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A note on the cycle map

By Héléne Esnault*) at Bonn

In [B2], theorem (6. 1), S. Bloch proves that on a surface X with p,=¢=0, the
degree map on the Chow group CH?(X) of points is realized as

deg: CH? (X) = H}, (X, #3) = Z< Hy, (X, #an),

where 4, and f,,, are the sheaves K, in the Zariski and classical topologies, and
where the map comes from the change of topologies. This suggests that some natural
Zariski cohomology should exist inbetween which describes the cycle map ¥ with
values in the Deligne-Beilinson cohomology. This is the purpose of the first chapter of
this note. If X is smooth, one defines the Zariski sheaf #7? (1. 1) as the discrete part of
the Deligne-Beilinson sheaf #7 (p) (1. 3)a)). By forgetting the growth condition at infinity,
one obtains an injection f,,: %/ — Q}°. Then HJ,,(f,,) factorizes the cycle map and is
exactly the cycle map if p=dim X (1. 3). Applying this for p=dim X, one proves that
the kernel of the Albanese map is exactly

H.. ' (QFF7")
provided H2"~2(Z) is generated by algebraic cycles (2. 5).

Recall that on a smooth projective variety X over C, the Chow group CH!(X) of
codimension 1 cycles may be described analytically: this is H} (X, 0,,), the group of
holomorphic rank 1 vectorbundles [S]. In the same spirit, S. Bloch [B3] asks whether
possibly the Chow group CH?(X) of codimension 2 cycles may be described as the
analytic cohomology HZ (%) of a complex # (3.2) he defines in [B1] via the di-
logarithm function. We show the existence of a map ¢ : CH?(X) — H_, (%) factorizing
the cycle map ¥ (3.6). If one knew that ¢ is injective, this would imply Bloch’s con-
jecture on surfaces with p,=q =0 (3.8). Moreover this gives a sort of “philosophical”
explanation for Mumford’s theorem [M], (3. 7).

I thank R. Hain and U. Jannsen for several useful conversations.

*) Supported by Heisenberg Programm.
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Notations. Throughout this paper, we use the following notations:

X will denote a smooth algebraic scheme over C of
dimension n,

Q% will denote the sheaf of holomorphic differential p-
forms on X,,, the variety X endowed with its classical
topology,

A will denote the ring Z or @,

A(p) will denote (2im)’ A4,

H(A(p)), HY(C/A(p)),... will denote the Betti cohomology groups,

HZ(A(p) will denote the Deligne-Beilinson cohomology group
(as defined in [B] or [E.V]).

If K° is a complex, we denote by KZ” its subcomplex defined by: (K2?)'=0 if
i<pand (K2?)'=K'if i=p.

If X is a smooth proper variety containing X such that X — X is a divisor with
normal crossings, we call X a good compactification of X. On X one has the complex
Q%(log(X — X)) of holomorphic forms with logarithmic poles along (X — X). We denote
by FPH(C) the Hodge-Deligne FP-filtration of the de Rham cohomology of X:

FPHY(C)=H'(X, 25" (log(X — X))).

This is independent of the good compactification choosen [D].

We denote by H,,, and H,, the sheaf cohomology in the Zariski and classical
topologies.

CH’(X) - H2?(X, Z(p)) is the cycle map from the Chow group in the Deligne-
Beilinson cohomology [ B], [G], [E.V].

Finally we do not distinguish in our notations between H' and [, the coho-
mology and the hypercohomology. (See for instance the definition of F? H!(C) above.)

§ 1. The cycle map on projective manifolds

1.1. Let X be as in the notations. For each Zariski open set U of good
compactification U we consider

F{?(U):={w e FPH?(U, C)=H?(U, Q=" (log(U — U)))
=H°(U, Q"(10g(U — U)))yciosea = H* (U, Q" (log (U~ V))),
such that the cohomology class of w in H?(U, C/A(p)) vanishes},
Hol4?(U):={w € H?(U, Q%7)=H (U, 2")4c10seq>

such that the cohomology class of w in H”(U, C/A(p)) vanishes}.
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Both are presheaves in the Zariski topology. We denote by %7 and Q%” the associated
sheaves. Forgetting the logarithmic growth condition at infinity gives a natural injective
morphism
Sy E g
We set f,,==f,.
1.2. We consider the Zariski sheaves
H#1(A(p), A (C/A(p)), #5(A(P)), ...
associated to HY(A(p)), HY(C/A(p)), #2(A(p)), ....
1. 3. Theorem. Let X be a smooth algebraic scheme over C of dimension n.
1) One has
H. (X, #]/")=CH"(X),=CH’(X)®, A4
HELUX, FFP)=0 for 121,

HECN(X, 777) = H N (X, AL (p)/He (X, #7H(T/Z ().

