UNIVERSITAT DESSAARLANDES
FACHBEREICHINFORMATIK
D-66041SAARBRUCKEN

GERMANY

SEKI Report

ISSN 1437-4447

WWW: http://www.ags.uni-sb.de/

Systemsfor Integrated Computation and
Deduction—
Interim Report of the CALCULEMUS Network

ChristophBenzmiller (Ed.)

chris@ags.uni-  sb.de

FR 6.2 Informatik, UniversititdesSaarlandes
Saarbiicken, Germary

SEKI ReportSR-03-05






Systemdor IntegratedComputatiorandDeduction-
Interim Reportof the CALCULEMUS Network.

ChristophBenznmller (Ed.)

FR 6.2 Informatik
UniversitaitdesSaarlandesSaarbiicken, Germary
chris@ags.uni- sh.de



Abstract

This documenteportson theresearctprogresanadein all work taskof the CALcULEMUS IHP Training
Network HPRN-CF2000-00102fterthefirst half of the 48 monthsfundingperiod.

Theobjectivesof the CALCULEMUS Network are:

1. outlinethe designof a new generatiorof mathematicasoftwaresystemsaandcomputeraidedverifi-
cationtools;

2. thetrainingof youngresearcheri the broadfield of mechanicateasoningandformal methods;
3. thedisseminatiorof theresultsbothin industryandin academiaand

4. the cross-fertilisatiorandamalgamatiorf the automatedheoremproving (ATP/DS),computeral-
gebra(CAS), termrewriting systemgTRS) interactive proof developmentsystemg1TP) and soft-
wareengineering SE) researcltommunities.

Thework tasksof the Network are:

Task1.1: MathematicaFrameavorks

Task1.2: Definition of MathematicaService

Task2.1: Integrationof CASsandDSsvia Protocols

Task2.2: Enhancinghe Reasonindg®ower of ComputerAlgebraSystems
Task2.3: Enhancinghe ComputatiorPawer of DeductionsSystems
Task3.1: AutomatedSupportto Writing MathematicaPublications

Task3.2: Supportto the Developmentof an Industrial-StrengthApplication of Formal Methodsto Pro-
gramVerification

Task3.3: Supportto the Solutionof UndeigraduatéExamin CalculusandEconomics
Task3.4: Modelling of Existing SystemsasMathematicalServices

Task3.5: ChallengeMathematicaProblems
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Intr oduction

Themainresearclobjective of the CaALcuLEMUS Network is to fostertheintegrationof deductiorsystems
(DS)andcomputeralgebrasystemgCAS) bothat a conceptuaandata practicallevel. Thepoint of origin
for this kind of researchis a landscapef heterogeneouapproachesnd systemson both sidesof the
spectrumwherethe diversityonthe DSssideis probablygreaterthanon the sideof CASs.

Sinceits startin SeptembeR000the CaLcuLEMUS Network hascontributedto the corvergenceof DSs
and CASs throughits researchon unifying frameworks for encodingand combining computationand
deduction the identificationof the architecturakequirementgor a new generatiorof reasoningsystems
with combinedreasoningand computationapower, andthe prototypicalimplementatiorandapplication
of theimproved systems.However, a single predominantheoreticalframenork is currentlynot possible.
Suchanapproachwould particularlyinvolve predominansolutionsto thestill ratherdiverging systemsat
both sidesof the spectrumbetweenDSsand CASs! Thereforea strongline of researctin the Network
focusesonthemodellingandintegrationof CASsandDSsat the systemdayer. In thisresearctdirection,
significantprogresshasbeenmadeand several systemsof projectpartnersand other researchnstitutes
have beenconnectedn orderto form networks of cooperatingnathematicatervicesystemsThebenefits
andimpactsof suchintegrationshave beeninvestigatedn prototypicalcasestudies.

Theresearchersf the CALCULEMUS Network alsofosteredthe MathematicaKnowledgeManagement
(MKM, EU MKMNET IST-2001-37057Yyesearclhinitiative; see[73, 19]. This relatively youngline of
researctadoptsa broadermerspecitie on the future of mathematicgresearclandpublicationpractice ed-
ucation,andknowledgemaintenancein the21stcentury A significantamountof CALCULEMUS research
is MKM relevantandis currentlybeingtakenup in this communityin orderto adoptandintegrateit into
thebroadetM KM perspectie.

The extensie researclactiities of the CALcuLEMUS Network arefurthermoreshavn inter alia by three
specialissueof the Journalof SymbolicComputatior{226, 9, 176 andthefollowing internationakvents:
CALCULEMUS Symposiunm2000in St. Andrews, Scotland 150, 226, CALCULEMUS Symposiun001in
Sienajtaly [176], CALCULEMUS Symposiun?002in Marseilles Francg87, 99], CALCULEMUS Autumn
School2002in Pisa,ltaly [38, 39, 40, 277

In thefollowing paragraphsve sketchthe highlightsof our researchin the differentwork tasks;for more
detailedreportsto all taskswe referto [37].

Task 1.1: Mathematical Frameworks TUE andNijmegenUniversity investigatedype theoryfor the
purposeof formalisingmathematicsBarendrgt andGeu\ers[34] give anoverview of typetheory how it
is usedto representogic andmathematiceandwhatissuesandchoicescomeup. Typetheory(encodedn
OPENMATH) asaway for communicatingnathematicss proposedn [33] andin [96] it is shovn how a
proof presentatioranbe generatedrom aformalisedproofin typetheory This paperarguesthat‘formal
contexts’ in Cogcanbeusedasa basisfor interactive mathematicatlocumentsThistopicis alsotreatedn
[214]. An in-depthdiscussiorof thevariouswaysto treatcomputationsn theoremproversis givenin [32]
andfurtherrelatedwork is presentedn [54].

The Network hasalsostudiedotherapproacheso theoremproving andtheir capacitiego integratecom-
putationgseealso[265]). Thisincludesproof planning,asdevelopedandemployedby thenodesUSAAR

andUED. In the QMEGA system[238], at USAAR, symbolic calculationscan be integratedinto proof
planningin two ways: (i) to guidethe proof plannerandto prunethe searcrspaceby computinghintswith

controlrulesand(ii) to shorterandsimplify theproofsby callinga CAS within theapplicationof amethod
to solve equations As a side-efectboth casesanrestrictpossibleinstantiationf meta-\ariables.These
approachearediscussedh [105, 243 194, 239.

An investigatiorinto theuseof deductionfor theimplementatiorof correctcomputationsvithin computer

1The Network is thereforealsostriving towardsthe definition of a uniform theoreticaframeawork for DSs;see for instance[24]
for somepreliminarywork.
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algebrasystemwasconsideredit UGE andis presentedn [3].

The THEOREMA systemdevelopedat RISC,aimsatprovidingonemathematicalrameavork encompassing
all aspect®f algorithmicmathematicspotablytheaspect®f proving, computingandsolving se€[72, 67,

68].

In [153, 154 it is critically arguedby UBIR thataspectof mathematicatonceptsjncluding procedural
knowledge, are hard to reconstructfrom the formalisationin deductionsystems. This work points to
limitations of theflexibility of mathematicatepresentationahich applyto all our currentapproaches.

Task 1.2: Definition of Mathematical Service The primarygoalof this Taskis theenhancemerdf ex-
isting computerlgebrasystemsanddeductve systemsy turningtheminto opensystemsapableof using
and/orproviding mathematicaservices.After a preliminary analysisof the state-of-the-arbf reasoning
systemsit wasdecidedo tacklethe problem,in parallel,by atop-davn anda bottom-upapproach.

In thetop-dowvn approachnew infrastructuregbothattheconceptualspecificationandarchitecturalevel)
for the seamlesintegrationof mathematicaserviceshave beeninvestigated.This wasintendednot only
for currentsystemsbut alsoandin particularfor futureimplementationsTo this extentparticularemphasis
wason thedefinitionof frameworks (languagesprotocols,semanticspecificationsarchitecturaschemata)
suitablefor makingmathematicaservicesaccessiblevertheweh Therelevanttop-dovn approacheare:
OMRS(OpenMechanisedReasoningystemsylevelopedoy UGE andITC-IRST [5], LBA (Logic Broker
Architecture)developedby UGE [17, 18], MathWeb-SB(MathWeb SoftwareBus) developedby USAAR
[278], MathBroker developedby RISC [186]. Thesenetworks canthemselesbe coupledagainas, for
instanceexemplarilyinvestigatedn [276).

In the bottom-upapproachwe have investigatechow complex mathematicakervicescan be built out
of simplerones. A particularemphasisasbeendevotedto decisionproceduresandin particularto the
integrationof procedurespecificfor solvingmathematicaproblemswith deductve proceduresExamples
for bottom up approachesre CCR (ConstraintContectual Rewriting) developedby UGE and MathSat
[129, 22, 21, 20, 23], developedby ITC-IRST.

In Task 1.2 the CALCULEMUS network also closely cooperatesvith the EU project MONET (project
numberlST-2001-34145Rnda joint workshog hasbeenorganisedoy O. Caprottiin November2002at
RISC.In MONET specialontologiescomprisingmathematicaproblems queriesandserviceshave been
definedandinvestigated.

Task 2.1: Integration of CASsand DSsvia Protocols Cooperatioramongseveral software systems
canbe achievedwith indirect, unidirectionalandbidirectionalcommunication.The goal of this taskis to
investigatehow protocolscanbe definedto provide a semanticaswell assoundnessesultsfor systems
exchangingmathematicainformation. This definition hints at several othertasksin the Network dealing
with very similar problems. This is for exampletrue whendefininga context for a computationandis
partly coveredin Task1. Unidirectionaland bidirectionalcommunicationprotocolsare designedvhen
couplingdirectly differentmodules.Althoughthereareno directlinks betweerthe serviceswith indirect
communication,nteractionis possiblewhen systemscan communicatewith a commonuserinterface,
centralunit, mediatoror evaluator This approachwhich is partly basedon a joint work with ITC-IRST
on OMSCS(OpenMechanisedsymbolicComputatiorSystems)hasbeeninvestigatedvithin the KoMET
systemat UKA see[86, 164, 119, 88].

A semanticganbeprovidedby atleastthreeapproacheda) defineamathematicasoftwarebus, (b) define
a context from which a semanticcanbe derived, (c) formulatethe problemasa knowledgerepresentation
paradigm.

Theseapproachearesharedy severalof the partnersindeed they leadto introducemulti-agentsystems,
contets, andontologieso just quotea few featureqseefor instancehe LBA andthe MathWeb-SB).

2Seewww.esblurock.com/~ocaprott/mathbrokerwS.htm I .
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Task 2.2: Enhancingthe ReasoningPower of Computer Algebra Systems Enhancemeraf CASwith
reasoningpower canbe attemptedat differentlevels: (a) enhancememf CAS on the SystemLevel, (b)
enhancemerdf CAS onthe TheoryLevel, and(c) enhancemerdaf CAS onthe UserLevel.

Direction (a) canbe achieved by addingadditionalreasoningcapabilities,i.e., logical inferencesystems,
to algorithmsbuilt into the CAS. The ConstraintContextual Rewriting (CCR) frameavork developedby
UGE canbeusedin orderto integratethe evaluationmechanisnof the CAS MAPLE with anappropriate
decisionprocedurdor checkingside-conditionssee[3] and[14].

Direction (b) canbe achieved by addingprovenknowledgeaboutCAS functionsto the CAS knowledge
base. The HR system,developedat UED, hasbeenusedto conjecturepropertiesof functionsavailable
in the MAPLE algorithmlibrary from empirical patternsdetectedn computationablataproducedby the
CAS|[108.

Direction (c) can be achieved by giving the CAS userthe possibility to prove mathematicaktatements
using proof techniquedrom logic within the CAS in additionto the computingfacilities thateachCAS
offers. In the framework of the CALcuLEMUS Network, thework of RISC representshis aspecbf CAS
enhancementThe THEOREMA system,see[75], is an add-onpackagefor the widespreadand popular
CAS Mathematicavherethe userformulatesmathematicatheoremsandprovesthementirely within the
Mathematiceervironment.

Task 2.3: Enhancing the Computation Power of DeductionsSystems UED investigatedhecombina-
tion of the proof-plannet\Clam [228] with othersystemdor computationallycostlytasks.This includes
(a) animplementatiorof the Gs flexible decisionproceduresystemframework in (Teyjus) LambdaProlog
andwithin the \Clam proof planningsystem[83] and(b) theintegrationof the A\Clam proof-planneinto
the MathWeb-SBsystem[114].

UED alsoinvestigatedhecombinatiorof systemgo discoverattackgo securityprotocolg244, 245. This
work makesuseof computationapower in thatit generates large numberof clausesn its processing.

Furtherrelevant work hasbeendonein the AClam proof-plannerto constructvery large and modular
proof-plansfor complicatedealanalysisheoremg131, 179 18(.

The QMEGA proof plannerat USAAR hasbeencoupledwith differentCASsvia MathWeb-SB,see[243,
194, 239. TheQANTS approacho integrateCASsinto mathematicahssistansystemss sketchedn [44,
43, 49, 50]. Thiswork proposesanagent-basethodellingof inferencerulesandexternalsystemsatavery
basiclevel within theoremprovers.

Finally, work doneat UBIR andUGE which rendertechniquedrom automatedeasoningighly efficient
by usingenhanced¢omputationapower arepresentedn [139, 140, 141] and[20, 23, 6]. Furtherrelevant
work is givenin [225].

Task 3.1: Automated Support to Writing Mathematical Publications Typically, amathematicapub-
lication containsthefollowing ingredients:naturallanguagedext, mathematicaformulae,formal text (i.e.
definitionsandtheorems)proofs,examples(typically with computations)andgraphics(tables,drawings,
sketches.etc.). In the optimal case,a software systemfor supportingmathematicapublicationswould
supportall thesefacetsof mathematicapublications. Several systemsandlanguage$iave beenusedfor
casestudiedn thisarea:

(a) The MIZAR approach(at UWB) is basedon two kinds of software which automatethe processof
writing formal mathematicapapers:(i) softwareusedto prepareanarticleasaformal text whosecorrect-
nessis computerverified and (i) the software for automatic(or semi-automaticjranslationinto natural
language(particularly English); this includesalso the software for translationinto XML-basedformats.
The cooperationwith other CALCULEMUS sitesincludesdevelopmentof the MIZAR MathematicalLi-

brary (MML) and also the abore mentionedtranslationinto XML formats. Relevant publicationsare
[199, 126 29, 30, 31].



CONTENTS

(b) THEOREMA is aprototypicalsoftwaresystemdesignedo give computersupportto the working math-
ematicianduring all phaseof mathematicahctivity. Severalfeaturesqualify THEOREMA asa powerful
systemfor creatingmathematicapublicationsentirely insidethe system.“Classical’ mathematicatlocu-
mentscanbewritten thatareintendedmainly for printout,asfor instancehethesig268] or theconference
paperg266], [267], and[269]. In the casestudies,however, emphasifhasbeenput on usingthe THE-
OREMA systemfor developinginteractize lecturenotesfor university mathematicgourses.Mostly since
the THEOREMA languages very similar to the languageusedin “ordinary mathematics'the systemis
highly suitablefor this approachbothin illustrating computation-basedoursesaswell asin supporting
proof-orientedcourses.

(c) The OMDoc [157] contentmarkupschemewhich hasbeendevelopedat USAAR, supportsauthors
with writing formal mathematicalocumentsncluding articles,textbooks,interactve booksandcourses.
OMDoc allows to capturethe semanticsandstructureof thesedocumentsVarioustools areavailableto
transformOM Doc documentsnto otherformatsfor presentatiopurposegusing,e.g.,MathML) or to
supportinter-systemcommunicatior(e.g.,by transformatiorinto thelogic of atheoremprover).

(d) TUE hasdevelopedthe MATHDOX tool supportinginteractive mathematicalocuments. MATHD OX
is basedon DocBooOK but alsohassimilaritiesto OMDoOcC.

Task 3.2: Support to the Developmentof an Industrial-Str ength Application of Formal Methods to

Program Verification In additionto formal methodswhich is undoubtediythe mostimportantapplica-
tion areafor ourresearchye haveidentifiedtheeducatiorsectorasanotheiinterestingapplicationfor DSs
and CASs. Actually the systemsTHEOREMA (RISC)and ACTIVEMATH [197] (USAAR), which make

useof toolsandapproachesdevelopedin the CALcULEMUS Network, arealreadyemployedin education
practice.Anotherexampleis theM ATHDOXx tool developedat TUE sincethenext versionof theinteractve
textbook Algebra Interactive![104] will appeatin this format.

Formalmethodapplicationscurrentlypursuedn the Network include(a) anapproacho supportthe veri-

ficationof hybrid systemsawith the help of mathematicaservicesn MathWeb-SB[42, 41] — cooperation
of UGE,USAAR, UED, (b) theinvestigationwvhetherspecialisedeasoningoolswithin the MathWeb-SB
canfruitfully supportthe formal verificationof informationflow propertiesanderrordetectionin security
protocols [23] — cooperatiorof UGE, USAAR, UED, ITC-IRST, and(c) the applicationof proof plan-

ning in first-orderlinear temporallogic (FOLTL) to featureinteractionsasthey arisein large telephone
networks [100] — at UED.

Task 3.3: Support to the Solution of Undergraduate Exam in Calculus and Economics In this Task

we focus on simple, mathematiceducationorientedproblemswith a strongemphasion the particular

way the problemsaresolved,how interactionwith the useris supportecandhow the solutionis presented.
We analysewhetherour systemscanbe employedin a userfriendly and adequatevay and whetherthe

interactionandmathspresentatiorcapabilitiesof the systemsareappropriate.

A taskrelevantcasepursuedat NijmegenUniversitycompare$iow the problemof proving theirrationality
of v/2, which involves computationscan be proved in fifteen differenttheoremproving ervironments
(includingsystemf the CALcULEMUS Network) [265, 263 240, 48, 239.

Among the casestudiesthat are currently being startedat USAAR are exercisesfrom the GermanBun-
deswettbererb Mathematikand Calculusexercisesbeingencodedandinvestigatedn the ACTIVEMATH

project. Empirical studiesat USAAR investigateshe phenomenaf naturallanguagedialogwith mathe-
maticalassistansystemsn proof exercisesn naive settheory

Task 3.4: Modelling of Existing Systemsas Mathematical Sewvices Thework in this Tasksofar has
concentratedoth on developingtherequiredinfrastructurglanguagesprotocols semanticspecifications,
architecturaschematafor makingexisting systemsnter-operateandon studyingextensionsandenhance-
mentsof the reasoningcapabilitiesof someexisting tools. The relevant contribtutionsare: (i) MathSat
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frameawork developedat ITC-IRST [22, 21], (ii) the RDL (Rewrite andDecisionprocedure_aboratory),
(iii) theLBA [17, 18, 276 developedby UGE, (iv) themodellingof existing systemsfor instance A\Clam
developedat UED [228], asmathematicaservicesn MathWeb-SBdevelopedat USAAR [114].

Furtherwork at USAAR concentratesnthemediationof mathematicaknowledgebetweerthemathemat-
ical knowledgebaseM BAse, which hasbeenintegratedto the MathWeb-SB,andmathematicahssistant
systemssuchas{)MEGA [122, 48, 47)].

Task 3.5: Challenge Mathematical Problems During the work on the above taskssomechallenging
mathematicaproblemshadto be tackledalready in orderto have non-trivial working examples. Some
of the examplesweredoneeitherby single partnernodesor in collaborationbetweersomeof the nodes.
The examplesinclude: (i) Fundamentalheoremof Algebra[125, 124, (ii) Involutive Bases[89, 85,

(iiiy Explorationin Finite Algebra,(iv) The ResidueClassDomain[192, 195 193 194, (v) Proving with

Invariants[196], (vi) The Jordancurve theoremfor specialpolygons,(vii) Continuoudattices[163], (viii)

Ordersortedalgebraqd257, 253 256, (ix) Proofsin HomologicalAlgebra, (x) Proofsin GraphTheory,
(xi) Explorationin Zariski SpacesFurtherrelatedwork is givenin [45, 46)].

10



Task 1.1: Mathematical Frameworks

TASK LEADER: TUE
SCIENTISTSIN CHARGE: ARJEH COHEN, HENK BARENDREGT, HERMAN GEUVERS, FREEK WIEDEJK
RESEARCH TEAM: USAAR, UKA, RISC, TUE, UBIR

1.1.a Overview

Theoremproversare notably good at reasoningandlessappropriatefor computation. The reasonis that
to presere the soundnessf the logic of the theoremprover, one canonly allow computationghat are
“correct”: simplifying v/2 to z in a real numberexpressionmay speedup computationbut combined
with the reasoningfacilities of a theoremprover, it alsoallows to derive 1 = —1, which is obviously
undesirable.In a computeralgebrasystem,the useris left responsibldfor checkingthe side conditions
underwhichtheoutputis valid, but for atheorenproversystemthisis notgoodenough:thewholepointof

theoremproversis thatthey preventthederiving of invalid statementsSoit seemghat (fast)computation
and (correct)reasoningare antipodesandto a certainextentthatis true: if one holdsno responsibility
for correctnessit will in generalbe easierto write fastalgorithmsthat suffice for mostcases. On the
otherhand,if onedisallons fang/ computationsandrestrictsoneselfto simple (userguided)equational
reasoningijt is easierto presere correctnessBut of coursethereis roomfor improvementon both sides
of this spectrum.Computeralgebrasystemscanbe made“aware” of sideconditionsunderwhich certain
algorithmsarecorrectandtheorenproversmaybeenhancedy (userdefined provencorrect)computation
facilities.

In Section1.1.btype theoryis introducedas a formalismwhich is expressve enoughto include com-
putationsvia inductive datatypesandreflectionwithin the formalismitself. The computationgrovided
by external systemscan be usedto justify proof stepsandfor the introductionof witnesstermsin proof
planning;this is describedn Sectionl.1.c. The useof deductionfor the implementatiorof correctcom-
putationswithin computeralgebrasystemsandthe THEOREMA systemdevelopedat RISC are presented
in Section1.1.d.

In Sectionl.l.eit is amguedthat aspectof mathematicabonceptsjncluding proceduraknowledge,are
hardto reconstructrom the formalizationin deductionsystems.

1.1.b Computation using Type Theory

The Type Theory of Coq

We have madesereralinvestigationsnto theuseof typetheoryasabasisfor formalizingmathematicsThis
work hasbeencarriedout at NijmegenUniversity (NL) which is a sub-siteof EUT. Theseinvestigations
have beenof atheoreticahature but we have alsodonepracticalexperimentdy doinglargeformalizations



Task1.1: MathematicaFramevorks

in the type theoretictheoremprover Coq (this is part of Task 3.5) and by improving the computation
capacitieof typetheoretictheoremproverslike Coq(thisis partof Task2.3). In this Sectionwe focuson
thetheoreticainvestigationsve have madeinto theapplicationof typetheoryfor formalizingmathematics.
An importantfocusis on the way type theorydealswith computationswhich will be discussedn more
detailin the Sectionl.1.b. Here,wefirst explain thebasicrelevantideasof typetheory

In type theoryoneinterpretsformulasandproofsvia the well-known ‘formulas-as-typesand ‘proofs-as-
terms’embeddingpriginally dueto Curry, HowardandDe Bruijn. Underthis interpretationaformulais
viewedasthetype of its proofs.Hence a statemenin typetheoryof theform

M:A
canbereadin thefollowing two ways:

e M isanelemenbfthesetdenotedy A,

e M is aproofof theformuladenotedy A.

In the casethat M denotesa proof, it is actuallya term notationfor a naturaldeductionstyle derivation.
Themainconsequenceas this approachowardstheoremproving arethat

e Proofcheckingis Type checking,

¢ Interactive TheoremProving is theinteractize constructiorof atermof agiventype.

TheProofAssistantCoqgis aninteractive theoremprover basedon typetheory: theimplementedyped-
calculusis the Calculusof InductiveConstructionsCIC: a versionof constructve higherorderlogic with
powerful inductivetypes.ThesystemCoqprovidestheuserwith powerful tacticsto interactively construct
a proof term. In this constructionprocessthe systemguaranteeshe type correctness.An important
distinctionto be made— which is a basicphilosophybehindtype theoreticproverslike Coq- is the one
between

e Checkingan alleged proof: this is easy comparablewvith checkingthe syntacticcorrectnesof a
computermprogram,

e Constructinga proof for a given formula: this is hard (undecidablén general),comparablewith
constructinga programthat satisfiesa givenspecification.

In type theoreticprovers, the first taskis performedby a type chedking algorithm, the secondtask is
performednteractvely with theuser

An importantissuein (automatedjheoremproving in generals the questionof correctnesof theimple-
mentedsystem.Or, phrasedlifferently: how canwe be surethata formulathathasbeenproved (interac-
tively) by the Proof AssistaniPA) is really true?We maysometimesiot be corvincedthatall the powerful
tacticsthata PA providesaresoundandit occasionallyturnsoutthata PA containsabug. In typetheoretic
PAs, thisissueof reliability is solvedto someextent,becauseghe PA alsoprovidesa prooftermthatcanbe
typechededby theuser usinghis own — relatively easyto write — type checkingalgorithm. Thefeatureof
having proof termsthat canbe checledindependentlyy a relatively smallandeasyalgorithm,is known
astheDe Bruijn criterion, namedafterthefoundingfatherof the Automathproject.In this projectthefirst
PAs basedntypetheorywereimplementedin factthey wereproof checlersinsteadof proof assistants).

Anotherimportantfeatureof type theoretictheoremproversis the so-calledPoincaré’s principle, which
statesthat propositionswhich canbe verified by a computationare easy;i.e., no proof is required. This
principleis incorporatedn CIC throughthe so-calledcorversionrule: types(and propositions)that are
computationallyequal(corvertible)arenot distinguished This meanghatif we have analgorithm(inside
typetheory)thatcomputes function,sayplusthatcomputesddition,thenplus(1, 1) = 2 doesnotrequire
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a proof, becausehis is just computationallyequalto 2 = 2, which holdsby reflection. We comebackto
this below.

The actualformalizationof mathematicén typetheoryproceeddy building up a context of results.Such
acontext consistf thefollowing items. (z is avariableanda and A aregenerakxpressions)

e z : A with adatatype A. This denotesadeclaration of thevariablez to beof type A.
e z : A with apropositionatype A. Thisdenoteshe assumptior{'named’x) of A.
e z := a: A with adatatype A. Thisintroducesa definitionof z asa, whereq is of type A.

e z := a: A with apropositionatype A. Thisintroducesareferencénamed’z to thelemmaA. Here
a is aproof of A.

Thefirsttwo arecalledvariabledeclarationaindthesecondwo arecalleddefinitions.Notethatareference
to alemmais madeby introducingan abbreviation (definition) of the proof term. Thesedeclarationsand
definitionscanalsobe made‘locally’ (e.g.,underthe scopeof otherbinders).

In thereportingperiodwe have madeseveralinvestigationsnto typetheoryfor the purposeof formalizing
mathematics.Thesehave beenlaid down in the following publications. [34] givesan overview of type
theory how it is usedto representogic and mathematicsand what issuesand choicescomeup. [33]
proposegype theory (encodedn OPENMATH) asa way for communicatingmathematics.[96] shows
how from a formalizedproofin type theorya proof presentatiortanbe generatedlt arguesthat ‘formal
contets’ in Coqcanbe usedasa basisfor interactive mathematicalocumentsThis topic is alsotreated
in [214].

Apartfrom trying toimprovethetypetheoreticapproachywe have alsostudiedotherapproacheto theorem
proving. This wasdoneby the “Fifteen proversof the world” projectof FreekWiedijk, who compares
fifteentheoremproversby studyinghow they (formalizeand)prove theirrationality of /2. See[265] for
apreliminarycomparisonlt turnsout that“proof style” is animportantdistinguishingfeaturein theorem
provers. A theoremprover like Coqhasa “procedural”proof style: the usertypesin “tactics” thatguide
the proof enginein constructinghe proof. A theoremproverlike MIZAR hasa“declarative” proof style:
the usertypesin thereasoningpretty muchin the style of anordinarymathematicapaperandthe system
givesawarningif it cant fill the gaps. The seconds closerto ordinary mathematics.In [262] the two
declaratve proof stylesof MIZAR andIsararecompared.In [264] it is shavn how a declaratve proof
stylecanbe programmedn top of the proceduraproof style systemHol-light.

Computation in Coq

Typetheorypresents powerful formal systemthatnot only captureghe notion of proof (via the socalled
‘propositions-as-typesmbedding’ wheretypesareviewed aspropositionsandtermsas proofs), but also
the notionof computationvia theinclusionof functionalprogramsaritten in typed A-calculus.Thereare
threenotionsof computation:3-, .- andé-reduction. Thefirst is the well-known §-rule from A-calculus,
(Az : AM)N —p M[N/z]. The-reductioncapturesprimitive andhigherorder primitive recursion,
which arisefrom the inductive typesthat aredefinablein CIC (e.g.,naturalnumbers]ists, treesbut also
much more expressie types). The §-reductiondealswith unfolding of definitions: if  := a : A then
M(CL’) —5 M(a)

We have alreadymentionedwo importantfeaturesof type theory(CIC):

e Thedecidabilityof type checking(D proof checking)

e ThePoincaé principle: computationsio notrequirea proof.

13
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Thesdmply thatnotall computationganbeformalizedin CIC: If f isafunction(algorithm)onthenatural
numbersthen‘reflexivity’ is a proof of f(0) = 0 if andonly if the computationof f on 0 yields0. In
CIC, all computationgerminateandaredeterministic dueto thefactthatfor definingfunctionsthereis a
fixed schemeahat usessyntacticrestrictionsto preventnon-termination.The ‘fix ed schemefor functions
forcesa userto defineall functionsby structuralrecursion,which is often felt asa limitation. Several
proposalhave beenmadeto alleviate therestrictionsposedby the structuralrecursion(without giving up
the decidability of type checking). The ‘Bove-Caprettaapproactof [54], jointly developedin Nijmegen
(CaprettaandGothenlurg (Bove) hasbeenvery successfubsit succeedin taking apartthe definition of
a function, which is donevery muchin a functional programmingstyle, andthe proof that it terminates,
which canbe postponedintil later. It alsoprovidesaway of dealingwith partialfunctions.

In computeralgebrasystemsgcomputations usedto solve problemsnotto write down ‘executableunc-
tions’. In typetheory notablyin CIC, we canalsousethe computingpower of the systemitself to solve
problems.Thisis donemostsuccessfullysingthe socalledreflectionapproach.

Reflectionis the methodof ‘reflecting’ partof the metalanguagen the objectlanguage Thenmetatheo-
retic resultscanbe usedto prove resultsfrom the objectlanguage Reflectionis alsocalledinternalization
or the two level approach: the metalanguage level is internalizedin the objectlanguage.It shouldbe
stressedhatreflectiondoesnot extendthelogic of thetheoremprover, sothereis no possibleconsisteng
problem.It justenhancethereasonindy providing new tactics. The computationshatarecarriedout by
thesetacticsaremainly ‘autarkic’, i.e., they arecarriedwithin the systemitself. [32] containsanin-depth
discussiorof the variouswaysonecantreatcomputationsn theoremprovers.

Thereflectionmethodcanbeappliedquitegenerallyin situationsavhereonehasa specificclassof problems
with a decisionfunction. It is not restrictedto the theoremprover Coq. If the theoremprover allows (A)

userdefined(inductive) datatypes, (B) writing executablefunctionsover thesedatatypesand (C) user
definedtacticsin the metalanguagethenthe reflectionmethodcanbe applied. The classef problems
thatit canbe appliedto arethosewhere (1) thereis a syntacticencodingof the classof problemsasa
datatype, sayvia the type Problem, with (2) a decodingfunction[—] : Problem — Prop (whereProp

is the collectionof propositionsin the languageof our theoremprover), (3) thereis a decisionfunction
Dec : Problem — {0,1} suchthat(4) onecanprove Vp : Problem((Dec(p) = 1) — [p]). Now, if the
goalis to verify whethera problemP from the classof problemsholds,onehasto find ap : Problem such
that[p] = P. ThenDec(p) (togetherwith the proof of (4)) yields eithera proof of P (if Dec(p) = 1)

or it ‘fails’ (if Dec(p) = 0 we obtain no information about P). Note thatif Dec is complete,i.e., if

Vp : Problem((Dec(p) = 1) « [p]), thenDec(p) = 0 yields a proof of =P. The constructionof p

(thesyntacticencoding)from P (theoriginal problem)canbedonein theimplementatiodanguageof the
theoremprover. Thereforeit is convenientthatthe userhasaccesgo this implementatiodanguagethisis
condition(C) above. If theuserhasno accesdo the metalanguagethereflectionmethodstill works, but
theuserhasto constructhe encodingp himself,whichis very cumbersome.

The reflectionmethodturnsout very usefulin practice. We list the usewe have madeof it, alsoin large
formalizations.

¢ In the proof of the Fundamentallheoremof Algebra (FTA), form alizedin Coq, we have imple-
mentedand useda tactic called “Rational”, which solves equationshetweenrational expressions,

like £ x y = 1. To implementit, we have defineda syntactictype of rationalexpressionsandan
Yy

interpretatiorfzunctionto ary field. An extra complicationhereis thattheinterpretatiorfunctionis
partial (the syntacticexpression% doesnothave avalue).

e BasedontheFTA work, Luis Cruz-Filipehasprovedthe Fundamental heorenof CalculusFTC.In
theformalization,a tactic for computingderivativesanda tactic for checkingcontinuity have been
implementedbothusingthereflectionmethod.Seg[111].

e We areworking on a tactic that provesstatementérom primitive recursve arithmeticby replacing
themwith acomputatior(of theassociategrimitiverecursvefunction),usingthereflectionmethod.
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1.1.c Symbolic Computationsin Proof Planning

In the context of this work packageve developeda methodthatenableshe useof symboliccomputations
in deductionmorepreciselyin proofplanning,without sacrificingthecorrectnessf the overall proofsthat
areconstructed The work wascarriedout by researcherat nodesin SaarbiickenandBirminghamusing
the QMEGA system[238, 239.

We will first give a brief introductionto proof planningandits particularitiesin the QMEGA system,and
thenexplainthetwo differentmethodsve have developedto integratecomputeralgebra.

Multi-Strategy Proof Planning

Proofplanning,developedn Edinburghby Alan Bundy[81], considergnathematicalheoremsasplanning
problemswhereaninitial partial planis composeaf theproofassumptionandthetheoremasopengoal.
A proofplanis thenconstructeavith thehelpof abstracplanningstepscalledmethodsthatareessentially
partial specification®f tacticsknown from tacticaltheoremproving. In orderto ensurecorrectnessproof
planshave to be executedo generatea soundcalculuslevel proof.

In the QMEGA system[23§], the traditionalproof planningapproactis enrichedby incorporatingmathe-
maticalknowledgeinto the planningprocesqsee[198] for details). Thatis, methodscanencodegeneral
proving stepsaswell asknowledgeparticularto a mathematicalomain. Moreover, control rules provide
the possibility to introducemathematicaknowledgeon how to proceedn the proof planningprocessy
specifyinghow to traversethe searchspace. Dependingon the mathematicatlomainor proof situation
they caninfluencethe plannersbehaior at choicepoints(e.g.,which goalto tacklenext or which method
to apply next).

Symboliccalculationscanbe integratedinto proof planningin two ways: (1) To guidethe proof planner
andto prunethe searchspacey computinghintswith controlrules. (2) To shorterandsimplify theproofs
by calling a CAS within the applicationof a methodto solve equations. As side-efect both casescan
restrictpossibleinstantiationsof meta-\ariables.

Employing Computer Algebra in Control Rules

Computation®of a CAS canbe employedin controlrulesto influencethe courseof the planningprocess
by preferingapplicablemethodsor to computea propersubstitutiorfor aneededvitnessterm. In thelatter
casea controlrule is triggeredafterthe decompositiorof an existentially quantifiedgoal which resultsin
theintroductionof a meta-\ariableassubstitutefor the actualwitnessterm. After an existentialquantifier
is eliminated the controlrule computes hint with respecto theremaininggoalthatis usedasarestriction
for the introducedmeta-ariable. If hints canbe computedthe meta-\ariablesareinstantiatecbeforethe
proof planningproceedsHowever, the instantiationsuggestedy select-instance aretreatedasa
hint by the proof plannerihatis, they have to beverifiedduringthe subsequentroof planningprocessin
casethe proving attempffails for a particularinstantiationthe proof plannemacktracksandtriesto find an
appropriaténstantiationby crudesearch.

Examplesf its usearegivenin the casestudyfor proof planningin theresidueclassdomain[194], which
is describedn more detail in the reportfor Task 3.5. There,for instance,it is necessaryo showv the
existenceof a unit elemente in a givenalgebraicstructure(S, o). The control rule suppliesa hint asto
whate might be. To obtainsuitablehints, the control rule sendscorrespondingjueriesto the CAS GAP
andMAPLE.

SMeta~ariablesareplace-holdergor termswhoseactualform is computedat a laterstagein the proof search.
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Employing Computer Algebra in Methods

Theway we useCAS computationn methodsis an extensionof previouswork, in particular[152], that
presentgheintegrationof computeralgebrainto proof planning,and[243], thatexemplifieshow the cor-
rectnes®f certainlimited computation®f alarge-scaleCAS canbe guaranteedavithin the proof planning
frameawork. It is basedon the ideato separateomputationand verificationand cantherebyexploit the
factthatmary elaboratesymboliccomputationsretrivially checled. In proof planningthe separatioris
realizedby usinga powerful computeralgebrasystemduring the planningprocesgo do non-trivial sym-
bolic computations Resultsof thesecomputationsarechecled during the refinemenof a proof planto a
calculuslevel proofusinga small,self-tailoredsystenthatgivesusprotocolinformationonits calculation.
This protocolcanbe easilyexpandednto a checkabldow-level calculusproof ensuringthe correctnessf
thecomputation.

An exampleof the useof calculations,s realizedwithin the Solve-Equation methodin theresidue
classcasestudy Its purposeis to justify anequationaljoalusingM APLE and,if necessaryto instantiate
meta-\ariables.In detail, it works asfollows: If anopengoalis anequation,MAPLE’s function solve

is appliedto checkwhetherthe equalityactuallyholds. Any meta-\ariablescontainedn the equationare
consideredasthe variablesthe equationis to be solved for andthey aresuppliedasadditionalarguments
for solve . In casethe equationinvolvesmodulofunctionswith the samefactoron both sides, MAPLE's

functionmsolve is usedinsteadof solve . If MAPLE cansolve the equationthe methodis appliedand
possiblemeta-\ariablesare instantiatedaccordingly The computationis thenconsiderectorrectfor the

restof the proof planningprocess. However, oncethe proof plan is executedM APLE’S computationis

expandednto low level logic derivationsto checkits correctnessThis is donewith the help of a small,

self-tailoredCASthatprovidesdetailedinformationonits computation$n orderto constructheexpansion

[243)].

1.1.d Extending Symbolic Computation with Deduction

Theorema

The THEOREMA system,developedat RISC underthe directionof B. Buchbeger, see[75, 70, 72, 67,
68], aimsat providing onemathematicaframeavork encompassingll aspect®f algorithmicmathematics,
notablythe aspect®of proving, computing andsolving A detaileddescriptionof the THEOREMA system
will begivenin reportfor Task2.2.

The systemarchitecturédbaseon anexisting ComputerAlgebraSystem(CAS), in the concretecaseMath-
ematica see[188], andextendsit with proving facilitiesimplementedn the native programmindanguage
of the CAS.In principle,any CAS offeringprogrammindacilitiescouldbeusedasstartingpoint. Themain
adwantage®f Mathematicdie in theelegantpattern-matchingrientedprogrammingstyleandin the pow-
erful programmableiserfront-end. The Mathematicauserfront-endis—thoughhighly sophisticated—in
its naturecommand-lineoriented,i.e. the userentersa commando the systemandthe systemdisplaysthe
resultof evaluatingthecommand Mathematicacomesasa hugelibrary of algorithmsmainly for computer
algebrarelatedareashasedon exactrepresentationf integers,rationalnumbersandalgebraicnumbers,
andon polynomialandrationalfunctionarithmetic.

The philosophyin Theoemais to provide a uniform mathematicaérvironmentoffering essentiallyjthree
commandseflectingthethreecentralmathematicahctivities:

e Prove for proving formulaew.r.t. to someknowledgebase,
e Compute for computingnormalformsof givenexpressionw.r.t. to someknowledgebase and

e Solve for finding termssatisfyingcertainpropertiesw.r.t. to someknowledgebase.
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For the Prove command,methodsfrom automateddeductionneedto be implementedfrom the scratch.
We mainly emphasize®n automategroving methodghatgeneratgroofsin ahumanreadableand—more
importantly—humarnunderstandablstyle. For a detaileddescriptionof the currentproving capabilitiesof
THEOREMA we referto the reporton Task2.2. The Computecommandmainly baseson the underlying
rewrite engineprovided by the Mathematicasystem. It canalsobe seenasone main interface,through
which the powerful collectionof computationaklgorithmsin the Mathematicakernelcanbe madeavail-
ablein THEOREMA. The Solve commands not yet far investigated Somealgorithmsfor solving special
typesof equationsareavailablein Mathematicabut othermethodsnotablyconstraintsolversfor various
domainsavailableamongthe Calculemushodes shallbeincorporatedat this stage.

Proving, computing,andsolvingwill be organizedn suchaway, thatnot only thesethreecommandsare
availableat thetop-level, but aninteractionbetweerthemcanseamlesslpeintegratedinto the system.It
canbeobsenede.g.in proving, thatanalternatiorof phase®f proving, computingandsolvingis afruitful
stratgyy for automategproof generation.This paradigm called“PCS”, wasinventedin [60] for proofsin
elementananalysis It is, however, thedesignguideline which mary of the proving methodsdevelopedn
theframeof THEOREMA follow, notablythe settheoryproverdescribedn [268]. Analogouslycomputing
will employ phase®f proving andsolvingandsolvingwill integratephase®f proving andcomputing.It
is achallengingtaskfor the systemdesignto setupthe componentsothatall theseinteractionsareeasily
possibleon acorrectandsoundlogical basis.

Constraint Contextual Rewriting in MAPLE

UGE andUKA have jointly worked at the reconstructiorof MAPLE's symbolicevaluatorandits assume
facility, introduced[261] to solve inconsistenciesrisingfrom ruleslike v22 = z. This rule is wrong

unlessz denotesarealnumberandz > 0. Remwing the rule makesthe simplifier correct,but alsoless

powerful. The assumdacility providesa way out of the dilemma: it maintainsa context which enables
the userto specifypropertiesof terms,andthe rule is appliedto an expressionv/a? only if a > 0 canbe

derived from the context. Thus,dueto the additionof the assuméacility, MAPLE’s symbolicevaluator
is a complex mathematicaserviceresultingfrom the combinationof specializedeasoningnodules:the

evaluator the propertyreasonera solver for linear programmingproblems anda generakolver.

