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CHERN CLASSES OF CRYSTALS

HELENE ESNAULT AND ATSUSHI SHIHO

ABSTRACT. The crystalline Chern classes of the value of a locally free crystal
vanish on a smooth variety defined over a perfect field. Out of this we conclude
new cases of de Jong’s conjecture relating the geometric étale fundamental
group of a smooth projective variety defined over an algebraically closed field
and the constancy of its category of isocrystals. We also discuss the case of
the GauB—Manin convergent isocrystal.

1. INTRODUCTION

On a smooth algebraic variety X defined over the field C of complex numbers,
a vector bundle E endowed with an integrable connection V : E — Q% ®o, E has
vanishing Chern classes c%(E) in de Rham cohomology H2%(X/C) for i > 1.

The standard way to see this is applying Chern—Weil theory: the classes in
HZ (X)) of the successive traces of the iterates of the curvature V2 € Hom(E, Q% ®
E) are identified with the Newton classes N;(FE), and the Q-vector spaces spanned
by ¢iR(E),1 <i < mn, and the N;(E), 1 <i < n, are the same in H74(X) [10]. In
particular, the method loses torsion information, and, for example, a torsion class
in integral (-adic cohomology H2(Xp,Z¢(1)) for some ¢ is the first ¢-adic Chern
class of some line bundle which carries an integrable connection.

If (X, E) is defined over a field k of characteristic 0 and E admits an integrable
connection after base changing to C for a complex embedding & — C, one still
has vanishing 0 = c?%(E) € H2,(X/k) for i > 1 because Chern classes in de
Rham cohomology are functorial and de Rham cohomology satisfies the base change
property.

The first purpose of this article is to present a similar vanishing statement where
k is now a perfect field of characteristic p > 0, X is projective, E is replaced by the
value Ex on X of a p-torsion free crystal E/, and de Rham cohomology is replaced
by crystalline cohomology. Let W = W (k) be the ring of Witt vectors on k. We
denote by H(, (X/W) the integral crystalline cohomology of X and by ¢;"*(Ex)
the crystalline Chern classes of Ex in Hgl (X/W).

Recall (see [19, Sec. 1] for an overview of the concepts) that a crystal is a
sheaf of Ox/y-modules of finite presentation on the crystalline site of X/W such
that the transition maps are isomorphisms. Crystals build a W-linear category
Crys(X/W), of which the Q-linearization Crys(X/W) RER Crys(X/W)q is the
category of isocrystals. Then Crys(X/W)qg is a Tannakian category over K, the
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fraction field of W. Any £ € Crys(X/W)gq is of the shape Q @ E where E is a
lattice, that is, a p-torsion free crystal. However it is an open question whether one
can choose E to be locally free.

Theorem 1.1. Let X be a smooth variety defined over a perfect field k of charac-
teristic p > 0. If E € Crys(X/W) is a locally free crystal, then ¢;”*(Ex) =0 for
i>1.

It is proved in [19, Prop. 3.1] that given an isocrystal Q ® E € Crys(X/W)q,
¢;"*(Ex) does not depend on the choice of the lattice E. In particular, if it were
true that any isocrystal carries a locally free lattice, then Theorem 1.1 would imply
that ¢;"*(Ex) = 0 for ¢ > 1 for any p-torsion free crystal E € Crys(X/W).

The proofs of Theorem 1.1 imply also the following variant for Chern classes in
torsion crystalline cohomology: Let W,, := W/p"W. Then, if X is as in Theorem
1.1 and if E is a locally free crystal on X/W,,, then ¢;"*(Ex) is zero in the torsion
crystalline cohomology group HZ\ (X/W,,) for i > 1. See Remarks 2.1 and 3.4.

Recall that the Frobenius acts on Crys(X/W) and Crys(X/W)g. Locally on X,
Crys(X /W) is equivalent to the category of quasi-nilpotent integrable connections
on a formal lift of X over W, and the action is just given by the Frobenius pull-back
of a connection. The category Conv(X/K) of convergent isocrystals is the largest
full subcategory of Crys(X/W)g which is stabilized by the Frobenius action. It
is proved in [19, Prop. 3.1] that ¢;"*(FEx) = 0 for any lattice E' of a convergent
isocrystal, regardless of the existence of a locally free lattice.

For a natural number r, set N(r) to be the maximum of the lower common
multiples of a and b for all choices a,b > 1,a +b < r. As in [19], Theorem 1.1
enables one to prove the following case of de Jong’s conjecture ([19, Conj. 2.1]).

Theorem 1.2. Let X be a smooth projective variety over a perfect field k of char-
acteristic p > 0. If the étale fundamental group of X ®y k is trivial and the maa-
imal Mumford slope of the sheaf of 1-forms is bounded above by N(r)~!, then any
isocrystal € which is an iterated extension of irreducible isocrystals of rank < r
having locally free lattices is isomorphic to O??;i?k('g), where Ox/x == Q® Ox w -

Given Theorem 1.1, the proof is nearly the same as the one of the main Theo-
rem [19, Thm. 1.1], with some differences which we explain in Section 4.

The second main theorem is de Jong’s conjecture for convergent isocrystals com-
ing from geometry. Recall that for a smooth proper morphism f : Y — X of
varieties over a perfect field &k of characteristic p > 0, the GauB—Manin convergent
isocrystal R’ f,Oyk is defined by Ogus [32].

Theorem 1.3. Let f : Y — X be a smooth proper morphism between smooth proper
varieties over a perfect field k of characteristic p > 0. If the étale fundamental
group of X ®y, k is trivial, then the Gaufi—Manin convergent isocrystal Rif*Oy/K
is isomorphic to O??;K, where 1 is its rank.

Remark 1.4. ' For a smooth projective morphism f : Y — X between varieties
defined over a perfect field k of characteristic p > 0, Lazda [29, Cor. 5.4] proved
recently that the GauB-Manin convergent isocrystal R’ f, Oy, canonically lifts to

LAdded in proof: The authors are informed that there is an error in the proof of [29, Lem. 5.1]
and so the proof of [29, Cor. 5.4] is incomplete. In this article, we assume the existence of the

GauB-Manin overconvergent isocrystal R f. O x Wwhen X is not proper.
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an overconvergent isocrystal on X, which we denote by R’ f*O; /K and call the
Gauf—Manin overconvergent isocrystal. When X is smooth, geometrically simply
connected, k is a finite field, and p > 3, we prove that Rf, (9; /K is constant as an
overconvergent isocrystal on X. See Section 5.

We now explain the methods used in order to prove Theorem 1.1.

There are two ways to prove the vanishing of ¢?®(E) € H2%(X/k) (i > 0) for
a locally free sheaf E equipped with an integrable connection which does not use
Chern—Weil theory.

One method uses a modified splitting principle as developed in [16] and [18]. On
the projective bundle P(E) =+ X, the integrable connection induces a differential
graded algebra 22, which is a quotient QD')( B Q2 of the de Rham complex and

which cohomologically splits H’,(X/k) in H (P(E), 22). Then one shows that the
QL-connection on 7*E induced by V stabilizes Op(g)(1). Hence, when the rank of
E is two, 7*E is an extension of Ql-connections of rank 1, and so one can prove
the vanishing of the classes in H*(P(E),Q2), thus in H2%(X/k). In the case of
rank r, one repeats the above argument (r — 1)-times to obtain a filtration by
QL-connections of rank 1.

We adapt this construction to the crystalline case as follows. (In the introduction,
we assume the existence of a closed embedding X — P of X into a smooth p-adic
formal scheme P over W to ease the explanation.) One considers the projective
bundle 7 : P(Ep) — D of the value Ep of a locally free crystal E on the PD-
hull X — D — Py of the embedding X < P. One shows that the connection

on Ep induces a quotient differential graded algebra QI'F,( Bp) Q2 of the PD-
de Rham complex QH;( Ep) Then one shows that the Q!-connection on 7*(Ep)
respects (’)P(ED)(l). Thus we can argue as in the de Rham case and obtain the
required vanishing. See Section 2.

Another way on the de Rham side is to say that local trivializations of F yield a
simplicial scheme X, augmenting to X together with a morphism e : Xo — BGL(r),
defined by the transition functions, to the simplicial classifying scheme BGL(r),
where 7 is the rank of E. This induces the maps H%(BGL(r),Q®) — H3, (X4 /k) =
H%.(X/k). If k = C and E carries an integrable connection, we have a sim-
ilar map H2(BGL(r), Q%) — H24(Xune/k) & HZ2:(X,,/k) which is identified
with the previous one and factors through the cohomology H? (BGL(r)gisc, 2*) =
H*(BGL(r)gisc, O) of the discrete classifying simplicial space BGL(r)gisc. Thus
ctB(E) is in the image of the composite map H? (BGL(r),Q2>") — H*(BGL(r),Q*)
— H¥(BGL(r),0) — H*(BGL(7)gisc, O), which is zero for i > 1.

We adapt this construction to the crystalline case as follows. Given a closed
emdedding X C P into a smooth p-adic formal scheme over W, one defines D4 to
be the simplicial scheme such that D,, is the PD-hull of the diagonal in P*"+1,
Then the crystalline Poincaré lemma and the Cech-Alexander resolution equate
H! (X/W) both with H(D,,Q*) and with H'(D,,0) (see Proposition 3.3).
Thus, defining a certain simplicial version D, of D,, to which X, maps, E has the
free value Ep,, and this induces the map HZ, ((BGL(r)/W) = H*(BGL(r),Q*) —
H*(D,,Qp,) = H>(D,,0) HZL(X/W). Thus ¢;™*(Ex) is in the image of
the composite map H*(BGL(r), Q2% — H*(BGL(r),Q*) — H*(BGL(r),0) —
H?(D,,0) = H2 (X/W), which is zero for i > 1. See Section 3.

crys
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We now explain the methods used in order to prove Theorem 1.3, assuming k is
a finite field.

