parχ(a) est triviale. On conclut
en notant queχ(a)− 1 est parfois inversible.

Revenons au calcul virtuel deH ∗
c (R π! π∗ G). Le corps de classe dit queG

ne provient pas d’une extension deJm′ parΛ∗, pourm′ < m de même support
quem (i.e. S). Si un desas ≥ 2, on conclut du lemme (appliqu´e à des groupes
additifs) que, notantψ la projection

ψ : J (N)m −→ J
(N)∑
s∈S

s
,

on aRψ!(R2g−2π! π∗ G) = 0. Si lesas sont tous un, on applique la construction
1 pour trouver que det(H ∗(J (N)m ,G(1− g))) ∼ 1 (on a 2g+|S| ≥ 2 dans ce cas
(m̃ > 2) par l’hypothèseχ < 0).

Au total, notant la suite exacte

0→ (G(1− g) surϕ(�) %= ω, prolongé par 0)→ G(1− g)

→ (G(1− g) surϕ(�) = ω)→ 0 ,
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ceci fournit

det(R Γc(Sym
2g−2+Σ as (U)), LΓ

2g−2+Σ as
ext (F)) ∼ detR Γc(U,F)(−1)N+1 ∼

det(R Γc(le ferméϕ(�) = ω,Σ Res= 0 deJ (N)m ,G(−g)))
det(R Γc(le ferméϕ(�) = ω deJNm , G(1− g)))

(où le dénominateur est canoniquement 1 si un desas ≥ 2 – ou si|S| ≥ 2).
Le numérateur correspond `a une somme de Jacobi – qu’on peut si on veut

exprimer comme un produit de sommes de Gauss, qui seront les facteurs locaux.
C’est ce que je veux maintenant expliquer.

g. Sommes de Gauss et de Jacobi

(A) Récapitulation desépisodes ant´erieurs
SoientX, U , F , S, (as)s ∈ S , m = Σ as s, N = 2g +Σ as − 2 comme en f.

Soit

a) pours ∈ S :
J ′s = espace des parties polaires ens de formes différentielles

de valuation−as (exactement)

= H 0(Ω(as(s))/Ω)\H 0(Ω(as(s)− (s))/Ω)

b)
J ′S =

∏
s ∈ S

J ′s

c) sur J ′S , on dispose d’unΛ-module de rang unG défini ainsi : soitω̄ =
(ω̄s)s∈S ∈ J ′S . Siω est une forme diff´erentielle méromorphe, ayant ens ∈ S
la partie polaireω̄s , alors, la fibreGω̄ deG enω̄ est

Gω̄ = ⊗
t /∈ S

(Ft )
⊗vt (ω) – indépendamment du choix deω .

d) Le groupeGm agit diagonalement surJ ′S ((ω̄s) !→ (λ ω̄s)). Cette action se
prolongeàG, d’où un faisceau (encore not´eG) surJ ′′S = J ′S/Gm, dontG soit
image réciproque.

e) On définit Res: J ′S → Ga : (ω̄s) !→ ∑
s ∈ S

Ress(ω̄s). SoitΣ ′ ⊂ J ′S défini par

l’ équation Res= 0 ; Σ ′ est stable sousGm et définit donc par passage au
quotientΣ ′′ ⊂ J ′′S .

f) On a

detR Γc(U,F)(−1)N+1 ∼ det(R Γc(Σ
′′,G(−g)))

⊗det(R Γc(J
′′
S ,G(1− g)))⊗−1

(pourN > 0).
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(B) Faisceau de Jacobi

Soitψ un caract`ere non trivialZ/p→ Λ∗ [on ajouteàΛ p
√
1 si requis]. Soit

Aψ le faisceau de rang un surJ ′S défini par{
ψ et le revêtement (de groupeZ/p)
Zp − Z = Res(ω̄)

Soit τ : J ′S → J ′′S .
CalculonsR τ!(Aψ). J ′S est unGm-torseur surJ ′′S . Soit J̄

′
S

τ̄−→ J ′′S le fibré en

Ga associé (via l’action deGm surGa)

J ′ ↪→
j
J̄ ′ = J ′ ∪ section 0

τ̄−→ J ′′ .

OnprolongeRes pour qu’il vaille 0 en la section 0, ce qui prolongeAψ enĀψ . La
suite exacte 0→ ∂!Aψ → Āψ → (Λ sur la section 0)→ 0 fournit un triangle

0→ R τ!Aψ → R τ̄! Āψ → Λ→ 0 .

