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Motivation

A guiding question
How can an infinite group resemble finite groups?

Finite groups are the most concrete groups: their multiplication table is finite.

For infinite groups, one asks whether finite group theory still survives locally,
approximately, or through finite quotients.

A periodic group satisfies
∀g ∈ G , |g | <∞.

The Burnside problem asks whether finitely generated periodic groups must be finite.

A locally finite group satisfies the stronger condition

⟨F ⟩ is finite for every finite F ⊆ G .
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Finite-like Infinite Groups

Viewing infinite groups through finite groups is an old and natural idea in group theory.

Instead of asking whether a group is finite, one may ask whether it behaves like a finite
group locally, approximately, or through finite quotients.

In this language, the Burnside problem can be phrased as follows:

(General) Burnside problem
If G is a finitely generated periodic group, must G be locally finite?

The answer is no: the general Burnside problem has a negative solution.

There exist infinite finitely generated periodic groups. Equivalently,

finitely generated + periodic ⇏ locally finite.
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Finite-like Infinite Groups

Important examples include:
Golod–Shafarevich groups: infinite finitely generated periodic p-groups.
Free Burnside groups B(m, n): infinite for suitable large odd exponents n, by
Novikov–Adian.
Tarski monsters: infinite finitely generated periodic groups in which every proper nontrivial
subgroup is cyclic of prime order.
The first Grigorchuk group: infinite, finitely generated, periodic, residually finite and
amenable.
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Local Finiteness is Still Not Finiteness

Every finite p-group has nontrivial center:

P finite p-group =⇒ Z (P) ̸= {e}.

However, this finite phenomenon need not survive infinite unions.

There exist infinite locally finite p-groups with trivial center.

For example, the finitary unitriangular group

UT∞(Fp) =
⋃
n≥1

UTn(Fp)

is a locally finite p-group, but
Z
(
UT∞(Fp)

)
= {e}.

Thus, even local finiteness is not the same as being globally finite.
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Periodic Groups Can Be Much Wilder

Locally finite groups are periodic, but the converse is false.

Infinite finitely generated periodic groups show that periodicity alone does not imply local
finiteness.

Tarski monsters are extreme examples: they are infinite finitely generated p-groups such
that every proper nontrivial subgroup is cyclic of order p.

In particular, Tarski monsters are simple and not locally finite.
These suggest looking for other ways in which infinite groups may resemble finite groups.
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Different Ways of Resembling Finite Groups

Local finiteness is a strong local version of finiteness:

F ⊆ G finite =⇒ ⟨F ⟩ finite.

But passing from finite groups to unions of finite groups can destroy familiar finite
phenomena.

For example, finite p-groups always have nontrivial center, but there are infinite locally
finite p-groups with trivial center:

Z (G ) = {e}.
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A Theorem of Hall–Kulatilaka

Hall–Kulatilaka Theorem
Every infinite locally finite group contains an infinite abelian subgroup.

Thus, in locally finite groups, infiniteness forces the existence of large abelian subgroups.

In particular, if A ≤ G is an infinite abelian subgroup and 1 ̸= a ∈ A, then

A ≤ CG (a),

so CG (a) is infinite.

This phenomenon does not extend to general periodic groups.

For example, in a Tarski monster T , every proper nontrivial subgroup is cyclic of order p.
Hence for every 1 ̸= t ∈ T ,

CT (t) = ⟨t⟩,
which is finite.
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Different Ways of Resembling Finite Groups

On the other hand, finitely generated periodic groups can behave very far from locally
finite groups.
Tarski monsters are infinite finitely generated p-groups in which every proper nontrivial
subgroup is cyclic of order p. Moreover, every proper non-trivial subgroup is conjugate and
the group is simple.

This suggests another finite-like property: separating elements by finite quotients.

Kıvanç Ersoy An Introduction to Sofic Groups 4 June 2026 9 / 77



Residually Finite Groups

Definition
A group G is called residually finite if every nontrivial element can be detected in a finite
quotient.

Equivalently, for every g ∈ G \ {e}, there exists a finite group Q and a homomorphism

φ : G → Q

such that
φ(g) ̸= e.
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Residually Finite Groups

Equivalently, ⋂
N⊴G

[G :N]<∞

N = {e}.

