DEFORMATION OF ALGEBRAIC CYCLE CLASSES IN
CHARACTERISTIC ZERO

SPENCER BLOCH, HELENE ESNAULT, AND MORITZ KERZ

ABSTRACT. We study a formal deformation problem for rational algebraic
cycle classes motivated by Grothendieck’s variational Hodge conjecture. We
argue that there is a close connection between the existence of a Chow-
Kiinneth decomposition and the existence of expected deformations of cy-
cles. This observation applies in particular to abelian schemes.

1. INTRODUCTION

Let K be a field of characteristic 0. Let Z/K be a smooth projective variety of
dimension d and let ¢ be an integer. The following Chow-Kiinneth property is
expected to hold in general as part of conjectures of Grothendieck, Beilinson
and Murre, see [Ja, Sec. 5.

(CK)’, : There is an idempotent correspondence 7’ € CH%(Z x x Z)q such
that on Hz(Z/K) the correspondence 7 acts as the projection to Hly(Z/K).

Remark 1.1. An important and well-understood example is the case of an
abelian variety A/K. In this case we know (CK)', for all integers 4, see for
instance [DM].

Set S = Speck|[[t]], where k is a field of characteristic 0. Let X/S be a
smooth projective scheme. Let 1 be the generic point of S, K = k(n). Denote
by X, the scheme X xg S, with S,, = Speck[t]/(t").

There is a Chern character ring homomorphism to de Rham cohomology

(11) ch : K()(Xl) — H:ij(Xl/k:)

It is an important problem to determine the image of the Chern character.
In this note we consider an ‘infinitesimal’ analogue of this problem along the
thickening X; — X,,.

By V : Hiz(X/S) = Hjr(X/S) we denote derivation along the parameter
t with respect to the Gauss-Manin connection and by Hjz(X/S)V the kernel
of V. Solving a formal differential equation we see that the canonical map

(1.2) O Hig(X/9)Y = Hip(X1/k)

is an isomorphism [Kt, Prop. 8.9].
We denote by F"Hjp C Hjy the Hodge filtration on de Rham cohomology
(of smooth projective schemes). Our main theorem says:
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Theorem 1.2. Assume that for the scheme X /S as above the property (CK)@Q7
holds for all even i € Z. Then for & € Ko(X1)g the following are equivalent:
(i) O Vo ch(&) € @, H3(X/S)Y N F HA(X/S),
(i) there is an element € € (lgln Ko(X,)) ® Q such that

ch(élx,) = ch(€) € Hip(Xi/k).

A preliminary version of Theorem 1.2 for cohomological Chow groups is
shown in Section 5, see Theorem 5.2. The central new ingredient of our proof
is to study a ring of correspondences for the non-reduced scheme X,,. Property
(CK)?XW will guarantee that there are enough such correspondences in order
to kill the influence of absolute differential forms of k£ on the deformation
behavior. In fact for Q}C Q= 0 the whole deformation problem is much easier,
see Remark 1.3. The proof of Theorem 1.2 is completed via a Chern character
isomorphism relying on Zariski descent for algebraic K-theory, see Section 6.

Remark 1.3. In case k is algebraic over Q we also deduce without assuming
(CK)Y, that conditions (i) and (ii) are equivalent and they are also equivalent
to:

(ii’) there is an element & € (@n Ko(X,,)) ® Q such that &|x, = &;.
See related work |GG, [PaRal, [Mol]. However, our methods do not show that

for general fields k condition (ii’) is equivalent to (ii) and we do not see a good
reason to expect this.

Theorem 1.2 is motivated by a conjecture of Grothendieck [G, p. 103], which
is today called the variational Hodge conjecture. See Appendix A for his
original global formulation. In this appendix it is shown that the latter is
equivalent to the following “infinitesimal” conjecture.

Conjecture 1.4 (Infinitesimal Hodge). Statement (i) of Theorem 1.2 is equiv-
alent to

(iii) there is an element £ € Ko(X)q such that
ch(¢]x,) = ch(&) € Hag(X1/F).

One shows directly that (iii) = (ii) = (i) without assuming (CK)}W for i
even. Conjecture 1.4 is particularly interesting for abelian schemes. Indeed it
is known [Ab],[An, Sec. 6] that

Conj. 1.4 for abelian schemes X/S = Hodge conj. for abelian varieties.

As (CK);(W is known for abelian varieties, see Remark 1.1, one can speculate
about what is needed to deduce Conjecture 1.4 for abelian schemes from Theo-
rem 1.2. In order to accomplish this one would have to solve an algebraization
problem, namely one has to consider the question how far the map

(1.3) Ko(X) — @Ko(Xn)
is from being surjective (after tensoring with Q). Recall that for line bundles
the corresponding map

Pic(X) — Jim Pic(X,)

is an isomorphism by formal existence [EGA3, IIL.5|.
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By considering a trivial deformation of an abelian surface we show in Appen-
dix B that the map (1.3) cannot be surjective in general. For abelian schemes
the counterexample leaves the following algebraization question open.

Question 1.5. Let X/S be an abelian scheme and ¢ > 1 an integer. Is the
map

*

Ro(X)* 17 5 Jim Ko(X,)* 1

surjective after tensoring with Q7

Here 1* is the /-th Adams operation [FL] and [¢] : X — X is multiplica-
tion by ¢. The upper index notation means that we take the kernel of the
corresponding endomorphism.

From Theorem 1.2 we deduce:

Corollary 1.6. A positive answer to Question 1.5 would imply the Hodge
conjecture for abelian varieties.

Acknowledgment: We would like to thank A. Beilinson for many comments on
our work on deformation of cycles.