The notion of context playsalsoa key role in ConstraintContextual Rewriting (CCR, for short)[14] (cf.
Sectionl.2.f). CCRis apowerful form of conditionalrewriting whichincorporatesheservicegprovidedby
adecisionprocedureln CCR contextualinformationis storedandmanipulatedy the decisionprocedure
whoseinterfacefunctionalitiesareneatlyspecifiedn anabstractvay.

Thegeneralityof theintegrationschemamployedin CCR promotests reuse.lndeedwe have shovn that
MAPLE’s evaluationprocessanberecastin CCRasa setof cooperatingeasoningpecialistavith neatly
specifiednterfaces.Thisis notjustanacademiexercise:

e A fault thatcausedM APLE to returnwrong resultswith somecontexts was discoreredduring the
analysisof the assumédacility. The reasonfor this is thatthe facility is basedon the assumptions
that one of its modules,namelythe solver, is completein the sensethat it usesall the available
assumptionin the context. Thisis notthe case.

e CCR providesa solutionto this problem,at leastif the context containsonly linear equalitiesand
inequalities py integratinglineararithmeticmoretightly with simplificationthanthe presenimple-
mentationin theassumdacility does.

¢ Only acertainclassof lemmasaboutfunctionsis amenabléo theassuméacility. It hasbeenshovn
thataugmentatiortanbe usedto extendthis class.

This leadsalsoto the obsenationthat propertiesof userdefinedfunctionsshouldbe declaredratherthan
programmed.Last but not least, Weibel and Gonnets propertyreasonehasbeenmadeavailableto the
automatedeasoningcommunity
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Theresultsof thiswork have beenpublishedn [3].

1.1.e Designof Mathematical Concepts

It is oneof the deepmathematicainsightsthatfoundationakystemdik e first-orderlogic or settheorycan
be usedto constructiarge partsof existing mathematic&ndformal reasoning.Unfortunately this insight
hasbeenusedin the field of automatedheoremproving asan argumentto disregardthe needfor a di-
versevariety of representationsWhile designissuesplay a major role in the formationof mathematical
conceptsthetheoremproving communityhaslargely neglectedthem.We arguethatthis leadsnot only to
problemsin humancomputerinteraction,but thatit causesevere problemsat the core of reasoningsys-
tems,namelyat their representatioandreasoningapabilities.In orderto improve applicability, theorem
proving systemseedto take careaboutthe representationgsedby mathematicians.

DonaldNormangivesafascinatingntroductioninto “The Designof EverydayThings! His insightsareof

avery generahatureandwe arguethatprinciplesfor gooddesignholdin mathematicaswell. Thedesign
of conceptsn mathematicsakesalot of the burdenon gettingthingsright from thehumanuserby theuse
of appropriaterepresentationsThe differentrepresentationare usedto keepinformationtogethey hide
unimportantdetails,andallow to concentraten theimportantparts.Sometimesheright representatiors
thekey stepin the procesof problemsolving. If onewereto useafoundationakystenmdirectly, however,

everythingwould have to be expressedxplicitly in a uniform representationyhich offersno or only little

structuralsupport.

To exemplify this, we will take a closerlook at multiplicationtables.

o | d - d,
di | ci1 - cin
dn Cnl *tt Cpn

Theinformationaccessiblérom thetableis thatit is abinaryoperationjt is discreteanddefinedon afinite
domain.Domainandrangearedirectly given. Thetablehasits own notion of well-formednessthatis, all
d; have to occurandhave to be different,the tablemustbefully filled. In the designwe find naturaland
cultural constraints.Multiplication tablesare designedn a way that their structureputs“information in
theworld” thatmakesit difficult to violate well-formednessAn underspecificationwould leave a holein
thestructurejt is impossibleto entermorethanoneentryperfield. Furthermorealthoughthe orderof the
d; in the columnsandrows couldin principle be different,cultural corventionspreventthat. Thisin turn
malkesparticularreasoningnethodspossiblewhich areconnectedo the representationFor instancethe
commutatvity of o is checledby verifying thatthetableis symmetricwith respecto the diagonal.

Thiswork hasbeencarriedoutin collaboratiorof thenodesn BirminghamandSaarbiicken. It particularly
involvedthe YVR Martin Pollet. Theresultswherepublishedn [153, 154].
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Task 1.2: Definition of Mathematical
Sewice

TASK LEADER: ITC-IRST

SCIENTISTSIN CHARGE: FAUSTO GIUNCHIGLIA, ROBERTO SEBASTIANI, MARCO BOZZANO, ALESSAN-
DRO CIMATTI

RESEARCH TEAM: USAAR, UED, UKA, RISC, ITC-IRST, UGE

1.2.a Overview

Broadly speaking,a mathematicakerviceis a setof implementationgunning on a particularmachine
which accomplishesomemathematicatask. An implementationis a particularrealizationof an algo-
rithm asexecutablesoftware,possiblywith additionalconstraintson the input andadditionalpossibilities
for the output. Mathematicalservicesare traditionally subdvided into thoseproviding proving, solving
or computingcapabilities[58]. E.g., DeductionSystemsDSs) mostly provide proving serviceswhilst
ComputerAlgebraSystemgCASs)mostly provide solving and/orcomputingservices?

The primarygoal of this taskis the enhancemertf existing computeralgebrasystemsanddeductve sys-

tems, with the aim of turning theminto opensystemscapableof using and/or providing mathematical
services.Sincewe aim at providing a definition encompassinthe compleity of state-of-the-arsystems
(with issuesrangingover from the very theoreticalonesat the mathematicalevel to the very technolog-
ical onesat the communicatiorlevel) we found it cornvenientto pursuea variety of differentapproaches
(classifiedn bottom-upandtop-davn, asstatedbelow).

In particular the supportof communicatiorandinteractionbetweerthesecateyoriesof mathematicaser

vicesis requiredfor tacklingrealproblemsn mathematicsThus,akey goalof thistaskis to find common
frameaworksfor definingmathematicaservicesand descriptionformatsthat abstracfrom the particulari-
tiesof animplementatiorandfocuson the actualproblembeingsolved. To thisaim, it is alsoimportantto

identify the architecturabndfunctionalrequirementge.g,communicatiorprotocolsfor networked math-
ematicalservices)for turning existing systemsJike CASsand DSs, into opensystemscapableof using
and/ordeliveringmathematicaservices.

We summarizévelow thecontributionsrelevantfor task1.2. Thecontritutionsaredetailedn theremainder
of this report. After a preliminary analysisof the state-of-the-arteasoningsystems,t was decidedto
tacklethe problemin parallelby a top-davn anda bottom-upapproach.In the top-dovn approachnewn
infrastructuregboth at the conceptual specificationandarchitecturalevel) for the seamlessntegration
of mathematicaterviceshave beeninvestigated.This wasintendednot only for currentsystemsput also
andin particularfor futureimplementationsTo this extent,a particularemphasisiasbeendevotedto the

4Noticethatthe meaningof theterms“proving”, “solving” and“computing”is not universallystatedandmay be differentamong
thedifferentscientificcommunities.E.g.,in the SAT communitySAT toolsarecommonlycalled“solvers”, whilst in our sensehey
provide proving services.
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definition of frameworks (languagesprotocols,semanticspecificationsarchitecturalschematajpuitable
for makingmathematicaservicesaccessiblevertheweh

Therelevantcontributionsare:

¢ OMRS (OpenMechanizedReasoningsystems)developedby UGE andITC-IRST, is a specifica-

tion framework for logical services An OMRS specificatiorconsistf threelayers:thelogic layer
(specifyingthe assertionsnanipulatedoy the systemand the elementarydeductionsuponthem),
thecontmwl layer(specifyingtheinferencestratgyies),andtheinteractionlayer (specifyingtheinter

actionof the systemwith the environment). Notice that this layering allows for an additionaland
complementaryvay to structurethe specificationswith respecto the standardapproachbasedon
modularity As aconsequenc&MRSspecificationarethereforemorestructuredhancorventional
specificationsThis domain-specifi¢eatureof the OMRS specificatiorframewvork is fundamentato

copewith the compleity of functionalitiesprovidedby state-of-the-arimplementations.

LBA (Logic Broker Architecture),developedby UNIGE, is anarchitecturevhich providesthe re-

quiredinfrastructurdor makingmechanizedeasoningystemsnteroperateln theLBA eachmech-
anizedreasoningsystemis seenasan entity providing and/orrequiringa setof mathematicaker

vices. The LBA provideslocationtranspareny, a way to forward requestdor logical servicesto

appropriatereasoningsystemsvia a simpleregistration/subscriptioomechanismand a translation
mechanisnensuringthe transparenandprovably soundexchangeof logical services.

MathW eb-SB(MathWeb Software Bus) [278] connectsa wide rangeof reasoningsystemgmath-
ematicalservice}, suchasATPs, (semi-) automatedoroof assistantsComputerAlgebra Systems
(CASs),modelgenerator§MGs), constraintsolvers(CSs),humaninteractionunits, andautomated
concepformationsystemsby acommonmathematicasoftwae bus Reasoningystemsntegrated
in the MathWeb-SBcanthereforeoffer new servicego the pool of servicesandcanin turn useall
servicefferedby othersystems.

MathBr oker, developedby RISC, is a software framawork for brokering mathematicakervices
that are distributedamongnetworked seners. The foundationof this framawork is a languagefor

describinghe mathematicaproblemssolvedby the services Senersregistertheir problemsolving

capabilitieswith a”semanticbroker” to which clientssubmitcorrespondingaskdescriptions.

In the bottom-upapproachwe have investigatechow complex mathematicakervicescan be built out
of simplerones. A particularemphasishas beendevoted to decisionproceduresandin particularto
the integrationof procedurespecificfor solving mathematicaproblemswith proceduresvith deductve
power. We providedformal modelingof thefollowing integrationschemata:

20

e CCR (ConstraintContectual Rewriting), developedby UNIGE, is a generalizedorm of rewriting

thatallowsfor the effectiveandplug & playintegrationof decisionprocedures formulasimplifica-
tion. CCRis ageneralizatiorof (contextual) rewriting thatincorporateghe functionalitiesprovided
by a decisionprocedure.The servicesof the decisionprocedureare characterizedbstactly (i.e.,
independenthyof the theorydecidedby the decisionprocedureandthe notationCCR(X) (by anal-
ogy with the CLP(X) notation)is usedto stresshis fact. By using CCR(X) asa refelencemode|
the problemof the integration of decisionproceduresn formula simplificationis reducedto the
implementatiorof a decisionprocedurdor the fragmentof choice.

MathSat [129, 22, 21], developedby ITC-IRST, introducesa formal frameawork, a generalizedl-
gorithmandarchitecturdor integratingboolearreasonerandmathematicasolverssothatthey can
efficiently solve booleancombinationf booleanandmathematicapropositionsMany techniques
aredescribedo optimizethis integration. Moreover, the MathSAT framework evidencesthe main
requirementdooleanreasonerand mathematicasolversmustfulfill in orderto be integratedcor-
rectly andto achieze the maximumbenefitsfrom their integration. The MathSatprocedurg20, 23]
is ITC-IRST implementatiorof anintegratedprocedurébasedn the MathSatframework.
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e AClam is aproof planningsystemwhich hasbeenintegratedinto the MathWeb-SBframework. As
aresult,A\Clam cannow usereasoningervicegrovidedby existing systemsn MathWeb-SB,and,
in turn, provide new reasoningservicego them.

In Task 1.2 the CALCULEMUS network also closely cooperatesvith the EU project MONET (project
numberlST-2001-34145Rnda joint workshop hasbeenorganisedoy O. Caprottiin November2002at
RISC.In MONET specialontologiescomprisingmathematicaproblems,queriesandserviceshave been
definedandinvestigated.

1.2.b The OMRS SpecificationFramework

The OpenMechanizedReasoningystemgOMRS)projecthastheobjective of designinga formal frame-
work for the specificatiorof state-of-the-arprovers.The startingpoint of the OMRS approachs to struc-
turethespecificatiorof asystenin alogic componentacontrolcomponentandaninteractioncomponent,
therebysuggestinghefollowing equation:

OMRS=LOGIC + CONTROL + INTERACTION

Preliminarybut significantresultshave beenobtainedn the applicationof the OMRS framework for sup-
porting (i) the definitionandthe developmentof proversasopenarchitecturesisablein a”plug-and-play”
fashionand(ii) thedesignanddevelopmenif proof-checkabl@andcustomizablegeasoningystems.

Starting from the consideratiorthat any reasoningsystem,as such, performsdeductionswithin some
logic(s), guidedby some(more or lesscomplex) heuristics,and exhibits someinteractioncapabilities,
an OMRS specificationof a reasoningsystemis structuredin a logic componenta control component,
andaninteractioncomponent.Thelogic componenprovidesa descriptionof the assertionsnanipulated
by the systemandthe elementarydeductionauponthem;the controlcomponentllows for the specifica-
tion of the strategies guiding the constructionof comple« deductionsout of the elementaryones;finally

the interactioncomponentpecifieshow the systeminteractswith the externalworld (including human
usersandotherprovers). Crisply separatinghe concernsof the threelayers,resultsin clearerandbetter
specificationsThis is animportantissueasit allows usto copewith thecomplexity of existing systems.

UNIGE (togethemwith ITC-IRST) hascontributedto the definitionof the controllayer of the OMRS spec-
ification framawork [5]. This key ideaof theapproachis to specifythe controllayerby

(i) addingcontrolknowledgeto the datastructuregepresentinghelogic by meansof annotationsthis
leadsnaturallyto anextendednotionof inferencewhich accountdor the simultaneousnanipulation
of logic andcontrolinformation;

(ii) specifyingproof strat@iesvia tactics i.e., expressionglenotingsetsof admissiblederivations.

1.2.c The LBA Architecture

UNIGE hasbothdesignedhe conceptuamodelof the LBA [17, 18] anddevelopedtwo prototypeimple-
mentationof the LBA: onebasedon CORBA and- recently— onebasedon XML. Moreover, a bridge
betweerLBA andMathWebhasbeendefined[27€)].

The Logic Broker Architecture(LBA) addresseshe problemsarising from the integration of different
reasoningsystems.In particulay interconnectiorof two differentreasonerganleadto unsoundresults,
becausef differencesn theunderlyingsemanticsThe LBA architectureaddressethis problemby means

5Seewww.esblurock.com/“ocaprott/mathbrokerwS.htm I .
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C prove (I'|-a) S

subscribe  (Is) LB register  (Is)

Maioh d
t

atcher DB

~_

Figurel: The Logic Broker Architecture.A client C wantsto prove a formula; it subscribests queryto
the Logic Broker (LB), waiting for aresult. LB triesto find in the databas€DB) a sener matchingthe
requestederviceandprovide to C theservicepointet

of adiversificationbetweerthelogic layerandthecommunicatiodayer. A reasoningheorycanbethought
of ascomposedf a sequensystemand someinferencerules, which respectiely modelassertionsand
inferencesteps.Beforeinstantiatinga communicationa client sendgo the Logic Brokera pair containing
its setof inferencerulesandthe servicerequestedThe broker thentriesto make a matchbetweerclient
guery and servicesregisteredin its own database.If thereis a positive result, then the Logic Broker
providesthe connectiorbetweenthe objects. The architecturecanbe seenfrom the point of view of the
client like a library of functions,which canbe easilyintegratedinto the local ervironment,without ary
overheadcomingfrom network connections.Note thatthe client doesnt askabouta specificsener, but
callsaservicelike simplify ~ anequationsolve asetof constraintsetc. As a result,the sameclient
canreceve mary solutionscomingfrom differentsenersandit canapplysomepoliciesto decidewhichis
thebestfor its computation.This level of decisioncanbe shiftedto the broker, askingfor thefirst solution,
or for thecompletdist of them.

Oneof the main goalsof LBA is to useonly consolidatestandardswhich canbe easilyimplementedn
the mostcommondevelopmentervironments. Due to this, the new versionof LBA supportstwo main
technologiesnamelyCORBA and XML. CORBA comesout from the tradition of LBA, guaranteeshe
possibilityto shareanddistribute not only results but alsopartsof the proof or partsof the strateyy, when
thisis possible. XML ensureghe possibilityto communicatevith a large variety of web servicesandto
interpolatedatavery fast. LBA alsousesa standardor sharingmathematicalocumentspamely OPEN-
MATH. Thanksto the extremelyopendesign, OPENMATH canbeusedto describea hugevariety of math-
ematicalknowledge.Everythingis regulatedby the agreemenbf the ContentDictionaries,which contain
the classification®f mathematicakymbols.Eachclient/sener hasits own phrase-boolthattranslateshe
local languagénto thecommonlayer OPENMATH.

1.2.d The MathW eb Software Bus

Specificationof Automated Theorem Provers

In[10], Armando,KohlhaseandRanisepresented firsttaxonomyof possiblestatedor automatedeason-
ing systems.J. Zimmeradaptedhis taxonomyto the specialcaseof AutomatedTheoremProvers(ATPS)
andextendedit by stateswhich describeerrors,timeoutsandsituationswherethe searchs exhaustedor

somereason.First resultsof this work aredescribedn aninformal note[275]. The currentstateof our

taxonomycanalsobeseenin Figure2.

J. Zimmer extendedall first orderATP servicesin the MathWeb-SBsuchthatthe prove servicealways
returnsone of the valid ATP states. Furthermore all first-order ATPsin the MathWeb-SBnow accept
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[ state | ForinputformulaF ATP has
proof founda prooffor F
counter-proof founda prooffor —F'.
valid determinedhat F' is valid by somemethod
unsatisfiable determinedhat F' is unsatisfiabld:<—- —F valid)
satisfiable determinedhat F' is satisfiablghasa model)
counter-sat determined-F' is satisfiablg(hasa model)
successful successfullyerminatecdbut couldnt determineoneof theabore
error detectedanerror(e.g.,incorrectproblemdescription)
syntax-error detectedh syntaxerrorin F
timeout usedup agiventime resourceandis notyet determined
incomplete the prover couldnotgo onwith thesearche.g. SoSempty)
unsuccessful beenunsuccessfulor somereason
determined determinedneof theabove (thiswill neverbeused)
undetermined notdeterminedary state

Figure?2: Valid statesof MathWeb ATPs,wheretheformula F' is logically equivalentto thegivenproblem
description(setof assumptions conclusion).

[ Name | IntegerSort |

Context Sort
Types
Input xs: ListOf  Integer
Output ys: ListOf  Integer
InConstraints le(length(xs),100);
OutConstraints before(x,y, ys) «— ge(x.y);

in(x, ys) < in(x, xs);
ConcDescriptions
TextDescriptions sortlist of atmost100integers

Figure3: A LARKS descriptionof a sortingservicefor integers.

problemdescriptionsn the standardanguage§ PTPandOMDoc. Thedescribedvork formsa crucial
steptowardsthe definition of a uniform first-ordertheoremproving servicethatis independenof concrete
implementations.

Capability Description Languagesfor Mathematical Sewvices

In the context of a further agentificationof the MathWeb-SB,J. Zimmer investigatedhe possibleuseof
existing frameavorksfor the descriptionof mathematicakervices.MathWeb agentsshouldoffer abstract
mathematicakervicesthat are describedn a servicedescriptionlanguage. Servicedescriptionsshould
describethevalid inputandoutputparametersf a service aswell asthesemanticsi.e., themathematical
task a serviceperforms(e.g. proof of a theoremor factorizationof a polynomial). Sincethe latter is
closelyrelatedto the definition of webserviceswe studieda possibleuseof framewnorks developedin the
semantioveb community suchasRDF [55], UDDI, andWSDL [103], andof languagesievelopedin the
informationagentscommunity suchasthe capabilitydescriptionanguagd ARKS [247] (a Languagdor
AdvertisemenandRequesfor KnowledgeSharing).

LARKS is expressie, easyto use,andcapableof supportinginferencesn capabilitydescriptions.t also
incorporatespplicationdomainknowledgein agentadwertisementandrequestsDomain-specifiknowl-

edgeis specifiedaslocal ontologiesin the conceptanguagdTL. Figure3 shavsthe LARKS description
of asortingservicefor lists of integers.Theslotsof thedescriptionin Figure3 have thefollowing meaning:

Name The nameof capabilitydescriptionfor humanconsumption.
Context  of keywordsdenotingthe domainof the description.

Types slotallowsto definetypeabbreiationsusingthe existing primitive types.
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Input  (Output ) slotcontainghe specificatiorof theinput (output)parametersf theservice.

InConstraints and OutConstraints slotscontainconstraintson the input and outputvariables.
Theseconstraintareexpressedn Horn clausesanddescribethe actualfunctionality of the service.
In the example,the constraintssay that the outputlist ys containsat leastthe elementsf xs in a

sortedorder

ConcDescriptions cancontainoptionaldescription®f conceptsn theontologydescriptiorlanguage
ITL.

TextDescription describeshe capabilityandthe meaningof the contentof the otherslotsin natural
language.

Usingthisandthetaxonomyof statesdescribedibove, we can,for instancespecifythefirst-ordertheorem
proving serviceasit is offeredby the MathWeb-SB.

[ Name | proveFOP
Context ProofTheory
Types
Input 1: FOConjecture
format: String
replyWith: (state:ATPState , host: String
time: (user:Real , real: Real , sys:Real ));
Output atpresult: (state:ATPState , host: String
time: (user:Real , real: Real , sys:Real ));
InConstraints default(formatitptp”);
default(replyWth, record(pair(state?));
default(time,120);
OutConstraints
ConcDescriptions
TextDescriptions Try to determinethelogical statusof afirst orderproblem.

This descriptiondoesnot containmuchexplicit knowledgeaboutthe semanticof the service.This is due
to thefactthat mostof the semanticss hiddenin the definition of the ATPState sin sectionl.2.d. This
raisesa crucial questionthat hasto be answeredn the context of the definition of mathematicatervice,
namelywhat knowledgeshouldbe locatedin the definition of the ontology andwhat knowledgeshould
explicitly begivenin the servicedescriptionghemseles.

1.2.e The MathBr oker Web Framework

At RISCthe work on Task 1.2 hasmainly beendevotedto the definition of alanguagehatdescribeghe

mathematicaproblemssolved by the services[186]. This languagehasto sene as a foundationfor a

framawork for brokering mathematicakervicesdistributedamongnetworked seners, assuchit extends
WSDL, thewebservicedescriptionanguage Senersregistertheir problemsolving capabilitiessxpressed
in this languagewith a “semanticbroker” to which clients submit correspondingproblemdescriptions.
Thebroker (possiblyin cooperatiorwith a deductionsystem)determineghe suitableservicesandreturns
themto the client for invocation. This mechanisnthus hidesfrom the client the actualimplementation
of mathematicakervicesand focuseson the semanticalaspectscarriedout. The overall designof the

descriptionlanguageis structuredin layerswhich proceedfrom an abstractview, namelythe problem

addressethy the mathematicakervice,all the way down to the hostname-poraddresf the service,as

depictedn Figure4.

Ontopof this,arun-timesystemacceptshedescription®f compoundasksandcoordinatesheinvocation
of the serviceofferedby thebroker. This mechanisnthushidesfrom the clientthe coordinationof math-
ematicalservices.Embeddednto XML-documentsandinterpretedoy browserapplets,suchdescriptions
may actasinteractive hypermedianterfacesfor distributedmathematicahpplications.
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proving

solving
Problem Class computing
simplifying

name
input
Problem output

1/0 conditions

ABSTRACT DESCRIPTION

name
Algorithm complexity

1/0 conditions

name

. 1/O restrictions
Implementation software system

programming language

name
Service host—port address
communication protocol

| PHYSICAL DESCRIPTION |

Figure4: Mathematicakervicedescriptionanguagdayers

The mathematicaservicedescriptionanguagehasbeenpresentedt the InternationalCongresof Math-
ematicalSoftware, in Beijing [98] and at the MathML InternationalConference2002,in Chicago[97].

Sinceapplicationareasarisingfrom thework of the Calculemugartnerd87] arethe prime candidategx-

ampleswherewe intendto applythe mathematicaservicedescriptionanguageye organizedaworkshop
atRISC[187], on Novemberl1-12,20020n thetopic of MathematicaMeb Servicego follow up on the
informal meetingghattook placein Marseille(July 2002)andin Pisa(Septembe002).

1.2.f The CCR Rewriting Framework

The effective integration of decisionproceduresn formula simplification constitutesone of the key in-
gredientsn mary state-of-the-arautomatedeasoningsystems.In mary caseghe interplaybetweerthe
reasoningnodulesis sotight andcomplicatedthat providing an accuratedescriptionof the integrationis
a challenge. As a matterof fact, the descriptionsavailablein literatureare given by examplesor in in-
formal wayswith designdecisionoftenintermixedwith implementatiordetails. As a consequencenost
of the existing integrationschemasare difficult to grasp,makingit very difficult any attemptto modify,
extend,reuse andreasorabout. The goal of the CCR Projectis the integrationof reasoningspecialistsn
simplifiers.

This goal can be achieved in two ways. Firstly, (in mary cases)}he integration of decisionprocedure
in verification systemss performedby meansof a tight cooperatiorbetweena rewriting engineand a
decisionprocedure. Making this cooperationeffective is a dauntingtask and it requiressophisticated
techniquesThedifficultieslie in bothformalizingandproving the desiredoropertiege.g.,termination)of
the designedntegrationschema.Second the decisionprocedurecan be extendedby meansof alemma
speculatiormechanismrin sucha way thatit is capableof tackling problemsfalling outsidethe scopeit
hasbeenoriginally designedor. Devising sound terminating,complete(at leastfor certainsubclassesf
formulae),andefficientmechanisms$o extenddecisionproceduras a very difficult task.

ConstraintContectual Rewriting [6, 15] is a new form of contectual rewriting, basedon the integrationof
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alinear arithmeticdecisionprocedurdn the rewriting actiity of the Boyer andMoore prover, wherethe
decisionprocedures allowedto accesandmodify therewriting context. Undertheassumptiorthatcertain
interfacefunctionalities(satisfyingsomeabstractproperties)are provided by the decisionprocedureDP,

CCRenjoysthefollowing propertieqwhich have beenformally statedandproved): it is parametridn DP,

it is sound,andit is terminating. The formalizationof CCR relieson the notion of Contextual Reduction
System(CRS),which generalizeshe standarchotion of anabstracteductionsystem.Informally, a CRS
is definedby a setof ternaryrelationstogetherwith a setof inferencerulesthat definethe relationsby

(mutual)induction. The conceptof CRSis the startingpoint for formally specifyingandreasoningabout
integrationschemadetweerrewriting anddecisionprocedures.

CCRis at the coreof the simplifier of RDL [6] (cf. Task3.4), a fully automatictheoremprover for the
quantifierfreefragmentof first-orderlogic with equality

1.2.g The MathSat Framework

Moti vations and Goals

Marny real-world problemsrequirethe ability of reasoningefficiently on formulaewhich arebooleancom-
binationsof booleanandunquantifiednathematicapropositionson integer or real variables.(Notewor-
thy examplescomefrom the domainsof compilersdesign[224)], temporalreasonind4], resourceplan-
ning [272], automatederificationof systemswith numericaldata[102] or of timed and hybrid systems
[200, 23], software and protocol designand verification[121, 246].) This ability requiresan efficient
combinationof booleanreasoningandmathematicasolvingcapabilities.

Fromtheviewpointof boolearreasonindSAT), in thelastyearswe have withessedanimpressve advance
in the efficiency of SAT techniqueswhich hasallowed to solve previously intractableproblems. Unfor-
tunately simple booleanexpressionsare not expressve enoughfor representingnostof the real-world
domaindistedabove.

From the viewpoint of mathematicabkolving, in the last yearsalso mathematicakolverslike computer

algebrasystemsand constraintsolvers have very muchimproved both in expressvity andin efficiency,

beingableto solve classef problemswhich were previously unsohableor intractable. Unfortunately
mathematicasolverscannothandleefficiently problemsnvolving heary boolearsearch—or donothandle
thematall— sothatmostof thereal-world domainsabore areout of their reachtoo.

MathSat

MathSaf129, 22, 21] isageneraframewnork proposedy ITC-IRST for efficiently integratingboolearrea-

soningandmathematicatsolvingtools. MathSatconsistsof a formal framework, a generalizedalgorithm

and architecturefor integrating booleanreasonerand mathematicabkolvers so that they can efficiently

solve booleancombinationsof booleanand mathematicapropositions. The basicidea underlyingthe

MathSatapproachs to decomposéhesearchinto two orthogonakomponentspamely onepurely propo-

sitionalcomponenaindone”boolean-free’domain-specificomponen{e.g.,a mathematicatomponent).
The fist componenis basedon a SAT solwer, typically a (modified) Davis PutnamLongemanriLoveland
(DPLL) procedure(The DPLL procedurehasbeenshavn to be preferableto alternatve approachegro-

posedin theliterature,suchas, e.g.,the onesbasedon Disjunctive Normal Form (DNF), TableauSearch
Graph,or (Ordered)Binary DecisionDiagramgOBDDs).)

MathSatdescribesnary techniquego optimizetheintegration,andhighlightsthe mainrequirementSAT
tools and mathematicakolvers mustfulfill in orderto be integratedcorrectly andto achieve the maxi-
mum benefitsfrom their integration. Specifically a suitableSAT tool complieswith the following crucial
requirements:
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generatiorof completecollectionsof booleanassignments;

generatiorof non-redundantollectionsof booleanassignments;

lazy(i.e.,oneatatime) generatiorof booleanassignments;

optimalspaceperformance;

goodintegrationwith the mathematicasolver componente.g.,it allows for severalrun-timesearch
optimizations).

A suitablemathematicasolver complieswith thefollowing crucialrequirements:

e beincrementalthatis, beableof reusingthe computatiorof previouscallson sub-problemsvithout
restartingfrom scratch;

e beableto providefailure informationwhich candrive thebooleanreasoneim pruningits search.

The ultimate goal of the MathSatframework is to develop tools able to handlereal-world problemsin
complex domaindik e thosedescribedabove. Fromthe viewpoint of booleanreasoningSAT toolscanbe
extendedn suchaway they canhandlealsomathematicatonceptsandoperators Fromthe viewpoint of
mathematicabkolving, computeralgebrasystemsand constraintsolverscanbe enrichedby very efficient
booleanreasoningcapabilities.

Modeling Systemswithin the MathSat Framework

As evidencedin [22, 21], a significantamountof existing procedureusedin variousapplicationdomains
canbe modeledwithin the MathSatframewvork. Theseprocedureitherarepurely symbolicor combine
symbolicandnumerictechniquesThiswill bediscussedvith moredetailsin Task3.4.

The MathSat Procedure

The MathSatsolver [20, 23], developedby ITC-IRST, is a state-of-the-arsolver basedon the MathSat
framework, ableto reasoron booleancombination®f lineararithmeticformulas. The efficiency of Math-

Satis due both to the tight integration of the booleanand mathematicakolving subroutinesandto the
layeredstructureof the mathematicablecider which is organizedinto levels dealingwith subclassesf

formulasof increasingcomplexity. Thiswill be discusseavith moredetailsin Task?2.3.

Applications

The MathSatsolver hasbeenusedto addresserificationproblemsin differentdomains.e.g.,in temporal
reasoning20] andtimed systemd23]. In particular the verificationof timed systemss a very important
and challengingproblem,in that it combinesthe challengeof handling finite-statevariables,which is
typically encodedasa booleandeductionproblem,with the problemsrelatedto time elapsingwhich are
encodednto mathematicatonstraintson real variablesrepresenting@bsolutetime andclocks. This will
bediscusseavith moredetailsin Task3.2.

1.2.h The AClam Proof Planning System

Duringhis stayasayoungvisiting researchefYVR) in Edinburgh,J. Zimmerintegratedtheproofplanning
system\Clam into the MathWeb-SB[114]. Dueto thisintegration,A\Clam cannotonly usetheservices
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[ Name | ripple

Context Rewrite Theory

Types

Input omdoc:OMDog¢

Output result: OMDoc

InConstraints elements(omdod&lements)Jemmas(ElementfevRules)
member(sequeniy, Elements),
not(RevRules= nil).

OutConstraints elements(resul{Sequent]),
not(member(RuleRenvRules),applicable(Rulegoal(Sequent)).

TextDescriptions Triesto reducethedifferencebetweerthe goal of the given
OMDoc sequenaindoneof its hypothesesising\Clams
stepcasemethodandthe rewritesgivenaslemmas
intheOMDoc.

Figure5: Therippling serviceofferedby A\Clam

of ary reasoningspecialistalreadyintegratedin the MathWeb-SB,suchasthe CAS MAPLE, but canalso
offer its theoremproving expertiseto othersystemsn the MathWeb-SB.First, A\Clam offersaninductive

theoremproving serviceto the MathWeb-SBwhich takes a problemdescriptionformulatedin OMDoc

asaninput andruns AClam on the given problem. Second the rippling heuristicsof AClam [241] is

offeredasa servicethattakesa setof rewrite rulesanda proof planningsequentsaninputandappliesthe

rippling methodof AClam with thegivenrewrites. Thetwo servicefferedby AClam arenew examples
for mathematicaserviceofferedby the MathWeb-SBthathave not beendescribedormally until now.

However, we tried to usethe descriptionlanguagd ARKS describedn Sectionl.2.dto give afirst char
acterizatiorof therippling serviceofferedby A\Clam (seefigure5).

1.2.i Discussion

Thereis a growing interestin combiningthe reasoningand computationakapabilitiesof heterogeneous
systems|ik e deductve systemsandcomputeralgebrasystemsln fact, state-of-the-artools arethe result
of mary man-yearof careful developmentand engineeringand usually they provide a high degree of
sophisticatiorin their respectie domain. However, they often perform poorly whenappliedoutsidethe
domainthey have beendesignedor.

We have investigatedwo complementanapproacheso pursuethe above goal. Onthe onehand,we have

explored the possibility of enhancingthe capabilitiesof existing systems(seeSectionsl.2.f, 3.4.band

1.2.h). On the otherhand,we have studiedthe possibility of integrating existing systemshy meansof a

suitableinfrastructureproviding serviceexchangeseeSectionsl.2.b,3.4.d,1.2.dand1.2.e).A particular
emphasishasbeendevoted to the definition of frameworks suitablefor making mathematicakervices
accessiblevertheweh

Unfortunatelyserviceintegration betweendifferent systemsis not an easytask. The main difficulty is

thatmostof the existing reasoningsystemsare conceved andbuilt asstand-alonesystemgo be usedby

humansusers. Moreover, if the logical servicesprovided by the componentreasoningsystemsare not

interfacedin a properway, thenthe logical servicegprovided by the compoundsystemamay be unsound.
This is somethingwhich mustbe carefully avoided, particularlyin all the applicationdomainswherethe
correctnesss of paramountimportanceas, e.g., in the formal verification of safetyor security critical

systems.

For this purpose a reasonablamountof work hasbeendevotedto the identificationof the infrastructure
(i.e.,languagesprotocols semanticspecificationgndarchitecturakchemataheededo implementservice
exchangeandto the investigationof the requirementghat the infrastructureshouldsatisfy During the

workshopon MathematicaMeb Serviced187] organizedby RISCin November2002,a joint discussion
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hasdevelopedbetweemartnersof the CALCULEMUS projectandpartnersof the MONET [201] project.
As aresultof the discussionthe following preliminarylist of requirementgor web-basednathematical
serviceshasbeensingledout:

e mathematicaservicesaresimilar to web servicesjn that: eachserviceis describedy XML-based
meta-informationinformationis publishedjt canbediscoveredandqueriediclientsuseinformation
to find appropriateservicesandconnecto them;

¢ thisprocesshouldbebasedn existing webtechnologieandstandardesmuchaspossible;

e eachservicedescriptioncan be decomposednto multiple partsdescribingdifferentfacetsof the
service eachfacetmay have multiple formalizationlevels, from informal text for humanreadersup
to formal statementshataremachine-understandatdedthushave a precisesemantics;

e descriptionsand facetsmay be organizedinto different (multiple) taxonomiessuchthat a coarse
pruningof the searchprocesss possiblein thediscovery process;

¢ whengquerying,theclient specifiesvhatererinformationis available(e.g.,simpleor multiple taxon-
omy conceptsformal behaior description);the broker canreturnresultswith differentdegreesof
confidence.

Thislist will befurtherly discusse@ndtakenasa startingpointfor futurework on this task.
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Task 2.1: Integration of CASsand DSs
via Protocols

TASK LEADER: UKA
SCIENTISTS IN CHARGE: JACQUES CALMET
RESEARCH TEAM: USAAR, UKA, TUE, ITC-IRST

2.1.a Overview

The main goal of this taskis to provide a semanticgo interactingmathematicakervices. A first trivial
remarkis thatthis problemhasbeenandstill is investigatedhroughseveralapproachesit is enoughto
guerythe web with the two key-words: semanticsand mathamaticgo be floodedby informations. One
mayquoteSGML, XML, OPENMATH, MathML, SMPSandmary others.Somereferencesn suchworks
areprovidedelsevherein thisreport.

To provideinterfacedetweerexistingmathematicaservicesequiresanopensoftwarearchitectureAmong
theaspectshatmustbefurtherinvestigatecdaremessagingndcommunicatiorfacilities,informationmod-
eling, infrastructure mathematicaservicemodelingapplicationandknowledgebaseintegration,develop-
mentandmanagemertbols. Someof theserequirementarenot specificto mathematicaknowledgeand
have beenstudiedin very differentapplicationsfor examplean InformationBusandEnterpriseToolkit in
manufcturing,constructionandbankingsectord249.

Whenthis projectwasinitialized, therewasa lack of softwareenvironments]anguagesandstandardgor
interfacesbetweersystemdor mathematicatomputation.Thereasonaremaryfold:

1. CASandTPSaredesignedimplementedhndvalidatedasstand-alonesystems,

2. mary systemsrecopyrightedandallow neithercommunicatiomor externalaccesso internalmeth-
ods,

3. they do not provide interfacing,

4. aCASis never semanticallysound.Thus,to provide a semanticss arequiredgoalwheninterfacing
arny computingmodules.

Thesolutionhasbeento link mathematicaserviceghroughnetworking methodologiesuchascommuni-
cationlanguagesinformationexchangeandcommonknowledgerepresentation.

A communicationanguagedefineshow mathematicalnformationcanbe exchangedamongservices.lIt
mustberecognizedy eachsystemin orderto translatethe informationinto their internalrepresentation.
Appropriatelanguagesaneitherbetheinputlanguageor internalencodingof oneof theinvolvedsystems
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or standardize@ommunicatiorlanguagesAlong theselines several communicatiodanguagegor inter
facesbetweensoftware systemsexchangingmathematicalnformation have beendeveloped. The better
known is mostprobablyOPENMATH.

Cooperatioramongseveralsoftwaresystemsanbeachiezedwith indirect,unidirectionalandbidirectional
communication.The goal of this taskis to investigatehow protocolscanbe definedto provide a semantic
meaningand soundness$o systemsexchangingmathematicalnformation. This definition oughtto give
a hint why several othertasksin the network arein fact dealingwith very similar problems. This is for
exampletruewhendefininga contet for acomputatiorandis partly coveredin task1. Unidirectionaland
bidirectionalcommunicatiorprotocolsare designedvhencouplingdirectly differentmodules.Although
thereareno directlinks betweenthe serviceswith indirect communicationjnteractionis possiblewhen
systemgancommunicatavith acommonuserinterface centralunit, mediatoror evaluator Thisapproach
hasbeeninvestigatedvithin the KOMET system.

A simplifying introductionis to saythata semanticcanbe providedthroughat least3 approachethatare
shortlydescribechereunder

1. Defineamathematicasoftwarebus,
2. definea context from which asemantiaccanbederived,

3. formulatethe problemasaknowledgerepresentatioparadigm.

Theseapproachearesharedy severalof the partnersindeed they leadto introducemulti-agentsystems,
contets, ontologiesto just quotea few features Referencesn Logic Broker, MathWeb-SB,OPENMATH
andsimilar worksaregiventhroughouthis midtermreport.

2.1.b OpenMechanizedSymbolic Computation Systems

A preliminaryintroductionto our work is givenin [86]. The mathematicakoftware busandthe context
approachearebasedon ajoint work ([51]) with IRST on OMSCS(OpenMechanizedsymbolicCompu-
tation Systemshichis ageneralizatiorof OMRSintroducedby GiunchigliaandTalcott. We outlinefirst
OMSCS.

OMSCS A symbolicmathematicaterviceis a softwareableto conductusefulandsemanticallymean-
ingful two-way interactionswith theervironment.A symbolicmathematicaserviceshouldbestructurally
organizedasan OPEN ARCHITECTURE ableto provide servicedike, e.g.,proving thata formulais a the-
orem,or computinga definite symbolicintegral, andto be able,if andwhennecessaryto rely on similar
servicegprovided by othertools. The OpenMechanizedreasonindsystem(OMRS) architecturevasin-
troduced128] asa meango specifyandimplementreasoningsystemge.g.,theoremprovers)aslogical
services. In [90], this approachhasbeenrecastfor the domainof symbolic computeralgebrasystems.
OMSCSis theresultof recastingogetherthetwo approaches.

The OMSCS Framework The specificationof a servicemustbe performedat variouslevels. At the
objectlevel, it is necessaryo defineformally the objectsinvolvedin the service,andthe basicoperations
uponthem.E.g.,for atheoremprover, onemustdefinethekind of assertion# manipulatesandthebasic
inferencerules that can be applieduponthem. Then, the control level providesa meansto definethe
implementatiorof the computationakapabilitiesdefinedat the objectlevel, andto combinethem. The
control level mustinclude somesort of “programminglanguage’which is usedto describea stratagy in
theapplicationsof modulesmplementingbasicoperationsthereforeto actuallydefinethe behaior of the
complex systemimplementingthe service. Finally, the way the serviceis perceved by the ervironment,
e.g.,the namingof servicesandthe protocolsimplementingthem,is definedwithin the interactionlevel.
This leadsto the following architecturabktructurefor reasoningandalgorithmicservices:
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Reasoningrheory = Sequents Rules
Reasoningystem = Reasoning heory+ Control
LogicalService = Reasonindgsystenmt Interaction
ComputationTheory = Objects+ Algorithms
ComputatiorSystem = ComputationTheory+ Control
Algorithmic Service = ComputatiorSystem+ Interaction

We synthesizehesedefinitionsinto thatof SymbolicMathematicaService.