Locally finite groups are finite-like through finite subgroups.
Residually finite groups are finite-like through finite quotients.
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Residually Finite Groups and Profinite Completion

Proposition
A group G is residually finite if and only if the canonical homomorphism

ι : G −→ Ĝ

into its profinite completion is injective.

Here
Ĝ = lim←−

N⊴G , [G :N]<∞
G/N.
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Residually Finite Groups and Profinite Completion

The canonical map is given by
ι(g) = (gN)N .

Therefore
ker(ι) =

⋂
N⊴G

[G :N]<∞

N.

Hence ι is injective exactly when ⋂
N⊴G

[G :N]<∞

N = {e},

which is precisely residual finiteness.
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An Open Question by Avinoam Mann

Open Question
Let G be an infinite periodic residually finite group. Does there always exist a nontrivial
element g ∈ G such that

CG (g)

is infinite?

For infinite locally finite groups, the Hall–Kulatilaka theorem gives infinite abelian
subgroups, hence infinite centralizers.

For Tarski monsters, centralizers of nontrivial elements are finite, but these groups are not
residually finite.

Thus the residually finite periodic case lies between these two worlds.
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LEF Groups

Definition
A group G is called LEF if every finite piece of G embeds into a finite group preserving the
multiplication table on that piece.

More precisely, for every finite F ⊆ G , there exist a finite group H and an injective map

ϕ : F → H

such that whenever x , y , xy ∈ F , we have

ϕ(xy) = ϕ(x)ϕ(y).
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LEF Groups

Proposition
Every locally finite group and every residually finite group is LEF.

If G is locally finite and F ⊆ G is finite, then

⟨F ⟩

is a finite group. The inclusion
F ↪→ ⟨F ⟩

gives the required local embedding.
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LEF Groups

If G is residually finite and F ⊆ G is finite, choose a finite-index normal subgroup N ⊴ G such
that

x−1y /∈ N for all distinct x , y ∈ F .

Then the quotient map
G → G/N

is injective on F and preserves multiplication.
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A LEF Group Which is Not Locally Finite or Residually Finite

Example
The additive group (Q,+) is LEF, but it is neither locally finite nor residually finite.

It is not locally finite, since
⟨1⟩ ∼= Z

is infinite.

It is not residually finite. Indeed, if
φ : Q→ H

is a homomorphism to a finite group H, then φ is trivial.
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A LEF Group Which is Not Locally Finite or Residually Finite

To see this, let m = |H|. For any x ∈ Q, write

x = m
( x

m

)
.

Hence
φ(x) = mφ

( x

m

)
= 0.

So no nonzero element of Q can be detected in a finite quotient.
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Why is (Q,+) LEF?

Let F ⊆ Q be finite.

Choose d ∈ N such that
dF ⊆ Z.

Write
A = dF ⊆ Z.
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Why is (Q,+) LEF?

Choose n ∈ N large enough so that reduction modulo n is injective on A.

Define
ϕ : F → Z/nZ, ϕ(x) = dx (mod n).

Then ϕ is injective on F , and whenever x , y , x + y ∈ F ,

ϕ(x + y) = ϕ(x) + ϕ(y).

Therefore (Q,+) is LEF.
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Finitely Presented LEF Groups

Proposition
Every finitely presented LEF group is residually finite.

Let
G = ⟨s1, . . . , sn | r1, . . . , rm⟩

be a finitely presented LEF group.
To prove residual finiteness, fix

1 ̸= g ∈ G .

We need to find a finite group Q and a homomorphism

ψ : G → Q

such that
ψ(g) ̸= e.
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Finitely Presented LEF Groups

Since G is LEF, sufficiently large finite pieces of G can be embedded into finite groups with
their multiplication table preserved.

The key point is finite presentation: there are only finitely many relators to check.
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Proof

Choose a word w = w(s1, . . . , sn) representing g .

Let F ⊆ G be a finite set containing:
e, the generators s±1

i ;
all prefixes of the relators r1, . . . , rm;
all prefixes of the word w .

Since G is LEF, there exist a finite group H and an injective map

ϕ : F → H

such that whenever x , y , xy ∈ F ,
ϕ(xy) = ϕ(x)ϕ(y).

