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Abstract

This documentreportson theresearchprogressmadein all work taskof theCALCULEMUS IHP Training
Network HPRN-CT-2000-00102afterthefirst half of the48monthsfundingperiod.

Theobjectivesof theCALCULEMUS Network are:

1. outlinethedesignof anew generationof mathematicalsoftwaresystemsandcomputer-aidedverifi-
cationtools;

2. thetrainingof youngresearchersin thebroadfield of mechanicalreasoningandformalmethods;

3. thedisseminationof theresultsbothin industryandin academia;and

4. thecross-fertilisationandamalgamationof theautomatedtheoremproving (ATP/DS),computeral-
gebra(CAS), termrewriting systems(TRS) interactive proof developmentsystems(ITP) andsoft-
wareengineering(SE)researchcommunities.

Thework tasksof theNetwork are:

Task1.1: MathematicalFrameworks

Task1.2: Definitionof MathematicalService

Task2.1: Integrationof CASsandDSsvia Protocols

Task2.2: EnhancingtheReasoningPowerof ComputerAlgebraSystems

Task2.3: EnhancingtheComputationPowerof DeductionsSystems

Task3.1: AutomatedSupportto Writing MathematicalPublications

Task3.2: Supportto theDevelopmentof an Industrial-StrengthApplicationof FormalMethodsto Pro-
gramVerification

Task3.3: Supportto theSolutionof UndergraduateExamin CalculusandEconomics

Task3.4: Modellingof ExistingSystemsasMathematicalServices

Task3.5: ChallengeMathematicalProblems
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Intr oduction

Themainresearchobjectiveof theCALCULEMUS Network is to fostertheintegrationof deductionsystems
(DS)andcomputeralgebrasystems(CAS)bothataconceptualandatapracticallevel. Thepointof origin
for this kind of researchis a landscapeof heterogeneousapproachesand systemson both sidesof the
spectrum,wherethediversityon theDSssideis probablygreaterthanon thesideof CASs.

Sinceits startin September2000the CALCULEMUS Network hascontributedto theconvergenceof DSs
and CASs throughits researchon unifying frameworks for encodingand combiningcomputationand
deduction,the identificationof the architecturalrequirementsfor a new generationof reasoningsystems
with combinedreasoningandcomputationalpower, andthe prototypicalimplementationandapplication
of the improvedsystems.However, a singlepredominanttheoreticalframework is currentlynot possible.
Suchanapproachwould particularlyinvolvepredominantsolutionsto thestill ratherdivergingsystemsat
both sidesof the spectrumbetweenDSsandCASs.1 Thereforea strongline of researchin the Network
focuseson themodellingandintegrationof CASsandDSsat thesystemslayer. In this researchdirection,
significantprogresshasbeenmadeandseveral systemsof projectpartnersandother researchinstitutes
havebeenconnectedin orderto form networksof cooperatingmathematicalservicesystems.Thebenefits
andimpactsof suchintegrationshavebeeninvestigatedin prototypicalcasestudies.

The researchersof the CALCULEMUS Network alsofosteredthe MathematicalKnowledgeManagement
(MKM, EU MKMNET IST-2001-37057)researchinitiative; see[73, 19]. This relatively young line of
researchadoptsa broaderperspectiveon thefutureof mathematics(researchandpublicationpractice,ed-
ucation,andknowledgemaintenance)in the21stcentury. A significantamountof CALCULEMUS research
is MKM relevantandis currentlybeingtakenup in this communityin orderto adoptandintegrateit into
thebroaderMKM perspective.

Theextensive researchactivities of theCALCULEMUS Network arefurthermoreshown inter alia by three
specialissuesof theJournalof SymbolicComputation[226, 9, 176] andthefollowing internationalevents:
CALCULEMUS Symposium2000in St. Andrews,Scotland[150, 226], CALCULEMUS Symposium2001in
Siena,Italy [176], CALCULEMUS Symposium2002in Marseilles,France[87, 99], CALCULEMUS Autumn
School2002in Pisa,Italy [38, 39, 40, 277]

In thefollowing paragraphswe sketchthehighlightsof our researchin thedifferentwork tasks;for more
detailedreportsto all taskswereferto [37].

Task 1.1: Mathematical Frameworks TUE andNijmegenUniversity investigatedtype theoryfor the
purposeof formalisingmathematics:Barendregt andGeuvers[34] giveanoverview of typetheory, how it
is usedto representlogic andmathematicsandwhatissuesandchoicescomeup. Typetheory(encodedin
OPENMATH) asa way for communicatingmathematicsis proposedin [33] andin [96] it is shown how a
proofpresentationcanbegeneratedfrom aformalisedproof in typetheory. Thispaperarguesthat‘formal
contexts’ in Coqcanbeusedasabasisfor interactivemathematicaldocuments.This topic is alsotreatedin
[214]. An in-depthdiscussionof thevariouswaysto treatcomputationsin theoremproversis givenin [32]
andfurtherrelatedwork is presentedin [54].

TheNetwork hasalsostudiedotherapproachesto theoremproving andtheir capacitiesto integratecom-
putations(seealso[265]). This includesproofplanning,asdevelopedandemployedby thenodesUSAAR
andUED. In the & MEGA system[238], at USAAR, symboliccalculationscanbe integratedinto proof
planningin two ways:(i) to guidetheproofplannerandto prunethesearchspaceby computinghintswith
controlrulesand(ii) to shortenandsimplify theproofsby callingaCASwithin theapplicationof amethod
to solveequations.As a side-effectbothcasescanrestrictpossibleinstantiationsof meta-variables.These
approachesarediscussedin [105, 243, 194, 239].

An investigationinto theuseof deductionfor theimplementationof correctcomputationswithin computer

1TheNetwork is thereforealsostriving towardsthedefinitionof a uniform theoreticalframework for DSs;see,for instance,[24]
for somepreliminarywork.
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algebrasystemwasconsideredat UGEandis presentedin [3].

TheTHEOREMA system,developedatRISC,aimsatprovidingonemathematicalframeworkencompassing
all aspectsof algorithmicmathematics,notablytheaspectsof proving, computing, andsolving; see[72, 67,
68].

In [153, 154] it is critically arguedby UBIR thataspectsof mathematicalconcepts,includingprocedural
knowledge,are hard to reconstructfrom the formalisationin deductionsystems. This work points to
limitationsof theflexibility of mathematicalrepresentationswhich applyto all ourcurrentapproaches.

Task 1.2: Definition of Mathematical Service Theprimarygoalof this Taskis theenhancementof ex-
istingcomputeralgebrasystemsanddeductivesystemsby turningtheminto opensystemscapableof using
and/orproviding mathematicalservices.After a preliminaryanalysisof the state-of-the-artof reasoning
systems,it wasdecidedto tackletheproblem,in parallel,by a top-down andabottom-upapproach.

In thetop-downapproach,new infrastructures(bothattheconceptual,specification,andarchitecturallevel)
for theseamlessintegrationof mathematicalserviceshave beeninvestigated.This wasintendednot only
for currentsystems,but alsoandin particularfor futureimplementations.To thisextentparticularemphasis
wasonthedefinitionof frameworks(languages,protocols,semanticspecifications,architecturalschemata)
suitablefor makingmathematicalservicesaccessibleover theweb. Therelevanttop-down approachesare:
OMRS(OpenMechanisedReasoningSystems)developedby UGEandITC-IRST [5], LBA (Logic Broker
Architecture)developedby UGE [17, 18], MathWeb-SB(MathWebSoftwareBus)developedby USAAR
[278], MathBroker developedby RISC [186]. Thesenetworks canthemselvesbe coupledagainas,for
instance,exemplarilyinvestigatedin [276].

In the bottom-upapproach,we have investigatedhow complex mathematicalservicescan be built out
of simplerones.A particularemphasishasbeendevotedto decisionprocedures,andin particularto the
integrationof proceduresspecificfor solvingmathematicalproblemswith deductiveprocedures.Examples
for bottomup approachesareCCR (ConstraintContextual Rewriting) developedby UGE andMathSat
[129, 22, 21, 20, 23], developedby ITC-IRST.

In Task 1.2 the CALCULEMUS network also closely cooperateswith the EU project MONET (project
numberIST-2001-34145)anda joint workshop2 hasbeenorganisedby O. Caprottiin November2002at
RISC.In MONET specialontologiescomprisingmathematicalproblems,queriesandserviceshave been
definedandinvestigated.

Task 2.1: Integration of CASs and DSsvia Protocols Cooperationamongseveral softwaresystems
canbeachievedwith indirect,unidirectionalandbidirectionalcommunication.Thegoalof this taskis to
investigatehow protocolscanbe definedto provide a semanticsaswell assoundnessresultsfor systems
exchangingmathematicalinformation. This definitionhintsat severalothertasksin theNetwork dealing
with very similar problems. This is for exampletrue whendefininga context for a computationand is
partly coveredin Task1. Unidirectionalandbidirectionalcommunicationprotocolsaredesignedwhen
couplingdirectly differentmodules.Althoughthereareno direct links betweentheserviceswith indirect
communication,interactionis possiblewhen systemscan communicatewith a commonuser interface,
centralunit, mediatoror evaluator. This approach,which is partly basedon a joint work with ITC-IRST
onOMSCS(OpenMechanisedSymbolicComputationSystems),hasbeeninvestigatedwithin theKOMET

systemat UKA see[86, 164, 119, 88].

A semanticscanbeprovidedby atleastthreeapproaches:(a)defineamathematicalsoftwarebus,(b) define
a context from which a semanticcanbederived,(c) formulatetheproblemasa knowledgerepresentation
paradigm.

Theseapproachesaresharedby severalof thepartners.Indeed,they leadto introducemulti-agentsystems,
contexts,andontologiesto justquotea few features(seefor instancetheLBA andtheMathWeb-SB).

2Seewww.esblurock.com/˜ocaprott/mathbrokerWS.htm l .
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Task2.2: Enhancingthe ReasoningPower of Computer Algebra Systems Enhancementof CASwith
reasoningpower canbe attemptedat differentlevels: (a) enhancementof CAS on the SystemLevel, (b)
enhancementof CASon theTheoryLevel, and(c) enhancementof CASon theUserLevel.

Direction (a) canbeachievedby addingadditionalreasoningcapabilities,i.e., logical inferencesystems,
to algorithmsbuilt into the CAS. The ConstraintContextual Rewriting (CCR) framework developedby
UGE canbeusedin orderto integratetheevaluationmechanismof theCAS MAPLE with anappropriate
decisionprocedurefor checkingside-conditions,see[3] and[14].

Direction (b) canbe achievedby addingprovenknowledgeaboutCAS functionsto the CAS knowledge
base.The HR system,developedat UED, hasbeenusedto conjecturepropertiesof functionsavailable
in the MAPLE algorithmlibrary from empiricalpatternsdetectedin computationaldataproducedby the
CAS[108].

Direction (c) canbe achieved by giving the CAS userthe possibility to prove mathematicalstatements
usingproof techniquesfrom logic within the CAS in additionto the computingfacilities that eachCAS
offers. In theframework of theCALCULEMUS Network, thework of RISCrepresentsthis aspectof CAS
enhancement:The THEOREMA system,see[75], is an add-onpackagefor the widespreadandpopular
CAS Mathematicawheretheuserformulatesmathematicaltheoremsandprovesthementirelywithin the
Mathematicaenvironment.

Task2.3: Enhancing the Computation Power of DeductionsSystems UED investigatedthecombina-
tion of theproof-planner

���! #"%$
[228] with othersystemsfor computationallycostlytasks.This includes

(a) animplementationof theGS flexible decisionproceduresystemframework in (Teyjus) LambdaProlog
andwithin the

���! #"%$
proofplanningsystem[83] and(b) theintegrationof the

�*�! +"%$
proof-plannerinto

theMathWeb-SBsystem[114].

UED alsoinvestigatedthecombinationof systemsto discoverattacksto securityprotocols[244, 245]. This
work makesuseof computationalpower in thatit generatesa largenumberof clausesin its processing.

Furtherrelevant work hasbeendonein the
�*�! +"%$

proof-plannerto constructvery large andmodular
proof-plansfor complicatedrealanalysistheorems[131, 179, 180].

The & MEGA proof plannerat USAAR hasbeencoupledwith differentCASsvia MathWeb-SB,see[243,
194, 239]. The & ANTS approachto integrateCASsinto mathematicalassistantsystemsis sketchedin [44,
43, 49, 50]. Thiswork proposesanagent-basedmodellingof inferencerulesandexternalsystemsatavery
basiclevel within theoremprovers.

Finally, work doneat UBIR andUGE which rendertechniquesfrom automatedreasoninghighly efficient
by usingenhancedcomputationalpowerarepresentedin [139, 140, 141] and[20, 23, 6]. Furtherrelevant
work is givenin [225].

Task 3.1: AutomatedSupport to Writing Mathematical Publications Typically, a mathematicalpub-
lication containsthefollowing ingredients:naturallanguagetext, mathematicalformulae,formal text (i.e.
definitionsandtheorems),proofs,examples(typically with computations),andgraphics(tables,drawings,
sketches,etc.). In the optimal case,a softwaresystemfor supportingmathematicalpublicationswould
supportall thesefacetsof mathematicalpublications.Severalsystemsandlanguageshave beenusedfor
casestudiesin this area:

(a) The MIZAR approach(at UWB) is basedon two kinds of softwarewhich automatethe processof
writing formalmathematicalpapers:(i) softwareusedto prepareanarticleasa formal text whosecorrect-
nessis computerverified and(ii) the softwarefor automatic(or semi-automatic)translationinto natural
language(particularlyEnglish); this includesalso the softwarefor translationinto XML-basedformats.
The cooperationwith other CALCULEMUS sitesincludesdevelopmentof the MIZAR MathematicalLi-
brary (MML) and also the above mentionedtranslationinto XML formats. Relevant publicationsare
[199, 126, 29, 30, 31].