2) If X is projective there is a factorization of the cycle map

— p
CHP(X) - zar(X eg,“]pp Hgar(fpp) zar(X Qp )
l}l
HZ"(X, Z (p)).

3) If X is projective and p=n, then H,, (X, Q7" )=HZ(X,Z(n) and
=H;‘ar(fnn)'

Proof. 1) For each Zariski open set U one has an exact sequence
0— H""NC/Z(p) — H5(Z (p)) — FZ* — 0
which gives an exact sequence of Zariski sheaves
(1. 3)a) 0— #""HC/Z(p) — #f () —> F/"— 0
(and describes Z/” as the discrete part of #/(p)).

The Bloch-Orgus theory for the Betti [BO] and the Deligne-Beilinson [ B] coho-
mologies implies
H U P~ (C/Z () = Hig ' (#5(Z () =

33 Journal fir Mathematik. Band 411
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for [=1, and

HZ,.(X, #5(Z (p)) = CH? (X).

This proves 1). The proof of 2) and 3) occupies the rest of this section.
1.4. Let a:X,,— X,,, be the continuous identity of X endowed with the
analytic and Zariski topologies. Let

Z(Pe=Z(p) >0 — - — Q"

be the Deligne complex on X,,, (where Z(p) is in degree 0). Then Z(0)y:=2Z.
Lemma. One has
1) R%:,Z(p)g=0if p>0 or Z if p=0.
2) Ria,Z(plg=#""1(C/Z(p)), 0<i<p.

3) There are exact sequences

0— #°7H(C/Z(p) > RPa, Z(p)g — Q5" — 0,
0—QF - a, (8 — - — Q") — HP(C)/H#P(Z(p) — 0.

4) R"™a, Q(p)g=H#""(Q(p) for IZ1.
5) RP*'a,Z(p)y=0 for I>n—p and 1>0.

Proof. Write the exact sequences of complexes
0 (Z(p)— C)— Z(p)g — Q=7 — 0.

As R, Q=P =0 for g <p this proves 1) and 2).

As o, (QF — --- — Q") surjects onto #F(C)/#*(Z (p)) with kernel Q7", this proves
3). For I21, RP*'a, Q2P =0, (QP*") c10sea/d 0 QP 171 surjects onto #7+H(C/@Q(p)) with
kernel #7*'(@Q(p)). This proves 4). If I>n—p then (o, Q7*'™1), 0sea SULjECtS ONtO
HP*'"Y(C/Z (p)). This proves 5).

1.4. 1. Remark. In 35), if /=0, this implies that p>n. Then Z(p)y=2Z(p)— C,
and
RPa, Z(po=#""(CIZ(p)=0 i p>n+1.

In 4), we have replaced Z by @ to ensure that o, (27"'); eeqa SULjeCts onto

H"HC/Q(p).
1. 5. Corollary. 1) One has
H, (X, RPa, A(p)g) = H7, (X, Q4°).

2) If X is proper there is a natural morphism

HE (X, Q5) — H3P (X, Z (D).
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3) If X is proper and p=n one has an isomorphism

HE, (X, Q7")=H3"(X, Z (n)).