In particular, ϕ(e) = eH and
ϕ(s−1

i ) = ϕ(si )
−1.
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Proof Continued

For each relator
rj = sε1i1 · · · s

εk
ik
,

all its prefixes lie in F . Hence, using the local multiplication rule repeatedly,

ϕ(sε1i1 ) · · ·ϕ(s
εk
ik
) = ϕ(rj) = ϕ(e) = eH .

Therefore the assignment
si 7−→ ϕ(si )

satisfies all defining relators of G . Hence it induces a homomorphism

ψ : G → H.
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Proof Continued

Since all prefixes of w lie in F , we also get

ψ(g) = ϕ(g).

But g ̸= e and ϕ is injective on F , so

ϕ(g) ̸= ϕ(e) = eH .

Thus
ψ(g) ̸= eH .

Hence every nontrivial element of G survives in a finite quotient, so G is residually finite.
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Amenable Groups

Følner Definition
A countable discrete group G is called amenable if for every finite subset S ⊆ G and every
ε > 0, there exists a nonempty finite subset K ⊆ G such that

|sK△K | < ε|K | for all s ∈ S .

The set K is called an almost invariant finite set.

Intuitively, multiplying K by elements of S changes only a small proportion of K .

Thus amenability is another way of saying that the group admits large finite pieces which
are almost stable under finite parts of the group.
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Basic Properties of Amenable Groups

Amenability is closed under taking subgroups:

G amenable, H ≤ G =⇒ H amenable.

Amenability is closed under quotients:

G amenable, N ⊴ G =⇒ G/N amenable.

Amenability is closed under extensions: if

1→ N → G → Q → 1

is exact and both N and Q are amenable, then G is amenable.

Amenability is also closed under directed unions.

An amenable group cannot contain a nonabelian free subgroup.
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Examples of Amenable Groups

Every finite group is amenable.

Every abelian group is amenable.

More generally, every solvable group is amenable.

Every locally finite group is amenable, since it is a directed union of finite groups.

Every group of subexponential growth is amenable.
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Examples of Amenable Groups

The first Grigorchuk group is amenable: it is finitely generated, infinite, periodic, and of
intermediate growth.

Nonabelian free groups are not amenable:

F2 is not amenable.

The converse is false: a group may contain no nonabelian free subgroup and still be
non-amenable. Tarski monsters are examples of this phenomenon.
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Sofic Groups

Gromov introduced, and Weiss named, sofic groups as a class simultaneously generalizing
residually finite and amenable groups.

The main idea is to model finite parts of a group by permutations of finite sets, allowing a
small error.
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Sofic Groups

Definition
A countable group G is called sofic if for every finite subset F ⊆ G and every ε > 0, there exist
a finite set V and a map

σ : G → Sym(V ), g 7→ σg ,

such that σe = idV , and for all g , h ∈ F ,

1
|V |
|{v ∈ V : σgh(v) = σgσh(v)}| > 1− ε,

and for every g ∈ F \ {e},

1
|V |
|{v ∈ V : σg (v) ̸= v}| > 1− ε.

Kıvanç Ersoy An Introduction to Sofic Groups 4 June 2026 32 / 77



Hamming Length on Symmetric Groups

Let
Sn = Sym({0, 1, . . . , n − 1}).

For σ ∈ Sn, define the normalized Hamming length

ℓSn(σ) =
1
n
|{i ∈ {0, . . . , n − 1} : σ(i) ̸= i}| .

Thus ℓSn(σ) measures the proportion of points moved by σ.

It defines a bi-invariant metric on Sn:

dSn(σ, τ) = ℓSn(στ
−1).

This is the metric used to measure the error in finite permutation models.
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Sofic Groups: Book Definition

Definition
A countable discrete group Γ is called sofic if for every ε > 0 and every finite subset

F ⊆ Γ \ {e},

there exist n ∈ N and a map
Φ : Γ→ Sn

such that Φ(e) = id, and for all g , h ∈ F ,

dSn
(
Φ(gh),Φ(g)Φ(h)

)
< ε.

