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Abstract. On a smooth variety X defined over a field K of characteristic zero, one defines characteristic
classes of bundles with an integrable K-connection in a group lifting the Chow group, which map, when
K is the field of complex numbers and X is proper, to Cheeger—Simons’ secondary analytic invariants,
compatibly with the cycle map in the Deligne cohomology.

Key words. Flat bundles, characteristic classes, Deligne cohomology, Chow groups.

Let f= X - S be a smooth morphism of smooth varieties defined over a field k of
characteristic zero. Let £ « § be a divisor with normal crossings whose inverse
image Y:=f"!(Z) is also a divisor with normal crossings. We consider a vector
bundle E on X, together with a relative connection

V:E - Q}s(logY) ® E.
Ox

In this note, we construct Chern classes c(E,V) (1.7) in a group C{X) (1.4)
mapping to the kernel of the map from the Chow group CH¥X) to the relative
cohomology HY(X,Qj;s(log Y)). If V is integrable, then we construct classes in a
group Ci(X) mapping to the kernel of the map from the Chow group CH(X) to
the cohomology H*(X,Q7/(log Y)) of relative forms. Those classes are functorial
and additive.

If S=SpecK, where K is a field containing k, (and, of course, Z = ¢), then
following S. Bloch, one may just define C{,(X) as the group of cycles with an
integrable K connection (2.6).

If S = SpecC, then the (algebraic) group CiL(X) maps to the (analytic) coho-
mology H?*~Y(X,,, C/Z(i)), compatibly with the cycle map from the Chow group
to the Deligne—Beilinson cohomology (1.5). More precisely, ¢,(E, V) maps to the
class

ci*(E, V) e H*™ 1(X,0, C/Z(i))
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constructed in [3], identified with the Cheeger—Simons secondary invariant [1, 2]
(at least when X is proper and V is unitary) (1.7).
It defines a similar invariant

ci™(E, V) € H¥~ (X0, C/Z())/F™?

if V is not integrable (1.9).

If k = C and f is proper, Griffiths [8] has defined an infinitesimal invariant of a
normal function in H%(S,,, #*) (2.1), where #! is the first cohomology sheaf of the
complex of analytic sheaves

Fi5Ql(logZ) ® F1 - QlogT) ® Fi72,

and where the #7 are the Hodge bundles. The groups C,(X) and C*(X) map in fact
naturally to some lifting of H°(S,,, ) (see (2.3), (2.5)). This fact partly explains the
rigidity of the higher classes of flat bundles in the Deligne cohomology (see [51).

1. Characteristic Classes
1.1. Recall that on X there is a map
# 2 Qs
from the (Zariski) sheaf of higher K-theory to the (Zariski) sheaf of absolute i-forms,
which restricts to the higher exterior power of the map
dlog: A, - Qkp
on the Milnor K-theory sheaves 4 (see [7]).

(@) For our construction of C/(X) and C},(X), we need that this map extends to
a complex

D . .
A ——’Q%/s —’95(751 >

(b) For the compatibility with the analytic classes in H%*~!(X,,, C/Z(i)) when
S = Spec C, we need that the periods of a section D(s), for s € #;, are lying in
Z(i), that is DA; = Qj,), where

Q%= ker 2, Q%. .. 4 closea = H# “(C/Z(i)).

Here Z(i) denotes Z+(2n,/ — 1), a: X,, = X, is the identity, and #*(C/Z(i))
denotes the sheaf associated to the (Zariski) presheaf

U - HYU, C/Z(i)).

(c) Finally for the study of the Griffiths’ invariant, we need that D extends to a
complex

D . .
%—‘*lem—’ggkl >
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Of course, the properties (a), (b), (c) are trivially fulfilled on ¥, in particular also
on A; for i < 2. In this article, we replace #; by the sheaf 4] of modified Milnor
K-theory as introduced by O. Gabber [6] and M. Rost, whose definition we are
recalling now. We show that this sheaf fuifills the conditions (a), (b) and {c).