Let us assume first that f : Y — X is an abelian scheme and present then an
f-adic argument due to G. Faltings. The arithmetic fundamental group of X acts
on R'f.Qq via Gal(F,/F,). Thus by Tate’s theorem [38], all fibers of f over F,-
points of X are isogeneous; thus the Gaui-Manin convergent isocrystal R f, Oy/k
is constant.

In general, one has to replace Tate’s motivic theorem by a result of Chiarellotto-
Le Stum [11] (generalizing the Katz Messing theorem [25]) and Abe’s Cebotarev
density theorem [1, Prop. A.3.1], which yields the constancy of the semi-simplifi-
cation of R'f, O;/K (see Remark 1.4 for notation) in the category Conv'(X/K) of
overconvergent isocrystals on X. Finally one has to go from the semi-simplifcation
to the original GauB8-Manin isocrystal by showing that there are no extensions of
the constant overconvergent isocrystal by itself on X when X is proper or p > 3
(Theorem 5.1).

Over a non-finite field (when X is proper), one reduces the proof to the case of
a finite ground field by a specialization argument. See Section 5.

Finally, in Section 6 we prove a very weak form of a Lefschetz theorem for
isocrystals.

2. CRYSTALLINE MODIFIED SPLITTING PRINCIPLE

The aim of this section is to prove Theorem 1.1 using a crystalline modified
splitting principle.

Let X be a smooth variety over a perfect field & of characteristic p > 0 and let
X(e) = X be asimplicial scheme augmented to X defined as the Cech hypercovering
associated to an open covering X = [J;c; X; which admits a closed embedding
L(e) : X(o) = D(e) into a simplicial p-adic formal scheme D(,) over W such that,
for any n € N and Zariski locally on X (), t(n) : X(n) = D(n) is the PD-envelope
of a closed immersion X,y — Y of X, into some smooth p-adic formal scheme Y’
over W which may depend on n.

Note that, for any smooth variety X over k, there exists such a system: Indeed,
if we take X(q) — X to be the Cech hypercovering associated to an affine open
covering X = J; <1 Xi, take a closed immersion X; — Y; into a p-adic formal scheme
Y; over W, and define Y,y to be the fiber product of (n+1) copies of [ [, ¥; over W,
we naturally obtain a simplicial formal scheme Y(,) and an immersion X () — ¥(q)-
If we define the morphism ¢(4y : X(4) — D(a) to be the PD-envelope of X(,) in Y,
it satisfies the above assumption.

2.1. Generalities on the first crystalline Chern class and variants of it.
One denotes by (X/W)crys, (X(e)/W)erys the crystalline topos of X/W, X(q)/W
respectively. (See [9, p. 5.3] for the former one. The latter one is the topos as-
sociated to the diagram of topoi {(X(,)/W )erys}nen, whose definition is given in
[35, 1.2.8]. See also [35, 1.2.12]. It also appears, for example, in [4, p. 344].) One
denotes by (X(.)/W)crysb(.) the localization of (X(¢)/W)crys at Deey ([9, p. 5.23])
and by (—)zar the Zariski topos. In particular the canonical morphism of topoi
X(e)zar = D(e)zar is an equivalence. On D(4)z,, one defines the PD-de Rham com-
plex Qb(.), which is a quotient differential graded algebra of the de Rham complex

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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Qb(_) of D). The submodule K C QlD(.), topologically spanned by

dal™ — glm=1q (a € I =Ker(Op,,, = t(n)«Ox(,),n,m € N),

spans all relations, that is,

(2.1) O, =, /KNG,
and in addition, each QiD(n) is locally free over Op,,,, with the relation
5 A1
(2.2) b= N Qb
Op,

([24, Prop. 3.1.6]).
One has the following commutative diagram of topoi [9, p. 6.12]:

%)
(23) (X(')/W)CTYS‘D(.) — D(O)Zar = X(-)Zar
jl /
(X(o)/W)crys
The complex
(2.9 L@Y,) = e ()

in (X(e)/W)erys is defined in [9, p. 6.13], and it is proved in [9, Thm. 6.12] that the
natural map

(2.5) Oxuyw = L@%.,)

is a quasi-isomorphism in (X(e)/W )erys. For each n and an object (U — T,0) in
the crystalline site on X(,,)/W, this quasi-isomorphism is locally written as

(26) Or = (Or(a,....7a) = P Orlar,... za)da;

1<i<d
— EB Or(zy,...,xq)de; Ndzj — ---)
1<i<j<d
for some d, where Or({x1,...,z4) denotes the p-adically completed PD-polynomial

algebra. The map (2.6) induces the quasi-isomorphism
2.7 Oxi OTx17.._7deﬂE€> (’)Txh...,xddxi
T
1<i<d

— @ OT<1'1,...,1'd>d£L'7;/\d.I'j—>"-),

1<i<j<d

and if we denote the sheaf j.(¢*(Op,,,))* by L(Op,,,)*, the quasi-isomorphisms
(2.7) for (U — T,0)’s induce the quasi-isomorphism

dlo, = _
O)X«.)/W — (L(Op,,)~ N L(Qbm) — L(Q}Dm) — ).
By applying Ru. and using [9, 5.27.2], we obtain a quasi-isomorphism in X (¢)zar,

=] dlog =1 d /2
(2.8) Ru*(’);((_)/w — (Og(.) — Qp,, = Qp, — ),

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1338 HELENE ESNAULT AND ATSUSHI SHIHO

which is stated in [21, I, (5.1.12)]. The exact sequence

(29) 0— IX<,)/W — OX(.)/W — L*OX(.) —0

in (X(e)/W)erys, defining T X (o) /W yields an exact sequence
(2.10) L= (1+ZIx,,w) — (’))X((.)/W — L*O;((.) =1

in (X(e)/W)erys- By [8, 2.1] and the functoriality of the construction there, the
connecting homomorphism

Hl(X, O;}) — I—Il(_‘)((.)7 O;;(.)) — Hz((X(.)/W)Crys7 1 +IX(.)/W)7
followed by the logarithm
H?((X(0)/W)exyss 1+ L oy yw) = H*((X(0)/W )exyss oy jw)
and the natural map

H2((X(o)/W)crysazX(,)/W) — H (X(o)/W)

crys

X/W),

cryq(

crys.

precisely computes ¢;>°. Thus applying Ru, to (2.10) and using (2.8), we conclude
that the connecting homomorphism

dlo
HY(X,0%) = H'(X(0), 0%, ) = H*(D(o), (1 + [0) =5 Q5 )
of the exact sequence in D(q)zar,

dlog >1 leg >1
(2.11) 1— ((1+[.))A——>QD(.))%(OB( . QD())%(’);(%L

followed by the logarithm H?(D(a), (1+1(4)) =% Q7! ) = H*(D(a), I(a) 4 Q5! )
and the natural map H2(D(a), I(a) 5 Q5! )= H*(D(a), 0, ) = H2 (X (o) /W) =

HZ (X/W), precisely computes ¢i”°. In particular, if E is a locally free sheaf of
rank 1 on X, then by (2.8), ¢{"*(Fx) = 0 where Ex is the value of F at X.

More generally, let 7 : Qb(.) — Az.) be a surjection of sheaves of differential
graded algebras on D( o)Zar Such that, for any n € N, A%n) is locally free over Op,,,,,
Al = Op,,,, A /\OD( . Al,)- A T-connection (see [16, (2.1)]) on a locally
free sheaf Ep,,, on D(.) is an additive map V. : Ep,, — A%.) ®0p,,, Ep,,, which
fulfills the 7-Leibniz rule V- (Xe) = 7d(A\) @ e+ A®@V,(e). Then V.oV, : Ep, —
A%.) ® Ep,,,, where V- (w® ) = (-1)'7d(w) + w @ V-(e) for w € A, is Op,,,-
linear. The 7-connection is integrable if V, oV, = 0. One pushes down (2.11) along
7 and obtains the exact sequence in D(q)zar:

dlog >1 dlog
(2.12) 1= (1+Ie) — A(.)) (Og( o A(.)) — (’)}X{(.) — 1.

Then, for a locally free sheaf Ex of rank 1 on X, 0 = 7(ci”*(Ex)) € H*(D(4), Af,)
if Ex |X(.> is the restriction to X, of a line bundle ED(.) on D4y which is endowed
with an integrable 7-connection.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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2.2. Modified splitting principle. Let 7 : Qb(-) — AE.) be a surjection of
sheaves of differential graded algebras on D(4)zar such that, for any n € N, A%n) is
s (n) = Op,,,, and A(n) /\OD (n) Also, let Ex be a
locally free sheaf on X such that its restriction Ex| Xy 0 X (e) extends to a locally
free sheaf ED(.) on D(,) endowed with an integrable T-connection. One defines
X' =P(Ex), X(,) = P(Ex|x,), Di = ]P(ED( }), together with the augumenta-
tion X(.) — X’ and the closed embedding ¢/ X(.) — D( o One has cartesian
squares of (simplicial formal) schemes (over W)

locally free over O Dy

n)?

(2.13) X +—— X (o) SN DE.)
XXy = Do)
The PD-structure on I(,) extends uniquely to a PD-structure on
/ —
I(.) = Ker(ODE.) — OX(’.))

as 7 is flat ([9, Prop. 3.21]), and ¢’ is again the PD-envelope of a closed immersion
from X(’n) to a smooth p-adic formal scheme over W Zariski locally on X En) for

each n. Thus one can define Q'D, and one has an exact sequence
(®
*)1 Ol
(2.14) 0—m QD(.)—>QD, —>QD, /D<->—>0

on X( Zar- Setting K = Kcr(Q1 -« A(.))7 one defines O} /

By definition, (2.14) pushes down to an exact sequence

= ng,)/W*KT'

»T

(2.15) 0— Al 5 O

on X(’.)Zar. One defines Q%E-)’T = /\ZD/ ) Q}DE.)‘T. By [16, Claim, p. 332], the
quotient homomorphism 7 : Q}D(-) — Q}), o extends to a quotient

(2.16) r: QE’E .7 QD( o

of differential graded algebras on X {.) 7ar» Where the differential on Q3 T is denoted
by rd.