2. MILNOR K-THEORY AND DIFFERENTIAL FORMS

Let k be a field of characteristic 0 and write S,, = Speck[t]/(t"). Let S =
Spec k[[t]], and let X — S be a smooth, separated scheme of finite type. Write
Xn = X x5S, Write (O , Z% resp. B for the Zariski sheaf of absolute
n-forms, closed absolute n-forms resp. exact absolute n-forms on X,,. Let KM
be the Milnor K-sheaf with respect to Zariski topology as studied in [Ke].

Lemma 2.1. There is an exact sequence of Zariski sheaves
(2.1) 0t S 7y Loz
where a(n) = t""tdn + (n — 1)t"2dt A 7.

Proof. Note that a is well-defined because t" = t"~'dt = 0 on X,,. Since
(2.2) ker(Q — Q) =t""1Q% +t" At AQY ]

the assertion is clear. O

n—1

Lemma 2.2. There is an exact sequence of Zariski sheaves
(2.3) Ot B KM = M 0.
Here b(x dlog(y) A+~ Adlogy,_1) = {1+ zt" Yy, ...,yr_1}

Proof. We can present Qﬁﬁ with an exact sequence of Ox,-modules

u@u—rudv /v

(2.4) 0— R — Ox, ®, 0%, Qy, — 0.

Here R is the sub-Ox,-module under left multiplication with generators of the
forma®a+b®b— (a+b)® (a+b). It follows that Q' = /\:;XI1 QY, has a
presentation of the form

r—2 r—1

(2.5) R ®g /\ Ox, — Ox, ®z /\ 05, — Q' = 0.
Z Z
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For r = 2 the map
(2.6) O R IC%{IXR; cdaja s {1 +ct"* a}.
is well-defined. It boils down to showing
{1+at" ay +{1+b0t" 10} — {14+ (a+b)t" " a+b} =0

in Ko x, for a,b,a+0bin O% . See [B2, Sec. 2| for more details. Then from the
presentation (2.5) we deduce that b is well-defined. The exactness of (2.3) is
straightforward. ([l

Proposition 2.3. The square

M M
’Cr,Xn ’CT,Xl

(27) ldlog ldlog
Zy, — Zx,
s cartesian and there is a morphism between short exact sequences

b

(2.8) 0— 0y —= K, —= Ky, —=0
L ldlog jdl‘)g
0— 0y —— 7%, 2, 0
Proof. We have
(2.9) IC%X1 Xz, Z% = IC}}fX1 X7%, VA Xz Zx,

In order to prove the first statement by induction we are thus reduced to
proving that the diagram

ICT:Xn ,CT,X,L,1

(2.10) ldlog ldlog

zy, —— Z%

n—1
is cartesian. Plugging in Lemmas 2.1 and 2.2 yields

r—1 M M
QXl ,Cryxn ICT»Xn 0

—1

(2.11) |- [ s [ e

0 — Q5 — zn, Lo 7y
It follows that (2.10) is cartesian and that the upper row in (2.8) is exact as
claimed. The exactness of the lower row of (2.8), i.e. the surjectivity of f in
(2.11), follows from the commutative diagram of short exact sequences

0 — By, —— 2y, —— Hy ——0

(2.12) | | E

0 — By | —— Z%  —— Hy  —— 0

-1
were H" is the de Rham cohomology sheaf. Indeed the right vertical map is an
isomorphism by Lemma 2.4 and the left vertical map is obviously surjective.

O
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Lemma 2.4. With notation as above, the map of complexes ¥y — Q% is a
quasi-isomorphism.

Proof. The assertion is local so we may assume X,, = Spec A,, is affine. The
algebra A; = A, /tA, is therefore smooth over k, so by the infinitesimal crite-
rion for smoothness [EGA4, (17.1.1)], there exists a splitting of the surjection
A, — A;. Tt follows that we may write X,, = X7 X, S,,. This implies that there
is an isomorphism between differential graded algebras Q% = Q% ®q 5 .
Since there is a short exact sequence

0 — th[t]/t"k[t] & QL — QLo — 0,

we deduce that (2% — (2} is a quasi-isomorphism as claimed. U

3. LOCAL COHOMOLOGY

Let X, S, X,,S, and k be as in Section 2. One of the central techniques for
proving our main Theorem 1.2 will be to study the coniveau complex for Milnor
K-sheaves of X,,. A general reference for the coniveau complex is [Ha, Ch. IV].

Definition 3.1. For an arbitrary Zariski sheaf of abelian groups F on X; let
us consider the coniveau complex of Zariski sheaves C(F') defined as
(3.1)
P i HA X1 F) = P ianHA X1, F) = P inn HAX1, F) =+
:JCEX£O) :EEX{I) xGXF)
where the left group is put into cohomological degree 0 and where i, : © — X

is the natural monomorphism. There is a canonical augmentation F — C°(F).
By C(F) we denote the complex of global sections I'(X, C(F)).

Definition 3.2. An abelian sheaf F on X is Cohen-Macaulay (CM for short)
if for every scheme point z € X; we have H:(X;, F) = 0 for i # codim(z).

A basic observation about CM-sheaves is that they give rise to exact coniveau
complexes. This follows directly from the degeneration of the coniveau spectral
sequence for these sheaves, see [Ha, Prop. IV.2.6].

Proposition 3.3. Let F be a CM abelian Zariski sheaf. Then C(F) is an
acyclic resolution of F. In particular one has H*(X, F) = H*(C(F)).

The aim of this section is to show:
Theorem 3.4. The sheaves Ky, ,Q " , Z%, B, are CM for alln > 1.
We prove the theorem in a series of propositions.

Proposition 3.5. Let r,n > 0 be integers. The sheaves F = IC%X” and
F=Q% are CM.