Onvérifie queRi τ̄!Aψ = 0 sii %= 2, et queR2 τ̄!Aψ estΛ(−1) surΣ ′′, prolongé
par zéro ailleurs.

Les faisceaux de cohomologie deR τ!Aψ sont donci %= 1,2 : 0
i = 1 : Λ
i = 2 : Λ(−1) surΣ ′′, prolongé par zéro

NotonsJ le complexede faisceauxR τ̄!Aψ .A isomorphismecanoniquepr`es,
il ne dépendpasduchoix deψ : siψ ′ = ψ(λ x), (λ ∈ Z/p∗), lamultiplicationpar
λ définit un isomorphisme(J ′′S ,Aψ) ↔ (J ′′S ,Aψ ′), d’où R τ!Aψ ↔ R τ!Aψ ′ .
En étant plus soigneux, on doit pouvoir en d´eduire une d´efinition deJ même si
Λ ne contient pasp

√
1. Il me semble clair queJ est aussi loin que possible d’ˆetre

somme de ses faisceaux de cohomologie [l’invariant de sa classe d’isomorphie
est dans Ext2(Λ(−1) surΣ,Λ) = Λ].

La conclusion (A) f) se reformule en

(detR Γc(U,F))(−1)N+1 ∼ det(R Γc(J
′′
S ,G(1− g)⊗ J )) .

Le point de cette reformulation est queR Γc(J ′′S ,G(1− g) ⊗ J ) n’a qu’un
groupe de cohomologie non nul – en degr´e Σ as – et que ce dernier est de
dimensionun.Puisque2g−2est pair, on trouvedoncun isomorphismecanonique
Théorème 1.

(detR Γc(U,F))⊗(−1) ∼ HΣ as
c (J ′′S ,G(1− g)⊗ J )

(expression de la constante comme une somme de Jacobi).
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Pour prouver le th´eorème, on va “´ecrire une somme de Jacobi comme un
produit de sommes de Gauss”, en partant de l’isomorphisme

R Γc(J
′′
S ,G(1− g)⊗ J ) : R Γc(J

′
S,G(1− g)⊗Aψ) .

On aJ ′S =
∏
s ∈ S

J ′s etAψ est le produit tensoriel externe de faisceauxAs,ψ/J
′
s

analogues. Pour appliquer K¨unneth, il reste `a décomposerG(1− g) de même.
Ceci va nous ˆetre donn´e par la relation entre corps de classes global et local. On
a

(a) F correspond `a un torseur surU de groupeΛ∗, et à une extensionE deJm
parΛ∗. On aJ ′′S ↪→ Jm (ω̄ !→ le faisceauΩ(Σ as · s) rigidifi é par lesω̄s) et
G surJ ′′S se déduit duΛ∗-torseur surJ ′′S induit parE.

(b) On a
∏
K∗
s → Jm, et l’extension de

∏
K∗
s parΛ

∗ induite parE se déduit
d’extensions desK∗

s parΛ
∗, qui sont de nature locale (ens).

(c) SoitGs le faisceau sur(Os/m
as )∗ défini par cette extension locale. Siω̄ ∈ J ′S ,

le choix deω̄ identifieJ ′′S auproduit des(Os/m
as )∗/Gm, etJ ′S à

∏
(Os/m

as )∗.
G devient le produit tensoriel de
α) le produit tensoriel externe desGs
β) le faisceau constant de valeur⊗

t /∈ S
(Ft )

⊗vt (ω), pourω une forme différen-

tielle méromorphe de parties polairesω̄s ens ∈ S.
On a donc

R Γc(J
′′
S ,G(1− g)⊗ J ) ∼

(
⊗
s ∈ S

R Γc((Os/m
as )∗,Gs(1− g)⊗Aψ)

)
⊗ ⊗

t /∈ S
F⊗vt (ω)
t

(décomposition en produit des sommes de Jacobi).

Il reste a prouver que les facteurs sont concentr´es en une dimension. On va
le faire par un argument parall`ele à celui qui montre que les constantes locales
de caract`eres sauvages sont “´elémentaires”.

Théorème.SoientKv un corps local `a corps résiduel algébriquement closkv,
a ≥ 1, les groupes alg´ebriques surkv ((Ov/m

a)∗, ·) et (Ov/m
a,+), et des

extensions

0→ Λ∗ → E→ (Ov/m
a)∗ → 0

0→ Λ∗ → F → (Ov/m
a)→ 0

définissant des faisceaux de rang unG etA. On suppose que
(α) Sia > 1, E ne se d´eduit pas d’une extension de(Ov/m

a−1)∗ parΛ∗
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(β) F ne se d´eduit pas d’une extension deOv/m
a−1 parΛ∗.