8



CONTENTS

(b) THEOREMA is aprototypicalsoftwaresystemdesignedto givecomputer-supportto theworkingmath-
ematicianduringall phasesof mathematicalactivity. Several featuresqualify THEOREMA asa powerful
systemfor creatingmathematicalpublicationsentirely insidethesystem.“Classical”mathematicaldocu-
mentscanbewrittenthatareintendedmainly for printout,asfor instancethethesis[268] or theconference
papers[266], [267], and[269]. In the casestudies,however, emphasishasbeenput on usingthe THE-
OREMA systemfor developinginteractive lecturenotesfor universitymathematicscourses.Mostly since
the THEOREMA languageis very similar to the languageusedin “ordinary mathematics”the systemis
highly suitablefor this approach,both in illustratingcomputation-basedcoursesaswell asin supporting
proof-orientedcourses.

(c) The OMDOC [157] contentmarkupschemewhich hasbeendevelopedat USAAR, supportsauthors
with writing formal mathematicaldocumentsincludingarticles,textbooks,interactive booksandcourses.
OMDOC allows to capturethesemanticsandstructureof thesedocuments.Varioustoolsareavailableto
transformOMDOC documentsinto other formatsfor presentationpurposes(using,e.g.,MathML) or to
supportinter-systemcommunication(e.g.,by transformationinto thelogic of a theoremprover).

(d) TUE hasdevelopedthe MATHDOX tool supportinginteractive mathematicaldocuments.MATHDOX

is basedon DOCBOOK but alsohassimilaritiesto OMDOC.

Task 3.2: Support to the Developmentof an Industrial-Str ength Application of Formal Methods to
Program Verification In additionto formal methods,which is undoubtedlythemostimportantapplica-
tion areafor ourresearch,wehaveidentifiedtheeducationsectorasanotherinterestingapplicationfor DSs
andCASs. Actually the systemsTHEOREMA (RISC) andACTIVEMATH [197] (USAAR), which make
useof toolsandapproachesdevelopedin theCALCULEMUS Network, arealreadyemployedin education
practice.Anotherexampleis theMATHDOX tool developedatTUE sincethenext versionof theinteractive
textbookAlgebra Interactive![104] will appearin this format.

Formalmethodapplicationscurrentlypursuedin theNetwork include(a) anapproachto supporttheveri-
ficationof hybrid systemswith thehelpof mathematicalservicesin MathWeb-SB[42, 41] — cooperation
of UGE,USAAR, UED, (b) theinvestigationwhetherspecialisedreasoningtoolswithin theMathWeb-SB
canfruitfully supporttheformal verificationof informationflow propertiesanderrordetectionin security
protocols [23] — cooperationof UGE, USAAR, UED, ITC-IRST, and(c) theapplicationof proof plan-
ning in first-orderlinear temporallogic (FOLTL) to featureinteractionsasthey arisein large telephone
networks [100] — at UED.

Task 3.3: Support to the Solution of Undergraduate Exam in Calculus and Economics In this Task
we focuson simple,mathematicseducationorientedproblemswith a strongemphasison the particular
way theproblemsaresolved,how interactionwith theuseris supportedandhow thesolutionis presented.
We analysewhetherour systemscanbe employed in a userfriendly andadequateway andwhetherthe
interactionandmathspresentationcapabilitiesof thesystemsareappropriate.

A taskrelevantcasepursuedatNijmegenUniversitycompareshow theproblemof proving theirrationality
of ' ( , which involvescomputations,can be proved in fifteen different theoremproving environments
(includingsystemsof theCALCULEMUS Network) [265, 263, 240, 48, 239].

Among the casestudiesthat arecurrentlybeingstartedat USAAR areexercisesfrom the GermanBun-
deswettbewerbMathematikandCalculusexercisesbeingencodedandinvestigatedin the ACTIVEMATH

project. Empiricalstudiesat USAAR investigatesthephenomenaof naturallanguagedialogwith mathe-
maticalassistantsystemson proofexercisesin naivesettheory.

Task 3.4: Modelling of Existing SystemsasMathematical Services Thework in this Taskso far has
concentratedbothondevelopingtherequiredinfrastructure(languages,protocols,semanticspecifications,
architecturalschemata)for makingexistingsystemsinter-operate,andonstudyingextensionsandenhance-
mentsof the reasoningcapabilitiesof someexisting tools. The relevant contributionsare: (i) MathSat
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framework developedat ITC-IRST [22, 21], (ii) the RDL (Rewrite andDecisionprocedureLaboratory),
(iii) theLBA [17, 18, 276] developedby UGE,(iv) themodellingof existingsystems,for instance,

�*�! +",$
developedatUED [228], asmathematicalservicesin MathWeb-SBdevelopedat USAAR [114].

Furtherwork atUSAAR concentratesonthemediationof mathematicalknowledgebetweenthemathemat-
ical knowledgebaseMBASE, which hasbeenintegratedto theMathWeb-SB,andmathematicalassistant
systemssuchas & MEGA [122, 48, 47].

Task 3.5: ChallengeMathematical Problems During the work on the above taskssomechallenging
mathematicalproblemshadto be tackledalready, in order to have non-trivial working examples.Some
of theexamplesweredoneeitherby singlepartnernodesor in collaborationbetweensomeof thenodes.
The examplesinclude: (i) FundamentalTheoremof Algebra [125, 124], (ii) Involutive Bases[89, 85],
(iii) Explorationin Finite Algebra,(iv) TheResidueClassDomain[192, 195, 193, 194], (v) Proving with
Invariants[196], (vi) TheJordancurvetheoremfor specialpolygons,(vii) Continuouslattices[163], (viii)
Ordersortedalgebras[257, 253, 256], (ix) Proofsin HomologicalAlgebra,(x) Proofsin GraphTheory,
(xi) Explorationin Zariski Spaces.Furtherrelatedwork is givenin [45, 46].
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Task1.1: Mathematical Frameworks

TASK LEADER: TUE
SCIENTISTS IN CHARGE: ARJEH COHEN, HENK BARENDREGT, HERMAN GEUVERS, FREEK WIEDEJK

RESEARCH TEAM : USAAR, UKA, RISC, TUE, UBIR

1.1.a Overview

Theoremproversarenotablygoodat reasoningandlessappropriatefor computation.The reasonis that
to preserve the soundnessof the logic of the theoremprover, onecanonly allow computationsthat are
“correct”: simplifying ' -�. to - in a real numberexpressionmay speedup computation,but combined
with the reasoningfacilities of a theoremprover, it also allows to derive /10324/ , which is obviously
undesirable.In a computeralgebrasystem,the useris left responsiblefor checkingthe sideconditions
underwhichtheoutputis valid,but for atheoremproversystem,thisis notgoodenough:thewholepointof
theoremproversis thatthey preventthederiving of invalid statements.Soit seemsthat(fast)computation
and(correct)reasoningareantipodesand to a certainextent that is true: if oneholdsno responsibility
for correctness,it will in generalbe easierto write fastalgorithmsthat suffice for mostcases.On the
otherhand,if onedisallows fancy computationsandrestrictsoneselfto simple(user-guided)equational
reasoning,it is easierto preserve correctness.But of coursethereis roomfor improvementon bothsides
of this spectrum.Computeralgebrasystemscanbemade“aware” of sideconditionsunderwhich certain
algorithmsarecorrectandtheoremproversmaybeenhancedby (user-defined,provencorrect)computation
facilities.

In Section1.1.b type theory is introducedas a formalism which is expressive enoughto include com-
putationsvia inductive datatypesandreflectionwithin the formalismitself. The computationsprovided
by externalsystemscanbe usedto justify proof stepsandfor the introductionof witnesstermsin proof
planning;this is describedin Section1.1.c. Theuseof deductionfor the implementationof correctcom-
putationswithin computeralgebrasystemsandthe THEOREMA system,developedat RISCarepresented
in Section1.1.d.

In Section1.1.eit is arguedthat aspectsof mathematicalconcepts,including proceduralknowledge,are
hardto reconstructfrom theformalizationin deductionsystems.

1.1.b Computation usingTypeTheory

The TypeTheory of Coq

Wehavemadeseveralinvestigationsinto theuseof typetheoryasabasisfor formalizingmathematics.This
work hasbeencarriedout at NijmegenUniversity (NL) which is a sub-siteof EUT. Theseinvestigations
havebeenof atheoreticalnature,but wehavealsodonepracticalexperimentsby doinglargeformalizations
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in the type theoretictheoremprover Coq (this is part of Task 3.5) and by improving the computation
capacitiesof typetheoretictheoremproverslike Coq(this is partof Task2.3). In this Sectionwe focuson
thetheoreticalinvestigationswehavemadeinto theapplicationof typetheoryfor formalizingmathematics.
An importantfocusis on the way type theorydealswith computations,which will be discussedin more
detail in theSection1.1.b. Here,wefirst explain thebasicrelevantideasof typetheory.

In type theoryoneinterpretsformulasandproofsvia thewell-known ‘formulas-as-types’and‘proofs-as-
terms’embedding,originally dueto Curry, HowardandDe Bruijn. Underthis interpretation,a formulais
viewedasthetypeof its proofs.Hence,astatementin typetheoryof theform

57698
canbereadin thefollowing two ways:

) 5 is anelementof thesetdenotedby
8

,

) 5 is a proof of theformuladenotedby
8

.

In the casethat
5

denotesa proof, it is actuallya termnotationfor a naturaldeductionstylederivation.
Themainconsequencesof thisapproachtowardstheoremproving arethat

) Proofcheckingis Typechecking,

) InteractiveTheoremProving is theinteractiveconstructionof a termof agiventype.

TheProofAssistantCoqis aninteractive theoremproverbasedon typetheory: theimplementedtyped
�
-

calculusis theCalculusof InductiveConstructions, CIC: a versionof constructivehigherorderlogic with
powerful inductivetypes.ThesystemCoqprovidestheuserwith powerful tacticsto interactively construct
a proof term. In this constructionprocess,the systemguaranteesthe type correctness.An important
distinctionto be made– which is a basicphilosophybehindtype theoreticproverslike Coq – is the one
between

) Checkingan allegedproof: this is easy, comparablewith checkingthe syntacticcorrectnessof a
computerprogram,

) Constructinga proof for a given formula: this is hard (undecidablein general),comparablewith
constructingaprogramthatsatisfiesa givenspecification.

In type theoreticprovers, the first task is performedby a type checking algorithm, the secondtask is
performedinteractively with theuser.

An importantissuein (automated)theoremproving in generalis thequestionof correctnessof theimple-
mentedsystem.Or, phraseddifferently: how canwe besurethata formulathathasbeenproved(interac-
tively) by theProofAssistant(PA) is really true?Wemaysometimesnotbeconvincedthatall thepowerful
tacticsthataPA providesaresoundandit occasionallyturnsout thataPA containsabug. In typetheoretic
PAs, this issueof reliability is solvedto someextent,becausethePA alsoprovidesaproof termthatcanbe
typecheckedby theuser, usinghisown – relatively easyto write – typecheckingalgorithm.Thefeatureof
having proof termsthatcanbechecked independentlyby a relatively smallandeasyalgorithm,is known
astheDeBruijn criterion, namedafterthefoundingfatherof theAutomathproject.In thisprojectthefirst
PAs basedon typetheorywereimplemented(in factthey wereproof checkersinsteadof proofassistants).

Anotherimportantfeatureof type theoretictheoremproversis the so-calledPoincaré’s principle, which
statesthatpropositionswhich canbe verifiedby a computationareeasy;i.e., no proof is required.This
principle is incorporatedin CIC throughthe so-calledconversionrule: types(andpropositions)that are
computationallyequal(convertible)arenot distinguished.This meansthatif wehaveanalgorithm(inside
typetheory)thatcomputesafunction,sayplusthatcomputesaddition,then :<;>=@?BAC/9DE/BFG0H( doesnotrequire

12
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a proof, becausethis is just computationallyequalto (I0J( , which holdsby reflection.We comebackto
this below.

Theactualformalizationof mathematicsin typetheoryproceedsby building up a context of results.Such
a context consistsof thefollowing items.( - is a variableand

"
and

8
aregeneralexpressions)

) - 698 with adatatype
8

. Thisdenotesa declarationof thevariable- to beof type
8

.

) - 698 with apropositionaltype
8

. Thisdenotestheassumption(‘named’ - ) of
8

.

) - 6 0 " 698 with a datatype
8

. This introducesa definitionof - as
"
, where

"
is of type

8
.

) - 6 0 " 698 with apropositionaltype
8

. This introducesareference‘named’ - to thelemma
8

. Here"
is a proof of

8
.

Thefirst two arecalledvariabledeclarationsandthesecondtwo arecalleddefinitions.Notethatareference
to a lemmais madeby introducinganabbreviation (definition)of theproof term. Thesedeclarationsand
definitionscanalsobemade‘locally’ (e.g.,underthescopeof otherbinders).

In thereportingperiodwehavemadeseveralinvestigationsinto typetheoryfor thepurposeof formalizing
mathematics.Thesehave beenlaid down in the following publications. [34] givesan overview of type
theory, how it is usedto representlogic and mathematicsand what issuesand choicescomeup. [33]
proposestype theory (encodedin OPENMATH) asa way for communicatingmathematics.[96] shows
how from a formalizedproof in type theorya proof presentationcanbegenerated.It arguesthat ‘formal
contexts’ in Coqcanbeusedasa basisfor interactive mathematicaldocuments.This topic is alsotreated
in [214].

Apartfrom trying to improvethetypetheoreticapproach,wehavealsostudiedotherapproachesto theorem
proving. This wasdoneby the “Fifteen proversof the world” projectof FreekWiedijk, who compares
fifteentheoremproversby studyinghow they (formalizeand)prove theirrationality of ' ( . See[265] for
a preliminarycomparison.It turnsout that“proof style” is animportantdistinguishingfeaturein theorem
provers. A theoremprover like Coqhasa “procedural”proof style: theusertypesin “tactics” thatguide
theproof enginein constructingtheproof. A theoremprover like MIZAR hasa “declarative” proof style:
theusertypesin thereasoningprettymuchin thestyleof anordinarymathematicalpaperandthesystem
givesa warningif it can’t fill the gaps. The secondis closerto ordinarymathematics.In [262] the two
declarative proof stylesof MIZAR andIsar arecompared.In [264] it is shown how a declarative proof
stylecanbeprogrammedon top of theproceduralproof stylesystemHol-light.

