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ALGEBRAIC CHERN-SIMONS THEORY

By SpENCER BLoCH and HELENE ESNAULT

Abstract. A theory of secondary characteristic classes analogous to the classical Chern-Simons
theory is developed for algebraic vector bundles. Applications are made to questions involving finer
charcterisitic classes for bundles with connection and to the Griffiths group of algebraic cycles.

0. Introduction.

0.1. Secondary (Chern-Simons) characteristic classes associated to bundles
with connection play an important role in differential geometry. We propose to
investigate a related construction for algebraic bundles. Nonflat algebraic connec-
tions for bundles not admitting flat structures on complex projective manifolds are
virtually nonexistent (we know of none), and a deep theorem of Reznikov ([18])
implies that Chern-Simons classes are torsion for flat bundles on such spaces. On
the other hand, it is possible (in several different ways, cf. 1.1 below) given a
vector bundle £ on X to construct an affine fibration f: ¥ — X (i.e. locally over
X, Y = X x A") such that f*E admits an algebraic connection. Moreover, one can
arrange that Y itself be an affine variety. Since pullback f* induces an isomor-
phism from the Chow motive of X to that of Y, one can in some sense say that
every algebraic variety is equivalent to an affine variety, and every vector bundle
is equivalent to a vector bundle with an algebraic connection. Thus, an algebraic
Chern-Simons theory has some interest. Speaking loosely, the content of such a
theory is that a closed differential form 7 representing a characteristic class like
the Chern class of a vector bundle on a variety X will be Zariski-locally exact,
7 | U; = dn;. The choice of a connection on the bundle enables one to choose the
primitives 7; canonically up to an exact form. In particular, (n; — ;) | U; N Uj is
exact. When X is affine, a different choice of connection will change the n; by a
global form 7.

0.2.  Unless otherwise noted, all our spaces X will be smooth, quasi-
projective varieties over a field k of characteristic 0. Given a bundle of rank
N with connection (£, V) on X and an invariant polynomial P of degree n on the

Manuscript received March 1, 1996; revised September 23, 1996.

Research of the first author supported in part by the National Science Foundation; research of the second
author supported in part by the DFG.

American Journal of Mathematics 119 (1997), 903-952.

903



904 SPENCER BLOCH AND HELENE ESNAULT

Lie algebra of GLy (cf. [3]), we construct classes
0.2.1) wa(E, V,P) € T(X, Q¥ /dQ32); n > 2.

Here Qi is the Zariski sheaf of Kihler i-forms on X, and d: Qi — QFf! is
exterior differentiation. Zariski locally, these classes are given explicitly in terms
of universal polynomials in the connection and its curvature. They satisfy the
basic compatibility:

dwy(E,V,P) is a closed 2n-form representing the characteristic class in
de Rham cohomology associated to P by Chern-Weil theory. Note that
dw, is not necessarily exact, because w,, is not a globally defined form.

The simplest example is to take E trivial of rank 2 and to assume the con-
nection on the determinant bundle is trivial. The connection is then given by a

b ). Taking P(M) = Tr (M?) one finds

matrix of 1-forms A = ( @
v —a

0.2.2) wo(E,V,P) =2a Nda — 4afy + Bdy + vdS
or, if A is integrable,
wo(E,V,P) = =2a ANda = —2a37.

One particularly important invariant polynomial P, maps a diagonal matrix
to the nth elementary symmetric function in its entries. We write

(0.2.3) Wi(E, V) :=wu(E,V, Py).

For example, P>(M) := $(TtM)*—Tr(M?). In fact, when V is integrable, w,(E, V, P) =
Aw,(E, V) for some coefficient A € Q (see 2.3.3).

When k = C, w,(E, V) is linked to the Chern class in A"(X), where A"(X)
denotes the group of algebraic cycles modulo a certain adequate equivalence
relation, homological equivalence on a divisor. For example, A%(X) is the group
of codimension 2 cycles modulo algebraic equivalence. When n = 2 and X is
affine, there is an isomorphism

0.2.4) @: T(X, Q3 /dQ3%)/T(X,Q3) = A*(X) @7 C.

(This result, which we will not use, follows easily from results in [2].)
Writing ¢ cycle(E) for the second Chern class of E in A%(X), we have

0.2.5) PW2(E, V) = cocyc1e(E) @ 1

0.3. Suppose now the connection V on E is integrable, i.e. E is flat. Let
K" denote the Zariski sheaf, image of the Zariski-Milnor K sheaf in the constant
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sheaf K}(k(X)). One has a map dlog: K" — Qi
classes

sq- Functorial and additive

(0.3.1) G(E,V) e H(X, K" — Q' — Q1 — ..

were constructed in [8]. One has a natural map of complexes

(0.3.2) o (K — Q- Q! — .} - QI aQi — ).
We prove in Section 4

(0.3.3) wi(E, V) = o(ci(E, V) € T(X, Q¥ /aQ*=?).

In the case of an integrable connection, the classes w,(E, V) are closed. We are
unable to answer the following

Basic question 0.3.1. Are the classes w;(E, V, P) all zero for an integrable
connection V?

0.4. We continue to assume V integrable. We take k = C, and X smooth and
projective. We define the (generalized) Griffiths group Griff” (X) to be the group of
algebraic cycles of codimension n homologous to zero, modulo those homologous
to zero on a divisor. (For n = 2, this is the usual Griffiths group of codimension
2 algebraic cycles homologous to zero modulo algebraic equivalence.) Our main
result is

THEOREM 0.4.1. We have w,(E, V) = Qifand only if c,(E) = 0 in Griff* (X)®Q.
The proof of this theorem is given in Section 5.
The idea is that one can associate to any codimension n cycle Z homologous

to zero an extension of mixed Hodge structures of Q(0) by H**~!(X, Q(n)). One
gets a quotient extension

where N'! is the subspace of “coniveau” 1, the group on the right has the trivial
Hodge structure and where

E C H'X, H*"~1(Qn))).
Using the classes (0.3.1) and the comparison (0.3.3) we show

wa(E, V) € FP’ENE(R).
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Furthermore, w,(E, V) € E(C) maps to the class of c¢,(E). Since the kernel of
this extension is pure of weight —1 it follows easily that w, =0 — ¢, = 0. In
fact, Reznikov’s theorem ([18]) implies

wi(E, V) € E(Q).

0.5. Through its link to the Griffiths group, it is clear that the classes
wn(E, V), when V is integrable, are rigid in a variation of the flat bundle (E, V)
over X. But in fact, a stronger rigidity (see 2.4.1) holds true: one can allow a 1
dimensional variation of X as well.

0.6. Examples (including Gauss-Manin systems of semi-stable families
of curves, weight 1 Gauss-Manin systems, weight 2 Gauss-Manin systems of
surfaces, and local systems with finite monodromy) for which the classes w,,(E, V)
vanish are discussed in Section 7.

It is possible (cf. Section 7) to define w,(E,V,P) in characteristic p for p
large relative to n. In arithmetic situations, the resulting classes are compatible
with reduction mod p. When the bundle (E,V) in characteristic p comes via
Gauss-Manin from a smooth, proper family of schemes over X, we show using
work of Katz ([15]) that w,(E,V,P) = 0. A longstanding conjecture of Ogus
([17]) would imply that a class in I'(X, H") in characteristic O (where H is the
Zariski sheaf of de Rham cohomology), which vanished when reduced mod p for
almost all p was 0. Thus, Ogus’s conjecture would imply an affirmative answer
to 0.3 for Gauss-Manin systems.

0.7. In concrete applications, one frequently deals with connections V with
logarithmic poles. Insofar as possible, we develop our constructions in this context
(see Section 6). The most striking remark is that even if V has logarithmic poles,
wp(E, V) does not have any poles (see Theorem 6.1.1).

Acknowledgments. We thank E. Looijenga for making us aware of the simi-
larity between our invariant w, with Witten’s invariant for 3-manifolds (see [20]),
and G. van der Geer for communicating [12] to us. The second author thanks
E. Viehweg for support and encouragement.

1. Affine fibrations. An affine bundle Y over a scheme X is, by definition,
a V-torseur for some vector bundle V. Such things are classified by H'(X,V). In
particular, Zariski-locally, ¥ = X x A", Pullback from X to Y is an isomorphism
on Chow motives, and hence on any Weil cohomology; e.g. Hpr(X) = Hpr(Y),
H«(X) = Hg(Y), etc. The following is known as “Jouanolou’s trick.” We recall
the argument from [14].

ProposiTioN 1.0.1. Let X be a quasi-projective variety. Then there exists an
affine bundle Y — X such that Y is an affine variety.
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Proof. Let X C X be an open immersion with X projective. Let X be the
blowup of X — X on X. X is projective, and X C X with complement D a
Cartier divisor. Suppose we have constructed 7: ¥ — X an affine bundle with
Y affine. Since the complement of a Cartier divisor in an affine variety is affine
(the inclusion of the open is acyclic for coherent cohomology, so one can use
Serre’s criterion) it follows that 7~ 1(X) — X is an affine bundle with ¥ := 7~ '(X)
affine. We are thus reduced to the case X projective. Let P(N) — PV be an affine
bundle with P(N) affine. Given a closed immersion X — PV, we may pull back
P(N) over X, so we are reduced to the case X = PV. In this case, one can take
Y= GLN+1/GLN X GLy41- O

An exact sequence of vector bundles 0 — G — F — E — 0 on X gives rise
to an exact sequence of Hom bundles

0 — Hom (E, G) — Hom (E, F) — Hom (E,E) — 0
and so an isomorphism class of affine bundles
d(dg) € H' (X, Hom (E, G)).

Of particular interest is the Atiyah sequence. Let X be a smooth variety, and let
T C Ox ® Ox be the ideal of the diagonal. Let Py := Ox ® Ox/Z?, and consider
the exact sequence

0—>Q)1(—>73X—>(9X—>0

obtained by identifying Z/Z> = Q! in the usual way. Note that Py has two distinct
Ox-module structures, given by multiplication on the left and right. These two
structures agree on Q' and on Oy. Given E a vector bundle on X, we consider
the sequence (Atiyah sequence)

(1.0.1) 0— E®oy Qy — E®oy Px — E — 0.

The tensor in the middle is taken using the left Ox-structure, and then the se-
quence is viewed as a sequence of Ox-modules using the right Ox-structure.

ProposITION 1.0.2. Connections on E are in 1 —1 correspondence with splittings
of the Atiyah sequence (1.0.1).

Proof. (See [1] and [5].) As a sequence of sheaves of abelian groups, the
Atiyah sequence is split by ¢ — e ® 1. Let : E — E ® Px be an O-linear
splitting. Define

Vie):=0(e) —e® 1 € E®Qy.
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We have

V(f-e) =0 - 11f)—(e@D(f®1)
=(1®fH) - VEe+Eel) - (1f—-f®1)
= fV(e)+df Ne,

which is the connection condition. Conversely, given a connection V, the same
argument shows that 8(e) = V(e) + e ® 1 is an O-linear splitting. O

CoRrROLLARY 1.0.3. Let E be a vector bundle on a smooth affine variety X. Then
E admits an algebraic connection.

Proof. An exact sequence of vector bundles on an affine variety admits a
splitting. m|

1.1.  In conclusion, given a vector bundle E on a smooth variety X, there
exist two sorts of affine bundles 7: ¥ — X such that 7*E admits a connection. We
can take Y to be the Atiyah torseur associated to E, in which case the connection
is canonical, or we can take Y to be affine, in which case all vector bundles admit
(noncanonical) connections.