Alors,

H ∗
c ((Ov/m

a)∗,G ⊗A)
{= 0 si ∗ %= a

est libre de rang un si∗ = a

(c’est plusgénéral que requisencequ’onnesupposepas ´egalecaract´eristique)
1) a = 1 la base est de dimension 1,H 0

c = H 2
c = 0 de façon évidente, et

χ = 2− 1− 2= −1
a > 1 et:

2) a = 2b on emploie la suite spectrale de Leray pour

(Ov/m
a)∗ → (Ov/m

b)∗ ;
pour toutes les fibres, sauf une, le faisceau est non constant et la cohomologie
nulle [on invoque lelemmede f.].

3) a = 2b + 1 on emploie la suite spectrale de Leray pour

(Ov/m
a)∗ → (Ov/m

b+1)∗ ;
on a une seule image non nulle(R2(a−b−1)), concentr´ee en une classe lat´erale
modmb. Là encore, on est ramen´eà une situation de dimension 1. Je n’ai pas
vérifié les détails. Il doitêtre facile d’obtenirH 0 = H 2 = 0, χ = 2− 3 =
−1.

h. Jacobi sums as “Grössencharaktere”

On se place sur l’anneauZ [1/m, ζ ], pourζ une racinem ièmede l’unité. Sur
le spectre de cet anneau, on dispose d’une extension

(1) 0−→ Z/m −→ Gm
xm−→Gm −→ 0 .

SoitE un corps de nombres. Pourλ une place deE, etχ : Z/m→ E∗, on
dispose via (1) d’unEλ-faisceauFχ surGm.

SoientI un ensemble fini, etΣ la partie deGI
m/Gm image de la partie deGI

m

d’équation
∑
i

xi = 0. Soient(χi)i ∈ I une famille de caract`eresχi : Z/m→ E∗,

telle que ∏
i

χi = 1 .

Cette condition assure que⊗pr∗i Fχi est image r´eciproque d’un faisceauFχ sur
GI
m/Gm.

Notation :
|I | = r + 1
R a!(Σ, ) : foncteurs image directe `a support propreΣ → Z [1/m, ζ ]
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� : caractéristique résiduelle deλ.

Supposons qu’un desχi soit non trivial.Alors,R a!(GI
m/Gm,Fχ) est 0 et la

note avant le th´eorème 1 dans g. montre que

Proposition 1. Sur Z [1/m, ζ,1/�], Ri a!(Σ,Fχ) = 0 pour i %= r − 1, et
Rr−1 a!(Σ,Fχ) est unEλ-faisceau de rang un.

La formule des tracesmontre que le Frobenius enp agit parmultiplication par
la somme de Jacobi que consid`ereWeil dans l’article cit´e [il suffit de calculer sa
trace ; le(−1)r+1 = (−1)r−1 deWeil correspond au fait qu’on est en dimension
(−1)r−1 ; noter queWeil identifieΣ au sous-espacedeGr

m d’équationΣ xi = −1
viaGr

m

∼−→Gr+1
m /Gm : (x1 . . . xr)→ (1, x1, . . . , xr)].

La proposition donne que les dites sommes de Jacobi sont les valeurs propres
de Frobenius dans un syst`eme compatible de repr´esentationsλ-adiques – et
comment les construire –. Ceci est beaucoup plus faible que ce qu’obtient Weil.
Je ne vois pas comment faire plus par voie g´eométrique.

Bien à toi,

P. Deligne
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5. Deligne, P.: Le symbole mod´eré, Publ. Math. de l’I.H.E.S.73 (1991), 147–181
6. Esnault, H.; Viehweg, E.: Logarithmic de Rham complexes and vanishing theorems, Invent.

math.86 (1986), 161–194
7. Esnault, H.: Algebraic Differential Characters, in Regulators in Analysis, Geometry and

Number Theory, Progress in Mathematics, Birkh¨auser Verlag,171(2000), 89–117
8. Laumon, G.: Transformation de Fourier, constantes d’´equations fonctionnelles, et conjecture

deWeil, Publ. Math. IHES65 (1987), 131–210
9. Mumford, D.: Abelian Varieties, Oxford University Press 1970
10. Serre J.-P.: Groupes Alg´ebriques et Corps de Classes, Hermann Paris 1959


