A RAINY DAY
HELENE ESNAULT

ABSTRACT. The text recounts, in a leisurely way, the genesis of the proof of [Esn03]
Theorem 1.1]).

1. INTRODUCTION

Let X be a complex smooth connected projective variety. Grothendieck s general-
ized Hodge conjecture |[Gro69, Section 2, p.301] on its Betti cohomology H™(X,,, Q)
predicts that a Hodge substructure H lies in F*H™(X,,, C) N H™ (X, Q) if and only
if it dies upon restriction to H"((X \ Z)an, Q) for some codimension ¢ closed subset
Z C X. The if implication is easy. The only if implication is a deep analytic problem
which contains as a special case the classical Hodge conjecture for n = 2¢. The big
mystery is what kind of Z would do it.

When H"(Xa, C) = FYH"(X,,, C), that is when H"(X,0) = 0, and H is taken
to be H"(Xa.n, C), the problem is expressable in algebraic terms. Indeed, over C
the comparison isomorphisms equate Betti and de Rham cohomology. However, de
Rham cohomology and its F-filtration are defined over a subfield K C C of finite
type over which X is defined. The conjecture is then equivalent to the vanishing
of the restriction homomorphism H}n(Xk) — HJp((X \ Z)k) where Z C X is
some big enough divisor, or equivalently to the vanishing of the restriction homo-
morphism H}p(Xk) — Hip(SpecK (X)) to the de Rham cohomology of the generic
point. As of today we know two cases. First for n = 1, then H'(X,O) = 0 implies
H}n(X) = 0, so there is no question. (While the statement looks Hodge theoretic,
it is purely algebraic due to the Hard Lefschetz theorem proved by Deligne in Weil
IT ([?, Théoreme 4.1.1]) and Serre duality [Serb4, Théoreme 4], as Alexander Petrov
mentioned to me recently). For n = 2, one uses on X,, the exponential sequence
and Serre’s GAGA theorem [Ser56, Théoreme 3| equating the analytic and algebraic
Picard groups. The condition H?(X, ©O) = 0 implies then that H?(X,,, Z) is absorbed
by the Chern classes of line bundles. That’s all we know.

I stumbled upon this problem early on from different angles.
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On the arithmetic side (in a mild way), Serre in a letter to Grothendieck [Ser62,
p. 152] in 1957 had already asked whether a smooth projective variety defined over
K = C(B), where B is a curve, and verifies H"(X,0) = 0 for all n > 0, has a
rational point. He himself was skeptical, and indeed it is disproved in |[GHMS05
Corollary 1.4]. A bit later, Lafon [Laf04, Proposition 2.1] disproved the analogous
question with C(B) replaced by C((¢)).

On the geometric side, by Bloch’s decomposition of the diagonal [Blo80) Lecture 1,
Appendix],
(mot) the triviality of the rational Chow group of X over a field
containing K (X)
implies
(con) the vanishing of the restriction homomorphism H},(X) — HJR(X\
D) for some divisor D which comes from this decomposition

with in turn implies
(level) H}n(X) = F'H}y(X) for all n > 1.
So Grothendieck asks whether (level) implies (con). A particular case of the Bloch-
Beilinson conjectures, also called the conservativity conjectures, even asks whether
(level) implies (mot). The only known case is for X of dimension 1, as the condition
H'(X,0) = 0 is equivalent to the continuous part of Pic(X) being trivial. For X of
dimension 2, this is Bloch’s famous conjecture.

The purpose of this note is to present an example in which these viewpoints can
be reconciled to resolve a classical conjecture. Since the mathematics are well docu-
mented in the literature, I will keep the discussion brief.

2. THE LANG-MANIN CONJECTURE

At the beginning of the 2000s, Lang’s definition [Lan52] of C, fields, which is a notion
close but not identical to that of cohomological dimension, and the conjecture of
Manin [Man66l, Conjecture 4.1] relating the existence of a rational point on a smooth
Fano variety over a field K to the C) property for K were trending. Kollar [Kol96]
had published his book, in particular he embedded Manin’s conjecture, which in the
meantime had been called the Lang-Manin conjecture, in a more general framework.
He extended Fano varieties to Rationally Connected Varieties, focused in [Kol96,
IV.6.1.1] on function fields and asked for more general fields in [Kol96, IV. 6.1.2]. All
in all the conjecture, which we deem the C conjecture as in [Esn24], reads as follows.

(C1) Let X be a smooth geometrically connected projective variety
over a field K. If K is C} and X is (separably in characteristic p > 0)
rationally connected, then X (K) # @.
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In [GHSO03, Theorem 1.2] Graber-Harris-Starr proved the conjecture over a function
field in characteristic 0. The proof is of a purely geometric nature and extends, with
some necessary changes, to the characteristic p > 0 case, see [dJS03] and [Esn24)
Section 3.1]), [Esn24, Section 3.2] for a rough summary of both proofs.