2. Chern-Simons. We begin by recalling in an algebraic context the basic
ideas involving connections and the Chern-Weil and Chern-Simons constructions.

2.1. Connections and curvature. Let R be a k-algebra of finite type (R and k
commutative with 1). A connection V on amodule Eisamap V: E — E (X)RQ}e Ik
satisfying V(f - e) = e @ df +f - Ve. More generally, if D C SpecR is a Cartier
divisor, of equation f, one defines the module Q}Q /k( log D) of Kéahler 1-forms
with logarithmic poles along D, as the submodule of forms w with poles along
D such that w- f and w A df are regular [6]. A connection with log poles along D
isaklinearmap V: E - EQ® Q}e /k( log D) fulfilling the Leibniz relations. When
E has a global basis E = RN, V can be written in the form d + A, where A is an
N x N-matrix of 1-forms. Writing ¢; = (0,...,1,...,0) we have

V(ei) = Z ej X ajj.
J

The map V extends to a map V: E® Q' — E ® Q! defined by V(e ® w) =
V(e) AN\w+e®dw. The curvature of the connection is the map V2 E — E®Q
The curvature is R-linear and is given in the case E = RV by

Vie) = > ej®@dag+» e ® aj A ay
j it
=(0,...,1,...,0)- (dA — A?).



ALGEBRAIC CHERN-SIMONS THEORY 909

The curvature matrix F(A) is defined by F(A) = dA —A2. (Note that the definition
F(A) = dA + A? is also found in the literature, e.g. in [3].)

Given g € GLy(R), let v = g~'. We can rewrite the connection V =d +A in
terms of the basis € :=¢; - g =(gi1,---,&in), replacing A and F(A) by

(211) dg . g_l +gAg_1 = _ryfld,y_i_,yflA,y

(2.1.2) F(dg-g'+gAg™") gF(A)g~!.

A connection is said to be integrable or flat if V> = 0. For a connection on R
this is equivalent to F(A) = 0.

2.2. We recall some basic ideas from [3]. Let G be a Lie algebra over a
field k of characteristic 0, and let G be the corresponding algebraic group. (The
only case we will use is G = GLy.) Write G :=G® ---® G. G acts diagonally

N
£ factors
on G’ by the adjoint action on each factor, and an element P in the linear dual
(GY* is said to be invariant if it is symmetric and invariant under this diagonal
action. For a k-algebra R we consider the module A™¢ := G¢ @y Qp Ik of r-forms

on R with values in G'. Let x; denote tangent vector fields, i.e. elements in
the R-dual of Q!. We describe two products A: A @r A" W AT and
[ 1: A" @g A”' — A1 In terms of values on tangents, these are given by

2.2.1) @AY, .oy Xppr) = Z o(m)p(Xr,,s ooy Xr,)

7,shuffle

®¢(-x7rr+l >ttt ’xﬂ'Hrl)
222) [, lx1, o) = Y o @PErys X, ) Py X

7,shuffle

Here o(7) is the sign of the shuffle. These operations satisfy the identities (for
P € (G%* symmetric, i.e. invariant under the action of the symmetric group in ¢
letters but not necessarily invariant under G)

(2.2.3) [, 9] = (= D[, ]
(2.2.4) ([, ¢l 0] = 0

(2.2.5) dlp,y] = [do, Y]+ (= 1) [p,dy]
(2.2.6) dip Np) =dp AP+ (=)o ANdy
(2.2.7) d(P(p)) = P(dp)

(2.2.8) Plp A Ap) = (— 1" P ApAp).
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If P is invariant, we have in addition for ; € A’'! and ¢ € A1
¢

(22.9) S (= D)MIPE A A ] A Apy) = 0.

i=1

By way of example, we note that if A = (a;j), B = (b;;) are matrices of 1-forms,
then writing AB (or A2 when A = B) for the matrix of 2-forms with entries

> _aie Aby
l

we have
[A,Al(x1,x2);5 = ([A(x1), Alx2)] — [A(x2), A(x1)]);
= 2(A(xDA(2) — A(x2)A(x1));;
=2 Z (aie(x1)ag(x2) — aip(x2)ag(x))
¢
=2 ai Aag(x1,x) = 24%(x1, x2),
¢
whence

1
A% = E[A,A].

In the following, for ¢ € A" we frequently write ¢" in place of @ A --- A @
(n-times). The signs differ somewhat from [3] because of our different convention
for the curvature as explained above.

TueorEM 2.2.1. ([3]) Let P € (GY)* be invariant. To a matrix A of 1-forms over
a ring R, we associate a matrix of 2-forms depending on a parameter t

@ := tF(A) — %(;2 — A, A]
Define
1
(2.2.10) TP(A) = ( /0 PA A o Hdr e Q2571

R/k

For example, for

2
2.11) P(M) = TiM?, ¢ =2, TP(A) = Tt (AdA _ §A3>
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Then dTP(A) = P(F(A)Y). The association A — TP(A) is functorial for maps of
rings R — S. If A — T'P(A) is another such functorial mapping satisfying

dT'P(A) = dTP(A) = P(F(A)Y),

then

T'P(A) — TP(A) =dp

is exact.

Proof. The first assertion follows from Proposition 3.2 of [3], noting that
Q(A) in their notation is —F( — A) in ours. For the second assertion, we may
assume by functoriality that R is a polynomial ring, so H%{l(R/k) = (0). The
form T'P(A) — TP(A) is closed, and hence exact. O

PRrOPOSITION 2.2.2. With notation as above, let g € GLy(R), and assume £ > 2.
Then TP(dg - g~ ' +gAg™") — TP(A) is Zariski-locally exact, i.e. there exists an open
cover Spec (R) = | U; such that the above expression is exact on each Uj.

Proof. The property of being Zariski-locally exact is compatible under pull-
back, so we may argue universally. The matrix A of 1-forms (resp. the element
g) is pulled back from the coordinate ring of some affine space A (resp. from
the universal element in GLy with coefficients in the coordinate ring of GLy),
so we may assume R is the coordinate ring of A” x GLy.

Let 77 be a closed form on a smooth variety 7. Let f: S — T be surjective,
with S quasi-projective. Then 7 is locally exact on T if and only if f*n is locally
exact on S. Indeed, given r € T we can find a section §” C S such that the
composition f’: §" — T, where §' — §” is the normalization, is finite over some
neighborhood ¢ € U. Assuming f*7 is locally exact, it follows that f*n | f/ ()
is locally exact, and so by a trace argument (we are in characteristic zero) that
n | U is locally exact as well.

We apply the above argument with

n=TPdg-g ' +gAg ") — TP(A)

and T = A" x GLy. As a scheme, GLy = (G,, x SLy, and for some large integer
M we can find a surjection [ [, AY — SLy by taking products of upper and
lower triangular matrices with 1 on the diagonal and then taking a disjoint sum
of translates. Pulling back, it suffices to show that a closed form of degree > 2
on AM*" x G,, is exact. This is clear. O

Construction 2.3. Let E be a vector bundle of rank N on a smooth quasi-
projective variety X. Let P be an invariant polynomial as above of degree n on
the Lie algebra GLy. Suppose a given connection V on E. (Such a connection
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exists when X is affine because the Atiyah sequence splits.) Let X = (JU; be
an open affine covering such that E | U; & O%V, and let A; be the matrix of
1-forms corresponding to V | U;. The class of TP(A;) € T(U;, Q¥ /dQ*—2)
is independent of the choice of basis for E | U; by (2.2.2). It follows that these
classes glue to give a global class

(2.3.1) wa(E,V,P) € T(X, Q"1 1dQ*"2),

ProposITION 2.3.1. Let E be a rank N-vector bundle on a smooth affine variety
X. Let V and V' be two connections on E. Let P be an invariant polynomial of
degree n. Then there exists a form

n e X, Q"

such that

wa(E, Y, P) — wn(E, V', P) = n mod(dQ¥2).

Proof. Because X is affine, any affine space bundle Y — X admits a section.
(An affine space bundle is a torseur under a vector bundle.) Thus, we may replace
X by an affine space bundle over X. Since X is affine, E is generated by its global
sections, so we may find a Grassmannian G and a map X — G such that E is
pulled back from G. We may find an affine space bundle Y — G with Y affine.
Replacing X with X X Y, which is an affine bundle over X, we may assume
E pulled back from a bundle F on Y. Since Y is affine, F admits a connection
¥, and it clearly suffices to prove the proposition for V the pullback of P.
Write V! — V = v with v € Homo,(E,E ® Q. Let 1: X — A™ be a closed
immersion. The product map X — Y x A™ is a closed immersion, hence -y lifts
to ¢ € Homep,, . (F,F ® Q}XM). Let ¥ := ¥ + . We are now reduced to the
case X = Y x A™. Writing H?"! for the Zariski cohomology sheaf of the de
Rham complex on X, one knows that T'(X, H>"~!') ¢ T(U, H*"~') for any open
U # 0 ([2]). Taking U = A¥*" where AM is an affine cell in Y, we may assume
(X, H*'~!) = (0). If P corresponds to a polynomial F in the Chern classes,
dw(E,V,P) and dw(E, V', P) both represent the same class F(E) in cohomology,
s0, since X is affine, there exists n € I'(X, Q=1 such that

Wa(E,V,P) = wy(E,V',P) —n € TX, H"~") = (0). =

PropOSITION 2.3.2. Let V be an integrable connection on E, and let P be an

invariant polynomial of degree n. Let H*" ! = Qgﬁ;;d /d¥*" 2. Then w,(E,V,P) €
L(X,H*~1), i.e. dw=0.

Proof. dw = P(F(V)) =0 since V integrable implies F(V) = 0. O
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ProPOSITION 2.3.3. LetV be an integrable connection on E, and let P = \P,+Q
be an invariant polynomial of degree n, where P,, is the nth elementary symmetric
function and Q is a sum with rational coefficients of decomposable polynomials
P; ...P;.withr > 2and i; > 1. Then

wn(E, V, P) = Awy(E, V)

(see notation (0.2.3)).

Proof. Writing elementary symmetric functions P; of degree i < n as poly-
nomials with rational coefficients in the elementary Newton functions Q;(M) =
Tr M! of degree i < n and vice-versa, it is enough to show w,(E,V,Q;) = 0
where Q; = Q;, ... Q;, for r > 2 and i; > 1. For A with dA — A% = 0 one has
F(tA) = (t — *)A?, and therefore

O1(A A F(tA) T+ +ir=ly
Oi, (AF(tA) "™ H(t — )2+ 0, (A*2) - 0, (A%r) = 0

as Tr A¥ =0 forj > 1. O

2.4. Rigidity.

THEOREM 2.4.1. Let f: X — S be a smooth proper morphism between smooth
algebraic varieties defined over a field k of characteristic zero. Assume dim$S =
1. Let V: E — Q)]( /s ® E be a relative flat connection, and P be an invariant
polynomial. Then

wa(E,V,P) € H' (X, H*"~1(X/S))

lifts canonically to a class in HO(X, H*"~") forn > 2.