The 7-connection V., on E Diey induces a pull-back connection 7*V, : 7* E Diey —

Dley™

L, ®ODE-) 7 Ep,,,- Its restriction to Q}:)(.)/D(.) (1) via the exact sequence
(2.17) 0= Qb /p, (1) = 7 Ep,, = Oy, (1) =0,

followed by the projection QD(, 7 ®o,, ) T™Ep, — QD, . ®o,, o, ®(’)D£ )(1)
°)’ (o .

defines a section
.0l 51
7 QD(.>/D(-> ? QD(.M
of —p ([16, (2.4)]). Thus 7/ =1+ poo: Q}jé - m* Al,) is a section of i. By
[16, (2.5)], 7" induces a surjective homomorphism

/.0 * @
(2.18) T QDz)J—»W )

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1340 HELENE ESNAULT AND ATSUSHI SHIHO

of differential graded algebras, where the differential on the right is induced by
7 ord.

The main point is then that the W*A%.)—Valued connection V' : ﬂ'*ED(') —
W*A%.) ®ODE ) m*Ep,,, which is 7*V . followed by 7', is integrable and respects

the flag (2.17), thus induces 7'-integrable connections

(2.19) V': Op,, (1) = 7" Al,) ® Op,, (1),
/.0l * 41 1
Vv :Q E.)/D(.)(l) — T A(.) R0 <,.)/D(‘)(l).
Consequently we can iterate the construction, replacing X by X', X (o) by X (’.), D(a)
by DE.), Ex by the descent of QlDE.)/D(.)(l)‘)q.) to X', Ep,, by QlDE.)/Dm (1), and

Tby 7 or.

2.3. Proof of Theorem 1.1. Further iterating, after (r — 1)-steps, one obtains a
diagram as (2.13), where now X' is the complete flag bundle over X, with (2.18)
becoming a surjective homomorphism

(2.20) T sz.) — W*Qb(.)

of differential graded algebras and with a filtration on 7n*Ex with graded sheaf
being a sum of locally free sheaves L; of rank 1 such that the restriction L;| x(,,

of Lj to X E.) extends to a locally free sheaf on DZ.) endowed with an integrable
7-connection (thus with values in F*QlD(.)). In addition, from [16, Lemma in (1.3),
(2.7)], the composite

(2.21) 0, = BmQyy, D RrtQh & O

is the identity on X(4)za;- By the standard Whitney product formula for crys-
talline Chern classes [21, III, Thm. 1.1.1] for ¢ > 1, ¢;”*(7*Ex) is a sum of prod-
ucts of ¢i”*(L;), which by Subsection 2.1 maps to 0 in HQ(DE.)J*QB(.)). Thus
¢ (Ex) € H*(Dqa), Qb(')) maps to 0 in H*(D(s), Q’Dm) via the composite map
in (2.21), which is the identity. This shows Theorem 1.1.

Remark 2.1. Let W, := W/p"W. Then, by replacing W by W,, and D, by
its mod p™ reduction, we see that the proof above gives the following variant of
Theorem 1.1: If X is as in Theorem 1.1 and E is a locally free crystal on X/W,,,
then ¢;"*(Ex) is zero in the torsion crystalline cohomology group HZ,  (X/W,) for

i > 1. Because HZ (X/W)®w W, — H2 (X/W,) is injective, it implies that

crys crys

the Chern classes ¢;**(Ex) in HZ ((X/W) (i > 1) are divisible by p™ in this case.

7 crys

2.4. Remark on Chern—Simons theory. In [17] and [18], a version of the mod-

ified splitting principle which is slightly more elaborate than the one used in Sub-

dlo;
e e,

section 2.2 was performed in order to construct classes ¢;(E, V) € H{(X, K
Qi 4, ...) of a bundle with an integrable connection (F,V), depending on V,
where KM is the Zariski sheaf of Milnor K-theory. Those classes lift both the
Chow classes in CH*(X) = H'(X,KM) via the obvious forgetful map and the
Chern-Simons classes in H*~1(X,,, C/Z(i)), if k = C. We hope to be able to
define a crystalline version of Chern—Simons theory, yielding classes lifting both

Chow classes and classes in syntomic cohomology.
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3. THE CRYSTALLINE VERSION OF THE DISCRETE CLASSIFYING SPACE BGL(r)

The aim of this section is to prove Theorem 1.1 using a crystalline version of the
discrete classifying space BGL(r).
Let X be a smooth variety defined over a perfect field k of characteristic p > 0.

3.1. Cech—Alexander resolutions of Oxw. Fix a closed embedding X — Y
into a p-adic smooth formal scheme Y over W, and define D(n) as the PD-envelope
of X in the diagonal embedding Y"1, where "1 means the product over W. Then
one has the canonical morphism of topoi

(3'1) Jn (X/W)crys|D(n) — (X/W)crys
and the Cech-Alexander resolution [9, 5.29] of the abelian sheaf Oy w,

(3.2) Oxyw — (JoxJs Oxyw — J1=J1Oxyw = -..).
We also use the following variant of (3.2). Fix two closed embeddings X — Y
and X — Z, where both Y/W and Z/W are p-adic formal schemes and Y/W is

smooth. One defines D(n) as the PD-envelope of X in the diagonal embedding
Y™ +! %y, Z. Then one has the canonical morphisms of topoi

. l, j—
(3'3) In ¢ (X/W)CryS|D(n) — (X/W)crys|D(—1) j—1> (X/W)cry8~

On (X/W)erys|p(-1), one has the Cech-Alexander resolution [9, 5.29] of the abelian
sheaf j*, Ox/w,

(3.4) J210x/w = (Lo+Jo Oxyw — 141 Oxyw — .- .)-

Hence, applying the exact functor j_1. ([9, Cor. 5.27.1]), one obtains the resolution
of the abelian sheaf j_1.5*;Ox w:

(3.5) J-1:3210x/w — (Joxdo Oxyw — J1J1 Oxyw — ).

3.2. Various simplicial constructions to compute crystalline cohomology.
Let X = (J;c; Xi be a finite covering of X by affine open subvarieties. We assign to
it the standard Mayer—Vietoris simplicial scheme, the definition of which we recall
now.

We choose a total order on I, define the set of tuples I := {(ig,...,in) ; 90 <
i1 <---<ip,)}, and set I< to be the disjoint union of the Ii. For J = (igy...,in) €
I<, one sets Xj = ﬂiJGJXiJ' One upgrades I< to a category. The Hom-set
Hom;_(J,J"), for J = (io,...,i,) and J' = (ip,...,1,,), consists of those non-
decreasing maps ¢ : [n] — [n/], where [n] = {0,1,...,n}, with the property that
lq = i;(a) for all @ € {0,...,n}. Thus to ¢ € Homy_(J,J’), one assigns the open
embedding X ;7 — X, which one denotes by ¢*.

If ¢ € Homy_(J,J’) with J' = (i(,...,14,,), J is necessarily equal to the tuple
(1'20(0)7 e i:o(n)). Thus, given any non-decreasing map ¢ : [n] — [n'] and J' € Ig/,
there is one and only one J € IZ such that ¢ € Hom;_(.J, J’), in particular the open
embedding ¢* : X — X is determined as well. Denoting by Xn) = I-'Jelg Xy

the disjoint union of the X over all the J € IZ, one defines the map

(36) (p* : X(n’) — X(n)
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*

for a non-decreasing map ¢ : [n] — [n] as the disjoint union of the maps X <
X; o XM for J e Ig/. Using the definition in [15, Section 5], (3.6) defines the
simplicial scheme X(,) which augments to X:

(3.7) X = X.

Remark 3.1. The simplicial scheme X () here differs from the simplicial scheme
X(ey Which appeared in Section 2.

The aim of this subsection is to prove the following.
Proposition 3.2. The augmentation map induces a quasi-isomorphism
(3.8) €t RU((X/W )erys: Oxyw) = RI((X(0)/W)erys, Ox oy yw)
in the derived category D(ADb) of abelian groups.

Proof. The proof goes by induction on the cardinality |I| of I. If |I| = 1, one sets
G = RI'((X/W)erys; Oxyw) € D(Ab). Then the right hand side of (3.8) reads

(3.9) G2% G- G-

where «,, = id for n even, and «a,, = 0 for n odd.

For |I| > 1, we subdivide the simplicial construction X, as follows. Let 0 be
the minimal element of I. One sets = I' UI"”, with I' = {0} and I” = I\ I’. Then
one has

(3.10) Ie=TLu( || I2xIZmulIl.
(n,m)eN
Setting X]/’JN = X,y NXyn for J € IIS and J” € Ig, one sets X(n,m) =
UJ’eI;",J"eIZ’" Xy gv. Then X(44) forms a bisimplicial scheme ([20, p. 17]), and

one has the commutative diagram

(3.11) X/, Xow) X,
)\(L/ );'L/

with X’ = Xy and X" = Uie]\{O} X;. By induction, Proposition 3.2 applies to €
and €”. On the other hand, X(, ,,,) is the constant simplicial scheme on X' N X(’;n).
So by the case |I| = 1, one has

(312) RU((X' 0 Xy /W )eryss Oxrrxyr jw) = BRE(X (o.m) /W )eryss Ox oy /w)-

From this and the induction hypothesis one deduces the isomorphism

(3.13)

ET : RF((X/ N X/I/W)cryS7 OX’QX”/W) F((X/ n X(H.)/W)crys7 OX’OX(”.)/W)

R
RP((X(.,.)/W)CI’yS7 OX(.W.)/W)'

luz luz
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One now extends (3.8) to a diagram

(3.14) RI((X/W)erys: Ox y) ————————> RD((X(0)/W)erys: Ox{yw)

,
RE((X'/W)erys, Ox/ ) e gerr FU(X (o) /Werys, Ot yw)

@& RU((X" /W)eryss Oxr1 jyy) @ RT((X(4)/W)erys, Oxy w)

|

€1
RU((X' N X" /W)erys, Oxrnxir jw) —— RI((X(e,0)/W)eryss OX (g.0y/W)

where the left vertical triangle is induced by the quasi-isomorphism in [4, V, (3.5.4)],
and the right one exists by construction. As €*,¢’*, e} are isomorphisms, so is €*.
O