SymbolicComputationTheory
SymbolicComputatiorSystem
SymbolicMathematicaService

SymbolicEntities+ Operations
SymbolicComputationTheory+ Control
SymbolicComputatiorSystem+ Interaction

The interactionlevel of OMRS s for instanceilllustratedby the Logic Broker Architectureof Alessandro
Armandoetal. (seereferencen Task1).

Mathematical softwarebus Theconceptwasintroducedafew yearsagoby RichardZippelandalsoin
[91]. Thiswork s still in progressOur approachmostly consistsn formalizingfurtherOMSCS.We plan
to extendit to interval arithmeticseenmasa constrainfprogrammingproblem.

Schemataand context Task one reportson someworks conductedon defining a contet, including

onein collaborationwith UGE (ConstraintContectual Rewriting in MAPLE by Ballarin and Alessandro,
referencein task1). We reporthereon a slightly differentapproachnspireddirectly by OMSCSanda

schemataepresentatioonf algebraialgorithms.Schematarenowadaysoundin severalapproachesuch

asMathML. We proposedseveralyearsagoto expressalgorithmsasschemata.

Thestartingpointis to considerthatwe computewith operatorslefinedon givendomain(types)thathave
specificproperties(specifications).We call the triplet operatoy domain,propertiesan abstractcomputa-
tional structurg/ACS).Settingour approacthin theframeawork of knowledgerepresentatiora mathematical
knowledgebaseconsistof type schemataalgorithmschemataalgebraicalgorithms theoremssymbolta-
bles,andnormalforms. A schematas a representatioparadigmusedin artificial intelligence.We adopt
the specificationanguage~OrRMAL-Y ([95]) to representhe mathematicaknowledge. It is well-suitedto
specifymathematicatlomainsof computationsAn algebraicspecificatiorintroducesconstantspperators
andpropertiesn their intendedinterpretationandenableghe reuseof subspecificationwithin a specifi-
cationin accordancevith thedependencielsetweemarticularspecificatiormodulesof anACS.It is based
upon cateyory theory The next stepis to definetypes,equationsandalgorithmsthroughschemata. A
moredetailedpresentatiomndsuitablereferencearefoundin [92].

A typeschemaepresentsucha moduleandconsistof:

Name a uniqueidentifier

Based-onalist of inheritedACS

Parametes, alist of ACSwhich areparameters

Sorts alist of new sorts

Opeiators, declaration®f new operators

InitialProps initial properties.
Thesedefinitionsbuild abased-omierarchyof themathematicatlomainsof computation Onedefinesalso

anequationschematalgorithmsarealsorepresenteh termsof schemataThey allow therepresentation
of meta-knevledgelike:
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Name a unigueidentifier of the schemawith variablebindings

Signatue, describeshetypesof inputandoutput

Constaints imposedon domainandrange

Definition, mathematicatlescriptionof the output

Subalgslist of subalgorithmslescribingtheembeddedubtasks

Theoems describingpropertieof thealgorithm

Function nameof the correspondingxecutablealgebraidfunctionto computethe output.

Similarly to type andequatiorschemataalgorithmschematauild a hierarchyof specializedrersionsand
specializationsnherit definitionsand theoremsfrom more generalalgorithms. New propertiesof algo-
rithms canbe derivedthenby a possiblycoupledtheoremprover. The conceptf specificationanguage
andschemataepresentatioareatthe of the CALVIN system.

A consequencef suchanapproachs to enableto definea context for acomputation.This methodologyis

valid bothwhena CAS standsaloneandwhenit is coupledto a TP. A context aimsat makingavailablethe
mathematicaknowledgehiddenin algebraicalgorithmsandin computationaprocedureslt is amethodol-
ogyto improvethesemanticaboundnessf symboliccomputationsAlthoughthisis not straightforvardto

see bothFORMAL-Y. andOMSCSarecloselyrelatedto theformulationof specificationshroughcateyory
theory To stayascloseaspossibleto OMSCS ,we subdvide a context into threelevels.

Similarly to typeandequatiorschemataalgorithmschematauild a hierarchyof specialized/ersionsand
specializationsnherit definitionsand theoremsfrom more generalalgorithms. New propertiesof algo-
rithms canbe derivedthenby a possiblycoupledtheoremprover. The conceptf specificationanguage
andschemataepresentatioareat the origin of anexperimentalCAS calledCALVIN thatwasdesignedy
students.

A consequencef suchanapproachs to enableto definea context for a computation.A context aimsat
making available the mathematicaknowledgehiddenin algebraicalgorithmsandin computationapro-
cedures. Although this is not straightforvard to see,both FORMAL-Y and OMSCSare closely related
to the formulation of specificationghroughcategory theory To stayascloseaspossibleto OMSCS,we
subdvide a context into threelevels.

e Theobjectlevel context collectsthe setof specificationdinkedto an operatorandto its domainof
definition. More generally the goalis to accesall of the informationandknowledgethatis either
explicitly orimplicitly availablein the schemataepresentationf algebraicalgorithms.

e At the controllevel the context is partly staticand partly dynamic. The static part arisesfrom the
hierarchicalorganizationof the objectlevel schematanto equationakchemataAt the root of this
graphicalhierarchylies the “simplify” function. This generateshusa dynamicalcomponenthatis
associatedo the simplificationprocess.

¢ To definethe interactionlevel partof context is still an openproblem. A possibletrackis thatthe
schematapproacHheadsto a concepbf protocolto exchangemathematicaknowledgeandto check
its soundness.

Mathematical Knowledge OurapproachsbasediponKomET (KarlsruheOpenMediatorTechnology),
asystenmunderdevelopmensincel994[93]. Integratingdataandknowledgefrom multiple heterogeneous
sourcegeachonepossiblywith a differentunderlyingdatamodel)is not only animportantaspecbof au-
tomatedreasoningout alsoof retrieval systemsin thewidestsensewhosequeriescanspansuchmultiple
sources.Onesuchsourcecanbe a CAS or a DS. A mediatorintegratesdifferentsourceson a semantic
level by providing anintegratedview spanningheterogeneousformationsourcesDifferentlanguages$or
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building mediatoryinformationsystemshave beenproposed.We have selectedand extended)the Gen-
eralizedAnnotatedLogic of M. Kifer andV.S. Subrahmaniafil55]. We focuson someimplementational
detailsinvolving theembeddingf Mathematicanto our MediatorArchitecture.First,thebasicunderlying
mediatorarchitecturds describedThen,somestepsof theintegrationprocessaresketched.

The Mediator Architecture The basicarchitectureconsistsof MEDIATORS corverting queriesfrom
a commonformat into more specializedqueries,which are subsequentlycorvertedby TRANSLATORS
(WRAPPERS) into thequerylanguageof therequestednowledgesources.

Suchatranslatormustexist for eachmediator-knovledgesourcecombination.A translatoralsoincludes
otherfunctionalitiesfor utilizing the knowledgesourcefor the mediatorsuchas cachingextractedinfor-
mationor managingemoteprocedurecalls.

View 1 View 2

MediatorSchema

\

KS1 KS2 KS3

Figure6: Bottom-uplntegrationof HeterogeneouformationSources

TheKoMET approachdiffersfrom otherapproachem thatthemediatoris knowledge-based,e.,adeclar
ative rule basedanguagdor expressinghe mediatoryknowledgeis beingused.

Syntaxand Semantics We sketchherethebasictheorybehindour approacho mediatedsystemsMore
detailedaccountsareavailablein [93].

A domainD is anabstractiorof databaseandsoftwarepackagesndconsistof threecomponents:
1. a setX® whoseelementsmay be thoughtof asthe data-objectghat are being manipulatedby the
packagen question,

2. aset{ of functionson ¥ — thesefunctionstake objectsin ¥ asinput, andreturn,asoutput,objects
from theirrange(which needdo bespecified). Thefunctionsin { maybethoughtof asthepredefined
functionsthathave beenimplementedn the softwarepackagebeingconsidered,

3. asetof relationson the data-objectsn > — intuitively, theserelationsmay be thoughtof asthe
predefinedelationsin thedomain,D.

A constraint= over D is a first order formula wherethe symbolsare interpretedover D. E is either
true or falsein D, in which caseit = is saitto be solvable, or respectiely unsohablein D, wherethe
referenceto D will be eliminatedif it is clearfrom context. The key ideabehinda mediatedsystemis
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that constraintsprovide the link to external sourceswhetherthey are databasespbjectbases,or other
knowledgesources. In particular the full-fledged languageinvolves annotationsof predicatesymbols
accordingto GAP. Basically an annotationcorrespondgo a multi-valuedtruth value from a complete
lattice of truth values. A moredetaileddescriptionis givenin [155]. The annotationglay animportant
role in resolvingattribute valueinconsistencies.

Embedding Mathematica into a Mediator Architecture MathLink is usedto link Mathematicato
KOMET. In contrastto the usualformalizationof constraintdomains(consistingof relationsand func-
tions), our approachrelieson the morepowerful concepiof representinghe functionality of theinforma-
tion sourceonly asa setof relations but wherefor eachrelationoneor moremodesaregiven. Intuitively,
amodedescribeshepermittedbinding patterngfor theevaluationof a givenrelation.Note, thatthis is not
a limitation, sincefunctionscanbe representea@srelationswith appropriatenodes. A relation modeis
atuple of algumentmodes which specifythe binding type of eachargumentrequiredfor the evaluation.
The possibleargumenttypesarelistedin thefollowing table.

| Argumentmode | before | after |
+ ground | ground
- arbitrary | ground
? arbitrary | arbitrary

“+" meanghatthe algumentmustbe groundbeforetestingthe constraintpredicates; —" meanghatthe
argumentmustbe groundafter calling the externalfunction,and“?” meanghatthe variableinstantiation
is arbitrary

Theuseof modesmplicitly imposesacertainorderof evaluationontheconstrainsetandthuscontrolsthe
dataflow during the evaluation. With this approachspecificfunctionality of the CAS canbe adequately
introducedto the mediator The propermodesensurevalid usageof the CAS functions. Considerasan
illustratingexampletheinteroperatiorbetweera relationaldatabaseontainingthe coeficientsof polyno-
mialsa; X2 + ag overintegersandMathematicgroviding usefulroutinessuchasfactoringpolynomials.
In spite of the taskitself being rathersimple, if not trivial, the exampledemonstratebow the mediator
languagecanbe usedto interfacethe mediatorto a CAS in adeclaratve manner:

Coef(Ag, A1) <« Oracle::Polynomialsdo, A1)
FactorizedPoly(X) <+ Mathematica::kctoX),
Mathematica::PIusX, Ao, Z),
Mathematica::imesZ, A1, Z),
Mathematica::Pwer(Z, X, 2),
Coef (A, A1)

with modesPolynomial¢+, +), Facto(+), Plug§—, +, +) andTimeg —, +, +). Whenissuinga query
Factorizedpoly(X), thetranslatorecevesrepeatedlyanexpression

Facto(Plug 4y, Timeg 4;, Pover( X, 2))))

with tuples(4y,A;) from the Oracledatabaseyhich will resultin thefollowing setof MathLink function
calls:

link = MLStart('math -noinit -mathlink’);
MLPutFunction(link,’Factor’,1);
MLPutFunction(link,’Plus’,2);

MLPutFunction(link, Times’,2);
MLPutFunction(link,’Power,2);
MLPutSymbol(link,A0);
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MLPutSymbol(link,Al);
MLPutSymbol(link,X);
MLPutinteger(link,2);
MLEndPacket(link);

It is exactlythepurposeof thetranslatoito generat@ sequencef thoseMathLink functioncalls. We could
supportthe OPENMATH interfaceaswell.

Thisis only a sketchof how we canusea generalpurposemultiagentquerysystemto interfacea CAS to
ary othersystem.

An importantfeatureof KOMET is thatit introducesafterwrappingthe query a semanticallysoundrep-
resentatiorof the information. Recentwork hasbeendevotedto extendsuchcapabilitiesNew operations
on latticeswheretruth valuedaredefinedhave beendefined.Compositedistributive latticesasannotation
domainsfor mediatorgrovide suchanextension.[94].

Anotherpieceof work dealswith the validationof queries.In this contet, a queryis a mathematicalre-
guest”. But, very generally we investigatewhethera queryis syntacticallyvalid ([181]). It wasstraight-
forwardto applythis validationinto KOMET andthe resultis a systemto validateweb queriesdescribed
in this paper Thedissertatiorthesisof PeterKullmann“Wissensrepraesentatiomd Anfragebearbeitung
in einerlogikbasierterMediatorumgebng” ([164]) looks at the optimizationof queriesin the context of
KoMET andof logic programming.This leadsto the generalquestionof securityin multiagentsystems
andin distributedcomputing([119)).

Finally, KOMET enablego testsomeideasrelatedto ontologies.Indeed ontologiesarisedirectly from the
definitionof acontext. Structuringontologieshy definingthemasclustersof classe®f knowledgeledto a
demonstratiosystemcalledMASTER-Web ([88]).
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Task 2.2: Enhancingthe Reasoning
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TASK LEADER: RISC
SCIENTISTS IN CHARGE: BRUNO BUCHBERGER, WOLFGANG WINDSTEIGER, TUDOR JEBELAN
RESEARCH TEAM: UED, UKA, RISC

2.2.a Overview

ComputerAlgebraSystemgqCAS) andDeductionSystemgqDS) asthey areavailablethesedaysaretyp-
ically designedas stand-alonesystemsi.e. they expectthe userto solve problemsentirely inside one
system. Mathematicalpractice,however, shavs that “doing mathematics'is characterizednary times
by aninterplaybetweencomputing proving, andalsosolving which neitherCAS nor DS in todaysstate
encompass.

State-of-the-artCAS can perform impressie algebraicor numeric computationswith comparablylow
effort, they can simplify algebraicexpressionssolve huge classef equationsyisualize mathematical
objects,andthey offer text-processingapabilitiesto differentextents,which makesthemheavily usedin
engineeringandmathseducation.The questionof correctnes®f the manipulationcarriedout by a CAS
is, however, left withoutanswertbecauséhereasoningower of typical CAS is still verylimited.

Unfortunately this prohibits CAS from beingusedby a larger community of mathematiciangor mary
moreapplicationareasThelimitationsregardingthe reasoningpower of CAS aremanifold:

e A typical CAS consistsof a collectionof algorithmsthat perform computationsnvolving mathe-
maticalobjectsandaninterfacethatallows easyaccesgo thesealgorithms.The usermanualof the
CAS usuallycontainsa (semi-)formal specificatiorof eachalgorithmthatgivesthe useranideaof
which propertiesthe output of an algorithmis supposedo fulfill with respectto the input. Now,
givensomealgorithm A andappropriateanput I, a CAS userwould usually expectthat the result
of calling A with input I fulfills the outputpropertystatedin the specification.Onecharacterizing
featurethat makes CAS very popularand hearily usedespeciallyin engineeringand educationis
their capabilityto work with parametrizednput. Intuitively, if theinputto somealgorithmdepends
onthe parametep, the userwould expecttheresultto fulfill the outputpropertyfor all valuesof p.
Therearenumerousxamplesfor computationperformedoy CAS, which arein factnot correctfor
all valuesof parametersyneof theeasiesexampleseingthefollowing: Giventheequatioruz = b,
find solutionsfor z with parametera andb. Most of the CAS availabletodaywill givez — b/a as
theuniquesolutionof the equation.In fact,this is not correctfor all parametewalues,considere.g.
a=0andb=1.

e The correctnes®f mostmathematicahlgorithmsrequiressomepropertiesof the input or of inter
mediateresultsthatappeaduringthe computation Simplecase®f testingsuchpropertiesnayonly
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requiree.g.testingnumberso be non-zerowhich caneasily be maintainedagainthroughcompu-
tation. In somecasespowerful mathematicatheoremsareavailablein orderto reducecheckinga
non-trivial propertyto comparablysimple computationse.g. checkingwhethera systemof linear
equationshasa solutionreducego checkingthe determinanof the systemto be non-zero.In gen-
eral,however, checkingpropertieof mathematicabbjectsrequiresproving, e.g.the computatiorof
the definiteintegral of anarbitraryfunction f by a certainalgorithmmight dependon continuity of
f in somedomain. Proving mathematicapropertiesbhasedon logical inferencetechniquess still

beyondof whatcanbedonein standardCAS.

e One centraltask of mathematics- in particularthe branchof algorithmic mathematics- can be
seenin developingalgorithmsin orderto perform computations.The basisfor eachalgorithmis
alwayssomemathematicatheorenthatguaranteethe correctnessf thealgorithm.In mary cases,
the improvementof algorithmsis thenbasedon the developmentof “stronger” theoremghat can
be usedto make algorithmsperform more efficiently. A computeraidedapproachto algorithmic
mathematicshereforeneedscomputersupportin bothcomputingandalsoin proving mathematical
theoremsTodaysCAS providealgorithmsfor doingcomputationsn variousmathematicafieldsand
they usually provide programminglanguageswhich allow the implementatiorof new algorithms.
The developmentof the mathematicatheory behindthe algorithms, however, is only supported
poorly, if atall, in the CAS.

Theaim of Task2.2is to enhanceCAS with reasoningpower, which canbe attemptecdat differentlevels.
We will briefly explainthe possibledirectionsinto which CAS enhancementsanbe pursued.

Enhancementof CAS on the SystemLevel

Enhancementn the systemlevel can be achiezed by adding reasoningcapabilitiesto algorithmsbuilt
into the CAS Checkingside-condition®n parametergn computeralgebraalgorithmsis atypical example,
wherecurrentCAS performcomparablypoor. In theframeof the Calculemusietwork, thework of UNIGE
contritutesto this aspectof CAS enhancementthe ConstraintContectual Rewriting (CCR) framework
developedby UNIGE canbe usedin orderto integratethe evaluationmechanisnof (the CAS) MAPLE,
see[185] with anappropriatedecisionprocedurdor checkingside-conditionssee[3] and[14].

In theconcretecase M APLE’sassume-dcility hasbeenusedto link anenhancedlecisionprocedurdo the
standardevaluationprocessof MAPLE. The assume commandallows the MAPLE userto statecertain
factsaboutobjectsoccurringasinputto somealgorithmfrom the MAPLE algorithmlibrary. In the process
of checkingconditionsduring the executionof the algorithm, the evaluationprocedurehasaccesdo all
additionalfactsstatedthroughassume. Of course chedking a conditiony usingadditionalfacts® needs
morethanjustcheckingwhetherp is containedn &. It finally requiresreasoningvhetherp canbeinferred
from . In standardM APLE, only weakreasoningechniquesreappliedfor this purpose.Using CCR,a
decisionproceduréncreaseshe reasoningpower whencheckingconditionsduringa computation.

This integrationof reasoningandcomputatiorfacilitiesincreaseshereliability of computationsbecause,
throughthe more powerful reasoningengine formulaeof muchmore complicatednhaturecanbe handled
when checkingunderlying conditionsduring computation. Computationsinvolving parametershould
particularlybenefitfrom thisimprovement.lt shouldbe noted,however, thatthis approachheedsaccesso
theinternalsof the CAS sincethe evaluationprocedureand, thus,the mechanismhow to checkfor side-
conditions,is normally hiddenfrom the CAS user OtherCAS, e.g.Mathematicasee[188], offer similar
mechanismsgo passadditionalassumptionsvhencalling internalalgorithms,but, dueto the commercial
natureof Mathematicathereis nowayto getaccesso theinternalevaluationprocedurén orderto enhance
thereasoningcapabilitiesin a similar manner Anotherdravbacklies in thefactthatnot all algorithmsin
MAPLE's library take into accountadditionalknowledgegiventhroughassume, sothe userneverknows
whetherassumedactswereregardedproperlyduringa computatioror not.
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Enhancementof CAS on the Theory Level

Enhancementnthetheorylevel canbe achiezedby addingprovedknowled@ aboutCASfunctionsto the

CAS knowledgebase.This knowledgecanthenbe usedby the CAS andcanleadto simplified computa-
tions. In the frameof the Calculemusmetwork, the work of UED representshis aspeciof CAS enhance-
ment: The HR system,developedat UED, hasbeenusedto conjecturepropertiesof functionsavailable

in the MAPLE algorithmlibrary from empirical patternsdetectedn computationablataproducedby the

CAS. HR hassomebuilt-in abilitiesto preventthe generatiorof conjectureghat aretrivially truein the

first place.For moresophisticatedeasoningt invokesathird partyautomatedheorenprover, in thecon-

cretecaseOTTER, andtriesto provetheconjecturdrom first principles,i.e. thedefinitionsof thefunctions

involved. For anattemptto disprove a conjecturethe usercansupplya setof objectsthatcanbetried as

countergamples.The CAS is thenusedto calculatefunction valuesandHR checkswhetherary of the

testedvaluesbreakgsheconjecture For moreadvancedcountergampleconstructiorin algebraicdomains,
HR cancall the MACE modelgeneratar

This approacthasbeentestedfirstly in the areaof numbertheory see[108]. Giventhe numbertheoretic
MaPLE functionsisprime(n) , which checksvhethem is aprimenumbertau(n) , whichreturnsthe
numberof divisorsof n, andsigma(n) , which givesthe sumof all divisorsof n, HR conjecturesl37
propertiesnvolving isprime , tau andsigma . After afirst round,only 22 conjecturesemainedhat
couldneitherbe provedby OTTER nor disprovedby MACE. Amongthose22 formulae,onecouldidentify
someinterestingpropertiessuchase.g.if sigma(n) is primethentau(n) is prime. Differentstrategies
for continuationcanbe consideredt this point:

e As donein [108], onecanfind a generalizedheoremand prove it by hand. Adding the proved
theoremas an axiom further reducedthe numberof unsohed conjecturego 10 in a subsequent
round.

e Alternatively, asachallengdor DS, onecantry to applyprobablymorepowerful specializedheoem
proversin orderto automaticallyprove the conjecture.

Any provenknowledgeabouttau(n) andsigma(n) canthenbeaddedto the knowledgebaseof the
CAS, eitherby improving theinternalalgorithmsin casethey areaccessibler by addingtheknowledgeon
theuserlevel. In generaljmprovedperformancef the CAS canbeexpectedrom addingmoreknowledge
aboutthefunctionsavailablein the CAS.

Enhancementof CAS on the User Level

Enhancementn the userlevel canbe achiezed by giving the CAS userthe possibility to actually prove
mathematicaktatementsising prove techniquesfrom logic within the CASin additionto the computing
facilitiesthateachCAS offers. In the frameof the Calculemusetwork, thework of RISC representshis
aspecif CAS enhancemeniThe THEOREMA system see[75], is anadd-onpackagéor the widespread
popularCAS Mathematicahatallowstheuserto formulatemathematicatheoremsandprovethementirely
within the Mathematicaervironment.

THEOREMA is implementedn Mathematicés native programminglanguagewhich is basedon pattern

matding and rewriting. Sincethe releaseof Mathematica3.0 in 1996, Mathematicacan handletwo-

dimensionalnput and outputcontainingarbitrary character«known from traditionalmathematicandits

programminganguagesven allows to accesandenhanceanput andoutputfacilitiesin the Mathematica
userfront end. Theseare the key featuresthat qualify the Mathematicasystemas a basisfor building

up a software systemproviding computersupportthroughthe entire cycle of mathematicahctiity. The

overall designgoal of the THEOREMA systemis to supportthe working mathematiciarin all phasesf

mathematicafctiity in a human-like style,bothin inputandoutput. THEOREMA allows to

e entermathematicalormulaein traditionalmathematicafashion,
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e structurgformulaeinto definitions,axioms Jemmatatheoremsetc.whichcanbeorganizedn nested
theoriesand,mostimportantly

e prove mathematicatheoremswith respecto a givenknowledgebase,
o compute(simplify) mathematicatermsor formulaewith respecto a givenknowledgebaseand

¢ solve mathematicaformulaewith respecto a givenknowledgebase.

The THEOREMA systemis a multi-methodsystemi.e. it providesdifferent(specializedproving / comput-
ing/ solvingmethoddor differentpurposesConcerningheaspecbf proving, it distinguisheswo classes
of provers,black-boxproversandwhite-boxprovers. Black-box proverstypically transformthe original
prove probleminto someotherproblem,for which solutionalgorithmsalreadyexist. As anexample,the
Grobnerbasisprover transformsa prove problemgiven asuniversallyquantifiedbooleancombinationof
polynomialequationsover the complex numbersinto the problemof decidingwhethera systemof poly-
nomial equationshasa solution,which canbe doneby testingthe Grobnerbasisof the systemto be {1}.
Anothercategory of black-boxproversis offeredin the THEOREMA-systemthroughlinking existing ex-
ternalautomategrovers,e.g.OTTER. Black-boxproversusuallytell the userwhethersomemathematical
statemenis true or falsebut do not provide evidencewhythisis so.

White-box provers,on the otherhand,try to obtaina mathematicaproof in a style like a formally well-
trained mathematiciarwould write up the proof. Evidencefor thruth or falsity of the statemenunder
considerationis given by listing a sequencef logical inferencesteps,which shav why the statement
follows logically from the assumptionsin this class,THEOREMA providesgenerl provers for first order
predicatdogic, proving by casedistinction,proving equalitiesby simplificationor equationaproving and
theoryspecificprovers for inductionon naturalnumberstupleinduction,or settheory Thesegeneraland
theoryspecificproversaredesignedn a modularstructuresothatthey canbe combinedto morepowerful
provers.

For milestone2.1 we decidedto go towardsenhancementn the userlevel, i.e. to embedreasoninga-
cilities into an existing CAS by implementingvariousgeneraland specialtheoremproversthat interact
with thealgebraicalgorithmsavailablein the CAS. The THEOREMA systemdevelopedat RISC on top of
Mathematicais surelythemostadvancedsystempropagatinghis approachWe will giveamorethorough
descriptionof this systembelow.

2.2.b The THEOREMA System

In this section,we will give a brief descriptionof the distinctive featuresof the THEOREMA system.We
will emphasize&n THEOREMA'S proving capabilitiesandbasethe presentatiorf individual systemcom-
ponentntypicalexamples Duringthefirst examplein Section2.2.b,wewill alsoexplainthe THEOREMA
userinterface ,which allows inputandoutputof mathematicalext in acomfortableandeasy-to-readorm.
In Sections2.2.bto 2.2.bwe will describdatestdevelopmentghathave beenaddedto the systemin the
frameof the Calculemusgroject.In orderto make this presentatioiself-containedwe give anovervien on
the mostimportantaspectof THEOREMA in Section2.2.b. In particulay the issueof integratingproving
capabilitieswith computingcapabilitiesavailable from the underlyingMathematicasystemwill be dis-
cussedn this concludingsection.For anoverview on the systenphilosophybehindTHEOREMA, we refer
to [62], [67], [68], [146], [144], [145].

The PCSParadigm for Automated Theorem Proving
Foraquicksummarythelevel of qualityin automatedheorenproving whichwe achievedin thefirst phase

is bestdocumentedby our examplesfrom elementananalysis:With our new proof stratgies,notablythe
“PCS” (= “proving, solving, computing”) strat@y, we manageo generateroofsof the typical theorems
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in elementaryanalysis(on the notion of limit, continuity, etc.) completelyautomaticallyandwith almost
no superfluoudranchesn the searcrspace Also, theproofsgeneratedhase a coupleof distinctive quality
features:

e Theproofsarestructurallysimpleandclearandresemblehe proofsgeneratedy humans.

e Theproofscontainintermediatesxplanatorytext in naturallanguage (At the moment,Englishand
Japanesarethechoices.)

e When browsing a proof on the screen the level of proof detailsshovn can be controlledby the
user Also, variousauxiliary information,e.g.on thedefinitionsused,canbe madevisible in pop-up
windows.

e Theproofsgeneratecshav thetermsconstructedn the proof of existentialsubgoalsexplicitly and
thus,mathematicallyaremoretelling thanthe usualproofsshavn in mathtextbooks.

In the automatedheoremproving community the automatedyeneratiorof proofsin elementaryanalysis
is consideredo be animportantbenchmarlkproblemand, so far, wasbeyond the capabilitiesof theorem
proving systems.Thus,we think thatbeingableto producesuchproofscompletelyautomaticallyandwith
distinctive quality featuress a gooddocumentatiorf the progresshathasbeenachieved.

We now shav onetypical examplein all details,namelythe proof of thetheoremthatthe limit of thesum
of two sequenceis thesumof thelimits of theindividual sequences.

The THEOREMA systemis implementedntop of thewell-known CAS Mathematicausingthe high-level
programmindanguagevailablein Mathematica The THEOREMA systenmcanthereforeaccessll compo-
nentsof Mathematicamostimportantlyits powerful userinterface.Sincethereleaseof Mathematica3.0
in 1996,the Mathematicdront-endsupportdraditionalmathematicainputandoutputin two-dimensional
form containingalsospecialcharactereommonlyusedin mathematicatexts. Throughits programming
languageit allows evencustomizatiorof theinput parsermndthetypesettingpof mathematicagxpressions,
i.e. we canextendtheclassof expressionsecognizedy standardvlathematicawith arbitraryexpressions
that seemcorvenientfor a software systemsupportingthe entire mathematicaproblemsolving process.
As for supportingeasoningonewill needthe possibilityto enterstructuredmathematicaknowledgeinto
thesystem.

Structuredmathematicaknowledgeis morethanjust formulaeandterms. In usualmathematicatexts,
mathematicaknowledgeis presentedn theform of definitions,axioms,theorems|emmataandthelike,
which enricha pureformulawith additionalinformationlik e a descriptionof the symbolsoccuringin the
formula, conditionsfor the variables,underwhich the formula holds, labelsfor referencingthe formula
later in a proof or a computation. This additionalinformationis commonlygivenin naturallanguage.
The THEOREMA formal text language givesa formal frame for structuringmathematicalnformationin
thisway. Eachstructuralentity is calledan ervironmentinsidean ervironmentthereis the possibility to
declarecertainsymbolsasvariables,put conditionson variables,or assignnamesto formulae. For later
referenceeachervironmentalsohasa name. Let us now considerthe definition of the corvergenceof a
sequenceand the theoremthat the sumof two corvergentsequencesorverges,which would appeatin
corventionalmathematicatexts asfollows:

Definition 1 (convergence) For any sequence andanya, wesay f corvergesto a if andonly if for all
€ > 0 thereexistsan N sudh thatfor all n > N

|fn—al <e

We call f corvergentif andonlyif there existsan a sud that f corvergesto a.

Theorem 1 (corvergenceof sum) For any two corvergentsequenceg and g the sum-sequencg + g
corverges.
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We analyzetheingredientsof thesetwo entitiesanddiscusgheir representatiom the THEOREMA formal
text language:

e Keywords(Definition, Theorem) indicatethe “type” of mathematicaknowledge,labelsareintro-
ducedfor later reference. The THEOREMA formal text languageprovides various keywords for
mathematicaénvironments suchasDefinition, TheoremLemma,Proposition,Theory, etc.

¢ In thetraditionaldefinition, a phrasesuchas“For ary sequenceg andary a” tells thatin the sub-
sequenformulaeary free occurencesf f anda areto be understooduniversally quantified The
THEOREMA formal text languageprovidesthe constructanyy...] for this purpose.

e Conditionsmaybe put on someof the universallyquantifiedvariables The THEOREMA formal text
languageprovidesthe constructwithl...] for easyreading.

",

e Superfluousmaturallanguageingredients,suchas “For”, “we say”, and “we call’, do not have a
counterpartin THEOREMA sincethey canbe omitted.

e f convergesto a if andonly if ... is a definition for a new binary predicate e.g. convergesf, al.
Alternatively, we couldinventsomeinfix notation,e.g.f — a, for convergegf, al.

e Forthecoreof amathematicakrvironment,i.e. theformulaitself, THEOREMA providesa concrete
naturalsyntaxfor higherorderpredicatdogic. Input of formulaein naturalsyntax(specialsymbols
likeV, 3, sub-andsuperscriptsunder andoverscriptsandthe like) are supporteddy the standard
Mathematicafront end,specialdefinitionsfor the concretesyntaxhave beenaddedin the frame of
THEOREMA.

¢ Definitionsof new predicatesanbewrittenin predicatdogic in theform lhs :& rhs.

¢ thephraséfor all e > 0 thereexistsan N suchthatfor alln > N: |f, — a| < € canbewrittenin
purepredicatdogic in theform

V3V |fa—al<e
e>0 N n>N

Dependingon the tasteof the author this form might be usedevenin traditionaltext insteadof the
naturallanguagdormulationfor quantifiedformulae.

¢ Following the samerules,we couldwrite the secondpartof thedefinitionas
corvergenif] :< 3 corvergesf, al

e A THEOREMA ervironmentmay containmore than oneformula, eachformula can optionally be
givenalabel.If nolabelis givenexplicitely, formulaearelabeledusingascendingiaumbers.

e Assoonasanervironmentkeyword with labellabel hasbeenenteredn a THEOREMA session,
its contentscanbe accessethroughkeyword[label]

In THEOREMA, Definition 1 andTheoreml canbe enterecasshovn below®:
Definitiun[" convergence”, any(f al,

converges(f, a] = W E W [f, —a = "fconvergestoa”
E?:-El:l nEN ]
convergent[f] < 3 converges[f, a] "f convergent”
d

SWe will provide screenshotfrom a THEOREMA sessiorin the first examplesto shav the real appearancén the Mathematica
front-end.In laterexampleswe will shav THEOREMA-environmentsypesetin IATEX.
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convergent[f] ]

Thﬂurem[" convergence of sum”, any[f, g], with[ f\ { convergentg]

convergent[f + g]]

Of coursewe cannotprove Theoreni'convergenceof sum”if nothingis known aboutthenotionsappearing
in the definitionandthetheorem.It is interestingto notethatthefollowing knowledgeis sufiicient for the
proof:

Definition[“sum of sequences’any| f, g, n],
(f+9n="Fntgn]

Lemma[“distanceof sum”,ary[z, y, z, t, 9, €],
[(z+y)—(z4+t)|<d+e<s|z—2|<IA|ly—t <€ ]

Lemma[*max greater”,ary[m, M1, M2],
m > ma{M1,M2] = (m>M1Am > M2) ]

The first formula definesthe sum of sequencesomponent-wise.The secondformula, essentially for-
mulatescontinuity of addition on real numbers. The third formula formulatesan easypropertyof the
maximumfunction, which alsocouldbe consideredspartof the definition of the maximumfunction.

In THEOREMA, we now have the possibility to combineknowledgeto “theories”. In fact, the “Theory”
constructis recursve and,thus,we canbuild up arbitrarily nestechierarchiesof knowledgebases.In our
example,we combinetheindividual formulaeof the knowledgebaseto onetheorycalled“convergence”.

Theory[“convergence”,
Definition[“convergence”]
Definition[“sumof sequences
Lemma[“distanceof sum”]
Lemma[“maxgrater”]

]

Theonly thing we have to do now for the automatedyeneratiorof a proof of thetheoremis to call oneof
the THEOREMA provers,in this casethe “PCS” prover, andaskit to prove the Theorem[“cowergerce of
sum”] usingthe knowledgebaseTheory[“corvergencel:

Prove [ Proposition[“cowergene of sum”], using—Theory[“corvergerce”], by—PCS]

After a few secondsthe proof shovn in Figures7 to 9 will appearin an extra notebook. Note that the
entireproof text, including the explanatorycommentsn English,is producedully automaticallywithout
ary userinteraction.

In orderto obtaina quick impressionaboutthe typical achiezementswe madein the first phaseof the
project,it is worthwhileto studythis proofin detail. Somecommentsn themostimportantphasesn the
proof are:

e The proof startswith a “Prove” phase,in which THEOREMA structuresthe proof applying basic
inferencerulesof predicatdogic, see(1) and(2).

e Thenit appliesthedefinitionof convergentin arewriting style (“Compute” phase)see(3) and(6).

e Thenagain,basicinferencerulesof predicatdogic areapplied,see(4) and(7).

¢ Now it comedto a crucialphasejn whichit appliesSkolemization see(5) and(8). Thiswill beim-
portantfor beingable,later, to “construct”thefinal solvingterms.Notethatwe apply Skolemization

“To shorterthe proofwe compressethetwo partsof Definition[“convergence] into only oneformula,which doesnot essentially
changethe proof!
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& 1 ConvergenceSum.nb * - 0 X
File Edit Cell Format Input Kernel Find “WWindow Help

Prove:

(Theorem (convergence of sum)) f\f convergent[ £ + ],
E
conrergent[£] ficonre rqent[g]

under the assumptons:
[ Defiration {convergence): f comvergent) :: convergent[£] « 3 ¥ ,E;I w ({f,-al=el],
a 15 n
-0 n=N

[ Defiration (sum of sequences)) . ¥ ((E+q), =L, +0,0,
e

(Lemmna {distance of sum)) Vtﬁ ot -Fleyn|z-tl«d=s [ (x+Z)- (F+E]}=y+b),
PSP Y P

(Lewna (max greater)) g (memax[MI, MZ] =me=MInme M2) .
[ B

We assmme

(1) convergent[fp]sconvergent[ga],
and show

(2] convergent[Tfg+ gal.

Forreola (1.17, by (Definiton (convergence): f convergent), implies:

# 32 ‘0’3 ¥ [(|fg,-al <e).

]
0 p=N
By (3 we can take appropriate values such that

41 ::? : (Lo, - 30t <),

30 n=N

By (4}, we can take an appropriate Skolem foncton such that

() Y ¥ Ufa,-agb<s),
0 n=Np [£]

Forreonla (1.2), by (Defintion (convergence): f comvergent), mnplies:

4y 3 VE ¥ (gog,-at =e).

]
(=) n=lN

By (87 we can take appropriate values such that

(v 3y Ugo,-2rt<s).
0 ne=N

9 L 4 v 43 L — 3 L L J L L L L L

| O =

Figure7: Proof“Convergenceof Sum” (part1)
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W ConvergenceSum.nb *
File Edit Cell Format Input Kemel Find “Window

O
Help |

By (7}, we can take an approprate Skolem foncton such that

s v i Hda, -3zt =2,

E
0 n=l; [£]

Forreola (2), using ( Definiton (convergence): f convergent), 1s implied by:

) 3 Y3Y ((fa+ged,-at=a),
0 n=lN

We have to find a*** such that
(107 v[few]:.}:‘-w (n aN=,|(fﬂ+gaJn-a***+<E)].
g n

Forreola (107, nsing {Definiton (sum of sequences)), 1s implied by:

(113 :f(E}Dﬂ?:(n aN:a{(fgn+ggn)—a***}-=e):|.

Forronla (117, neing (Lerwna (distance of swm)), 15 tnplied by:

12 3 ¥l]leslO= 3 AvneN=|fo,-Fleyilgg,-Ttl=381].
L. L] Nn

im, L
Wehave tofind 2***, £*, and v* such that

(13
(v + £ =a™) Ay (-0 = 3, (Gres- S \Y (2N F0, -7 b < ¥ Alde, -t} < 5)).
Using (57 and (8) we coan partally solve (13). By taking v* « ap and t* « 2, , formmla (13) is implied by

(14)
[3g+a; =2 ) /\: (E 2= 3 ((yuﬁ: E)/\: (ReN= |Fp,—ag}<yhlge, -a:l« 5)]].
We can partially solve (147, By taking a*** « a5 + 2; , formula (14) is implied by

(15) E(E 20 3 ((7+c§ =c /\f (neNo={fg, -agb <vnido, -31}< a)]].
We assume

(18) =p=10,
and show

(17 3 [red=en) AY=Nsifs,-ab<viigon-ait<8)].

4 —J L—u L

4 L L L

L—d L L—u L

| Y R

Figure8: Proof“Convergenceof Sum” (part2)
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W ConvergenceSum.nb * -0 X
File Edit Cell Format Input Kermnel Find “WWindow Helpl

We have tofnd w*, &%, and H*** such that
(18) (v +8" =20) [\ Y (R 2N = {fo,—aab <" Ao, - 22k <67
Forrooola (187, nsing (5], is implied by:
(r + 9" = 20) [\ Y (R =N 2 6= DR = N; 8] Al £a, - 20} <¥7),
which, using (5, is implied by
y* + 8% = gg) j\r Rl 2y = 0N =0 AR =Np[w*] AR =N; [8%]),
which, using (Leruma (max greater]), 1s tnplied by:
(19 (w* +6* =) f‘\r el =2y 2 006 =00 n =mast[No [v™ ], N [8%]]0.

Forreonla (197 is implied by

Ly L —J L L—d L L_—u L

(200 (%" + 8 = 2g) /\y* >D/\-§" - D/\: (ne ™ o max [N [v" ], ¥ (6110
Partally solving it, formula (207 is implied by
(21 (w*+ 8 =eg) Ayt > DA ST = OA (N =mas[Ng [v* ], Np [6*]]0.
Tlaw,
(v e =ep) fiyt » 0 a* = 00

canbe solved forv* and 6% by a call to Colling cad-method yielding a sarmple soludon

Furthermore, we can immediately solve
W' = max [N (v ], N3 [6*]]

for H*** by taking

W e man [N [ 2], N [Z2]].

Hence formnla (21) is solved, and we are done.

| B =

Figure9: Proof“Convergenceof Sum” (part3)
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only “in smalldoses”andnotin the generalway lik e this is donein resolution. This is crucial for
keepingthe proofs“natural”.

o Now thedefinitionof corvergentis appliedto thegoal,seg(9). Thisis arewriting (“Compute”)step.

e Now we cometo a “Solve” phase,.e. we have to constructa suitablea, see(10). Note that, by
the introductionof a “find” constant(constantswith asterisks),we can continueto work on the
“outermost”symbolsof formulae.

o Now we applythe definitionof thesumof sequencesee(11),a“Compute”step.

e Thenext stepis againcrucialin our method:Matchingthe goalwith the propositionon the continu-
ity of additionis not directly possible.Insteadwe apply a new proof rule (which we call “semantic
matching”)which forcesamatchto be possibleon the expenseof introducingnew existentialquanti-
fiers(for ¢,y and~, §, respectiely), see(12). By this, we againarrive atas“Solve” situation,which
we againhandleby solve constantssee(13).

¢ By unificationusingformulaefrom the knowledgebase we caninstantiatesomeof the solve con-
stantssee(14).

e Part of the goalformulais easyenoughto readoff from it the instantiationfor the remainingsolve
constant,see(15). Note that, by this, the proof by itself constructsthe valueto which the sum
sequenceorverges!

e After a standard‘Proof” step,see(16) and (17), we againentera “Solve” phase,in which we
introducesolve constantgor v, §, and N, see(18).