Moreover, for every g ∈ F ,
ℓSn(Φ(g)) > r(g),

where r(g) > 0 depends only on g .
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Approximate Morphisms

Let G ,H be groups with invariant length functions

ℓG , ℓH .

Definition
A map

Φ : G → H

is called an (F , ε)-approximate morphism if

Φ(eG ) = eH

and for all g , h ∈ F ,
ℓH

(
Φ(gh)

(
Φ(g)Φ(h)

)−1
)
< ε,

and
|ℓH(Φ(g))− ℓG (g)| < ε.
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Approximate Morphisms

The first condition says that multiplication is approximately preserved.
The second condition says that lengths are approximately preserved.
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Equivalent Formulation of Soficity

Regard Γ as an invariant length group with the trivial length function

ℓΓ(g) =

{
0, g = e,

1, g ̸= e.
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Equivalent Formulation of Soficity

Equivalent Definition
A countable discrete group Γ is sofic if and only if for every finite subset F ⊆ Γ and every
ε > 0, there exist n ∈ N and an (F , ε)-approximate morphism

Φ : Γ→ Sn,

where Sn is equipped with the normalized Hamming length.
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Equivalent Formulation of Soficity

For g ̸= e, the length condition becomes

|ℓSn(Φ(g))− 1| < ε,

so
ℓSn(Φ(g)) > 1− ε.

Thus nontrivial elements are sent to permutations which move almost all points.
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Basic Sources of Sofic Groups

Theorem
The following classes of groups are sofic:

residually finite groups, LEF groups, amenable groups.

Residually finite groups are approximated by finite quotients.

LEF groups have finite pieces that embed into finite groups.

Amenable groups have finite subsets which are almost invariant under finite parts of the
group.

Soficity captures all three phenomena using approximate actions on finite sets.
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Residually Finite Groups are Sofic

Let G be residually finite.

Fix a finite subset F ⊆ G and ε > 0.

Since G is residually finite, there exists a finite-index normal subgroup N ⊴ G such that

F \ {e} ∩ N = ∅.

Let
q : G → G/N

be the quotient map.

Let G/N act on itself by left translation:

Lq(g)(x) = q(g)x .

Define
σg = Lq(g) ∈ Sym(G/N).
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Residually Finite Groups are Sofic

The map
g 7−→ σg

is precisely a homomorphism into a finite symmetric group.

Indeed, for all g , h ∈ G ,

σgh = Lq(gh) = Lq(g)q(h) = Lq(g)Lq(h) = σgσh.

Moreover, if g ∈ F \ {e}, then q(g) ̸= e. Hence Lq(g) has no fixed points on G/N, so

ℓ(σg ) = 1.

Thus the sofic conditions hold with zero multiplicative error and perfect separation.

Residually finite groups are sofic.

Kıvanç Ersoy An Introduction to Sofic Groups 4 June 2026 42 / 77



LEF Groups are Sofic

Let G be LEF.

Fix a finite subset F ⊆ G and ε > 0. Put

E = F ∪ F 2 ∪ {e}.

Since G is LEF, there exist a finite group H and an injective map

ϕ : E → H

such that
ϕ(e) = eH

and whenever x , y , xy ∈ E ,
ϕ(xy) = ϕ(x)ϕ(y).
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LEF Groups are Sofic

For g ∈ E , define
σg = Lϕ(g) ∈ Sym(H),

where Lϕ(g) denotes left translation by ϕ(g) on H.

For g /∈ E , define σg arbitrarily.
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LEF Groups are Sofic

For g , h ∈ F , we have gh ∈ E , and therefore

ϕ(gh) = ϕ(g)ϕ(h).

Hence
σgh = Lϕ(gh) = Lϕ(g)ϕ(h) = Lϕ(g)Lϕ(h) = σgσh.

Thus multiplication is preserved exactly on F .

Moreover, if g ∈ F \ {e}, then injectivity gives

ϕ(g) ̸= ϕ(e) = eH .

So Lϕ(g) has no fixed points on H, and hence

ℓ(σg ) = 1.

LEF groups are sofic.
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Amenable Groups are Sofic: Idea

Theorem
Every amenable group is sofic.

Let G be an amenable group.

Fix a finite subset
F ⊆ G

and ε > 0.