1.2. They define A7 as the kernel of the map
KMKOD) S @ KM (K(X),

xeX(h

where 3 is the residue map from K from the function field of X to the function field
of codimension 1 points. Of course

A=A
for i < 2. They prove:

(@ CH'(X)=H'(X, 47
(b} The natural map

A~ KM(K(X)

is surjective onto #'7" and has its kernel killed by (i — 1)1
{c) The cohomology of A#'}" satisfies the projective bundle formula: If E is a vector
bundle on X, and P(E) 4, X is the associated projective bundle, then one has

HIPE), A7) = D q*H (X, A1) 0 01

where 0(1) e HY(P(E), ;) is the class of the tautological bundle.
So by (b), the dlog map

HH S0l
factorizes through

AT - Qpy
and extends to a complex

AT - Qg — Qi — -,

so that (1.1) (a) and (c) are fulfilled, and (1.1} (b} is fulfilled as well, as it is true for
i=1

1.3. From now on, f: X — S is a smooth morphism of smooth varieties over a field
k of characteristic zero, and E is a bundle on X with a relative connection

bx

where £ = § and Y = f ~}Z) = X are normal crossing divisors.
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1.4. One defines

DI(X) = Hi(X, AT — Q%ls(log Y)),
Diy(X) = Hi(X, AT - Qi s(log Y) » Qid(log Y) - ---).

Then Ci(X) (resp. Ciy (X)) is the image of
HY(X, A7 - Qipllog Y)/f *Qiu(log Z))
(resp. HU(X, AT — Qi ullog Y)/f *Qku(log £) - Qkid (log Y) —-++)) in D{X) (resp.
D (X)).
Here Q%(log Y) denotes as usual the sheaf of regular i-forms on X, relative to k,
with logarithmic poles along Y. One has obvious maps

Di(X)— D'(X) » CH'(X) = H'(X, #'T").

1.5. Lemma. If X is proper over S = Spec C, one has a commutative diagram

Din(X) D(X) ————— CH(X)
¢iml ¢l l'//

H2i—1(Xam C/Z(l)) _ Hzi—l(Xam C/Z(l))/FH—l N Hél(X, i)

where \ is the cycle map in the Deligne cohomology.
Proof. To simplify the notations, we drop the subscript S in Qs which becomes
simply Q, the sheaf of regular I-forms over X relative to C.
The complex
AT Q-5 QL
maps to the complex
Qb = 0, Q,, = 2, Q% >
where the notations are as in (1.1) (b), and the complex
AT - QY

maps to

Qi — 04 Q%
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One has an exact sequence

0

|

A CY A ZE[—1]

i+1

Qe — 2, > 0, Q0 )

I

a*Qkan/tgi“$Q:¥'an[i - 1]

l

0

The last complex of the exact sequence is quasi-isomorphic to

R Clr R Cli — 1],
and therefore via the map C — C/Z(i), the complex

Qi = 04 Q% = 1, Qe —

maps to

Rot, C/Z(i)/t< - yRoy ©/2Z(@)[i — 11,
which is an extension of

Ro, C/Z(i)/7t<; R, C/Z ()i — 1]
by #(C/ZG)[—1]. As

H'(Xoar, Ry C/2(0) /7 i 1) R, C/Z(0)[E — 1]) = HY ™ (X,n, C/Z(1)),

one obtains the left vertical arrow ¢y,

49

As for the definition of the middle vertical arrow ¢, one similarly writes the

complex
Qi — 2,0k,
as an extension of
R, C/r R, Cli — 1] + R, Q317!
by #(C)/#(Z(i))[—1], and one argues as above.