¢ (18)is now transformeddy a coupleof rewriting steps(“*Compute” steps) usingthe skolemized(!)
assumptionito a puresolve problem,see(20).

e Thissolve problem,in fact,is neatlydecomposethto apartwhich canbehandledby purepredicate
logic anda partwhich is a solve problemwith all constant®vertherealnumbery!), see(20). This
is essential:Summarizingwhat happenedn the proof, wasa reductionof the proof problemthat
containedvariablesover functionsto a solve problemovertherealnumbers.

e Now we cancall ary of the powerful methodsof computeralgebrafor solving constraintover the
realsandwe aredone! (In the particularexample,a relatively simple constraintsolver would be
sufficient,in morecomplicatedexamplesthe full potentialof currentconstraintsolversis helpful.)

¢ Note that we do not show a traceof the constraintsolver becausejn an “explorationround” on
the notion of corvergence,it is absolutely“uninteresting”to seepartsof the proof that refer to
the earlier “exploration round” of proving and solving over the real numbers! We think it is of
utmostimportancefor understandinghe significanceof formal proving to formulatethe notion of
“importanceor unimportancef details”relativeto a givenexplorationround.

¢ Notealsothatthe proofdoesnotonly stopwith sayingthatthefinal proof situation(which, actually
is a solve problem)can be handled(in this case,by a call to a black-box constraintsolver) but,
rather it exhibits the solving term, which containsmathematicallyand didactically highly relevant
andinterestinginformation: In our case the final solving termfor N*** tells us a “method” how,
if we know a “method” for finding the appropriateVs for givenes for theinput sequencesye also
canfind anappropriateV for givenes for the sumof theinput sequencesin otherwords,the proof
is not only a guarantedor the truth of the propositionbut can also be consideredasa “program
synthesis"algorithmfor constructing'methods”from “methods”. Note alsothatthe term assigned
to N*** is analgorithm(!) if, in concretecasef inputsequenceg andg we know algorithmsN,
andN;. All thisinterestinginformationon the solving terms,usually is not producedn mathtext
booksalthoughit would have enormousraluefor “constructive analysis’andalsofor the didactics
of understandinghe notion of corvergenceandits interactionwith operationn sequences!
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The SetTheory Prover

The THEOREMA settheoryprover is a specialprover availablefor proving theoremsnvolving language
constructgrom settheory The THEOREMA languagerovidessyntaxfor variouslanguageconstructgrom
settheoryandsomesemanticaknowledgefor finite sets which allows doingcomputationsnvolving finite
sets. Beforewe go into detailson the settheory prover, we shav someTHEOREMA computationgising
semanticdor setsfrom the THEOREMA language Considerthe definitions

Definition[“reflexivity”, any[ A, ~],
is-reflxives[~] & V z~x ]
TEA

Definition["relation sets”,ary[z, A, ~],

classy,[z] :={a€ A|a~ z} “class”

factorset.[A] := {classy,~.[7] |A }  “factorset]

zE

introducingthe notionsof refleivity on A for somebinary relation ~, the notion of the class(w.r.t. A
and~) of z, andthe notion of the factor set(with respecto ~) of someset A, respectiely. Using built-
in knowledge aboutnumbersavailable through Mathematicaand built-in semanticdor quantifiersand
setsavailablefrom THEOREMA we cancomputee.g.the classof 6 (with respecto {1,2,..., 7} andthe
divisibility relation“|”) andthefactorsetof {1,2, ..., 7} (with respecto thedivisibility relation|”). In a
THEOREMA sessionthesecomputationgppeaias

Compute [class . 6], using— Definition[“relationsets”],
O

hl
i=1,...,7
built-in— ( Built-in[*Numbers], Built-in[*Quantifiers”], Built-in[“Sets"])]

{1,2,3,6}

Compute [factorsef[{¢ | }], using—Definition[‘relationsets’],
i 7

=1,...,

built-in— (Built-in[“Numbers”], Built-in[*Quantifiers”], Built-in[*Sets"] )]
{1341, 25, {1,33,{1,5},{1, 7}, {1, 2,4},{1,2,3,6}}

After somemorecomputationspnemight conjecturethefollowing lemma:

Lemma[“f actorsetcovers”,arny[ A, ~], with[is-reflexives[~]]

Jfactorset.[A] D A ]
Thesettheoryprover cangeneratea proof of Lemma[“factorsetcovers”] fully automatically.
Prove:

(Lemma(factorsetcovers)) ¥ (is-refleives [~] = Ufactorset.[A] D A)

’N !

undertheassumptions:

(Definition (refledvity)) ¥ (is-reflexiveA ~:e Y@ed=sa~ 3:)),

~
)

(Definition (relationsets):class) V (class;,N[m] ={ala€ ANa~ m})
Az~ a

(Def.(relationsets):fctorset) v (factor-seL[A] := {classy,~[z]| z € A})
A~ T

8In a THEOREMA sessionthe proof would appeatin a separatavindow asalreadyshavn in Figures?7 to 9. We try to imitateits
appearancascloselyaspossiblein IATEX.
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We assume

(1) is—refleives,[~o],

andshov

(2) Ufactor-set,,[A4g] D Ay.

Formula(2), using(Definition (relationsets):factorset),is implied by:
U {classi,,~, [a:]a|: z € Ao} D Ao,

which, using(Definition (relationsets):class),is implied by:
() U{{ala€ Ao Aa~oz}| z € A} D Ao.

Formula(1), by (Definition (reflexivity)), implies:
4 Vv (.’E € 4y = .Z'N()iL‘).

For proving (3) we choose

(5) =10 € Ay,

andshow:

6) z1oel {{al a € Ag A awom}Jc z € A}

In orderto shaw (6) we have to shaw

9) Fzioea2nz2 € {{ala€ Ao Na~oz}| z € Ap}.
z2 a T

In orderto solve (9) we have to find 22* suchthat

(10) =z1¢ € z2* /\il (.Z‘ € Ag A (a:?* = {a(|1 a € Ay /\aNOw})).

Since(5) matches partof (10) wetry to instantiatej.e. letknow z := z1.

Thus,by (10),we chooser2* := {a| a € Ag A a~oz1o}.

Now, it sufficesto show

(12) z1o € Ao Azlg € {a] a € Ag Aa~ozlo}.
a

We prove theindividual conjunctie partsof (12):
Proofof (12.1) =z1¢ € Ap:
Formula(12.1)is truebecausét is identicalto (5).

Proofof (12.2) z1o € {a| a € Ao Aa~ozl0}:
a

In orderto prove (12.2)we have to show:

(A3) z1g9 € Ag A zlg~gxlyp.

Formula(13),using(4), is implied by:

(14) z1y € Ay.

Formula(14)is truebecausét is identicalto (5). O

We briefly commenton the essentiastepsin the proof:
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e The proof startswith a “Prove” phasejn which the universallyquantifiedimplicationin the proof
goalis reduceddy naturaldeductioninferencerules,see(1) and(2).

¢ In a“Compute” phase the goal andthe knowledgebaseare rewritten using the definitionsin the
knowledgebase see(3) and(4).

e Theproverswitcheshackagainto a“Proof” phaseput now specialinferencerulesfor settheoryare
appliedin orderto eliminatesettheoreticoperatorg“ 2" and“(J") in thegoal,see(5), (6), and(9).

¢ Theexistentialgoal (9) hasthespecialstructured z1, € 22 A 22 € {T, | P, }, whichis alwaysthe
T2 T
caseafterreducinga goalof theform 1y € |J{T;| P,}. Thereforewe entera settheoryspecific

“Solve” phasein whichtheexistentialquantifieris eliminatedby introducingthesolve constant:2*,
andtheexpansiorof theinnermembership:2* € {T;,| P,} introducesanothermxistentialquantifier
T

(for z), see(10).

¢ The existential subformulain (10) in solved for z by unificationwith formulaein the knowledge
base.In fact,in this examplematding is sufficient, but we provide unificationin this stepfor the
generalcase. Having solved for z, the solve constantz2* canbe instantiatedrom the equational
subformulaz2* = ... in (10), reducingthe solve problem(10) againto a proof problem,see(12).

e Thegoal(12)is splitusinggenerapredicatdogic, subgoal12.1)is trivially true,andsubgoal12.2)
is handledirst by a settheoryspecificproverule, see(13).

¢ Finally, thegoal(13)is provedby simplerewriting usingimplicationsfrom theknowledgebasein a
final “Compute”phasesee(14).

Another featureworth mentioning,thoughnot appearingin the above proof, is the settheory specific
“Compute” phase. In this phase,semanticdor settheory specificlanguageconstructsavailable from
the THEOREMA languageis appliedfor rewriting. In particulay finite setsare computedto a canonic
representatiom exactly thesameway asit is donein computation®nthetop-level whenusingCompute

asshavn atthebegginningof this section.Moreover, built-in knowledgeaboutcertainnumbersandnumber
setscanbe appliedfor simplificationpurposeseg.g.thefactthat6 € N holdswheninterpreting'é’ asthe
built-in naturalnumbersix and‘N asthe built-in setof naturalnumbers. For detailson the settheory
prover, we referto [268], [271], [270], and[267], an extensize casestudy of usingthe proveris givenin

[269].

The Equational Prover

The Theoremaquationaproveris a proverfor unit equalityproblems.lt consistof two parts- the prover

kernelandthe proof presenterThekernelis animplementatiorof the unfailing completionproceduresee
[26], with extensiongto handleexistentialgoalsandusingvarioussimplifiers. The prover canbe run on

problemswhich arein purelyequationaform. All theequalitiesn the knowledgebaseof the problemare

universallyclosedandeachvariablein thegoalis eitheruniversallyor existentiallyquantified.Handlingof

existentialgoalsin the“Solve” phaseés basedon unification. The unificationproceduréhasbeenextended
in orderto supportspeciallanguageconstructgflexible arity symbolsi.e. functionandpredicatesymbols
that can be appliedto a flexible numberof arguments,and sequencevariables i.e. variablesthat can

be substitutedby zeroor an arbitrarynumberof terms)availablein THEOREMA. It hasbeenshovn that

unfailing completionremainsarefutationallycompleteproving methodf sequenceariablesoccurin terms
only in the lastargumentposition,see[169]. The proof presenteis basedon the Proof Communication
Language- PCL, see[115]. We give againone exampleto illustratethe method(variableswith overbar
aresequenceariables).

Prove:
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(Proposition(goal)) 3 (sor{(1,3,2,4)] = (z)),

undertheassumptions:
(Axiom 1) sorf{)] = (),
(Axiom 2) V (inserfn, ()] = (n)),

(Axiom 3) Vv (prependtr, (g)] = (z,7)).

z,Y

(Axiom 4) ¥ (sor{(z,y)] = inser{z, sor{(y)]]),

(Axiom5) V (inserfn, (m,Z)] = prepenfinax[m,n],inserfmin[n, m], (Z)]]),

To prove (Proposition(goal)),we have to find z* suchthat
(1) sorf(1,3,2,4)] = (z%).

We choose
Z* = Sequence[4, 3,2,1]

andshaw thatthe equality(1) holdsfor this value(assuminghatthe built-in simplification/decomposition
is sound):

(Theorem) sor{(1,3,2,4)] = (4,3,2,1).

Proof.
sor{(1,3,2,4)] = {4,3,2,1)
if andonly if (by (Axiom 4) LR)
inserf1, inser{3, inser{2, inserf4, sor{)]]]]] = {(4,3,2,1)
if andonly if (by (Axiom 1) LR, (Axiom 2)LR)
inserfl, inser{3, inser{2, (4)]]] = (4,3,2,1)
if andonly if (by (Axiom 5)LR)
inserfl1, inserf3, prepenfinax[4, 2], inserfmin(2, 4], (})]]]] = (4, 3,2, 1)
if andonly if (by (Axiom 2) LR, (Axiom 3) LR )
inser{l, inser{3, (max[4, 2], min[2, 4])]] = (4,3,2, 1)

if andonly if (by (Axiom 5) LR, (Axiom 5) LR, (Axiom 2) LR, (Axiom 3) LR, (Axiom 3) LR, (Axiom 5)
LR, (Axiom 5) LR, (Axiom 5) LR, (Axiom 2) LR, (Axiom 3) LR, (Axiom 3) LR, (Axiom 3) LR )

(max[max[max[4, 2], 3], 1], max[max[min[2, 4], min[3, max[4, 2]]],

min[1, max[max[4, 2], 3]]], max[min[min[3, max[4, 2]], min[2, 4]],
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min[min[1, max[max[4, 2], 3]], max[min[2, 4], min[3, max[4, 2]]]]], min[min[min[1,
max[max[4, 2], 3]], max[min[2, 4], min[3, max[4, 2]]]], min[min[3, max[4, 2]], min[2, 4]]])

= (4,3,2,1)
if andonly if (by thebuilt-in simplification/decomposition)
(4,3,2,1) = (4,3,2,1)
which, by reflexivity of equality concludeghe proof. |
e The proof hasan existentialgoal, thus,it startswith a“Solve” phasewherea solve constantz* is

introducedor thesequenceariablez, see(1).

e The solve constantis instantiatedby unification. Note, that in this casesequencaunification is
applied.Thesolve problemis reducedo anequationaproof problem,see(Theorem).

e The prover entersa “Compute” phase,n which it triesto prove the equality by rewriting the goal
equalityusingequalitiesfrom the knowledgebase.

e After having appliedall possiblerewrite steps,the remainingequalityis simplified using built-in
semantidknowledge.In the concretecase the prover hasbeengivenaccesgo availableMathemat-
ica functionsMin andMax in orderto simplify termscontainingmin andmax. This is achieed
throughaBuilt-in environment

Built-in [“MathematicaMinMax”,
min — Min ]
max — Max

in the prover's knowledgebase which tells the prover to interpretmin asMathematicés Min and
max asMathematicés Max. By this, max[max[max[4, 2], 3], 1] simplifiesto 4 etc.

e Thegoalis reducedo a simpleequalitywith identicalleft handsideandright handside,thusthe
proofis finished.

For detailson the equationaprover, we referto [169], [170], [168], [171], and[167].

Logicographic Symbols

We presentheideaof logicographicsymbolsby usingthetheoryshowing the correctnessf memge-sort.

Algorithm [*stmg”, any[ X],
=X = |X[<1
stmg ] := {mg[stmg{lsp[X]],sthrs;{X]]] &= otherwise]

Algorithm [‘mg”, ary[X,Y, a, b, T, 7],

D cazb |
b — mg[{a, Z), {j)] < otherwise

Definition[“istv”, any[ X, Y],
istv[X,Y] & is{X] Aipm[X,Y] ]

Lemma[‘mg”, ary[ A, B],
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Isp[X] left split of X
rsp[X] right split of X

L

=¥  mg[X)Y] theresultof memingtwo tuplesX andY
x  Stmg[X] theresultof sortingX by memging

ipm[X,Y] X isapermutedversionof Y

ist[X] X is asortedtuple

ot LA S 4

istv[X,Y] X isasortedversionof Y

Figure10: LogicographicSymbolsfor the Merge-SortTheory

ist{A] A ist[B] = istfmg[4, B]] ]

Lemma[‘mg2”, ary[ A, B],
ipmmg[A, B], A < B] ]

In the THEOREMA notation,'()’, ‘(z, X)’, ‘z — X', ‘X x Y standfor ‘empty tuple’, ‘a tuple with the

first elementr andafinite sequenceX of elements’;tuple X with elementz prepended’ithe concatena-
tion of tuple X andtupleY”’ respectiely. With the additionalexplanationin Figure 10 (for the moment
ignoretheleftmostcolumn),themeaningof the abose formaltext shouldbeself-explanatory For example,

the definition of ‘stmg’ describeghe algorithmof meige-sort:If the lengthof the agumenttuple‘ X" is

lessthanor equalto 1, thentheresultis * X’. Otherwise,; X’ splitsinto ‘Isp[X]" and‘rsp[X], theneach
of thesetuplesis sortedby arecursve call of ‘stmg’ and,finally, thetwo sortedpartsarememgedby ‘mg’.

With the definitionsabove, the correctnessf meige-sortcanbe formalizedasfollows:

Proposition[“Correctnes®f Merge Sort”, any[ A],
istv[stmgA], A] ]

This propositionstatesthat for ary tuple‘ A’, afterapplicationof the algorithm‘sorted by memging’, the
resultingtuple ‘stmg[A]’ is asortedversionof ‘ A’. It will be possibleto prove thistheoremautomatically
by oneof the THEOREMA provers.

Of courseponecould be happy with the above formal text from a strictly formal point of view. However,
it is difficult to graspthe intuition behindthe algorithmin the formal way. Sowe will how demonstrate
how, by theintroductionof new “logicographic”symbolsin two-dimensionahotation theabove formulae
becomeeasierto understand.

Figure10 shaws a possiblechoiceof logicographicsymbolsfor the memge-sorttheory Of coursethe user
hascompletereedomin designingnen symbolsfor thevariousnotions.With thesdogicographicsymbols,
theaboveformaltext cannow bewrittenin theway showvnin Figurell. Theexpressiongrerepresenteth
anested-dimensionasyntaxwith darkgrayandlight graycoloringfor indicatingthesyntacticaktructure.
(Theuserscanchangethe coloring by writing anappropriateM athematica function).

Using Logicographic Symbols

Sincelogicographicsymbolscanbe evaluatedandthey arejust a differentway of writing the correspond-
ing THEOREMA (function or predicate)constantsthey canbe usedin all contexts in which functionand
predicateconstantgappeain THEOREMA (e.g.in Definition]...], Provel...], etc.) Namely whenformulae
containinglogicographicsymbolsareevaluated this causeshe sameeffect asexecutingthe formulawith
all logicographicsymbolsreplacedby their internalconstants As we sav in Figure11, we cancompose
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Algorithm ["stmg" . any [X],

Definition["istv", any [X, Y],
X =« X} =1

bid
« otherwise ]{ ¥

Lemma ["mg" ., any[A, B],

EB-5

]+

Algorithm["mg", any[X, Y, a, b, %X, ¥1.,

=Y

=X Lemma["mg2", any [A, B],

au “ 2=
b- « otherwise

Figure11: FormalizedMerge-SortTheorywith LogicographicSymbols

arbitraryknowledgebasesisinglogicographicsymbols.

The logicographicpresentatiorcan be usedfor displayingformal proofs. Note that the above logico-
graphicsymbolsmay appeamith variousdifferentargumenttermsat differentplaceswithin thetext. One
could controlwhich expressionshouldbe displayedwith logicographicsymbolsby specifyingthe option
Notation in theoptionShowOptions of the THEOREMA Prove commandFor example,

Prove [ Proposition[“Correctnessf Merge Sort”],
using— Theory[*MergeSort"], by — CourseOf\dluePreer,
ShonvOptions— {Notation— LogicographicNotation[“MegeSort™} ]

The following proof sketchshaws the correctnesef memge-sortwhich demonstratethe positive effect of
logicographicsymbolson makingproofseasierto understand.

Prove:

()

We prove (G) by casedistinctionusing(Algorithm: stmg).

We usecourseof valueinductionon A. Let now Ao be Case4o| < 1: We have to prove
arbitrarybut fixedandassume B

(ind-hyp) ¥
1&b] Ayt

m
andshav H R .

m
Thesearetrue, becausdpropertiesof sortedtuples)and
(reflexivity of perm).

By (Definition: istv), we have to prove
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CaseAo| £ 1: We have to prove

We prove (G1): By (Lemma:mg) and(K1),

We prove (G2): Weknow (C1) by (Lemma:mg2)(C2) by
(propertiesof permutation),(C3) by (propertiesof split-
ting),

Hence,by (C1), (C2), (C3) and (transitvity of permuta-
tion), (G2)is proved.

For detailson logicographicsymbols we referto [204], [205], [207], [206], and[65].

FocusWindows

The“focuswindows presentationanew techniquédor presentingproofs,in particularproofsgeneratedby
automatedheoremproving systemdike THEOREMA. We call this techniquée'focus windows” technique
becausaevith this techniquejn eachproof step,all the relevantformulaearecollectedin onewindow (the
“focuswindow”) sothatthereadercanfocusonthem. Thesequencef focuswindows alternatedetween
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[ Attention Window SE K
lree representatlion j
s e e Oeesseee -« Transformation Window P
e e 0
Current goal. ]
[E)] U{{&'EEAD./'\&MDX}|XEAD}2AD ]
Current goal: ]
&3] U{{a | acBgia - x} | sta}zAg ] Assumptons: j
(1) is-reflexiven, [ g ] ]
(Cefinidon (refledvity)) v (is-reflexiveﬂ[ “] i Y(xeAH xj] ]
Assumptions j A x
(1) is-reflemiveg [ g | j MNew assumptions: j
(Definition (reflexivitg)) ¥ [(is-reflemiveal ~| 1w ¥ (x=d+x ~x)] ] () ¥ Goedpiagi) ]
All assumptions j] All assumptions j]
Next Previous I Done I izgst Brevious Done ||

Figure12: Attentionwindow andtransformatiorwindow (part1)

“attentionwindows” and“transformationwindows”. In an attentionwindow, exactly thoseformulaeare
displayed- andhighlighted— that are relevant for the next proof step. In the subsequentransformation
window, in additionto the highlightedformulae, the formulaeare displayedthat are addedas a goal or
additionalknowledge. Also, a standardnaturallanguagetext is presentedhat briefly characterizeshe
prooftechniqueused.

Focuswindows presentationgre intendedfor interactive presentatiorof proofs on a computerscreen.
Their benefitis basednfacilitiesavailablein today's windowing systemsuchas“multiple windows” and

“mouseclicking”. Thereforejt is difficult to demonstratéheadvantage®f thistype of proof presentation
on paper We show partsof the proof of Lemma[“factorsetcovers”] from Section2.2.busingthe focus

windows presentationNotethatthe proof objectuseds the sameasfor linearproof presentationneaning
theformulaeandtheir labelsarethe sameasin Section2.2.b.

Thepresentatiorstartswith atransformatiorwindow shawing the proof goalandthe completeknowledge
base. After clicking the “Next” buttonin the navigation panelon the bottom of the window, an atten-
tion window shaws only the proof goal, becausehe proof will proceedby reducingthe goal. Clicking
“Next” severaltimes presentghe attentionwindow shown in Figure 12. The top of the window shaws
a treerepresentatiof the proof with a“[0” indicatingthe currentpositior?. Thenthe currentgoal (3)
is displayed followed by two assumptiongl) and (Definition (reflexivity)) from the currentknowledge
base|.e. attentionfor the next proof stephasto be paidjustto theseformulae.Clicking “Next” bringsup
the transformatiorwindow shavn in Figure 12, which containsthe sameitemsasthe precedingattention
window plusthe new assumptior{4) obtainedby rewriting (3) using(Definition (reflexivity)).

In thefinal phaseof the proof, we needto reducethe goalusinganimplicationfrom the knowledgebase.
The attentionand transformatiorwindow for this stepare showvn in Figure13. In the attentionwindow
only the goal (13) andthe known implication (4) areshawn, clicking “Next” bringsup the reducedgoal
(14)in thetransformatiorwindow. In particularin longerproofs,thistypeof presentatioiis advantageous,
becausét alwayskeepghefocusonjustthosepartsof the proofthatarerelevantfor justthecurrentor the
next step.For detailson thefocuswindow presentatiotiechniquesee[220], [218], and[221].

9The cell braclets at the right maigin are a featureoffered by the Mathematicanotebookfront end. Clicking cell braclets
opens/closesells sothattheir contentss displayed/hiddenBy default, the cell shaving the treerepresentatiors closed.
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Figure13: Attentionwindow andtransformatiorwindow (part2)

Theorema: An Intr oduction to the System
Integrating Proving and Computing

The integrationof proving and computingin oneframeis a challengefor the logic andthe languageof
a system. Purecomputationsystems suchas MathematicaM APLE or others,containa hugedatabase
of mathematicaknowledge, which is appliedimplicitly in eachcomputation. In a proving system,on
the otherhand,the userneedsexplicit control over the knowledgebasethatis usedto obtaina proof. A
systemthat combinesproving and computingneedsto resole this conflict betweenimplicit and explicit
knowledge,seealso[61], [62] for morebackgroundnthisissue.

Thus,in the THEOREMA system,we decidedto designthe languagein sucha way, thatthereis a clear
separatiorbetweenthe implementatiorof syntaxand semanticof the language. The syntaxof expres-
sionsis pre-definecby the THEOREMA expressionanguagebut thereis no hiddenimplicit semanticof
THEOREMA expressionsOf coursewe offer theusualsemanticsevenin theform of algorithmswherever
possiblebut it mustalwaysbe appliedexplicitly!

We try to illustratethe critical issuein the systemdesignagainin oneexample: Considerthe expression
2 + 7. For servingasa computationsystemthe systemmusthave knowledgeaboutthe symbolsinvolved
in the expressionj.e.“2”, “+”, and“7”. Since THEOREMA is built on top of Mathematicajt would be
corvenientto usethe knowledgebuilt into Mathematicathatis “2” and“7” arenaturalnumbersand“+”

is the well-known addition. On the otherhand,we wantto prove formulaesuchas Vz+y =y + =z
wa

(commutatvity of “+”), where,of coursewe do notwantto usethe built-in interpretatiorof “+”, because
the built-in additionis alreadyassumedo be commutatve. The samekind of conflict ariseswith all
semanticshatwe implementfor the THEOREMA languageThus,we decidedo hideall semanticonthe
top level andinsteadforce the userto enterCompute [2+7, built-in — Built-in[*Operators”][+]] in order
to compute'2+7” usingthe built-in operator‘+”. A detailedexplanationof thisissueis givenin [80] and
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[74)].

Built-in[“Operators”] is a THEOREMA pre-definedcollection of translationsof frequentlyusedoperator
symbols(‘+’, ‘«’, ‘<’, etc.)to availableMathematicaoperationg‘Plus’, ‘Times’, ‘LessEqual’,etc.). Var
ious pre-definedBuilt-in[. ..] collectionsareavailable,moreover, thereis the possibility for userdefined
translationsasit hasalreadybeendemonstrateéh the exampleof the equationalproverin Section2.2.b,
whentranslating'min’ and‘max’ to the Mathematicafunctions‘Min’ and‘Max’. Throughthis mecha-
nism,the entirealgorithmlibrary of Mathematicas availablefor doingcomputationsn THEOREMA.

Prove Strategies

All theproversof the THEOREMA systermwork onproofsituations A proofsituation{{assumptions}, goal)
consistsf a collectionof assumptiongnda goal formula. In one proof stepa prover carriesout a proof

deductionstepthat reducesa given proof situationto hopefully simpler proof situations. For instance,
the rule “For proving A A B we prove A andwe prove B” is represente@sa rewrite rule which trans-
formsthe proof situation{{assumptions}, A A B) into thetwo proof situations({assumptions}, A) and
({assumptions}, B). Most of theruleswill, in fact, produceonly one proof situation,however someof

therulesproducesereral proof situationsconnectedy AND (asabove),andsomeruleswill produceproof

alternatvesconnectedy OR Somerulesareterminal— like “the goalis amongthe assumptions> and
producefinal proof steps.

The proofis representeéhternally asan AND-ORtree, called proof-object whosenodescontainannota-
tions documentinghe proof steps. Theseannotationsare usedlater to producea humanreadableproof.
Final proof stepsaretheleavesof thetree. Themanagemenaf the proof-objectis doneby acontrolmech-
anismwhich alsoallowsto combineseveralprovers—e.g.simplificationandinduction—, for thedetailswe
referto [251], [252], [250], and[258].

As a meta-stratgy, THEOREMA providesthe cascade Intuitively, theideais that, givena goal G anda
knowledgebaseK, we let a given prover P try to find a proof. If P succeedswe stopandpresenthe
proof. If not,we let a“failureanalyzer"analyzethe proof attemptandconjecturealemmal, which could
be strongenoughto allow P to prove G from K |J L. Now we let P try to prove L from K. If this
succeedsve let P try, again,to prove G but this time underthe assumptionk’ | J L. Otherwisewe let the
failureanalyzemwork on thefailing proof. In otherwords,givena prover P anda“conjecturefrom failure
generator’C, the recursve “cascade’may resultin a much strongerprover that, in fact, doesnot only
prove moretheoremghan P but, on theway of proving a goalfrom a knowledgebase graduallyextends
theknowledgebaseby “useful” lemmas.For detailssee[59], [8], and[72].

Proof Presentationand Proof Simplification

Oneof thegoalsof the THEOREMA systemis to produceproofsin anaturalstyle,i.e.in a stylethatwould

typically be usedby a humanmathematicianln Figures7 to 9 we alreadyshaved an exampleof a proof

generatetby oneof the THEOREMA provers.Many moreexamplescanbefoundin thevariouspublications
on THEOREMA seefor example[74], [70Q], [76], or [72], seealsohttp://www.theorema.org

For achieving the goal of producingnatural-styleproofs,the generatiorof a proofis split into two phases:

o thegeneratiorof anabstract proof objectand

¢ thegeneratiorof thewritten presentatiorof the proof.
In the first phaseasalreadydescribedn Section2.2.b,a proof is generatedy applicationof inference
rules. The processof searchingfor a successfuproof is storedin an internal tree structure,the proof

object.Eachnodein the proof objectrepresentenedeductionstep,with which a textual representatiois
associatedOncethe proof objectis generatedthe written proof presentatioris generatedy processing
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theindividual nodesof the proof object. Note that the textual presentatiorof the proof is not part of the
proofobject. Thus,proofscanbe producedn differentlanguage$rom oneandthe sameproof object.See
for instancg250], [8], and[59].

Dependingon the purposethe proof objectcanbe presentedn differentways:

¢ theentireproof objectincludingall failing branches,
e only thesucceedingpranch,
e only stepsthatactuallycontributeto the successfuproof,

¢ oronly theinformation,whetherthe proof succeededr not.

This procesof proof simplificationis a naturalstrat@y, alsoappliedby humanprovers: In afirst attempt
onetriesto find a crudeversionof a proof, which might still be unnecessarilgomplicated. Then,in a
secondstep,oneworkson the proof foundandtriesto simplify it in variousways.

In [258] the currentlyavailablesimplificationmechanismsareexplained.We alsostartedto work onmore
sophisticatedechniquedor proof simplification,for exampleextractingsimilar proof partsfrom various
parallelbranchesf the proof. Suchproof simplification strat@iesthat work, aspost-processorgn the
proofobjectsgeneratedby our provers,arecurrentlyimplementedn theongoingPhDthesig[219], for first
resultssee[222].

Generaland Speciallnter nal Provers

In thefirst phaseof the project,severalgeneralandspecialprove methodshave beenimplemented:

Propositional Logic Prover for proving formulaein propositionallogic usinginferencerulesin natural
deductionstyle. This proveris basedon a setof ruleswhich aresimilar to the onesusedin sequent
calculus someexamplesarebelow:

({A,-A4,...},G) — Proved
{4,A=B,...},G) — {4,B,...},G)
({---1hGoVG1V...VGr) — {({=G1,...,7 Gn,...},Go)
{AVB,...},G) — {{A4,...},G)
AND
{B,...},G)
{A=>aG,...},Gq — ({.}A
OR
<{_'Aa o '}a G)
As a generalstratey, the prover will try to move the negationsymbolinside the formulaeandto

split the assumptionand the goal until a final proof situationis found. Someexamplesof the
propositionaproofsaregivenin [74].

PredicateLogic Prover for proving formulaein first orderpredicatdogic usinginferencerulesin natural
deductionstyle. This prover usesthe rulesof the propositionalprover intermixedin a corvenient
way with new rulesfor predicatdogic. Someexampleof suchrulesarelistedbelow:

(- bY Pla]) — (...}, Plao])

({P[a] — Q[a],zP[x],...},G) — ({Q[a],:’P[w],...},G)
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Rulesasabove are“simplifying rules” because¢hey simplify theproof situation.Suchrulesareused
alsoin the PCSprover (describedn the sequel)in the“proving” phase.

However, onealsoneedsules,which“complicate”theproof situationeitherby addingnew assump-
tions, eitherby creatingseveralbranchesAn exampleof anapplicationsof suchrulesis:

({Y Plz] = Q[z], Pla),... },G) — ({Q[a],‘z’P[m] = Q[z], Pla), ... },G)

which correspondso forward reasoning By badkward reasoningonereplaceghe currentgoal by
usinganuniversalassumptionbut in orderto insurecompletenessf the prover oneusually hasto
follow severalalternatves.

The usageof suchruleshasto be donefollowing a certainproof searchstrateyy in orderto insure
completenesandefficiency of the prover. Onesuchstratey is definedoy the PCSprover (described
later), which usesspecialuniversalassumptiongimplications,equivalencesgqualities)as rewrite
rules.

In orderto approachproof problemshaving universalassumptionsye have alsoimplementeda
level satutation strat@y for predicatdogic proving, which is applicablebothin forward modeand
in badkward modeor combined see[158]. For instancejn forwardmode,afterall the “simplifying
rules” have beenexhaustedjn one proof stepall possiblenewv assumptionsre producedbasedon
existing groundliteralsanduniversalassumptionsjisinga generafforwardinferencerule. Thenthe
simplifying rulesareappliedagain,etc. This stratgly producesroofsfor proof problemsthat can
be solvedusinggroundassumptions.

In dualfashion the backward modeconsistsn replacingthe goalat eachcycle with all possibleal-
ternatvesthataredeterminedy the universalassumptionsCombiningthetwo strat@iesefficiently
producesproofsfor problemshaving groundgoalsor simpleexistentialgoals.

However, thisis not sufficient, for instancefor problemscontainingformulaewith alternatingquan-
tifiers. Currentlywe areimplementinga strateyy, which usegheanalysisof therelationshipbetween
the existentialgoalsand the universalassumptionsn orderto make the appropriatenstantiations
that allow thenthe applicationof simplerrules. Preliminaryexperimentsshown that this method
can produceproofsfor a large classof problems,especiallywhenit is combinedwith the use of

metavariablessee[147], [159], [142], [143].

Induction Provers for variousdomains,e.g. naturalnumbersor tuples, proving universally quantified
formulaein the respectie domainby induction. The induction proversimplementthe induction
schemefor the respectie domaindependingon the inductive structureof the domain. General
induction provers, which infer the inductive structureof the underlyingdomainfrom the functor
definition (see[266] and[8]) of the domainwill beimplementedn future versionsof the system.
Somefirst experimentshave beendonein the frameof the PhD Thesis[250], for examplesseealso
[74]. Recently extensive casestudiesn the domainof tupleshave beencarriedout by a Calculemus
YVR, see[110], [109].

Simplifier Prover for proving equalitiesy simplification. This proverappliesterm-simplificatioron both
sidesof equalities.Variousoptionscanbe usedto adjustthe behaior of the proverwith respecto
propertieof the operatorsnvolved (commutatve operatorsassociatie operatorsetc.).

CaseDistinction Prover for proving formulaeinvolving predicatesr functionsdefinedby casedistinc-
tion. This proveris rarely usedasstand-alongrover, but is normally usedin combinationwith the
otherprovers,see[258] and[252)].

All provers mentionedabove are so-calledWhite-Box-Povers in the sensethat they produceproofsin

humanreadablestyle that canbe checled easily by a humanmathematiciarby applying basicinference
rules. However, mary powerful proof methodshave beendevelopedover the years,which are basedon

applyingpowerful algorithmsfrom computeralgebraas“black boxes” that, however, canbe usedonly in

specialtheoriesapplyingspecialmathematicaknowledgeto a transformedprove problem. We put some
effort into integratingthesesophisticatedknown methodsnto thecurrentversionof THEOREMA. By now,

thefollowing methodshave beenimplemented:
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Grobner BasesProver for proving booleancombinationof multivariatepolynomialequationsisingthe
Grobnerbasesmethod. The classof formulaedecidableby this prover includesalsothe important
classof geometricatheoremsn cartesiarcoordinateformulation,see[63] and[64]. In thethesis
[230] this proveris alsosuppliedwith aninteractize graphicalinputtool. Also, in this thesis,other
algebraionethoddor geometricatheoremproving, in particularWu'’s methodandthe areamethod,
arere-implementedh theframeof THEOREMA with aperspectreto studytheinteractiorwith these
methodwith our predicatdogic provers,see[231], [229].

Paule-Schon Prover for proving combinatorialidentitiesbasedon a methoddevelopedby P. Pauleand
M. Schorn.Thismethodwascompletelyinventedandimplementedn Mathematicalreadyin [215)],
andwasintegratedinto the languageandlogic frameof THEOREMA, see[70], asa modelfor the
potentialof THEOREMA to integratesmoothlyvariousalgebraiomethodsevelopedby othergroups
in the Calculemusommunity

ResolutionProver for proving formulaein first orderpredicatdogic by resolution.Highly sophisticated
resolutionproversare available from variousresearchgroupsaroundthe world. Therefore at first
sight, it seemdo be appropriatenot to devote effort into developinga new resolutionproverin the
frameof THEOREMA. In fact, we establishedinks to existing resolutionprovers,seenext section.
However, we decidedto embarkalsoon the implementatiorof resolutionwithin THEOREMA, see
[169], becausave wantto combinethe essentiatomponent®f resoulutionnotablyunificationand
equationaparamodulatiorith our naturaldeductionstyletheoremprovers.Fundamentalesearch
work in relatedtopicshasbeendonein [166] and[165)].

The PCSProve Strategy

Since,of course, mostproofscannot be doneby applyingjust one method,eachTHEOREMA-prover is

a certaincombinationof the abose components.The systemprovidesa mechanisnto combineprover
components$o a new proverin a simpleway by just describingwhich methodto be appliedunderwhat
circumstanceskor instancethe PCS-povers combineProve, Compute,and Solve phaseswhich results
in very naturalproofsfor theoremf type“for all € existsé” asthey appeaioften,for example,in analysis.
Seg[79], [66], and[60] for anoverview and[258] for a detaileddescriptionof the PCSapproachwhichis

applied,in asimilar way, alsoin [268]. The PCSapproachesultedn theautomaticgeneratiorof natural-
style proofsfor mary theoremof elementananalysiswhich sofar hasstill beena challengefor theorem
provers.

In thecaseof theanalysigroofs,the“Prove” andthe“Compute”phaseeduceheproof problemto asolve
problemover therealnumberswhich thencanbe solved by calling one of the existing computeralgebra
methoddor constraintsolving,e.g.Collins’ algorithm. This opengthe possibilityto establisha stronglink
betweertheoremproving andcomputeralgebra.

User Interaction

Thefeasibility of computersupportedheoremproving dependsirasticallyon the possibility of reasonable
userinteraction. We believe that the mostimportanttype of interactionis by composingthe appropriate
knowledgebasefor a particularprove problem.Theimportanceof this possibilityis oftenunderestimated.
In THEOREMA, we put particularemphasi®n convenientknowledgebasemanagementyhichis possible

by ourformaltext tools,see[69]. More researctwill bedonein theongoingPhDthesis[259].

However, we alsoinvestigatecandimplementecpossibilitiesfor userinteractionduring the generatiorof
proofs,whichis particularlyusefulalsofor applicationsof THEOREMA in didactics,see[162], [161], [8],
and[223].
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External Provers

The proversdescribedn Section2.2.bimplementedn the frameof THEOREMA in the Mathematicgoro-
gramminglanguagearethe so-calledinternal provers. SinceTHEOREMA wantsto sere asanintegrative
tool for all phase®f mathematicalvork, the systenmshouldoffer abig varietyof proving method<rom dif-
ferentfields of mathematicsDueto thefactthatsomeof thoseproving methodsarealreadyavailable,the
systemalsoprovidesinterfacesto existing external provers developedoutsideTHEOREMA. The MathLink
protocolprovided by Mathematicao communicatevith externalprogramss usedto exchangedatawith
externalproversrunningasexternalprograms At the momentTHEOREMA providesinterfaceso OTTER,
EqQP, Gandalf,BLIKSEM, anda modelsearcheMace. Detailson interfacingto externalproversaregiven
in[172).

Moreover, an interfaceto the quantifier elimination packageQEPCAD originally developedby Hoon
Hong, hasbeenimplementedwhich offersa sophisticatesnethodto solve constraintover the realnum-
bers. Using this interface, THEOREMA provides quantifierelimination asa special“solving-technique”
onthetop-level (i.e. in a userrequesto solve a setof constraintover the reals)aswell asit canalsobe
appliedasa blackbox duringthe solve-phaseén the PCSprovers,seeSection2.2.b,see[63].

2.2.c Discussion

Mathematicakoftware systemghat shouldgive computersupportin the entirespectrunmof mathematical
activity mustcombinethe strengthsof both ComputerAlgebra SystemgCAS) and DeductionSystems
(DS). Most of today’s CAS provide hugealgorithmlibrariesfor performingheary computationsnvolving
complicatedmathematicatlata. Moreover, most CAS provide facilities for graphicalrepresentatiormf
data,a programminglanguagefor implementinguserextensions,and a comfortableuserinterface. DS,
onthe otherhand,put theiremphasion formal rigor andon the logical correctnessf manipulationghey
perform.

Differentapproachegsanbe taken in orderto combinethe powersof CAS andDS. In this section,we
reporton the possibilitiesto enhanceCAS with reasoningpower, i.e. to embedDS into CAS. In theframe
of the Calculemusproject, several levels of enhancemenhave beenexplored. Mainly, we distinguish
enhancemerdnthesystenievel, enhancemernin thetheorylevel, andenhancemerdn the userlevel. For
milestone2.1andfor futuredevelopmenin Task2.2,we decidedo focusonuserevel enhancementyhich
aimsatanimplementatiorof generabndspeciatheorenyproving facilitiesontop of anexisting CAS using
the programminganguageprovided by the CAS. THEOREMA developedat RISC,is anexampleof such
asystem.The THEOREMA systemis presentedn detailasa prototypeof a CAS enhanceadvith deductve
power representingnilestone2.1 of the project.
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TASK LEADER: UED
SCIENTISTS IN CHARGE: ALAN BUNDY, SIMON COLTON, EWEN MACLEAN
RESEARCH TEAM: UED, ITC-IRST, UGE, UBIR

2.3.a Overview

This reportintroducessix piecesof researctwhich make useof enhancedcomputationapower. We de-
scribetwo systemswhich combinethe proof-planne\Clam [228] with othersystemsandperformcom-
putationally costly tasks. We give an overview of work donein combiningsystemsto discover attacks
to securityprotocols. This work makes useof computationapower in thatit generates large number
of clausesn its process.We give a brief descriptionof work donein the AClam proof-plannerto con-
structverylargeandmodularproof-plandor complicatedealanalysigheoremsFinally we introducetwo
piecesof work doneoutsideEdinturghwhich rendertechniqguedrom automatedeasonindighly efficient
by usingenhanced¢omputationapower.