Computation in Coq

Typetheorypresentsa powerful formal systemthatnot only capturesthenotionof proof (via thesocalled
‘propositions-as-typesembedding’,wheretypesareviewedaspropositionsandtermsasproofs),but also
thenotionof computation, via theinclusionof functionalprogramswritten in typed

�
-calculus.Thereare

threenotionsof computation:K -, L - and M -reduction.Thefirst is thewell-known K -rule from
�
-calculus,A � - 6N8PO 5 FRQTSVU 5XW QIY -<Z . The L -reductioncapturesprimitive andhigherorderprimitive recursion,

which arisefrom the inductive typesthataredefinablein CIC (e.g.,naturalnumbers,lists, treesbut also
muchmoreexpressive types). The M -reductiondealswith unfolding of definitions: if - 6 0 " 6G8

then5 A - FNS\[ 5 A " F .
We havealreadymentionedtwo importantfeaturesof typetheory(CIC):

) Thedecidabilityof typechecking( ] proof checking)

) ThePoincaŕeprinciple: computationsdo not requirea proof.

13
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Theseimply thatnotall computationscanbeformalizedin CIC: If ^ is afunction(algorithm)onthenatural
numbers,then‘reflexivity’ is a proof of ^_A#`,Fa0b` if andonly if the computationof ^ on ` yields ` . In
CIC, all computationsterminateandaredeterministic,dueto thefact thatfor definingfunctionsthereis a
fixedschemethatusessyntacticrestrictionsto preventnon-termination.The‘fix edscheme’for functions
forcesa userto defineall functionsby structuralrecursion,which is often felt asa limitation. Several
proposalshave beenmadeto alleviatetherestrictionsposedby thestructuralrecursion(without giving up
thedecidabilityof typechecking).The ‘Bove-Capretta’approachof [54], jointly developedin Nijmegen
(Capretta)andGothenburg (Bove) hasbeenvery successfulasit succeedsin takingapartthedefinitionof
a function,which is donevery muchin a functionalprogrammingstyle,andthe proof that it terminates,
which canbepostponeduntil later. It alsoprovidesaway of dealingwith partialfunctions.

In computeralgebrasystems,computationis usedto solve problems,not to write down ‘executablefunc-
tions’. In type theory, notablyin CIC, we canalsousethecomputingpower of thesystemitself to solve
problems.This is donemostsuccessfullyusingthesocalledreflectionapproach.

Reflectionis themethodof ‘reflecting’ partof themetalanguagein theobjectlanguage.Thenmetatheo-
retic resultscanbeusedto proveresultsfrom theobjectlanguage.Reflectionis alsocalledinternalization
or the two level approach: the metalanguage level is internalizedin the object language.It shouldbe
stressedthatreflectiondoesnot extendthelogic of thetheoremprover, sothereis no possibleconsistency
problem.It justenhancesthereasoningby providing new tactics.Thecomputationsthatarecarriedoutby
thesetacticsaremainly ‘autarkic’, i.e., they arecarriedwithin thesystemitself. [32] containsanin-depth
discussionof thevariouswaysonecantreatcomputationsin theoremprovers.

Thereflectionmethodcanbeappliedquitegenerallyin situationswhereonehasaspecificclassof problems
with a decisionfunction. It is not restrictedto the theoremprover Coq. If the theoremprover allows (A)
userdefined(inductive) datatypes,(B) writing executablefunctionsover thesedatatypesand(C) user
definedtacticsin themetalanguage,thenthe reflectionmethodcanbe applied. Theclassesof problems
that it canbe appliedto are thosewhere(1) thereis a syntacticencodingof the classof problemsasa
datatype, sayvia the type cedgf<h%i jlk , with (2) a decodingfunction

W 2 Z 6 cmd>f@h,i j9knSocedgf<p (where cedgf<p
is the collectionof propositionsin the languageof our theoremprover), (3) thereis a decisionfunctionq jEr 6 cmdgf<h%i jlkbStsB`@Du/9v suchthat (4) onecanprove w%x 6 cmd>f@h,i j9kyARA q jEr,Azx�Fa0{/BF4S W x Z F . Now, if the
goalis to verify whetheraproblem| from theclassof problemsholds,onehasto find a x 6 cedgf<h%i jlk such
that

W x Z 0n| . Then
q jBr9A}x�F (togetherwith the proof of (4)) yields eithera proof of | (if

q jEr9Azx�F~0�/�F
or it ‘f ails’ (if

q jBr9A}x�F�0�` we obtain no information about | ). Note that if
q jBr is complete,i.e., ifw%x 6 cedgf<h%i jlkPA�A q jBr9Azx�F�03/BF�� W x Z F , then

q jBrlAzx�F�0�` yields a proof of �_| . The constructionof x
(thesyntacticencoding)from | (theoriginal problem)canbedonein theimplementationlanguageof the
theoremprover. Thereforeit is convenientthattheuserhasaccessto this implementationlanguage;this is
condition(C) above. If theuserhasno accessto themetalanguage,thereflectionmethodstill works,but
theuserhasto constructtheencodingx himself,which is verycumbersome.

Thereflectionmethodturnsout very usefulin practice.We list the usewe have madeof it, alsoin large
formalizations.

) In the proof of the FundamentalTheoremof Algebra(FTA), form alizedin Coq, we have imple-
mentedanduseda tactic called“Rational”, which solvesequationsbetweenrationalexpressions,
like � ������0T��� . To implementit, we have defineda syntactictypeof rationalexpressionsandan

interpretationfunctionto any field. An extra complicationhereis that the interpretationfunction is
partial(thesyntacticexpression�� doesnot havea value).

) BasedontheFTA work, Luis Cruz-FilipehasprovedtheFundamentalTheoremof CalculusFTC.In
theformalization,a tactic for computingderivativesanda tactic for checkingcontinuityhave been
implemented,bothusingthereflectionmethod.See[111].

) We areworking on a tactic thatprovesstatementsfrom primitive recursive arithmeticby replacing
themwith acomputation(of theassociatedprimitiverecursivefunction),usingthereflectionmethod.
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1.1.c SymbolicComputations in Proof Planning

In thecontext of this work packagewe developeda methodthatenablestheuseof symboliccomputations
in deduction,morepreciselyin proofplanning,withoutsacrificingthecorrectnessof theoverallproofsthat
areconstructed.Thework wascarriedout by researchersat nodesin Saarbr̈uckenandBirminghamusing
the & MEGA system[238, 239].

We will first give a brief introductionto proof planningandits particularitiesin the & MEGA system,and
thenexplain thetwo differentmethodswe havedevelopedto integratecomputeralgebra.

Multi-Strategy Proof Planning

Proofplanning,developedin Edinburghby Alan Bundy[81], considersmathematicaltheoremsasplanning
problemswhereaninitial partial plan is composedof theproofassumptionsandthetheoremasopengoal.
A proofplanis thenconstructedwith thehelpof abstractplanningsteps,calledmethods, thatareessentially
partialspecificationsof tacticsknown from tacticaltheoremproving. In orderto ensurecorrectness,proof
planshave to beexecutedto generateasoundcalculuslevel proof.

In the & MEGA system[238], thetraditionalproof planningapproachis enrichedby incorporatingmathe-
maticalknowledgeinto theplanningprocess(see[198] for details).That is, methodscanencodegeneral
proving stepsaswell asknowledgeparticularto a mathematicaldomain.Moreover, control rulesprovide
thepossibility to introducemathematicalknowledgeon how to proceedin the proof planningprocessby
specifyinghow to traversethe searchspace.Dependingon the mathematicaldomainor proof situation
they caninfluencetheplannersbehavior at choicepoints(e.g.,which goalto tacklenext or which method
to applynext).

Symboliccalculationscanbe integratedinto proof planningin two ways: (1) To guidetheproof planner
andto prunethesearchspaceby computinghintswith controlrules.(2) To shortenandsimplify theproofs
by calling a CAS within the applicationof a methodto solve equations.As side-effect both casescan
restrictpossibleinstantiationsof meta-variables3.

Employing Computer Algebra in Control Rules

Computationsof a CAS canbeemployedin control rulesto influencethecourseof theplanningprocess
by preferingapplicablemethodsor to computeapropersubstitutionfor aneededwitnessterm.In thelatter
casea control rule is triggeredafter thedecompositionof anexistentiallyquantifiedgoalwhich resultsin
theintroductionof a meta-variableassubstitutefor theactualwitnessterm. After anexistentialquantifier
is eliminated,thecontrolrulecomputesahint with respectto theremaininggoalthatis usedasarestriction
for the introducedmeta-variable. If hintscanbecomputed,themeta-variablesareinstantiatedbeforethe
proof planningproceeds.However, the instantiationssuggestedby select-instance aretreatedasa
hint by theproofplanner;thatis, they haveto beverifiedduringthesubsequentproof planningprocess.In
casetheproving attemptfails for aparticularinstantiation,theproofplannerbacktracksandtriesto find an
appropriateinstantiationby crudesearch.

Examplesof its usearegivenin thecasestudyfor proofplanningin theresidueclassdomain[194], which
is describedin more detail in the report for Task 3.5. There,for instance,it is necessaryto show the
existenceof a unit element� in a given algebraicstructure A+��D��lF . The control rule suppliesa hint asto
what � might be. To obtainsuitablehints, the control rule sendscorrespondingqueriesto theCAS GAP
andMAPLE.

3Meta-variablesareplace-holdersfor termswhoseactualform is computedata laterstagein theproof search.
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Employing Computer Algebra in Methods

Theway we useCAS computationin methodsis anextensionof previouswork, in particular[152], that
presentstheintegrationof computeralgebrainto proof planning,and[243], thatexemplifieshow thecor-
rectnessof certainlimited computationsof a large-scaleCAScanbeguaranteedwithin theproofplanning
framework. It is basedon the ideato separatecomputationandverificationandcantherebyexploit the
fact thatmany elaboratesymboliccomputationsaretrivially checked. In proof planningtheseparationis
realizedby usinga powerful computeralgebrasystemduringtheplanningprocessto do non-trivial sym-
bolic computations.Resultsof thesecomputationsarecheckedduringtherefinementof a proof planto a
calculuslevel proofusingasmall,self-tailoredsystemthatgivesusprotocolinformationon its calculation.
Thisprotocolcanbeeasilyexpandedinto acheckablelow-level calculusproofensuringthecorrectnessof
thecomputation.

An exampleof the useof calculations,is realizedwithin the Solve-Equation methodin the residue
classcasestudy. Its purposeis to justify anequationalgoalusingMAPLE and,if necessary, to instantiate
meta-variables.In detail, it works asfollows: If an opengoal is an equation,MAPLE’s functionsolve
is appliedto checkwhethertheequalityactuallyholds. Any meta-variablescontainedin theequationare
consideredasthevariablestheequationis to besolvedfor andthey aresuppliedasadditionalarguments
for solve . In casetheequationinvolvesmodulofunctionswith thesamefactoron bothsides,MAPLE’s
functionmsolve is usedinsteadof solve . If MAPLE cansolve theequation,themethodis appliedand
possiblemeta-variablesare instantiatedaccordingly. The computationis thenconsideredcorrectfor the
restof the proof planningprocess.However, oncethe proof plan is executedMAPLE’s computationis
expandedinto low level logic derivationsto checkits correctness.This is donewith the helpof a small,
self-tailoredCASthatprovidesdetailedinformationonits computationsin orderto constructtheexpansion
[243].

1.1.d Extending Symbolic Computation with Deduction

Theorema

The THEOREMA system,developedat RISC underthe directionof B. Buchberger, see[75, 70, 72, 67,
68], aimsatproviding onemathematicalframework encompassingall aspectsof algorithmicmathematics,
notablytheaspectsof proving, computing, andsolving. A detaileddescriptionof theTHEOREMA system
will begivenin reportfor Task2.2.

ThesystemarchitecturebasesonanexistingComputerAlgebraSystem(CAS), in theconcretecaseMath-
ematica, see[188], andextendsit with proving facilitiesimplementedin thenativeprogramminglanguage
of theCAS.In principle,any CASofferingprogrammingfacilitiescouldbeusedasstartingpoint. Themain
advantagesof Mathematicalie in theelegantpattern-matchingorientedprogrammingstyleandin thepow-
erful programmableuserfront-end.TheMathematicauserfront-endis—thoughhighly sophisticated—in
its naturecommand-lineoriented,i.e. theuserentersacommandto thesystemandthesystemdisplaysthe
resultof evaluatingthecommand.Mathematicacomesasahugelibrary of algorithmsmainly for computer
algebrarelatedareasbasedon exact representationof integers,rationalnumbers,andalgebraicnumbers,
andonpolynomialandrationalfunctionarithmetic.

Thephilosophyin Theoremais to provide a uniform mathematicalenvironmentoffering essentiallythree
commandsreflectingthethreecentralmathematicalactivities:

) Prove for proving formulaew.r.t. to someknowledgebase,

) Compute for computingnormalformsof givenexpressionw.r.t. to someknowledgebase,and

) Solve for finding termssatisfyingcertainpropertiesw.r.t. to someknowledgebase.
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For the Prove command,methodsfrom automateddeductionneedto be implementedfrom the scratch.
Wemainlyemphasizeonautomatedproving methodsthatgenerateproofsin ahumanreadableand—more
importantly—humanunderstandablestyle.For a detaileddescriptionof thecurrentproving capabilitiesof
THEOREMA we refer to the reporton Task2.2. TheComputecommandmainly baseson theunderlying
rewrite engineprovidedby the Mathematicasystem. It canalsobe seenasonemain interface,through
which thepowerful collectionof computationalalgorithmsin theMathematicakernelcanbemadeavail-
ablein THEOREMA. TheSolve commandis not yet far investigated.Somealgorithmsfor solvingspecial
typesof equationsareavailablein Mathematica, but othermethods,notablyconstraintsolversfor various
domainsavailableamongtheCalculemusnodes,shallbeincorporatedat thisstage.