Altogether this defines a commutative diagram as in (1.5) where ¥ is replaced by

the map

CHi(X) = Hi(f»m) e Hi(Q%(i)),
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which is shown in [4] to factorize the cycle map. (In fact there, we wrote ‘projective’
in {1.3) (2), but proved the property for ‘proper’ in (1.5).) ]

1.6. Remark. We see in fact that the image of Di,(X) in
H¥ " Xpr, Ry, C/Z(0)/1<; Rty C/Z(1))
(resp. of D(X) in
H*" 1 (X, o, R, C/2(i)f7< Ry C/Z(1))/F' 1)
lifts naturally to
H*"YX,.., Re, C/t;Ra, C)
(resp.
H* YX,.., R, Clr;Ra CY/F ).
In particular, (1.7) will imply that the Betti class of a complex bundle E which carries
a connection lies in the image of H'™ *(X,,,, #(C)/s# (Z(i))) in H?(X,,, Z(i)) (which
embeds into the image of H'™Y(X,.,, #{(C/Z(i)) in H*(X,,, Z(i))).
1.7. THEOREM. Let (E,V) be as in (1.3). Then there are Chern classes

cAE,V)eCYX) lifting the classes c¥(E)e CH{X). They are fonctorial for any
morphism

X -x

Lo

s 258

such that ¢~ () and o' ~*(Y) are normal crossing divisors. They are additive in exact
sequences of bundles with connection.

If V is integrable, then there are Chern classes ¢{E,V)e CL(X) with the same
properties.

If §=SpecC, then ¢, maps o(E,V) to the secondary analytic class ci™(E, V)
defined in [3].

Proof. (a) For i = 1 one has C*(X) = D*(X), CL(X) = DL(X), and C*(X) is the
group of bundles with connection (E,V) of rank 1 modulo isomorphisms, and
contains CL(X) as the subgroup of those (E, V) for which V? = 0.

Let g: G —» X be the flag bundle of E, such that g*E has a filtration by subbundles
E; whose successive quotients L; have rank 1. In [3] we showed that V defines a
splitting

T Qé;s(log AR Q*Q}r/s(k)g Y),
where Z = g~ !(Y), such that 1V stabilizes the subbundles E;, and defines thereby
(L;, V) as a class in
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HYG, A, - g*Q}s(log Y)).

If V2 = 0, then 7 defines a splitting
7: Qg s(log Z) — g* QY s(log Y)

of the de Rham complex, where the differential in g*Q3s(log Y) is the composite
map

g*Qlslog ) = Qi s(log Z) -2 Qi (log 2) -5 g* Qi log V).

Thereby 7V is integrable and, therefore, (L;, 7V) are classes in the hypercohomology
group

HY(G, # Ted g, g*Qys(log Y) — g*Q3s(log Y) — ).
Write

(&g ) € (€1 (A1) x €%(g*Qys(10g Y))ea-s
for a Cech cocycle of (L;, TV):

Then one defines

— 6wt =0 and 1dowi=0 i VZ=0.

clg*(E, V) e H(G, A — g*Qk s(log Y))
{or in

HY(G, AT — g*Q;s(log Y) — Qs (log Y) - --+)
if V2 = 0), as the class of the Cech cocycle

¢ = (¢, e(@(AT) x € Hg*Qys(108 Y)eas(— 1955
by

i

c = Z 5ilzi)mun'uiliri—1ais
i<--<;
==Y 0l AMw)2a, A A (S0
I <

tdc’ "1 =0 ifV?=0.

By definition, ¢,(g*(E, V)) maps to cF#(g*E) = g*cF¥(E) in
g*CH(X) = CHYG).

From (1.2) (c), one obtains that

HYG, 4™ = g*H'"Y(X, #7) ® Rest,
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where
Rest « Y H'™X(G, AT ) u(Ly),

and where (L;) is the class of L, in HY(G, 7).
As (L;) maps to zero in H(G, g*Q}s(log Y)) (resp.