2.3.b Integrating MathWeband A\Clam

Thework of JurgenZimmerandLouiseDennisincorporateshe A\Clam proof-planneiinto the MathWeb
system.Herethe servicesfferedby AClam to MathWebaredescribedandthe servicesusedby AClam
thatMathWeb offers. \Clam offerstwo servicego MathWeb:

planProblem  This servicetakesan OMDoc document,containinga single conjecture,as an argu-
ment. The servicestartsthe AClam proof planningmechanisnon the conjecture. In the current
implementationthe serviceexpectsthe conjectureto be aboutnaturalnumberarithmetic. A pro-
posedextensionof the serviceallows clientsto also provide the theoryin which the conjectureis
defined.Client applicationsusingthe planProblem  servicecanuseoptionalargumentso deter
minewhich proof stratgly (compoundnethod)AClam shouldusefor the planningattempt,andto
give atime limit in seconds.In the currentimplementationthe servicesimply returnsthe OPEN-
MATH symboltrue if AClam could find a proof plan within the given time limit, andfalseif no
proofplancouldbefound.

ripple  AClam offersits rippling mechanismasa separateerviceto MathWeb. The serviceis givena
singleinput formattedusingthe OM Doc standard.The OM Doc mustcontaina non-emptysetof
rewrite rules,formalisedaslemmasandagoalsequentd + ¢ asaconjectureTheripple  service
triesto reducethedifferencebetweenp andthebestsuitablehypothesisn H usingtherewrite rules.
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Theripple  servicealsotriesto applyfertilisationto reducethe goal ¢ to thetrivial goaltrue. As a
result,theserviceripple  returnsan OM Doc which containsthe resultingproof planninggoal as
asequentd + ¢'.

Experimentshave also beendonein AClam using MathWeb services. In particularexperimentshave
beendoneusing M APLE throughthe MathWeb interface. The resultsof the combinedsystemhave been
comparedagainstthe CLAM-Lite systemas developedby Toby Walsh. Interestinglyone theoremfor
which thecombinedsystemfound a proof-plan,could notbeplannedn Clam-Lite. Thetheoremis:

57 Fib(i) = Fib(n +2) — 1

In orderto completethe proof for this theorem,sometermrearrangementeedso be donewhich canbe
performedeasilyby MAPLE. Walsharguesthatthe simplicity of the planningmechanismnin Clam-Lite
preventsa proof-planbeingyieldedfor thistheorem.

Theresultsof thework confirmthemainthesisof theresearchwhichis thatit is abetterchoiceto combine
existing deductionsystemsvia protocolsinsteadof re-implementinghemon top of a ComputerAlgebra
System.

2.3.c Implementation of the Gs Systeminto the A\Clam Proof Plan-
ning System

Predraglanti¢ andAlan BundyhaveimplementedheGs framaworkin (Teyjus) LambdaPrologndwithin

the \Clam proof planningsystem{242]°. All s macroinferencerulesareimplementecasmethodsand
all combination/augmentatiocschemesreimplementedascompoundmethods.Thesemethodsadd new

power to the A\Clam system.The Gs framewvork hasbeenreformulatedasa backward reasoningsystem
(in theoriginal version,it is a proof by refutationsystenm83)]).

A numberof conjecturedelongingto combination®f decidableheoriescanbe provedby the s methods
in only secondsilt is believedthatfurtherdevelopmenof Teyjus LambdaPrologvill increaseheefficiency
androbustnes®f theirimplementatiorof Gs framework.

A detailedaccountof this work is givenin the paper(this paperwill be submittedto a major automated
reasoningonference):

Predraglantic, Alan Bundy: Implementatiorof the s Framevork for Using DecisionProcedueswithin
the A\Clam Proof—PlanningSystem

Thereare plansto work on further refinementandimprovementsof the presentedmplementation.This
includesaddingsupportfor new underlyingtheoriesworking onimproving their efficiency, andalsowork-
ing on automaticandsemi-automatisynthesiof decisionprocedures.

As a part of the work on usingdecisionproceduresn theoremproving, and asa powerful extensionof
the Gs framework [83] the problemof automaticandsemi-automatisynthesiof decisionproceduresas
beentackled.Thiswork is basedn Alan Bundy’s programmepublishedn [82].

Decisionproceduresreoftenvital in theorenproving [83]. In orderto have decisionproceduresisablen
atheorenmproverit is oftennecessaryo have themimplementedot only efficiently, but alsoflexibly. The
implementatiorshouldalsobe suchthat canbe verified in someformal way. In addition, it is important
to have decisionproceduregor new theories arisingfrom somespecificexamples.For all thesereasons,
it canbe fruitful if the processf synthesisingandimplementingdecisionprocedureganbe automated.
It would alsoutilise avoiding humanmistalesin implementingdecisionproceduresAll routinestepsin

10\Clam is a tool for automatedheoremproving in higher order theories. In particular AClam specialisesn proof using
inductionbasedon therippling heuristic. \Clam is a higherorderversionof Clam. As Clam, A\Clam alsousesproof planning
to guidethe searchior a proof.
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thesetasksshouldbe automatedSincemostof the stepsin differentdecisionprocedureganbedescribed
via rewriting, objectlevel proofscanberelatively easilyderivedfrom the sequencef methodsapplied.

As discussedn [82], moststepsof mary decisionprocedurexanbe describedvia setsof rewrite rules.
Specificsubset®f rewrite rulesareorganisednto methodswhile methodsare organizedinto compound
methodqor decisionprocedureshemseles).Dueto its importancen softwareandhardwareverification,
thework focuseson lineararithmetic.As it is interestingandnon-trivial, the Fourier/Motzkinprocedures

usedasanillustratingexample.

The following methodgeneratorhiave beenimplemented:generatorgor remove methods stratify meth-
ods, thin methods|eft-assoq(for more detailssee[82]) andabsorbmethods. Thesegeneratorcantake

a given Backus-NAUR form (BNF), transformit into anotherone,andbuild a methodwhich usessome
availablerewrite rules suchthat eachinput formula (which belongsto the first BNF) will be transformed
into aformulawhich belongsto the secondBNF. Onthesetof all thesegeneratorsa (heuristicallyguided)
searchfor a sequencef methodscan be performed,which goesfrom the startingBNF to a trivial BNF

(consistingof only T and_L), hence giving adecisionprocedure.

Theirfirst targettheorywasgroundarithmetic.All thenecessaryewrite ruleswereavailable. Theirsystem
synthesisedhe decisionproceduregor this theorycompletelyautomaticallyin around10 second®f cpu
time. While a decisionprocedurefor groundarithmeticcanbe also obtainedby exhaustve application
of all rewrite rules,their systemgivesa procedurevhich usesthemonly in stepsandgiving a structured
proofs(easilyunderstandabl® a human).

Theirsecondargettheorywas(quantified)lineararithmetic.For this theorythreemoremethodgenerators
neededo beimplementedonefor adjustingtheinnermostuantifief onefor isolatinga variable,andone

for removing a variable(cross-multiplyandaddstep). Their systemautomaticallysynthesiseé decision

procedurdor lineararithmeticin around20 second®f cpu time.

For mostof usedconditionalrewrite rules, the abose procedurecanbe usedin orderto prove that their
conditionscoverall possiblecases.

This approaclygivesdecisionproceduresn somecaseshut alsoa high-level way of understandingyntac-
tical transformationsindformularewriting.

2.3.d Discovering Security Protocol Attacks by Finding Counterex-
amplesto Inductive Conjectures

GrahamSteelhasimplemented systemwhich canbe usedto find counter&amplego universallyquanti-
fied conjecturesn first orderlogic, andhasappliedthework to automaticallydetectingattacksto security
protocols.

Cryptographigrotocolsareusedn distributedsystemso allow agentdo communicatesecurely Assumed
to bein the systemis a spy, who canseeall thetraffic in the network andmay sendmaliciousmessages
orderto try andimpersonateisersandgainaccesso secrets.

The methodchosenin this work to tackle this problemis proof by consistencyhich is a techniquefor
automatingnductive proof. Recentersionshave beenprovento detectnon-theoremn afinite amountof
time- in otherwordsthey arerefutationcomplete ComonandNieuwenhuishave provedthatall previous
techniquedor proof by consisteng canbe generalisedo a new form which they call anl-Axiomatisation
asdefinedin definition 1, which providesan easyseparatiorbetweerthe inductive completionandincon-
sisteny detection.Thecrucialresultof thetheoryis givenby theoreml.

Definition 1 A setof first-order formulaeA is an I-Axiomatisationof I if

1. Aisasetof purely universally guantifiedformulae
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Inputs:
Problem file
I-Axiomatisation file
linda server
I—Axiomatisatioy {b'em file
L all generated ™
clauses
refutation control implicit induction
client saturate

=

- File for each
spawned
saturate

... ... . .| standard
(possibly several)Saturate

Figure14: Systemoperation

2. Iistheonly Herbrandmodelof E U A upto isomorphism.

An|-Axiomatisations normalif A |= s # t for all pairs of distinctnormaltermss andt

Theorem1 Let A be a normal I-Axiomatisation,and Cy, C1, ... be a fair inductionderivation. Then
I = Cy iff AU {c} is consistenfor all clauses: in |J, C;.

Figure 14 illustratesthe operationof the system. The input is an inductive problemin Saturate for-
matanda normall-Axiomatisation(seeDefinition 1, abose). The versionof Saturate  customisedy
Nieuwenhuisfor implicit induction (the right handbox in the diagram)getsthe problemfile only, and
proceeddo pursueinductive completion,i.e. to derive a fair inductionderivation. Every non-redundant
clausegenerateds passedvia the sener to the refutationcontrol program(the leftmostbox). For every
new clausereceved, this programgenerates problemfile containingthe I-Axiomatisationandthe new
clause andspavnsa standardrersionof Saturate  to checkthe consisteng of thefile. Crucially, these
spavnedSaturate sarenotgiventhe original axioms— only the I-Axioms arerequired,by Theoreml.
This meanghatalmostall of the searchfor aninconsisteng is doneby the prover designedor inductive
problemsandthe spavnedSaturate sarejustusedto checkfor inconsistenciebetweerthenew clauses
andthe [-Axiomatisation. This shouldleadto a falseconjecturebeingrefutedafter fewer inferencesteps
have beenattemptedhanif the conjecturehadbeengivento a standardirst-orderprover togethemith all
theaxiomsandl-Axioms

The systemhasbeenappliedto cryptographigprotocol problemsusinga first-orderversionof the higher
orderformalismusedby Paulsonin Isabelle/HOL Preliminaryresultsincluderediscaveringseseralknown
attacks.The problemthat Paulsonencountereavhenproving propertiesof the protocolinteractvely was
thatit wasvery hardto tell, evenfor anexpert,whetherthe reasorfor a proof not succeedingvasafalse
conjecture.By applyingthe countergamplefinder developedin the work presentedere,attackscanbe
automaticallydetectechndpresented244, 245.
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2.3.e Proof Planning Non-Standard Analysis

EwenMacleanhasbeenusing\Clam to automaticallyconstructproof-plansor realanalysigoroofsusing
non-standarénalysis[131, 179. The latestwork incorporatesnductionin constructingproof-plansfor
suchtheoremsaasthelIntermediaté/alueTheoremandRolle’s Theorem180]. Thistechniqués illustrated
hereby meansof presentingan outling of a proof-planfor an exampletheorem;namelythe Intermediate
ValueTheorem.

Intermediaté/alueTheoremin non-standar@nalysiss expressedsfollows:

f:R—>R

a,b,c: R

‘v’x,ye*R.a_a:S/b\/\agygg/\xxy—>*f(m)%*f(y) Q)
a<b
fla) <e < f(b)
FIzeRa<z<b- f(z)=c

In orderto establistawitnessfor theexistentialin theconclusionthe notionof a partitionis introduced A
sequence[a;, b;]} of partitionsis generatedstartingfrom theinitial internval [a, b], which areguaranteed

to containthe point z. A recursve function is definedto constructthis sequencecharacterisedy the
illustrationin figure15. Now conjectureganbestatedrepresentingropertiesaboutthis recursiefunction

f

Figure15: Thesequencef partitions

which ascertairthatthe point z lies insideary interval in the sequenceTheselemmasare proved using
induction,andthe proof-plansfor theseproofstake advantageof the existing expertisein proof planning
for induction;in particular exploiting therippling mechanisnin A\Clam. Oncethe conjecturehave been
establishe@dstheoremghey aregeneralisedandaddedashypotheseto theinitial theorem.Thevariables
0 areintroducedand¢, andaddthefollowing hypotheses:

9.6: *R
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Fromthisit canbedeterminedisingnon-standardnalysighatthereexistsjustonerealin theinfinitesimal
neighbourhoof 6, sayx, andthatthereis just onereal in the infinitesimal neighbourhoodf * f(6),
namelyc. Thentheresult* f(z) = ¢is deducedwhichreducesasilyto f(z) = c establishinghevalidity
of thetheoremby finding awitnessfor the existentially quantifiedreal z.

Thistechniquehasbeenextendedo otherexamplessuchasRolle’s Theoremandthe MeanValueTheorem.
Also proof-planscan be automaticallygeneratedo accountfor higher order meta-theoremsiboutthe
technique.

2.3.e Integration of Computer Algebray Systemsnto 2MEGA

Integration of computeralgebrasystemsinto the proof plannerof the QMEGA systemis work that has
alreadybegun beforethe startof the Calculemusprojectandis mainly undertalenby Volker Soige[151,

152, 243. The main achiezementsare an integrationof certaincomplex computationsrom large-scale
computemlgebrasystemshatguaranteesorrectnessf thecomputationdy justifying themwith machine-
checkabldogical calculusproofs. Thesgustificationsarecomputedwith a small. self-tailoredsystenthat
givesprotocolinformationonits calculations More detailson this aregivenin sectionl.1.cof this report.

Technicallythe integrationis achiezed with the Sapperinterfacethat can genericallyconnectarbitrary
computeralgebrasystemdo OMEGA. Theinterfacecontainsbridgingfunctionalityto varioussystemsout
alsotakescareof collectingandprocessingprotocolinformationto constructcorrectnesproofs. During
the Calculemusproject the interface hasbeenconnectedo the MathWeb software bus and it hasbeen
extendedandnow integratesseveral CAS, suchasMAPLE, GAP,andMAGMA.

Besideghedescribedntegratiotechniquene have devisedadditionaltechniqueso employ symboliccom-
putationgn proofplanning,in particularto enableheuseCAS in controlrulesandfor multi-strateyy proof
planning.An accountbf thesetechniquesanalsobefoundundertaskl.1.

The enhancedroof plannerof QMEGA hasbeensuccessfullyappliedin several casestudies;for details
seethereporton task3.5 of theproject.

2.3.f LearnQ2matic —EnhancingProof Planning by a Machine Learn-
ing Algorithm

Intr oduction We deviseda framework within which a proof planningsystem[81] canlearnfrequently
occurringpatternsof reasoningautomaticallyfrom a numberof typical examples,andthenusethemin
proving new theorems.The availability of suchpatternscapturedas proof methodsin a proof planning
system reducessearchandproof length. We implementedhis learningframework for the proof planner
QOMEGA [238], andcall our systemLEARNQMATIC. Theentireprocesf learningandusingnew proof
methodsn LEARNQIMATIC consistof thefollowing steps:

1. Theuserchoosednformative examplesandgivesthemto Q2MEGA to beautomaticallyproved. Traces
of theseproofsarestored.

2. Prooftracesof typical examplesare given to the learningmechanisnwhich automaticallylearns
so-calledmethodoutlines

3. Methodoutlinesareautomaticallyenrichedby addingto themadditionalinformationandperforming
searchfor informationthat cannotbe reconstructedn orderto getfully fleshedproof methodshat
IMEGA canusein proofsof new theorems.
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Learning and Using Learnt Methods The methodswe aim to learnare complex andare beyond the
compleity that can typically be tackledin the field of machinelearning. Therefore,we simplify the
problemandaim to learnmethodoutlines which areexpressedn thefollowing languagel., whereP is a
setof known identifiersof primitive methodsusedin a methodthatis beinglearnt:

e forarnyp e P,letp € L, e foraryl € Landn € N, letl” € L,

o foraryly,ly € L,let[ly,l2) € L, e forarylist suchthatall [; € list are

alsol; € L, let T(list) € L.
o for any l1,l2 € L,let [l1|lz] eL,

o foranyl e L,letl* € L,
“[" and“]” are auxiliary symbolsusedto separatesubexpressions;’,” denotesa sequence”|” denotes
a disjunction “x” denotesa repetitionof a subepressionary numberof times (including 0), n a fixed
numberof times,andT is a constructorfor a branchingpoint (list is alist of branches)j.e., for proofs
which arenot sequencebut branchinto a tree. For moreinformationon the choiceof this languagethe
readeris referredto [139)].

Hereis an examplefrom grouptheory of a simplify methodoutline which appliesthe associatiity left
methodseveral times, andthenreduceshe theoremby applyingappropriatenversemethodsand after
wardsanidentity method:[assoc-I, [inv-r | inv-1],id-1].

Learning Technique Our learningtechniqueconsiderssometypically small numberof positive exam-
pleswhich arerepresenteéh termsof sequencesf identifiersfor primitive methodqe.g.,assoc-ljinv-r),

andgeneraliseshemsothatthe learntpatternis in languagel. (e.g.,simplify givenabove). The patternis

of smallestsizewith respecto a definedheuristicmeasuref size which essentiallycountsthe numberof

primitivesin anexpression.The patternis alsomostspecific(or equivalently, leastgeneralwith respecto

the definition of specificityspec specis measuredn termsof the numberof nestingsor eachpartof the
generalisationAgain, thisis a heuristicmeasureWe take both, the size(first) andthe specificity(second),
in accountwhenselectingthe appropriategeneralisationlf the generalisationsonsiderecave the same
ratingaccordingto thetwo measureghenwe returnall of them.

The algorithmis basedon the generalisatiorof the simultaneougompressiorof well-chosenexamples.
Hereis anabstracdescriptionof thelearningalgorithm,but the detailedstepswith examplesof how they
areappliedcanbefoundin [139]:

1. Split every exampletraceinto sublistsof all possibldengths.

2. If thereis any branchingn the examplesthenrecursvely repeathis algorithmon every elementof
thelist of branches.

3. For eachsublistin eachexamplefind consecutie repetitionsj.e. patternsandcompresshemusing
exponentrepresentation.

4. Find compressegatternghatmatchin all examples.

5. If thereareno matchesn the previous step,thengeneralisgéhe examplesby joining themdisjunc-
tively.

6. For every match,generalisalifferentexponentgo a Kleenestar andthe sameexponentgo a con-
stant.

7. For every matchingpatternin all examplesyepeathealgorithmon bothsidesof the pattern.

8. Choosehegeneralisationwith the smallestsizeandlargestspecificity
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For instancethe threesequencesf methodoutlines
[assoc-l,assoc-l,wnr,id-1], [assoc-l,iv-1,id-1], [assoc-l,assoc-l,assoc- i, id-]]
will begeneralisedo the simplifymethod

[assoc-F, [inv-r |inv-1],id-1].

The learningalgorithmis implementedn SML of NJ v.110. Its inputs are the sequence®f methods
extractedfrom proofsthatwereconstructedn QOMEGA. Its outputaremethodoutlineswhich are passed
backto QMEGA. Thealgorithmwastestedon seseralexamplesof proofsandit successfullyproducedhe
requiredmethodoutlines.Propertieof our learningalgorithmarediscussedn [139].

Therearesomedisadwantagego our technique mostly relatedto the run time of the algorithmrelative to
thelengthof theexamplesconsideredor learning.The algorithmcandealwith relatively smallexamples,
which we encounteiin our applicationdomain,in an optimalway. The compleity of the algorithmis
exponentialin theworstcase.Hence we usesomeheuristicsfor largeandbadlybehaedexamples.

Using learnt methods Fromalearntoutlinealearntmethodcanautomaticallybe generatedThe learnt
methodis applicableif someinstantiationof themethodoutline,i.e.,asequencef methodsjs applicable.
Sincemethodsareplanningoperatorswith pre-andpostconditionstheseconditionsmustbe checledfor

themethodsof the methodoutline. The complex structureof methodsdoesnot allow the preconditionof a
subsequennethodof thelearntoutlineto betestedwithouttheinstantiate¢postcondition®f the previous
methodsThatis, themethod=f anoutline have to be appliedto the currentproof situation.

Theapplicabilitytestperformsadepthfirst searcton thelearntoutline. Besideghechoicepointsfrom the

operator®f theoutlinelanguagei.e., disjunctionsandnumberof repetitionsfor the Kleeneoperatorthere
canbe morethanonegoalwherea methodof thelearntoutline canbe applied. Additionally, for methods
containingparametersaninstantiationhasto be chosen.The parameter®f a methodareinstantiatedoy

controlrulesthatguidethe proof search Every controlrule thatgivesaninstantiationof parameterfor the

currentmethodis evaluatedandtheresultingpossibilitiesfor parameterareaddedo the searctspace.

The applicationtestis performedasthe preconditionof the learnt method. The applicationof a learnt
methodfor which the testwas successfulill introducethe opennodesandhypothesegeneratedluring
theapplicabilitytestaspostconditiorof the learntmethodto the currentproof.

Dissemination/Availability In orderto evaluateour approach,we carried out an empirical study in
different problem domainson a numberof theorems. A demonstratiorof LEARNQXMATIC implemen-

tation can be found on the following web page: http://www.cs.bham.ac.uk/"mmk/demo s/
LearnOmatic/ . Furtherinformation, alsowith links to paperswith more comprehensie references
canbefoundon http://www.cs.bham.ac.uk/"mmk/project s/CAL CULEMS/ .

Thiswork hasbeencarriedoutin collaboratiorof thenodesn BirminghamandSaarbiicken. It particularly
involvedthe YVR Martin Pollet. Theresultswherepublishedn [139, 140, 141].

2.3.g The MathSat Procedure

The MathSatsolver [20, 23], developedby ITC-IRST, is a state-of-the-arsolver basedon the MathSat
framework, ableto reasoron booleancombination®f lineararithmeticformulas. The efficiency of Math-
Satis due both to the tight integration of the booleanand mathematicakolving subroutinesandto the
layeredstructureof the mathematicabecider which is organizedinto levels dealingwith subclassesf
formulasof increasingcomplexity.
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Figure16: Thelayeredstructureof MathSat

The MathSatsolver is basedon a highly layeredstructure(seefigure 16). The goal of the solver is to
decideaboutthe satisfiability of aninput formula including both booleanand mathematicahtoms. The
first layer dealswith the booleancomponentandis implementedasa DPLL procedureasdescribedn
the previoussection.Thebasicideais thatof performinga booleamabstractiorof the mathematicahtoms
(i.e., assigninga new propositionalsymbolto every differentmathematicahtomin the original formula),
andusethe DPLL subroutinefor generatinglone by one)a completecollectionof booleanassignments
possiblysatisfyingthe input formula. Despitethe abstractionthe booleanphaseis alreadycapableof
cuttinga large partof the searchspaceconsistingof unsatisfiableassignments.

Therole of the mathematicasolvingcomponents thatof checkingwhetherthe assignmentgroducedoy
the DPLL procedureare consistentor not, by taking into accountthe actualmathematicatomswhich
correspondo the artificially introducedpropositionalsymbols. The mathematicatomponents in turn
organizedinto differentlayersof increasingcompleity. The layeredstructureallows for early detection
of inconsistencieghusgreatlyimproving the overall performanceof the algorithm. Theideais thatsim-
pler subclassesf mathematicaformulascanbe dealtwith by specializedfastersatisfiabilityprocedures,
whereasnorecomple satisfiabilityprocedureshouldbe calledonly if needed.

The currentMathSatimplementatioris ableto dealwith (a subsef) linear mathematicaformulaswith
equality disequalityand comparisoroperators.The layerscorrespondindo the currentMathSatimple-
mentationarethefollowing:

¢ the first layer considerequality constraints,performing equality propagation,building equality-
drivenclustersof variablesanddetectingequality-drivenunsatisfiabilities;

¢ the secondlayer handlesalsoinequalitiesof the kind v; — v2 op ¢, with op beinga comparison
operatorby usinga variantof the Bellman-Ford minimal pathalgorithm;

e the third layer also considergeneralinequalities,except for negatedequalities,using a standard
simplex algorithm.

¢ thelastlayerconsidersalsonegatedequalities.

A numberof optimizationtechniquesare addedto improve the performanceof the MathSatsolver. In
particular early pruning stratgjiesallows for the early detectionof inconsistenciesandlearning stratgjies
areusedfor theory-dependentun-timetuning of the MathSatprocedure.

2.3.h RDL, Rewrite and DecisionProcedure Laboratory

RDL [6] simplifiesclausedn a quantifierfree first-orderlogic with equalityusinga tight integrationbe-

tweenrewriting and decisionprocedures If, on the one hand,the integrationof rewriting with decision
proceduress consideredo be the key ingredientfor the succes®of state-of-the-arverificationsystems,
suchasAcL?2 [149], STEP [118], Tecton[148], andSimplify[116], on the otherhand,obtaininga princi-

pledandeffective integrationis notoriouslydifficult. Thisis dueto the following reasons:
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thereareno formal accountf theincorporationof decisionproceduresn rewriting. This makesit
difficult to reasonaboutbasicpropertiessuchassoundnesandterminationof the implementation
of the proposedschema.

Secondlymostintegrationschemasiretargetedto a givendecisionprocedureandthey do not allow
to easilyplug new decisionproceduresn the rewriting actiity.

Thirdly, only atiny portionof the proof obligationsarisingin mary practicalverificationefforts falls
exactly into thetheorydecidedby the availabledecisionprocedure.

RDL solvesthe problemsabove asfollows:

1.

RDL is basedon CCR (ConstraintContextual Rewriting) [11, 12], a formally specifiedintegration
schemabetween(ordered)conditionalrewriting anda satisfiabilitydecisionprocedurg210]. RDL
inheritsthe propertief soundnesgl1] andtermination[12] of CCR.lt is alsofully automatic.

. RDL is an opensystemwhich canbe modularly extendedwith new decisionproceduregprovided

theseoffer certaininterfacefunctionalities(see[12] for details).

In its currentversion,RDL offers‘plug-and-play’ decisionproceduesfor the theoriesof Universal
Preshurger Arithmetics over the Integers(UPAI), UniversalTheory of Equality (UTE), and UPAI
extendedwith uninterpretedunctionsymbols[237].

RDL implementsinstancesof a generic extensionschemafor decisionprocedureg13]. The key
ingredientof sucha schemas alemmaspeculatiormedanismwhich ‘reduces’thevalidity problem
of agiventheoryto thevalidity problemof oneof its sub-theorie$or which a decisionproceduréds
available. Theproposednechanisnis capableof generatindgemmaswhich areentailedby theunion
of thetheorydecidedby the availabledecisionprocedureandthefactsstoredin the currentcontext.
Threeinstanceof the extensionschemdifting a decisionprocedurdor UPAI areavailable. First,
augmentatiorcopeswith userdefinedfunctionswhosepropertiescanbe expressedy conditional
lemmas. Second affinizationis a mechanisnfor the ‘on-the-fly’ generationof lemmasto handle
a significantclassof formulaein the theory of UniversalArithmetic over Integers(UAI). Third, a
combinationof augmentatiorand affinization puts togetherthe flexibility of the former with the
automationof the latter Finally, RDL canbe extendedwith new lemmaspeculatiormechanisms
providedthesemeetcertainrequirementgsee[13] for details).

Sinceextensionsof quantifierfree first-orderlogic with equality areusefulin practicallyall verification
efforts, RDL canbe seenasanopenreasoningnodulewhich canbeintegratedin larger verificationsys-
tems.In fact,moststate-of-the-arverificationsystemdeaturesimilar componentse.g. AcL 2's simplifier,
STEeP validity checler, Tectonsintegrationof contectual rewriting anda decisionprocedurdor UPAI, and
Simplifydevelopedwithin the ExtendedStaticCheckingproject.

RDL is available via the Constaint Contextual Rewriting Project Home Page at http://www.mrg.
dist.unige.it/ccr
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Task 3.1: Automated Support to
Writing Mathematical Publications

TASK LEADER: RISC
SCIENTISTS IN CHARGE: BRUNO BUCHBERGER, WOLFGANG WINDSTEIGER, TUDOR JEBELAN
RESEARCH TEAM: USAAR, RISC, UWB

3.1.a Overview

Thegeneralgoalin the frameof Task3.1is to usethe developedprototypesystemaduring the procesof
writing mathematicapublications. Typically, a mathematicapublicationcontainsthe following ingredi-
ents:

e naturallanguageext,

e mathematicaformulae,

o formaltext, i.e. definitionsandtheorems,
e proofs,

e examplestypically with computations,

e graphicstablesdrawings,sketchesegtc.

In the optimal case,a software systemfor supportingmathematicapublicationswould supportall the
facetsof mathematicapublicationslisted above. Several systemsandlanguagesiave beenusedfor case
studiesdn thisarea.

3.1.b MIZAR

MizAR approachto this taskis basedon two kinds of software which automatethe processof writing
formal mathematicapapers:

e softwareusedto prepareanarticle asaformaltext whosecorrectnesgs computeverifiedand

e the software for automatic(or semi-automaticjranslationinto the naturallanguage(particularly
English);thisincludesalsothe softwarefor translationinto XML-basedformats.
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The cooperationwith other Calculemussitesincludesdevelopmentof the Mizar MathematicalLibrary
(MML) andalsotheabose mentionedranslatiorinto XML formats.Themainpartnersare: USAAR, UED
andCharlesUniversity (ChU) in Prague.The Young Visiting Researchemvolvedin thework are: Josef
Urban (ChU), Markus Moschner(USAAR) and Hazel Duncan(UED). Quite intensive cooperatiorwith
TUE hasbeenrealizedusingotherfunds. It includesthe visits of FreekWiedijk, Femlke van Raamsdonk
andDan Synek.

Mizar Mathematical Library

In orderto write anew articleoneusesheknowledgestoredin the M1zAR databaseCurrently it contains
33186theoremsg448definitions,and680schemesThedatabasés basedn previously submittedarticles
which arestoredin the Mizar MathematicaLibrary (MML). At the moment,in thelibrary thereare755
articles. The only acceptablevay to increasethe databases to provide a new article. Moreover, all
changeof the databasare processedy modifying the articlesalreadystored. Becauseof the size of
the databasespecific software for searchingthroughits contentsis provided (MML Query, http://
megrez.mizar.org/mmiquery/three.htm [ ). Additionally, M1zArR modefor Emacscreatedby
JosefUrbanincludestoolsfor searchingn the MML.

The contentsof the MML is revisedquite often. Therearetwo mainreasondor that: finding a betterway
of formalizationand steadydevelopmentof the MizAR software. The revisionsenablewriting articlesin
moreconciseandtransparentvay. Takinginto accountheir scopetherevisionsmaybe classifiedas:

e revisionsthatimprove the quality of the MML without changinghe databaser
e deeperevisionsduringwhich not only therevisedarticleis changedbut alsootherarticlesdepend-
ing onit.

On the otherhand, we can classify the revisions accordingto the size of changesdone. Therearetwo
extremecases:

e hugesystematicevisions(e.g.changinghetypeElement of REALtothetypereal number,
wherepracticallythewhole MML is involved(this kind of revisionsis usuallycarriedout automati-
cally by specificsoftware)or

¢ smalladhocrevisionschangingand,asarule, generalizingonly onetheoremalwaysdoneby hand.

Rarely so-calledestructuringdf theMML is performed It concerngnoving someof theinformationfrom
onearticleto another

Thebasicconceptof settheoryarequite well developedin the MML. Thisincludes:

e thetheoryof boolearnoperationson sets(XBOOLE_0', XBOOLE_1)

¢ infinite operation®n sets(ZFMISC_1),

e binaryrelations(RELAT_1, RELAT_2),

e setfamilies(SETFAM _1),

e enumerablsets(ENUMSET1),

e functions(FUNCT_1, FUNCT_2),

¢ ordinalandcardinalnumberORDINAL1, ORDINAL2, CARD_1, CARD_2).

1This is anexampleof Mizar articleidentifier A full list of MizAR articlescanbe found at http://mizar.uwb.edu.pl/
JFM/mmlident.html
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Also the beginningsof classicaimathematicarealreadydone.Thisincludes:

e realnumbers,

e complex numbers,

e trigonometry

¢ realfunctions,

¢ differentialandintegral calculus,

e sequenceandseries.
An exampleof arecentachievementis the proof of Fundamentalrheoremof Algebraby RobertMilewski
[199].

In themodernmathematicshe mostdevelopedfieldsare:

e generakopology,

o latticetheory(thatis partially causedy oneof the attacksto formalizecontemporarymathematics,

[126]),

e catgyory theory; two approachego this theory were investigated: one in which a category is a
quintuple
< O, M,dom, cod, comp >

thesecondapproacttloserto homologicalalgebrain which a categoryis presentedsatriple

<0, {hom(ola 02)}01,02607 {®01702,03 }01,02,0360 >
WhereQo, 5,05 : hom(o1,02) x hom(os,03) — hom(o, 03).

o thetheoryof vectorspaceqreal spacesaswell asvectorspacesover arbitrary fields — actuallya
specificpartof thetheoryof modulesoverrings);it includesHahn-Banacltheorems,

e grouptheory e.g. Frattini subgroupandsolvablegroupsarealreadydefined.

A seriouseffort hasbeenmadein thetheoryof RandomAccessTuring MachinegRATM). It includesboth
RATMs working on specificdatatypes(integers, finite sequencesf integers)andgenericones(RATMs
overanarbitraryring).

The MML consistamostly of ‘primary’ informationi.e. articleswhich apartfrom maintheoremsnclude
alsolemmagelatedto variousfieldsof mathematicsilt is thereasorwhy theknowledgerelatedio thesame
topicis dispersedRecently someeffort hasbeenmadeto develop’secondaryinformationapproachand
organizethe mostusefultheoremsnto theories.As yet, theideahasbeenappliedin articlesXBOOLE_O,

XBOOLE_1 devotedto the basicpropertiesof booleanoperationson sets. In the nearesfuture the same
will bedonewith elementarytheoryof realnumbers.lt is the basisof whatwe call The Encyclopediaof

Mathematicsn Mizar (EMM).

Writing an article

A new articleis preparedasa plain text file usingary ASCII editor However, GNU Emacsis preferable
sinceall Mi1zAR distributions provide a specialmodewhich facilitatesthe procesof writing MizAR ar
ticles. A MizAR article is written by step-wiserefinementapproach.It usually startswith a proof plan
andthen, after gettingreporton errors,the gapsin the reasoningarefilled. Every article consistsof two
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parts:the ernvironmentdeclaratiorandthe propertext. They areprocessetby separat@rograms.Thefirst

partis processedy ACCOMMODATOR thatcommunicatesvith the databasend preparedocal erviron-

mentfor the article. The authordeclareswvhich resourcegrom the databaseare needed.The directives
thatcontrolthis procesanay be dividedinto threecateyories:lexical directveswhich areusedto prepare
lexical environmentof thearticle- usedsymbols library directivesrelatedto previously storedarticlesand

requirementslirectiveswhich enableusingbuilt-in informationrelatedto particularmathematicabbjects
(sets,numbers).Therearealsosomeutilities which assistthe preparatiorof the ervironmentdeclaration.
Someof themare:

e FINDVOC - informsin which vocahulary a particularsymbolhasbeenintroduced

e CONSTR - shavs which constructorarenecessaryo usea specificresourcdrom the databasée.g.
atheorem).

Thepropertext of anarticleis processety aprogramcalledv ERIFIER. Its mostimportantiogical modules
areREASONER, CHECKER andSCHEMATIZER.

e REASONER Themainrole of thismoduleis to checkwhetherthestructureof theproofis correctwith
respecto the formulabeingproved. We saythata proof ‘fits’ a formulaif it is createdaccording
to tacticsdeterminedby the structureof the formula. Apart from checkingthe fithessof formulae
REASONER computesalsotheresultof diffusedreasoningandgenerate$ormulaecorrespondingo
genericwordsusedin Mizar (e.g.,uniqueness , existence (correctnessonditionsof functor
definitions),symmetry (a default propertyof somepredicates)thesis (the currentgoalin the
proof)). It alsogeneratesefinitionaltheorems.

e CHECKER It isashortcutfor 'inferencechecler’. It checksvhetherareferencerovidedin astraight-
forwardjustificationmakesaninferenceobviousfor the system.

e SCHEMATIZER This moduleenableghe useof so-called schemesthat aretheoremswith second-
orderfreevariables.

All partsof the systemareundersteadydevelopmentLet uslist thework in progress:

new requirements  thatintroduceto the systemmoreelementof computeralgebra
e automatiorof theuseof definitionalexpansionsn CHECKER (now it is only donein REASONER)

e new implementatiorof attributes (staticreconstructiorof algumentsof adjectes);it will en-
ableremoving somepeculiaritiesof the system(e.g. non-clusterablattributes)andwill make the
CHECKER stronger

e new semanticgor SCHEMATIZER with thegoalto make it moretransparent

¢ introducingthe conceptof 'structureoci’ thatwill make obviousfactslike’if atopologicalgroupis
compacthenthetopologicalspaceof it is compact’.

Enhancing an Article

A collectionof so-calledenhancersplaysa specialrole in the Mi1zAR system.Theseareutilities thatare
usedto make articlesbetterin quality andusuallymoreconcise.They areusedin variousways:

e bytheauthorto enhancénis articles,

e afterarevisionto make useof newly introducedchangeso the MML or Mi1zAR itself, and
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e in therefereeprocess.
Themostimportantof themare:

e IRRVOC - findsunnecessaryocalulary namesn avocabulary  directive

e |IRRTHS - reportsirrelevantarticlenamesn theorem andschemes directives

e RELPREM - findsunnecessargeferencedn ajustification

e RELINFER - findsconsecutie proof stepsthatmaybedonein onestep

e RELITERS - indicatestwo consecutie stepsn iterative equalitiesthatcanbe donein onestep
e TRIVDEMO - reportswhena proof canbe substitutedy a straightforvardjustification

e CHKLAB - findslabelsthatarenotreferredto

e INACC - shaws superfluousragment=of the text.

The outputof the above utilities is marked aserrorsin thetext of anarticle andthe authorcorrectsthese
errorsby hand.For the sale of revisionsanautomaticversionof the utilities arealsomaintained.

Publishing an Article

FormalizedMathematicqa computerassistedapproadc) (FM), ISSN 1426-2630 publishesthe contents
of MizAR articlessubmittedto the MML. All atriclespublishedin FM arein English. The translationof

MIzAR textsinto Englishis madeautomatically Thematerialpublishedconcernghesurfacepartof Mizar

articles. Proofsforming the inner partsare not yet translatedput otherelements theoremsgdefinitions,
schemesandresenationsandglobalsetsif necessary are.

An electronicextensionof FM, Journal of FormalizedMathematicsis availablefrom URL addres$ittp:
/Imizar.uwb.edu.pl/JFM/ . In contrastto the paperedition, the electronicextensionis dynamic
andcanfollow changesn the Mi1zAR systemandin the MML aswell asreflecttheimprovementgo the
translationprocessAs aresult,therearetranslationof M1zAR articlesupdatedaccordingto their current
statein the MML.

Theprocesf translation's mechanizedhut thefinal resultmaybeimprovedby authoreditorinteraction.
The goal of the interactionis to optimizethe translationpatternsor new MizAR formatsfrom the article
beingtranslated.

The processof translationis performedin several steps. First, a MiZAR article is parsedand storedin
someabstractform. Next, the analyzingrules are appliedto enrichthe abstractform by somestatistic
information. After that, translationpatternsfor formulaeandformatsareused.Finally, thefilling text, the
summaryandthe sectiontitles areadded.

Thesestepsandthe managementf translationpatternsare realizedby the following programdisted in
Tablel.

In Table1, $1 standsfor the nameof MizAR article, $2 standsfor the nameof a databasdile “$2.frd”
with translationpatterns,and $3 standsfor the nameof a list of MizAR articles(usuallya codefor the
journalissue)in thefile “$3.lar". The questionmarksin “$1.?” and“x*.?” standfor the sectionnumberof
the Mi1zAR article and* indicatesthe namesof MizAR articlesfrom thelist in file $3.lar ACCOM($1),
PREL($1),andPREL standfor MizAR internalformatfiles createcby the ACCOMMODATOR or available
from MizAR directories.

The contentof thefiles areasfollows:
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Program | param. | inputfiles outputfiles

accom $1 $1.miz,PREL ACCOM($1)

fmparse | $1 $1.miz, ACCOM($1) $1.fma,$1.nfr

nevfmfrm | $1-1$2 | $2.frd, ACCOM($1),PREL($1) $1.fmn,$1.fmd

addfmfrm | $1-1$2 | $2.frd,$1.fmn $2.$-$

fmfrm $1-1$2 | $2.frd,$1.nfr, $1.fmn, ACCOM($1) $1.fmf, $1.fmz

res\ar $1 $1.miz, ACCOM($1) $l.ire

fmnotats | $1 PREL($1) $1.fms

fmanalyz | $1 $1.fma,$1.fmf, $1.ire, ACCOM($1) $1.?

jformath | $3[/d|/f] | [formath.set,[b3.lar x.bnt,*.fms,*.? | $3.tex

latex $3 $3.tx, *.?, formath.cls, fom10.clo, | $3.dvi,$3.aux
mizarfrm.te [, *.bbl]

Tablel: Managemenof translationpatterns

$1.fma- anabstractdescriptionof the surfacepart of article $1.miz (resenations,definitions,theorems,
schemesandglobal sets).

$1.nfr - new formatsintroducedn article$1.miz.

$1.fmd - generatedranslatiorpatterngwith identification)of old formatsexistingin $2.frdwhichareused
in definitionsin article $1.miz.

$1.fmn - generatedor re-editedby the editoror theauthorof anarticle) translationpatterngwith identifi-
cation)of new formatsfrom article $1.miz(notyetintroducednto $2.frd).

$2.frd - databaséile of translationpatterngwith identification).

$1.fmf - translationpatterns(without identification) of formatsorderedaccordingto $1.frm from AC-
COM($1)and$1.nfr.

$1.fmz- formatidentificationsorderedaccordingio $1.frmfrom ACCOM($1)and$1.nfr.
$1l.ire- informationfor reseredvariablesf they areusedin elementdranslated.

$1.fms- (signature)list of articlesintroducingnotation(constructorsusedin translatedelementsfrom
article$1.miz.

$1.?,%.? - final IATEX inputincludingatranslationof the sectionnr ? from article $1.miz(or x.miz).
$3.lar - list of articlenames.

$1.bnt - bibliographicnotesof the article,the summaryandthe sectiontitles.

formath.set- basicinformationof the publicationissue.

formath.cls, fom10.clo,mizarfrm.tex - IATEX stylefiles.