Proof. Take locally the matrix A} € HO(X;, M(N, Q)l( /S)) of the connection, N
being the rank of E. Take liftings A; € HO(X;, M(N, Q}()), and define TP(A;) look-
ing at the Q)l( valued connection defined by A;. Since F(4;) € H(X;, M(N,f*Qlf ®
Q}l()), one has F(A;)" =0 for n > 2, and dTP(A;) = P(F(A)") = 0. On X; N Xj, one
has

Aj=dg-g ' +eAig - Ty
where I';; € HO(X; NX;,f *Ql). Using Proposition 2.2.2, we just have to show that
TP(B) — TP(B +T) is locally exact for some matrix of one forms B=dg-g~' +

gA;g~", verifying F(B)w = 0 for any w € M(N,f*Q}), and T = I € f*Ql. By
Proposition 2.3.3 it is enough to consider P(M) = TrM". One has

2.4.1) 0B +T) = F(t(B+T)) = F(tB) + tdT" — t*(TB + BT
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and

(2.4.2) F(tB)w = (t — *)dBw
with w as above. Thus

(243) P(B+D)A @?*I(B +1))

Tr(B+1T)
X[(tdB — *B*)" ' + (n — 1)(t — £2)" 2

X (dB)"~%(tdT — (BT + I'B)]
P(BA O '(B)+R

with

244 R = TIT(@B)"'[(t — 7Y~ =22 (n — (e — )" 7]
+(n— 1)t — )" *TrB(dB)"2dr.

Write Trd(BT') = TrdBT" — Tr BdI'. Then we have

(2.4.5) R=F{TrT(dB)" !

modulo exact forms, with

(24.6)  FO=nt—)"""—m— DA —>)""? =@ -2,

The assertion now follows from (2.2.10). O

3. Flat Bundles. The following notations will reoccur frequently.

3.1. X will be a smooth variety, and D = |JD; C X will be a normal
crossings divisor, with j: X —D — X. We will assume unless otherwise specified
that the ground field k£ has characteristic 0.

3.2. (E,V) will be a vector bundle E of rank » on X with connection
ViE—E ®Q)1( /k( log D) having logarithmic poles along D. The Poincaré residue

map Ql(log;D) — Op;, is denoted resp,, and I'; :=resp, o V: E — E|D,~-

3.3. When E is trivialized on the open cover X = UX;, with basis ¢; on X,
then (E, V) is equivalent to the data

m

gi € I'X; N X;,GL(r, Ox))
ik = &ij&jk
A; € T(X;, M(r,Qk(log D)))

m

1 1
with 8ij dg,:,' = 8jj Aigij — Aj.
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3.4. The curvature
V2 E — Q%(logD)Q E

is given locally by
V2 = F(A) := dA; — AA,.

The connection V is said to be flat, or integrable if V2 = 0.

3.5. For two r x r matrices A and B of differential forms of weight a and
b respectively, one writes Tr AB for the trace of the r X r matrix AB of weight
a+b, and one has Tr AB = ( — 1)®Tr BA. We denote by ‘A the transpose of
A: (IA)I']' = Aji-

3.6. For any cohomology theory H with a localization sequence, the ith
level of Grothendieck’s coniveau filtration is defined by

N'H®* = {x € H* | 3 subvariety Z C X of codimension > i
such that 0 =x|x_z € H*(X — Z).}

3.7. For any cohomology theory H defined in a topology finer than the
Zariski topology, one defines the Zariski sheaves H associated to the presheaves
U — HU) ([2]). When H is the cohomology for the analytic topology with
coefficients in a constant sheaf A, we sometimes write H(A). For example the
Betti or de Rham sheaves H(C) are simply the cohomology sheaves for the
complex of algebraic differentials Q%. For D C X as above, we write H*(log D)
for the cohomology sheaves of Q*(log D). It is known that H*(log D) = j. Hx_p.

3.8.  When k = C we use the same notation Y for the analytic and algebraic
de Rham complexes. For integers a and b, the analytic Deligne cohomology is
defined to be the hypercohomology of the complex of analytic sheaves

b an G ZUb)) = HO Xan, Z(b) — O — Q' — -+ — QP71

(This should be distinguished from the usual Deligne cohomology, which is de-
fined using differentials with at worst log poles at infinity.) One has a cycle class
map from the Chow group of algebraic cycles modulo rational equivalence to
Deligne cohomology:

CH'(X) — HE (X, Z(i)).

3.9. We continue to assume k = C. Let a: Xa — Xzar be the identity map.
For a complex C', let t>;C" be the subcomplex which is zero in degrees < i and
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coincides with C" in degrees > i. There is a map of complexes ¢>,C° — C". The
complex

Zj) — Ox — Qy — -+

in the analytic topology is quasi-isomorphic to the cone Z( j) — C, and hence to
C/Z( j)[ — 1]. We obtain in this way a map in the derived category

(t>Qx) — C/Z( ).
The kernel of the resulting map
Rl (1) = ker (0.9 — . *") = Rlau(C/Z( j))

is denoted Qiz( i) ([8]). Note Qiz( j) 1s a Zariski sheaf. Writing K" for the Milnor
K-sheaf (subsheaf of the constant sheaf KJM““‘“(k(X))), the dlog-map

{fi... o fiy = dftJfi N NS

induces a map

(3.9.1) dlog: K" — Q..

To see this, note the exponential sequence induces a map
0%, — R, Z(1)

and we get by cup product a commutative diagram with left-hand vertical arrow
surjective

0% —— R Z(j)

o

dlog

/ij —— FRa,C

We shall need some more precise results about the sheaf Qiz( i

LeEmma 3.9.1. (1) There is a natural map

H'(Xzar, Q) — Hpp (X, 7).
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(2) Let D C X be a normal crossings divisor. Then there is a natural map

Hi(XZara Qiz(i) — OZ*QIX( IOg D)— ..
- HZi(Xan,Z(i) — Ox — Q)]( — e — Qé;l — Qi( log D)y — - -).

(3) There is a natural map

. dl .
o1 H (Xzar, K" ——2 Qi(log D) — -+ )
— H (Xan, Z(i) — Ox — Qi — - — Q! — Q'(log D)y — -+ )

In particular, for D = (), we get a map

‘ m 4o 2i—1 .
H (Xzar, K" —— Qx — ) = H™ " (Xan, C/Z(0)).
Proof. We consider the spectral sequence

R = Ro,(Z(i) — O - Q' — ... 5 Q1
EYY = HP(Xzar, RY) = HE & (X, U0)).

One checks that

R = HNC/ZG));, s<i
0 — HNC/Z(@) — R — Qi — 0
0 — H'=NC/Z(i)) — R* — ker (H(C) — H(C/Z(i)) — 0; s> i.

We have by ([2]) that H*(Xzy,, HP(A)) = (0) for a > b and A any constant
sheaf of abelian groups. Applying this to the above, we conclude EZ’Z"*“ =
H(Xz4, R*~9) = (0) for a > i, and E5' = H'(X,Ql;). Assertion (3.9.1) fol-
lows. The construction of the map in (2) is similar and is left for the reader.
Finally, (3) follows by composing the arrow from (2) with the d log map (3.9.1).
O

3.10. Characteristic classes. Let (E,V) be a bundle with connection as in
3.2 and assume V is flat. Functorial and additive characteristic classes

ci(E, V) € H (Xz4, K" — Qi (log D) — Qi (logD) — - - +)

were defined in [7]. These classes have the following compatibilities:
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3.10.1. Under the map
H (Xzar, KT — Q% (log D) — Qi'(log D) — -+ ) — H'(X,K") ¥ CH'(X)
we have ¢;(E, V) — chhOW(E) € CH\(X).

3.10.2. Assume X proper and D = ¢. The classes c¢;(E, V) lift classes
ME, V) € H*~'(Xan, C/Z(i)) defined in [8], via the commutative diagram

Hi (X, K — Qf — Q¥ — ...y ———  CH!(X)
¢ (3.9.1@)@ l¢=eyc1e map
H*= ! (Xon, C/Z(0)) —— Hp(X,i).
3.10.3. When D # ¢ and X is proper, classes
NE, V) € H (Xan, Z(i) — Ox — ++- — Q' — Qi(logD) — - - )

lifting ciD(E) € H%(X, Z(i)) are defined in [8]. In general, for X not proper, these
classes lift

¢l (E|x-p) € HA(X — D, 7(i))
via the factorization through H*~!(X — D, C/Z(i)) ([9], (3.5)).

ProposiTiON 3.10.1. The map ¢ from (Lemma 3.9.1(3)) carries c;(E,V) to
c"(E, V). For X proper; the diagram

H(X, K™ — Qi (logD) — Qil(logD) — --)  ———  CH(X)
| [
H? (Xan, Z(i) — Ox — - Qy ' — Qi(logD) — --) —— HAX, Zi))

commutes. For X not proper, the diagram remains commutative if one replaces the
bottom row by

HY Y((X = D)an, C/7i)) — HE(X — D, 7(i))

or if one replaces H%(X, Z(i)) by H%’BH(X, Z(1)).

Proof. The central point, for which we refer the reader to ([8]) is the following.
Let m: G — X be the flag bundle of E over which E has a filtration E;_; C E; by
TV stable subbundles with successive rank 1 quotients (L;, 7V) (see [7]). Then
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¢i(E, V) and ¢f"(E, V) are both defined on G by products starting from

c1(La, V) € HY(G, K| — 7*QL(logD) — - - )

AL, TV) € B2 (G, i) — Og — 1*Qk(logD) — - - ).
It suffices to observe that the “algebraic” product

H' (G, Ky — 7*QL(logD) — -+ ¥
— H/(G, K" — 7*Qi(log D) — ---)

([8], p. 51) is defined compatibily with the “analytic” product

B2 (G, Z(i) — Og — 7" Qx(log D) — -+ )%
— H*(G, Z(i) — Og — --- — Q-1 — 7*Qi(logD) — --). O
3.11. Let7: Qf — N* be a map of complexes , with Ox = N, such that if
a is the smallest degree b for which B? := KerQ% — N’ # 0, then B? = B“/\Qé’(_”.
For example, let V: F — Ql(logD) ® F be a nonintegrable connection. Then
the local relation dF(A) = [A, F(A)] shows that one can define N* by

(3.11.1) N' = Ql(log D)
N' = Qi (log D)/B* A Qi *(log D)

where B is locally generated by the entries of the curvature matrix of V.
Let (E,V) be a flat N* valued connection, that is a k linear map V: E —
N' ® E satisfying the Leibniz rule
(3.11.2) V(de) = 1dAe + AV (e),
the sign convention

(3.11.3) Viw®e)=1dw)®e+(—1)°wA Ve,

where o = degw, and (V)? = 0. Then the computations of [7] and [8] allow one
to show the existence of functorial and additive classes

(3.11.4) ci(E, V) e H(X, K" — N' — N*L..)
mapping to analytic classes

(3.11.5) NE, V) € B (Xan, Z(i) — - - — Q — N*L..)



920 SPENCER BLOCH AND HELENE ESNAULT

compatibly with the classes ciD(E) and cl-ChOW(E) as before. As we won’t need
those classes, we don’t repeat the construction in detail.

3.12. Finally, the ¢;(E, V) map to classes

2i—1
0.E,V) € HO <X M) ]

" dQY *(log D)
In the next section these will be related to the classes w;(E, V).

4. The classes 6, and w,,. Recall that we had defined w,(E, V) = w,(E, V, P,)
in (0.2.3) for the nth elementary symmetric function P,.

THEOREM 4.0.1. Let X be a smooth quasi-projective variety over C. Let E,V
be a rank d vector bundle on X with integrable connection. For d > n > 2, we
have w,(E,V) = 0,(E,V), and w,(E,V,P) = \0,(E,V) (with the notations of
Proposition 2.3.2).