3.3. Lifting the simplicial construction to PD-envelopes. Keeping the same
notation, we choose for each affine X; a closed embedding X; < Y; into a smooth
p-adic formal scheme Y; over W. One defines the PD-envelope oy : Xj < Dy of
Xy =Yy, xw- - xwY;, for J= (ig,...,1,) € IZ. Asin (3.7) and (3.11) one has
the simplicial formal scheme D,y and the diagram of simplicial formal schemes

(3.15) D

(*) Do) Dty

this time without augmentation. On the other hand, for each J € I<, one has as
in (2.3) the diagram of topoi

(316) (XJ/W)crys|DJ L DJ,Zar = XJ,Zar
jv,l /
u.y
(XJ/W)crys

to which one applies (2.4) and the quasi-isomorphism (2.5), which in addition is
functorial. Thus, combined with (3.8), this yields quasi-isomorphisms

(3.17)

RT((X/W )erys: Oxpw) = BE((X(a)/W)erys: Ox 0y /w)

= RU((X(0)/W)erys; L(2D,))) <= RT(D(a), 25, )-

(The last isomorphism follows from [9, Cor. 5.27.2].)
Proposition 3.3. The forgetful morphism
(3.18) RT(D(a), Q) — RU(D(e), Opy,,)
s a quasi-isomorphism.
Proof. 1t is enough to show that the map
(3.19) RE((X/W)erys, Oxyw) = BE((X(0)/W)erys, L(Opy, )

is a quasi-isomorphism. As in the proof of Proposition 3.2, we argue by induction
in |I|. For |I| = 1, the right hand side is RT'((X/W)crys, (—)) of the right hand side
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of (3.2), thus computes RI'((X/W)crys, Ox/w). For general I, we argue as in the
proof of Proposition 3.2. We have the isomorphism

(3:20)  RU((X' 0 X {1/ W )erys L(Opy, ) = RE((X (0.) /W )eryss (O 1))
which is RT'((X’ ﬂXé;n)/W)crys, (—)) of the resolution (3.5) (with X there replaced
by X'NX (’:ﬂ) .) From this and the induction hypothesis one deduces the isomorphism
(3.21)

€ RO((X' 0 X" /W )erys, Oxonxryw) — BE((X 0 X[ /W )arys, L(Opy,.))

i} RF((X(.yo)/W)crysv L(OD(o,o) ))

Then one has the diagram as in (3.14), with the triangle in the right column replaced
by the triangle

(3.22) RU((X(a)/W)erys, L(Opy,)))

= RU((X{a)/W)exys, L(Opy ) & RE((X(3) /W )erys, L(Opy, )

— RF((X(-,-)/W)CY.VSv L(OD(.,.) ))7
which exists by construction. Thus one concludes by induction.
3.4. Proof of Theorem 1.1. One defines G to be the group scheme GL(r) over
Z, and for any scheme S, one writes Gg for the induced group scheme over S or, by
abuse of notation, Gg for S = Spec(R). So one has G, Gy, and its p-adic com-
pletion Gw . One has the classifying (formal) simplicial schemes BGy, BGy, BGw
15, 6.1.2): The degree n part BGy (n) of BGy is defined by BGy (ny = Gi'/G),

with the action of G on GE:L] given by g(go, ..., 9n) = (909~ 1, ..., gng™ ") (where
[n] := {0,...,n}), and the transition morphism BGy, (/) — BG, () associated to a

non-decreasing map ¢ : [n] — [n/] is defined as the one induced by ¢* : GI"'l — G,
If we use the identification
ar=ay/a), = BGiny; (915, 90) = (9192 Gns 92" Gns- -+ Gns 1),

the face maps o} and degeneracy maps 6 are described respectively as

(92:---:9n) (i=0),
of (g1, gn) = { (G155 9im1, GiGit 1, Gigar - -, 0n) (1< i<n—1),
(91,---s9n-1) (i=n),
67 1 (915 gn) = (91,200, L Giv1y o, gn) (0 <3 <n).
BGyw and BGyy are defined in a similar way. The datum of a locally free crystal
E of rank r, together with a trivialization of Ex|x, = Ex,, where X = {J,c; X; is

a finite affine covering, and a lift of the trivialization to a trivialization of Ep|p,,
yields, via the transition functions, a commutative diagram

(3.23) X(e) —— D4
fl J’g \
BG, —2 BGw ——s BGw

where «, 3, and ¢ are the canonical morphisms.
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Let
C; € Fil'H*(BGw, W%, ) = Im(H*(BGw, V5, ) — H*(BGw,M%q,, )

be the universal de Rham Chern class and let C;™* € H*((BG/W )erys, Opcyjw)
be its image by the map

H*(BGw,Qyq,,) — H*(BGw,Q =~ H2((BGr/W )eryss OG, yw)-

Bew)
Then we can define the crystalline Chern classes of E also as the pull-back of C;"*
by

(3.24) [* HP((BGr /W )erys; O yw) = H? (X(0)/W )erys, Ox o) jw)-
Indeed, the crystalline Chern class is characterized by functoriality, normalization,
and the Whitney sum formula (additivity) [8, Théoreme 2.4], and the definition
as the pull-back of C{™* also satisfies these properties by [3, Thm. 4.2]. So, by
Proposition 3.3, the crystalline Chern class of E is computed as the image of C; by
(325) h*: H*(BGw,Q%q,,) = H*(BGw, Qe )

g i Ae = i .

— H2 (D(.), QD(.)/W) — H2 (D(.), OD(.)/W)'
Because the map h* factors through the forgetful map

H*(BGw, Q%q,,) = H*(BGw,Opay,)
and C; belongs to Filini(BGW, Q%a,, ), it is enough to prove that the composition
H*(BGw, %, ) — H*(BGw,0%q,,) = H*(BGw,Opa,, )

is zero for ¢ > 0, which is obvious. So the proof of Theorem 1.1 is finished. 0

Remark 3.4. By replacing W with W,, = W/p"W, we see that the proof above
also gives the following variant of Theorem 1.1: If X is as in Theorem 1.1 and FE
is a locally free crystal on X/W,, then ¢;""*(Ex) is zero in the torsion crystalline
cohomology group HZ. ((X/W,,) for i > 1. In the final step, we need the surjectivity

of the map H*(BGw,, 5, ) = H*(BGw,,Q%q,, ), but it follows from the
isomorphism

HZi(BGW’ .BGW) ®W Wn = HZi(BGW7m Q;ﬁiGwn )7
which is true because H" (BGw, Q3¢ ) (n € N) are free over W ([22, II, Thm. 1.1]).

4. GENERALIZATION OF THE MAIN THEOREM [19, Thm. 1.1] FROM CONVERGENT
ISOCRYSTALS TO ISOCRYSTALS POSSESSING A LOCALLY FREE LATTICE

The aim of this section is to prove Theorem 1.2. The proof is the same as the
one of [19, Thm. 1.1] except for some points which we explain now.

First assume that k is algebraically closed. We have H}. (X/W) = 0 by [19,
Prop. 2.9(2)]. (See also Theorem 5.1.) So we may assume that £ is irreducible (of
rank s < r) to prove the theorem. Also, there exists N € N such that the restriction
H! (X/W,) — H}(X/k) is zero for any n > N. By using Theorem 1.1 (and
the remark after it) in place of [19, Prop. 3.1], we see that £ admits a lattice £
with Ex strongly u-stable as an Ox-module by [19, Prop. 4.2]. Because Ex has
vanishing Chern classes, we can argue as in Section 3 in [19], and by [19, Cor. 3.8]

we see that there exists a € N such that (F*)*Ey € Crys(X/Wy) is trivial.
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Let Dy, be the category of pairs (G, ¢), where G € Crys(X/Wp1,,) and ¢ is
an isomorphism between the restriction of G to Crys(X/Wy) and O%y, . Then
the same computation as [19, Prop. 3.6] implies the isomorphism as pointed sets

(4.1) Dy = M (s % 8, Hiyy o (X/ W)

crys
for 1 < m < n, which is compatible with respect to m.

Applying (4.1) to the pairs (n,m) = (N, N), (N, 1), we conclude that (F*)*En 11
€ Crys(X/Wn41), which is the image of (F*)*Ean € Crys(X/Wap) via the restric-
tion

Dy = M(s x s, HL o (X/Wn)) — M(s x s, Hy  (X/W1)) = Dy

crys crys

is constant. We continue similarly to show that (F'*)*E,, € Crys(X/W,) is con-
stant for all n > N. Hence (F%)*FE is constant. Because the endofunctor F* :
Crys(X/W) — Crys(X/W) is fully faithful at least when restricted to locally free
crystals ([33, Ex. 7.3.4]), we see that F itself is constant. Hence £ is also constant.

Now we prove the theorem for general k. If we take a locally free lattice E of
& and denote the pull-back of E to (X ®j k/W (k))erys by E, we see by the base
change theorem that

Q ®z (W(E) Ow HO((X/W)crySv E)) = Q Qz HO((X Rk E/W(E))Cry& E),

and the latter is s-dimensional over the fraction field of W (k). So
Q ®Z HO((X/W)crysy E)

is s-dimensional over K, and hence £ is constant.

5. GAUSS-MANIN CONVERGENT ISOCRYSTAL

The aim of this section is to prove Theorem 1.3. The proof is inspired by the
discussion with G. Faltings related in the introduction.

5.1. First rigid cohomology of a smooth simply connected variety is triv-
ial. We shall prove the following theorem, which is used in order to pass from the
constancy of the semi-simplification of the Gaufi—-Manin overconvergent isocrystal
to the constancy of the GauBB—Manin overconvergent isocrystal itself.

As usual, if k is a perfect field, then one denotes by W = W (k) its ring of Witt
vectors and by K the field of fractions of .