We planto changethe internalformat usedby the translator(x.fmafiles) to the XML-basedformat. As a
resultof cooperatiorwithin the Calculemusprojectvariantsof M1zAR utilities have beendesignedo work
with the XML versionof thedatabaseAlso, thetranslationof the MML into OMDoc styleis in progress.

3.1.c THEOREMA

THEOREMA is a prototypesoftware systemdesignedo give computersupportto the working mathemati-
cianduringall phase®f mathematicahctiity. Theaspecbf automatedyeneratiorof mathematicaproofs
in THEOREMA hasalreadybeendescribedn Task2.2. In this sectionwe wantto describeacilitiesoffered
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in the THEOREMA systenthatmakethesystenfeasiblefor writing entiremathematicapublicationsnside
thesystem.

THEOREMA is implementecbn top of the well-known computeralgebrasystemMathematicasee[188],

in the high-level programminganguagehatis provided by Mathematicaandit is designeccurrentlyas
anadd-onpackageo Mathematica This hasthe implication that Mathematicais neededn orderto run
THEOREMA, but, on the otherhand, THEOREMA cansharethe highly sophisticatediserfront-endfrom

Mathematica Moreover, it runson all hardwareervironmentson that Mathematicais supportedwhich
rangedrom Windows 95/NT overvirtually all Unix ervironmentgo alsoMacintoshcomputersThe Math-
ematicanotebookfront-endis an almostperfectervironmentfor composingnathematicatexts allowing
to mix input, output,graphicsandstructuredext in onetype of document.Specialmathematicahotation
is supportedn all cateyories,evenin theinputto thesystem.Theuserfront-endis highly configurableand
throughthe Mathematicgprogramminganguageve evenhave accesso manipulateheinput parser This
particularly nice featuremadeit possibleto implementthe entire THEOREMA mathematicalanguageon
top of Mathematicaby appropriatenodificationsto the Mathematicanput parser

The style of using THEOREMA is, thus, very similar to the way of communicatingwith Mathematica
The Mathematicaront-endis aninteractive ervironmentthatacceptsiserinputtypically in form of com-
mandswritten into input cellsthatcanbe sentto the Mathematicekernelfor evaluation.After loadingthe
THEOREMA packagealuringa standardMathematicasessionthe basicusermodeis a“command-process-
answer”loop, in which the userentersa commandn the Mathematicanotebookfront-end, THEOREMA
processethe commandandprovidesthe answerfor the userwithin the Mathematicanotebookfront-end
again.Dependingonthetypeof commandthe THEOREMA systemanswercanbetheresultof acomputa-
tionin aMathematicaoutputcell or anaturallanguageepresentationf a proof generatedby the systemin
aseparatevindow, i.e. aseparatdMathematicanotebook. SomeTHEOREMA commandswhenthey areof
anadministratve nature,do not producevisible outputbut they only manipulateheinternalsystemstate,
onwhichthefollowing interactionanaydepend.

The THEOREMA system,basically consistsof a languagefor mathematicsin which all the commands
canbe formulated. Furthermorejt containsmethodsfor processinglifferenttypesof commandgyiven
by the user The entire systemis implementedas extensionsof the Mathematicakernel written in the
Mathematicgprogrammindanguagethusbeingfully portableacrossall imaginablehardwareplatforms.
Exceptfor above mentionedadministratve commandsthe basiccommandsupportedy the THEOREMA
systemare Prove , Compute, and Solve . Whenformulating statementdhiaving somemathematical
contentthehighly sophisticatedanguageof mathematicslevelopedoverthelastcenturies- thelanguage
of predicatdogic — canbe usedbothin inputandin systemoutputincludingall two-dimensionafeatures
suchas superscriptsindices,writing somethingon top of anotheror below, usingspecialmathematical
characterdik e the setbraces]ogical quantifiers the integral sign, or the summationsign. In additionto
this, we developeda smalllanguagethe THEOREMA formal text languagefor organizingmathematical
knowledgeinto hierarchicallystructurediefinitions propositionstheoremsknowledgebasesetc. thatcan
be passedsargumentsn the callsto Prove, Computeor Solve. A descriptionof theformal text language
hasalreadybeengivenin thereporton Task2.2 of this documentall detailscanbefoundin [268].

Fromthe Mathematicanotebookfront-endwe inherit additionaltext-processindacilities, which arenec-
essarybecause mathematicapublicationdoesnot solely consistof mathematicalormulae.For this pur-
pose anoteboolkcancontaintext cells,whichallow formattingof naturaltext lik e standardext-processors,
e.g.differentfonts,font sizes,andfont facesjnlined anddisplayedmathematicalormulae structuringinto
sectionsand subsectionsautomaticnumberingand cross-referencingayperlinks,importing picturesor
drawings, etc. The Mathematicdront-endalsosenesasa WY SIWY G-editorfor notebookghatcontains
severaltools supportingdocumentreation(keyboardshortcutsor editingcommandsandinput palettes).
The appearancef notebooksanbe customizedhroughstyle sheetswhich determinethe behaior and
theformattingof eachcell type.

Thesefeaturesqualify THEOREMA asa powerful systemfor creatingmathematicapublicationsentirely
insidethesystem.“Classical’mathematicatlocumentganbewrittenthatareintendedmnainlyfor printout,
asfor instancethe thesis[268] or the conferencepapers[266], [267], and[269]. In the remainderof
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this section,we will reporton two casestudiesusing THEOREMA to develop interactive lecture notes
The CalculemusnodeRISC is very active in the mathscurriculum at the University of Linz and offers
two mandatorycoursedor first-yearstudents.Both, “Algorithmic Methods” and “PredicateLogic asa
Working Language” provide computersupportfor studentsghroughinterctive coursematerialbasedon
THEOREMA.

Theoremain Algorithmic Methods

Thelecture“Algorithmic Methods"focuseson the interplay betweemmathematicaknowledg and math-
ematicalalgorithms concretelyon the transformationof mathematicaknowledgeinto algorithms. The
approactthoseris to shav thatmary timesmathematicaknowledgeis alreadyanalgorithmwithout any
needof furthertranslation.The coursematerialavailablefor studentss written entirelyin THEOREMA and
it is availablein electronicform for the students.Mathematicaand THEOREMA areinstalledon laptops
thatcanbeusedby the studentsduringtheirfirst yearof study

The emphasi®of the courseis beingput on the mathematicalepresentatiorof mathematicabbjectssuit-

able for performing computations. Mathematicaldata-structuressuch as polynomialsor matrices,are
presentedn analgorithmicform, suchthattheir definitionscanimmediatelysene asalgorithmsfor do-

main operations. Using this approachwe do not needto translatemathematicadefinitionsinto their

representatioin someprogramminglanguage and mathematicaktatementan be usedas executable
algorithms.

In the THEOREMA languageFunctors areavailablefor this type of algorithmicconstructiorof mathemat-
ical domains,see[266]. Roughly speaking,a functor defines,how new operationson objectsof a new
domainaredefinedin termsof known operationdgn known domains. The THEOREMA languageseman-
tics providesalgorithmicdefinitionsfor basicoperationson numberstuples,andsets. For arithmeticon
numberswe accesghe available operationdrom Mathematicathuswe have all kinds of numbersavail-
ablethat Mathematicacandealwith. TuplesarerepresentedsMathematicdists, basictuple operations
areimplementedasedn list operationsavailablein Mathematica For basicoperationson finite setswe
implementedbur own semanticsbasedagainon list operationsavailablein Mathematica Usingfunctors
we canthenbuild up new mathematicatiomainsfrom the basicdomainsnumberstuples,andsets.

An Example: Algorithms using Polynomials

As anexample we demonstratéhedefinitionof univariatepolynomialsoversomefield K andanalgorithm
for polynomialinterpolationwritten in THEOREMA. The functor definition of the domainof univariate
polynomialsover K in THEOREMA is shawvn in Figure3.1.c.

The polynomialfunctor givenin Figure3.1.cdefinesfor any K, Poly[K] to be such a domain P, such
that,forary p, ¢, n, a

e pisanelementof P iff p is atupleandeachcomponentf pisin K,
e theOin P isthetupleconsistingof theOin K,

e thelin P isthetupleconsistingof thelin K,

e thex in P isthetupleconsistingof theOin K andthelin K,

o thedegreein P of p is definedvia somecasedistinction (notethe speciallanguageconstructe P;
K3
denotingthei suchthatP;),

e thecanonicformin P of p is p withouttrailing zeros,

e thesumin P of p andq is thecanonicform of thecomponent-wissumin K of p andg,
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Definition[*Polynomial Domain”, any[ K],
Poly[K] := Functor [P, any[p, ¢,n, a],
€ [p| & is-tupldp] A V i
€ Iyl ldpl A _ ¥ €lp]

=1,....[p
0 :=(0)
P K
1 =(1
P <K)
z :=(0,1)
P K K
0 <= 4 pj = 0
de [p] _ j=1,...,|p| K
& ) (& p#A0A Y pj=0)—-1 < otherwise
i=1,...,|p| K j=i+1,...,|p| K
Pny1 <= n>0An <deg[p]
P
C%ef [p,n] == 0 < otherwise
K

canonic[p] := (p;
P i=1,...,deg[p]+1
P

p + ¢ := canonic[(coef [p,i]+ coef [g,1]
P P P K P $=0,...,Maximumdeg[p],deg[q]]
P P

p — g := canonic[(coef [p,i]— coef [g, 1]
P P P K P i=0,...,Maximum{deg[p],deg[q]]
P P

* = coef i1* coef [¢q,7i — 7
Pxq <j220,5,i ¢ [p,J]K ¢ lg,i — 4]

i=0,...,deg[p]+deg[q]
P P

a - p:={ax coef [p,i
P { K P [P, ]i:0,...,deg[p]
P

p | a:= {coef [p,i]/ a
b P K i=0,...,deg[p]
P

Figure17: Functordefinitionfor the domainof univariatepolynomials
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¢ thedifferencein P of pandqis...,
e theproductxin Pof pandgis...,

e the product- in P of a constanta andp is the tuple containingthe productin K of a with each
componenbf p, and

e thedivision/ in P of p by aconstant is thetuple containingthe quotientin K of eachcomponent
of p with a.

Computationsvith polynomialscannow immediatelybe performedwith the Compute commandf THE-
OREMA'?, Knowledge which shouldbe availablethroughouthe sessionganbe putto aglobalknowledge
baseusingthe commandJse.

I'n[1]: = Use[(Bui | t-in[”Tuples”],Bui | t-i n[”Quantifiers”], Bui | t - i n[”Connectives”],
Bui | t - i n[?Numbers”],Bui | t -i n[”NumberDomains”],Def i ni ti on[”PolynomialDomain”])]
4 2 1
In[2]:= Co te|(-, =,0, -
[2]:= Computel (3, 7.0 3 poiyiq) >]
1
Qut[2 —,0,-
[ ] (35 107 53>
4 2 1 1 2 8
In[3]:= Compute|{=,—=,0, =) * 0, —,—, =
[3] pute[(3,5,0,3), e (0, 25052, 2]
2 71 2164 59 2 8

ut[3]= (0, —,—,—— = = °
457 325 1365 126 39 21
1 2 8
In[4]:= C te|7 - 0, —., = =
[41:= Compute[7, - (0,20, )]
7 14
Qut[4]= (0, — ,8
[4] =« 30’ 13’ )
1 2 8
In[5]:= C t 0——7 7
[ 5] ompue[( 30’ 13 7)/ ]
Poly[Q]
1
Qut[5] = —
[5] ( 210 91’ 49>

Having giventhealgorithmicdefinition of univariatepolynomialsasoneof thefundamentatiatastructure
for algorithmicmathematicsywe canthenusepolynomialarithmeticwhendiscussingalgorithmsfor poly-
nomialinterpolation Thealgorithmfor Lagrangednterpolation.asanexample,computegheinterpolating
polynomialfor (tuples)z, a of degreen over somefield K asa certainlinear combinationof Lagrange
basispolynomials.Whatwe needfor beingableto computetheinterpolationpolynomialis thealgorithm

Algorithm [“Lagrangelnterpolation”,ary[z, a, n, K],
Lagrangelnterpolation|x, a,n, K| := pf a; - Ljlz,n,K
grang p [ ]:=p [Z]::l?ly[lg] T poty[K] il ]] ]

andthedefinitionof the LagrangebasispolynomialsL ;.
Definition[LagrangeBasisPolynomial”,ary[z, n, j, k],

L; Kl := — i i— T
jlz,n, K] (IzT:Pl:inrf] (POI'Z,“'[K] Poly[K] (= )))PO mr I_i]_ . (CU]K z;) ]
i#j

After addingAlgorithm[“Lagrangelnterpolation”] and Definition[“LagrangeBasis Polynomial”] to the
globalknowledgebasewe canimmediatelycomputeheinterpolationpolynomialin concretesxamples.

I n[ 6] : = UseAlso[Algorithm[“LagrangeInterpolation” ], Definition[“LagrangeBasisPolynomial”]]

I n[ 7] : = Compute[Lagrangelnterpolation[(1,2,3,4,5),(3,1,5,2,6),5,Q]]
—1093 443 —161 9

Qut[7]= pf|{(51, —, —, ——
[71=p [< 12 '8 >]

12In a MathematicAT HEOREMA sessiorinesprecededy ‘I n[ i ] : =’ denoteinputto thesystem/inesprecededy ‘Qut [i] =’
shaw the correspondingutput.
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This meansithe polynomialfunctionof degree5 over QQ, whichevaluatesat1to 3,at2to 1, at3to 5, at4
to 2, andat5 to 6, is the polynomialfunction (pf) associatedo the polynomial(51, =923 443 —161 9y

e 51— 1098y 4 M3,2_ 181,53 4 944 Wenow usetheMathematicacommandPlot — for visualization:

1093 443 161 9
In[8]:= Plot [51 - ?X + TX2 — EXB + gx‘l, {x,1,5}, GridLines — Automatic];
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The correctnessf this interpolationmethodcould now be formulatedin the samelanguageas

Theorem[“Correctnesf Lagrangdnterpolation”,ary[z, a, n, K],

. 1V LagrangeInterpolation[z, a, n, K][z;] = a; ]

=1,...,n
andit could be proven automaticallyby an appropriateTHEOREMA prover using the sameknowledge
in the knowledgebaseasit wasneededor computing® Furtherlessonsn this lecturecover Gaussian
eliminationfor systemf linear equationsGroebnebasedor solving systemsf polynomialequations,
andNewton’s methodfor arbitrarysystemsf equations.

Theoremain PredicateLogic asa Working Language

“Predicatelogic asWorking Language’is acoursewhichwastaughtby B. Buchbegerfor thefirsttimein

the summersemesteR002for undegraduatestudentof mathematicsThe courseevolvedfrom [77], the
course“Thinking, SpeakingWriting”, andthe course*Mathematicsfor ComputerScience:Algorithmic

and NonalgorithmicAspects”,which B. Buchbegertaughtvarioustimesin the period 1980- 2002 for

computerscienceandmathstudentsat both the undegraduateandgraduatdevel. The course*Predicate
Logic asa Working Language’differs from the earliercourseshy beingcompletelywritten in the THE-

OREMA language For eachof the elementaryandmoreadvancedanguageconstructf predicatdogic,

first, the syntaxin mary notationalvariants,including naturallanguagesyntax,is explained. The external
two-dimensionall HEOREMA syntaxis usedasareferencestandardandtheinternal THEOREMA syntax(a
linearsyntaxof nestederms)is usedasa meandor clarifying standargarsing.Then,theinferencerules
for the languageconstructsareexplainedin detailaccompaniedy lots of examples.In addition,various
practicalstratgiesaresuppliedfor inventingproofsby combininginferencerules. Also, variouswaysof

structuringandpresentingproofsaregiven. The variousrulesandstratgjiesaretrainedby examplesand
exercises.Also, it is shovn how mostof thesetechniquesareusedin the THEOREMA systemfor gener

ating proofsin a completelyautomatedwvay. It is shavn how the typical THEOREMA proversimitate the
heuristicsfor finding proofsgivento the studentgluringthe course.

In addition to introducinginferencerules and stratejies for proving, inferencerules and stratgies for
solving and simplifying formulaeandtermsare given. Thus, predicatelogic is presentedasa uniform
framefor proving, solving, andsimplifying. During the course,‘reasoning”is developedmoreandmore
asanetwork andaninteractionof proving, solving,andsimplifying steps.

13praving mathematicatheoremss, however, notin the scopeof thelecture.

83



Task3.1: AutomatedSupportto Writing MathematicaPublications

Computingis viewed as a specialcaseof simplifying (hamely simplifying groundtermsto canonical
forms). In this way;, it becomeslearthatpredicatdogic containsa universalprogramminganguageasa
naturalsublanguageBasically this sublanguageonsistsof conditionaltermsand quantifierexpressions
with boundedranges.In this part of the language;'sequencervariables”play animportantpracticalrole.
Sequencwsariablesarevariablesfor which anarbitraryfinite numberof termscanbesubstitutedThisis in
contrasto the ordinaryvariablesof predicatdogic for which we canonly substituteexactly oneterm. By
having a programminganguagewithin predicatdogic, algorithmicmathematicsanbe presentedn the
samelanguagdrameasnonalgorithmicmathematics Thus,in particular algorithmverificationis just a
specialcaseof proving within predicatdogic. Also, thecorrectnesproofsof algorithmsandthe execution
of algorithmson concretedatacanbe donein the samelanguagdrame,namelythe THEOREMA version
of predicatdogic.

Particularemphasiss alsogivento the reasoningechniquedor introducingnew conceptsoy definitions
of variouskindsandfor extendingthelanguageby specialquantifiersvhicharemeaningfulonly in special
theoriesas, for example,the sumand productquantifier the setquantifiers,or the limit, derivation, and
integration quantifiers. Using definitions, a layeredbuild-up of mathematicds explainedand the tech-
nigueof “theory exploration” (the systematiexplorationof the propertiesof new conceptsntroducedby
definitions)is introduced. It is shavn how typical proofsin the explorationof theoriesthatresultfrom a
giventheoryby introducingnew conceptdy definitionsproceedn thethreestepsof unfoldingdefinitions,
working in the giventheory andfolding formulaeby usingdefinitionsbackwards.

Finally, it is shavn how the generalreasoningulesfor predicatelogic, i.e. therulesvalid in the empty
theory canbe graduallyaugmentedy specialreasoningulesandstratayies,i.e. rulesandstratgiesthat
arevalid only in specialtheories As examplesyeasoningulesfor settheoryandfor inductive theoriesare
provided.

A first versionof lecturenotesfor this coursewasdistributedto the studentsandthe studentsverealso
giventhe opportunityto experimentwith the THEOREMA system. However, significantadditionalwork
will be necessaryor a completeandpolishedversionof thelecturesnotes.In the mathcurriculumatthe
University of Linz, this new courseis scheduledor the secondsemesterin the courseevaluation,some
studentsaidthatthey would appreciatéo getthesefundamentatechniquegor exactreasoningight atthe
beginning of their studyin a concentratedorm. However, it is clearthatthis would entailradicalchanges
in thestructureof themathcurriculum. Also, onemayarguethatit is necessarjor thestudentgo getsome
first acquaintancevith the contentsandstyle of university mathematicdeforethey canreally appreciate
thetechniquepresentedh this practicalpredicatdogic course.

3.1.d The OMDoc Markup Languagefor Open Mathematical Doc-
umentson the Web

Mathematicatexts areusuallyvery carefullydesignedo give themastructurethatsupportainderstanding
of the complec natureof the objectsdiscussedindthe argumentationsaboutthem. The OMDoc con-
tentmarkupschemg157], which hasbeendevelopedby Michael Kohlhaseat USAAR, supportsauthors
with writing formal mathematicatlocumentsncludingarticles,textbooks,interactve books,andcourses.
OMDoc allows to capturethe semanticsaand structureof thesedocuments.Varioustools, suchas XSL
transformationareavailableto transformOM Doc documenténto otherformatsfor presentatiopurposes
(using,e.g.,MathML) or to supportinter-systemcommunicatiorn(e.g.,by transformatiorinto thelogic of
atheorenyprover).
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TASK LEADER: USAAR
SCIENTISTS IN CHARGE: JORG SIEKMANN, CHRISTOPH BENZMULLER
RESEARCH TEAM: USAAR, UED, ITC-IRST

3.2.a Overview

Theprimarygoalin this work taskis to investigateandemphasizéhe relevanceof the methodsandmath-
ematicalservicetools developedby the CalculemusNetwork for the applicationof formal methodsto
programverification. While formal methodsis undoubtedlya very prospectouspplicationareafor our
researchye have, in addition,identifiedthe educationsectorasanotherinterestingareawhereour con-
tributionsmay have animpact. To stay abreasiof changesve proposea respectre amplificationof the
definitionof researchiask3.2in theyearlyreportfor 2002.

We briefly sketchsomeapplicationsn theformal methodsandeducatiorarea.

Formal Methods Applications

¢ In acooperatiorbetweerSaarlandJniversity, the semi-industrialGermanResearctCentrefor Arti-
ficial Intelligence(DFKI), andthe Universityof Edinburghanapproactio supporttheverificationof
hybrid systemswith the help of mathematicaservicesn MathWebis currentlybeingdevelopedand
analyzed42, 41]. An internshipof a youngvisiting researcheof the network in a majorinterna-
tional communicatiorsystemsompaury is currentlybeingaccomplishedvith theaim to investigate
therelevanceof this verificationapproactor practicalapplications.

e In acooperatiorwith the DFKI in Saarbiicken, University of Genua,and SaarlandUniversity we
investigatewhetherspecializedreasoningtools within the MathWeb-sbcan fruitfully supportthe
formalverificationof informationflow propertiesinformationflow propertiesanbeusedo express
confidentialityandintegrity requirement®f systems.

¢ A similartopic hasbeeninvestigatedn a cooperatiorbetweerthe University of Edinburghandthe
Universityof Genoa.lt concernsrrordedectionn securityprotocols.
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e At ITC-IRST in Trentoa symbolicverificationtechniquethat extendsBoundedModel Checkingis
investigatecand MathSatis employed in this context. Anothertopic is error detectionin security
protocolswith SAT-basednodelchecking.

e Universityof Edinburghtriesto apply proof planningin first orderlineartemporallogic (FOLTL) to
featureinteractionsasthey arisein largetelephonenetworks.

Education systemsrelatedactivities

e The Theoremasystem,which hasbeenpresentedn Task 3.1, is employed in educationpractice
alreadyat Universityof Linz.

e ACTIVEMATH [197] is alearningenvironmentfor mathematicdeingdevelopedmainlyatthe DFKI
in Saarbiickenandpartly at the University of Saarbiicken. The goal of the project’s researchand
developmentis a web-basednteractive learningsystem(for mathematicsjhat usesinstructionas
well as constructvist elements. The project provides an architecture pasicknowledgerepresen-
tations,andtechniquedor newv-generatioron-line interactive mathematicslocumentgtextbooks,
coursestutorials)ande-learning.The ACTIVEMATH systemwhich makesor wantsto make useof
mathematciatervicesandtechniqueslevelopedin the network, is alreadyprototypicallyappliedin
lecturesat SaarlandJniversity.

ACTIVEMATH cooperatesvith externalsystemssuchasproof planningsystemsor computeralge-
brasystems.They canbe calledin orderto supporta userin exerciseproblemsolving or to check
the correctnes®f a solution. Externalsystemsanalsobe usedto presenexamples.In particular
the knowledgeacquiredfor automatedroof planningcanbe usedto explicitly teachmathematical
methodsand control knowledge. At present ACTIVEMATH ratherconcentratesn employing ex-
ternalsystemsndividually andindependenfrom eachother However, it will clearly benefitfrom
theresearclof the network ontheintegrationof systemdor deductiorandcomputationsincemary
exerciseglo requiresuchaninterplay

A subsebf theabove applicationswill now bediscussedn moredetail.

3.2.b Hybrid SystemVerification

Hybrid systemsare heterogenoudynamicalsystemscharacterizedby interactingcontinuousanddiscrete
dynamics. The enormouspresenceof hybrid systemsin safetycritical applications,suchas automated
highway systemg138], air traffic managementystemq178], embeddedutomotve controllers[28], and

chemicalprocesse§l120], increasinglycalls for safetyguaranteesSincetraditionalprogramverification

methodsallow at bestto approximatecontinuouslychangingenvironmentsby discretesampling,special
verification methodsfor hybrid systems,suchas[132, 133 134, have beendeveloped. A frequently
employedmethodis to modelhybrid systemsby hybrid automata A hybrid automatoris a closedsystem
with abuilt-in controlstructuredeterminingvhenandhow thesystenswitchesbetweerits variousdiscrete
states. Therebythe continuousbehaiour in eachdiscretestateis governedby a differential equation.
The verificationmethodwe will employ in our work is the deduction-basethodelcheckingapproachor

hybrid systemadescribedn [212]. Givena specificatiorof a hybrid systemH (a hybrid automatonpnda

safetyproperty® the approachyenerates secondorderformula [®] i suchthatthe validity of thelatter

guaranteethatproperty® is valid for H. To supporthevalidationof [®] & thismethodeliminatessecond
orderlocation predicatesn [®]g oneby onein orderto transform[®] g into an equivalentfirst order
formula ¥, if possible With thevalidationof ¥ the verificationapproacherminates.

For the above deduction-basethodel checkingapproachwe have identified the following mathematical
subtasks:(1) The solution of setsof differential equations,(2) checkingsubsumptiorbetweensetsof
constraintsand(3) checkingconsisteng of setsof constraints.
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In general solvingthesetasksis feasiblein caseof linearconstraintandlinear differentialequationsOur
aim, however, is to widen the spectrumof the approachfor instance by allowing also non-linearcon-
straintsanddifferentialequations Mathematicataskslike (1) — (3) may alsobe relevantfor otherhybrid
systemverificationapproachesFor instance[135] employed the computeralgebrasystemM ATHEMAT-
ICA to solwe linear constraints. MATHEMATICA waslater replacedby a moreefficientimplementatiorof
a specializedconstraintsolving algorithm[136]. However, multiple implementation®f the samekind of
mathematicaservicedn differentverificationsystemsouldandshouldbestbe avoided,especiallyif their
realizationis complex andchallengingsuchasin our context.

We proposdo modelexisting reasoningsystemssuchascomputeralgebrasystemsandconstrainsolvers,
asmathematicakervicesandto provide themin a network of mathematicatoolsin a way thatthey can
reasonabhsupportsubtaskssthey mayoccurin formal methodsapplications The motivationis to make
it simplerto implementandtestverificationapproacheby out-sourcingcomplex but preciselyidentifiable
mathematicatubtaskdor which specializedeasonerslo alreadyexist. Allowedly, in casea verification
approacHaterturnsout to be successfu({seefor instancg136]) it may be reasonabldérom efficiency as-
pectsandalsofrom concessiomspectso replacaheconnectionso mathematicaservicesagainby fastre-
implementation®f the particularlyneededilgorithms.However, startingwith the latter may dramatically
slow down a quick developmentandimplementatiorof new verificationernvironments.Thisis particularly
truein casethe automationof the mathematicabubtaskss alreadyon the edgeof currentresearchsuch
asgivenin our case.This motivatesour proposato build up a network of mathematicateasoningservices
for formal methods. The more serviceswill be appropriatelyaddedto sucha network the morelikely it
will bethatalsootherverificationapproachesandirectly employ them(in early developmentstagesfor
the samepurpose.

We summarizethe deductve model checkingapproachdescribedn [212] andidentify the subtaskswve
wantto modelasmathematicaservicerequests.

Modelling of Hybrid Systems Hybrid systemsaremodelledashybrid automatayhich arepresentecs
finite graphswhosenodescorrespondo global stateglocations). An exampleof an hybrid automatoris
givenin Fig. 18.

Thelocal reachabilitytheoryis alogical representationf all immediatefuture stateshat canbe reached
from a givenstate.For instancethelocal reachabilitytheoryfor stateT'wo of theautomatorin Fig. 18 is
givenasthefirst orderformula

y>5A
Vz,y.Two(z,y) = ¢ Y60 >0Ay—25>5— Two(x + J,y — 25) A
y =5 — Three(0,y)

Herethe possibleimmediatestatetransitionsare characterizedby the conjuncty = 5 — Three(0,y).
In our example, T hree(0, y) is the only potentialimmediatefuture locationof Two(z,y) andy = 5isa
guardfor thetransitionfrom Two to T'hree. In caseof atransitiondatavariablez is re-initializedwith 0.
Thefirst conjuncttells usthatary valid stateT'wo(z, y) hasto satisfythelocationinvarianty > 5. Finally,
the secondconjunctcharacterizeshe potentialtimed successorg,e., the changeof the datavariablesz
andy in casenotransitionto a successostateoccurs.Similarly, aninevitability theoryis introducedwhich
characterizeall stateghatareinevitable.

For the constructionof local reachabilitytheory for L it is generallyrequiredto solve the differential
equationscharacterizinghe timed successorsf L. In our examplewe only considervery simplelinear
differentialequationdike £ = 1 andy = —2 in stateT'wo. They expressthatthevalueof x continuously
increasegover time with slopel andthatthe value of y continuouslydecreasesver time with slope2.
The correspondingolutionsfor the differentialequationsarez(é) = § + ¢ andy(§) = —26 + d. Note
that respectie informationis requiredfor the formulation of theformulaVé 6 > 0Ay — 2§ > 5 —
Two(x + §,y — 2d) characterizinghetimed successordf we extendthe approacho handlealsosetsof
non-lineardifferentialequationssuchas{z = = + y,y = 3} or {& = vV + 3,9 = 1,Z = y x x}, the
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y=10z:=0

B

Figure18: Water level monitor: the waterlevel in atankis controlledthrougha monitor, which contin-
uouslysenseghe waterlevel andturnsa pumpon andoff. We wish to keepthe waterlevel (denotedby
the datavariabley) always betweenl and12. The figure describeghe monitor that signalswheneer
the waterlevel passe$ and 10 inches.z is the clock of the systemthatdescribeghe delayof the pump
start-up/shutden. We have to prove the ICTL propertyAG(1 < y Ay < 12).

constructiorof the timed successoformulascanbecomea complicatedask. Thus,the follwoing relevant
mathematicataskscanbeidentified:

Mathematical setvice 1: Solving of differ ential equations To supportthe constructionof the timed
successoformulaswe proposeo identify suitablemathematicaservicesystemdgor solving setsof differ-
entialequations Our interestis to widenthe currentspectrumof the approachfor instancepy extending
it to non-lineardifferentialequationsor secondderivativesin the specificatiorof hybrid systems.

Proving Properties of Hybrid Systems Propertieof hybrid systemsaredescribedy formulasof the
Integrator ComputationfreelLogic ICTL [2]. Herewe avoid aformal introductionto ICTL.

An examplepropertyfor our hybrid in Fig. 18 is thatfor all reachablestatesholdsthatl < y Ay < 12.
With the helpof the ICTL alwaysoperatorAG this canbeformalizedas® = AG(1 <y Ay < 12).

In thecontext of ourwork we areinterestedn extendingthedefinitionof ICTL formulassuchthatthey may

alsocontainmathematicatonceptssuchas /T, sin(T), cos(T), tan(T), cotan(T), andT; 2. Givena

hybrid systemH, e.g the systemdescribedn Fig 18, anda property® € ICTL, e.g. ® = AG(1 <

y Ay < 12). We areinterestedto analysethe validity of & for H. ¢ = {¢ | H,(L,¢) = ®} describes
thesetof all valuationsp whereproperty® is true. Suppose,% canbedescribedy a (finite) characteristic
constrainformula[®]% € CF. Intuitively a characteristiconstrainformuladescribeshe necessarand

sufiicient conditionson the datavariablessuchthat® holdsfor L in H. CheckingwhetherH, (L, ¢) E ®

holdscanbe reformulatedasto checkingwhetherg([®1%) is valid. Generally it is not possibleto find

a characteristiconstraintformula. Insteadof attemptingto construct[®]%, directly, it is describedfirst

asa formula of the secondorderpredicatecalculus. Thenthe eliminationapproacttries to simplify this

descriptionto afirst orderconstrainformulastepby step,if possible.

In our examplewe areinterestedo verify property® = AG(1 < y Ay < 12) for automatonH sketched
in Fig. 18. This meanswe wantto verify that H, (Zero, ¢) = AG(1 < y Ay < 12) for all initial states
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(Zero, ¢) andthis reduceso checkingwhetherg([AG(1 < y Ay < 12)1%¢7°) for all ¢. Accordingto
ourapproac AG(1 < y Ay < 12)]%¢ is givenasthefollowing secondrderformula:

Zero(x,1)

y<10
V6d>0Ay+6 <10 — Zero(z + 4,y +9)
y =10 — One(0,y)

<2
Y6d>0Az+d<2—One(z+4d,y+9)
z =2 — Two(z,y)

y2>5

V6§ >0Ay—25 >5— Two(x + §,y — 26)
y =5 — Three(0,y)

<2
V66>0ANz+d<2— Three(x + 6,y — 26)
x =2 — Zero(z,y)

Vz,y Zero(z,y) - 1<yAny<12

Vz,y One(z,y) - 1<yAny<12

Vz,y Two(z,y) - 1<yAy<12

Va,y Three(z,y) — 1<yAy<12

Vx,y Zero(z,y) —

Vz,y One(z,y) —

Zero
One v,y Two(x,y) —
Two

Three
Vz,y Three(z,y) —

L
e N e N e N e N,

Here Zero(x, 1) characterizetheinitial state.The next four conjunctsspecifythereachabilitytheoryfor
H composedrom thelocal reachabilitytheoriesfor all statesasdescribedefore. Thelastfour conjuncts
finally guaranteehe validity of property(1 < y A y < 12) within all (reachable}tates.This formulais
equialentto

Zero(z,1)

V6§ >0Ay+6d <10 — Zero(x + d,y +9)
y =10 — One(0, y)

y<10A1<yAy <12

Va,y Zero(z,y) — {
r<2A1<yAy<12

Zero Vz,y One(z,y) — V66 >0Az+6<2— One(z+4d,y+9)
One z =2 — Two(z,y)
Two y>5AN1<yAy<12
Three Vz,y Two(x,y) — V66 >0Ay—20 >5— Two(z + 4,y — 20)
y=5— Three(0,y)
r<2A1<yAy<12
V6d>0Az+d<2— Three(z + 6§,y — 26)
x =2 — Zero(z,y)

Vx,y Three(xz,y) —

wherewe have exactly onelocationpredicatefor eachstate.

The Elimination Approach Theremainingproblemconsistdn proving thevalidity of the secondorder
formula[AG(1 < y Ay < 12)]%4¢° above. Theeliminationapproactproposes stepwiseransformation
of thesekinds of formulasto equivalentfirst orderstatementsThis is doneby a one by one elimination
of locationpredicatesn [AG(1 < y Ay < 12)]Z¢™ basedon the eliminationtheorem[213]. General
applicationof theeliminationtheorenrequiretheevaluationof agreatesfixpoint for thelocationvariable
to be evaluated. For specialapplications,however, the elimination theoremcan be refinedby a much
simplersimplificationlemmawhich doesnot requiresuchcomplicatedcomputations.The specialcases
arethosewherea stateL doesnothave directedgetransitiongo itself, suchasgivenfor ourautomatorH..
If we canvalidate AG(1 < y Ay < 12)]%¢7° we aredone.Thusit remainsto prove

Zero(x,1)
3 y<1I0AN1<yAy <12
Zero Vz,y Zero(z,y) — V6§>0Ay+8<10— Zero(z + 0,y +9)
z =10 — Zero(2,1)

Sincewe now facea self-loopthe simplificationlemmais no longerapplicableand we have to proceed
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with the eliminationtheoremwherea greatesfixpoint evaluationis generallyrequired.In our specialcase
the self-loopis directly subsumedy theinitial state.In orderto generallydetectandevaluatefixpoints,
however, we are interestedto checkwhethera currentiterative in the fixpoint computationis already
subsumedy a previousiterative. The iterationstherebyaretypically growing compoundsf first order
constrainformulaslike

y<10A1<yAny <12

which is also the final greatesffixpoint to be evaluatedin our example. As this constraintformula is
consistenthedeductve modelcheckingapproachells usthatproperty¢ is indeedvalid for H, hencewe
aredone.

Thus,we canidentify thefollowing two mathematicatasks:

Mathematical service 2: Subsumptionof setsof constraints To supportthe fixpoint computationsve
areinterestedn subsumptiorchecksfor sets(or conjunctionsf constraints.

Mathematical sewice 3: Solving setsof constraints We areinterestedn the consisteng of setsof
constraintgeneratethy theapproachNotethatbothtasksarerelatively trivial in caseof linearconstraints.
However, justasfor thedifferentialequationurinterestds to widenthe spectrunof theapproactby, for
instancejncluding non-linearconstraintdn the specificationof hybrid systems.The challenge however,
will extendthe eliminationapproacho handlealsonon-linearcasesThisin turnposesa challengéor the
requestednathematicaservicesTheir strengthsandweaknessewill determinehow farwe cango.

3.2.c Verification of Information Flow Properties

Beingableto constructsystemghatarereliableevenif they operatein hostileervironmentsis of critical
importance.Whenengineeringsecuresystemsone hasto take into accountthat thereare maliciouspro-
gramslike computewirusesor TrojanhorsesMoreover, bugsin (otherwisenon-maliciousprogramsamay
have similar devastatingconsequencedn orderto ensurethat critical systemsndeedare securethe ap-
plicationof formal methodsduringtheir developmentappearsnostappropriate This meanghatsecurity
requirement$iave to be specifiedformally in away thatthey canbe verifiedwith mathematicatigour.

A very elegantapproactto specifysecurityrequirementss to useinformationflow properties.Following

this approache.g.,therequirementhata particularinput givento the systemmustnot beleakedto some
useris specifiedby the requirementthat the actionsof the systemat the interfaceto that userdo not
dependon the confidentialinput. Variousdifferentwaysto specifyinformationflow propertieshave been
proposedyverthelast20years.The approactthatwe follow hasbeenproposedn [182]. Thecoreof this
approacthis aframeawork (called MAKS) for therepresentationf informationflow properties.In MAKS

an information flow propertyis specifiedby a pair consistingof a view (specifyingwhereinformation
flow is restricted)and a security predicate(defining what restrictedinformation flow means). Security
predicatesare assembledrom so-calledbasicsecurityproperties,which are very primitive information
flow properties.This modularrepresentationf informationflow propertieshasmotivatedthe nameof the
framawork, i.e. Modular Assemblit for SecurityProperties whichwe abbreviateby MAKS .

Techniqueghat simplify the verification of information flow propertieshave beensuggestedn [183].
Thesesocalledunwindingresultsreducethetaskto verify complex informationflow propertiego thetask
of verifying simplerlocal verificationconditions the unwindingconditions.Findingwaysto automatehe
verificationof theselocal conditionshasbeenthe objectof our investigations.In the following, we will
illustratethe techniqueghatwe have developedusinga simpleexampleandwill comparethe advantages
anddisadwantage®f differentapproaches.

We proceedasfollows: Firstly, we specifythe examplesystemasan eventsystem.Secondly we specify
theinformationflow propertythatshallbeverified. Thirdly, we specifyanunwindingrelation,i.e. abinary

90



CALCULEMUS Midterm Report

S h S5
I, 2
Iy Sz h S7
L/ | hY
1
- 1| h O Ss |
%2 I
Iy 2
r h
Sy Sg

Figure19: A simplesecurityexample

relationbetweerstates.This is a necessaryprerequisitefor verifying unwindingconditions.Fourthly, we
statetheinstantiatedunwindingconditions,i.e. thetheoremshatwe have proved. After this we areready
to elaborateon the actualverificationeffort andour experiencesnadewith differentapproacheandtools.

SystemSpecification We consideravery simplesystemwith only 8 differentstatesi.e. sy, . .., sg. The
setS of stateds specifiedby a predicatds-in-S(seebelow). For our examplesystemthereareonly three
events(eventsmodel atomic actions),i.e. l;, I andh. The setE of eventsis specifiedby a predicate
is-in-E.

In the following, we assumethat the three namesfor eventsandthe eight namesfor statesall refer to
differentobjectsj.e.ly # l2,11 # h,lo # h ands; # s; if 4 # j hold.

Ve.is-in-E(e) < (e=lhive=IlaVe=h)
Vs.is-in-§(s) < (s=s51Vs=5Vs=83Vs=s4 (2
Vs=s85Vs=83Vs=357Vs=ssg)

Thepossibldransitionsfor the examplesystemareviewedin Figure19. Notethateachtransitioninvolves
a startingstates, an evente that causeghe transition,anda resultingstates’. The transitionrelationis
specifiedby a predicatés-in-T.

Vs, s elds-in-T(s,e,s') & [(e=h A ((s=s1N s =s5)V(s=82A s =s6)
V(s=s3 ANs=s87)V(s=54N 8 =3g)))V
(e=l AN ((s=s1N s =38)V(s=53A s =s4) 3)
V(s=s5 ANs=s5)V(s=s7A s =s3)))V
(e=la AN ((s=s1N s =s3)V(s=82A s =s4)
V(is=s5 ANs'=s7)V(s=s6N s =s3g)))]

Specificationof Security Property The specificationof a securitypropertyinvolvesthatall eventsare
associatedavith securitydomains.For our simpleexamplesystemwe assumeonly two securitydomains,
i.e. H (for high) and L (for low). The securityrequiremenis that no informationshall flow from high
to low. This canbe readasthe confidentialityrequirementinformationin the high domainmustnot be
obtainablefor the low domain. The associatiorof eventswith securitydomainsis specifiedby a function
dom

Vedome)=H < e=h (@)

Vedome)=L < (e=liVe=l)
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Besidesthe associatiorof eventswith securitydomains,the specificationof securitypropertiesinvolves
two furthertasks.Theseare

o specificatiorof a flow policy, sayingwhereflow of informationis allowed/forbidden

e specificatiorof asecuritypredicate definingwhenarestrictionto theflow of informationis satisfied

For our simpleexample theflow policy simply saysthatthereshouldnot beary informationflow from H
to L.

As security predicatewe chooseBSD This basicsecurity predicateis formally defined,e.g, in [184].
However, this definitionis notrequiredherebecauseaccordingo aresultin [183], BSDis implied by the
two conditionslrf andoscthatwill be definedfurtherin thetext. Hence whatwe have to do during proof
searchs: we haveto verify thesetwo conditions.

Specificationof Unwinding Relation Theunwindingrelationix is abinaryrelationbetweerstatesThis
relationis specifiedasfollows.