We want to construct a finite set V and permutations

σg ∈ Sym(V )

such that, for g , h ∈ F ,
σgh ≈ σgσh,

and for g ̸= e,
σg moves almost every point of V .
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Choosing a Følner Set

Choose δ > 0 such that
2δ < ε.

Since G is amenable, there exists a nonempty finite subset

K ⊆ G

such that
|sK△K | < δ|K |

for every
s ∈ F ∪ F 2.

In particular, for every s ∈ F ∪ F 2,

|K \ s−1K | < δ|K |.

Thus, for most x ∈ K , we still have
sx ∈ K .
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From Partial Translations to Permutations

For each g ∈ F ∪ F 2, consider the partial left translation

x 7→ gx .

It is defined on the large subset
K ∩ g−1K

and gives a bijection
K ∩ g−1K −→ gK ∩ K .

Extend this partial bijection arbitrarily to a permutation

σg ∈ Sym(K ).

Also set
σe = idK .

For elements outside F ∪ F 2, define σg arbitrarily.
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Approximate Multiplicativity

Let g , h ∈ F .

For every
x ∈ K ∩ h−1K ∩ (gh)−1K ,

we have
σh(x) = hx ,

and then
σgσh(x) = g(hx) = ghx .
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Approximate Multiplicativity

Also,
σgh(x) = ghx .

Hence
σgh(x) = σgσh(x)

except possibly on the set (
K \ h−1K

)
∪
(
K \ (gh)−1K

)
.

This exceptional set has size at most
2δ|K |.

Therefore
d(σgh, σgσh) < 2δ < ε.
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Separation of Nontrivial Elements

Let
g ∈ F \ {e}.

On the large subset
K ∩ g−1K ,

we have
σg (x) = gx .
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Separation of Nontrivial Elements

Since g ̸= e, left multiplication by g has no fixed points:

gx = x =⇒ g = e.

Thus fixed points of σg can occur only in

K \ g−1K ,

whose size is less than
δ|K |.
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Separation of Nontrivial Elements

Therefore
ℓ(σg ) > 1− δ > 1− ε.

So the sofic conditions are satisfied.

Amenable groups are sofic.
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Which Groups May Not Be Sofic?

Warning
No countable discrete group is currently known to be non-sofic.

Candidate groups are usually groups which are not explained by the standard sources of
soficity: amenability, residual finiteness, or LEF approximations.
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Which Groups May Not Be Sofic?

Tarski monsters. A Tarski monster T is an infinite finitely generated p-group such that
every proper nontrivial subgroup is cyclic of order p.
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Which Groups May Not Be Sofic?

T is not amenable.
T is not residually finite, since it is infinite and simple.
Whether Tarski monsters are LEF is not known.
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Which Groups May Not Be Sofic?

The fact that two elements not lying in the same cyclic subgroup generate T does not
prove that T is not LEF.
Indeed, LEF is a local condition: it only asks for finite pieces of the multiplication table to
embed into finite groups, not for the whole subgroup generated by those elements to
embed.
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Which Groups May Not Be Sofic?

Higman’s group is another classical candidate: it is finitely presented, not amenable, has
no nontrivial finite quotients, and is not LEF.
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Candidate Groups: Higman’s Group

Higman’s group
Higman’s group is the finitely presented group

H =
〈
x , y , z ,w

∣∣ yxy−1 = x2, zyz−1 = y2, wzw−1 = z2, xwx−1 = w2〉 .
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Candidate Groups: Higman’s Group

It is infinite and finitely presented.

It has no nontrivial finite quotients.

Therefore it is not residually finite.
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Candidate Groups: Higman’s Group

Since finitely presented LEF groups are residually finite, Higman’s group is not LEF.

It is a classical candidate in the search for possible non-sofic groups.
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Closure Properties of Sofic Groups

Proposition II.4.1
The class of sofic groups is closed under the following operations.

1 Subgroups.
2 Direct limits.
3 Direct products.
4 Inverse limits.
5 Extensions by amenable groups.

6 Free products.
7 Free products amalgamated over an

amenable group.
8 HNN extensions over an amenable group.
9 Graph products.