Theorem 5.1. Let X be a smooth connected variety defined over a perfect field k of
characteristic p > 0, and assume that X is proper or p > 3. If ﬂft’ab(X k) =0,
then H}, (X/K) = 0.
Proof. We can reduce to the case where £ is algebraically closed, because H, rlig(X /K)
is compatible with base extension of K [6, Remarque, p. 498]. Let ¢ be a prime
not equal to p. When X is proper, the assumption w‘lét’ab(X ) = 0 implies that 0 =
HL(X,Qp) = H (Picq(X),Qe), and so Picly(X) = 0. Hence HL  (X/W) =0
because it is the Dieudonné crystal associated to Pic’ ;(X), and so Hrlig(X/K) is
also equal to 0.

In case X is not proper, we use the Picard 1-motive M := Pic™(X) defined in
[2]. Put M = [L — G], where L is a Z-module and G is a semi-abelian variety.
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Because the f-adic realization V,M of M is equal to H% (X, Q) by [30] and fits into
the exact sequence

0—V,G— VM — V,L —0,

we have G = 0, L = 0, hence M = 0. So the crystalline realization of M, which is
equal to Hj, (X/K) by [2] when p > 3, vanishes. O

Remark 5.2. We need the assumption p > 3 in the theorem (when X is not proper)
because it is imposed in [2] (see [2, 7.4] for details). We expect that the theorem
should be true without this assumption, but we don’t know how to prove it.

5.2. Gaufl—Manin convergent isocrystal. In this subsection, we give some pre-
liminaries on convergent F-isocrystals and then recall Ogus’s definition of Gauf3—
Manin convergent F-isocrystal R’ [+«Oy/k for a smooth proper morphism f:Y —
X with X smooth over a perfect field k (see [32, Sec. 3]).

Recall that objects in the convergent site on X over K are enlargements, which
are the diagrams of the form (X < (T ®w k)rea < T) over W, where T is a
p-adic formal scheme of finite type and flat over W. One defines a convergent
isocrystal on X/K as a crystal of Q®z Or-modules on enlargements. Crystal means
a sheaf of coherent Q ®z Or-modules with transition maps being isomorphisms.
We denote the category of convergent isocrystals on X/K by Conv(X/K). The
convergent site is functorial for X/W, and so we can define the pull-back functor
F* : Conv(X/K) — Conv(X/K) induced by the Frobenius (Fx, Fy) on X and W.
Then we define the category F-Conv(X/K) of convergent F-isocrystals on X/K
as the category of pairs (E, ®), where E € Conv(X/K) and ® is an isomorphism
F*E — E. ® is called a Frobenius structure on E.

We define the p-adic convergent site on X over K as a variant of the convergent
site: The objects in it are the p-adic enlargements, which are the diagrams of
the form (X < T Qw k — T) over W, where T is as before. As in the case
of the convergent site, we can define the category of p-adic convergent isocrystals
and that of p-adic convergent F-isocrystals, which we denote by pConv(X/K),
F-pConv(X/K) respectively.

Then we have the sequence of functors

(5.1) F-Conv(X/K) — F-Crys(X/W)g — F-pConv(X/K),

in which the first one is the inverse of the functor M — M?®" in [5, Thm. 2.4.2].
For any p-adic enlargement T := (X ETowk = 7), T, = (T ow k —
T @ W/p"W) (n € N) are objects in the crystalline site (T'® k/W)crys. Then, for
any E € Crys(X/W), T — l'&nn(h*E)Tn defines an object in pConv(X/K), and
this induces the second functor in (5.1). The functors in (5.1) are known to be
equivalences by [5, Thm. 2.4.2] and [32, Prop. 2.18].

We recall the definition of the Gaufi-Manin convergent F-isocrystal

R'f.Oy/k € F-Conv(X/K)

for a smooth proper morphism f : Y — X (see [32, Sec. 3]). It is defined as the
unique object such that, for any p-adic enlargement T := (X + T Qw k < T),
the value (R’ f.Oy, k)71 at T of R' f,Oyk as an object in F-pConv(X/K) is given
by Q ® R™(f1)erys«Oyy 7y where (fr)eeys : (Y7/T)crys — Tzar is the morphism of
topoi induced by the pull-back fr:Yr =T ®kof fby T®k — X.
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Assume now that X admits a closed embedding ¢ : X < P into a p-adic
smooth formal scheme P over Spf W and give another description of convergent
F-isocrystals and the Gaufi—Manin convergent isocrystals. For n = 0,1,2, let
X + X(n) — Z(n) be the universal p-adic enlargement [32, Prop. 2.3] of X —
P Xy - xw P, and let F-Str(X < P/W) be the category of triples (E,¢, ®)

n+1
consisting of a coherent Q ®z Oz)-module E, an isomorphism ¢ : p; E = piE
(pi : Z2(1) — Z(0) are the projections) satisfying the cocycle condition, and an
isomorphism ® : F*(E,¢) = (E,€) (where F is the pull-back by Frobenius on
X(n) <= Z(n)). Then we have an equivalence of categories [32, (2.11)]

(5.2) F-pConv(X/K) & F-Str(X — P/W).

Via the equivalences (5.1) and (5.2), the GauB-Manin convergent isocrystal
R f.Oy/k is described as the triple (Q ® R"f(0)eryssOy(0)/2(0):6P) €
F-Str(X — P/W), where f(0)crys : (Y(0)/Z(0))crys = Z(0)zar is the morphism of
topol induced by the pull-back f(0) : Y (0) — X (0) of f by X(0) — X and ¢, ® are
defined by the functoriality of crystalline cohomology sheaves.

Let us denote the category of overconvergent F-isocrystals on X/K [5, (2.3.7)] by

t
X/K

guish it from Ox /. There exists a natural restriction functor F-Conv!(X/K) —
F-Conv(X/K) which is fully faithful ([26]). When f : Y — X is smooth projec-
tive, Lazda [29, Cor. 5.4]% proved that the convergent F-isocrystal R f+Oy/x lifts

to an overconvergent F-isocrystal on X, which we denote by R'f, (’);r, N When X
is proper, the categories F-Conv(X/K) and F-Conv'(X/K) are the same, and so

one can equate R'f, O;f, /i and R f.Oy/k.

F—Coan(X /K), and the structure of overconvergent isocrystals by O to distin-

Remark 5.3. In this subsection, the Frobenius structure on a(n) (over)convergent
isocrystal is defined with respect to the pull-back functor induced by the Frobenius
(Fx, Fw) on X and W. For any d > 1, we can also define the Frobenius structure
with respect to the pull-back functor induced by (F%,F{,iv), and the Frobenius
structure in the former case induces the one in the latter case. Such a Frobenius
structure will appear in the next subsection.

5.3. Case where the ground field k is finite. In this subsection, we prove
Theorem 1.3 in the case where k is a finite field and the statement in Remark 1.4.
In order to prove them, we may replace k by a finite extension &’ and K by a finite
possibly ramified extension of the field of fractions of the ring of Witt vectors over
k', such that the following hold:

(1) X has a k-rational point x.

(2) The eigenvalues of the action of Frobenius Fy, on Ly := H{ (Y xx Z, Q)
belong to a number field Ky contained in K.

(3) There exists a Ky-vector space L with linear action F' and an inclusion of
fields Ko — Qg such that L ®, Q; is isomorphic to L, as vector spaces
with an action.

(Note that overconvergent isocrystals and rigid cohomologies are defined even when
the base complete discrete valuation ring O is ramified over W (k) ([5], [37]) and

2Added in proof: See the footnote for Remark 1.4.
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the rigid cohomology satisfies the base change property for finite extension of the
base ([12, Cor. 11.8.2]).)

Until the end of this subsection, we consider the Frobenius structure with respect
to the pull-back induced by (F¢,id), where d = log, |k|. (See Remark 5.3.) For
any closed point y in X, one has the base change isomorphism

(5.3) VR £.0) =y R f.Oy i = Hiy (Y xx y/K)

by [32, Rmk. 3.7.1] and [7, Props. 1.8 and 1.9], and the set of Frobenius eigenvalues
on it is the same as that on f-adic cohomology H'(Y xx %, Q) by [25, Thm. 1],
[11, Cor. 1.3]. The assumption 7*(X ®k) = {1} implies that the action of Frobenius
F, on H{(Y xx §,Qy) is identified with the action of Pl (where dy, = deg(y/k))
on Ly, hence the action of F ® id on L ® g, Qp.

Let & be the overconvergent F-isocrystal on X defined by ((L ®k, K) @k
(’); N F ®1id). Then, by construction, R!f, (’)L K and & have the same eigenval-
ues of Frobenius action on any closed point of X. Then Abe’s Cebotarev’s density
theorem [1, A.3] implies that the semi-simplification of R’ f*O;r/ /K is the same as

that of £. Hence the semi-simplification of R’f, O; /K is constant as an overcon-

vergent isocrystal on X. By Theorem 5.1, extensions of Q ® (’)} W by itself are
constant when X is proper or p > 3. This finishes the proof.

5.4. General case. In this subsection, we prove Theorem 1.3 by a spreading out
argument allowing k to be a perfect field, but assuming X to be proper. Let
f Y — X be as in the statement of Theorem 1.3 and let g : X — Speck be
the structure morphism. Also, let X = J;c; X; be an affine open covering of
X and take a closed embedding X; — P; into a smooth p-adic formal scheme
P; over W for each i € I. We prove that the Gaufi-Manin convergent isocrystal
Econv = R'f.Oy;x € F-Conv(X/K) is constant as an object in Conv(X/K).
Denote by Ecrys, Epconv the image of Econy in F-Crys(X/W)g, F-pConv(X/K) via
(5.1).