Proving, computing,andsolvingwill beorganizedin sucha way, thatnot only thesethreecommandsare
availableat thetop-level, but an interactionbetweenthemcanseamlesslybeintegratedinto thesystem.It
canbeobservede.g.in proving, thatanalternationof phasesof proving,computing,andsolvingis afruitful
strategy for automatedproof generation.This paradigm,called“PCS”, wasinventedin [60] for proofsin
elementaryanalysis.It is, however, thedesignguideline,whichmany of theproving methodsdevelopedin
theframeof THEOREMA follow, notablythesettheoryproverdescribedin [268]. Analogously, computing
will employ phasesof proving andsolvingandsolvingwill integratephasesof proving andcomputing.It
is a challengingtaskfor thesystemdesignto setupthecomponentssothatall theseinteractionsareeasily
possibleon acorrectandsoundlogical basis.

Constraint Contextual Rewriting in MAPLE

UGE andUKA have jointly workedat the reconstructionof MAPLE’s symbolicevaluatorandits assume
facility, introduced[261] to solve inconsistenciesarisingfrom rules like ' -*. 0 - . This rule is wrong
unless- denotesa realnumberand -\� ` . Removing therule makesthesimplifier correct,but alsoless
powerful. The assumefacility providesa way out of the dilemma: it maintainsa context which enables
theuserto specifypropertiesof terms,andtherule is appliedto anexpression' " . only if

" � ` canbe
derived from the context. Thus,dueto the additionof the assumefacility, MAPLE’s symbolicevaluator
is a complex mathematicalserviceresultingfrom the combinationof specializedreasoningmodules:the
evaluator, thepropertyreasoner, asolver for linearprogrammingproblems,andageneralsolver.

Thenotionof context playsalsoa key role in ConstraintContextual Rewriting (CCR,for short)[14] (cf.
Section1.2.f). CCRis apowerful form of conditionalrewriting whichincorporatestheservicesprovidedby
a decisionprocedure.In CCRcontextual informationis storedandmanipulatedby thedecisionprocedure
whoseinterfacefunctionalitiesareneatlyspecifiedin anabstractway.

Thegeneralityof theintegrationschemaemployedin CCRpromotesits reuse.Indeed,wehaveshown that
MAPLE’sevaluationprocesscanberecastin CCRasa setof cooperatingreasoningspecialistswith neatly
specifiedinterfaces.This is not justanacademicexercise:

) A fault that causesMAPLE to returnwrong resultswith somecontexts wasdiscoveredduring the
analysisof the assumefacility. The reasonfor this is that the facility is basedon the assumptions
that oneof its modules,namelythe solver, is completein the sensethat it usesall the available
assumptionsin thecontext. This is not thecase.

) CCR providesa solutionto this problem,at leastif the context containsonly linear equalitiesand
inequalities,by integratinglineararithmeticmoretightly with simplificationthanthepresentimple-
mentationin theassumefacility does.

) Only acertainclassof lemmasaboutfunctionsis amenableto theassumefacility. It hasbeenshown
thataugmentationcanbeusedto extendthis class.

This leadsalsoto theobservationthatpropertiesof user-definedfunctionsshouldbedeclaredratherthan
programmed.Last but not least,Weibel andGonnet’s propertyreasonerhasbeenmadeavailableto the
automatedreasoningcommunity.
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Theresultsof this work havebeenpublishedin [3].

1.1.e Designof Mathematical Concepts

It is oneof thedeepmathematicalinsightsthatfoundationalsystemslikefirst-orderlogic or settheorycan
beusedto constructlargepartsof existing mathematicsandformal reasoning.Unfortunately, this insight
hasbeenusedin the field of automatedtheoremproving asan argumentto disregardthe needfor a di-
versevarietyof representations.While designissuesplay a major role in the formationof mathematical
concepts,thetheoremproving communityhaslargelyneglectedthem.We arguethatthis leadsnot only to
problemsin humancomputerinteraction,but that it causessevereproblemsat thecoreof reasoningsys-
tems,namelyat their representationandreasoningcapabilities.In orderto improveapplicability, theorem
proving systemsneedto take careabouttherepresentationsusedby mathematicians.

DonaldNormangivesafascinatingintroductioninto “The Designof EverydayThings.” His insightsareof
averygeneralnatureandwearguethatprinciplesfor gooddesignhold in mathematicsaswell. Thedesign
of conceptsin mathematicstakesa lot of theburdenongettingthingsright from thehumanuserby theuse
of appropriaterepresentations.The differentrepresentationsareusedto keepinformationtogether, hide
unimportantdetails,andallow to concentrateon theimportantparts.Sometimestheright representationis
thekey stepin theprocessof problemsolving. If onewereto usea foundationalsystemdirectly, however,
everythingwouldhaveto beexpressedexplicitly in auniformrepresentation,whichoffersnoor only little
structuralsupport.

To exemplify this,wewill takea closerlook at multiplicationtables.

� � � �E�u� �,�� � �E��� �E�u� �E� �...
...

. . .
...�%� � � � �E�u� � �l�

Theinformationaccessiblefrom thetableis thatit is abinaryoperation,it is discreteanddefinedonafinite
domain.Domainandrangearedirectly given.Thetablehasits own notionof well-formedness,thatis, all�%¡ have to occurandhave to bedifferent,the tablemustbefully filled. In thedesignwe find naturaland
cultural constraints.Multiplication tablesaredesignedin a way that their structureputs“information in
theworld” thatmakesit difficult to violatewell-formedness.An under-specificationwould leave a holein
thestructure,it is impossibleto entermorethanoneentryperfield. Furthermore,althoughtheorderof the�%¡ in thecolumnsandrows could in principlebedifferent,culturalconventionspreventthat. This in turn
makesparticularreasoningmethodspossiblewhich areconnectedto therepresentation.For instance,the
commutativity of � is checkedby verifying thatthetableis symmetricwith respectto thediagonal.

Thisworkhasbeencarriedoutin collaborationof thenodesin BirminghamandSaarbr̈ucken.It particularly
involvedtheYVR Martin Pollet.Theresultswherepublishedin [153, 154].
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TASK LEADER: ITC-IRST
SCIENTISTS IN CHARGE: FAUSTO GIUNCHIGLIA , ROBERTO SEBASTIANI , MARCO BOZZANO, ALESSAN-
DRO CIMATTI

RESEARCH TEAM : USAAR, UED, UKA, RISC, ITC-IRST, UGE

1.2.a Overview

Broadly speaking,a mathematicalserviceis a set of implementationsrunning on a particularmachine
which accomplishessomemathematicaltask. An implementationis a particularrealizationof an algo-
rithm asexecutablesoftware,possiblywith additionalconstraintson theinput andadditionalpossibilities
for the output. Mathematicalservicesaretraditionally subdivided into thoseproviding proving, solving
or computingcapabilities[58]. E.g., DeductionSystems(DSs)mostly provide proving services,whilst
ComputerAlgebraSystems(CASs)mostlyprovidesolvingand/orcomputingservices.4

Theprimarygoalof this taskis theenhancementof existing computeralgebrasystemsanddeductivesys-
tems,with the aim of turning them into opensystemscapableof using and/orproviding mathematical
services.Sincewe aim at providing a definitionencompassingthecomplexity of state-of-the-artsystems
(with issuesrangingover from the very theoreticalonesat the mathematicallevel to the very technolog-
ical onesat the communicationlevel) we found it convenientto pursuea variety of differentapproaches
(classifiedin bottom-upandtop-down, asstatedbelow).

In particular, thesupportof communicationandinteractionbetweenthesecategoriesof mathematicalser-
vicesis requiredfor tacklingrealproblemsin mathematics.Thus,akey goalof this taskis to find common
frameworksfor definingmathematicalservicesanddescriptionformatsthatabstractfrom theparticulari-
tiesof animplementationandfocuson theactualproblembeingsolved.To thisaim, it is alsoimportantto
identify thearchitecturalandfunctionalrequirements(e.g,communicationprotocolsfor networkedmath-
ematicalservices)for turning existing systems,like CASsandDSs, into opensystemscapableof using
and/ordeliveringmathematicalservices.

Wesummarizebelow thecontributionsrelevantfor task1.2.Thecontributionsaredetailedin theremainder
of this report. After a preliminary analysisof the state-of-the-artreasoningsystems,it was decidedto
tacklethe problemin parallelby a top-down anda bottom-upapproach.In the top-down approach,new
infrastructures(both at the conceptual,specification,andarchitecturallevel) for the seamlessintegration
of mathematicalserviceshave beeninvestigated.This wasintendednot only for currentsystems,but also
andin particularfor future implementations.To this extent,a particularemphasishasbeendevotedto the

4Noticethatthemeaningof theterms“proving”, “solving” and“computing” is notuniversallystatedandmaybedifferentamong
thedifferentscientificcommunities.E.g.,in theSAT communitySAT toolsarecommonlycalled“solvers”, whilst in our sensethey
provide proving services.
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definition of frameworks (languages,protocols,semanticspecifications,architecturalschemata)suitable
for makingmathematicalservicesaccessibleover theweb.

Therelevantcontributionsare:

) OMRS (OpenMechanizedReasoningSystems),developedby UGE andITC-IRST, is a specifica-
tion framework for logical services.An OMRSspecificationconsistsof threelayers:the logic layer
(specifyingthe assertionsmanipulatedby the systemand the elementarydeductionsupon them),
thecontrol layer(specifyingtheinferencestrategies),andthe interaction layer(specifyingtheinter-
actionof the systemwith the environment). Notice that this layeringallows for an additionaland
complementaryway to structurethe specificationswith respectto the standardapproachbasedon
modularity. As aconsequence,OMRSspecificationsarethereforemorestructuredthanconventional
specifications.Thisdomain-specificfeatureof theOMRSspecificationframework is fundamentalto
copewith thecomplexity of functionalitiesprovidedby state-of-the-artimplementations.

) LBA (Logic Broker Architecture),developedby UNIGE, is anarchitecturewhich providesthe re-
quiredinfrastructurefor makingmechanizedreasoningsystemsinteroperate.In theLBA eachmech-
anizedreasoningsystemis seenasan entity providing and/orrequiringa setof mathematicalser-
vices. The LBA provideslocation transparency, a way to forward requestsfor logical servicesto
appropriatereasoningsystemsvia a simpleregistration/subscriptionmechanism,anda translation
mechanismensuringthetransparentandprovablysoundexchangeof logical services.

) MathWeb-SB(MathWebSoftwareBus) [278] connectsa wide rangeof reasoningsystems(math-
ematicalservices), suchasATPs,(semi-)automatedproof assistants,ComputerAlgebraSystems
(CASs),modelgenerators(MGs), constraintsolvers(CSs),humaninteractionunits,andautomated
conceptformationsystems,by acommonmathematicalsoftwarebus. Reasoningsystemsintegrated
in theMathWeb-SBcanthereforeoffer new servicesto thepool of services,andcanin turn useall
servicesofferedby othersystems.

) MathBr oker, developedby RISC, is a software framework for brokering mathematicalservices
thataredistributedamongnetworkedservers. The foundationof this framework is a languagefor
describingthemathematicalproblemssolvedby theservices.Serversregistertheir problemsolving
capabilitieswith a ”semanticbroker” to which clientssubmitcorrespondingtaskdescriptions.

In the bottom-upapproach,we have investigatedhow complex mathematicalservicescan be built out
of simpler ones. A particularemphasishasbeendevoted to decisionprocedures,and in particular to
the integrationof proceduresspecificfor solvingmathematicalproblemswith procedureswith deductive
power. We providedformalmodelingof thefollowing integrationschemata:

) CCR (ConstraintContextual Rewriting), developedby UNIGE, is a generalizedform of rewriting
thatallowsfor theeffectiveandplug& playintegrationof decisionproceduresin formulasimplifica-
tion. CCRis a generalizationof (contextual) rewriting thatincorporatesthefunctionalitiesprovided
by a decisionprocedure.The servicesof the decisionprocedurearecharacterizedabstractly (i.e.,
independentlyof thetheorydecidedby thedecisionprocedure)andthenotationCCR(X) (by anal-
ogy with the CLP(X) notation)is usedto stressthis fact. By usingCCR(X) asa referencemodel,
the problemof the integrationof decisionproceduresin formula simplification is reducedto the
implementationof a decisionprocedurefor thefragmentof choice.

) MathSat [129, 22, 21], developedby ITC-IRST, introducesa formal framework, a generalizedal-
gorithmandarchitecturefor integratingbooleanreasonersandmathematicalsolverssothatthey can
efficiently solvebooleancombinationsof booleanandmathematicalpropositions.Many techniques
aredescribedto optimizethis integration. Moreover, the MathSAT framework evidencesthe main
requirementsbooleanreasonersandmathematicalsolversmustfulfill in orderto be integratedcor-
rectly andto achieve themaximumbenefitsfrom their integration.TheMathSatprocedure[20, 23]
is ITC-IRST implementationof anintegratedprocedurebasedon theMathSatframework.
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) �*�! +",$ is a proof planningsystemwhich hasbeenintegratedinto theMathWeb-SBframework. As
aresult,

���! #"%$
cannow usereasoningservicesprovidedby existingsystemsin MathWeb-SB,and,

in turn,providenew reasoningservicesto them.

In Task 1.2 the CALCULEMUS network also closely cooperateswith the EU project MONET (project
numberIST-2001-34145)anda joint workshop5 hasbeenorganisedby O. Caprottiin November2002at
RISC.In MONET specialontologiescomprisingmathematicalproblems,queriesandserviceshave been
definedandinvestigated.