HYG, g*Qks(log Y) — g*Qj slog Y) — )
if V2 = 0), the image I of H " Y(G, #'") in

H'™Y(G, g*Qisllog Y)) = H'™ 1(X, Qys(log )
(resp. in

H*=Y(G, g*Qisllog Y) — g*Qiis (log Y) - -+-)

= H'™ (X, Qsllog Y) - QFjd (log Y) - --+)

is the same as the image of H'~ (X, ') in it. This shows, via the exact sequences

0 H'™Y(X, Qlys(log Y))/I - HI(G, #T > g*Qis(log Y)) » H{(G, A7)
{resp.

0 - H'" (X, Qks(log Y) - Qijg' (log Y) - -+ )/ -

- HYG, AT — g*Qls(log Y) — g*Q¥id (log Y) - --) = H{(G, A7)

and

0 H'™ (X, Qsllog Y))/I - HY(X, HT — Qis(log Y)) > H(X, A7)
(resp.

0— H (X, Qfsllog Y) - Q¢ log Y) > )/ -

S H(X, AT — Qisllog Y) - Qkld (log ¥) - ) = HI(X, A1)

that

HAX, A7 — Qs(log )
{resp.

H(X, 47" - Qslog Y) - Qi (log Y) - --))
injects into

HYG, 47T — g*Qkjs(log Y))
(resp.

HA(G, AT > g*Q)s(log Y) — g*Qkjs (log Y) - ),
with cokernel lying in

HY(G, A 1)/g*H'(X, 4 T') = CH(G)/g* CH'(X).
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This proves the existence of the classes in D(X) (resp. DL (X)).
(b} Consider the Atiyah class

Aty(E) e H1<X, 0}, (og Y) & End E)
Ox

of E. Then its image in H'(X,Q}s(log Y) ®,, End E) is vanishing, which implies
that Aty(E) lies in fact in the image of H'(X, f*Qiu(logZ)®,, End E) in
HY(X,Q}x(log Y) ®,, End E) and therefore the exterior power A’ AtxE lies in the
image of H'(X, f*Qku(log £) ®,, End E) in

HY(X, Qi (log Y) ®,, End E).
In other words A’ Aty(E) is vanishing in
HY(X, Qyullog Y)/f*Qi(log ) @ End E),

as well as its trace in HY(X, Qku(log Y)/f*Qk,(logX)). As the Chern class of E
in H{(X,Q%,(log Y)) is a linear combination with Q-coefficients of the traces of
N AtyE, for j < i, one obtains that the class lies in C¥(X), or in CL(X)if V2 =0.
{c) Additivity and functoriality are proven as in [3].
(d) We now compare with ¢i*(E, V) if V is integrable and defined over

S = SpecC.
By [3], (2.24), one has just to see that
(Li,7V) € HY(G, A1 = g*Qle = g* Qe > -+)
maps to the class of
(Li,7V) € H'(Gan, 0%, = 9¥Q%,, = 9* Q% — ).
This is just by definition. -

1.8. Remark. Lemma (1.5) together with Theorem (1.7) define functorial and additive
secondary analytic classes

ciE, V) e H* (X, C/Z()/F*™

for a bundle E with a connection V on X proper smooth over C.

2. Griffiths’ Invariant

2.1. Let f be as in {1.3). We assume in the sequel that f is proper.
We drop the subscript k in the differential forms, and we define as usual the Hodge
bundles

F1:=R¥ 71, Q31 (log Y).

We recall now the definition of Griffiths’ infinitesimal invariant.
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Let £ e CH(X) be a codimension i cycle on X which is homologically torsion
on the fibers f~(s),seS — X, by which we mean that its Hodge class in
H?(X, Q3 (log Y)) vanishes in

H(S — X, R*f,Q%/(log Y)).
In fact, as the sheaf R* £, Q7 /(log Y) is torsion free, the Hodge class vanishes in
H(S, R?f,Q3/(log Y))
as well. Therefore, the class
v(¢) e HO(S, R*f, Q7 (log )
induces a class
v(&) e HO(S, Qi(log Z) ® #1~1/Fh
via the exact sequence
0-Q5(log Z) ® #°71/F' > R¥[,(Q5'(log Y)/KQ3(log X)>) » R¥ [, Q3 (log Y),

where (Qi(log X)) denotes the subcomplex of Q3f(log Y) whose degree j sheaf is
7*0%(logX) A Qi (log Y).
As (&) comes from v'(£), it is Gauss—Manin flat and, therefore,

v(&)e HOS, #1),
where #! is the first homology sheaf of the complex
F'-QlogZ)® F71 5 QHlogZ)® Fi72,