We can find a connected affine scheme T' = Spec A; smooth of finite type over
Fp, a p-adic formal lift 7 := Spf A of T" which is smooth over Spf Z,, and endowed

with a lift of Frobenius, and proper smooth morphisms Y ’3 X1 2 T which fit
into the commutative diagram

(5.4) Y Yr—Yr
f o fr fr
X— X7 Xr
g O g9r

Speck —— T'—— SpeclF,

O O

Spf W —— T —— Spf Z,,

where the squares with symbol [J are cartesian squares. Also, we may assume the
existence of an open covering X = UZ.EI X; 7 which induces X = UiEI X, and
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closed immersions X; r — P, r (¢ € I) into a p-adic formal scheme P; r smooth
over 7 with P; 7 x7 Spf W = P;.
Let £7 conv := R fT conv,«Ovy jq, € F-Conv(X7/Q,) be the GauB-Manin con-

vergent F-isocrystal defined by the right column of (5.4), and let ENT’C,yS, ENTVPC(,,W
be its images in the categories F-Crys(Xr/Zy)q, F-pConv(X1/Q)p). Then the mor-
phism « in (5.4) induces the pull-back functor

(5.5) F-Crys(Xr/Z,)g — F-Crys(X1/T)g % F-Crys(X/Z,)o.
We denote this functor by a*. Then we have the map
(56) 62*E'T,crys — gcrys

defined by functoriality.

To prove that the map (5.6) is an isomorphism, we may work locally on each
X;. So we may assume that X7 admits a closed embedding X1+ — Pr into a p-adic
formal scheme Pr smooth over 7. Put P := Pp x5 W. Then the functor (5.5) is
identified with the composite

(5.7)  F-pConv(Xr/Q,) & F-Str(Xt — Pr/Z,)

% F-Str(X < P/W) = F-pConv(X/Q,)
via the second equivalence in (5.1). It suffices to prove that the map
(5.8) &*Er peonv — Epcony

induced by (5.6) via the second equivalence in (5.1) is an isomorphism, and to see
this, it suffices to prove that the base change map

() (Q® R'g(0)7,0rysx Oy (n)/ 21 (n) = Q@ R'g(N)exys s Oy (n)/2(m)

induced by diagrams

(5.9) Y(n) —— Yr(n)
LJ(”)J{ LJ(”)T
X(n) —— Xp(n)

Z(n) ——

O‘Z(n)

is an isomorphism, where Xr < Xr(n) — Zp(n) is the universal p-adic enlarge-
ment of Xp < Pr Xz, --- Xz, Pr and X « X(n) < Z(n) is the universal p-adic

n+1
enlargement of X < P Xy --- Xy P. This follows from the base change theorem
—

n+1
of crystalline cohomology

La}(n) Rg(n)T,crys,* OYT (n)/Zr(n) = Rg(n)crys,* OY(n)/Z(n)

([9, Thm. 7.8], [32, Cor. 3.2]) and the flatness of Q ® Rjg(n)T,CryS,*OYT(n)/ZT(n) for
j >0 [32, Cor. 2.9]. Hence the map (5.6) is an isomorphism.
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Let Er.crys be the image of Epeys by F-Crys(Xr/Z,)q — F-Crys(Xe/T)g.
Then the map (5.6) can be rewritten as

(5.10) Oé*gT,crys — 5crys .

Hence the map (5.10) is also an isomorphism.

Next, let s = SpecF,; be a closed point of 7' and put S = Spf W(F,) =:
SpfZ4,Qq := Q ® Zg. Then, by taking the fiber at s, we obtain the following
diagram:

(5.11) Y Yr Y,
f o fr O fs
X — Xr 2 X
g O gr O 9gs

Speck —— T +—s

O O

SptW —— T +—— .

Let & conv = Rifs_yconvy*(’)ys/(@q € F-Conv(X,/Q,) be the GauB-Manin conver-
gent F-isocrystal defined by the right column of (5.11), and denote its image in
F-Crys(Xs/Zq)g by Es,crys. By the same method as above, one can prove the
isomorphism

(5.12) ﬁ*gT,cryS — gs,crys»

where 8* is the pull-back F-Crys(Xr/T)q — F-Crys(Xs/Zq)q by 8-

We consider the crystalline cohomology H7 ((Xr /A)erys: ETerys) (7 > 0). This is
a finitely generated Q® A-module as we will prove below. Since A, 4 is a discrete val-
uation ring, we may assume that H7 ((X7 JA)crys: ET,erys)’s are free Q @ A-modules,
by shrinking 7 = Spf A. Then we have the base change isomorphisms

(5'13) Qq Qe A Hj((XT/A)crys’ 8T,Cry5) = Hj((Xs/Zq)crysv 8&6%/8)7
(5~14) K RorA Hj((XT/A)crysngﬁryS) = Hj((X/W)crySa Scrys):

which we will prove below.

Let r be the rank of &7 cys. (As we will explain below, E7 crys is locally free
as an isocrystal and so its rank is well-defined. Note that r is equal to the rank
of & crys; Earys-) By the constancy of the Gaufi-Manin convergent isocrystal in the
finite field case, & crys is constant as a convergent isocrystal. (Note that 7§t (Xs)
is constant by [23, X, Théoreme 3.8].) Hence, by (5.13), HO((X1/A)crys, ET crys)
~ (Q® A)", and by (5.14), HO((X/W)CWS,SCWS) = K". Hence £y is constant
(and 80 Eony is also constant), as required. So the proof of the theorem is finished
modulo the finiteness and the base change property we used above.

Finally, we prove the finiteness and the base change property. In the following,
for an affine p-adic formal scheme A flat over SpfZ, and a smooth scheme X
over Spec Ay (A := A/pA), we say that an isocrystal € = Q ® E on (X/A)crys
is locally free if, for any affine open subscheme U = Spec By of X and any lift
U = Spf B of it to an affine p-adic formal scheme which is smooth over Spf A,
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the value & = QR Ey =Q® (@n Eygz/pmz) of € at U is a finitely generated
projective Q ® B-module.

For example, when A = Z,, any isocrystal on (X/A)qys is locally free because of
the existence of integrable connection associated to the structure of the isocrystal.
In particular, the isocrystal £7 cys above is locally free, and this implies that the
isocrystal E7 crys above is also locally free.

Proposition 5.4. Let Spec Ay be an affine regular scheme of characteristic p > 0,
and let Spf A be a p-adic formal scheme flat over Spt Z,, such that A/pA = A;. Let
X — Spec Ay be a smooth proper morphism, and let € be an isocrystal on (X/A)crys
which is locally free.

Moreover, assume that we are given the following cartesian diagram such that
Spec A} is also regular:

X+——* X

| = |

Spec A; «—— Spec A}

| = |
Spf A+—— Spf A’.
Then we have the following:
(1) RT((X/A)ays, &) is a perfect complex of (Q @ A)-modules.
(2) A" @L RT((X/A)erys, €) = RU(X' /A )erys, *E) is a quasi-isomorphism.
Because E7 crys is locally free as an isocrystal, we can apply Proposition 5.4 to
it and we obtain the isomorphisms (5.13) and (5.14) as required.

Remark 5.5. Although & is locally free as an isocrystal, it is not clear at all that
there exists a lattice E of £ with E locally free as a crystal. This is the reason that
the base change theorem in [9] is not enough for us.

Proof. Let X(4y — X be a simplicial scheme augmented to X defined as the Cech
hypercovering associated to an open covering X = J;; X which admits a closed
embedding X (4) — Y{e) into a simplicial p-adic formal scheme Y,y smooth over 4,
and let D¢y be the PD-envelope of it. For n € N, put A, := A/p"A, Do), =
D¢y ®z, Z/p™ZL. Also, let E be a p-torsion free crystal on X/A with £ = Q® E, let
E,, be the restriction of E to (X/An)crys, and let E(,), be the value of E at D(q)y,.
Then RT'((X/An)crys, En) = RT(D(eyn, E(,)n@@b(.)n), and this is quasi-isomorphic
to a bounded complex of A,-modules flat over Z/p™Z which is compatible with
respect to n. Hence
RU((X/An)erys: Bn) @4, An—1 = RU((X/An)erys, En) ®F pnz, Z/p" 'L
= RP((X/Anfl)cryw E,_1).

Also, RT'((X/A1)erys, B1) = RT'(X, Ex ® Q%) is a perfect complex of A;j-modules,
because A; is regular. Hence, by [9, B.10],

RF((X/A)crysv E) = R@Rr((X/An)cry& En)

is a perfect complex of A-modules, and so RI'((X/A)arys, €):=Q&RI'((X/A)crys, E)
is a perfect complex of (Q ® A)-modules. This proves (1).
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Next we prove (2). The left hand side is equal to
Q® (A" @} RU((X/A)arys, B)) = Q@ (Rim(A}, @5 RU((X/An)erys, En)))

because RT'((X/A)crys, E) is perfect, and the right hand side is equal to
Q® Rlim RU((X/A} ) erys, @ En).

Let us define C,, by

C,, := Cone(A!, ®f‘n RU((X/Ap)eryss En) = RU((X/A})erys, @ Ep)).
Then it suffices to prove that Q@R L&nn C,, = 0. To prove this, we may work Zariski
locally on X (because of cohomological descent). So we can reduce to the case that
X — Spec A; is liftable to an affine smooth morphism X = Spf B — Spf A. (But
we lose the properness of X.)

Let X, := X ®z, Z/p"Z, X, := X ®4, A}, and let EZ be the value of E, at X,,.
Also, let B := 1<£nn EZ be the value of E at X.

Then each term of I'(X, EY ® QS, / 4) is a finitely generated p-torsion free B-
module (because E is p-torsion free), and it will become a projective Q ® B-module
if we apply Q ® —, due to the local freeness of £. Also, we have

D(X,EY @ Q%/4) ©a An =T(X0, EY @ Q% a),
D(X,, By @ Q% /a,) ©a, A, =T(X, 0" B @ Q% /40 ),
and C, is written in the following way:
Cy = Cone(A;, @5 T(X,, By @ Q% /a,) = D( Xy, " EY @ Q% /a0 )
For a finitely generated p-torsion free B-module M, put M,, := M ®4 A,, and
Cy (M) := Cone(A4,, ®gn M, = Al, @4, M,).

Then, to prove that Q@ R 1<£1n C,, = 0, it suffices to prove that Q@ R lgln Cn(M) =
0 when Q ® M is a projective Q ® B-module. If we take a resolution N®* — M of
M by finitely generated free B-modules, N — M, is also a resolution because M
is p-torsion free. Then

6:15) Q@ Rjm (M)
=Q® R@Cone(A; ®a, NS — Al @4, M,)

=Cone((Q® A') ®gga (Q@ N*) = (Q® A") ®gga (Q® M)) = 0.