1.2.b The OMRS SpecificationFramework

TheOpenMechanizedReasoningSystems(OMRS)projecthastheobjectiveof designinga formal frame-
work for thespecificationof state-of-the-artprovers.Thestartingpointof theOMRSapproachis to struc-
turethespecificationof asystemin alogic component,acontrolcomponent,andaninteractioncomponent,
therebysuggestingthefollowing equation:

OMRS= LOGIC + CONTROL + INTERACTION

Preliminarybut significantresultshave beenobtainedin theapplicationof theOMRSframework for sup-
porting(i) thedefinitionandthedevelopmentof proversasopenarchitecturesusablein a ”plug-and-play”
fashion,and(ii) thedesignanddevelopmentof proof-checkableandcustomizablereasoningsystems.

Starting from the considerationthat any reasoningsystem,as such, performsdeductionswithin some
logic(s), guidedby some(more or lesscomplex) heuristics,and exhibits someinteractioncapabilities,
an OMRS specificationof a reasoningsystemis structuredin a logic component,a control component,
andan interactioncomponent.Thelogic componentprovidesa descriptionof theassertionsmanipulated
by thesystemandtheelementarydeductionsuponthem;thecontrolcomponentallows for thespecifica-
tion of the strategiesguiding the constructionof complex deductionsout of the elementaryones;finally
the interactioncomponentspecifieshow the systeminteractswith the externalworld (including human
usersandotherprovers). Crisply separatingthe concernsof the threelayers,resultsin clearerandbetter
specifications.This is animportantissueasit allowsusto copewith thecomplexity of existingsystems.

UNIGE (togetherwith ITC-IRST)hascontributedto thedefinitionof thecontrollayerof theOMRSspec-
ification framework [5]. This key ideaof theapproachis to specifythecontrollayerby

(i) addingcontrolknowledgeto thedatastructuresrepresentingthelogic by meansof annotations; this
leadsnaturallyto anextendednotionof inferencewhichaccountsfor thesimultaneousmanipulation
of logic andcontrolinformation;

(ii) specifyingproof strategiesvia tactics, i.e.,expressionsdenotingsetsof admissiblederivations.

1.2.c The LBA Ar chitecture

UNIGE hasbothdesignedtheconceptualmodelof theLBA [17, 18] anddevelopedtwo prototypeimple-
mentationsof the LBA: onebasedon CORBA and– recently– onebasedon XML. Moreover, a bridge
betweenLBA andMathWebhasbeendefined[276].

The Logic Broker Architecture(LBA) addressesthe problemsarising from the integration of different
reasoningsystems.In particular, interconnectionof two differentreasonerscanleadto unsoundresults,
becauseof differencesin theunderlyingsemantics.TheLBA architectureaddressesthisproblemby means

5Seewww.esblurock.com/˜ocaprott/mathbrokerWS.htm l .
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Figure1: TheLogic Broker Architecture.A client C wantsto prove a formula; it subscribesits queryto
the Logic Broker (LB), waiting for a result. LB tries to find in the database(DB) a server matchingthe
requestedserviceandprovide to C theservicepointer.

of adiversificationbetweenthelogic layerandthecommunicationlayer. A reasoningtheorycanbethought
of ascomposedof a sequentsystemandsomeinferencerules, which respectively modelassertionsand
inferencesteps.Beforeinstantiatingacommunication,aclient sendsto theLogic Brokerapaircontaining
its setof inferencerulesandtheservicerequested.Thebroker thentries to make a matchbetweenclient
query and servicesregisteredin its own database.If there is a positive result, then the Logic Broker
providesthe connectionbetweentheobjects.The architecturecanbe seenfrom the point of view of the
client like a library of functions,which canbe easily integratedinto the local environment,without any
overheadcomingfrom network connections.Note that the client doesn’t askabouta specificserver, but
callsa servicelike simplify anequation,solve a setof constraints,etc. As a result,thesameclient
canreceivemany solutionscomingfrom differentserversandit canapplysomepoliciesto decidewhich is
thebestfor its computation.This level of decisioncanbeshiftedto thebroker, askingfor thefirst solution,
or for thecompletelist of them.

Oneof the main goalsof LBA is to useonly consolidatestandards,which canbe easilyimplementedin
the mostcommondevelopmentenvironments. Due to this, the new versionof LBA supportstwo main
technologies,namelyCORBA andXML. CORBA comesout from the tradition of LBA, guaranteesthe
possibilityto shareanddistributenot only results,but alsopartsof theproof or partsof thestrategy, when
this is possible.XML ensuresthepossibility to communicatewith a largevarietyof webservicesandto
interpolatedatavery fast. LBA alsousesa standardfor sharingmathematicaldocuments,namelyOPEN-
MATH. Thanksto theextremelyopendesign,OPENMATH canbeusedto describeahugevarietyof math-
ematicalknowledge.Everythingis regulatedby theagreementof theContentDictionaries,which contain
theclassificationsof mathematicalsymbols.Eachclient/serverhasits own phrase-bookthattranslatesthe
local languageinto thecommonlayerOPENMATH.

1.2.d The MathWebSoftwareBus

Specificationof AutomatedTheorem Provers

In [10], Armando,Kohlhase,andRanisepresentedafirst taxonomyof possiblestatesfor automatedreason-
ing systems.J.Zimmeradaptedthis taxonomyto thespecialcaseof AutomatedTheoremProvers(ATPs)
andextendedit by stateswhich describeerrors,timeoutsandsituationswherethesearchis exhaustedfor
somereason.First resultsof this work aredescribedin an informal note[275]. The currentstateof our
taxonomycanalsobeseenin Figure2.

J. Zimmerextendedall first orderATP servicesin theMathWeb-SBsuchthat theprove servicealways
returnsoneof the valid ATP states. Furthermore,all first-orderATPs in the MathWeb-SBnow accept
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state For input formula ¢ ATPhas

proof foundaproof for ¢
counter-proof foundaproof for £<¢ .

valid determinedthat ¢ is valid by somemethod
unsatisfiable determinedthat ¢ is unsatisfiable( ¤ ¥§¦¨£<¢ valid)
satisfiable determinedthat ¢ is satisfiable(hasamodel)
counter-sat determined£<¢ is satisfiable(hasamodel)
successful successfullyterminatedbut couldn’t determineoneof theabove

error detectedanerror(e.g.,incorrectproblemdescription)
syntax-error detectedasyntaxerrorin ¢
timeout usedupa giventime resourceandis notyet determined
incomplete theprover couldnotgoon with thesearch(e.g.SoSempty)
unsuccessful beenunsuccessfulfor somereason

determined determinedoneof theabove (this will never beused)
undetermined not determinedany state

Figure2: Valid statesof MathWebATPs,wheretheformula © is logically equivalentto thegivenproblem
description(setof assumptions+ conclusion).

Name IntegerSort

Context Sort
Types
Input xs: ListOf Integer ;
Output ys: ListOf Integer ;
InConstraints le(length(xs),100);
OutConstraints before(x,y, ys) ª ge(x,y);

in(x, ys) ª in(x, xs);
ConcDescriptions
TextDescriptions sortlist of atmost100integers

Figure3: A LARKS descriptionof asortingservicefor integers.

problemdescriptionsin thestandardlanguagesTPTPandOMDOC. Thedescribedwork formsa crucial
steptowardsthedefinitionof auniformfirst-ordertheoremproving servicethatis independentof concrete
implementations.

Capability Description Languagesfor Mathematical Services

In the context of a further agentificationof the MathWeb-SB,J. Zimmer investigatedthe possibleuseof
existing frameworks for the descriptionof mathematicalservices.MathWeb agentsshouldoffer abstract
mathematicalservicesthat aredescribedin a servicedescriptionlanguage.Servicedescriptionsshould
describethevalid input andoutputparametersof aservice,aswell asthesemantics,i.e., themathematical
task a serviceperforms(e.g. proof of a theoremor factorizationof a polynomial). Sincethe latter is
closelyrelatedto thedefinitionof webservices,we studieda possibleuseof frameworksdevelopedin the
semanticwebcommunity, suchasRDF [55], UDDI, andWSDL [103], andof languagesdevelopedin the
informationagentscommunity, suchasthecapabilitydescriptionlanguageLARKS [247] (aLanguagefor
AdvertisementandRequestfor KnowledgeSharing).

LARKS is expressive,easyto use,andcapableof supportinginferencesin capabilitydescriptions.It also
incorporatesapplicationdomainknowledgein agentadvertisementsandrequests.Domain-specificknowl-
edgeis specifiedaslocal ontologiesin theconceptlanguageITL. Figure3 shows theLARKS description
of asortingservicefor listsof integers.Theslotsof thedescriptionin Figure3 havethefollowingmeaning:

Name Thenameof capabilitydescriptionfor humanconsumption.

Context of keywordsdenotingthedomainof thedescription.

Types slotallows to definetypeabbreviationsusingtheexisting primitive types.
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Input (Output ) slot containsthespecificationof theinput (output)parametersof theservice.

InConstraints andOutConstraints slotscontainconstraintson the input andoutputvariables.
Theseconstraintsareexpressedin Horn clausesanddescribetheactualfunctionalityof theservice.
In the example,the constraintssay that the output list ys containsat leastthe elementsof xs in a
sortedorder.

ConcDescriptions cancontainoptionaldescriptionsof conceptsin theontologydescriptionlanguage
ITL.

TextDescription describesthecapabilityandthemeaningof thecontentof theotherslotsin natural
language.

Usingthisandthetaxonomyof statesdescribedabove,wecan,for instance,specifythefirst-ordertheorem
proving serviceasit is offeredby theMathWeb-SB.

Name proveFOP

Context ProofTheory
Types
Input 1: FOConjecture ;

format: String ;
replyWith: (state:ATPState , host:String ,

time: (user:Real , real: Real , sys:Real ));
Output atp result:(state:ATPState , host:String ,

time: (user:Real , real: Real , sys:Real ));
InConstraints default(format,”tptp”);

default(replyWith, record(pair(state,””));
default(time,120);

OutConstraints
ConcDescriptions
TextDescriptions Try to determinethelogical statusof afirst orderproblem.

This descriptiondoesnot containmuchexplicit knowledgeaboutthesemanticsof theservice.This is due
to thefact thatmostof thesemanticsis hiddenin thedefinitionof theATPState s in section1.2.d.This
raisesa crucial questionthathasto be answeredin the context of the definitionof mathematicalservice,
namelywhat knowledgeshouldbe locatedin the definition of the ontologyandwhat knowledgeshould
explicitly begivenin theservicedescriptionsthemselves.

1.2.e The MathBr oker WebFramework

At RISCthework on Task1.2 hasmainly beendevotedto thedefinitionof a languagethatdescribesthe
mathematicalproblemssolved by the services[186]. This languagehasto serve as a foundationfor a
framework for brokering mathematicalservicesdistributedamongnetworked servers,assuchit extends
WSDL, thewebservicedescriptionlanguage.Serversregistertheirproblemsolvingcapabilitiesexpressed
in this languagewith a “semanticbroker” to which clients submit correspondingproblemdescriptions.
Thebroker (possiblyin cooperationwith a deductionsystem)determinesthesuitableservicesandreturns
themto the client for invocation. This mechanismthushidesfrom the client the actualimplementation
of mathematicalservicesand focuseson the semanticalaspectscarriedout. The overall designof the
descriptionlanguageis structuredin layerswhich proceedfrom an abstractview, namelythe problem
addressedby the mathematicalservice,all the way down to the hostname-portaddressof the service,as
depictedin Figure4.

Ontopof this,arun-timesystemacceptsthedescriptionsof compoundtasksandcoordinatestheinvocation
of theservicesofferedby thebroker. This mechanismthushidesfrom theclient thecoordinationof math-
ematicalservices.Embeddedinto XML-documentsandinterpretedby browserapplets,suchdescriptions
mayactasinteractivehypermediainterfacesfor distributedmathematicalapplications.
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Figure4: Mathematicalservicedescriptionlanguagelayers

Themathematicalservicedescriptionlanguagehasbeenpresentedat theInternationalCongressof Math-
ematicalSoftware, in Beijing [98] andat the MathML InternationalConference2002, in Chicago[97].
Sinceapplicationareasarisingfrom thework of theCalculemuspartners[87] aretheprimecandidatesex-
ampleswherewe intendto applythemathematicalservicedescriptionlanguage,weorganizedaworkshop
at RISC[187], on November11-12,2002on thetopic of MathematicalWebServicesto follow up on the
informal meetingsthattookplacein Marseille(July 2002)andin Pisa(September2002).

1.2.f The CCR Rewriting Framework

The effective integrationof decisionproceduresin formula simplificationconstitutesoneof the key in-
gredientsin many state-of-the-artautomatedreasoningsystems.In many casesthe interplaybetweenthe
reasoningmodulesis so tight andcomplicatedthatproviding anaccuratedescriptionof the integrationis
a challenge.As a matterof fact, the descriptionsavailable in literaturearegiven by examplesor in in-
formal wayswith designdecisionoften intermixedwith implementationdetails.As a consequence,most
of the existing integrationschemasaredifficult to grasp,makingit very difficult any attemptto modify,
extend,reuse,andreasonabout.Thegoalof theCCRProjectis theintegrationof reasoningspecialistsin
simplifiers.

This goal can be achieved in two ways. Firstly, (in many cases)the integrationof decisionprocedure
in verificationsystemsis performedby meansof a tight cooperationbetweena rewriting engineanda
decisionprocedure. Making this cooperationeffective is a dauntingtask and it requiressophisticated
techniques.Thedifficultieslie in bothformalizingandproving thedesiredproperties(e.g.,termination)of
the designedintegrationschema.Second,the decisionprocedurecanbe extendedby meansof a lemma
speculationmechanismin sucha way that it is capableof tackling problemsfalling outsidethe scopeit
hasbeenoriginally designedfor. Devising sound,terminating,complete(at leastfor certainsubclassesof
formulae),andefficientmechanismsto extenddecisionprocedureis a verydifficult task.