Proof. Consider the Leray spectral sequence for o applied to Z(p),. By 1.4.1)
and 2) one has

HZ 'YX, R'a,Z(p)y)=0 for I>p
and HESY(X, RP™"a, Z(p)y) =0 for 1= 2. Therefore one has a map

HZ, (X, R"0, Z (p)g) — Hg"(X, Z (p) = Hil (X, Z (p)a)-

As HZ 'YX, #P~1(C/Z(p))) =0 for 121 this proves 1) and 2). For 3), apply 1. 4. 5).
1.6. The cup product map
HI(Z (P)x AT (Z(p) — AL (Z(p+Pp")
factorizes over the wedge product
FLEXFLT — FFTPT[EV],
(w, ) oA®.
The intersection of cycles in CH"(X) is then described as wedge product via 1. 3. 1):

Hzpar(g;zpp) X Hp, %p'p') - Hp+pl(gglp+ll’.l7+l”).

zar zar

Similarly the cup product map
RPa, (Z(p)g) X R" 0 (Z(p)g) = R P o, Z(p+D)a
factorizes over the wedge product
'QZ'p X Q;’p' — Q2+p’,p+p”

(0, @) oA

The intersection of cycles in H2'(X, ), when X is proper, is then described as wedge
product via 1. 5. 2):

HZ, (Q57) x H,.(277)

HE (@377

HZP(Z (p)) x H3 (Z (")) HZP*P(Z(p+Dp').
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The wedge products for ZF? and Q%° are obviously compatible, and the wedge product
for Q% and the cup product for HZ?(p) are compatible via 1. 5.

1.7. Let f:Y — X be a morphism of smooth schemes. One has obvious maps
[VF— FEY

[R5 — Qb

ST R o, Z(p)g,x = R0y Z(p)g,y-

If Y and X are proper, f defines a commutative diagram

(1.7.1)

f—ngar(fpp)

S HE (X, FFP) fTVHE (X, @pr) LI poigze(x 7(p)

H (Y, 7f") —————— HL(Y,Q}) ———— HP(Y,Z(p).
Moreover, the wedge products on %} and Q%” are obviously functorial.

1.8. Proof of 1.3.2) and 3) for p=1. One has # (1) = 0}, the sheaf of algebraic
invertible functions and R'a,Z(1)y=a, 0., where O, is the sheaf of holomorphic
invertible functions.

One has
(1.8.1) CH'(X)=H,,(03,) =H}, (%) —— H;(1)=PicX

{

Hy, (0 Ogn) = Hy, (QF > H3(1) = H,, (0r,)-

The lower horizontal arrow is always injective and by [S] the composition
(1.8.2) H,,.(0]g) = Hyar (0, 02n) — Han(67)

is an isomorphism. Therefore both maps are isomorphisms. The upper arrow is the
canonical isomorphism between CH' (X) and Pic X.

1.9. Proof of 1.3.2) and 3). Let ¥~ be a vector bundle. We first prove that

image of H},.(f,,) (c;") (¥) in HEP(Z(p)=c;(¥)
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where ¢S" and ¢? are the Chern classes in CH” and in HZP(Z(p)). Let f:Y — X be the
Grassmann bundle of #". One has a commutative diagram

ST H (X, F)

STHHE (X, Q) ———— fTTHZ (X, Z ()

|

H, (Y, #77") ————— HL(Y,QF) ———— H'(Y,Z(p)

] |

XHL(Y, M) —— XHL(Y,QY) — X HZ(Y, Z(1).

1.7.1)

By the splitting principle for CH' and H2'(-), the upper left and right vertical arrows are
injective. By the splitting principle for CH® and H2'(-) and by 1.6 and 1.8,
f1eS™(#7) maps to ¢ (#7) via the bottom horizontal arrow. This proves 1.3.2) and 3)
for Chern classes of vector bundles.

If Z is a codimension p cycle, ¢, may be resolved by vector bundles. As Chern
classes are additive in CH" and H2'(-), and as the wedge product for %, ", Q; and the
cup product for H2'(-) are compatible (1.6), one reduces the problem to the vector
bundle case.

1. 10. Remark. As a trivial consequence of the definition, 1.3 is compatible with
products and is functorial for any morphism f:Y — X, with Y smooth for 1),

Y smooth and projective for 2).