The proof will take up this entire section. We begin with

Remark 4.0.2. We may assume X is affine, and E = O;?N . In this situation,
the class w,(E, V) lifts canonically to a class in

HO(X, an_l)/dHO(X, QZ}’[—Z).

Indeed, one knows from [2] that for U C X nonempty open, the restriction
map HO(X, H*'~ 1) — HO(U, H*"!) is injective. The assertion about lifting fol-
lows from the construction of w, in Section 2 because the trivialization can be
taken globally.

4.1. The connection is now given by a matrix of 1-forms and so can be
pulled back in many ways from some (nonintegrable) connection ¥ on the trivial
bundle £ ¥ O),. We will want to assume ¥ “general” in a sense to be specified
below. For convenience, write T = A” and let ¢: X — T be the map pulling back
the connection. Let m: P — T be the flag bundle for £ and let Q = ¢*P, so we
get a diagram

0 —— P
(4.1.1) P lw
X —— T.

4.2. The curvature F(\¥) defines an Op-linear map

4.2.1) FOP): € — € o, Q3.
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In concrete terms, we take p = 2N?q for some large integer ¢, and we write P

8
and yl(.j]-c) for 1 <i,j < Nand 1 < k < g for the coordinates on A”. The connection
¥ then corresponds to an N x N matrix of 1-forms A = (a;;), and the curvature

is given by F(\V) := (fj) =dA — A%. We take

q N
{4 4
4.2.2) aj = E xgj)dyg-j); fij =da; — E Aim N Q.-
(=1 m=1

Notice that for ¢ large, we can find ¢: X — T so that (£,¥) pulls back to (E, V).

4.3. We want to argue universally by computing characteristic classes for
(€,'¥), but the curvature gets in the way. We could try to kill the curvature and
look for classes in the quotient complex of Q7 modulo the differential ideal
generated by the f; (see 3.11), but this gratuitous violence seems to lead to
difficulties. Instead, we will use the notion of 7-connection defined in [7] and [8]
and work with a sheaf of differential algebras

4.3.1) M =Qp/T
on the flag bundle P.
Let
1 ¢ * T F(¥) * )2
(4.3.2) 75 QP/T —— 7w Hom(€,E) —— 1" Q7

be the composition, where ¢ is the standard inclusion on a flag bundle. An easy
way to see ¢ is to consider the fibration R — P = R/B, where R is the cor-
responding principal G = GL(N) bundle and B is the Borel subgroup of upper
triangular matrices, and to write the surjection 7(R/T)/B — T (P/T) dual to ¢,
where 7 (A/B) is the relative tangent space of A with respect to B. There is an
induced map of graded 7*Q7-modules, and we define the graded algebra M* to
be the cokernel as indicated:

®1
(4.3.3) Qb ®o, T — 2] ——— T'Qf — M* — 0.

Note M? = Op and M! = W*QIT.
ProposiITION 4.4.1.

(i) Associated to the connection Y on & there is an Op-linear splitting
7 Qb — 7 QL of the natural inclusion 7*QL. = QL. The resulting map & :=
Tod: Op — W*QlT is a derivation, which coincides with the exterior derivative on
7~ Or C Op. By extension, one defines

6 QL — QL S(frlw) =fr ldw+ () AT lw.
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(i1)) One has

2 e *O2
) :/'[/OdP/T: OP—>QP/T—>7T QT’

where i is as in (2).

(iii) There is an induced map 6: M" — M"*' making M* a differential graded
algebra. The quotient map Qp — w*Qp — M* is a map of differential graded
Op-algebras.

Proof. We will give a somewhat different construction of M* which we will
show coincides with that defined by (4.3.3).

Let Y be a scheme, and let F be a vector bundle on Y. Let 7y: P :=P(F) —
Y. Let T C Qj be a differential graded ideal, and write M5 = Qy/Z. (All our
differential graded ideals will be trivial in degree 0, so M8 = Oy.) Assume we are
given an My-connection V: F — F ® M} in an obvious sense, that is a k linear
map fulfilling the “Leibniz” rule V(Af) = 6§(\)f + AV(f) for A € Oy, f € F.
Define J = ﬂflfgf,l C Qp . and let M* := Q} /J. As a consequence of the
Leibniz rule, the pullback 7} F has a M*-connection V: 7 F — i F @ M.

We want to construct a quotient differential graded algebra M* — M} such
that with respect to the quotient M;-connection, the universal sequence

(4.4.1) 0 — Qb (1) L afF L Op,(1) — 0

is horizontal. The composition

1 J * v * wal 91 crl
(4.4.2) Qb ()L i F —— niFo M —— 1'(1)

is easily checked to be Op,-linear. Let ICK; C M" denote the image of the above
map twisted by Op,( — 1). Define K* C M* to be the graded ideal generated by
K! in degree 1 and §K' in degree 2. Let M? := M*/K*. It is immediate that
M7 is a differential graded algebra, and that the subbundle Q}Jl /Y(l) C mjF is
horizontal for the quotient connection 7} F — mfF @ M}.

Now let P denote the flag bundle for F. Realize P as a tower of projective
bundles

P:PN,1—>-'-—>P2—>P1—>Y

where P; is the projective bundle on the tautological subbundle on P;_;. Starting
with an Mp-connection on F on Y, we can iterate the above construction to get
a sheaf of differential graded algebras M; on P;, and an M;-connection on F | P;
such that the tautological partial flag is horizontal. Let M'* be the resulting sheaf
of differential graded algebras on P.
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Suppose M} = Q. We will show by induction on i that M} ¥ Q} | P; in such
a way that the surjection Q},l_ —» M} splits the natural inclusion Q}, | P; — Q},l_, or
in other words that the kernel of the former is complementary to the image of the
latter. This assertion is local on P;_; (in fact, it is local on P;), so we may assume
P; =P(G) where @ is trivial on P; . We can then lift the M;_;-connection on G
to an Q})H—connection. The analog of (4.4.2) is now

Qpp,_ () = GIP; = G|P; @ Qp, — Qp.(1).

This composition twisted by Op,( — 1) is shown in [7] (0.6.1) to be (up to
sign) a splitting of Qp — Q}Di /p,_ - In particular, its image is complementary to
Q}Ji_] | P;. Factoring out Q}Di by the image of this map and by the pullback of
the kernel of Q. — M}_| = Qj | P;_y, it follows easily that M} = Qj | P; as
claimed.

To show M'* as constructed here coincides with M* from (4.3.3) we must

prove for Y = T and F = £ that M? = M'?. We filter Q},/T so fily = (0) and

gr; = Q}Di /P, | P. We will show by induction on i that with reference to (4.3.3)
we have

(44.3) p(erQp ) = 8(K}) € (QF | P)/pfili-1Qp7)
where K} is the image of Q},i Py | P in Q) | P under the map analogous
to (4.4.2). Suppose first i = 1. Let eg,ej, ... be a basis of £, and let #; be the

corresponding homogeneous coordinates on Py = P(£) so g(e;) = t; in (4.4.1).
The inclusion j: Q},I/T(l) — m& is given by

(4.4.4) tod(ti/ty) — e — (ti/1v)eo.
Consider the diagram

QL) - Kcehm -5 @ /K Aeh)
445 Jl ) Tg®1
Y (g
T N mE® Q})l N e ® Q%l

It is straightforward to check that ¢ ® 1 o m}'¥ factorizes through Q}Dl (1), thereby
defining the dashed arrow a, and that for x € K!wehave a(k @ 1)) =dk ® t; €
(Qp, /KT AQY(1). Thus M'? = Qf /(K' A Q' +dK') is obtained by factoring
out on the upper right of (4.4.5) by the image of the composition across the
top twisted by Op,( — 1). Note that the composition across the bottom is the
curvature F(\¥). If we write (fj;) for the curvature matrix with respect to the
basis e, e1, ..., we find using (4.4.4) that, e.g., on the open set #y # 0, dK! is
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generated by elements

(4.4.6) to (g ® DF(¥)(ej — (1;/10)e0)
=3 filti/10) = (t/10) > fro(tx/ 10)-
i k

On the other hand, the map ¢ in (4.3.2) is given by

Op, (= 1) = m€Ys 71— ¥, 4/ 1)e)
(4.4.7) Qp p = mE(=1) = 1€ @ mEY
d(tj/10) — (ej — (tj/t0)e0) ® 3_; (ti/10)e; .

The map 4 from (4.3.2) is given by u(e;’ ® e)) = f;; hence by (4.4.7) we get
(4.4.8) ud(t;/10)) = > (t:/t0)fy — > (titi/ ©5)fo-

Comparing (4.4.6) and (4.4.8), we conclude that (4.4.3) holds for i = 1. The

inductive step is precisely the same. We have P, = P(G;) for some sub-
bundle G; C G;—1 | P;. The question is local, so we may assume G; is free.
We assume inductively that G;_; has a M;_; = Qp /I |-connection. Define

M = Q;‘,i JZE -Q}SI,, soG;—1 | P;has a M;_-connection. One factors out by the

image KC! of Q}Di Jp._, as in (4.4.2) to define M ! and the writes down a diagram

like (4.4.5) to compare dKC} with the image of y as in (4.3.2). At this point it is

good to remark that the curvature F.: Op(1) — 7*QL ® Op(1) — M?* @ Op(1)

does not vanish. For example, for N =2, one has F(to) = (foo + fo1(t1/10))to.
The remaining assertions in Proposition 4.4.1 are easily verified. O

PROPOSITION 4.5.1. We have Rm . M' = W*Mifori < q.The complexHO(T, TeM™)
has no cohomology in odd degrees < q. For 2n < q, the map

s e Mt — - — MY — HO(P, M)
is injective.

4.6. We postpone the proof of Proposition 4.5.1 for a while in order to
finish the proof of Theorem 4.0.1. Note first that since the curvature of the original
bundle £ on X is zero, the construction of Proposition 4.4.1 above applied to E
and the flag bundle Q yields a structure of differential graded algebra on 7*Q%,
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and we have (from (4.1.1)) a pullback map of complexes of sheaves on P
(4.6.1) 0" M* — R, Qy

coming from @*M' — 7* Q.
We will construct classes & and w in H'~!(P,M" — --- — M*"~1) such that
with reference to the maps

(4.6.2)

H=1(Q, QY — - — Q) —— HOX, QP )/dH(X, Q)

o
HY(Q, K — 7 Qy — -+ — 7" Q™)
d
H'(Q, K — 7*Qg")
we have
(4.6.3) Br*(cn(E,V)) = ap™e
Wwa(E, V) = v~ Lo*w.

(Note that to avoid confusion between HO(Q)z{"1 /dQ)z(”’z) and HO(Q)Z("’l)/
dHO(Qg(”_Z), it is a good idea here to localize more and replace X by its function
field Spec (k(X)). Note also that 3 is always injective, and that - is an isomor-

phism because X is affine.)
We then show

(4.6.4) 6¢ = 6w € H(P,M*"),

whence, by Proposition 4.5.1 we have ¢ = w. Now consider the analogue of (4.6.2)
down on X, with 7*Q replaced by Q. Write ax, Oy, yx for the corresponding maps.
The assertion of Theorem 4.0.1 is

(4.6.5) Yx(Wa(E, V) = Bx(cu(E, V).