ConstraintContextual Rewriting [6, 15] is a new form of contextual rewriting, basedon theintegrationof
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a lineararithmeticdecisionprocedurein the rewriting activity of theBoyer andMooreprover, wherethe
decisionprocedureis allowedto accessandmodify therewriting context. Undertheassumptionthatcertain
interfacefunctionalities(satisfyingsomeabstractproperties)areprovidedby the decisionprocedureDP,
CCRenjoys thefollowing properties(whichhavebeenformally statedandproved): it is parametricin DP,
it is sound,andit is terminating.Theformalizationof CCRrelieson thenotionof Contextual Reduction
System(CRS),which generalizesthestandardnotionof anabstractreductionsystem.Informally, a CRS
is definedby a setof ternaryrelationstogetherwith a setof inferencerules that definethe relationsby
(mutual)induction. Theconceptof CRSis thestartingpoint for formally specifyingandreasoningabout
integrationschemasbetweenrewriting anddecisionprocedures.

CCR is at the coreof the simplifier of RDL [6] (cf. Task3.4), a fully automatictheoremprover for the
quantifier-freefragmentof first-orderlogic with equality.

1.2.g The MathSat Framework

Moti vationsand Goals

Many real-world problemsrequiretheability of reasoningefficiently on formulaewhicharebooleancom-
binationsof booleanandunquantifiedmathematicalpropositions,on integeror realvariables.(Notewor-
thy examplescomefrom the domainsof compilersdesign[224], temporalreasoning[4], resourceplan-
ning [272], automatedverificationof systemswith numericaldata[102] or of timed andhybrid systems
[200, 23], software and protocol designand verification [121, 246].) This ability requiresan efficient
combinationof booleanreasoningandmathematicalsolvingcapabilities.

Fromtheviewpointof booleanreasoning(SAT), in thelastyearswehavewitnessedanimpressiveadvance
in the efficiency of SAT techniques,which hasallowed to solve previously intractableproblems.Unfor-
tunately, simplebooleanexpressionsarenot expressive enoughfor representingmostof the real-world
domainslistedabove.

From the viewpoint of mathematicalsolving, in the last yearsalsomathematicalsolvers like computer-
algebrasystemsandconstraintsolvershave very much improved both in expressivity and in efficiency,
beingableto solve classesof problemswhich werepreviously unsolvableor intractable.Unfortunately,
mathematicalsolverscannothandleefficientlyproblemsinvolvingheavy booleansearch—ordonothandle
thematall— sothatmostof thereal-world domainsaboveareout of their reachtoo.

MathSat

MathSat[129, 22, 21] is ageneralframeworkproposedby ITC-IRSTfor efficiently integratingbooleanrea-
soningandmathematicalsolvingtools. MathSatconsistsof a formal framework, a generalizedalgorithm
andarchitecturefor integratingbooleanreasonersandmathematicalsolversso that they canefficiently
solve booleancombinationsof booleanand mathematicalpropositions. The basic idea underlyingthe
MathSatapproachis to decomposethesearchinto two orthogonalcomponents,namely, onepurelypropo-
sitionalcomponentandone”boolean-free”domain-specificcomponent(e.g.,amathematicalcomponent).
Thefist componentis basedon a SAT solver, typically a (modified)Davis PutnamLongemannLoveland
(DPLL) procedure.(TheDPLL procedurehasbeenshown to bepreferableto alternativeapproachespro-
posedin theliterature,suchas, e.g.,theonesbasedon Disjunctive NormalForm (DNF), TableauSearch
Graph,or (Ordered)Binary DecisionDiagrams(OBDDs).)

MathSatdescribesmany techniquesto optimizetheintegration,andhighlightsthemainrequirementsSAT
tools andmathematicalsolversmust fulfill in order to be integratedcorrectlyand to achieve the maxi-
mumbenefitsfrom their integration.Specifically, a suitableSAT tool complieswith thefollowing crucial
requirements:
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) generationof completecollectionsof booleanassignments;

) generationof non-redundantcollectionsof booleanassignments;

) lazy(i.e.,oneat a time)generationof booleanassignments;

) optimalspaceperformance;

) goodintegrationwith themathematicalsolvercomponent(e.g.,it allows for severalrun-timesearch
optimizations).

A suitablemathematicalsolvercomplieswith thefollowing crucialrequirements:

) beincremental, thatis, beableof reusingthecomputationof previouscallsonsub-problemswithout
restartingfrom scratch;

) beableto provide failure informationwhich candrive thebooleanreasonerin pruningits search.

The ultimate goal of the MathSatframework is to develop tools able to handlereal-world problemsin
complex domainslike thosedescribedabove. Fromtheviewpoint of booleanreasoning,SAT toolscanbe
extendedin sucha way they canhandlealsomathematicalconceptsandoperators.Fromtheviewpoint of
mathematicalsolving,computeralgebrasystemsandconstraintsolverscanbe enrichedby very efficient
booleanreasoningcapabilities.

Modeling Systemswithin the MathSat Framework

As evidencedin [22, 21], a significantamountof existing procedureusedin variousapplicationdomains
canbemodeledwithin theMathSatframework. Theseprocedureseitherarepurelysymbolicor combine
symbolicandnumerictechniques.This will bediscussedwith moredetailsin Task3.4.

The MathSat Procedure

The MathSatsolver [20, 23], developedby ITC-IRST, is a state-of-the-artsolver basedon the MathSat
framework, ableto reasonon booleancombinationsof lineararithmeticformulas.Theefficiency of Math-
Sat is dueboth to the tight integrationof the booleanandmathematicalsolving subroutines,and to the
layeredstructureof the mathematicaldecider, which is organizedinto levels dealingwith subclassesof
formulasof increasingcomplexity. This will bediscussedwith moredetailsin Task2.3.

Applications

TheMathSatsolver hasbeenusedto addressverificationproblemsin differentdomains,e.g.,in temporal
reasoning[20] andtimedsystems[23]. In particular, theverificationof timedsystemsis a very important
and challengingproblem, in that it combinesthe challengeof handlingfinite-statevariables,which is
typically encodedasa booleandeductionproblem,with theproblemsrelatedto time elapsing,which are
encodedinto mathematicalconstraintson real variablesrepresentingabsolutetime andclocks. This will
bediscussedwith moredetailsin Task3.2.

1.2.h The «­¬J®E¯±° Proof Planning System

Duringhisstayasayoungvisiting researcher(YVR) in Edinburgh,J.Zimmerintegratedtheproofplanning
system

���! #"%$
into theMathWeb-SB[114]. Dueto this integration,

�*�! +",$
cannot only usetheservices
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Name ripple

Context Rewrite Theory
Types
Input omdoc:OMDoc;
Output result:OMDoc
InConstraints elements(omdoc,Elements),lemmas(Elements,RewRules)

member(sequent(), Elements),
not(RewRules= nil).

OutConstraints elements(result,[Sequent]),
not(member(Rule,RewRules),applicable(Rule,goal(Sequent)).

TextDescriptions Triesto reducethedifferencebetweenthegoalof thegiven
OMDOC sequentandoneof its hypothesesusing ²9³_´¶µ¸· s
stepcasemethodandtherewritesgivenaslemmas
in theOMDOC.

Figure5: Therippling serviceofferedby
�*�! +"%$

of any reasoningspecialistalreadyintegratedin theMathWeb-SB,suchastheCAS MAPLE, but canalso
offer its theoremproving expertiseto othersystemsin theMathWeb-SB.First,

���! #"%$
offersaninductive

theoremproving serviceto the MathWeb-SBwhich takesa problemdescriptionformulatedin OMDOC

asan input andruns
���! #"%$

on the given problem. Second,the rippling heuristicsof
���! #"%$

[241] is
offeredasaservicethattakesasetof rewrite rulesandaproofplanningsequentasaninputandappliesthe
rippling methodof

���! #"%$
with thegivenrewrites.Thetwo servicesofferedby

�*�! +"%$
arenew examples

for mathematicalservicesofferedby theMathWeb-SBthathavenot beendescribedformally until now.

However, we tried to usethedescriptionlanguageLARKS describedin Section1.2.dto give a first char-
acterizationof therippling serviceofferedby

���! #"%$
(seefigure5).

1.2.i Discussion

Thereis a growing interestin combiningthe reasoningandcomputationalcapabilitiesof heterogeneous
systems,like deductivesystemsandcomputeralgebrasystems.In fact,state-of-the-arttoolsaretheresult
of many man-yearsof carefuldevelopmentandengineering,andusually they provide a high degreeof
sophisticationin their respective domain. However, they often performpoorly whenappliedoutsidethe
domainthey havebeendesignedfor.

We have investigatedtwo complementaryapproachesto pursuetheabovegoal. On theonehand,we have
explored the possibility of enhancingthe capabilitiesof existing systems(seeSections1.2.f, 3.4.b and
1.2.h). On the otherhand,we have studiedthe possibility of integratingexisting systemsby meansof a
suitableinfrastructureproviding serviceexchange(seeSections1.2.b,3.4.d,1.2.dand1.2.e).A particular
emphasishasbeendevoted to the definition of frameworks suitablefor making mathematicalservices
accessibleover theweb.

Unfortunatelyserviceintegrationbetweendifferentsystemsis not an easytask. The main difficulty is
thatmostof theexisting reasoningsystemsareconceivedandbuilt asstand-alonesystemsto beusedby
humansusers. Moreover, if the logical servicesprovided by the componentreasoningsystemsare not
interfacedin a properway, thenthe logical servicesprovidedby thecompoundsystemsmaybeunsound.
This is somethingwhich mustbecarefullyavoided,particularlyin all theapplicationdomainswherethe
correctnessis of paramountimportanceas, e.g., in the formal verification of safetyor securitycritical
systems.

For this purpose,a reasonableamountof work hasbeendevotedto the identificationof the infrastructure
(i.e.,languages,protocols,semanticspecificationsandarchitecturalschemata)neededto implementservice
exchange,andto the investigationof the requirementsthat the infrastructureshouldsatisfy. During the
workshopon MathematicalWebServices[187] organizedby RISCin November2002,a joint discussion
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hasdevelopedbetweenpartnersof theCALCULEMUS projectandpartnersof theMONET [201] project.
As a resultof the discussion,the following preliminarylist of requirementsfor web-basedmathematical
serviceshasbeensingledout:

) mathematicalservicesaresimilar to webservices,in that: eachserviceis describedby XML-based
meta-information;informationis published,it canbediscoveredandqueried;clientsuseinformation
to find appropriateservicesandconnectto them;

) thisprocessshouldbebasedon existingwebtechnologiesandstandardsasmuchaspossible;

) eachservicedescriptioncan be decomposedinto multiple partsdescribingdifferent facetsof the
service,eachfacetmayhavemultiple formalizationlevels,from informal text for humanreadersup
to formal statementsthataremachine-understandableandthushavea precisesemantics;

) descriptionsand facetsmay be organizedinto different (multiple) taxonomiessuchthat a coarse
pruningof thesearchprocessis possiblein thediscoveryprocess;

) whenquerying,theclient specifieswhatever informationis available(e.g.,simpleor multiple taxon-
omy concepts,formal behavior description);thebroker canreturnresultswith differentdegreesof
confidence.

This list will befurtherlydiscussedandtakenasa startingpoint for futurework on this task.
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TASK LEADER: UKA
SCIENTISTS IN CHARGE: JACQUES CALMET

RESEARCH TEAM : USAAR, UKA, TUE, ITC-IRST

2.1.a Overview

The main goal of this taskis to provide a semanticsto interactingmathematicalservices.A first trivial
remarkis that this problemhasbeenandstill is investigatedthroughseveralapproaches.It is enoughto
querythe web with the two key-words: semanticsandmathamaticsto be floodedby informations. One
mayquoteSGML, XML, OPENMATH, MathML, SMPSandmany others.Somereferencesonsuchworks
areprovidedelsewherein this report.

Toprovideinterfacesbetweenexistingmathematicalservicesrequiresanopensoftwarearchitecture.Among
theaspectsthatmustbefurtherinvestigatedaremessagingandcommunicationfacilities,informationmod-
eling, infrastructure,mathematicalservicemodelingapplicationandknowledgebaseintegration,develop-
mentandmanagementtools. Someof theserequirementsarenot specificto mathematicalknowledgeand
havebeenstudiedin verydifferentapplications,for exampleanInformationBusandEnterpriseToolkit in
manufacturing,construction,andbankingsectors[249].

Whenthis projectwasinitialized, therewasa lack of softwareenvironments,languagesandstandardsfor
interfacesbetweensystemsfor mathematicalcomputation.Thereasonsaremanyfold:

1. CASandTPSaredesigned,implementedandvalidatedasstand-alonesystems,

2. many systemsarecopyrightedandallow neithercommunicationnorexternalaccessto internalmeth-
ods,

3. they do not provide interfacing,

4. aCAS is neversemanticallysound.Thus,to provideasemanticsis a requiredgoalwheninterfacing
any computingmodules.

Thesolutionhasbeento link mathematicalservicesthroughnetworkingmethodologiessuchascommuni-
cationlanguages,informationexchange,andcommonknowledgerepresentation.

A communicationlanguagedefineshow mathematicalinformationcanbe exchangedamongservices.It
mustberecognizedby eachsystemin orderto translatethe informationinto their internalrepresentation.
Appropriatelanguagescaneitherbetheinput languageor internalencodingof oneof theinvolvedsystems
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or standardizedcommunicationlanguages.Along theselinesseveralcommunicationlanguagesfor inter-
facesbetweensoftwaresystemsexchangingmathematicalinformationhave beendeveloped. The better
known is mostprobablyOPENMATH.

Cooperationamongseveralsoftwaresystemscanbeachievedwith indirect,unidirectionalandbidirectional
communication.Thegoalof this taskis to investigatehow protocolscanbedefinedto providea semantic
meaningandsoundnessto systemsexchangingmathematicalinformation. This definition ought to give
a hint why several othertasksin the network arein fact dealingwith very similar problems.This is for
exampletruewhendefiningacontext for acomputationandis partlycoveredin task1. Unidirectionaland
bidirectionalcommunicationprotocolsaredesignedwhencouplingdirectly differentmodules.Although
thereareno direct links betweenthe serviceswith indirect communication,interactionis possiblewhen
systemscancommunicatewith acommonuserinterface,centralunit,mediatoror evaluator. Thisapproach
hasbeeninvestigatedwithin theKOMET system.