In particular, soficity is stable under many standard group-theoretic constructions.
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Extensions by Amenable Groups

Proposition
Let

1 −→ N −→ G
π−→ Q −→ 1

be a short exact sequence.

If N is sofic and Q = G/N is amenable, then G is sofic.

In short:
sofic-by-amenable groups are sofic.
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Extensions by Amenable Groups

Warning
It is not known in general whether

sofic-by-sofic =⇒ sofic.

That is, if N and G/N are both sofic, it is not known whether G must be sofic.
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Proof: Setup

Let
1 −→ N −→ G

π−→ Q −→ 1

with N sofic and Q amenable.
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Proof: Setup

Fix a finite subset
F ⊆ G

and ε > 0.

Choose δ > 0 small enough.
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Proof: Setup

Since Q is amenable, choose a finite Følner set

A ⊆ Q

such that
|gA△A| < δ|A|

for every
g ∈ F ∪ F 2,

where
g = π(g) ∈ Q.

Choose a set-theoretic section
r : Q → G

of π, so that
π(r(a)) = a for all a ∈ Q.
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The Cocycle Term

For g ∈ G and a ∈ Q, define
c(g , a) = r(ga)−1gr(a).

Then
c(g , a) ∈ N,

because
π
(
r(ga)−1gr(a)

)
= (ga)−1ga = eQ .
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The Cocycle Term

The crucial identity is
c(gh, a) = c(g , ha)c(h, a).

Indeed,
c(g , ha)c(h, a) = r(g ha)−1gr(ha) · r(ha)−1hr(a)

= r(gha)−1ghr(a)

= c(gh, a).
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Using Soficity of N

Consider the finite subset of N

E =
{
c(g , a) : g ∈ F ∪ F 2, a ∈ A, ga ∈ A

}
.

Since N is sofic, there exist n ∈ N and a map

σ : N → Sn

which is an (E , δ)-approximate morphism.
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Using Soficity of N

Now define, for each g ∈ F , a partial map on

{1, . . . , n} × A

by
(i , a) 7−→

(
σc(g ,a)(i), ga

)
whenever

ga ∈ A.

This partial map is a bijection between large subsets, so we extend it arbitrarily to a
permutation

τg ∈ Sym({1, . . . , n} × A).
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Approximate Multiplicativity

Let g , h ∈ F .

For most a ∈ A, all three elements

a, ha, g ha

belong to A, because A is Følner.

On these good fibers, we have

c(gh, a) = c(g , ha)c(h, a).
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Approximate Multiplicativity

Since σ is approximately multiplicative on E ,

σc(gh,a) ≈ σc(g ,ha)σc(h,a).

Therefore, on most points of
{1, . . . , n} × A,

we get
τgh ≈ τgτh.

More precisely, choosing δ sufficiently small gives

d(τgh, τgτh) < ε.
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Separation of Nontrivial Elements

Let
g ∈ F \ {e}.

There are two cases.

If g ̸= eQ , then left multiplication by g has no fixed points on Q. Hence on most a ∈ A,

ga ̸= a.

So τg moves almost every point.

If g = eQ , then g ∈ N. In this case

c(g , a) = r(a)−1gr(a) ∈ N

is nontrivial for every a ∈ A. Since σ separates nontrivial elements of N, the permutation
σc(g ,a) moves almost every point.
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Separation of Nontrivial Elements

Thus, for every g ∈ F \ {e},
ℓ(τg ) > 1− ε.

So the maps
g 7→ τg

give a sofic approximation of G .

G is sofic.
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Baumslag–Solitar Groups

Baumslag–Solitar groups
For integers m, n ≥ 1, the Baumslag–Solitar group is

BS(m, n) =
〈
a, b

∣∣ a−1bma = bn
〉
.
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Baumslag–Solitar Groups

These are two-generator one-relator groups.

For m, n ≥ 2 with m ̸= n, the group BS(m, n) is not residually finite.

However, BS(m, n) is residually solvable.

Since solvable groups are amenable, residually solvable groups are sofic.

Thus, for example,
BS(2, 3) =

〈
a, b

∣∣ a−1b2a = b3〉
is a sofic group which is not residually finite.

Since BS(2, 3) is finitely presented and not residually finite, it is also not LEF.
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