In fact, Griffiths’ invariant is the image of v(¢) in H((S — Z)u, #L), if k = C.
Griffiths defines it more generally for a normal function on (§ — X).

2.2. We assume that the connection V is integrable. Then
¢ =cf"(E)e CH(X)
fulfills the conditions of (2.1). This defines
v(cfH(E)) e HO(S, #7).
2.3. PROPOSITION. Griffiths’ invariant
vcFH(E)) e HO(S, #Y)
lifts to a well defined functorial class
HelE, V) e HO(S, Qi(log Z) @ F' - Qi(log ) F171),
Proof. We consider the complex

AT = Qi (log Y)/{Q3(log 2)) — Q% ' (log ¥)/<Q§(log £)) — -
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as a Gauss—Manin like extension of the complex
A~ Qgsllog ¥) > Qifid log ¥) - -
by
(f*Q3(log T) ® Qs (log Y) - f*Qi(log Z) ® Qi sllog ¥) — - )[—1].
This defines a class in
H°S,QllogZ)@ #1714

from which one knows that it is Gauss—Manin closed. As this class vanishes in
HY(S,Qi(log ) ® Rif, Q% s (log Y)) by definition of CL(X), it is lying in

HO(S, Ql(logZ) ® #' - Q2(log X) ® F#i~1). 0

2.4. We assume now that the connection is not necessarily integrable, that k = C,
and that S is proper and one-dimensional.

2.5. PROPOSITION. Griffiths’ invariant v(cS¥(E)) e H(S, ') lifts to a well defined
functorial class in the image of H°(S,Qi(logZ) ® F') in

HYS, F'— QllogZ) @ Fi7 1),

Proof. The Betti Chern class of & = ¢#(E) lies in H(S,q, joR* ™1 f,,Q(i)), where
j: S — Z — 8§ is the inclusion. In

H'(San, ju R f,€) = H'(San, ju{Q5-2 ® R* [, QU5 yys-5))s
it lies in the subgroup

HY(So, F' - Qi(logZ) @ F'71)
which equals

HYS, Z#' - QllogZ)® Fi71)

by the GAGA theorems ([9]).
Again considering A7 — Qi(log Y)/(Qi(log Z)> as a Gauss—Manin-like exten-
sion of A" — Qf s(log Y) by

(f*Qs(log Z) ® Qs (log Y[~ 1],
one sees that D'(X) maps to
HO(S,Ql(logZ)® (975— YFY)
which itself maps to
H1(S, 7 - Qb(log £) ® (F~ 1/ FH).

In particular, the class in HY(S, #' - Qi(log ) ® #'~ ') maps to zero in H'(S, )
and, therefore, lies in

HO(S, Qb(log £) ® Fi1Y/HO(S, FY).
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As it comes from C¥(X), it vanishes in H(S, Qi(log ) ® (Fi~ Y/ F). O

2.6. Remark. The rigidity property (2.2) could invite us — following S. Bloch — to
define the group Ci,(X) as the group of cycles with an integrable K connection, if
S = Spec K, where K is a field of characteristic zero. In this case,

HIS, F > QL@ F-1 5 Q2 Q Fi-2) = (QL ® Fi~ 1) /VF
and the class is well defined in (Q} ® F)Y.

277. Remark. The existence of the lifting of Griffiths’ invariant in (2.5) will be used
by H. Dunio to prove that the Deligne—Beilinson classes of (E,V) are locally
constant, generalizing the result of [5] to the case where the morphism f is not
constant.
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