Proof. For the sheaf F = O see [Ha, p. 239]. For the sheaf F = K}y see
[Ke]. We prove that F = K}y is CM by induction on n. The case of the sheaf

F = Q% works similarly. For n > 1 we get from the exact sequence (2.8) an
exact sequence

HL(X:, Q) = Hi(Xq, /cﬁfxn) — H'(X, /Cﬂ,“xn,l)-

For i # codim(z) we already know that the groups on the left and the right
side vanish, so does the group in the middle. 0]



6 SPENCER BLOCH, HELENE ESNAULT, AND MORITZ KERZ
Next we study the sheaf Z7% .
Proposition 3.6. For any r > 0 and z € X; the map
Hi (X1, Bx,) = Hi (X1, ZY,)

induced by the inclusion By C Z% is surjective for ¢ # codim(x) and injective
for ¢ # codim(x) + 1.

Proof. The short exact sequence of sheaves
0— By, = 2y, = Hyx, =0
induces a long exact cohomology sequence
o HEY(X, ) = Hy(Xy, BY,) = Hi(Xy,Z%,) = Hy (X1, Hy,) = -+

On the other hand, we known from [BOJ that the sheaves H’, are CM. This
shows the proposition. O

Proposition 3.7. The sheaves By, , Zy, are CM.
Proof. Using the exact sequence
0— Z% — Q, — B¢ =0
and Proposition 3.5 we get
(32) Hi(Xy,Z%,)=H: ' (X1, BY!")  for ¢ ¢ {codim(z), codim(z) + 1}.
Combining Proposition 3.6 and (3.2) we get for ¢ > codim(z) the identifications
Hi(X,,Z%,) < Hi(Xy, By,) = H; ™ (X4, Zy. )
= H;" (X0, BY,") = Hy (X0, Z5%) = - =0
where the first arrow surjective and for ¢ < codim(z) the identifications

H£<X17B;(1) = chg(Xla Z;(l) — H;fl(X17B§(:|l>1) — H;—l(Xh Z;y;l>
— HE (X4, BY?) = HO (X, Z¢%) = - = 0.

Corollary 3.8. For alln > 1 the sheaves By, , Z% are CM.

Proof. The sheaf Z%. is CM by Propositions 2.3, 3.5 and 3.7. Using Lemma 2.4
and that B trivially surjects onto B, we get a commutative diagram of
short exact sequences

(3.3) 0 Q! B By  —=0
0 Q! zy Z  —=0

which implies that By, is CM. O
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4. TRANSFER MAP
For any algebraic scheme V| it is natural to define the (cohomological) Chow
groups
(4.1) CH?(V) := H"(V,K)").
In this way, the graded object CH* (V') is automatically a ring, contravariant in

V. For regular excellent V the cohomology group CH* (V) coincides with the
usual Chow group of codimension i cylces on V' by [Ke|]. We would hope there

should exist covariant transfer maps CH* (V) LN CH*(W) of graded degree —d
for f: V — W smooth and proper with fiber dimension d. One might further
hope for f proper and d = dim V' — dim W that there should exist a functorial

map of coniveau complexes C(K3,) LR C(K,,_q)[—d] such that when K3y,

is CM one could define a covariant transfer via H?(V, KC)) — HP(C(K})Y,)) I,
Hpid(cuc%,pfd)) = Hp*d(VV, ,C%I/[/,pfd)

In what follows we use results from the previous section, together with work
of Rost [R| and Grothendieck [Hal, to define a transfer

f.: CHY(X,) — CH™%(Y,),

for f : X,, — Y, a smooth proper morphism of relative dimension d between
smooth schemes over 5,,. This suffices to define a calculus of correspondences
on CH*(X,,), which is what we will need.

We use the fiber square in Proposition 2.7 to ‘glue’ the constructions of Rost
and Grothendieck. From Propositions 2.7 and 3.5 and from Corollary 3.8 we
obtain:

Lemma 4.1. There is a Cartesian square of complexes

C(’Q{[Xn) - C(’Crl\»flxl)

C(Zx,) —=C(Zx,)

Furthermore we get:
Lemma 4.2. We have a left-exact sequence
0—C(Z) = C(Q%) S c(yh.
Proof. A short-exact sequence of C M sheaves yields a short-exact sequence of
coniveau complexes. Applying this to the sequence
0— Z%, — Q% — B¢ =0,

we reduce to showing that the map C(BY") — C(Q") is injective. By the
same logic, we know that C(Z¢t!) < C(Q!), so it suffices to show C(BY!) —
C (Zzl) By Lemma 2.4 we have an exact sequence

(4.2) 0— By — 28 - 1T — 0,

where H'¢'" is CM. We conclude that C(BY") < C(Z!), proving the lemma.
0
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Let now f : X,, — Y, be as above a smooth proper map of relative dimension
d between smooth schemes over S,,. Rost constructs a morphism between
complexes [R| which, via the Gysin isomorphisms, is a transfer

(4.3) LM ) I e (e y, ) [—d).

Grothendieck and Hartshorne construct in [Ha| a morphism between complexes
of Oy, -modules

(4.4) L.L(Q% ) =5 C(Oy,)[~d].

Indeed, using the notation of [Hal| the structure sheaf Oy;, is pointwise dualiz-
ing, so its coniveau complex C(Oy, ) is a residual complex and

f!C(OYn) = C(Q%L/Yn)[d]

Now we consider the composite morphism

Tr
(4'5) f f*C(Q;(n) - Q@;d ®Oyn f*C(Q.C)l(n/yn> _—f_>
05! ®oy, C(Oy,)[=d] = C(Q5, %) [~d]

where for the first arrow we use the projection Q% — f*Q;,;d oy, % Y
followed by the projection formula. Note that the composite map f, in (4.5)
is compatible with the differential.

One directly shows that the transfer map (4.5) for n = 1 is compatible with
the transfer map (4.3) with respect to the dlog map. The transfer (4.5) induces

thanks to Lemma 4.2 a transfer
(4.6) C(2%,) & C(zy)[~d).