A simplifying introductionis to saythata semanticcanbeprovidedthroughat least3 approachesthatare
shortlydescribedhereunder.

1. Defineamathematicalsoftwarebus,

2. definea context from which asemanticcanbederived,

3. formulatetheproblemasaknowledgerepresentationparadigm.

Theseapproachesaresharedby severalof thepartners.Indeed,they leadto introducemulti-agentsystems,
contexts,ontologiesto just quotea few features.Referenceson Logic Broker, MathWeb-SB,OPENMATH

andsimilarworksaregiventhroughoutthis midtermreport.

2.1.b OpenMechanizedSymbolicComputation Systems

A preliminaryintroductionto our work is given in [86]. The mathematicalsoftwarebusandthe context
approachesarebasedon a joint work ([51]) with IRST on OMSCS(OpenMechanizedSymbolicCompu-
tationSystems)which is ageneralizationof OMRSintroducedby GiunchigliaandTalcott.Weoutlinefirst
OMSCS.

OMSCS A symbolicmathematicalserviceis a softwareableto conductusefulandsemanticallymean-
ingful two-wayinteractionswith theenvironment.A symbolicmathematicalserviceshouldbestructurally
organizedasan OPEN ARCHITECTURE ableto provide serviceslike, e.g.,proving thata formula is a the-
orem,or computinga definitesymbolicintegral, andto beable,if andwhennecessary, to rely on similar
servicesprovidedby othertools. TheOpenMechanizedReasoningSystem(OMRS)architecturewasin-
troduced[128] asa meansto specifyandimplementreasoningsystems(e.g.,theoremprovers)aslogical
services. In [90], this approachhasbeenrecastfor the domainof symboliccomputeralgebrasystems.
OMSCSis theresultof recastingtogetherthetwo approaches.

The OMSCS Framework The specificationof a servicemustbe performedat variouslevels. At the
objectlevel, it is necessaryto defineformally theobjectsinvolvedin theservice,andthebasicoperations
uponthem.E.g.,for a theoremprover, onemustdefinethekind of assertionsit manipulates,andthebasic
inferencerules that can be appliedupon them. Then, the control level providesa meansto definethe
implementationof the computationalcapabilitiesdefinedat the object level, andto combinethem. The
control level must includesomesort of “programminglanguage”which is usedto describea strategy in
theapplicationsof modulesimplementingbasicoperations,thereforeto actuallydefinethebehavior of the
complex systemimplementingthe service.Finally, the way theserviceis perceivedby the environment,
e.g.,thenamingof servicesandthe protocolsimplementingthem,is definedwithin the interactionlevel.
This leadsto thefollowing architecturalstructurefor reasoningandalgorithmicservices:

31



Task2.1: Integrationof CASsandDSsvia Protocols

ReasoningTheory = Sequents+ Rules
ReasoningSystem = ReasoningTheory+ Control

LogicalService = ReasoningSystem+ Interaction

ComputationTheory = Objects+ Algorithms
ComputationSystem = ComputationTheory+ Control
Algorithmic Service = ComputationSystem+ Interaction

We synthesizethesedefinitionsinto thatof SymbolicMathematicalService.

SymbolicComputationTheory = SymbolicEntities+ Operations
SymbolicComputationSystem = SymbolicComputationTheory+ Control

SymbolicMathematicalService = SymbolicComputationSystem+ Interaction

The interactionlevel of OMRSis for instanceillustratedby theLogic Broker Architectureof Alessandro
Armandoet al. (seereferencein Task1).

Mathematical softwarebus Theconceptwasintroduceda few yearsagoby RichardZippel andalsoin
[91]. Thiswork is still in progress.Our approachmostlyconsistsin formalizingfurtherOMSCS.We plan
to extendit to interval arithmeticseenasa constraintprogrammingproblem.

Schemataand context Task one reportson someworks conductedon defining a context, including
onein collaborationwith UGE (ConstraintContextual Rewriting in MAPLE by Ballarin andAlessandro,
referencein task1). We reporthereon a slightly differentapproachinspireddirectly by OMSCSanda
schematarepresentationof algebraicalgorithms.Schemataarenowadaysfoundin severalapproachessuch
asMathML. We proposedseveralyearsagoto expressalgorithmsasschemata.

Thestartingpoint is to considerthatwe computewith operatorsdefinedongivendomain(types)thathave
specificproperties(specifications).We call the triplet operator, domain,propertiesan abstractcomputa-
tionalstructure(ACS).Settingourapproachin theframework of knowledgerepresentation,amathematical
knowledgebaseconsistsof typeschemata,algorithmschemata,algebraicalgorithms,theorems,symbolta-
bles,andnormalforms. A schematais a representationparadigmusedin artificial intelligence.We adopt
thespecificationlanguageFORMAL- ¹ ([95]) to representthemathematicalknowledge.It is well-suitedto
specifymathematicaldomainsof computations.An algebraicspecificationintroducesconstants,operators
andpropertiesin their intendedinterpretation,andenablesthereuseof subspecificationswithin a specifi-
cationin accordancewith thedependenciesbetweenparticularspecificationmodulesof anACS.It is based
uponcategory theory. The next stepis to definetypes,equationsandalgorithmsthroughschemata’s. A
moredetailedpresentationandsuitablereferencesarefoundin [92].

A typeschemarepresentssucha moduleandconsistsof:

) Name, auniqueidentifier

) Based-on, a list of inheritedACS

) Parameters, a list of ACSwhich areparameters

) Sorts, a list of new sorts

) Operators, declarationsof new operators

) InitialProps, initial properties.

Thesedefinitionsbuild abased-onhierarchyof themathematicaldomainsof computation.Onedefinesalso
anequationschemataAlgorithmsarealsorepresentedin termsof schemata.They allow therepresentation
of meta-knowledgelike:
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) Name, auniqueidentifierof theschemawith variablebindings

) Signature, describesthetypesof inputandoutput

) Constraints, imposedon domainandrange

) Definition, mathematicaldescriptionof theoutput

) Subalgs, list of subalgorithmsdescribingtheembeddedsubtasks

) Theorems, describingpropertiesof thealgorithm

) Function, nameof thecorrespondingexecutablealgebraicfunctionto computetheoutput.

Similarly to typeandequationschemata,algorithmschematabuild ahierarchyof specializedversions,and
specializationsinherit definitionsand theoremsfrom moregeneralalgorithms. New propertiesof algo-
rithmscanbederivedthenby a possiblycoupledtheoremprover. Theconceptsof specificationlanguage
andschematarepresentationareat theof theCALVIN system.

A consequenceof suchanapproachis to enableto defineacontext for acomputation.Thismethodologyis
valid bothwhenaCASstandsaloneandwhenit is coupledto aTP. A context aimsatmakingavailablethe
mathematicalknowledgehiddenin algebraicalgorithmsandin computationalprocedures.It is amethodol-
ogyto improvethesemanticalsoundnessof symboliccomputations.Althoughthis is notstraightforwardto
see,bothFORMAL- ¹ andOMSCSarecloselyrelatedto theformulationof specificationsthroughcategory
theory. To stayascloseaspossibleto OMSCS,we subdivideacontext into threelevels.

Similarly to typeandequationschemata,algorithmschematabuild ahierarchyof specializedversions,and
specializationsinherit definitionsand theoremsfrom moregeneralalgorithms. New propertiesof algo-
rithmscanbederivedthenby a possiblycoupledtheoremprover. Theconceptsof specificationlanguage
andschematarepresentationareat theorigin of anexperimentalCAScalledCALVIN thatwasdesignedby
students.

A consequenceof suchanapproachis to enableto definea context for a computation.A context aimsat
makingavailablethe mathematicalknowledgehiddenin algebraicalgorithmsandin computationalpro-
cedures.Although this is not straightforward to see,both FORMAL- ¹ andOMSCSareclosely related
to the formulationof specificationsthroughcategory theory. To stayascloseaspossibleto OMSCS,we
subdivideacontext into threelevels.

) Theobjectlevel context collectsthesetof specificationslinkedto anoperatorandto its domainof
definition. More generally, thegoal is to accessall of the informationandknowledgethat is either
explicitly or implicitly availablein theschematarepresentationof algebraicalgorithms.

) At the control level the context is partly staticandpartly dynamic. The staticpart arisesfrom the
hierarchicalorganizationof theobjectlevel schematainto equationalschemata.At the root of this
graphicalhierarchylies the“simplify” function. This generatesthusa dynamicalcomponentthat is
associatedto thesimplificationprocess.

) To definethe interactionlevel part of context is still an openproblem. A possibletrack is that the
schemataapproachleadsto aconceptof protocolto exchangemathematicalknowledgeandto check
its soundness.

Mathematical Knowledge Ourapproachis baseduponKOMET (KarlsruheOpenMediatorTechnology),
asystemunderdevelopmentsince1994[93]. Integratingdataandknowledgefrom multipleheterogeneous
sources(eachonepossiblywith a differentunderlyingdatamodel)is not only an importantaspectof au-
tomatedreasoningbut alsoof retrieval systems,in thewidestsense,whosequeriescanspansuchmultiple
sources.Onesuchsourcecanbe a CAS or a DS. A mediatorintegratesdifferentsourceson a semantic
level by providinganintegratedview spanningheterogeneousinformationsources.Differentlanguagesfor
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building mediatoryinformationsystemshave beenproposed.We have selected(andextended)the Gen-
eralizedAnnotatedLogic of M. Kifer andV.S.Subrahmanian[155]. We focuson someimplementational
detailsinvolving theembeddingof Mathematicainto ourMediatorArchitecture.First,thebasicunderlying
mediatorarchitectureis described.Then,somestepsof theintegrationprocessaresketched.

The Mediator Ar chitecture The basicarchitectureconsistsof MEDIATORS converting queriesfrom
a commonformat into more specializedqueries,which are subsequentlyconvertedby TRANSLATORS

(WRAPPERS) into thequerylanguageof therequestedknowledgesources.

Sucha translatormustexist for eachmediator–knowledgesourcecombination.A translatoralsoincludes
otherfunctionalitiesfor utilizing the knowledgesourcefor the mediatorsuchascachingextractedinfor-
mationor managingremoteprocedurecalls.

KS 2 KS 3KS 1

View 1 View 2

MediatorSchema

Figure6: Bottom-upIntegrationof HeterogeneousInformationSources

TheKOMET approachdiffersfrom otherapproachesin thatthemediatoris knowledge-based,i.e.,adeclar-
ative rule basedlanguagefor expressingthemediatoryknowledgeis beingused.

Syntaxand Semantics Wesketchherethebasictheorybehindourapproachto mediatedsystems.More
detailedaccountsareavailablein [93].

A domain º is anabstractionof databasesandsoftwarepackagesandconsistsof threecomponents:

1. a set ¹ whoseelementsmay be thoughtof as the data-objectsthat arebeingmanipulatedby the
packagein question,

2. a set s of functionson ¹ — thesefunctionstake objectsin ¹ asinput,andreturn,asoutput,objects
fromtheirrange(whichneedsto bespecified).Thefunctionsin s maybethoughtof asthepredefined
functionsthathavebeenimplementedin thesoftwarepackagebeingconsidered,

3. a setof relationson the data-objectsin ¹ — intuitively, theserelationsmay be thoughtof as the
predefinedrelationsin thedomain,º .

A constraint » over º is a first order formula wherethe symbolsare interpretedover º . » is either
true or falsein º , in which caseit » is sait to be solvable,or respectively unsolvablein º , wherethe
referenceto º will be eliminatedif it is clear from context. The key ideabehinda mediatedsystemis
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that constraintsprovide the link to externalsources,whetherthey are databases,objectbases,or other
knowledgesources. In particular, the full-fledged languageinvolves annotationsof predicatesymbols
accordingto GAP. Basically, an annotationcorrespondsto a multi-valuedtruth value from a complete
lattice of truth values.A moredetaileddescriptionis given in [155]. The annotationsplay an important
role in resolvingattributevalueinconsistencies.

Embedding Mathematica into a Mediator Ar chitecture MathLink is usedto link Mathematicato
KOMET. In contrastto the usualformalizationof constraintdomains(consistingof relationsand func-
tions),our approachrelieson themorepowerful conceptof representingthefunctionalityof the informa-
tion sourceonly asa setof relations,but wherefor eachrelationoneor moremodesaregiven. Intuitively,
amodedescribesthepermittedbindingpatternsfor theevaluationof agivenrelation.Note,thatthis is not
a limitation, sincefunctionscanbe representedasrelationswith appropriatemodes.A relationmodeis
a tupleof argumentmodes,which specifythebinding typeof eachargumentrequiredfor theevaluation.
Thepossibleargumenttypesarelistedin thefollowing table.

Argumentmode before after

+ ground ground
- arbitrary ground
? arbitrary arbitrary

“ ¼ ” meansthat theargumentmustbegroundbeforetestingtheconstraintpredicates,“ 2 ” meansthat the
argumentmustbegroundaftercalling theexternalfunction,and“?” meansthat thevariableinstantiation
is arbitrary.