(The last equality follows from the projectivity of Q ® N®, Q ® M.) So the proof
of (2) is finished. O

6. A VERY WEAK FORM OF A LEFSCHETZ THEOREM FOR ISOCRYSTALS

Let X be a smooth projective variety defined over a perfect field k of characteris-
tic p > 0. One expects that given an irreducible isocrystal £ € Crys(X/W)q, there
is an ample divisor Y C X defined over the same field such that £|y is irreducible
in Crys(Y/W)g. One could also expect the existence of such Y which is indepen-
dent of £. One could also weaken all those variants by requesting the irreducibility
only for convergent isocrystals £ € Conv(X/K). Note that any subisocrystal of
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a convergent isocrystal is a convergent isocrystal; thus this version for convergent
isocrystals is just the restriction to Conv(X/K) of the version for isocrystals.
We prove here a very weak form of this expectation.

Theorem 6.1. Let X be a smooth projective variety defined over a perfect field k
of characteristic p > 0 which is liftable to Wa(k) and let H be an ample line bundle
on X. Then there exists an integer ng such that, for any n > ng, the following
property is satisfied: If € is an isocrystal on X/W of rank < p which admits a
lattice E with Ex p-stable in Crys(X/k) (with respect to H), and if Y is a smooth
divisor in |H™| liftable to Wy (k) such that the restriction Ey of Ex to'Y is torsion
free, then Ey € Crys(Y/k) is p-stable as well. Moreover, if £ as above admits a
locally free lattice (which is not necessarily equal to E), Ex is locally free, and so
we can take Y above independently of £.

To link Theorem 6.1 to the expectation, one needs the following theorem.

Theorem 6.2. Let X be a smooth projective variety defined over a perfect field k
of characteristic p > 0. Let £ € Crys(X/W)q which admits a lattice E such that
Ex is p-stable in Crys(X/k). Then & is irreducible.

Proof. Let & C & be an irreducible subisocrystal and let E’ be a lattice of £ which
is p-semistable in Crys(X/k). (See [19, Prop. 4.1] for the existence of such a lattice.)
Then there is an integer n such that F'(nX) C E and such that this inclusion is
maximal for this property. By replacing E’ by E'(nX), we can assume that the
inclusion ¢ : B/ — E in Crys(X/W) induces a non-zero map vy : By — Ex in
Crys(X/k). The locus ¥ C X on which E’%, Ex are possibly not locally free has
codimension > 2. Let H be the ample line bundle defining the p-(semi-)stability,
and let C be a smooth complete intersection curve in a high power of the linear
system |#{|, which is disjoint of ¥.. Then the restrictions Ef,, Ec of E%, Ex to C,
which is the same as the values of E’, E at C, are locally free. By Theorem 1.1, the
degree of Ef., Ec are 0. Thus the slopes u(E% ), t(Ex) are 0. Then 0 = p(E%) <
p(Imex) < p(Ex) = 0 unless tx is surjective. Hence tx is surjective and so is .
Hence &' = €. O

Remark 6.3. The condition in Theorem 6.2 implies irreducibility but is not equiv-
alent to it. We give two examples.

(1) Let X be asmooth projective curve of genus > 2, with lift Xy to W = W (k),
and let a,b € H°( Xy, Qﬁ(w /W) be linearly independent differential forms. Define

the connection on E = Ox,, e; @ Ox,, ez by the matrix A = (pob p0a>7 which is

the value of V on the two basis vectors e;. Then FEx is a constant connection.
As a consequence, F is locally nilpotent, thus is a crystal. It is irreducible as an
isocrystal, as any subline bundle of degree 0 of Ox, e1 & Ox ez is isomorphic to
Ox,., spanned by Aje; + Asea, (A1, A2) # (0,0), where \; € K and there is no form
w € H%(Xf,wx, ) such that Aopa = \jw, A1pb = Aow.

We prove now that there is no lattice E’ of £ := Q® E such that E is u-stable
in Crys(X/k). The argument is essentially the same as in [27, Thm. 5.2]. Assuming
there is such a lattice E’, after replacing E' by E’(nX) for a suitable integer n,
there is an inclusion ¢ : £/ — F inducing the identity on & such that the induced
map tx : By — Ex is non-zero. By Theorem 1.1, u(Ex) = p(E%) = 0. If 1y is
not surjective, u(E%) < p(Imex) < u(Ex), a contradiction. So tx, and thus ¢ are
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surjective. Then E' = E and thus Ex = E', which is impossible as Ex is not
stable.

In this example, it is not likely that £ is a convergent isocrystal.

(2) We give an example in which £ is a convergent isocrystal. Let k be an
algebraically closed field of characteristic p > 0 and let X be a smooth projective
curve such that the p-rank of its Jacobian is » > 2. Let K, Ky be the fraction
field of W (k), W(F,2) respectively. Let p : n$"(X) — GL2(Z,) be a continuous
representation such that pr, : 7¢*(X) — GL2(Z,) — GL2(Kp) is irreducible and
that p modulo p is trivial. Because the pro-p completion 7$*(X)? of the étale
fundamental group w*(X) is isomorphic to a free pro-p group (vi,...,7.) of rank
r ([36], [13, Thm. 1.9]), the composition

T (X) = (X)P = (... ) — GLa(Zy)
defined by

1 10 1oy .
71H<0 ’1)) 72'—>(p ) %H(O 1> (i=3)

satisfies the conditions required for p. Let (£,®), ® : F*& =N &, be the unit-
root convergent F-isocrystal associated to pg, : m1(X) — GL2(Z,) — GL2(Q,) by
[14, Thm. 2.1], and let E be the lattice of £ associated to p by the construction
given in [14, Prop. 2.3, Rmk. 2.3.2]. Namely, if we denote the finite Galois covering
associated to the kernel of p modulo p™ by f, : ¥, — X and denote its Galois
group by G,, E is defined to be the inverse limit of (f, Crys*Of,n /WW)G“ (n € N),
where the action of G,, is induced by its action on Y, and p modulo p™. Then
Ex = (f1crys« O%,l/k)Gl is constant because p is trivial modulo p.

We prove that & is irreducible as a convergent isocrystal. Assume on the con-
trary that £ has a convergent subisocrystal £ of rank 1. Then 0 C & C &
is a Jordan-Holder sequence of &, and so is 0 C F*& C F*¢ = £. Hence
{£,€)E"} = {F*&',F*€/F*E'}, and so we have an isomorphism (F*)2&" = &,
which we denote by a. By replacing a by p™« for a suitable integer n, we may as-
sume that the slope of (€', ) is 0. We denote the composite ®o F*® : (F*)2& e
by ®5. Let ¢1 : £ — £ be the inclusion map and let 15 : £’ — £ be the composite

& ol (F*)2E — (F*)2%¢€ 22, €. Both L1, Lo are maps of convergent isocrystals. If
L2 is equal to ¢1 up to scalar a € K \ {0}, (&', ax) is a convergent F-subisocrystal
of (£, ®2). Because (£, ®5), corresponding to pg, : m1(X) = GL2(Z,) — GL2(Ky),
has pure slope 0, (£',a«) is necessarily of slope 0 and so it induces a non-trivial
subrepresentation of pg,, which contradicts the irreducibility of pg,. Hence o is

not a scalar multiple of ¢1, and so ¢ := 11 @ 1o defines an isomorphism &' G &' — &
of convergent isocrystals. If we identify & @ £ and & via ¢, the isomorphism
By ¢ (F*)2E @ (F*)2E — & @ & is written in the form f o (o @ «), where
f € End(& @ &) = M(2 x 2,K). Because (€, P2), (£/,a) have pure slope 0,
the F-isocrystal (K2, f) on K has pure slope 0. Hence there exists a non-zero
(71,22) € K? with f(F?(x1), F?(x3)) = (z1,72). Then we see that the image of
1 Dxo: & — E @ E = E is stable under @5 and thus defines a convergent F-
subisocrystal of (€, ®3), which again leads to a contradiction. Hence & is irreducible
as a convergent isocrystal, as required.

Finally, the same argument as in (1) shows that there is no lattice E’ of £ such
that EY is p-stable in Crys(X/k).
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Proof of Theorem 6.1. As Ex is torsion free, we find a smooth complete intersec-
tion curve C in |H"| such that Ec as a coherent sheaf is locally free. Thus by
Theorem 1.1, E¢ has degree 0. Thus u(Ex) = 0, and for all smooth divisors
Y € |H"| with Ey torsion free, u(Ey) = 0. By [27, Cor. 5.10] the Higgs sheaf
(V,0) associated to Ex by the Ogus—Vologodsky correspondence [34, Thm. 2.8] is
p-stable of degree 0 as well. By [28, Thm. 10], (V,0)|y is u-stable of degree 0;
thus again by [27, Cor. 5.10], Ey is p-stable of degree 0. When £ admits a locally
free lattice, Theorem 1.1, and the independence of crystalline Chern classes with
respect to lattices [19, Proof of Prop. 3.1], the normalized Hilbert polynomial of
Ex is the same as that of Ox. Thus Ex is locally free by [28, Thm. 11]. O

ACKNOWLEDGMENTS

It is a pleasure to thank Gerd Faltings for his interest in our work and for a
discussion in May 2015 in Beijing, which helped us in proving Theorem 1.3. In ad-
dition, we thank Bhargav Bhatt, Johan de Jong, and Peter Scholze for discussions
on isocrystals, notably on the question of whether they always carry a locally free
lattice. Unfortunately, we still do not have a general answer to this basic question.
Nikita Markaryan kindly sent us his unposted notes [31], which are aimed at con-
structing a crystalline Chern—Weil theory. Unfortunately the notes stop before this
topic is addressed.