It follows from (4.6.2) and evident functoriality of 7* that (4.6.5) holds after
pullback by 7*. Theorem 4.0.1 then follows from

LEMMA 4.6.1. The pullback

™ HX, K — QF — - — Q3 h

— HY(Q, K" — 7*°Qf — -+ — 7" QI

is injective.
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Proof of lemma. This is central to the splitting principle involved in the
construction of characteristic classes in [8]. (See the argument on p. 52 in the proof
of Theorem 1.7 of (op. cit.).) An evident diagram chase involving cohomology

of the K-sheaves and the sheaves Q and 7*€ reduces one to showing the K-
cohomology groups H"~'(X, ™) and H"~'(Q, ™) have the same image in

H Q" Q% — - — QI ),
This follows because the multiplication map
H"™ Q.G ) @ H'(Q, K1) — H'™ Q. K /" H" ™ (X, K})

is surjective. The line bundles on Q have integrable T-connections in the sense
of [8], so their classes in H'(Q, W*Q)l( — --+) vanish. O

4.7. We turn now to the construction of the classes ¢ and w. One has

w(&, W, P,) € H(Q¥ 1 /dH Q")

H (T, Q% — - — Q2 1,

e m

We define w by the natural pullback
4.7.1) W= W&, W, P,) € N (P,M" — - — MPTT,
It follows that
(4.7.2) 6(W) = T (@w(E, W, P,)) = " (Po(F(V))) € H(P,M™").

To construct &, we remark first that the map

H~ (P, M" — - — M* 1) H* (P, K™ — M" — - - — M

is injective, so it suffices to construct
(473) € ker (H"(P, KM — M" — - — M2y — H(P, /cy)) .

This injectivity follows either from Proposition 4.5.1 or, in order to avoid the
long proof of that result, from the structure of H"~!(P, k™), given that P is a flag
bundle over affine space. In fact the construction of ¢ as in (4.7.3) would suffice
for our purposes anyway, so we won’t give the argument in detail.
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Let ¢; be the rank one subquotients of 7*E. A basic result from [7] is that
7*E admits a “connection” with values in M*,

(4.7.4) T — 1€ ®o, M

and that the filtration defining the ¢; is horizontal for this “connection.” Thus
there exist local transition functions f;, 5 and local connection forms w;, € M !
verifying

(4.7.5) dlogf! = 0w,

and thus defining ¢; € H'(P,K; — M"). Here O is the Cech differential. Then &
is defined by the cocyle

4.7.6) %", Y e (K, x M. .. x COMP 1Y)l

with
(4.7.7) X= > frueufh
i <<
X" = Z W AW A -+ A D™
i <<
K= Z W A W2 AOWE A A Ow'™

i1<+<in

= Z SW A - A SWI A Wi,
i< o <in

The cup products “U” here are Cech products. By definition ([8], Theorem 1.7,
p.- 51), one has Br*(c,(E, V) = ¢*¢. Applying ¢ to the last equation, it follows
that the image of ¢ in HO(P,M?") is

(4.7.8) > Fliy)A--- NF(l,).

i1 <-<in

This is exactly P,(F( @ ¢;)) = n*P,(F(P)). (As M* is a quotient complex of
Qp by Proposition 4.4.1, (iii), invariance for P, guarantees independence of the

choice of local bases for 7*€.) Comparing this with (4.7.2) we conclude 6¢ = 6w
so (4.6.4) holds.

4.8. We turn now to proof of Proposition 4.5.1.
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PropoOSITION 4.8.1. The Koszul complex associated to (4.3.3)

4.8.1) NN Q;/T ®Qop T Q[ — 4] — Q}D/T Rop T — 2]

p®1
—— Q=M —0

is exact in degrees < q.

To clarify and simplify the argument, we will use commutative algebra. Let B
be a commutative ring. Let C be a commutative, graded B-algebra, and let S be a
graded C-module. Let Z be a finitely generated free B-module with generators ¢,
and let v: Z — C,, with v(e,) =f,. Let Z C C be the ideal generated by the f,,.
Write grr(S) := @Z"S/I"'S. Note gr(S) is a graded module for the symmetric
algebra B[Z] (with Z in degree 2). The dictionary we have in mind is

(4.8.2) B = I(T,Or)
C=Q5"CS=Q;
Z = Hom(E, &)
fa =fij = entries of curvature matrix.

LEMMA 4.8.2. Letd > 2 be given. The following are equivalent.

(1) The evident map
p: (S/INZ] = (S/1S) ®@p BIZ] — gry(S)

is an isomorphism in degrees < d.

(i) For all o, the multiplication map

(483) fOé: S/(f19,fa—1)S_>S/(f-la9f0(—1)S
is injective in degrees < d.

Proof. This amounts to redoing the argument in Chapter 0, §(15.1.1)—(15.1.9)
of [11] in a graded situation, where the hypotheses and conclusions are asserted
to hold only in degrees < d. The argument may be sketched as follows.

Step 1. Suppose o = 1, and write f = fi. Let gr(S) = ®f"S/f"*1S. Suppose the
kernel of multiplication by f on S is contained in degrees > d. Then the natural
map ¢: (S/fS)[T] — gr(S) is an isomorphism in degrees < d. Here, of course, T
is given degree = degree(f) = 2.

Indeed, ¢ is always surjective, and injectivity in degrees < d amounts to the
assertion that for x € S of degree < d — 2k with f*x = f**!y, we have x = fy. This
is clear.
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Step 2. Suppose now the condition in (ii) holds. We prove (i) by induction on
o. We may assume by Step 1 that o > 1. Let J (resp. Z) be the ideal generated
by fis. .- fae1 (tesp. fi,....fa). Write gr;(S) = &J"S/J™'S. By induction, we
may assume

(4.8.4) S/TSIT1,. .., Ta—1] — gr4(S)

is an isomorphism in degrees < d. We have to show the same for

(4.8.5) V: gry(8)/fagr7(OTal — grz(S).

By (4.8.4) we have that multiplication by f, on gr;(S) is injective in degrees

< d (where the degree grading comes from S, not the gr; grading). An easy
argument shows the multiplication map

(4.8.6) fo: /TS < S/ T"S

is injective in degrees < d for all r. Define

(4.8.7) ©Qoi= Y (@O /fagdT ()T

J<k—i
(Or)o = Ok . (OK)r+1 = 0)
gr'(Qp) = (g5 (S) /fagr, {(SHT'.

Define
Q=9 (QVi=v(Q0) &' () = (QVi/(Qis1.

The map 1) is surjective, so it will suffice to show the maps
(4.8.8) gr'(Qu) — gr'(Q))
are injective in (S)-degrees < d. The left-hand side is

TS/ (faji5+ ji+IS) k=i
The right-hand side of (8) is the image of

TS+ fo s 4 - +f§fi71‘7i+15

in IkS/Ik”S. What we have to show is that for x € 7'S of degree < d —2(k—i),
the inclusion

(4.8.9) iy e FES+ £ T e L gl TR
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implies x € £, J'S+J™*!S. The right side of (4.8.9) is contained in J*!1S+T*1S
JH*1S+fk+1-ig Multiplication by f,, on §/J™!S is injective in degrees < d by (6),
so fk=ix € fM1-is 4+ 71§ implies there exists y € S such that x — f,y € J™!S.
Since x € J'S, we have f,y € J'S whence by (4.8.6) again, y € JiS so
X E€fod iS4+ J*1S. This completes the verification of Step 2.

Step 3. It remains to show (i) = (ii). Again we argue by induction on a.
Suppose first & = 1. Given x € § nonzero of degree < d such that fix = 0, it
would follow from (i) that x € le S for all N, which is ridiculous by reason of
degree. Now suppose o > 2 and that (i) implies (ii) for « — 1. By assumption
the map

(4.8.10) S/IS[T,..., Tyl — gry(S)

is an isomorphism in degrees < d. In particular, multiplication by f; is injective
in degrees < d on gr7S. Arguing as above, an x € § of degree < d such that
fix = 0 would lie in ZVS for all N, a contradiction. Thus the first step in (ii)
holds. To finish the argument, we may factor out by fi, writing S = S/f1S. Let K
be the ideal generated by f5, .. .,f,. Factoring out by 77 on both sides of (4.8.10)
yields

S/KS[T, ..., Tal — gric(S)
injective in degrees < d. We conclude by induction that (ii) holds for §. O

Continuing the dictionary from (4.8.2) above, the ring R and the module W
in the lemma below correspond to the ring of functions on some affine in P and
the module of 1-forms Q}D/T C m*Hom(E, E).

Lemma 4.8.3. Let notation be as above, and assume v: Z — C, satisfies the
equivalent conditions of Lemma 4.8.2. Let R be a flat B-algebra, and let W C ZQpR
be a free, split R-submodule with basis gg. Then the multiplication maps

g3 S®pR/(g1,...,83-1)S @R — S®pR/(g1,...,83-1)S X R

are injective in degrees < d.

Proof. Assume not. We can localize at some prime of R contained in the
support for some element in the kernel of multiplication by gz and reduce to
the case R local. Then we may extend {gz} to a basis of Z ®p R and use the
implication (i) => (ii) from Lemma 4.8.2. Note that v ® 1: Z® R — C, ® R
satisfies (i) by flatness. O

LemMmA 4.8.4. With notations as above, assume Z satisfies the conditions of
Lemma 4.8.2 for some d > 2. Let J C R®p C be the ideal generated by (1 R v)(W).
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Then the Koszul complex

- — AW R (RRpS) — W R (R®5S)
—R®pS— (R®pS)/J —0

is exact in degrees < d.

Proof. To simplify notation, let A=R®p C, M =R®p S, V=W®QgC, so
the Koszul complex becomes

--/\2V®AM—>V®AM—>M—>M/JM—>O.

We argue by induction on the rank of V. If this rank is 1, the assertion is that the
sequence

O—>ML>M—>M/g1M—>O

is exact in degrees < d, which follows from Lemma 4.8.3. In general, if V has an
A-basis gi,...,8p, let V' be the span of gi,...,gs_1. By induction, the Koszul
complex

SNV OM =SV QM —M

is a resolution of M/(gi,... ,g€3-1)M in degrees < d. If we tensor this mod-

8s
ule with the two-term complex A —— A we obtain a complex which by
Lemma 4.8.3 is quasi-isomorphic to M/(g1,...,g3)M in degrees < d. On the
other hand, this complex is quasi-isomorphic to the complex obtained by tensor-

ing A L A with the above V’'-Koszul complex, and this tensor product is
identified with the V-Koszul complex. |

For our application, B = C[x (-jk),yu)] is the polynomial ring in two sets of
variables, with 1 < i,j < N =dim(F) and 1 < k < ¢ for some large integer q.
Let Q be the free B-module on symbols dxl(j and dylk) Let S = Ap Q, graded
in the obvious way with dx and dy having degree 1, and let C = Sel,en be the
elements of even degree. Define

N
(4.8.11) ai = Zx“) VW5 Sy =dag — > aim A ang.
We have
(4.8.12) de“) O =3 xixPayl) A aylr).

ml,p
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Now give S and C a second grading according to the number of dx’s in a mono-
mial. We denote this grading by z = > z(j). For example, f; = f;i(1) + f;;(0)

with f;;(1) = > dxl(-j]f) A dyl(.j]-(). Let Z be the free B-module on symbols ¢;;, with

1 <1i,j < N. We consider maps

po (1) Z — Co; pley) = fijs p(D)(egp) = fiz(1).

LEMMA 4.8.5. Suppose the map (1) above satisfies the conditions of Lemma 4.8.2
above for some d > 2. Then so does L.