So we get a commutative diagram of exact sequences

00— C(K}x,) C(Kx,) @ C(Z,) —— C(Z%,)

lf* lf* Lf*
0 ——> UMy, )] — O3, [-d] © O(Z5 ) -d) —= C(Z)]-d

The left vertical transfer map is defined by this diagram. The transfer map
(47)  fo:CH'(X,) = H(C(Ki,)) — H™(C(K,y,)) = CHTY(Y,),

obtained using the above construction, Proposition 3.3 and Theorem 3.4, satis-
fies the usual properties, for example it is compatible with smooth base change,
and we use such properties without further mentioning.

For the remaining part of this section let d be the dimension of the smooth,
equidimensional scheme X,,/S,,. If one follows the above construction of the
transfer carefully, one can deduce:

Proposition 4.3.

(i) Composition of correspondences makes CHY(X, x5, X,) a ring with
unity for any n > 1.

(ii) For n > 2 this ring acts canonically on the long exact cohomology
sequence

o= HO (X, Q1) = HO (X KY) = HE (X K = HOH(X, Q) — -
associated to (2.8) for any integer r > 0.
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(iil) ker[CHY(X,, xg, X,,) — CHY( X, x; X1)] is a nilpotent ideal.

Proposition 4.4. Fix a positive integer i and assume condition (CK)AQ;?7 from

the introduction. Then there exists an inverse system of correspondences (72") 1
with 72 € CHY(X,, xg, X,)o such that the following properties hold:

(i) each % is idempotent,

(ii) on Hiz(X,/Sn) the correspondence w2t acts as the projection to H*(X,,/S,).

Proof. Consider 7, € CHY(X,, xx X,)g as in property (CK)%”. The element

71" is defined as the specialization of 7" to the reduced closed fiber X;. Recall
that the specialization map

CHY(X, xx X)) — CHY(X; x4 X;)

is a ring homomorphism of correspondences |F, Sec. 20.3].

As a consequence, 72 satisfies properties (i) and (ii) of Proposition 4.4 for
n = 1. We claim that we can lift this element to an inverse system (72'),,>;
with the requested properties.

We can extend Wsi to an element 7% € CHY(X xg X)g. By the Gersten
conjecture for the Milnor K-sheaf of the regular scheme X xg¢ X [Ke| we get
the left isomorphism in the following diagram

b CHYX x5 X) =2 HYX x5 X, Ky ox) —
HY (X X5, Xn, Kilxxs x.) = CHU (X, g, X)),

Now consider the inverse system of correspondences 72 = ¢,,(7%). They satisfy
property (ii) of the proposition and furthermore 73 = 7. We will apply a
transformation to these correspondences which additionally makes them idem-
potent.

For an element « of an arbitrary (not necessarily commutative) unital ring

and an integer s > 1 set

2s . ,
fsla) = < ,)aQSJ(l—a)j.
O;j;s J
From the argument in the proof of B, Prop. I11.2.10] and from Proposi-
tion 4.3(iii) it follows that for s large, depending on n, the element 7 = f,(7%)
is idempotent and independent of s > 0. Observe that fs(73') = 7" for all
s > 1, because 7% is idempotent. The elements (72'),,>; form an inverse system
of idempotent correspondences, finishing the proof of Proposition 4.4. 0J

In the next section we use the action of a Kiinneth type correspondence on
cohomology of absolute differential forms as described in the following lemma.

Proposition 4.5. Consider for given i > 0 a correspondence m € CHY (X x;,
X1)o which acts on Hiz(X1/k) as the projection to Hiy(X1/k). Then

(i) the action of the correspondence (m*)" ™' on H¢(Xy, Q) vanishes for
all c+r <.
(ii) the action of (7%)" on

ker[H( Xy, Q) — H (X1, Yy, ;)]

vanishes for ¢ +r =1.
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Proof. The correspondence 7! being algebraic respects the Hodge filtration
on de Rham cohomology and therefore acts on its graded pieces, which are
Hodge cohomology groups according to Hodge theory. Thus 7% acts trivially
on H(Xy, Y ) for ¢ +r < i. To pass from relative differential forms to
absolute differential forms we use the filtration
Ly =im[Q) @, O — Q] (s=0,...,7).

Recall that

LS/LS“QTX1 = Qg;ljk ®y 2
and that 7% acts on the system of morphisms
(4.8)
H(X1, Q@,O0x,) — HO(Xq, L' Q%) = H(Xy, L' 2Q%,) — - — HY(X1, Q%)
The filtration on cohomology

L* =im[H( Xy, L*Q%) — H( X1, QY]
has graded pieces L®/L*T! which are subquotients of
HO(X0, Q55) @1 0.

On the latter groups the action of ¢ vanishes for ¢+ — s < i as we have seen
above.
This shows (i), while (ii) follows from the additional observation that

L' = ker[H(X1, Q%) — H(X1, Uy, )]-

5. DEFORMATION OF CHOW GROUPS

Let the notation be as in Section 2. We start this section with a basic lemma
from [B1] about the comparison of an obstruction map with a Kodaira-Spencer
map.

Lemma 5.1. The diagram

H(Xpi1. Z%, ) HY (X, Zi ) —2 = HH (X, Q%))

| | |

i i i i KS i i—
]¥d2R(‘X'TLJrl/SnJrl)V NE — H&R(Xn/sn)v Nt ——H +1<X17 Qxll/k)
18 commutative with exact rows.

Here V € Endy(Hx(X,./S,)) is the Gauss-Manin connection and F" is the
Hodge filtration. The upper row is part of the long exact cohomology sequence
associated to (2.8) and KS is induced by the Kodaira-Spencer map [B1, (4.1)].