1. 11. Remark. The Bloch-Ogus theory for the Deligne-Beilinson cohomology
provides us with a coniveau spectral sequence

EX' = HE (X, #}(p))

converging to HX"'(X, Z(p)). Forgetting the logarithmic growth condition at infinity
one obtains a morphism

g1, #4(p)— R'o, Z(p)y (injective for [=p [E]).
(f,p defined in 1.1 is just the Hodge theoretical part of g,,.) This defines a map
Hfar(glp) : EIZLI - Eglan = H:ar(X’ RI(X*Z(p)@)

On the other hand E%., is the E, term of the Leray spectral sequence for o applied
to Z(p), also converging to H5™'(X, Z(p)) (if X is proper). If one knew that the coni-
veau and the Leray spectral sequences were compatible, one would be able to avoid the
cumbersome arguments of 1.8 and 1.9 (and prove slightly more than 1. 3).



58 Esnault, A note on the cycle map
§ 2. Cycle map for points on projective manifolds

2.1. In 1.3.3) we have seen that the cycle map for points on a projective
manifold is just H,, (f,,). In particular the kernel of the Albanese mapping (which is the
kernel of ¥) comes from

H M (X, Q71 F7").

If X is proper, we denote by alg the image of CH" ! (X) in H?""%(X, Z(n—1)). We say
that H?""2(Z) is generated by algebraic cycles if H?" ?(Z)=alg. This implies
F'H?""2(C)=H?*""%(Q")=0. Conversely, if F"H*"2(C)=0, then alg® Q@=H*""*(Q),
and alg=H?(Z) if n=2. Otherwise, Hodge theory implies that the natural map
F"H?"~2(C)— H*"~%(C/Z(n)) is injective. For this reason, we just denote by F" its
image.

2.2. Lemma. If X is proper one has

H.. (X, QY)=H*"?*(X, C/Z(n)/F" + alg ® C/Z (n).

In particular it is zero (up to torsion) if H*"~*(Z) is generated by algebraic cycles.

Proof. By 1.4.2) and HY(#/(C/Z (n))) =0 for g>j ((BOJ), one has a map

H:a:l(Xa Rna*Z(n)@) - Hé"—l(X’ Z(n))
By 1. 4. 5), this is an isomorphism. By 1. 4. 3), one obtains
Hy (X, QF)=H3" (X, Z(m)/im (H,. 1 (X, 2" H(C/Z ().

As H2" (X, Z(n))=H?*""*(X, C/Z(n))/F" and im(HL (X, #" !(Z)))=alg [BO], this
proves 2.2. :

2.3. Lemma. One has #}"'(n) for 12 2.

The Bloch-Ogus theory applied to the Deligne-Beilinson cohomology gives the exact
sequence

H; (X, #5 (n)) — HZ" (X, Z(n))
—H,*(X, #5 ' (n) - CH"(X) 5> H3"(X, Z(n)) — 0.
If X is proper and H*"~%(Z) is generated by algebraic cycles then

Ker ¥ = H!..?(X, #,*'(n)) modulo torsion.

Proof. One has an exact sequence

0 — H"*'"H(C/Z )/F" — A3 (Z () — Ker (F"H™*' — H"*(C/Z (n))) — 0.
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If U is affine one has H"*'(U, Z)=0 for =1 [H]. This proves #;*"'(n)=0 for [>2.
This gives an exact sequence

0— E5M"— HE 1 (Z (W) — EL "1 =0
with
Eg 2 = B2 = Ker (HIL (5 (n) — CH”)
and
Ey bt =E5Th" = Hy (A (n)/Hy > (o5 ().

If alg= H*""%(X, Z), then
H2""Y(X, n)=H?*""*C/Z (n)/F" = alg ® C/Z (n) modulo torsion.

But the image of
HZ (A" (C/Z ()

in H. ' (A, (n) via (1.3) a) is alg ® C/Z (n). Therefore E5~"" maps surjectively onto
HZ"™(Z (n).

2.4. Lemma. There is a commutative diagram of exact sequences

0 0 0
0O—— %" — FH" — FF; —0
fn" J
0—— QF — o, H"(C/Z (n)) 0
v
0 —— QF)F" —— 0, QVF" —— Ay ') —— 0 (df 143)
0 0 0

Proof. For the middle horizontal arrow one has to know that s#"*!(Z(n)=0
[H]. One has an exact sequence

0 — H"(C/Z(n)/F" — #2 " (n) — Ker (F"H""' — H"*(C/Z (n))) — 0.
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On each affine open set one has H"*' =0, which proves #, ™! = #"(C/Z (n))/F." and
completes the proof.