Proof. Suppose
faga = Z fﬂgﬁ

1<B<a-1

with the /3 homogeneous of some degree < d. Write

b= > Lg(j)y 1<B<La
0<j<r

such that £5(r) # 0 for some 3. We have

(4.8.13) fa(D)la(r) = Z fa(Dla(r).
1<B<a—1
We want to show /., belongs to the submodule generated by fi, .. .,fo—1, and we

will argue by double induction on r and on the set
A= {8 <a|lsr)#0).

If r =0 and ¢, # 0, we get a contradiction from (1), since we have assumed
the /3 have degree < d, and /,(0) cannot lie in the ideal generated by the f3(1).
Assume now r > 1.

Case 1. Suppose £,(r) # 0. From the above, we conclude that we can write

la(ry= > mg(r— Dfs(D).

BEA,BF
Define
(4.8.14) U, =Lla— > mgr—1Dfp
BEA B

Uy = by —ma(r—Dfa; BeEA B#a
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We still have (taking £j; = {3 for 3 ¢ A)

(4.8.15) fally= > falh.

1<f<a—1

Since %(r) =lg(r) =0 for 5 ¢ A, £,,(r) =0, and %(s) =0 for s > r and all 33
the inductive hypothesis says /., lies in the ideal generated by the f for 5 < a.
It follows from (4.3.2) that ¢, lies in this ideal also.

Case 2. Lo(r) = 0. Choose v € A. We have

> f3()ls(r) = 0.
BeEA

Since the f3(1) are assumed to satisfy the equivalent hypotheses of Lemma 4.6.1,
we can write

(=Y mg(r—Dfs().

BEA.B#y
As in (4.3.2), we write
(4.8.16) Co=0y— Y ma(r—Dfp
BEA,BHy

Uy = Lg+mpgr—Dfy; BEA BF7.
Again, taking E’B = (g for 3 ¢ A, we get (4.3.3), so we may conclude by induc-
tion.

O

LemmMma 4.8.6. The map 1(1) defined by
1 14 {4
(4.8.17) (D) = fi(1) = > dxly A dyl
(=1

satisfies the hypotheses of Lemma 4.6.1 withd = g — 1.

Proof. Let V;; be the C-vector space of dimension 2g with basis the dxl(-f) and

the dygjz). Write V = @V;;. We have

s=A\VeB=ay,(\V) o8
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It is convenient to well-order the pairs ij, writing f,(1) = f;j(1) € A\ V,. We have

/(i fa)S = @ (A Vs)

Bza

& @ ((Ava)/ (O AVs)) @B,

[B<a

It is clear from this that multiplication by f, (1) will be injective in a given degree
d if the multiplication map f,(1): A Vo — A Va is injective in degrees < d. It is
clear from the shape of f,(1) in (2) that multiplication by f, (1) will be injective
in degrees < g — 1. O

This completes the proof of Proposition 4.8.1 above.

PROPOSITION 4.9.1. We have fori < g
(4.9.1) M’ =0, mM'=Ql; Ra.M =), j> 1.

The sheaf ©.M' admits an increasing filtration fil,(7.M"), ¢ > 0 which is stable
under 6 and satisfies

(4.9.2) gri(m,M') = H(P,Q, ) ® QY = CHI(P) 0, Q%

forj > 0. Here CH/(P) is the Chow group of codimension j algebraic cycles on
P. The differential grj(ﬂ*Mi) — grj-(ﬂ'*Mi“) is the identity on the Chow group
tensored with the exterior derivative on Q7 up to sign.

Note that the last assertion in (1) implies for i < g

HYT, .M x
%

* i\ ~v 0

v I

It follows from (4.9.2) that the complex H(T,M*) has no cohomology in odd
degrees < g — 1. (Recall that 7 has no higher de Rham cohomology.) These
assertions imply Proposition 4.5.1.

Proof of Proposition 4.9.1. The first two assertions in (1) are clear, because
M° = Op and M' = 7*Q}.. We define

Gj =ImQ, , ® 7 QY — Qp @ 7 QT ¥, Gy = M
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coming from the resolution of M’ in (4.8.1). Then R*m.G; = 0 for a # j. This
proves Rim,M' = 0 for j > 1. One has a short exact sequence

0 — RmQ,, ® Qr Y = Rr.G) — R*'1.Gjoy — 0

with ROW*G() = 7,.M'. One defines

filj(r.M") = inverse image of RJW*Q’P 7 ® Q’ %

via RO7,.Gy — RJﬂ'*Gj.

This proves (4.9.2).
In order to understand the map grj(w*Mi) — grj(w*M”l), we construct a
commutative diagram

w1 n®1 w1
O} emQrt —— Qe —— T —— M

(4.9.3) lvf lvf lvf

, n®1 . n1
QZ T®7T*QlT71 - ﬂ_*QITH _ Mz+1

®1
27 ®7‘(‘*Ql 3 M—) Ql

P/

mapping the resolution of M to the resolution of M™! given by (4.8.1). To this
aim recall that one has an exact sequence of complexes

(4.9.4) 0—-K"'—-Qp—>M" —0
with
(4.9.5) K' = Qpr®Qpr@nQp- Q) @rQr!

& pQp ) A TQy 2,

Note that the differential K'~/—1 — K=/ acts as follows

496 Qom0 Y - ol e Ve,
®7T*QIT ZJ@QP/IT W*QIT 2j+1‘

To see this, write

(4.9.7) Q,  or QY= @0, v Y
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and apply the Leibniz rule with
(4.9.8) dQP/T /T D QP/T @ T QN @ Q! p/1)-

The corresponding map Q}) T M(Q}) /T) is of course . We denote by V., the
corresponding map QP T QP @ *QL and also by V., the induced map
Q’P/T®7r Q'Y P/T®7T*Q' 4 For v € Q’/T®7r Q'Y
Vi1 + V(N +(p@1)(y) with 541 € (oM /T® *Ql =% The integrability condition
d*(7) = 0 in Q} says that (1 ® DV-(7) = V(1 ® 1)(7) € &, /1T Q7 up
to sign.

Thus grjﬂ*Mi — griji+1 is the map

, write dy =

RV R, 0 Q7Y — RrQ,, Q7.

Now, V; = d|K*, where d is the differential of Qp. Let /; be the rank one subquo-
tients of 7*&, with local algebraic transition functions f;, ;. Then R W*Q’P /T®Q’ J
is generated over O7 by elements ¢ = F A w, with

F=dlogfll . A---Adlogfd_,a,

and w € Q’;zj . Thus d¢ = (— 1YF Adw. This finishs the proof of the proposition.
O

5. Chern-Simons classes and the Griffiths group.

5.1.  Our objective in this section is to investigate the vanishing of the
class w,(E, V) for a flat bundle E on a smooth, projective variety X over C. We
will show that w, = 0 if and only if the nth Chern class c,(E) vanishes in a
“generalized Griffiths group” Griff” (X).

Let X be a smooth, quasi-projective variety over C. For Z C X a closed
subvariety and A an abelian group, we write H;(X, A) for the singular cohomology
with supports in Z and values in A. We write

H*Zn(X,A) = 11_1')11 H;(X,A)
ZCX cod. n

Purity implies that for Z irreducible of codimension n,

p<2n

0
P _
Hz(X,A) = { A(—n) p=2n.
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Here Z(n) = 27i)"Z and A(n) := A ® Z(n). As a consequence

0 p <2n

HU (X, Z(n) ={ 20 e

where Z"(X) is the group of codimension n algebraic cycles on X.
For m < n, define the Chow group of codimension n algebraic cycles modulo
codimension m equivalence by

(5.1.1)  CHAX) = Tmage (Z"(X) = HEu(X, Zn)) — H¥n(X, Zn)) .

Of course, CHj(X) is the group of cycles modulo homological equivalence. It
follows from [2] (7.3) that CH]'_,(X) is the group of codimension n algebraic
cycles modulo algebraic equivalence.

Definition 5.1.1. The generalized Griffiths group Griff” (X) is defined to be the
kernel of the map CH{(X) — CHg(X). In other words, the generalized Griffiths
group consists of cycles homologous to 0 on X modulo those homologous to 0
on some divisor in X.

Example 5.1.2. Griff? (X) is the usual Griffiths group of codimension 2 cycles
homologous to zero modulo algebraic equivalence.

5.2. With notation as above, let H”(A) denote the Zariski sheaf on X asso-
ciated to the presheaf U — HP(Uy,, A), cohomology for the classical (analytic)
topology with coefficients in A. The principal object of study in [2] was a spectral
sequence

(5.2.1) E5Y(A) = HP (Xz4r, H1(A)) = HP™(Xan, A).

associated to the “continuous” map X, — Xza. This spectral sequence was
shown to coincide from E; onward with the “coniveau” spectral sequence

(5.2.2) EPA) = P HITP(xA) = HM(Xan, A).
XEZP—ZP+]

As a consequence of a Gersten resolution for the sheaves H”(A), one had

(5.2.3) HP (X74, H1(A)) = (0) for p > ¢
H"(Xzar, H"(Z(n))) = CH,,_(X).

The E-filtration N*H*(X,,,A) is the filtration by codimension,

NPH*(Xan,A) = Image (HEZP(XanaA) - H*(XanaA))-
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ProposiTION 5.3.1. With notation as above, there is an exact sequence

dn
(53.1)  0— H" '(Xun, Z(n))/N' — E**" 1 — Griff'(X) — 0.
Proof. 1t follows from (3) that we have

(5‘32) H2n_1(Xan,Z(n)) s Eg,ozi’l—l = E0,2n—1 C E2,2n—1 C - C Eg,Zn—l

n+1

= T(X, H*"~ ! (Zn)))
and

(5.3.3) CH, (X) = E" - E{" — --- > E7,

n+l

= E™" C H*(Xan, ZUn)).

In fact, EM" = CH] (X). In particular, E;" = CH{(X). To see this, one can,

n+l—r

for example, use the theory of exact couples ([13] pp. 232 ff). One gets an exact
triangle

DVL) D,

ke N\ r
E,

where in the appropriate degree
D, = Image (HZ:(X, Z(n)) — H%h (X, Z(n))) = CH"_,,(X),

i, =0 and j, is an isomorphism.
The spectral sequence (1) now yields a diagram with exact rows, proving the
proposition.

dn
0 H (X, Z(n))/Nl BN E2~2"*1 — Griff'(X) —— 0

F )
dn
0 H2n71(X, Z(I’l))/Nl N Eg,anl _ EZJI - HZ”(X, Z(n))

(5.3.4)
O

ProPOSITION 5.4.1. Let X be smooth and quasi-projective over C. Let (E, V)

be a vector bundle with an integrable connection on X. Let n > 2 be given, and let
d, be as in (5.3.4). Let ¢,,(E) be the nth Chern class in Griff" (X) ® Q. Then

() wu(E,V) € E%?"~1(C) c T(X, H*~1(C)).
(11) dn(wn) = Cn(E)
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Proof. The spectral sequence (5.2.1) in the case A = C coincides with the
“second spectral sequence” of hypercohomology for

H* (Xan, C) = H* (XZar, Q;/C)

This is convenient for calculating the differentials in (5.2.1). Namely, we consider
the complexes for m > n

(5.4.1) Ty uQ*

T Q"

H"(O)[ — n]
(Q?}/dQ?‘l e Q;‘(_l — Q’glosed> [—m];, m < n.

We have maps

7—O,ngrk - 7—l,ngz* — 7-n,ngz)k - Tn,n+IQ* —> 7—n,oogz*’
and
(5.4.2) EY*=! = Image (H*"~" (X, Ton—re1,20-1Q")
— H" (X, 720120 1Q%)
= (X, H> ).