We can now state the version of our main theorem for (cohomological) Chow
groups. Let

cl: CH(X,) — H2(X,/S,)Y C H%(X,/S,)

be the de Rham cycle class map, which is induced by the morphism of com-
plexes
dlog : KM[—i] = Q% /s,
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The restriction map
©: Hig(X/S)Y = Hip(X1/k)
is an isomorphism by [Kt, Prop. 8.9].

Theorem 5.2. Assume that for X/S as above and for a fized i the property
(CK)AQ;?7 explained in the introduction holds. Then for & € CH'(X,)q the
following are equivalent:

(1) @7t oc(&) € HiR(X/S)Y N F HiR (X/S),
(ii) there is an element & € (Mn CHY(X,,))q such that
(5.1) cl(lx,) = cl(ér) € Hip(X1/k).

Remark 5.3. For k algebraic over Q it has been known to the experts for a
long time, (see [GGJ, and [PaRa| for more recent work in the case of hypersur-
face sections), that for an element ¢, € CH'(X) (note that we can use integral
coefficients here) condition (i) of the theorem is equivalent to:

(ii’) there is an element & € lim CH'(X,,) such that &|x, = &.

Proof of Theorem 5.2. The implication (ii) = (i) is clear. So consider (i) =
(ii).
Claim 5.4. The map

(lim CH' (X))o — lim CH'(X,,)o

is surjective.

Proof. From the short exact sequence (2.8) we get for n > 1 a commutative
diagram with exact sequences

HY (X1, Qi) —— CHY(X,,) — CH(X,_1) — 2> H* (X, Qi)

| | | |

H(Xq, Ql);ll) . CHi(Xn)@ . CHi(Xn_l)Q Ob Hit (X, 92)51)

A diagram chase implies that the map

(5.2) CH'(X,,) — CH'(X;i-1) Xcmi(x,, 1) CH (Xn)g

Q

is surjective. From this Claim 5.4 follows easily. OJ

By Claim 5.4 it is enough to construct a pro-system & € lim CH'(X,)g
satisfying (5.1). We will do this successively.

Choose correspondences 2 as in Proposition 4.4. We claim that there exists
an element

~

£ = (&u)nz1 € lim CH'(X,))g
such that

(5.3) & = & and w2 £, =&, forallm> 1.

n
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Indeed, assume we have already constructed (fm)lgmgn,l with property (5.3).
From Proposition 4.3 we know that 72 acts on the following diagram with
exact row and column

K

|

CH'(X,)q — CH'(X,_1)g —2= H*' (X, Qi)

]”

HIM(X, Q)

where K is defined as the kernel of ¢. By Lemma 5.1 we have Ob(&,_,) € K.
From the latter and Proposition 4.5 we deduce the third equality in

(5:4)  Ob(&-1) = Ob((m" )" ™" - &a) = (77)"" - Ob(éya) = 0.

Because the obstruction vanishes we can find £, € CH'(X,,)q with & |x, , =
&n1. To finish the construction we set &, = 72* - £/ O

6. MOTIVIC COMPLEX AND CHERN CHARACTER

We begin this section by proving that the canonical map from Milnor K-theory
to Quillen K-theory induces an isomorphism on certain relative K-groups.
Then we study a Chern character isomorphism using higher algebraic K-theory
and motivic cohomology. For both results the techniques are standard, so we
only sketch the proofs.

We consider a pro-system of pairs of rings of the form (A,, A) with A, =
Alt]/(t") and we assume that A is essentially smooth over k with char(k) = 0.
By K.(R',R) we denote the relative Quillen K-groups of a homomorphism
between rings R’ — R.

Proposition 6.1. For A as above the canonical homomorphism

(6.1) ker[KM(A,) — KM(A)] & K, (A., A)

1S a pro-isomorphism.

Proof. By Goodwillie’s theorem [Go| there is an isomorphism

(6.2) Ki1(A,, A) = HCi(A,, A)

for any n > 1. There is a canonical homomorphism

(6.3) e, : HCi(A,) = Y /By ®Z'?/Bi @ Z /B @ -,

see [W, 9.8]. By the Hochschild-Kostant-Rosenberg theorem [W, Thm. 9.4.7]
resp. a pro-version of it (see [Mo2] for a general discussion), one sees that the
corresponding maps on Hochschild homology

e:HH,(A) = Q) resp. e:HH.(A,) = Q,

induce an isomorphism resp. a pro-isomorphism. Then by a short argument
with mixed complexes [W, 9.8.13] one deduces that the map e; and the pro-
system of maps e, from (6.3) induce an isomorphism resp. a pro-isomorphism.
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Finally, using Lemma 2.4 we see that we get pro-isomorphisms
(6.4) HC; (Ao, A) 2 ker[Qy /Bly, — O /BY] 5 ker[ 2 — Zi7).

Following the steps of this construction carefully shows that the composition
of (6.1), (6.2) and (6.4) is equal to the dlog map, which is an isomorphism by
the cartesian square (2.7). O

More general results in the direction of Proposition 6.1 can be found in [Mol|
and [Mo2].

By classical techniques one constructs a Chern character ring homomor-
phism

(6.5) ch : Ko(X,)g = @D CH'(X,,)q,

i>0
where we use the notation of Section 2. The Chern character is characterized
by the property that the composite morphism

H'(X1,0%,) 2 Pic(X,,) = Ko(Xa)o = @) CH'(X,)g — CH'(X,)g

i>0

is induced by the canonical isomorphisms H'(X;, 0% ) = CH'(X,,).

Using Proposition 6.1 and Zariski descent for algebraic K-theory [TT, Sec. 10|
we will show in this section that (6.5) induces a pro-isomorphism with respect
to n, see Theorem 6.2. The pro-isomorphism (6.5) together with Theorem 5.2
immediately imply Theorem 1.2.