REFERENCES

[1] Tomoyuki Abe, Langlands correspondence for isocrystals and the existence of crystalline com-
panions for curves, J. Amer. Math. Soc. 31 (2018), no. 4, 921-1057, DOI 10.1090/jams/898.
MR3836562

[2] Fabrizio Andreatta and Luca Barbieri-Viale, Crystalline realizations of 1-motives, Math.
Ann. 331 (2005), no. 1, 111-172. MR2107442

[3] Masanori Asakura and Kanetomo Sato, Chern class and Riemann-Roch theorem for coho-
mology theory without homotopy invariance, arXiv:1301.5829 (2013).

[4] Pierre Berthelot, Cohomologie cristalline des schémas de caractéristique p > 0 (French),
Lecture Notes in Mathematics, Vol. 407, Springer-Verlag, Berlin-New York, 1974. MR0384804

[5] Pierre Berthelot, D-modules arithmétiques. 1. Opérateurs différentiels de niveau fini (French,
with English summary), Ann. Sci. Ecole Norm. Sup. (4) 29 (1996), no. 2, 185-272.
MR1373933

[6] Pierre Berthelot, Dualité de Poincaré et formule de Kiinneth en cohomologie rigide (French,

with English and French summaries), C. R. Acad. Sci. Paris Sér. I Math. 325 (1997), no. 5,

493-498. MR1692313

Pierre Berthelot, Finitude et pureté cohomologique en cohomologie rigide (French), with

an appendix in English by Aise Johan de Jong, Invent. Math. 128 (1997), no. 2, 329-377.

MR1440308

Pierre Berthelot and Luc Illusie, Classes de Chern en cohomologie cristalline (French),

C. R. Acad. Sci. Paris Sér. A-B 270 (1970), A1695-A1697; ibid. 270 (1970), A1750-A1752.

MRO0269660

[9] Pierre Berthelot and Arthur Ogus, Notes on crystalline cohomology, Princeton University
Press, Princeton, N.J.; University of Tokyo Press, Tokyo, 1978. MR0491705
[10] Shiing-shen Chern, Differential geometry of fiber bundles, Proceedings of the International
Congress of Mathematicians, Cambridge, Mass., 1950, vol. 2, Amer. Math. Soc., Providence,
R. L., 1952, pp. 397-411. MR0045432

[11] Bruno Chiarellotto and Bernard Le Stum, Sur la pureté de la cohomologie cristalline (French,

with English and French summaries), C. R. Acad. Sci. Paris Sér. I Math. 326 (1998), no. 8,

961-963. MR1649945

Bruno Chiarellotto and Nobuo Tsuzuki, Cohomological descent of rigid cohomology for étale

coverings, Rend. Sem. Mat. Univ. Padova 109 (2003), 63-215. MR1997987

[7

)

[12

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.ams.org/mathscinet-getitem?mr=3836562
https://www.ams.org/mathscinet-getitem?mr=2107442
https://www.ams.org/mathscinet-getitem?mr=0384804
https://www.ams.org/mathscinet-getitem?mr=1373933
https://www.ams.org/mathscinet-getitem?mr=1692313
https://www.ams.org/mathscinet-getitem?mr=1440308
https://www.ams.org/mathscinet-getitem?mr=0269660
https://www.ams.org/mathscinet-getitem?mr=0491705
https://www.ams.org/mathscinet-getitem?mr=0045432
https://www.ams.org/mathscinet-getitem?mr=1649945
https://www.ams.org/mathscinet-getitem?mr=1997987

CHERN CLASSES OF CRYSTALS 1357

[13] Richard M. Crew, Etale p-covers in characteristic p, Compositio Math. 52 (1984), no. 1,
31-45. MR742696

Richard Crew, F-isocrystals and p-adic representations, Algebraic geometry, Bowdoin, 1985
(Brunswick, Maine, 1985), Proc. Sympos. Pure Math., vol. 46, Amer. Math. Soc., Providence,
RI, 1987, pp. 111-138. MR927977

Pierre Deligne, Théorie de Hodge. III (French), Inst. Hautes Etudes Sci. Publ. Math. 44
(1974), 5-77. MR0498552

[16] Hélene Esnault, Characteristic classes of flat bundles, Topology 27 (1988), no. 3, 323-352.

(14

[15

MR963635

[17] Hélene Esnault, Characteristic classes of flat bundles. 1I, K-Theory 6 (1992), no. 1, 45-56.
MR1186773

[18] Hélene Esnault, Algebraic differential characters, Regulators in analysis, geometry and num-

ber theory, Progr. Math., vol. 171, Birkh&user Boston, Boston, MA, 2000, pp. 89-115.
MR1724888

[19] Hélene Esnault and Atsushi Shiho, Convergent isocrystals on simply connected varieties,
Ann. Inst. Fourier. (to appear)

[20] Eric M. Friedlander, Etale homotopy of simplicial schemes, Annals of Mathematics Studies,
vol. 104, Princeton University Press, Princeton, N.J.; University of Tokyo Press, Tokyo, 1982.
MR676809

[21] Michel Gros, Classes de Chern et classes de cycles en cohomologie de Hodge- Witt logarith-

mique (French, with English summary), Mém. Soc. Math. France (N.S.) 21 (1985), 87 pp.

MR844488

Michel Gros, Régulateurs syntomiques et valeurs de fonctions L p-adiques. I (French), with

an appendix by Masato Kurihara, Invent. Math. 99 (1990), no. 2, 293-320. MR1031903

Revétements étales et groupe fondamental (French), Séminaire de Géométrie Algébrique du

Bois Marie 1960-1961 (SGA 1), dirigé par Alexandre Grothendieck, augmenté de deux exposés

de M. Raynaud, Lecture Notes in Mathematics, Vol. 224, Springer-Verlag, Berlin-New York,

1971. MR0354651

Luc Ilusie, Compleze de de Rham-Witt et cohomologie cristalline (French), Ann. Sci. Ecole

Norm. Sup. (4) 12 (1979), no. 4, 501-661. MR565469

Nicholas M. Katz and William Messing, Some consequences of the Riemann hypothesis for

varieties over finite fields, Invent. Math. 23 (1974), 73-77. MR0332791

Kiran S. Kedlaya, Full faithfulness for overconvergent F'-isocrystals, Geometric aspects of

Dwork theory. Vol. I, II, Walter de Gruyter, Berlin, 2004, pp. 819-835. MR2099088

Adrian Langer, Semistable modules over Lie algebroids in positive characteristic, Doc. Math.

19 (2014), 509-540. MR3218782

Adrian Langer, Bogomolov’s inequality for Higgs sheaves in positive characteristic, Invent.

Math. 199 (2015), no. 3, 889-920. MR3314517

Christopher Lazda, Incarnations of Berthelot’s conjecture, J. Number Theory 166 (2016),

137-157. MR3486269

Lasse Peter Mannisto, Albanese and Picard 1-motives in positive characteristic, Thesis

(Ph.D.)-University of California, Berkeley, ProQuest LLC, Ann Arbor, MI, 2014. MR3295332

[31] N. Markaryan, Crystalline characteristic classes via the Atiyah gerbe and generalized Chern—

Weil construction, unpublished.

Arthur Ogus, F-isocrystals and de Rham cohomology. II. Convergent isocrystals, Duke Math.

J. 51 (1984), no. 4, 765-850. MR771383

Arthur Ogus, F-crystals, Griffiths transversality, and the Hodge decomposition, Astérisque

221 (1994), ii+183 pp. MR1280543

Arthur Ogus and Vadim Vologodsky, Nonabelian Hodge theory in characteristic p, Publ.

Math. Inst. Hautes Etudes Sci. 106 (2007), 1-138. MR2373230

Bernard Saint-Donat, Techniques de descente cohomologique, Lecture Notes in Math.,

ch. Vbis, Springer Verlag, 1972.

Igor Shafarevitch, On p-extensions (Russian, with English summary), Rec. Math. [Mat.

Sbornik] N.S. 20(62) (1947), 351-363. MR0020546

Bernard Le Stum, Rigid cohomology, Cambridge Tracts in Mathematics, vol. 172, Cambridge

University Press, Cambridge, 2007. MR2358812

John Tate, Endomorphisms of abelian varieties over finite fields, Invent. Math. 2 (1966),

134-144. MR0206004

[22

[23

[24

[25

[26

[27

[28

[29

[30

32

[33

34

35

36

[37

[38

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.ams.org/mathscinet-getitem?mr=742696
https://www.ams.org/mathscinet-getitem?mr=927977
https://www.ams.org/mathscinet-getitem?mr=0498552
https://www.ams.org/mathscinet-getitem?mr=963635
https://www.ams.org/mathscinet-getitem?mr=1186773
https://www.ams.org/mathscinet-getitem?mr=1724888
https://www.ams.org/mathscinet-getitem?mr=676809
https://www.ams.org/mathscinet-getitem?mr=844488
https://www.ams.org/mathscinet-getitem?mr=1031903
https://www.ams.org/mathscinet-getitem?mr=0354651
https://www.ams.org/mathscinet-getitem?mr=565469
https://www.ams.org/mathscinet-getitem?mr=0332791
https://www.ams.org/mathscinet-getitem?mr=2099088
https://www.ams.org/mathscinet-getitem?mr=3218782
https://www.ams.org/mathscinet-getitem?mr=3314517
https://www.ams.org/mathscinet-getitem?mr=3486269
https://www.ams.org/mathscinet-getitem?mr=3295332
https://www.ams.org/mathscinet-getitem?mr=771383
https://www.ams.org/mathscinet-getitem?mr=1280543
https://www.ams.org/mathscinet-getitem?mr=2373230
https://www.ams.org/mathscinet-getitem?mr=0020546
https://www.ams.org/mathscinet-getitem?mr=2358812
https://www.ams.org/mathscinet-getitem?mr=0206004

1358 HELENE ESNAULT AND ATSUSHI SHIHO
FREIE UNIVERSITAT BERLIN, ARNIMALLEE 3, 14195, BERLIN, GERMANY
Email address: esnault@math.fu-berlin.de

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, THE UNIVERSITY OF TOKYO, 3-8-1 KOMABA,
MEGURO-KU, TOKYO 153-8914, JAPAN
Email address: shiho@ms.u-tokyo.ac.jp

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