3. LANG-MANIN CONJECTURE OVER A FINITE FIELD

The question was in the air. Finite fields have the C; property by the theorem
of Chevalley-Warning ([Che35], [War35]). On the other hand, we were breathing
Deligne’s philosophy on the analogies between weights in complex Hodge theory and
in geometry over a finite field. This analogy does not encompass the role of the F-
filtration on the complex side. I had thought of this while answering in [Esn90] and
[ENS92] Deligne’s question on the level of the Hodge filtration on the cohomology of
closed subsets of the complex projective space defined by equations of small degree, a
question motivated by congruences for the number of points over a finite fields proved
by Katz [Kat71]. It confirmed that the right analogy should relate the F-filtration
with the divisibility of the eigenvalues of Frobenius by powers of p. The key prop-
erty in the background is Deligne’s integrality theorem [Del73] which allows one to
consider p-power (in fact g-power, when X is defined over F,) divisibility as algebraic
integers of the eigenvalues of the Frobenius acting on the ¢-adic cohomology of the
variety pulled back to an algebraic closure of the finite field.

It was natural to come back to the chain of implications
(mot) = (con) = (level)
and consider the analog over a finite field
(mot) = (con) = (div)
where (div) means that the eigenvalues of Frobenius acting on the cohomology of
the variety pulled back to an algebraic closure of the finite field are divisible by g¢.

By the very definition of a rationally connected variety, the condition (mot) is veri-
fied. The left implication is already contained in Bloch’s decomposition of the diagonal
loc. cit.

On a rainy day my partner and I took the car and drove from Essen (Germany)
to Paris (France). We really had to focus on the driving as the visibility wasn’t
good. The driver could not really pay attention to what the passenger would say.
The windshield wipers set the pace of talking. I took the wheel and soon after in
Belgium started a monologue on how I saw one could prove the conjecture over a
finite field. The main point was to relate the coniveau of cohomology to the divisi-
bility of eigenvalues and to verify afterwards that the Lefschetz trace formula really
implied the desired congruence. Once in Paris [ went to IHES and submitted to Ofer
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Gabber the Leitfaden of what I thought was a proof. I had been told he had found
a mistake in somebody else’s attempt (still over a finite field), so I was focused on
his reaction. It was a truly fulfilling experience, Ofer stopping me after every second
word, me answering and keeping going. After a while Ofer said “well, it is possibly
going to work..”. So I stopped talking and at most two weeks later had a complete
manuscript. I was, and still am, thankful to Ofer for this shared experience.

The divisibility is treated in [Esn03, Lemma 2.1]. For some reason this is written
in crystalline cohomology, I do not really know why (1), likely because I had discussed
with Berthelot not long before. He was glad about the use of “his” cohomology, a
bit sad after it was also mentioned that one could do the same directly in f-adic
cohomology. Of course. The whole logic and the precise facts needed are detailed in
[Esn24], I refer to it and do not repeat it.

4. SOME FURTHER EXAMPLES FOR WHICH THE ANALOGY BETWEEN THE LEVEL
OF THE F' FILTRATION AND THE DIVISIBLITY APPLY

In [Esn06], [EX09] and [BER12] we pursued the analogy, starting with a smooth
projective variety defined over a p-adic field with an assumption on the level of its de
Rham cohomology and concluding with the existence of a congruence for the number
of rational points of the (singular) mod p reduction. A tool in particular for [BERI2]
was the description of the slope < 1 piece in rigid cohomology of a proper singular
variety defined over a perfect characteristic p > 0 field using Witt vector cohomology
in [BBEOT], a path which to my knowledge hasn’t been pursued further.

5. INTEGRAL p-ADIC COHOMOLOGY THEORIES

As already explained, the condition (level) is purely algebraic, so it is in fact more
natural to consider cohomology theories which are based on de Rham theories, rather
than the f-adic theory, in the mod p reduction of the variety or on p-adic models. As
a first step in this direction, using prismatic cohomology, [FKW24, Proposition 2.2.3]
yields an analog of [(con) implies (level)] in étale cohomology of the rigid analytic
fiber with IF,, coefficients. However one loses the relation to (con). All those theories
are (derived) p-complete. While the theory is close to those say over C when the
variety is proper, the moment it is not, very little algebraic information is preserved.
This is reflected in [CdA25, Theorem 1.3.3] in crystalline cohomology, in [EKP26] in
de Rham cohomology of almost all mod p reductions, in prismatic cohomoloy, in étale
and syntomic cohomology.

Coming back to the arithmetic problems, one C} field is of particular interest. Lang
proved in [Lan52] that complete discretely valued fields (cdvf) with an algebraically
closed residue field are C. As discussed in [Esn24] 5.3.1] one could dream of Scholze’s
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perfectoid methods to ultimately yield the C conjecture for such an unequal char-
acteristic field. There are now steps in this directions, see [JK25] and in particular
[Kar24]. But given that rationally connected varieties are projective, one could also
wish integral p-adically (derived) complete cohomology theories to shed light on their
arithmetic properties over a cdvf with algebraically closed residue field. This would
provide information on the multiplicities of the components of the reduction. As I
understand, so far such integral cohomology theories require good (or log) reduction.
The goal is not in sight.

Acknowledgements: 1t is a pleasure to thank all the mathematicians I talked to along
the years on the topics mentioned in this note. This includes Bhargav Bhatt, Pierre
Berthelot!, Spencer Bloch, Dustin Clausen, Marco D’Addezio, Konstantinos Farkas,
Moritz Kerz, Mark Kisin, Janos Kollar, Alexander Petrov, Peter Scholze, Olivier Wit-
tenberg. I thank Pierre Colmez for scanning to me [Ser62] and Michael Harris for
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