Let Zx, (r) be the weight 7 motivic complex of Zariski sheaves on the smooth
variety Xi/k constructed by Suslin-Voevodsky, see [MVW]. We define a mo-
tivic complex Zy, () of the scheme X,, by the homotopy Cartesian square

(6.6) Zx, (1) Zx, (1)

| |

IC}XIX,L [—7] — IC}XIXl [—7]

The reader should be warned that the complex Zx, (r) for fixed n cannot be
‘the correct’ motivic complex of X,,, but as a pro-system in n we get the
‘right’ motivic theory. In fact from comparison with algebraic K-theory we
expect the ‘proper’ homotopy fiber of the upper row of (6.6) to have non-
trivial cohomology sheaves in each degree in the interval [1,r] and not only in
degree r.

There is a Chern character homomorphism from (higher) algebraic K-theory
to the cohomology of the motivic complex Zx, (r). The technique of the con-
struction of the higher Chern character is explained in [Gil]. We recall the
construction.

The universal Chern character

ch & @) H¥ (BGL, Qx, (1))

r>0
induces morphisms

(67) ChT : Kx. — ﬁ@x. (7“)[27"]
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in the homotopy category of pro-spectra in the sense of [Isal]. Here K(X,)
is the non-connective K-theory spectrum of X, [TT, Sec. 6] and R is the
Eilenberg-MacLane functor.
Moreover, ch induces morphisms of Zariski descent spectral sequences [TT,
Sec. 10]
KEY(Xo) = H'(X1,K_jx.) = K_i_jx.
POy (Xa) = H (X0, HY (Zx, () = H™ (X0, Zx, (1))

of the form

(6.8) ch, KEY (X))o =" Ey (X))o
For any r > 0 there is a similar Chern character of relative theories
(6.9) ch, KEY (X,, X,) =™ EY (X, Xy).
which is a pro-isomorphism for » = —j by Proposition 6.1 and vanishes other-
wise. It is well-known [B3| that the Chern character induces an isomorphism
(6.10) ch: K;(X1)g = €D H* (X1, Qx, ()

r>0

for any ¢ € Z. Combining isomorphisms (6.9) and (6.10) we get the required
isomorphism between pro-groups:

Theorem 6.2. For any smooth scheme X /S, which is separated and of finite
type, there is a pro-isomorphism

(6.11) ch: Ki(Xa)g = @ H” ~'(X1,Qx. ().
r>0
Observing that for any n > 1 there is a canonical isomorphism
(6.12) H*(X,,Zx,(r)) = CH"(X,)

we see that the pro-isomorphism (6.11) comprises the pro-isomorphism (6.5).

APPENDIX A. TWO VERSIONS OF GROTHENDIECK’S CONJECTURE

In the introduction we stated as Conjecture 1.4 a local version of Grothendieck’s
principle of the parallel transport of cycles, which we will refer to as the in-
finitesimal Hodge conjecture in the following. His original formulation, today
called variational Hodge conjecture, is more global and we show in this appen-
dix that the two formulations are equivalent.

Let k£ be a field of characteristic 0. Let f : X — & be a smooth projective
morphism, where §/k is a smooth variety. Fix a point s € S and let X be the
fiber over s.

Grothendieck’s original conjecture |G, p. 103]| can now be stated as follows.

Conjecture A.1 (Variational Hodge). For & € Ky(Xs)q the following are
equivalent:

(1) ch(&s) € Hig(Xs/s) lifts to an element in Hig (X /k),

(ii) there is an element £ € Ko(X)g with ch(€|x,) = ch(&s).

Proposition A.2. The variational Hodge conjecture (Conjecture A.1) for all
k,X,S as above is equivalent to the infinitesimal Hodge conjecture (Conjec-
ture 1.4) for all k, X as in the introduction.
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Remark A.3. The same proof shows that the variational Hodge conjecture
for abelian schemes X'/S is equivalent to the infinitesimal Hodge conjecture
for abelian schemes X/S.

Proof.  Infinitesimal Hodge =—> Variational Hodge:

By induction on dim(S) we will reduce to dim(S) = 1. In order to do this
observe first that we can replace without loss of generality S by a dense open
subscheme containing s and X by the corresponding pullback.

Now let &, satisfy Conjecture A.1(i) and assume without loss of generality
that codim(s) > 0. Choose a smooth hypersurface &’ C S containing s,
which exists after possibly replacing § by a dense open subscheme, and set
X' = X xg &'. By the induction assumption there is ' € Ky(X')g with
ch({'x,) = ch(&s).

Let s’ be the generic point of S" and choose an extension of fields & C k' C
k(s") such that the second inclusion is finite and such that there exists a lift
k" — Og . This lift gives rise to a curve 8”/k’ mapping to S as schemes over
k such that s is contained in the image. Now one applies the one-dimensional
case of Conjecture A.1 to the family

X" =X x5 8" — 8" with class £'|y € Ko(Xy)o

to get a lifted class £” € Ko(X")g. Finally, X" C X is an inverse limit of open
immersions of regular schemes, so we can extend &” to a class £ € Ky(&X)q,
which will then satisfy the requested Conjecture A.1(ii).

Now we assume dim(S) = 1. Without loss of generality £ = k(s). Using
Deligne’s partie fixe [D, 4.1] we can assume without loss of generality that the
lift o of ch(&;) in Conjecture A.1(i) lies in the image of

P HE (X, Q) — Hin(X /).
The completion of Og ¢ along the maximal ideal is isomorphic to k[[t]]. So
define X = X x5 S5, where S = Speck|[[t]] and apply Conjecture 1.4 to the
class & = & and the flat lift «|x of ch(&;) to get a lifted class fe Ky (X)g.
Denote by S the spectrum of the henselization of Os, and by X" the
pullback X xs S". By Artin approximation [Ar] there is a class € € Ky(X")g

with & lxv, = £|x,. By a standard transfer argument we get from ¢ a class
€ € Ko(X)q with the requested property of Conjecture A.1(ii).