2. 5. Theorem. If X is a projective manifold of dimension n over C such that
H?""2(Z) is generated by algebraic cycles one has a commutative diagram of exact
sequences

0 ——— HIZ2(X, A2 (n)

zar

CH"(X) —Y— H2"(X,Z(n) ——— 0
! |

2.41§ 1.3.1);8 1.5.3)‘5

V

_)) H;ar(X’ Q,%n) — 0

0 —— Hi'(X, Q") —— Hpp(X, 75" g

up to torsion.

Proof. The horizontal sequences are exact by 2.3 and 2.2. As ¥Y=H,, (f.,)
(1. 3. 3)), the vertical left arrow is an isomorphism.

2.6. Remarks. 1) If H?""2(Z) is not generated by algebraic cycles, one has the
same diagram replacing the left vertical arrow by its image in CH"(X).

2) As HAMY(#7")=0 (1.3.1) or simply cohomological dimension of abelian

Zariski sheaves), one obtains H_, (2%/%;")=0 when X is projective.

§ 3. Miscellaneous comments on the Bloch complex
3.1. In[B3], S. Bloch (and S. Lichtenbaum) ask whether it is possible that
CH?*(X) = H,, (X, %)
where 4 is a complex of analytic sheaves defined in [B1] which we shall call the Bloch
complex. (This is not the Zariski Bloch-Suslin complex, although it is related to it.)
In this section we say a few words about it.

3.2. Recall first the definition of & (see [B1]).

Let 4/7Z (2)= C/Z (2) be the image of the regulator map K;(C) — C/Z(2). This is
a countable group.

As we shall not use here the sheaf of regular functions, we change the notations:
Let O be the sheaf of holomorphic functions, ¢ be the sheaf of holomorphic
invertible functions. S. Bloch defines

W(0)=0Q,0%/R

where the stalk #, of # in z is the subgroup of ¢, ® O, generated by

@ gy . ) d
- 1—:;®f(x)+2m®exp<—§l?; ) 108(1-‘t)7>

0 0
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where f and (1—£) lie in O, and x is (analytically) close enough to z to force (1 — f (x)
to be invertible, and where one has choosen a path of integration from 0 to f(x).

Let X,, be the analytic sheaf K,. There is a surjective map
V(O) = H3ans
F®gw {expF, g}.

Define
0/Z(2) — v(0)
by

1 1
expmG—»b’n@expmG.

This defines a complex #:=27(2) — O — v(0), with Z(2) in degree 0, together with a

map B — =g H2an [—2].

On the other hand S. Bloch [B1] computes that the map
0®,0* — Q1
d
Fg—F 8
g
factorizes over v(0) as

f(x
log(1—f(x)) ‘ifj;ij)+2in-dlog (exp (—ﬁ 5) log(1—1) %>)=0.

0

This defines a commutative square

B e > Z(2)g
exp®id
Han[=2] > 03
0 0
where dlog adlog{f, g} = de/\dg—g Therefore Kerexp ® id maps to Kerd=27(2) — C.

S. Bloch shows that it is exactly Z(2) — 4. Here we should warn the reader. In [B1],
S. Bloch has a different notation. He considers the complex #~:=Q(2) — O — v(0)
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and shows that Kerexp®id in £~ is a constant non trivial countable subgroup of
C/@(2) [—1] which he denotes by A*[—1]. Therefore, if 4 denotes the preimage of A*
in C, one has Kerexp®id=4/7Z(2)[—1]. We shall use only that this group is
constant, and not its identification with the image of the regulator map

K;(C)— C/z(),

for which we refer to [B3].

This gives a commutative diagram whose columns are exact sequences.

0 0
[Z(2) — 4] —— “—— [Z(2) — C]
(3.2.1) B 4 » Z(2)g
exp®id
|
Hran[—2] dlog Adlog > Q=2
0 0

3.3. The vertical left sequence of (3.2.1) defines a morphism in the derived
category

Hran —5— 4/Z(2) [2] —— C/Z (D) [2].