Vs,s'. (X(s,8") & ((s=s5As' =51)V(s=56N5 =33)

V(s = 87 A = 85) V (5 = 85 A 8 = 51)) ©

Theunwindingrelationis anauxiliary objectthatis usedasa parameteof theconditiondrf andoscbelow.

Unwinding Conditions Thetwo unwindingconditionslrf andoscimply thatBSDholds. Thesecondi-
tionscanbe specifiedasfollows:

lrfE,S,T,lx & Vs, e, s'.((domle) = H Ais-in-T(s,e,s")) = x(s',5))
0SG.s,1,x <  Vs,e s, u,u' . ((domle) = L Ais-in-T(s,e, s')) A x(u, s)) (6)
= ' .(is-in-T(u, e, u') A x(u', s"))

Overall Proof Obligation Usingthe previousdefinitions,we wantto prove thefollowing theorem:

(2)A(B)A(4) A(B) A(6) - Irf Aosc (7)

The General Case Someremarksin orderto avoid that misunderstandingarisefrom the simplicity of
this example.

e We have fixed the unwinding relation. In the generalcase,the unwinding relationis not given.
Thus, to find an unwindingrelationfor which the unwinding conditionshold is a subtaskin proof
construction.

e Theexamplesystemis finite. Thetheoryof securitythatwe usecanalsobeusedfor infinite systems.
We malke this simplificationhere,in orderto setup a simplestartingpoint.

e Thereare other basicsecurity predicateshan BSDin the theory The correspondinguinwinding
conditionsdiffer from the onesfor BSD. However, they arestill quite similar. Soif we succeedor
BSD thereis agoodchancehatthis will extendto otherbasicsecuritypredicates.

Employing SAT or QBF solver to tackle the problem As part of the Calculemusnitiative we want
to investigatewhetherspecializedand powerful tools for testingthe satisfiability of quantifiedboolean
formulae(QBF) canbe emplojedasmathematicaserviceso supportthe verificationof informationflow
propertiesasthe onessketchedabove.
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Mathematical Servicel & 2 Amongthesystemave wantto employ arethe SAT solver Chaf, whichis
suitedfor solvinglargerealworld SAT instancesandthe QBF-soler QUBE (versionl.3).

Mathematical Sewice 3 We have to to provide appropriatetransformationservicesin orderto map
information flow propertiesspecifiedin first order predicatelogic asillustratedabove to the respectie
inputformatrequestedby the SAT andQBF solverswe wantto employ.

As partof the projectwe alsowantto explorethe differencesetweerthe SAT the QBF approachldeally
this analysideadsto a stratgyy thatchooseghe bestapproactandan optimal encodingfor the problemat
hand.

The SAT and QBF encodingof the above example For aproperencodingnto a SAT or QBF problem
we have to transformthe original problemformulationinto a booleanformulation. As a preliminarystep
we mustprovide binary encodinggor eventsandstates

For the eventswe choosethe following encoding:[h] = 00, [I;] = 01, and[lz] = 10. For the stateghe
following encodingis particularlycorvenient: [s;] = (i — 1), for ¢ = 1,...,8, wheren, is the binary
representationf thenumbern. For instance[s;] = 000 and[s3] = 010.

We now provide new encodinggor the formulae(3), (5), and(6) definedbefore. This canbe doneby
replacingeachvariableof “sort” event,saye, with two boolearvariablessaye, ande;, andeachvariable
of “sort” state says, with threeboolearnvariablessaysy, s, ands,.

Thetransitionrelationthenbecomes:
—eg A ey A s A s A S148] A sa638)
\%
is-in-T(so, 81, S2, €0, €1,S0,51,55) = | —e€g A ey A sy Ash Asgersy Asiés)
\
ep A e A —s1 As] Asoers) A seers)
Theunwidingrelationbecomes:
X (S0, 81,82, 80,51,85) = (S0 A =8y A s148] A sa4r8))
To prove the unwinding conditions,say (6.1) and (6.2), by meansof a SAT-solver we turn them into

satisfiability problemsby reasoningoy refutation. For instance the validity of (6.1) is equivalentto the
unsatisfiabilityof its negationwhich, after someobvious simplifications,is:

3s, §'.(is-in-T(s, h,s') A = x (', 5)) (8)
Theboolearencodingof (8) is:

Jsg, s1,82,8(,57,85.  (TSg Asy Aspes] Asayersh A

—(sg A 8¢ A sjrs1 Asherss)) ©)
Fromtheunsatisfiabilityof (9) we canreadily concludethe validity of (6.1).
As above,thevalidity of (6.2) is equivalentto the unsatisfiabilityof its negationwhichis:
Js, 8’ u. ((dome) = L Ais-in-T(s,e,s")) A x(s,u) A (10)

Vu'.(=(domle) = L Ais-in-T(u,e,u')) V = x (s',u)))
WhereL = l1,l2.

This canbe encodednto a booleanformulaasin the previous casewith the only additionaldifficulty due
to thereplacemenof the subformula

Vu'.(=(domle) = L Ais-in-T(u,e,u')) V= x (s',u")) (11
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with the correspondingxpansion.Theresultingbooleanformulacanbefed to a SAT-solver to decideits
unsatisfiability

To underlinedifferencedbetweenSAT and QBF encodingwe have to investigatehe quantifiersrule into
the encoding.SAT-encodinggequirethatall variablesinvolved mustbe existentialquantified. Whenwe
encountera universalone, we have to unfold it, usinga groundinstantiation. This easily explainsthe
exponentialgrowing of the spaceinvolvedinto the computation.Using QBF-encodingwe canmaintain
universalquantifiers,declaringthemin the headof the Q-dimacsformat(avariantof dimacs). The main
adwantagesrethelimitation in thegrowing andaneasierencoding.

Moreover, our stratey works with the quantifierlist, trying to reducethe numberinvolvedinto the PNE
Every time we encountemslastquantifiercloseto the formula, a universalone,we purgeall its instances
into the PNF, reducingthe numberof variables.In thebestcasewe canreducethe PNFto a SAT-problem,
whereall involvedvariablesareexistentialquantified.Looking atthepreviousexample thestratey results
with a SAT-encodingdueto the eliminationof the universalquantifieroverw'.

Solving the problemwith Chaff and QUBE As back-enginesve choosestateof the art solverin their
fields. For SAT we employ Chaf 1 andfor QBF our choicewasQuBE 5. We startencodingthe problem
into a Q-dimacsformat, if the quantifiereliminationresultswith only existentialquantifierswe corvertit
into a dimacsformat. After the computationwith the convenientsolver, we parsethe output,shaving the
paththat satisfiesthe negationof the formula. Note that the solver returnsonly variablesinstantiatedo
true,all theothersareintendedto false.

3.2.d Error Detectionin Security Protocols

A relatedtopic hasbeeninvestigatedn a cooperatiorbetweerthe University of Edinburgh andthe Uni-
versity of Genoa. It concernghe useof deduction/computatiotechniquego tackle the verification of
industrial-strengthapplications.

In particular aprocedurdor errordetectionn securityprotocolshasbeenstudiedanddeveloped.Theidea
of this approachs to encodesecurityprotocolproblemsinto propositionalogic which canbe effectively
usedto find attacksto protocolsby exploiting the computationabower of state-of-the-arSAT-Solvers
(e.g.Chaf, SIM, etc.). While the approachis quite successfuin finding attacksin security protocols,
if the analyzedsecurity protocolis not affectedby an attack,the proceduremay not terminate. Hence,
it hasbeenstarteda studyon how to extendthe approachfrom falsificationto verification. By security
protocolfalsificationwe meanthe problemto prove thattheanalyzedsecurityprotocoldoesnot satisfythe
specifiedsecurityproperty(e.g.secreg, authenticationetc.) by returningtheappropriate&eounterexample.
Viceversa,with securityprotocolverificationwe meanthe problemof proving thatthe analyzedsecurity
protocolsatisfieghe specifiedsecurityproperty

Notice that the securityprotocol verification problemis undecidabldan the generalcase. Therefore,as-
sumptionsaboutthe securityprotocolshave beenidentifiedin orderto ensuretermination. However, the
relatedwork donein this domainis oftencharacterizedby strongassumptionshat make the resultsappli-
cableonly to restrictedclassof protocols.Ouraimis to extendandintegratetheideas/techniqugsroposed
in the relatedwork andto adaptit to our approachbasedon the reductionof the security problemsto
propositionakatisfiability

Lhttp:/iwww.ee.princeton.edu/ chaff/
Bhttp://mww.mrg.dist.unige.it/star/qube/
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3.2.e BoundedModel Checkingfor Timed System

ITC-IRST hassuccessfullyusedthe MathSatsolver to solve verificationproblemsfor timed systemg23].
Theverificationof timedsystemss averyimportantandchallengingoroblem,in thatit combineghechal-
lengeof handlingfinite-statevariables which is typically encodedasa booleandeductionproblem,with
the problemsrelatedto time elapsingwhich areencodednto mathematicatonstrainton real variables.
In fact, a statecanbe seenasan assignmento propositionalvariablesandto real variables representing
absoluteime andclocks.

The approachextendsthe BoundedModel Checking(BMC) [52] techniquefor the verificationof timed
systemsandis basedon the following ingredients.First, a BMC problemfor timed systemds reduced
to the satisfiabilityof a mathematicaformula, i.e., a booleancombinationof propositionalvariablesand
linear mathematicatelationsover real variables(usedto representlocks). Then,the MathSatprocedure
describedn the previoussectionds usedto checkthe satisfiabilityof the resultingformula.

Theapproaclis rathergeneralsinceit allowsto expressspecificationsn full LinearTemporalogic (LTL),
suchasfairnesgroperties Furthermorethe approachs fully symbolic:it allows oneto tacklethedigital
componenbf timedsystemsvith symbolictechnologiessin theuntimedcasewhile thetimedcomponent
is tackledby meansof specializednathematicatonstraintsolvers. Finally, the mathematicaformulas
generate@repolynomialwith respecto thesizeof therepresentationf theinputsystemandthemaximum
pathlengthk, and are solved by a solver requiringa polynomialamountof memory The experimental
analysisperformedin [23] confirmsthe potentialof the approachand shavs that, with a propertuning,
MathSatcanoverperformtraditionalapproachebasedn DifferenceBoundMatrices(DBMs), Difference
DecisionDiagramgDDDs), or Clock DifferenceDiagrams(CDDs).

3.2.f Proof Planning in First-Order Linear Temporal Logic

University of Edinburgh hasinvestigatedhe combinationof proof planningandreasoningn first-order
temporallogics, in particularthe linear, discretetime variant(FOLTL). The original claimsof the project
werethat(a) thereareexamplesof problemswhich naturallyfit into FOLTL, (b) ProofPlanningcanhelp.

During theseyears,a theoreticalframewnork hasbeendevised, consistingof a family of labelledsequent
calculi,soundandcompletefor awide rangeof first-ordermodallogics,which canbe extendedo FOLTL,
obviously losingcompletenesbut keepingsomeof the benefits.See[101] for moredetails.

On the practicalside,the problemof Featurelnteractionsn telecommunicatiosystemgFl) is currently
being addressedan example hasbeenmechanizedsee[100]) and a full setof FI testcasess under
examination.

As far the above items are concerned{a) is confirmedby the FI testcaseand aswell by someother
publicationg(e.g., [1] and [273]); (b) is the objectof the currentstudy
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Task 3.3: Support to the Solution of
Undergraduate Exam in Calculus and
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TAsSK LEADER: USAAR
SCIENTISTS IN CHARGE: JORG SIEKMANN, CHRISTOPH BENZMULLER
RESEARCH TEAM: USAAR, UED

3.3.a Overview

Theaim of thistaskis to applysystemsandapproachedevelopedn thenetwork to mathematicabroblems
asthey arisein mathseducation.Our initial proposalwasto chooseproblemsasthey occurin exams(e.g.
Harvard)in calculusandeconomics.

We proposeo slightly modify thedefinitionof the problemdomainto beconsideredn thistask.Insteadof
strictly stickingto the proposabf consideringHarvard calculusandeconomicsxamswe proposedo leave
the choiceof problemsmoreflexible. A constraint,however, shouldbe thatthe problemsconsideredn
thistaskareratherat mathexamlevel thanon mathresearchevel. Calculusremainspf coursea problem
domainof interest.

Theresearchguestionin this taskis not whetherthe approacheandsystemsievelopedin the calculemus
network arecapableof solving challengingandprobablyopenmathematicaproblems.This is the aim of
theTask3.5andtherewe actuallyillustratehow challengingheoremsuchasthefundamentatheoremof
algebraandthefundamentatheoremof analysisareattacled.

In this taskwe rathermorefocuson muchsimplerand mathseducationorientedproblemswith a strong
emphasison the particularway the problemsare solved, how interactionwith the useris supportedand
how the solutionis presentedWe wantto analyzewhetherour systemsanbe employedin a userfriendly
andadequatavay andwhetherthe interactionand mathspresentatiorcapabilitiesof the systemsare ap-
propriate.

Differenttaskrelevant casestudieshave beencompleted are currentlycarriedout, or areplannedfor the
nearfuture. Amongstthemare:

e Irrationality of v/2

¢ Exercisedrom the GermanBundeswetthgerbMathematik

e Calculusexamplesfrom [36] currentlyinvestigatedn the ACTIVEMATH project [197]. ACTIVE-
MATH is aweb-basednathslearningenvironmentthatcurrentlyencodevariouspartsof mathemat-
ical textbooksin orderto make themavailable for online educationpurposes.The ACTIVEMATH
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projectwantsto graduallyimproveits integarationrandusageof computeralgebrasystemsanddeduc-
tion systemgo supportinteractve exercisesvherethe studentcanmeasureheir learningprogress.
It thusappearaisefulto coordinatethe exerciseinvestigatedn this projectwith the exercisego be
investigatedvithin ACTIVEMATH, sinceboth partiesmay benefitfrom eachothersexperienceand
preparatorywork.

3.3.b Irrationality of v/2

HenkBarendrgt and FreekWiedeijk at NijmegenUniversity proposedhis casestudy in which theinte-

grationof computatioranddeductionplaysanimportantrole. Theideais to comparehe mostprominent
state-of-the-arsystemswith respecto avarietyof criteriasuchaswhetherthey supporthedeBruijn prin-

ciple (provide proof objects),the Poincareprinciple (capableof proving correctnessf calculationsauto-
matically),facilitateauserorientedinteractionstyle,etc. Theresultsof this casearereportedn [265, 263.

In this casestudyalsothesystemsOmega, TheoremaCoqg,andMizar developedby the partnersn the Cal-
culemusetwork particatedanddemonstratetheir capabilities FurtherinformationontheOmegasolution
onthis casestudy for instancejs availablein [240, 48, 239.

3.3.c Exercisesfrom the German Bundeswettbewerb Mathematik

SaarlandJniversity hasbegunto investigateexamplesfrom the GermanBundeswettbgerb Mathematik®
for high schoolmathsstudents Theseexamplesarevery attractive sincethey typically have anelementary
andelegantsolution,whichis oftenrathertricky to find. Themotivationof theseexamplessto getstudents
engagedn small, but interestingandchallengingproblemsin orderto stimulatetheir generalinterestfor
mathematicsTheexampleswhich areusuallyformulatedin naturallanguagecantypically beformalized
in variousways. Whichformalisationmayleadto themostelegantsolutionis oftennoteasyto determineat
thebeginning. An importantissuefor tacklingtheseproblemss to provide anadequateystemframeavork
thatis capableof supportingall relevantaspecténcluding,for instanceplayingwith representationgcces
to strongmathematicaknowledgebase,investigationsof vagueideasat a ratherabstractformalisation
level, accesdo possiblyintegrateddeductionand computationsystems,and facilities to checka proof
attemptat calculuslevel.

Thefollowing is anexampleexercise'’.

Problem:Given51 pointsin asqarewith asidelengthof 7. Prove thatthereexistsa unit circle containing
atleast3 of them.

Solution: We coverthe squarewith 25 smallersgaresf sidelength7/5. By applicationof the pigeonhole
principle, oneof themcontainsatleast3 points. Sincethediagonalof thesmallquaresare7/5 x sqrt(2) <
2, we cancoverit with aunit circle. QED.

Thisexampleshavsthatwe needto applyseverallemmasrom aknowledgebasejncluding(a) pigeonhole
principle, (b) it is possibleto cover a squareof side lengtha with n? smallersgaresof sidelengtha/n

(alternatvely, we canusea moregeneralversionfor rectangles)(c) for a squareof sidelengtha, there
is a smallestcircle coveringit. It hasaradiusof a/2 x sqrt(2). Also, we needto verify the inequality
1.4 < sqrit(2).

Although the examplesof the Bundeswettbeerb are still rathersimple they neverthelessrequire quite
heterogeneousystemsupportto be solvedin a adequatavay (from the perspectre of a mathseducation
system).Similar to the“Irrationality of /2" examplethey arealsowell suitedto illustratethe functioning
andworking principlesof our systemgo high schoolscholarsandmathsstudentsincethey lie in thescope
of their mathematicatapabilitieat leastwhenworking with paper).

16seehttp://www.bundeswettbewerb- mathematik.de/
17seealsohttp://www.oliver- faulhaber.de/mathematik/b wm70.htm#BWM722
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3.3.d Discussion

Theintentionof this taskis to examinewhetherour systemsandapproachesanattackeducatiororiented
examplesand presentthe respectie resultsin a humanorientedway. We are particularly interestedn
examplesvhereavarietyof requirementsomeinto play, amongthemalsotheintegrationcomputatiorand
deduction.While thework in thetaskhasjust begun,we canalreadyconcludefrom the casestudieson the
Irr ationality of /2 thatin particulartheissueof providing adequatenathsformalizationandrepresentation
facilitiesarenot sufficiently solvedyet. While the systemsatrticipatingin this casestudyshavedthatthey
areindeedcapableof tackling the problemsuficiently in casethey are orchestratedy expertsof these
systemswe claim that no novice studentuserwould easilybe ableto comeup with similar solutionsif
he/shes notfirst givenadetailedntroductionto thepecularitie®f thesystenthey useandits mathematical
knowledgerepresentatiofacilities. Hence thereis a challengeo attackthegapbetweerthe elegganceand
beautyinformal mathsoften shovs andthe low level formalizationtricks typically requiredin current
systems.
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asMathematical Services

TASK LEADER: ITC-IRST

SCIENTISTSIN CHARGE: FAUSTO GIUNCHIGLIA, ROBERTO SEBASTIANI, MARCO BOZZANO, ALESSAN-
DRO CIMATTI

RESEARCH TEAM: ITC-IRST, UWB, UGE

3.4.a Overview

Theprimarygoalof thistaskis to investigatehepossibilityof modelingexisting computetalgebrasystems
anddeductve systemsasmathematicaservices.Thework donesofar hasconcentratedhoth on develop-
ing the requiredinfrastructure(languagesprotocols,semanticspecificationsarchitecturalschematajor
makingexisting systemsdnteroperateandon studyingextensionsandenhancementsf the reasoningca-
pabilitiesof someexisting tools. Therelevantcontributionsare:

o theMathSat framewvork developedatITC-IRST[22, 21]. As previouslysaidin taskl.2,theMathSat
framework introducesa formal frameawork, a generalizedalgorithmandarchitectureor integrating
boolearnreasonerandmathematicatsolverssothatthey canefficiently solve booleancombinations
of booleanandmathematicapropositions.Many techniquesaredescribedo optimizethis integra-
tion. Moreover, the MathSatframewnork evidencesthe main requirementdooleanreasonerand
mathematicakolversmustfulfill in orderto achieve the maximumbenefitsfrom their integration.
The MathSatprocedurg20, 23] is ITC-IRST implementatiorof anintegratedprocedurebasedon
the MathSatframework.

e RDL (Rewrite andDecisionprocedurd_aboratory),developedby UNIGE, is a systemfor formula
simplificationdevelopedwithin the ConstraintContextual Rewriting Project. The systemallows for
experimentingwith theintegrationof decisionproceduresndconditionalrewriting.

e LBA (Logic Broker Architecture),developedby UNIGE, is an architecturewhich providesthe
requiredinfrastructurefor making mechanizedeasoningsystemsinteroperate.In the LBA each
mechanizedeasoningystemis seenasan entity providing and/orrequiringa setof mathematical
services. The LBA provideslocationtranspareny, a way to forward requestdor logical services
to appropriateeasoningystemsia a simpleregistration/subscriptiomechanismandatranslation
mechanisnensuringthe transparenandprovably soundexchangeof logical services.

¢ Within the MathW eb-SBarchitecturedevelopedby USAAR, the generalisatioralgorithmfor the
learningof methodslearning (describedn task 2.3) hasbeenaddedto the pool of mathematical
services. Furthermorethe proof planningsystemAClam, developedat UED, hasbeenintegrated
into the MathWeb-SBframework. As aresult,A\Clam cannow usereasoningservicesprovided by
existing systemsn MathWeb-SB,andprovide new reasoningservicego them.
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In theremainderof this reportwe discusghesecontributionsin moredetail.

3.4.b The MathSat Framework

As pointedoutin [22, 21], asignificantnumberof existing proceduresisedin variousapplicationdomains
canbe modeledwithin the MathSatframewvork. Theseprocedureitherarepurely symbolicor combine
symbolicandnumerictechniquesWe briefly recallsomeof them.

Omega [224] is a symbolic+numeriproceduraisedfor dependencanalysisof software. It is aninteger
programmingalgorithmbasedon FourierMotzkin variableeliminationmethod.It handlesboolean
combination®f linearconstraintdy pre-computinghe DNF of theinput formula.

PtautEq [7] is a purely symbolic procedurewhich handlesbooleancombinationsof booleanvariables
andequalitiesbetweerfirst-ordervariables which wasembeddedn the GETFoOL [127] system.lt
combinesavariantof DPLL boolearsolver[113, 112 with anad-hocsolver for setsof equalities.

SMV+QUAD-CLP [102] is anincompletesymbolic+numerigrocedurantegratingOrderedBinary De-
cision Diagrams,OBDDs[57], with a quadraticconstraintsolver to verify transitionsystemswith
integerdatavalues.lt performsaform of intermediateassignmenthecking.

TSAT [4] is an optimized symbolic+numericprocedurefor temporalreasoningable to handlesetsof
disjunctive temporalconstraints.It integratesDPLL with a simplex LP tool, addingsomeform of
forwardcheckingand(static)learning.

LPSAT [272] is anoptimizedsymbolic+numerigrocedurdor math-formula@verlinearrealconstraints,
usedto solve problemsin the domainof resourceplanning. It acceptonly formulaewith positive
mathematicatonstraints.L PSAT integratesDPLL with anincrementakimplex LP tool, andper
formsbackjumpingandlearning.

DDD’s [200] are OBDD-like datastructureshandlingbooleancombinationsof temporalconstraintsin
the form (z — z < 3), which are usedto verify timed systems. They combineOBDDs with an
incrementalersionof Belman-ford algorithm.

ICS [12]] is a mostly symbolic decisionprocedurefor combinedtheories,including theory of arrays,
bitvectors lists andinductive datatypeslinear arithmeticover the integers. Very recently(2002)it
hasbeenintegratedwith the DPLL solver CHAFF [203].

CVC [246] is a symbolic+numeriaecisionprocedurdor combinedtheories,jncludingtheoryof arrays,
inductive datatypeslinear arithmeticover thereals. It combines,amongothers,the DPLL solver
CHAFF with a FourierMotzkin procedure.

3.4.c The CCR Framework

The generalityof ConstraintContextual Rewriting (CCR) is withessedoy the numberof state-of-the-art
systemswhosesimplification mechanismgan be seenasinstancef CCR. Thesesystemsrangefrom
automatedheoremprovers(suchasNQTHM, Tecton,and SPIKE) to computeralgebrasystemgsuchas
MAPLE). In particular:

NQTHM. Thesimplifier of NQTHM canbe seenasan engineeredersionof CCR(LA), whereLA is a

decisionprocedurefor UniversalPreshirger Arithmetics over the Integers(UPAI). Detailscanbe
foundin [11].
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Figure20: The Logic Broker Architecture.A client C wantsto prove aformula; it subscribests queryto
the Logic Broker (LB), waiting for aresult. LB triesto find in the databas€DB) a sener matchingthe
requestederviceandprovide to C theservicepointet

Tecton. Thesimplifier of TectoncanbeseernasCCR(LA+EQ),whereLA+EQ is adecisionprocedurdor
the combinationof UPAI andthe UniversalTheoryof Equality (UTE). Detailscanbefoundin [11].

SPIKE. The simplifier of SPIKE canbe seenas an extensionof CCR(LA+EQ). The extensionis here
neededo allow the decisionprocedureo useinductionhypothesesluring proof by implicit induc-
tion. Detailscanbefoundin [16].

MAPLE. MAPLE'sevaluationprocessanbeseerasCCR(SR)whereSRis aspecialisedeasoningnodule
reproducinghefunctionaltiesof MAPLE’s propertyreasoneandsolver. Detailscanbefoundin [3].

3.4.d The LBA Architecture

UNIGE hasbothdesignedhe conceptuamodelof the LBA [17, 18] anddevelopedtwo prototypeimple-
mentationsof the LBA: onebasedon CORBA and- recently— onebasedon XML. Moreover, a bridge
betweerLBA andMathWebhasbeendefined276].

The Logic Broker Architecture(LBA) addresseshe problemsarising from the integration of different
reasoningsystems.In particular interconnectiorof two differentreasonerganleadto unsoundresults,
becausef differencesn theunderlyingsemanticsTheLBA architectureaddressethis problemby means
of adiversificationbetweerthelogic layerandthecommunicatiodayer. A reasoningheorycanbethought
of ascomposedf a sequensystemand someinferencerules, which respectiely model assertionsand

inferencesteps.Beforeinstantiatinga communicationa client sendgo the Logic Brokera pair containing
its setof inferencerulesandthe servicerequestedThe broker thentriesto make a matchbetweerclient

guery and servicesregisteredin its own database.If thereis a positive result, then the Logic Broker

providesthe connectiorbetweenthe objects. The architecturecanbe seenfrom the point of view of the

client like a library of functions,which canbe easilyintegratedinto the local environment,without ary

overheadcomingfrom network connectionsNote thatthe client doesnot askabouta specificsener, but

callsaservicelike simplify ~ anequationsolve asetof constraintsetc. As a result,the sameclient

canreceve mary solutionscomingfrom differentsenersandit canapplysomepoliciesto decidewhichis

thebestfor its computation This level of decisioncanbe shiftedto the broker, askingfor thefirst solution,
or for thecompletdist of them.

Oneof the main goalsof LBA is to useonly consolidatestandardsyhich canbe easilyimplementedn
the mostcommondevelopmentervironments. Due to this, the new versionof LBA supportstwo main
technologiesnamelyCORBA and XML. CORBA comesout from the tradition of LBA, guaranteeshe
possibilityto shareanddistribute not only results but alsopartsof the proof or partsof the strateyy, when
thisis possible. XML ensureghe possibilityto communicatevith a large variety of web servicesandto
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[ Name | ripple

Context Rewrite Theory

Types

Input omdoc:OMDog

Output result: OMDoc

InConstraints elements(omdod&lements)Jemmas(ElementfevRules)

member(sequeniy, Elements),
not(RevRules= nil).

OutConstraints elements(resul{Sequent]),
not(member(RuleRenvRules),applicable(Rulegoal(Sequent)).
TextDescriptions Triesto reducethedifferencebetweerthe goal of the given

OMDoc sequenaindoneof its hypothesesisingLClams
stepcasemethodandthe rewritesgivenaslemmas
intheOMDoc.

Figure21: Therippling serviceofferedby A\Clam

interpolatedatavery fast. LBA alsousesa standardor sharingmathematicalocumentspamely OPEN-
MATH. Thanksto the extremelyopendesign,OPENMATH canbeusedto describea hugevariety of math-
ematicalknowledge.Everythingis regulatedby the agreemenbf the ContentDictionaries,which contain
the classification®f mathematicakymbols.Eachclient/sener hasits own phrase-boolthattranslateshe
local languagénto thecommonlayer OPENMATH.

3.4.e The MathW eb Software Bus

Thearchitectureof MathWeb-SBhadbeenintroducedn task1.2. In this sectionwe describeheintegration
of existing systemswithin this framework.

The AClam Proof Planning System During his stay as a young visiting researche(YVR) in Edin-

burgh, J. Zimmer integratedthe proof planningsystemAClam into the MathWeb-SB[114]. Dueto this

integration, \Clam cannotonly usetheservicef ary reasoningpecialistlreadyintegratedn the Math-

Web-SB,suchasthe CAS M APLE, but canalsooffer its theoremproving expertiseto othersystemsn the

MathWeb-SB.First, \Clam offersaninductive theoremproving serviceto the MathWeb-SBwhich takes
aproblemdescriptionformulatedin OM Doc asaninputandrunsAClam onthegivenproblem.Second,
therippling heuristicsof A\Clam [241] is offeredasa servicethattakesa setof rewrite rulesanda proof

planningsequentasaninput andappliesthe rippling methodof AClam with the givenrewrites. Thetwo

servicefferedby AClam arenen examplesfor mathematicaservicesofferedby the Math\Web-SBthat
have not beenformally specifieduntil now.

However, we tried to usethedescriptionanguagd ARKS describedn sectionl.2.dto give afirst charac-
terizationof therippling serviceofferedby A\Clam (seefigure 21).

Generalisation Algorithm of LearnQ2matic The applicationof learningtechniquedo proof planning
hasbeendescribedn task2.3. LEARNQMATIC is a hybrid systemconsistingof the implementationof
a generalisatioralgorithm as computationacomponentand the proof plannerQMEGA. The generalisa-
tion algorithmhasbeenintegratedasan extremelyspecializecandnew kind of mathematicaserviceinto
MathWeb-SB.The generalisatiomlgorithmacceptsarbitrarysequencesf objectsin OMDoc syntaxand
returnsa generalisedlescription.
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3.4.f Discussion

In this documentwe have reportedthe currentstatusof the researchaboutmodelingexisting systemsas
mathematicaservicesln particular thework donesofarhasconcentratetbothon developingtherequired
infrastructure(languagesprotocols,semanticspecificationsarchitecturalschematajor makingexisting
systemdnteroperatewith an emphasion the infrastructurefor mathematicalveb services(seeSection
3.4.d),andon studyingextensionsandenhancementsf existing systemgseeSections3.4.band2.3.h).

We expecta positive impacton theseresearchdirectionto comefrom the work beingdonein the context
of task1.2,which concernghedefinitionof mathematicatervice.
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Task 3.5: ChallengeMathematical
Problems

TASK LEADER: UKA
SCIENTISTS IN CHARGE: JACQUES CALMET, VOLKER SORGE
RESEARCH TEAM: USAAR, UED, UKA, TUE, UWB, UBIR

3.5.a Overview

Oneof the obvious challengingmathematicaproblemsrelevantto this network is probablyto answerthe
guestion'What arethelimits of (artificial or natural)intelligence?”.This simple,apparentlyphilosophical
guestionleadsin factto very difficult mathematicaproblemssuchasthe decidability of the Mandelbrot

set. A brief descriptioncan be found in the January2000 issueof the "Gazettedes Mathematiciens

publishedby the SMF, the FrenchMathematicalSociety The paperof Smaleproposesomechallenging
mathematicaproblemsfor the 21stcentury The questfor mathematicathallengess to befoundin ary

field.

For instance JeanE. Taylor introducesthosefor materialsciencein the January2003issueof the

Bulletin of the AMS (Vol. 40, No. 1).

To provide a definition of a challengemathematicaproblemthatcanbe acceptedy all partnerds almost
impossible.However, if we introducethe word "mechanized’in front of mathematicalywe canthenopen
afew tracksalongthefollowing directions(see[174]):

1.

Mechanizenew areasof Mathematicssuch as algebraictopology or even Grothendiecks theory
whenalsoincluding geometry Symbolicintegrationis a well-known examplewherea problemin
Analysiswasturnedinto analgebraigroblem,

. Devise new proofstechniquesor domainswherethe amountof computation,not the theoretical

difficultiesis the challenge.An exampleis to prove sometheoremson p-groupsthatwould take a
lifetime by handcalculation,

. Identify andmastemew representationnf mathematicabbjects. This is well understoodvhende-

signing usual algebraicalgorithmsfor CASs. A certainly challengingtaskis to investigatehow
algebraidieldscouldbeintroducedn mechanizingalgebraiocgeometryproblems,

. Spaceandtime compleity issuesvhendesigningproofsandalgorithms.A prototypicalexampleis

thefactorizationof integernumbers Otherexamplesarisewhentrying to improve doubly exponen-
tial algorithmssuchas Groebneasesor whendealingwith parametersvhich leadsto constraint
programmingsee[27]).
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An Examplein Group Theory
A testproblemis asfollows, wheretheword suitableis usedo avoid atoolong presentatiof theproblem:

Givena “suitable” infinite collectionof p-groups,give a formulafor the leastn sud thatthe
i-th groupin thecollectioncanbeembeddedh S,,, notin s,,_;.

Thisis, accordingo the experts,averylongtermprojectevenwhenusingDSsandCASs.However, when
analyzingthe problem;it is possibleto identify sub-problems.Many of themare purely computational
ones.For instance pne mustcomputedeterminant®f matrices.Dependingon the size of thesematrices,
a very thoroughmanagemendf the computationis required. Therearedeductionproblemsaswell. One
of themis supposedo be simpleandcanbe seenasatestof feasability

Canwe prove, by madine that every subgoupof @,,2, the quaterniongroup of order 27, is
normal?

3.5.b Preliminary Work

Duringthework on othertaskssomechallengingnathematicaproblemshadto betackledalreadyin order
to have non-trivial working examples.Herewe briefly summarizehatwork thathasbeendonesofarin
this respect.Someof the exampleswere doneeitherby single partnernodesor in collaborationbetween
someof thenodes.

Fundamental Theorem of Algebra:

At the Calculemusameetingin Eindhoven,Henk Barendrgt hasput asa “challengeproblem”to formal-
ize the FundamentaTheoremof Algebrain a theoremprover. (Every non-constanpolynomial f(z) =
an2™ +a,_12" 1 +...+ a1z +ag overthecomplex numbershasaroot,i.e.az € C suchthat f(z) = 0.)
Consequentlythis taskhasbeentakenup by the Mizar groupandtheresearclgroupof Barendregt at Ni-
jmeenNijmegen(subsiteof EUT). In Nijmegena constructiveformalizationof the Fundamentalheorem
of Algebrain Coghasbeenmade.We reporton thatdevelopmentandits presentontinuations.

Formalizing a Constructive Proof of the Fundamental Theorem of Algebra in Coq

This work hasbeendoneby HermanGeu\ers, FreekWiedijk, JanZwanenhirg, RandyPollack, Milad
Niqui, and Henk Barendrgt from the University of Nijmegen, NL. It wascalledthe FTA project The
motivationsfor startingthis projectwerethefollowing

e Formalizealargepieceof realmathematicsSeewhetherit canbe doneandwhich problemsarise.

e Createalibrary for basicconstructve algebraandanalysisfo be usedby others.Often,aformaliza-
tion is only usedby the persorthatcreatedt (or is notusedfurtheratall'), wherea®neof thegoals
of formalizingmathematicss to createa joint repositoryof mathematics.

¢ Investigatahe currentlimitations of theoremprovers,notablyCoq,andthetypetheoreticapproach
towardstheoremproving.

e Managethis project. Work with a groupof peopleon onetheory/proof-deeloprent. Initially, we
distinguishedhefollowing threesequential/parallglhases:
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Mathematicaproof | IATEX documen(the mathematicaproof
with lots of detailsfilled in)

Theorydevelopment| Coqfile
(justdefinitionsandstatementsf lemmas)

Proofdevelopment | Coqfile (formal proofsfilled in)

The goalis to keepthesephasesonsistentso the theory/proofdevelopmentprocesgproceedsn a
“literate programming”style: by working (in parallel)on threedocumentspne createsa complete
formal developmentof FTA, togethemwith a documentationwhich consistf the IATEX document
(thehigh level specificationyandthe theorydevelopment(the low level specificationgcontainingall

the precisedefinitionsand namesof lemmasetc.) We note herethatit is not trivial to keepthese
phasesonsisten{andin factwe did not maintainthemtill the end): alemmain the IATEX version
maybejustwrong,adefinitionmaybeincompleteor the‘basic propertiesthatonethinksoneneeds
(sayaboultfields)arejust notthe onesthatonereally needs.

e Constructve proof. We view arealnumberasa (potentially)infinite object. Sothe equalityon them
is undecidableand one cannot definefunctionsby cases.A positive aspectis thatwe areactually
proving the correctnessf aroot-findingalgorithm. Detailsof the proof canbefoundin [125].

We did not proceedby constructingherealsin Coq,but by axiomaticreasoning.Sowe have definedthe
axiomsof thereal numbersin Coq. As a matterof fact, we have proceededven moregenerallyby first
defining an algebraichierarchy(semi-groupsmonoids,groups,rings, fields, orderedfields); see[124].

Theadwantage®f this approactare: reuseof provenresultsandreuseof notation.(Therealsandcomplex

numbersarefieldsandthe polynomialsform aring.) Thenwe have definedR to bean (arbitrary)Cauchy-
completeArchimedearorderedfield andgivensuchanR, we defineC := R x R. To make surethatour
axiomsfor R make sensea concretdnstantiationfor R hasbeenconstructedy Niqui.

Completelyformalizedin the theoremprover Coq, the proof andtheorydevelopmentamountgo the fol-
lowing. Thisis thesizeof ourinputfiles (definitions lemmastactic scripts)

SetsandBasics 41kb
Algebra(uptoOrderedFields) 165kb
Reals 52kb
Polynomials 113kb
Real-aluedfunctions/ BasicAnalysis  30kb
Comple« numbers 98kb
FTA proof 70kb
Constructiorof R (Niqui) 309kb
RationalTactic 49kb

To modularizetheproof andin orderto createareal“library”, we have first definedanalgebraichierarchy
in theFTA project.In proving FTA, we have to dealwith realnumberscomple« numbersandpolynomials
andmary of the propertieswe usearegenericandalgebraic. To be ableto reuseresults(alsofor future
developmentse have defineda hierarchyof algebraicstructures.The basiclevel consistsof construc-
tive setoids,(A, #.4,=4), with A : Set, # 4 anapartnesand=4 anequialencerelation. (Classically
apartnesss justthenegationof equality but constructvely, apartnesgs more‘primiti ve’ thanequalityand
equalityis usuallydefinedasthe negationof apartnessTo understandhis, think of two realsz andy as
(infinite) Cauchysequenceswe may determinein a finite amountof time whetherz#y, but we canin

generaheverknow in afinite amountof time thatz = y.) Onthenext level we have semi-groups(S, +),

with S asetoidand+ anassociatie binaryoperationon S.

Insidethealgebraichierarchywe have ‘inheritancevia coercions’.We have thefollowing coercions.
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OrdField >-> Field >-> Ring >-> Group
Group >-> Monoid >-> Semi_grp >-> Setoid

This meansthat all propertiesof groupsare inherited by rings, fields, etc. Also notationis inherited:
X[+]y denoteghe additionof x andy for x,y:G from ary semi-group(or monoid,group,ring,...) G.
Thecoerciongnustform atree,sothereis norealmultipleinheritanceg.qg.it is not possibleto definerings
in suchaway thatit inheritsbothfrom its additive groupandits multiplicative monoid.

In the proof of FTA we neededroofsof equalitiesbetweerrationalexpressionsuchas
1 1 2z

x4y +$—y - x? — y?
Theseareobtainedby ‘partial reflection’. Following the reflectionmethod:we define[-] : E — R with
FE thetypeof rationalexpressionsSo E containsaconstructoerecip : E -> E

Butin the caseof rationalexpressionsthe [—] cannotbetotal, sowe have aso-called partial reflection’.

Theaxiomsfor realnumbersare (apartfrom thefactthatthe realsform a constructve orderedield)

e All Cauchysequencebave alimit:

SeqLim : (Xg:nat»F.Cauchyg) — F

CauchyProp : Vg:nat— F.(Cauchyg) —
Ve:Fso.AN:NVm > N.(|gm — (SeqLimg)| < ¢)

e Axiom of Archimedes (thereareno non-standarelements)

Vz:F.3n:N(n > z)

Theaxiom of Archimedesprovesthat*e-Cauchysequencesind' %-Cauchysequencescoincide(similar
for limits):
Viz: g : nat— F is a £-Cauchysequencé

1
:N. :N. > — —_—
VE:NIN:NVm > N(|gm gN|<k+1)

To be surethat our axiomscan be satisfied,we have also constructeda real Number structurevia the
standardehniqueof takingthe Cauchysequencesf rationalnumbersanddefininganappropriat@partness
on them. It turnsout (aswasto be expected)that real numberstructuresare categorical: Any two real
numbergructuresareisomorphic.This facthasbe provedwithin Coq.

In conclusionwe have found that real mathematicsinvolving both a bit of algebraanda bit of analysis
canbe formalizedcompletelywithin a theoremprover (Coq). Settingup a basiclibrary andsomegood
proofautomatiorproceduress a substantiapartof thework. An importantissueremainshow to present
thedevelopment(andthe proof). In the formalizationprocessthe connectiorwith the IATEX file hasbeen
abandonedWe believe thatit is essentiato provide a systemin which one canwrite the formalization
andthe documentationWe have attemptedo extractan algorithmfrom the proof, but thatturnedoutto
be very difficult, becausall the coercionsgetclutteredup in the extractedprogram. This will be further
investigatedlt shouldbe notedthatcomputationallythe behaiour of the root-findingalgorithmdepends
mainly ontherepresentatioof thereals.

Involutive Bases
Involutive basesare a specialkind of Grobnerbaseswith additionalcombinatorialpropertiesthat make

themvery usefulfor mary applications(see[89]). They exist in mary polynomial algebrag(also non-
commutatve ones)includingordinarypolynomialsandlineardifferentialor differenceoperatorsThey are
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thusa possibleapproactto investigatesymbolicsolutionsto systemof (partial) differentialequations An
INTAS projectcoordinatecoy UKA wasdevotedto this topic. It terminatedn April 2002 (see[85]) and
someof theresultsobtainedoy UKA arealsorelevantfor Calculemus.Onthetheoreticalside,numerous
resultson the relationsbetweendifferentkinds of involutive basesGrbnerbasesand characteristicsets
have beenobtainedboth for ordinary andfor differentialideals. Several characterisatiotheoremsfor
involutive baseshave beenproved andthe computationof (differential)dimensionpolynomialshasbeen
studied.We havethoroughlyinvestigatedhehomologicalapproacho involutionvia Spencecohomology
An algebraicalgorithmfor thegeometriaccompletionto involution wasdeveloped(includinga constructve
solutionof the problemof delta-reyularity.