Variational Hodge = Infinitesimal Hodge:
Let &; satisfy property (i) of Theorem 1.2. The idea is roughly the following:

(1) reduce to a situation where X — S ‘extends’ to a morphism between
complex varieties X — S,

(2) use complex Hodge theory in order to show that ch(&;) extends as a
de Rham cohomology class to Hj (X /C) so that we can apply Conjec-
ture A.1.

By a simple reduction we can assume without loss of generality that &£ con-
tains C. Then as step (1) we find a local subring R C k[[t]] with maximal
ideal m which is essentially of finite type over Q and such that X descends to
a projective smooth scheme Xy over R and such that & descends to a class
in Ko(Xgr® R/m)g. Such an R exists by the techniques of [EGA4, Sec. IV.8§].



16 SPENCER BLOCH, HELENE ESNAULT, AND MORITZ KERZ

By resolution of singularities we can assume without loss of generalities that
R is regular. Choose a subfield ¥’ C R such that the field extension ¥’ C R/m
is finite and such that k" is algebraically closed in R. Now we can extend

Spec (Xg ® C) — Spec (R ®y C)

to a smooth projective morphism f : X — S of smooth varieties over C. There
is a canonical morphism v : S — S over C. In other words we get a cartesian
square

X—X

b

S——S
v

The map v maps the closed point of S to a closed point s € § and the generic
point of S to the generic point of S. There is an induced class & € Ko(&X5)g,
which v pulls back to our originally given class & € Ko(X1)g.

We claim (step (2)) that the de Rham class ch(¢;) € Hjg(Xs/C) extends to
Hz (X /C) after possibly replacing S by an étale neighborhood of s. This will
allow us to apply Conjecture A.1 to obtain a class 5 € Ko(X)g, so that the
requested class in Ko(X)g from Conjecture 1.4(iii) is given by & = 7*(€). This
will finish the proof of Proposition A.2.

To show the claim let f€ : X(C) — S(C) be the induced map of complex
manifolds and consider the local system L = R*fQ on S(C) (we omit any
Tate twists). We think of L as an étale manifold over S(C). In this sense let
Ly be the connected component of the Betti Chern character class ch(s) €
H(X5(C)) in the unramified complex space

LNEP R fE(05)s)
i>0
over §(C).

By [CDK] we know that Ly is finite over S(C) and therefore given by a finite
unramified scheme over §, which we denote by the same letter. After replacing
S by an étale neighborhood of s we can therefore assume that Ly — S is a
closed immersion.

Clearly, v*(Lg) contains the locus where ®~! o ch(¢;) lies in the Hodge fil-

tration

P FHZ(X/S)

i>0
(the map @ is defined in (1.2)). By our assumption on & this locus is all of
S. So we get that Ly — & is an isomorphism, since v has dense image. This
means that the monodromy action of m1(S(C),s) on H(Xs(C)) fixes ch(&;).
By the degeneration of the Leray spectral sequence |D, 4.1| the cohomology
class ch(&) € Hig(X;s/C) extends to Hiy (X /C), proving the claim.

O

APPENDIX B. A COUNTEREXAMPLE TO ALGEBRAIZATION

In this section, we show that algebraization of K-classes of vector bundles does
not hold in general, i.e. the map (1.3) is usually ‘far’ from beeing an isomor-
phism. For a precise statement see Proposition B.5. The idea is to consider a
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‘pro-0-cycle’ on the trivial deformation over C|[t]] of a smooth projective variety
Y/C whith p, > 0. Roughly speaking we construct such a pro-0-cycle whose
top Chern class in absolute Hodge cohomology ‘jumps’ around so much in the
pro-system that it cannot come from absolute differential forms on Y ®¢ C[[¢]].

We start the discussion by certain elementary observations about absolute
differential forms. One defines a weight function on differential forms 7 € Q. /Q
by

n
w(T) :=min{n | 7 = Zaidbi Adc;, a;,bi,c; € C}
i=1
The function w is subadditive in the sense that

w(n+...47) < Zw(ﬁ).

Lemma B.1. Let 7 = Z?:l db; \dc; and assume all the b;, c; are algebraically
independent elements in C. Then w(T) = n.

Proof. Clearly w(r) < n. If w(r) < n we can write
n—1

(Bl) T = ZOédej A\ d’}/j
j=1

The n-fold wedge A"1 = 7A---AT € QF is equal to nldby Adcy Adba A+ - - Adcy,
which is non-zero in Q%" as the a;,b; are algebraically independent. On the
other hand, if (B.1) holds, then A"7 = 0 in Q, a contradiction. O

Let R = C[[t]] and write R,, = R/t"R.

The choice of a parameter ¢ yields a natural splitting

(B.2) Ok ®c Ry, — Uy — Qb ®¢ Ry,
which is compatible in the pro-system in n. Thus it defines a homomorphism
(B.3) Of — Im OF ®c R, =: QZOR

N

v =Y fiO)dgi(t) Adhi(t) 5 =) 1T,

=1
fi)gi7hi € Ra Tp € Q(%

Lemma B.2. One has w(7,) < N(pf).

Proof. Suppose first N = 1 and w = fdg A dh. Write f = Zj‘io fO and
similarly for g, h. Then

(B.4) fdgndh=> "t 3" fDdgD A dn®).

14 i+j+k=p
the inner sum has (p-;?) terms, and the result follows in this case simply by
the definition of w. For N general, we conclude by subadditivity of w. ([l

Lemma B.3. Let

= 1", € Q2&C[[]].
p=0
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Assume

lim sup &Z’J = 0.
p—oo P

Then 7 does not lift via (B.3) to an element in Q%[[t]]‘
Proof. Immediate from Lemma B.2. O

Remark B.4. All the above lemmas of this section immediately generalize to
differential forms of any even degree.

Let Y/Q be a smooth projective variety. We write Y, for the base change
by a ring A/Q.

