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Granularity Cri

“Let x be an element of BB U C), (2 then z €
A and x € BUC. [3 TSNS that + € A, and
either + € B or x € C. |[AFHence we either have (i)
r € Aand x € B, or we hhve ) z € Aand z € C.
Therefore, either z € A B orz € ANC, so 6
EﬂAﬂB)(AﬂCIT
is a subset of (AN B) U (
be an element of (A N B)
(iii) y €« AN B, or (iv) y
y € A, and either y € B
y€ Aand y € BUC so
ence (AN B) U
13

In view of Dehinition 1.1,

ANn(BUC(C)and (AN B)

is shows that AN (BUC)
PRCY. (8 Conversely, let y
(AN C). [9] Then, either
ANC. 10 It follows that
e C. [11] Therefore,
iy c ANn(BuUC(C) 12
(AN C)igs@subset of AN (BUC).
. we conclude that the sets
[ C) are equal.”

(AN B)U(ANC), reproduced from 2]
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introductory textbooks intermediate proof steps are
often skipped, when this seems appropriate, e.g.
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ranularity matters in mathematics. For example, in

9 [...], either (iii) y € AN B, or

(iv)ye AnC.

y-€ ANy BoryecAnC 2 x Def.N,
ycAAycBorycAAycC [ Distributivity

10] It follows that y € A, and ei-
ther y € Bory e C.

How can the notion of appropriate step size be captured
and implemented within an automated environment?

1. Model /represent different granularities

2. Adapt proof in formal systems (here,
QOMECGA [1]) for output at suitable granu-
larity level

3. Learn granularity from empirical samples

1. Chunk assertion level proof steps according to
granularity classifier (class labels: too-big, too-
small, appropriate)

2. Granularity classifier as 'good old” Al expert
system, trained via machine learning from sam-

ples (e.g. ruleset classifiers learnt via C5.0 [4, 3])

Mastered vs. unmastered concepts with respect to a student - TESFTES yelryeT DEFN (15)
model (continually updated) (re(ANB)Vxe (ANC)) - zeS (yeAANye(BUC)) FyeT
What concepts? - a feature value for each concept DErn (7) (z€(ANB)Vz€AATEC)F €S (yeANA(yeBVye())F yeT DEeU (14)
Introduced hypotheses/subgoals DEFN (6) DISTR (13)
What theory do the employed concepts belong to? DISTR(5) (reANzeBVreANze O)FxeS (yeAnyeBvycAnyeC)FyeT DEFN (12)
Are the employed concepts mentioned verbally? Der (4) (z€AN(ze€BVzel))Fz€ES (yeANyeBVye(AnC))FyeT DEFn (11)
EFLJ EF
Acertion Tevel & (wh . o 5 (xe ANze(BUC)) FzeS (ye(AnB)Vy € (ANC)) FyeT o
sertion level proofs (where each inference application 1s jus- DeFn (3 bzl (0
tified by a mathematical fact, such as a definition, lemma or DEFC (2) (re(An(BUC)) FzeS WeS)FyeT DEFC (9)
theorem) are well-suited to obtain such granularity-relevant in- Der v (1) - (AN (BUC))ES - (ANB)U(ANC))CT

formation.
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Classifier 1
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- (AN(BUQ))

Classifier 1.

)U(ANC)). [It remains-to be shown that (AN B) U

rcE AN eBVrre ANz e’

alternatively (2), etc.]

13| We show that (AN B) U
(ANB)U(ANC)) ..

1

2| Therefore, r € ANx € BUC

3 Therefore, z € AN (z € BV z € C)
4 Therefore.,

5 Therefore, r€e AN BVre ANy el
6/ Therefore, re AN BV e ANC
7

B)U

12| This finishes the proof. Q.E.D.

(ANC) C AnBUC)and (AN BUC-C 8 We assume y € (AN B)U (AN C) and
because of definition of equality

We assume r € AN BUC and showxz € (ANB)U(ANC)

We are done with the current part of the proof (i.e:; to show that r € (AN
(ANC)CANnBUC]

A

showy e ANBUC

9| Therefore, yc ANBVye ANC
10| Therefore, ye AN(ye BVy e ()
1

e

L| Therefore, y€c ANy e BUC
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We assume y € (AN B)U (ANC') and show

ye ANBUC

Therefore, ye ANBVye ANC

o

- Therefore, (JEA/\JEB)V@;EAI’IC)
- Therefore, (y€e AANye B)V(ye ANy € C)
10/ " “herefore, y € AN (y € BVy e C)

L1 Therefore, ye ANye BUC

The presentation algorithm classifies to-be-presented steps and skips intermediate steps if they are
too small as such. Using different classifiers allows to vary the granularity. Granularity classifiers
are sensitive to changes in user knowledge via input from the user model.

Classifier 1

1) conceptsunique €{0, 1} A def-EQ=0 A verb=true = step-too-small
hypintro=0 A det-EQ=0 A def U=0 A verb=true = step-too-small

Proof presentation generated from assertion level proof, which matches the exam-

ple textbook proof in step size (modulo some re-ordering of steps).
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2ADB 1s a right angle, line BD bisects <ABC.
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refore, ACLED

Show that D is the midpoint of line AC!
dckcolokedcokkeiokokokkekkk ¥ Pravious Stepg: skokkokokokokokkskokok e explanation

randomized

. .because of the definition of perpendicular &

step size

refore, AABD = ACBD (w.r.t. assertion level

ore, AD = DC

*¥inferior-lisp¥

inferences) randomized

A AR AR IO REEE Cyrrant Etep: B S A A A R K {g.t

Please rate the step size! (a:appropriate, b:too big, s:itoo small)

Bot (1719,0) (Inferior Lisp:run)-———————-

conceptsunique €{2, 3,4} A defU €{1,2,3} = step-too-big
hypintro €{1,2,3,4} A conceptsunique €{2,3,4} = step-too-big

def-EQ €{1,2} A verb=true = step-appropriate
def-EQ=0 N verb=false = step-appropriate
= step-appropriate

2)
3)
4)
5)
6) def-EQ €{1,2} A verb=false = step-too-big
7)
8)
9) _

unmasteredconceptsunique=0 A total €{0,1,2} A defn €{1,2} A close=false = step-too-small

Classifier 2

= step-appropriate

Recent Evaluation Results
e 2 experiments with 2 expert tutors (using different exer

cises in naive set theory, relations, topology)

Tutor 1 Tutor 2

Steps annotated: 135 207
P

Pert. learnt classi-
fier! 86. 7Y% 68.9%
-mean correct k=0.68 k=0.47
= h: . 9 & Ly
Interrater reliability” k=0.37

“hest rule-based classifier, evaluated on full dataset using 10-fold cross validation

‘on common subset of 108 steps

The study environment allows to sample granularity judgments by experts
and evaluate the performance of the learnt classifiers.

e We have explored a classification-based approach to
granularity.

e Assertion level proofs provide usetul information for the
classification task, and for natural language output.

e Further work consists in empirical investigations, ex-
amining the usefulness of different granularity criteria
and individual differences between human experts.
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