Exploration in Finite Algebra

This work wasa casestudyon combiningproof planningwith computeralgebrasystems Its goalwasto
shaw thatvarioushuman-orientegbroving techniquesanbe realizedwith a multi-strateyy proof planner
andthatthe searchspaceof the proof plannercanbe drasticallyreducedby employing computationof
computeralgebrasystemsiuringthe planningprocess.

The casestudyessentiallyconsistedf threeparts:(1) To implementa setof proof planningstratejiesthat
realizedifferent proof techniquedor the residueclassdomain. Therebywe wereinterestedn examin-
ing basicalgebraicpropertiesof givenresidueclassstructurego classifytheminto termsof the algebraic
structurethey form. Furthermorestructure®f the sametypeandcardinalityarethenclassifiednto setsof
isomorphicstructures Theimplementedroof planningstratgiesemploy to a varyingdegreethe compu-
tationsof CASsto easethe planningprocess.(2) To testthe effectivenesof the implementednachinery
we conductedh large numberof experimentsy automaticallyandsystematicallyclassifyingresidueclass
structuresn termsof their basicalgebraicpropertiesandinto differentisomorphismclasses.And (3) to
verify theusefulnessf thecombinationof proof planningandcomputeralgebrawe alsocomparedur ap-
proachwith alternatie techniquesin particular we experimentedvith substitutingcomputeralgebraby
modelgeneratiorandby proving theoremswith afirst orderequationatheoremproverinsteadof a proof
planner The formerturnedout to be quite effective and canfruitfully complementhe useof computer
algebra.Thelatterprovedto beapplicablefor constructingnostof therequiredproofshbut is lessrobustin
alargecasestudythanour combinedproof planningandcomputeralgebraapproach.

Thecasestudywasconductedn theQMEGA systemusingits proofplanneMulti andthe CASMAPLE [227]
andGAP[123]. Major partsof thework hasbeencarriedoutin collaboratiorof the SaarbiickenandBirm-
inghamnodesandhave involvedthe YVR Martin Pollet. Part (1) and(2) of the casestudywerereported
in [195 and[193], wherethe former was concernedvith proofsof simple algebraicpropertiesand the
latter with the isomorphismproofs. An extensie reporton both, including a detailedpresentatiorof the
constructegroofshasalsobeenpublishedn [192]. Part (3) of the casestudyhasbeenpresentedn [194].

The ResidueClassDomain

We definea residueclassset over the integersas the set of all congruenceclassesmodulo an integer
n, i.e., Z,, or as an arbitrary subsetof Z,,. More concretely we are dealingwith setsof the form
Z3,Z5,73\{13},Z5\{0s}, {16, 36,56}, €tc. where1ls denoteshe congruenceclassof 1 modulo6. If
¢ is aninteger we alsowrite ¢l,,(c) for the congruencelassof ¢ modulon. A binary operationo on a
residueclasssetis givenin A-functionnotation,ando canbeof theform Azy. z, Azy.y, Azy.c wherecisa
constantongruencelass(e.g.,13), Azy-z+y, Azy.x*y, Ary.x—y, where+, ¥, = denoteaddition,multi-
plication,andsubtractiorof congruencelasse®vertheintegers,respectiely. Furthermorep canbeary
combinationof the basicoperationswith respecto acommonmodulofactor, e.g.,Azy. (z+13) —(y+23).
We oftenabbreviatethe operations\zy. z+y, Azy. zxy andAzy. x—y by +, * and—, respectiely.

For asinglestructure(RS,,, o) we areinterestedn whatkind of algebraicstructureit forms,i.e. whether
it is a group, a monoid, a semigroup,etc., by shaving simple algebraicpropertiessuchas associati-
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ity, existenceof inverses,and so on. For two given structures(RS., o') and (RS2, 0?) we examine
whetheror notthey areisomorphicithatis, we determinevhetheror notthereis afunctionh: (RS2, o') —
(RS?,,0?) suchthat h is injective, surjectie, and homomorphict® Both for shaving simple properties
andisomorphism/non-isomorphisproofswe employ proof planningguidedby computeralgebracompu-
tation. In particularfor isomorphismandnon-isomorphisnproofs,the appropriateguidances crucial for
success.

Checking Simple Properties

First, we areinterestedn classifyingresidueclasssetsover the integerstogetherwith given binary op-
erationsin termsof whatalgebraicstructurethey form. We automaticallyclassify structuresof the form
(RS, o) in termsof magma(also called groupoid),semi-group monoid, quasi-groupjoop, group,and
whetheror notthey areAbelian. The classificationis doneby first checkingsuccessiely if the properties:
closure associatiity, existenceof the unit elementexistenceof inverseelementsandthe quasi-groupax-
iom (i.e., thatfor eachtwo elementsy, b € RS, thereexist elementse,y € RS,, suchthata oz = b and
y o a = b) hold andthenconstructinganddischaging anappropriateroof obligation. The propertiesare
checledmainly with GAP andproofsfor the constructeabligationsareplannedwith Multi. For instance,
GAP is usedto checkwhethera given structurecontainsa unit element;dependingon the result,a proof
obligationis constructedstatingthereexists or theredoesnot exist a unit elementin the structure.Multi
thentriesto producea proof planfor this statementlf it succeedshe next propertyis checled;if it fails
Multi triesto prove the negation. For dischaging proof obligationswe have implementedhreedifferent
proving techniquesvith strategjiesin Multi, which usesymboliccomputationgo avaryingdegree.

Exhaustive caseanalysis. This techniqueis possiblesincewe arein a finite domainand can always
enumeratall occurringcasesThe planningprocesaisuallystartswith the expansionof definedconcepts
suchasunit, associative etc. For resulting universally quantifiedgoalsrangingover a residueclassa
casesplit on all elementsof the structureis performed. For existentially quantifiedgoalsall possible
instantiationgor thequantifiedvariablearesuccessiely checled. Thelatteris doneby introducingameta-
variablethatis boundsuccessiely to the differentelementof theresidueclassset. Herethe searctspace
canbe reducedby computingthe (probably)correctinstantiationimmediatelyasa hint with a computer
algebrasystem.For instance whenshaving that for eachelementin the structurethereindeedexists an
inverse GAP cancomputetherespectie inverses Whenthe subsequergubgoalsannotbe proved, Multi
backtrackgo theinstantiationof the meta-\ariableandchooseghe next element.After the quantifiersare
eliminated the statementsboutresidueclassesaretransformedo statementaboutintegerswhich canbe
solvedby numericalsimplifications.

Equational reasoning This approachriesto constructthe proofsby usingasmuchaspossiblegeneral
equationsolving. Problemsare decomposedbo the level of equationson integers;universally quantified
variablesare replacedby constantsand existentially quantifiedvariablesby meta-ariables. The prop-

erty thenholds,whenall equationscanbe solved by the CAS MAPLE to checkthe universalvalidity of

the equationor, in casethe equationcontainsmeta-\ariables,if thereis an instantiationof thesemeta-
variables,suchthat the equationis universallyvalid. For instance the equationfor the inverseelement
cly,(¢)+cl,(mv) = 0, containingcongruencelassegwherec is a constanandmu is ameta-\ariable)is

reducedto the correspondingequationon integers(c + mwv) modn = 0 modn beforeMAPLE returnsa

generakolutionfor mo.

Applying known theorems.For thistechniqueheplannerusegheoremdrom QMEGA’s knowledge-base
to reducea given problem. This stratey doesnot dependon the supportof a computeralgebrasystem.
Moreover, the theoremsare appliedto statements@aboutresidueclassstructuresdirectly; a reductionto
statementsboutintegersis not necessary

180bsere that we avoid confusionbetweenindicesand modulo factorsby writing indicesas superscriptsgxceptin indexed
variablessuchasz;, y; asthey areclearlydistinctfrom congruencelassesf theform cl; ().
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Techniquesfor Isomorphism Proofs

In orderto prove thattwo givenstructuresareisomorphicthe proof plannercanreusethe threestratejies
developedfor checkingsimplealgebraicproperties.But unlike thoseproofsthat could be solvedin most
casewvithin onestratayy, for isomorphisnproofsdifferentsubproofsanbe solvedby differentstratejies.

Exhaustive caseanalysis. When constructingan isomorphismproof we have to searchfor a bijective
homomorphismh amongall existing mappingsbetweenthe two residueclassstructuresnvolved. The
mappingh is representedsa pointwisedefinedfunction, wheretheimageof eachelementof thedomain
is explicitely specifiedasan elementof the codomain. The searchcan be abbreviated by computinga
pointwiseisomorphismwith MAPLE.

As an example considerthe proof that (Z», +) and (Zs, Azy-z+y+12) areisomorphic. Thereexist 4

possiblepointwisefunctionsh : Zs —» Z,. MAPLE computesasfunctionh(0s) = 1», h(15) = 02, which

is usedto subsequentlghaown the propertiesinjectivity, surjectvity, andhomomorphywith an exhaustve

caseanalysis. Eachof the subproofshasthe complexity n? wheren is the cardinality of the structures
involved® However, if no suitablehint can be computedthereare n™ pointwise definedfunctionsto

check.This becomesdnfeasiblealreadyfor relatively smalln.

Equational reasoning Isomorphismproofs can often be simplified by computinga polynomialthatin-

terpolateghe pointwisedefinedisomorphicmapping. If aninterpolationpolynomialcanbe computedt

is introducedinto the proof insteadof the pointwise mapping. For the constructionof the interpolation
polynomialfrom a given pointwisefunctionwe employ againM APLE.

For the exampleproblemthat (Z», +) is isomorphicto (Z2, Azy. z+y+12) the correspondingpointwise
isomorphismmappingis h(02) = 1s,h(12) = 02. MAPLE computesthe interpolation polynomial

z — (z + 1 mod 2) which is introducedinto the proof. Multi now hasa chanceto find the subproofs
for surjectvity andthe homomaorphisnpropertyby equationareasoningj.e. by reducingthesetwo sub-
problemsto equationswhich might be solvableby MAPLE. However, in the subprooffor injectivity we

have to shaw for eachtwo distinctelementghattheirimagesdiffer, which cannotbe concludedby equa-
tional reasoning.

Applying known theorems.Lik e for the proofsof simplealgebraigropertieghis strateyy canbe applied
to the overall problemdirectly. Moreover, it canalsobe appliedduringthe proof of oneof theinjectivity,
surjectvity, or homomorphysubgoalsin particular it is usedto exploit the simplemathematicafactthat
in finite domainssurjectvity impliesinjectivity andvice versa.Usually Multi provesfirst the surjectvity
subgoal;thenthe injectivity subgoalis shavn by applyingthe following theorem: A surjectivemapping
betweertwo finite setswith the samecardinality is injective

Techniquesfor Non-Isomorphism Proofs

In ourpreviouswork [193, 194, we haveimplementedsereral prooftechniquegor the proof plannemulti
to shav thattwo structuresarenotisomorphic.Theserequirevarying degreesof guidancerom computer
algebraor modelgeneration:

Testingall possiblefunctions h. Essentiallythis correspondso a casesplit on all possibleinstantiations
for the mappingh andshawing in eachcasethath is not anisomorphism.While this techniquedoesnot
requireary guidancefor Multi, for two structuresvhosesetshave cardinalityn, Multi hasto considem™
possiblefunctions,which becomesnfeasibleevenfor relatively smalln.

Proof by contradiction. Theideaof thistechniquéds to find apair of distinctelementsn onestructurethat
is alwaysmappedo thesamamageundereachhomomorphisnk. Thisshavsthatthereexistsnoinjective
h andthereforeno isomorphism. For this technique,a prospectie pair of elementscan be computed

19The proof of eachof thesepropertiesresultsin formulaswith two nestedquantificationsangingover setsof cardinalityn. This
resultsinto n2 possiblecases.
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eitherwith the computeralgebrasystemMAPLE or, morereliably, with the SEM modelgeneratof274].
However, evenwith this guidancethe subsequentroof processs essentiallyequationatheoremproving,
andsuccess$s notguaranteed.

Using predefinedinvariants. An intuitive way to shov non-isomorphisnis to find aninvariantproperty
of onestructurethatthe otherstructuredoesnot exhibit. We have alreadyimplementeda proof planning
approacHor thefollowing predefinednvariants:(1) the structuresnvolvedareof differentcardinality;(2)
the structuredorm differentalgebraicentities;e.g.,onestructures agroupwhile the otheris a semigroup;
(3) oneof thestructuresontainsanelemenf someorderk andnoelemenin theotherstructurehasorder
k. For structuresvithouta unit elementwe cansimilarly usethe orderof tracesof elementsMulti checks
theseinvariantsin this order To computeboth ordersandtracesof elementsMulti usesthe computer
algebrasystemGAP. In the automaticexplorationof theresidueclassdomain(see[194]) we usuallystart
with setsof similar algebraicstructuresof the samecardinality (e.g., quasigroupsf order5). Hence
invariant(3) is the only oneof relevance andthe predefinectriteriaareoftennot sufficientto successfully
constructa non-isomorphisnproof.

Evaluation

For assessinghe effectivenesf the combinationof proof planningand computeralgebrawe compared
our approachwith alternative techniques.In particular we experimentedwith (1) substitutingcomputer
algebraby model generationand (2) by proving theoremswith a first order equationaftheoremprover
insteadof a proof planner

For (1) we employed the modelgeneratoiSEM [274] and substitutedts computationdor all computer

algebracomputatiorin theproof planningprocesslt turnedoutthatin generabothapproacheareequally

robustanddo not outperformeachother In fact,the approachesomplementachotherin somerespects:
Forinstancdor guidingthenon-isomorphisnproofs,M APL E waslesseffectivesinceit notalwaysreturned

all possiblesolutionsto ahomomorphisnequationsystem.SEM on theotherhandprovidedthenecessary
answers.

The experiments(2) were performedby using the theoremprover Waldmeister[137]. It provedto be
applicablefor constructingmost of the requiredproofs (except for isomorphismproblems)but is less
robustin alarge casestudythanthe combinedproof planningandcomputeralgebraapproach While the
theoremprover hasa clear advantagewith respecto runtime, producingsolutionsmuchfasterthanthe
proofplannerit couldfind proofsfor all statedproblems.In particular if structureswith largercardinality
wereinvolvedthelik elihoodof failurewould grow. Moreover, theproblemformulationwasratherintricate
andunintuitive.

Proving with Invariants

In the casestudy presentedn section3.5.bit turnedout thatthe mostdifficult problemwasto show that
two givenstructuresarenon-isomorphicThe proof attemptoftenfailedbecausehe proof plannerdid not
getthe appropriategguidancefrom a computeralgebrasystemor a modelgeneratarwhich wasnecessary
for themoreadvancedproving techniquesTo overcomethis dilemmawe generalizeéhetechniqueof using
invariantpropertieso shav non-isomorphismGiventwo structuresye construcianappropriatepbespole
discriminant(i.e., aninvariantpropertythatonly oneof the structuresexhibits) to shav thatthe structures
arenotisomorphic. More formally, for two structuresS! and.S? we wantto find a property P suchthat
P(S') A =P(S?) holds.

For example, considerthe pairwise non-isomorphicquasigroupss?!, $2?, .52 given with their respectie
multiplication tablesin Fig. 22. When comparingthe tablesof S' and S?, one discriminantis fairly
obvious: while §' hasonly 05 onthe maindiagonal,all elementson the maindiagonalof S? aredistinct.
Thus, the invariant propertywe canuseis 3z.Vy.x = y o y. Things becomelessobvious whenwe
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St = (Zs, ) §? = (Zs, \vy- (25%x)+y)  S® = (Zs, Aay. (35%z) )
SH0s 15 25 35 45  S2[05 15 25 35 45 S3|05 15 25 35 45
05(05 45 35 25 15 05|05 15 25 35 45 05|05 15 25 35 45
1515 05 45 35 25 15)25 35 45 05 13 15135 45 05 15 25
25 25 ].5 05 45 35 25 45 05 15 25 35 25 15 25 35 45 05
35|35 25 15 05 45 35|15 25 35 45 05 35|45 05 15 25 35
45|45 35 25 15 05 45|35 45 05 15 25 45|25 35 45 05 15

Figure22: Somequasigroupmultiplicationtables
comparethe multiplicationtablesof S? andS3. Here,oneinvariantof S, which doesnot hold for $2, is
Vo.Vy.(zox =y) = (yoy = ).

Thegeneralizegroof procedurds asfollows: giventwo structuresS* andS? we haveto:

find anappropriatediscriminantP,

shaw that P(S1) holds,

shaw that—P(S?) holds,andfinally

shaw thatVX.VY. P(X) A =P(Y) = X # Y holds?.

w0 Dd PR

Thesingleproof partscombineto give thefollowing, sketchedformal proof:

? ? ?
AC NG L (4)
P(51)  P(S,) VX.VY.P(X)A-P(Y)=> X £Y
P(S1) A—P(S) Alntro PS) A~P(S) = S 4 5 VElim(Si, S2)
Sy A Sy M odusPonens

Theproofstrat@y is realizedn Multi with thehelpof variousexternalsystemsTo automaticallydetecthe
discriminantP we employ the HR system[107]. HR performsautomatedheoryformationby inventing
conceptsmaking conjecturesproving theorems and finding countergamples. The main functionality
usedfor the applicationfor finding discriminantsdiscussedereis conceptformation,which is achieved
by usingproductionruleswhich take one(or two) old conceptsasinput andreturna new concept.

Discriminantscomputedby HR aretranslatednto appropriateconceptandprovidedto the proof planner
Theremaindeof the proofis subsequentlgonstructedsfollows: Subproofq2) and(3) areplannedwith
Multi possiblyusingthe supportof a computeralgebrasystem.The latter dependon the actualstrateyy
Multi choses.

Subproof(4) on the otherhandis contributedby first-orderautomatedheoremprovers(ATPs),which are
calledvia the TRAMP-system191], aninterfaceandtransformatiorsystem.t transformsagivenproblem
into the input formatsof connectedATPsandrunsthesesystemsoncurrently Outputof the ATPsis then
translatedbackinto naturaldeduction(ND) proofsandinsertedasproof for the original subproblem For
our work we employedfirst orderresolutionproversOTTER, BLIKSEM, and SPASS.

Thiswork hasbeencarriedoutin collaborationof the nodesin Birmingham,Edinburgh,andSaarbiicken.
It particularlyinvolvedthe YVR SimonColton,theauthorof the HR system.Theresultswherepublished
in [196].

20While step4 is fairly obvious for ahumanmathematicianit is crucialfor aformal proof.
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The Jordan Curve Theoremfor SpecialPolygons

The proof of Jordan curvetheoemfor specialpolygonsis the first part of the formalizationof general
Jordancurvetheoemfor simpleclosedcurves:

Jordan curvetheorem
Thetheoremthat statesthat every simpleclosedcurvedividesa planeinto two partsandis
thecommorboundarybetweerthem.(see[217]).

This theoremseemsquite obvious, however it is commonknowledgethatit is very difficult to prove it
rigorously MizAR formalizationfollows the script [248] by Y. Nakamuraand Y. Takeuchi. The work
actuallystartedn 1992with thearticle[208] by Y. NakamuraandJ. Kotowicz in whichthe Jordarproperty
wasintroduced.Thatarticlewasprecededy several otherarticlesin which Euclideanspacesandspecial
polygonalarcsweredefined. A polygonalcurve is called specialif its line sggmentsare parallelto the
axes. Anotherusefulconceptof so-calledGo-boadswasalsodefinedbeforethe submissiorof [208]. By
a Go-boad theauthorsmenta matrix of pointsof the planeasbelov

(x1,91) ... (@1,Yn)

with the propertythat ordinatesof pointsin the samecolumnare equalaswell asabscissa®f pointsin
rows and, morewver, z; < z; andy; < y; for ¢ < j. Usingthetechniqueof Go-boadsthe following
theoremwasprovedin [163]:

Everytwo specialarcslying in arectangleR sud thatthefirst arc joins the upperandlower
sidesof R andthesecondarc joins theleft andright sidesof R havea nonemptyintersection.

Togethemwith several subsequendrticlesdevotedto further developmentof the theoryof Go-boads, the
aborelemmamadeit possibleto completethefirst partof the Jordantheorem(sayingthatthe complement
of thecurveis theunionof two componentsin [209]. Later, thesecondoart(statingthatthesecomponents
aredifferent)wasprovedin [255], andfinally, the completetheoremwasprovedin [160].

The preliminarywork on the proof of generallordancurvetheoemstartedwith definingthe external(so-
calledCageg andinternal (so-calledSpan$ approximationof the curve by specialpolygonsin [84] and
[254] respectiely. Recently we work on proofsof lemmasleft to completethe whole proof. 74 articles
devotedto this theoremhave beencollectedso far, which makesabout10% of the Mizar Mathematical
Library. However, someof thearticlescontainsuplementaryheory only indirectly relevantto the proof.

Continuous Lattices

Oneof thelargestconcentrateéffortsin developingMML hasbeentheformalizationof A Compendiunof
Continuoud atticesby G. Gierz,K.H. Hofmann K. Keimel,J.D.Lawson,M. MisloveandD.S.Scott[126]
in its entirety This projectstartedn 1996. The effort wasoriginally motivatedby the questionof whether
or notthe MizAR systemwassuficiently developedfor the taskof expressingadvancedmathematics'.
Thecurrentstateof theformalization—57M 1 ZAR articleswritten by 16 authors—indicatethatin principle
the M1zAR systemhassuccessfullymetthechallenge.

More detailedreportson the projectmaybefoundin [29], [30], and[31].

Theformalizationwasdividedinto two seriesof MIZAR articles:

YELLOWarticlesbridgingthe gapbetweerthe contentsof MML andthe knowledgeassumedh [126],

21Theabave questionvasraisedatthe 2nd QED Workshopheldin Warsav in 1995http://www-unix.mcs.anl.gov/ged
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WAYBER? articlesformalizingthe main courseof [126].

No formalizationof examplesand exerciseswere doneunlesssomeitem in the maintext dependon it.
Thiswasmeantto reducethe workloadasnoneof the participantsspecializedn continuoudattices.

Theformalizationis ascloseaspossibleto [126], but provisionsweremadefor someM1zAR peculiarities
suchasbuilt-in conceptsandmechanisms,euseof MML, andthelike.

Whenever possiblethe formalizationwasmoregenerathan[126].

[126] Formalized ThedeBruijn factor

Charactergbytes) 327,929 3,098,460 9.44
Compressed 100,839 566,720 5.62
Tokens(words) 55,142 808,020 14.65

Table2: ThedeBruijn factors

Thebook[126] contains334pagedlividedinto 8 chaptersoveringatotal of 715items. Of these254items
areexamplesandexercisesvhich we did not planto cover. By the endof April 2002,the formalization
covered23litemswhichis slightly morethan50% of the work originally planned.On average anarticle
in the WAYBElIlseriescovers? items,varyingfrom 1 to 18 with amedianof 5.

1996 1997 1998 1999 2000 2001 Total

YELLOW 8 1 5 3 1 4 22
WAYBEL 10 6 8 4 5 2 35
All 18 7 13 7 6 6 57

Table3: Articlesovertheyears

Table 3 summarizeghe numberof articles submittedto MML from this project. The YELLOWseries
constitutes38.6%o0f the articles,muchlessthanoriginally anticipated.However, this may changein the
nearfutureaswe areapproachinghe partof [126] whichis poorly coveredin MML.

Order Sorted Algebras

The theoryof order sortedalgebras (a conceptoriginally introducedby JosephGoguen)was developed
in Mi1zAR by JosefUrbanfrom CharlesUniversity (Prague)uring his visit to University of Bialystok as
YVR of CALCULEMUS. This work consistsof 5 MIzAR articlescovering basicconceptsof the theory
The notion of a signatue of an order sortedalgebra introducedin [257] is a 5-tuple< C,O,&,a, p >,
where( is the setof sort symbols,O is the setof operationsymbols,£ is an equivalencerelation of
O,p: 0 = Canda : O — C* (C* denoteghe free monoid generatedy C). Order sortedalgebra
wasdefinedusingthe structureof a many-sortedalgebra previously introducedin [253]. A manysorted
algebra (over a givensignatue) is a 2-tupleof theform < S, x >, wheresS is a functionwhich assigns
somesortto ary sortsymbolandy is the characteristiof thealgebrawhich assignsomeoperationgiven
by thesignatue to every operationsymbol. Thedevelopmenif thetheoryof manysortedalgebrascovers
the conceptsof subalgebrasguotientalgebrasand homomorphismbetweenalgebras. Eventually free
order sortedalgebrasweredefinedin [256)].

3.5.c Ongoingand Futur e Work

In the remainderof the projectwe intendto tacklethe following challengingproblemsandanticipatethe
following collaborations.

22Theway belowrelationis thekey conceptin continuoudattices,see[126, p. 38].
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Involutive Bases

A work in progresss to investigateheimpactof involutive techniquesn field theory adomainof Physics.
Mostif notall physicalsystemsarerepresentethy system=f partial differentialequations Amongsuch
systemsaarethewell-known Yang-Mills or Einsteinequationdor instance Without aimingat doing better
thanwhatthe very mary expertphysicistsof stringtheoryaredoing, it is possibleto studywhethersome
systemsare integrableor not. Whatis challengingis to solve symbolically over- or underdetermined
system®f polynomialor differentialequationr in simplertermsto extendtheconcepbf Groebnebases
to suchsystems.Thisis anold well-known problemthatwasmuchearlierinvestigatedy Cartanandhis
co-workersbeforebeingput aside. The needto designconstructve methodsin mechanizeanathematics
wasat the origin of arevival. But, we still needto find out the properrepresentations which to better
formulateinvolutive bases. Again in very simplewords, we arein a situationwherewe canget some
informationon local solutionsof non-linearsystemsandwe aim at extendingthemto somekind of non-
local neighborhood.

Proofsin Homological Algebra

In the courseof the Calculemusprojectthe Basic PerturbationLemmawas identified as an interesting
challengeproblem, sinceits field is the Algebraic Topology and the role of the infinity in this field. In
the particularcasein which the applicationdomainof a symboliccomputatiorsystemis HomologicalAl-
gebraor Algebraic Topologythe analysisof the correctnes®f its algorithms,usingasatool an ATP, is
particularly comple, dueto the needof usinginfinite datastructuresand, then, higherorderfunctional
programming235], [233]. This specificsituationimpliesthatthereis a deepsemantiogap betweenthe
proofswhich appeaiin the standarditeratureon AlgebraicTopologyandthe semanticof theimplemen-
tationlanguageusedto build the symboliccomputatiorsystem.Ouraimis to bridgethis gapby usingATP
technology

Kenzo(Segeraertet al. [117]) is a CommonLisp symbolic computationsystemfor Algebraic Topol-
ogy. Kenzohascomputedhomologygroupsunknown until its construction233]. Hence,the following
objective definesaninterestingresearchask.

Goal 1. Give aproof of the Kenzocorrectness.

This goal beingvery complex (duebothto the sizeandconceptuatomplexities of Kenzo),we derive the
following sequencef subgoals.

Subgoall.1. Verify andestablisHformal modelsfor Kenzofragments
Subgoall.1.1.Give automatedertifiedversionsof somecentralpartsof the program.

Sincethe BasicPerturbatioemma(BPL) is themostimportanttool in algorithmichomologicalalgebra,
thisis sensibleo stateasafirst task:

Subgoall.1.1.1.Give a certifiedversionof the BPL implementatiorusedin Kenzo.

Here, it is necessaryo choosea theoremprover to make the automatedroof of correctnessDueto the
previous work donein Isabelle[211] aboutalgebraicstructuresandits expresivenessthis hasbeenour
choice.But linking CommonLisp (theKenzoimplementatiorpprogrammindanguage andisabelleseems
difficult from a technicalpoint of view. So, we prefer startingwith a BPL implementationn ML (the
Isabelleimplementatiorprogrammindanguage).

Subgoall.1.1.1.1Implementin ML a certifiedversionof the BPL algorithm.

Terminationproblemscausdlifficultiesto theautomategroving processsoin afirst step,we intendedto
give anlsabelleautomategroofof theBPL theoem Thisis the problemtackledin this extendedabstract.

Subgoall.1.1.1.1.1 Give anlIsabelleautomatedroof of the BPL theorem.

In the following definitions,somenotionsof homologicalalgebraare briefly introduced(for details,see

115



Task3.5: ChallengaVlathematicaProblems

[173)] for instance).

Definition 2. A gradedgroup C. is a family of abeliangroupsindexed by the integer numbers:C, =
{Cr}nez, With eachC,, anabeliangroup. A gradedgroup morphismf : A, — B, of degreek (€ Z)
betweentwo gradedgroupsA. and B, is afamily of grouphomomorphismsyf = {f,}nez, with f, :
A, — Bp4k grouphomomorphisn¥n € Z. A chain compleis a pair (Cy, dc, ), whereC, is agraded
group,anddc¢, (the differential map is a gradedgroup homomorphismde, : C. — C. of degree-1
suchthatdc, dc, = 0. A chain complechomomorphisny : (A.,da,) — (B«,dB,) betweertwo chain
complexes(A,,da,) and(B., ds, ) is agradedgrouphomomorphisny : A, — B, (degree0) suchthat
fdA* = dB*f

Definition 3. A reductionD, = C, betweentwo chaincompleesis a triple (f, g, h) where: (a) The
componentg’ andg arechaincomple« morphismsf : D, — C, andg : C, — D,; (b) Thecomponent
is a homotojy operatoron D,, thatis to say: agradedgrouphomomorphisnt : D, — D, of degree+1;
(c) Thefollowing relationsaresatisfied:(1) fg = idc,; (2) gf + dp.h + hdp, = idp,; (3) fh = 0; (4)
hg =0; (5) hh = 0.

Definition 4. Let D, beachaincomplex. A perturbationof the differentialdp, is amorphismof graded
groupsép, : D. — D, (degree-1) suchthatdp, + dp, is a differential for the underlyinggraded
groupof D,. A perturbationdp, of dp, satisfiesthe nilpotencycondition with respectto a reduction
(f,9,h) : Dy = C., if thecompositiondp, o h is pointwisenilpotent,thatis, (6p, o h)"(z) = 0 for an
n € N dependingneachz in D..

Theorem 5. Basic Perturbation Lemma — Let (f,g,h) : D. = C, be a chaincomple reduction
anddép, : D, — D, a perturbationof the differential dp, satisfyingthe nilpoteng condition with
respectto the reduction(f, g, h). Thenanew reduction(f’,¢',h') : D, = C. canbe obtainedwhere
the underlyinggradedgroupsof D, and D!, (resp. C. and(C.) arethe same,but the differentialsare
perturbed:dD; =dp, + (5D*,do; = de¢, + 0c,, anddc, = fddp.g; [ = fo; g = (1 — hédp,)g;
k' = h¢, whereg = 322 (—1)*(dp, o h)".

The BPL is a centralresultin algorithmichomologicalalgebra(in particulay it hasbeenintensiely used
in the symboliccomputationsystemsEAT [234] andKenzo[117]). It first appearedn [236] andit was
rewritten in moderntermsin [56]. Sincethen,plenty of proofshave beendescribedn literature(see for
instance[130], [35], [232)).

Work on this projectis currently underway at the Universidadde La Rioja (Dr. Julio Rubio and Jesis
Aransay)in collaboratiorwith Dr. ClemendBallarinat TU Miunchenwheretheformalizationof proofsof
someauxiliary lemmasin thetheoremproverlsabellehasbeencompleted.

Proofsin Graph Theory

The goal of this casestudyis to generatenon-isomorphisnproofsin graphtheory i.e. to shaov thattwo

given graphsare not isomorphic. To answerthis questionthereexist currently elaboratecomputational
techniquess,for instancejmplementedn the Nauty system[190]. Unfortunately thesesystemaisually
only give an answerbut no detailedjustificationswhy the two graphsare not isomorphic. However, a

working mathematiciammight be interestedn moreinsightsinto the problem,not only to checkthe cor-

rectnesshut alsoto puttheadditionalinformationto furtheruse.To furtherthis endwe wantto employ the
techniquewve have developedfor task1.1 duringtheintegrationof computeralgebrainto proof planningas
well asthe mechanismémplementedor the casestudydescribedn section3.5.b.

The overall ideais to prove thattwo given graphsl’; andT's arenotisomorphic,by showving thatthere
respectie automorphisnmgroupsare not isomorphic. So far we have defineda setof eight problemsin
permutatiorgroupsthatwill partof the moregenerakolution:

In computationapermutationgrouptheory a groupG is specifiedby a list of generatingpermutations
A =as,a2,...,a;], whereA consistf permutation®f thepointsQ := {1,2,...,n}, i.e.theelements
of A belongto the symmetricgroupSym,. We oftenwrite G = (A) to denotethatG is generatedy A.
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We let our permutatioracton pointsfrom theright.

1. Membership Thefirst questionis how to prove thata permutationg belongsto the groupG. We
defineaword in A to beanexpressiorof theform

afll af; PR af:""
wherethe indicesi; arein therangel,...,k andthe exponentse; areintegers. It is now easily
showvn thata permutatiory € Sym, is anelemeniof G if, andonly if, it canbeexpressedisaword

in A.

2. Subgroup Suppos€ is anothempermutatiorgroupwith generatingetB andthatwe wishto prove
that H is asubgroupof G. Fromthedefinitionof a generatingetit followsthat H is a subgroupof
G if, andonly if, every elementof B is containedn G.

3. Orbit Theorbit of 2 underthe actionof G is 2G = {zg : g € G}. We wish to determinean orbit
containinga givenpoint of €.

4. Schreier tr ee Stabilisersubgroupsreof fundamentalmportanceto boththeoreticalandcomputa-
tional permutatiorgrouptheory Thestabilisersubgoupin G of z is

Gy, ={9€G:29=2x}.

It is notimmediatelyclearhow to computewith this subgroupfor, althoughthe definitiongivesusa
testfor whetherg is anelementof G, it doesnot give usageneratingset.

The following Orbit Lemmaestablishes one-to-onecorrespondencbetweenthe orbit of a point
andthe setof cosetof its stabiliser

Ify € G, then{g € G : zg = y} isacosetof G;. In particular, |zG| = |G|/|G,|.

Supposethat for every elementy of the orbit G, we chooset(y) € G with the propertythat
zt(y) = y. Thenit follows immediatelyfrom the Orbit Lemmathat all suchi(y) form a setof
cosetrepresentatiesfor G, in G. It would beinefficientto storeall theelementg(y), soinsteadwve
constructa Sdreiertreerootedatz. Thatis, asubgraply of theorbit graphG containingz whichis
atree(whenwe view the edgesasbeingundirected)with root . For everyy € X, thereis aunique
minimal pathin 7 from z to y (again,disregardingthefactthatthelabelededgesaredirected).

5. Stabiliser Now thatwe have a setof cosetrepresentatiesfor G, we canuseit to computea gener
atingsetfor the stabiliserof z in G. This queryis baseduponSdireier'slemma

Suppose is a group with geneiting set A, and H is a subgoupof G. If U is a setof
cosetrepresentative$or H in G, andthefunctiont : G — U mapsan elemeny of G to
therepresentativeef H g, thena generting setfor H is givenby

{uat(ua)™ :u€U,a€ A}.

Obserethatfor z € Q andH = G,, thefunctiont : G — U doesnot dependon the choiceof
elementn acosetH g, sothemapt : @ — G givenby ¢(zg) = ¢(g), is well defined.Thisindicates
how to apply Schreiers Lemmato permutatiorgroups.

6. BaseNow that we have a stabiliserof a subgroup,we canrepeatthe processto form a chain of

subgroupsA basefor G is afinite sequence3 = [z1, ..., z] of distinctpointsin © suchthat
Gzl,zz,---,zk =1L
Hence,the only elementof G which fixesall of the pointsz,, zs, ...,z is theidentity. Clearly

every permutatiorgrouphasa base put notall basedor a givengroupareof the samelength. If we
write G = Gy, 2,2, thenwe have a chain of stabilises

G=G9>aM>...>aqgk1D>aghk =1,

117



Task3.5: ChallengaVlathematicaProblems

We oftenrequirethata basehasthe additionalpropertythat G # G(i+1),

A basecan be constructedby startingwith B = [z;], andrecursvely choosinga letter z; in a
nontrivial G, ... »,_,-Orbit andappendingt to B. Theconstructioris finishedwhenG,, .. ., = 1.

7. Non-membershipHerewe dealwith the complementarygueryto thefirst onetreated:Prove that
the permutatiory doesnot belongto G. GivenabaseB = [z1, ...,z of G, we have a chainof
subgroups

G=GO>aM>...>gk1 >aghk =1

and setsU(?) consistingof cosetrepresentaties for G(i+1) in G(). For we cantake G =
Gar.....vi, andU® = t(G®) the setof Schreierelementscorrespondingo a Schreiertree for
G rootedatz;_.

An elementy of G is containedn exactlyonecosetof GV in G(©), sog = hyug for someuniqueh,
in G andug in U, By induction,we canshaw thatg = ugug—_1 - - - uyuo Whereeachu; € U@
is uniquelydetermineddy g. This processcalledsifting anelementgivesa canonicaform for the
elementof G andunderpinanostof the moreadvancedapplicationsof stabiliserchains.

Ontheotherhand,if g is notin G, thensifting fails becausat somestagewe getthatz;h;_ is not
in theorbit 2;G 1, andsoh;_; is notin G{~1). This givesus our proof of non-membership.

8. Order The orderof a permutationgroup cannow be effectively computed.We usethe following
OrderLemma

Suppose7 is a permutationgroupand B = [z, . .., 2] is a basefor G. Then
k .
G| = H |mi(;(z—1)|_
i=1

We have currently implementedspecializedalgorithmsin the computeralgebrasystemGapto compute
the necessarynformation for the above problems. Thesecomputationsare now employedin the proof
plannerof QMEGA to derive the necessarproofsfor the problems.Fromthis we will work towardsnon-
isomorphisnmproofsfor automorphisngroups,which will eventuallyleadup to thefull non-isomorphism
proofsfor graphs.

Thework will bejointly carriedoutby thenodesn Birmingham Eindhosen,andSaarbiicken. Therebythe

Eindhovennodeis responsibldor generatinghe certificatesn the computeralgebrasystemGap,whereas
the Birminghamandthe Saarbiickennodewill bejointly responsibldor anadequatdormalisationof the

problemsin anintuitive logical formalismin QMEGA, andthe proof planningincludingcomputeralgebra
computationsCurrentlythework involvesthe YVR Martin Pollet.

Exploration in Zariski Spaces

Zariski Spacesvereintroducedin 1998in [189]. As they areafairly new andbarelyresearchedomain,
they offer the opportunityto apply someof the techniquesdevelopedin the CalculemusNetwork to un-
chartedmathematicalerritory.

Beforedefininga Zariski Spacewe first recall the definition of a Zariski Topologyof aring. Let R be
a commutatve ring with unity, andlet specR denotethe collectionof prime idealsof R. Now for each
(possiblyempty)subsetA of R, thevarietyof A is givenby

V(A) = {P € specR: A C P}.

It is easily shavn that the collection of all suchvarietiesconstitutes(the closedsetsof) a topologyon
specR, calledthe Zariski Topologyof R, whichwe denoteby ((R). Furthermoreeverytopologyis clearly
a semiring,if onetakesthe operationsof additionand multiplication to be set-theoretidntersectionand
union,respectiely.
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Now let M be an R-module,andmoreor lessrepeatthe above process.Thatis to say let specM denote
the collectionof all primesubmodule®sf M, andfor eachsubsetB of M, let the varietyof B begivenby

V(B) = {P € specM : B C P}.

Finally, let {(M) representhe collectionof all varietiesof subsetof M. Thenonecanshow that {(M)
is closedwith respecto intersectionsbut not unions,andthereforedoesnot in generaform a topology
However, it doesform asemimoduleverthesemiring((R), wheretheadditive operationin {(M) is taken
to beintersectionandscalamultiplicationis givenby V (A4)V (B) = V(RAB). We call this semimodule
¢(M) the Zariski Spaceof M.

We plan to transfertechniqguesdevelopedfor the residueclassdomainto Zariski Spaces.In particular
we intendto performa classificationof concrete small Zariski spacesfor instanceover integer modules
automaticallyusingthe proof plannerMulti, computeralgebrasystemdik e SingularandMacAulay2,the
modelgeneratoSEM andthe HR concepfformationsystem.

Thework will bejointly carriedout by the Birminghamandthe Edinburgh node. Sinceoneof the authors
of the original Zariski Spacegaper R. L. McCaslandjs now aresearchellow with the Edinburgh node,
we have the uniqueopportunityto exploit his indepthknowledge and mathematicaknow-how for our
experiments.

Jordan Curve Theorem

The work on the M1zAR formalizationof Jordan curvetheoremis quite advanced.Only sometechnical
lemmasremainto be provedandwe hopeto completethe proof for arbitrarysimpleclosedcurvesduring
thefirst partof theyear2003.

Continuous Lattices

We intendto formalizein M1zAR a substantiapartof the remainingtheoryin A Compendiunof Contin-
uousLattices [126]. Althoughtheformalizationalreadyincludes57 MizAR articles,thereis still alot of
work to do.

As the first stepwe will concentrateon the theory of function spaceqspacesof continuousfunctions
equippedvith the Scotttopology)which seemdo bethemostdifficult topic ontheprojectresearclirontier.
It dealswith categorial propertiesunifying the lattice aspectsf function spaceswith topologicalones.
Namely we mustaddresdattice and topological products,top-latticesof mapspreservingsomelattice
propertiesandtop-latticesof continuougopologicalmaps,andcorrespondendeetweerthemin this topic.
It is well advanced put still sometheoremsarewaiting.

As thesecondstepwe will formalizetheproof of equivalenceof Lawsontopologyandlim-inf topology It
is requiredby thetheoryfrom ChapterV. Thiswill cover Chaptenll. Also, theformalizationof Chapters
IV andV is started.However, thetheoryfrom ChapteV depend®nthetheoremdrom thefirstandsecond
step.It needequivalenceof Lawsonandlim-inf topologiesandformalizedresultscannotbe submittedyet
totheMML. For ChaptenV therewereandstill areseveralformalizationsequiredto fill thegapsbetween
knowledgeassumedn [126] andthe stateof the Mizar MathematicalLibrary.

We expecta new edition of the monographwhich is supposedo be publishedby CambridgeUniversity
Pressin March 2003 as 'ContinuousLatticesand Domains’. Therefore,our work will alsoinclude a
revision of Mizar MathematicalLibrary accordingto the new approachpresentedn the new edition. We
seekpartnersn the Calculemusprojectto cooperatavithin all theabove fields.
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