There is a diagram of complexes

kr @~ @ o] oKy
(5.4.3) ”l l
Turt2n 1970 — 1] s 10— 1,
where QK™ is the complex K™ — Q" — Q™! — ... We have
(5.4.4) cn(E,V) € H'(X,Q®K™)
c(ca(E, V) = wa(E, V) € "' (X, 72 1,00Q%)
] HO(X, HZn—l)'

The map a is the inclusion of a subcomplex, and the quotient has no cohomology
sheaves in degrees < n + 1, so a is an isomorphism on hypercohomology in
degree n. It follows that w,(E, V) lies in the image of the map e in (5.4.3). By
(5.4.2), this image is E2’2”*1.

To verify d,(w,) = c,(E), write QOOIC,T for the complex
ICm—>Qn/dQn71 _>Qn+1 —

n
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and let ¢,(E, V) € H'(X, QOOICnm) be the image of c¢,(E, V). Consider the distin-
guished triangle of complexes

(5.4.5) Tnon—2Q%[n — 1] — QK™ 5 K" @ Top—1.00Q%[n — 1].

We have by definition a(¢,(E, V)) = (c,(E), wn(E)), so, writing O for the boundary
map,

(5.4.6) A(cn(E)) = —O(wy(E, V)) € HM(X, Tnon—2Q").

Note that the boundary map on K} factors through the dlog map K" — H".

Thus Oc,(E) is the image of the Chern class. On the other hand, by (5.2.3) we
have

HP" (X, Q) — HP" (X, 7002,
from which it follows by standard spectral sequence theory that the image of the
map

Hzn(Xa 7_n,ngz*) — H" X, 7—11,21172£2>k)
coincides with E)", and that the boundary map
6: T HY ™) = B (O o 1,00Q7) — B (X, 700 22%)

coincides with d,, from the statement of the proposition on §~!(E™") = E02—1,
This completes the proof of the proposition. |

Our next objective is to realize the sequence (5.3.1) as an exact sequence of
mixed Hodge structures. To avoid complications, we replace Z with QQ throughout.
More precisely, we work with filtering direct limits of finite dimensional Q-mixed
Hodge structures, where the transition maps are maps of mixed Hodge structures.

LEMMA 5.4.2. The spectral sequence (5.2.1) with A = Q(n) can be interpreted
as a spectral sequence in the category of mixed Hodge structures.

Proof. The spectral sequence (5.2.2) can be deduced from an exact couple
([2], p- 188)

- — HE'(X, Q) — HEL (X, Q) — HEZL, 5, (X, Q) — - -
These groups clearly have infinite dimensional mixed Hodge structures and the
maps are morphisms of mixed Hodge structures. The lemma follows easily, since
(5.2.1) coincides with the above from E, onward. O
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Remark 5.4.3. The groups E" are all quotients of

Hénn/szrl(Xa Q(n)) = @ Q

zeXxn

so these groups all have trivial Hodge structures.

ProposITION 5.5.1. The Chern-Simons class w,(E,V) € ES’Z"*I(C) lies in
FO (zeroeth piece of the Hodge filtration) for the Hodge structure defined by
EY*"1(Qn)).

Proof. We have ES*Z"*I C ES’Z"* C H* 1(C(X),C), where the group on
the right is defined as the limit over Zariski open sets. Thus, it suffices to work
“at the generic point.” Let & denote the category of triples (U,Y,m) with Y
smooth and projective, 7: ¥ — X a birational morphism of schemes, and U C Y
Zariski open such that Yy is a divisor with normal crossings and U — w(U) is
an isomorphism. Using resolution of singularities, one easily sees that

H"(Spec (C(X)),C) = li_r>n]HI"(Y, Qy(log (Y — U))).
S

The Hodge filtration on the left is induced in the usual way from the first spectral
sequence of hypercohomology on the right.

LEMMA 5.5.2. For oo € S let jo: Uy — Y4 be the inclusion. Then

li_r)an(Yaaja*K:ZfUa) = (0)’ n 2 1
S

Proof of lemma. Given j: U — Y in § and z € H"(Y,j.K}'y), let
k: Spec (C(X)) — Y be the generic point. We have H"(Y, k. ZfC(X)) = (0) since
the sheaf is constant, so there exists V C U open of finite type such that writing
¢: V=Y, zdies in H'(Y,L.K}y). Let m: 'V — Z represent an object of S with
Z dominating Y. We have a triangle

H"(Y,j ') — H"(Z, m.K}y)

(5.5.1) . /
H"(Y,6.KM)

from which it follows that z — 0 in lim  H"(Ya,ja ,JC11 ). O
—S H\Ua
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Returning to the proof of Proposition 5.5.1, write D, = Y, — U, for a € S.
We see from the lemma that the map labeled a below is surjective:

cn(E, V) e H'(X,Q*Km)

!
(5.5.2) li_r)nS H' (Yo ja s Ky, — Q"(log (Do) — -+ +)
/a !

lim H' (Yo, Q'(log (Do) — -+ = H*~!(Spec (C(X)), C).

Since the image of b is F° for the Hodge filtration on
H*'~!(Spec (C(X)), C),

and since the composition of vertical arrows maps c¢,(E, V) to the restriction of
wy(E, V) at the generic point, the proposition is proved. O

PROPOSITION 5.6.1. The Chern-Simons class w,(E, V) € EX*"~1(Q(n)).

Proof. The following diagram is commutative

H'(X, Q®°K™) — HYX,H* 1(C)) — H* !(Spec (C(X)),C)

(5.6.1) 1 ©(3.9.1(3)) !
H?" Y (Xan, C/Z(n)) H>1(Spec (C(X)), C/Z(n))

We know from [7] and Proposition 3.10.1 above that
©(ca(E, V) = cy(E, V),

and, using the deep theorem of Reznikov ([18]), that this class is torsion. In partic-
ular, the image of ¢,(E, V) on the upper right lies in H**~!( Spec (C(X)), Q(n)). As
a matter of fact, in Theorem 5.6.2, we will only use that w,(E, V) € Eg’znfl(R(n)).
For this we don’t need the full strength of [18], but only that ¢;"(E,V) =0 €
H" (X, C/R(n)), which is a consequence of Simpson’s theorem ([19]) assert-
ing that (E, V) deforms to a C variation of Hodge structure. O

THEOREM 5.6.2. Let X be a smooth, projective variety over C. Let E be a
vector bundle on X, and let V be an integrable connection on E. Then w,(E,V) €
HO(X, H*"~1(C)) vanishes ifand only ifthe cycle class ¢, (E) is trivial in Griff" (X)®
Q.

Proof. Consider the exact sequence of mixed Hodge structures

(5.6.2) 0 — H" '(Xun, Qn))/N' — EX?"1(Q(n))
— Griff" X) @ Q — 0.
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Write H for the group on the left. It is pure of weight —1, so
H(Q) N F°H(C) = (0). It follows that w,(E,V) = 0 if and only if its image
cu(E) in Griff" (X) ® Q vanishes. O

The following corollary is a simple application of the theorem to the example
(0.2) discussed in the introduction.

COROLLARY 5.6.3. Let E, X, V be as above. Assume E has rank 2, and that
the determinant bundle is trivial, with the trivial connection. Let U C X be affine

g

open such that E | U is trivial, and let be the connection matrix.

Then c>(E) ® Q is algebraically equivalent to 0 on X if and only if there exists a
meromorphic 2-form 1 on X satisfyingdn =a Ada=a A3 Ay.

6. Logarithmic poles. In this section we consider a normal crossing divisor
D C X on a smooth variety X, the inclusion j: X — D — X, and a bundle E,
together with a flat connection V: E — Q}(log D) ® E with logarithmic poles
along D. The characteristic of the ground field  is still 0. Finally recall from [2]
that one has an exact sequence

(6.03) 0— H'X,H)— H"X — D, H/) — @res H'(k(Dy), H' ).

THEOREM 6.1.1. Let (E, V, D) be aflat connection with logarithmic poles. Then

6.1.1) wa(E,V) € HOX, H”" " c H'X — D, H*" ")
— HO(X,j*Hzn_l).

Proof. By (6.0.3), one just has to compute the residues of w,(E, V) along
generic points of D. So one may assume that the local equation of V is A =
B% + C, where B is a matrix of regular functions, x is the local equation of a
smooth component of D, and C is a matrix of regular one forms. Furthermore,
as dA = A? = %[A,A], the formulae of Theorem 2.2.1 say that the local shape of
wa(E, V) is Tr MA(dAY'~! = ATr (BL + C)(dBL +dC)"~! for some A € Q. So up
to coefficient one has to compute

(6.1.2)  Tr Res <Bd—x+C> ((dC)”_l + > (dC)“dBd—x(dC)b)
X X

a+b=n—2

=TrRes |C Y (dC)*dB(dC)" + BdC)""!

a+b=n—2

dx
—.
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On the other hand, the integrability condition reads
dx 5
(dB — (CB—BC))—+dC—-C" =0,
X

from which one deduces

(6.1.3) dCd—x = czd—x
X X
dx
(6.1.4) Res(dB — (CB — BO))— =0.

Applying (6.1.3) to (6.1.2), we reduce to calculating
d
(6.1.5) Tr Res Z (dC)*CdB(dC)’ + B(dC)"™! ;x
a+b=n—2

Since we are only interested in calculating (6.1.5) modulo exact forms, we can
use d(CB) = dCB — CdB and move copies of dC to the right in (6.1.5) under the
trace. The problem becomes to show

(6.1.6) Tr ResB(dC)" ! dx
X

is exact. It follows from (6.1.4) that

d d
6.1.7) Tr ResC?" 3dBZE = Tr Res[C? 2B — ¥ 3BC1Z.
X X

Bringing the C to the left in the last term changes the sign, so we get by (6.1.3)

d_x
X
dx

X .

d
(6.1.8) Tr Res(a’C)”_2CdB?x = Tr ResC*"3dB

= Tr Res2(dC)"'B

Thus

dx

X

(6.1.9) Tr Res(dC)" 'B

Tr Res(dC)" *(CdB — dCB)d—x
X

d
—Tr Res d C(dC)”_3d(CB)7x .

This form is exact, so we are done. O
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6.2. We now want to understand the image of w,(E, V) under the map d,
defined in Proposition 5.3.1. Of course Proposition 5.4.1 says that

dn(Wa((E, V) [ (X = D))) = cu(E).

Definition 6.2.1. (See [10], Appendix B.) Let (E, V) be a flat connection with
logarithmic poles along D, with residue

I'= ol € ®H(D;,End E|p,).
One defines

1

(6.2.1) NA@) = (=1 > ( | >Tr(r?l 0. ol%)

. «
a+tag=i

[Dy]*" - -[Dy]* € CH'(X) ® C.

One defines as usual the corresponding symmetric functions ciCH (I € CH(X)®C
as a polynomial with Q coefficients in the Newton functions N“#(I). For example

2
1
62.2) SHT) = 3 [(ZTr Ty 'Ds>

-2 (ZTr (Ty-Ty)-D; +2) Tr (Fs-Ft)DS-D,ﬂ

s<t
€ CH*X)®C.

We denote by cp(I') its image in H*(X, Q)Z(’d) and also by cp(I') its image in
H*(X, Hpp).

Note that these invariants vanish when the connection has nilpotent residues
I's. (This condition forces the local monodromies around the components of D to
be unipotent (see [5]).)

THEOREM 6.2.2. Assume k has characteristic zero and X is proper. Then
(6.2.3) c2(E) — o) = da(wa(E, V) € H (X, H?).