One has also the morphism in the derived category

Hyan Q22— L, Q> C—— C/Z(Q).

dlog Adlog

Define as in 1.4 «: X,, — X,,,. The commutativity of (3. 2. 1) proves the

Lemma. One has

iob=c in the derived category.
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In particular
Hyz=Kera,b:o, Ay, — H2A/Z(2))

is the subsheaf of o, A, consisting of sections whose de Rham classes via the map
dlog A d log vanish in #*(C/Z(2)).

3.4. Let X, be the Zariski sheaf K, .

Corollary. There is a map
Hy— Kz

Proof. One has dlogadlog &, = %} A #} (with the notations of 1.1 and 1.6),
the subsheaf of decomposable forms of %%

3.5.Lemma. 1) One has R°a, #=0, R'a,B=A4/Z(2).

2) There is a commutative diagram of exact sequences

0 HNA/Z(2)) R%a, R Ay 0
i @ dlogAdlog
0 #(C/Z(2) Ra,Z(2), Q2 » 0.

The proof is obvious.

3.6. In 1.3 we have used the description
CHP(X) = Hfar(X’ %@f’([))) = Hfar(X’ ggpr)'

We will use now also the description CH?(X)= H2,(X, ;) (Bloch-Quillen formula),
which is related to H2, (X, #,7(2)) through the Bloch-Beilinson regulator map

Hy —— H5(2)
which is simply the cup product in this case:
H @z Hy=H5 (1) @z #5 (1) > H57(2)  ([B], [E.V], [E]).

Theorem. Let X be a projective manifold over C. There is a commutative diagram

¢
CHZ(X) Hfar(X’ %Z) — H:n(Xa ga)
dlog Adlog ®

HZ,.(f22)

szar(X’ 922) - H;(X7 Z(Z))

|

b4
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Proof. One has

H,(R°x, B)=HL'(R'a, B)=0 for 120.

Therefore there is a map

HZ.(X, R*0, %) — H} (X, B).

By 3.5.2), one has HZ.(X, R*a,B)=H2.(X, #5,) as H*(#*(4/Z(2)))=0 by the
Bloch-Ogus theory. One also has a map (3. 4)

CH?(X) = HZ,(X, #3) — H. (X, H)z).

zar

Then apply 1. 3. 2).
3.7. Remark. There are maps
0, 0" @ C™ — 0, (0" ®; C™) — Ker (A7 > Q7°)
which define maps
HZ, (0, 03) ® C — HZ, (0, 05, @ C) = Hz (0, (0" @ C7))
— Ker (Hz, (#37) = Hz (Q7%))

— Ker (szar('}i/‘ZZ) - H%(Z(z)))

On the other hand one computes easily that
H7,p (o, 07) = HZ,(0)
via the following exact sequence

o, O

0-»2(1)

— o, 0> H#(Z(1))—0

which gives the exact sequence

o, O
Z(1)

HA, (4, 0°) — HA (1 (Z (1)) — H2, ( ) s H2 (0, 0%) 0.

As the first map is surjective ([BO], [S], (1. 8. 2)), one has

2o, 05 = 2 (0) = e, 0= HE(0).
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In order to recover Mumford’s result [M] on Ker ¥ on a projective smooth complex
surface with HZ () #+0, one would have to know that the image of

HZ, (1, O")®, C* = H,(0)®, C*

in H2, (A, ,) meets the image of CH?(X).

3. 8. Proposition. Let X be a smooth algebraic surface over C with
H°(X, Q)= H°(X, Q2*)=0.

If ¢ (defined in 3. 6) is injective, then CH*(X)=Z.

Proof. One always has a commutative diagram using 3. 6

CH?(X) = H, (A3) ———— H (Hrz) —————— Hy(B)
|
(3 8. 1) 3.3 lllgn(exp®id)
lear(a*z/‘l) —_ Hazn('%llan)'

If H°(Q')=0, then HJ (4/Z(2))/torsion=0. As H}(Z(2))=Z is torsion free, one has
HJ (4/Z(2))=0. Therefore HZ (exp ® id) is injective. By [B2], theorem (6. 1), this is the
degree map.

3.9. Remark. This theorem of S. Bloch [B2], (6.1), on the description of the
degree map on surface with H°(Q') = H°(2%)=0 was the motivation for the sections 1
and 2 of this note.
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