Proposition B.5. Assume that p, = dimg H*(Y, Q™) > 0 and that the
dimension of Y is even. Then the map

Ko(Yr)g = (Im Ko(Y X¢ Rn)) @ Q

1§ not surjective.

For simplicity of notation we restrict to dimY = 2 for the rest of this section.
The proof of the general case of Proposition B.5 works exactly the same way.
For A a ring over QQ, we have a second Chern character in abolute Hodge
cohomology

Ch2 : Ko(YA) — H2(YA, Q%A)
Using the Kiinneth decomposition for differential forms and the resulting pro-
jection
H(Y,Q3,) = H*(Y,0y) ® O
one defines by composition

(B.5) chy : Ko(Ya) — H*(Ya, Q%) — H*(Y,0y) @ Q4.
Taking above A to be R, and composing with the projection in (B.2), one
obtains the homomorphism

(B.6) chy : Ko(Yr,) = H*(Y, Oy) ®g QE @c Ra.

For the following discussion we choose a point z € Y(Q) and generators
t1,ts of the maximal ideal of Oy,,. Write X = Spec Oy, and U = X \ z.

This choice gives rise to an element p € H?(Y,Oy) by the following con-
struction. In fact for later reference we explain the construction after per-
forming a base change to C. Consider the covering U = (U;);=12 of Uc with
Ui = Xc \ V(t;). Now p is the image of the Cech cocycle ﬁ e H'(U, Ou.)
under the composite map
(B.7) Hy - H'(U,Qp, ) — H' (Uc, O, ) — H2(Xc, O, ) <

H2(Ye, O, ) = H*(Ye, 95, )
forn=1and r =0.

Lemma B.6. Assume p, = dimgH*(Y,Q?) > 0. Then a generic choice of z
gives rise to non-vanishing p € H*(Y, Oy).

Proof. Choose a non-vanishing w € H°(Y, ). Duality theory [Ha| shows that
wUpe HY(Y,9%) =2 Q does not vanish if w does not vanish at z. O
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Lemma B.7. Forn > 1, the image of

chy

(B8) ker (KO(YRn+1) — KO(YRn)> N 1m<Kg(YR) — KO(YRn+1)) —
H*(Y,0y) ®g Q2 @c¢ Ruta

contains any element of the form p@t"™(da; Adby+- - -+da,Adb,) with a;, b; € C.

Proof. 1t suffices to show that any element of the form p®t"da A db lies in the
image of the map (B.8).

Accoring to Grothendieck—Riemann—Roch [F, Ex. 15.2.15] one has:
Claim B.8.

(i) For any R,ii-point x € Y(R,1) there is a canonical pushforward
Z = Ko(Rnt1) = Ko(Yg,,,). We denote the image of 1 under this
map by [x].

(ii) Assume that x as in (i) lifts the point z. Then chy([z]) is equal to

Hy i (dlog(ty — 2*(t1)) A dlog(ts — 2*(t2))),
where the map H?2,, is as defined in (B.7).

For a,b € C we consider two R,,,;-points x,y € Y (R, 1) specializing to z
which are defined by

(B.9) Tty at™ Tl ty s bt
(B.10) Yty — 0; to — bt.

Observe that the pullbacks of [z], [y] to Ko(Xg,) coincide. It is clear that x
and y extend to R-points of Y. So [x] — [y] lies in the group on the left side of
(B.8). The following claim shows that

chy([z] —[y]) = p@ t"da A db

finishing the proof of Lemma B.7. U
Claim B.9.

(B.11) chy([7]) = p®t"da A db

(B.12) chy([y]) = 0.

Proof. We give the proof for z, the case of y works similarly. In the Cech
cohomology group H*(U, Oy) ®g Q% @c¢ Rup1 we have

dlog(t; — x*(t))) A dlog(ty — z*(t2)) = = () — 2 (5))

B t"da N\ db _ t"da N db
(tl — I*(tl))(tg — ZL‘*(tQ)) tth
So (B.11) follows from Claim B.8(ii) and the definition of p. O

Let K = C((t)).
Lemma B.10. One has Ko(YR) = K()(YK)
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Proof. The boundary 0 : K;(Yx) — Ko(Y) is surjective: as Yxp admits a
morphism Yz — Y}, one applies the formula = 0(xg - [t]) where zr € Ko(Yr)
is the pullback of © € Ky(Y)) via the projection Y — X}, and [t] € K;(K)
is the class of the unit ¢ € K*. It follows that Ky(Yr) — Ko(Yx). For
surjectivity, it suffices to note that a coherent sheaf on Yy can be extended to
a coherent sheaf on Yg, and, as Yy is regular, it can be resolved by locally free
sheaves. ([l

Proof of Proposition B.5. Recall that for simplicity of notation we assume dimY =
2. The diagram

Ko(Yr) O lim KoY xc Ry)

(B.13) l&u Jcm
2 2 (M 2 23
H (Y, Oy) ®@ QR — H (Y, Oy) ®@ Q(C@R

commutes. By Lemma B.7, the image of ch, contains all elements of the form
p @S2 tn7, where 7, = P da™ A db™. Here all the a{” and b are
chosen algebraically independent, and we choose a sequence {p(n)} such that

lim sup,, ’@2 = o0. It follows from Lemma B.3 that p® (> -, t"7,) does not
lie in the image of (1) if p # 0, so the map labeled (3) cannot be surjective

in this case. Note that by Lemma B.6 a generic choice of the point z € Y(Q)
gives rise to non-vanishing p. 0

Remark B.11. Of course there are also odd-dimensional varieties X, for which
algebraization fails. Take for example X =Y x5 P! with Y as in Proposi-

tion B.5. In fact any smooth projective X /@ which maps surjectively onto
such a Y does not satisfy algebraization in the sense of Proposition B.5.
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