Proof. In order to simplify the notations, we denote by c>(I') the same ex-
pression in CH*(X) ® C, &,CH (D) ® C, @SFlH,%R(DS) etc., where we always
distribute 2D; - D, for s < t as one Dy - D; on D; and one on D,.

We denote by m: Q — X the flag bundle of E. As 7* induces an isomorphism

HX(X,dQ}) _H(X,0x - Q) ~ H(Q 00— Qp)

6.24) HX.H)  NHBX)  NHQ
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and an injection H>(X, H*) — H*(Q,H?), it is enough to prove the compatibility
on Q via the exact sequence ([2])

H3(X,0x — Q)

625 0— s

— HA(X, Q% g50) — HA(X, H2).

Write D'y = m* D, and consider (O(D}),Vy) € H'(Q,K1 — Qp(log D})cisa),
where V; is the canonical connection with residue —1 along D).
We define a product

(K} — (7" Qi (log D)ra) x (K" — (" Qx(10g D))ra)
= (KL — (" Qi (logD))rq)

i+

by
xuUx if degx' =0

(6.2.6) x-x'=¢ rdlogx ANX' if degx=0 and degx’' =1
0 otherwise

(Here 7d: 7*Qi(logD) — 7*Q¥'(logD) comes from the splitting
T: Qb(logD’) — W*Q)l(( log D). See Proposition 4.4.1 as well as [7] and [8].)
One verifies that

(6.2.7) dix-xX)y=dx-xX + (= 1)%x . dx/,

the only nontrivial contribution left and right being for degx = degx’ = 0.
This product defines elements (W) is the weight filtration)

(6.2.8) ew = (O(D}), V) - (O(D)), Vy)
€ HX(Q, Ky — W1Q(log (D + D))

which map to D/, - D} in CH*(Q). Moreover Res ¢ is the class of D, - D! sitting
diagonally in

F'Hpp(D}) © F' Hpp(D))

if s #1; or in FIH3R(D)) if s =1t.

Next we want to define a cocycle Ny(m*(E, V)).

Let hjj( = h) be the upper triangular transition functions of E|y adapted to the
tautological flag E;, and write B; for the local connection matrix in QIQ( log D),
D' = 7~ !'D. Then 7B; is upper triangular, and 7dB; = d7B; has zero’s on the
diagonal ([7], (0.7), (2.7)). Let

w; = Tr (BldBl)
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Using Tr (dhh~ )3 =0, one computes that w; — w; = —3Tr d(hflthj). But

(6.2.9) Tr b 'dhB;
Tr hy ' dhydhy

Tr h~ 'BihB;
Tr hy ' (Bihis — hyiB))(Bihjic — hicB;)
STr (BihBjh ™).

Here 6 is the Cech coboundary. Writing C’ for Cech i-cochains, we may define

(6.2.10)  3N>(7*(E,V)) = <3Zg;‘jug;;c, —3Tr (hlthj),w,)
a=0

€ (C¥(Q.K2) x C'(Q.Qp(log D))
xCQ, Qy(log D')))axs

where (Eli., e, i’j) is the diagonal part of h;. This defines 3N,(7*(E,V)) as a

class in H>(Q, K, — Qé(logD') — - --) which maps to

(6.2.11)  37Ny(n*(E,V)) = <3Z53U ;}c,32w§’/\(6w“),-j,0>
a=1

a=1

€ HA(Q, Ky — 7" Q%(log D))

where (w},...,w!) is the diagonal part of 7B;.
As the image of 7N, (7*(E, V)) in H*(Q, K,) is just the second Newton class
of E, the argument of [8], (1.7) shows that

(6.2.12) Ny(E, V) = TNy (7*(E, V)
e H(X, Ky — Qx(logD) — ---)
C H*(Q,K; — 7*Q%(logD) — - - ).

We observe that w(B) = Tr BdB € WQQ3Q( log D') (weight filtration) so the
cocycle

(6.2.13) 2x = —No(7*(E, V) + 1 (*(E, V))?
< —Tr (h'dh)> + Tr h—'dh - Tr h'dh,

B
Tr (h~'dhB) — Tr h~'dh - Tr B, —@)

defines a class in

H?(Q, Q% — W1Q5(log D) — Wr Q) (log D).
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One has an exact sequence

(6.2.14) 0 — H*(Q,Q% — W1Q(logD") — W1 Q) (log D))
— H*(Q, Q% — WiQy(log D) — W,Q)(log D').)
residue

——— @, H'D,, Q});m).

As D!, is proper smooth, one has

HOD,, Ol ) C HD, 1) = H'(D)),

The residue of 2x along D/, is just the residue of —;—w(B) along D}, via

(6.2.15) H°(0,H3(log D)) = H(Q — D', H*)
— @;H D), — U, 4D}, H?)
— By H (DY MY,

which vanishes. Therefore
(6.2.16) 2x € HA(Q, Q% — W1Q5(logD) — Wi Q) (log D')yp).

Its residue in &,H'(D},Q},) is (Tr (h"'dh - T) — Tr h~'dh - Tr T). By [10],
Appendix B, one has —h~'dh = o(D') - T in H'(Q,Q,®EndE) where o(D') is
the extension

0— Q) — Qp(logD') — B0 — 0.

One has

(1) —D} - D) is the push down extension of o(D}) by Q5 — Q}); in
H'(Q,Q})
(2) —D. - Dj is the extension

0— Q}); . Qg;(log (D, N D) = Opypr — 0

in H'(Q, Qg;).

It follows that residue x = ¢o(T) in ®;H' (D, QlD, ).

For appropriate \s; € k (the coefficients of Xcz(l“)), () = residue > A€y
in GBsHl(Dg,Q}),). So one has

6.2.17) residue (x — > Auew ) € @,FHA(D)).
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Again, since residue (x — > Ag€sr) = residue x = 0 in GBSHO(DQ,HZ) -
@sH?(k(D')), one has that in ©F'H*(D')

(62.18)  residue (x — Y Asey) € FHAD) NH'(D], H') = 0.
This shows that residue (x — 3 Ag€5) = 0 in B F'H*(D)), that is
(6.2.19) WaE, V) = (x = Aaew)

. H2(Q, Q% — Q — Q3) = H'(Q, 1)
Im &, H'(D)

and maps to

(6.2.20) c2(E) — ca(D) in HX(Q, H?).
O

Question 6.3. We know (see [10], Appendix B) that on X proper, the image
of ¢,(I') in the de Rham cohomology H,%’,‘Q(X) is the Chern class anR(E). This
inclines us to ask whether

cn(E) — cn(D) = dy(wn(E, V)) € Griff"(X).

6.4.

THEOREM 6.4.1. Let (E, V) be a flat connection with logarithmic poles along
a normal crossing divisor D on a smooth proper variety X over C. When (E, V) |
(X — D) is a complex variation of Hodge structure, then wo(E, V) = 0 if and only
if c2(E) — ca(T) = 0 € H*(X, H?). When furthermore (E,V) | (X — D) is a Gauss-
Manin system, then wy(E, V) € HO(X, H3(Q(2))), and if it has nilpotent residues
along the components of D, then wo(E, V) = 0 ifand only if c2(E) = 0 € H*(X, H?).

Proof. As in Proposition 5.5.1, one has w,(E, V) € F°. In fact, the proof does
not use that V is everywhere regular, but only that w,(E, V) comes from a class
in H*(Y, K" — Q}(log (Y—U) — ---) on some (U, Y, ) € S. Further, if (E, V) |
(X — D) is a C variation of Hodge structure, then w,(E, V) € H'(X, H*"~'(R(n))
as

wa(E, V) | (X — D) € H'(X — D, H*""'(R(n)))

(see proof of Proposition 5.6.1). When (E, V) | (X — D) is a Gauss-Manin system,
then again one argues exactly as in the proof of Proposition 5.6.1 using [4] to
show wy(E, V) € H°(X,H3(Q(2))). Finally ¢»(T’) = 0 when the residues of the
connection are nilpotent. O
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7. Examples.

7.1. Let X be a good compactification of the moduli space of curves of
genus g with some level, such that a universal family ¢: C — X exists. Let (E, V)
be the Gauss-Manin system ngo*QE /X(logoo). Then Mumford ([16], (5.3)) shows
that ¢“#(E) ® Q = 0 in CH(X) ® Q for i > 1, so a fortiori ¢;(E) ® Q = 0 in the
Griffiths group. As V has nilpotent residues (the local monodromies at infinity
of the Gauss-Manin system are unipotent and (£, V) is Deligne’s extension [5]),
one applies Theorem 6.4.1.

In particular, for any semi-stable family of curves ¢: Y — X over a field k
of characteristic 0,

wa(R' 0. Q% /x(logo0)) =0,
for n = 2 and for n > 2 if ¢ is smooth (or if Question 6.3 has a positive response).

7.2. Let X be a level cover of the moduli space of abelian varieties such that
a universal family ¢: A — X exists. The Riemann-Roch-Grothendieck theorem
applied to a principal polarization L on A together with Mumford’s theorem that

oL =M ® trivial

for some rank 1 bundle M, implies that ¢‘(E) ® Q = 0 for E = Rlnp*Q;l/X | Xo,
where Xy is the smooth locus of ¢. This result was communicated to us by G.
van der Geer ([12]). In particular, for any smooth family ¢: ¥ — X of abelian
varieties with X smooth proper over a field of characteristic 0, w, (R QY /X) =0
for all n > 2.

7.3. Let p: Y — X be a smooth proper family of surfaces over X smooth.
The Riemann-Roch-Grothendieck theorem, as applied by Mumford in [16], im-
plies that the Chern character verifies

i=4
ch (Z( — )Ry, ;/X> € CH'X)® Q C CH*(X) ® Q.
i=0

As RI@*Q;/X is dual to R3cp*Q;/X, the two previous examples show that
c,'(Rzgo*Q;,/X) =0 in CH'(X) ® Q for i > 1. This implies w,(R*p.Q} x) =0
for all n > 2 when X is proper.

7.4. As shown in [9], w,(E,V) = 0 in characteristic zero when (E,V)
trivializes on a finite (not necessarily smooth) covering of X.
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7.5. Let ¢: ¥ — X be a smooth proper family defined over a perfect
field k of sufficiently large characteristic. Let (E, V) be the Gauss-Manin system
R%p.Qy v Consider wi(E, V) € HY(X, H*1), which is the restriction of the
corresponding class in characteristic zero when ¢ comes from a smooth proper
family in characteristic zero. Assume this. As H(X, H*"~1) c HY(k(X), H>* 1),
we may assume that R, QJ /X is locally free and compatible with base change.

Via the diagram

Yl ey

(75.1) AN |+

Xl oy

where F is the absolute Frobenius of X, ¢? = ¢ xx F, Fy is the relative
Frobenius, one knows by [15], (7.4) that the Gauss-Manin system R%p,Q} /X has

a Gauss-Manin stable filtration R“cp,(,p )Frel(‘rgaﬂ;, /x)’ such that the restriction of

V to the graded pieces F*R*~'p,Q} y is the trivial connection.

In particular, the graded pieces are locally generated by flat sections and
A; =0 . So by additivity of the classes c;(E, V), wo(E, V) = 0,(E, V) =0.

In particular, the classes w, (Gauss-Manin) provide examples of classes w €
HO(X, H*~1) whose restriction modulo p vanish for all but finitely many p. This
should imply that w = 0 according to [17].
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