Theuseof modesimplicitly imposesacertainorderof evaluationontheconstraintsetandthuscontrolsthe
dataflow during theevaluation. With this approach,specificfunctionality of theCAS canbeadequately
introducedto the mediator. The propermodesensurevalid usageof the CAS functions. Considerasan
illustratingexampletheinteroperationbetweenarelationaldatabasecontainingthecoefficientsof polyno-
mials

" �¾½ (¿¼ " � over integersandMathematicaproviding usefulroutinessuchasfactoringpolynomials.
In spiteof the task itself beingrathersimple, if not trivial, the exampledemonstrateshow the mediator
languagecanbeusedto interfacethemediatorto aCAS in adeclarativemanner:

Coeff ÀÂÁÄÃEÅÆÁ�ÇRÈÊÉ Oracle::PolynomialsÀÂÁÄÃEÅRÁ¿ÇRÈ
FactorizedPolyÀÌËIÈÊÉ Mathematica::FactorÀÌË~È�Å

Mathematica::PlusÀÌË�ÅCÁÄÃBÅRÍNÈ�Å
Mathematica::TimesÀ#Í�ÅCÁ�Ç�ÅRÍÎÈ�Å
Mathematica::PowerÀ#Í�ÅÆË�ÅRÏEÈ�Å
Coeff ÀÂÁ Ã ÅCÁ Ç È

with modesPolynomialsÐÒÑyÓ�Ñ!Ô , FactorÐÕÑ!Ô , PlusÐCÖ4Ó¾ÑyÓ�Ñ!Ô andTimesÐRÖ4Ó�ÑyÓ�Ñ!Ô . Whenissuinga query
Factorizedpoly(X), thetranslatorreceivesrepeatedlyanexpression

FactorÐ PlusÐ#×�Ø,Ó TimesÐ#×ÚÙÛÓ PowerÐ#ÜÝÓ�Þ,ÔRÔRÔ�Ô
with tuples( × Ø , × Ù ) from theOracledatabase,which will resultin thefollowing setof MathLink function
calls:

link = MLStart(’math -noinit -mathlink’);
MLPutFunction(link,’Factor’,1);
MLPutFunction(link,’Plus’,2);
MLPutFunction(link,’Times’,2);
MLPutFunction(link,’Power,2);
MLPutSymbol(link,A0);
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MLPutSymbol(link,A1);
MLPutSymbol(link,X);
MLPutInteger(link,2);
MLEndPacket(link);

It is exactlythepurposeof thetranslatorto generateasequenceof thoseMathLink functioncalls.Wecould
supporttheOPENMATH interfaceaswell.

This is only a sketchof how we canusea generalpurposemultiagentquerysystemto interfacea CAS to
any othersystem.

An importantfeatureof KOMET is that it introduces,afterwrappingthequery, a semanticallysoundrep-
resentationof the information.Recentwork hasbeendevotedto extendsuchcapabilitiesNew operations
on latticeswheretruth valuedaredefinedhave beendefined.Compositedistributive latticesasannotation
domainsfor mediatorsprovidesuchanextension.[94].

Anotherpieceof work dealswith thevalidationof queries.In this context, a queryis a mathematical”re-
quest”. But, very generally, we investigatewhethera queryis syntacticallyvalid ([181]). It wasstraight-
forward to apply this validationinto KOMET andtheresultis a systemto validatewebqueriesdescribed
in this paper. Thedissertationthesisof PeterKullmann“WissensrepraesentationundAnfragebearbeitung
in einerlogikbasiertenMediatorumgebung” ([164]) looksat the optimizationof queriesin the context of
KOMET andof logic programming.This leadsto the generalquestionof securityin multiagentsystems
andin distributedcomputing([119]).

Finally, KOMET enablesto testsomeideasrelatedto ontologies.Indeed,ontologiesarisedirectly from the
definitionof acontext. Structuringontologiesby definingthemasclustersof classesof knowledgeled to a
demonstrationsystemcalledMASTER-Web([88]).
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2.2.a Overview

ComputerAlgebraSystems(CAS) andDeductionSystems(DS) asthey areavailablethesedaysaretyp-
ically designedas stand-alonesystems, i.e. they expect the userto solve problemsentirely inside one
system. Mathematicalpractice,however, shows that “doing mathematics”is characterizedmany times
by an interplaybetweencomputing, proving, andalsosolving, which neitherCAS nor DS in todaysstate
encompass.

State-of-the-artCAS can perform impressive algebraicor numericcomputationswith comparablylow
effort, they cansimplify algebraicexpressions,solve hugeclassesof equations,visualizemathematical
objects,andthey offer text-processingcapabilitiesto differentextents,which makesthemheavily usedin
engineeringandmathseducation.Thequestionof correctnessof themanipulationscarriedout by a CAS
is, however, left withoutanswerbecausethereasoningpowerof typicalCAS is still very limited.

Unfortunately, this prohibitsCAS from beingusedby a larger communityof mathematiciansfor many
moreapplicationareas.Thelimitationsregardingthereasoningpowerof CASaremanifold:

ß A typical CAS consistsof a collectionof algorithmsthat performcomputationsinvolving mathe-
maticalobjectsandaninterfacethatallows easyaccessto thesealgorithms.Theusermanualof the
CAS usuallycontainsa (semi-)formal specificationof eachalgorithmthatgivestheuseranideaof
which propertiesthe outputof an algorithmis supposedto fulfill with respectto the input. Now,
given somealgorithm × andappropriateinput à , a CAS userwould usuallyexpectthat the result
of calling × with input à fulfills theoutputpropertystatedin thespecification.Onecharacterizing
featurethat makesCAS very popularandheavily usedespeciallyin engineeringandeducationis
their capabilityto work with parametrizedinput. Intuitively, if theinput to somealgorithmdepends
on theparameterá , theuserwould expecttheresultto fulfill theoutputpropertyfor all valuesof á .
Therearenumerousexamplesfor computationsperformedby CAS,whicharein factnot correctfor
all valuesof parameters,oneof theeasiestexamplesbeingthefollowing: Giventheequationâ%ãåäHæ ,
find solutionsfor ã with parametersâ and æ . Most of theCAS availabletodaywill give ãèçéæuêÛâ as
theuniquesolutionof theequation.In fact,this is not correctfor all parametervalues,considere.g.â­äìë and æ±äîí .

ß Thecorrectnessof mostmathematicalalgorithmsrequiressomepropertiesof the input or of inter-
mediateresultsthatappearduringthecomputation.Simplecasesof testingsuchpropertiesmayonly



Task2.2: EnhancingtheReasoningPowerof ComputerAlgebraSystems

requiree.g.testingnumbersto benon-zero,which caneasilybemaintainedagainthroughcompu-
tation. In somecases,powerful mathematicaltheoremsareavailablein orderto reducecheckinga
non-trivial propertyto comparablysimplecomputations,e.g.checkingwhethera systemof linear
equationshasa solutionreducesto checkingthedeterminantof thesystemto benon-zero.In gen-
eral,however, checkingpropertiesof mathematicalobjectsrequiresproving, e.g.thecomputationof
thedefiniteintegral of anarbitraryfunction ï by a certainalgorithmmight dependon continuityofï in somedomain. Proving mathematicalpropertiesbasedon logical inferencetechniquesis still
beyondof whatcanbedonein standardCAS.

ß One central task of mathematics– in particularthe branchof algorithmic mathematics– can be
seenin developingalgorithmsin order to performcomputations.The basisfor eachalgorithmis
alwayssomemathematicaltheoremthatguaranteesthecorrectnessof thealgorithm.In many cases,
the improvementof algorithmsis thenbasedon the developmentof “stronger” theoremsthat can
be usedto make algorithmsperformmoreefficiently. A computer-aidedapproachto algorithmic
mathematicsthereforeneedscomputer-supportin bothcomputingandalsoin proving mathematical
theorems.TodaysCASprovidealgorithmsfor doingcomputationsin variousmathematicalfieldsand
they usuallyprovide programminglanguages,which allow the implementationof new algorithms.
The developmentof the mathematicaltheory behindthe algorithms,however, is only supported
poorly, if at all, in theCAS.

Theaim of Task2.2 is to enhanceCAS with reasoningpower, which canbeattemptedat differentlevels.
We will briefly explain thepossibledirectionsinto which CASenhancementscanbepursued.

Enhancementof CAS on the SystemLevel

Enhancementon the systemlevel canbe achieved by adding reasoningcapabilitiesto algorithmsbuilt
into theCAS. Checkingside-conditionsonparametersin computeralgebraalgorithmsis atypicalexample,
wherecurrentCASperformcomparablypoor. In theframeof theCalculemusnetwork, thework of UNIGE
contributesto this aspectof CAS enhancement:the ConstraintContextual Rewriting (CCR) framework
developedby UNIGE canbe usedin orderto integratethe evaluationmechanismof (the CAS) MAPLE,
see[185] with anappropriatedecisionprocedurefor checkingside-conditions,see[3] and[14].

In theconcretecase,MAPLE’sassume-facility hasbeenusedto link anenhanceddecisionprocedureto the
standardevaluationprocessof MAPLE. The assume commandallows the MAPLE userto statecertain
factsaboutobjectsoccurringasinput to somealgorithmfrom theMAPLE algorithmlibrary. In theprocess
of checkingconditionsduring the executionof the algorithm,the evaluationprocedurehasaccessto all
additionalfactsstatedthroughassume . Of course,checkinga condition ð usingadditionalfacts ñ needs
morethanjustcheckingwhetherð is containedin ñ . It finally requiresreasoningwhetherð canbeinferred
from ñ . In standardMAPLE, only weakreasoningtechniquesareappliedfor this purpose.UsingCCR,a
decisionprocedureincreasesthereasoningpowerwhencheckingconditionsduringa computation.

This integrationof reasoningandcomputationfacilitiesincreasesthereliability of computations,because,
throughthemorepowerful reasoningengine,formulaeof muchmorecomplicatednaturecanbehandled
when checkingunderlyingconditionsduring computation. Computationsinvolving parametersshould
particularlybenefitfrom this improvement.It shouldbenoted,however, thatthisapproachneedsaccessto
the internalsof theCAS sincetheevaluationprocedureand,thus,the mechanismhow to checkfor side-
conditions,is normallyhiddenfrom theCAS user. OtherCAS,e.g.Mathematica, see[188], offer similar
mechanismsto passadditionalassumptionswhencalling internalalgorithms,but, dueto thecommercial
natureof Mathematica, thereis nowayto getaccessto theinternalevaluationprocedurein orderto enhance
thereasoningcapabilitiesin a similar manner. Anotherdrawbacklies in thefact thatnot all algorithmsin
MAPLE’s library take into accountadditionalknowledgegiventhroughassume , sotheuserneverknows
whetherassumedfactswereregardedproperlyduringacomputationor not.
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Enhancementof CAS on the Theory Level

Enhancementon thetheorylevel canbeachievedby addingprovedknowledgeaboutCASfunctionsto the
CAS knowledgebase.This knowledgecanthenbeusedby theCAS andcanleadto simplifiedcomputa-
tions. In theframeof theCalculemusnetwork, thework of UED representsthis aspectof CAS enhance-
ment: The HR system,developedat UED, hasbeenusedto conjecturepropertiesof functionsavailable
in the MAPLE algorithmlibrary from empiricalpatternsdetectedin computationaldataproducedby the
CAS. HR hassomebuilt-in abilities to prevent the generationof conjecturesthat aretrivially true in the
first place.For moresophisticatedreasoningit invokesa third partyautomatedtheoremprover, in thecon-
cretecaseOTTER, andtriesto provetheconjecturefrom first principles,i.e. thedefinitionsof thefunctions
involved. For anattemptto disprove a conjecture,theusercansupplya setof objectsthatcanbetried as
counterexamples.TheCAS is thenusedto calculatefunctionvaluesandHR checks,whetherany of the
testedvaluesbreakstheconjecture.For moreadvancedcounterexampleconstructionin algebraicdomains,
HR cancall theMACEmodelgenerator.

This approachhasbeentestedfirstly in theareaof numbertheory, see[108]. Giventhenumbertheoretic
MAPLE functionsisprime(n) , whichcheckswhethern is aprimenumber, tau(n) , which returnsthe
numberof divisorsof n, andsigma(n) , which givesthe sumof all divisorsof n, HR conjectures137
propertiesinvolving isprime , tau andsigma . After a first round,only 22 conjecturesremainedthat
couldneitherbeprovedby OTTER nordisprovedby MACE.Amongthose22formulae,onecouldidentify
someinterestingproperties,suchase.g.if sigma(n) is primethentau(n) is prime.Differentstrategies
for continuationcanbeconsideredat thispoint:

ß As donein [108], onecan find a generalizedtheoremand prove it by hand. Adding the proved
theoremas an axiom further reducedthe numberof unsolved conjecturesto 10 in a subsequent
round.

ß Alternatively, asachallengefor DS,onecantry to applyprobablymorepowerfulspecializedtheorem
provers in orderto automaticallyprovetheconjecture.

Any provenknowledgeabouttau(n) andsigma(n) canthenbe addedto the knowledgebaseof the
CAS,eitherby improving theinternalalgorithmsin casethey areaccessibleor by addingtheknowledgeon
theuserlevel. In general,improvedperformanceof theCAScanbeexpectedfrom addingmoreknowledge
aboutthefunctionsavailablein theCAS.

Enhancementof CAS on the User Level

Enhancementon the userlevel canbe achievedby giving the CAS userthe possibility to actuallyprove
mathematicalstatementsusingprove techniquesfrom logic within the CASin additionto the computing
facilitiesthateachCAS offers. In theframeof theCalculemusnetwork, thework of RISCrepresentsthis
aspectof CAS enhancement:TheTHEOREMA system,see[75], is anadd-onpackagefor thewidespread
popularCASMathematicathatallowstheuserto formulatemathematicaltheoremsandprovethementirely
within theMathematicaenvironment.

THEOREMA is implementedin Mathematica’s native programminglanguage,which is basedon pattern
matching and rewriting. Sincethe releaseof Mathematica3.0 in 1996, Mathematicacan handletwo-
dimensionalinput andoutputcontainingarbitrarycharactersknown from traditionalmathematicsandits
programminglanguageevenallows to accessandenhanceinput andoutputfacilities in theMathematica
userfront end. Theseare the key featuresthat qualify the Mathematicasystemasa basisfor building
up a softwaresystemproviding computer-supportthroughthe entirecycle of mathematicalactivity. The
overall designgoal of the THEOREMA systemis to supportthe working mathematicianin all phasesof
mathematicalactivity in a human-likestyle,bothin inputandoutput.THEOREMA allows to

ß entermathematicalformulaein traditionalmathematicalfashion,
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ß structureformulaeintodefinitions,axioms,lemmata,theorems,etc.whichcanbeorganizedin nested
theories,and,mostimportantly,

ß provemathematicaltheoremswith respectto agivenknowledgebase,

ß compute(simplify) mathematicaltermsor formulaewith respectto a givenknowledgebase,and

ß solvemathematicalformulaewith respectto a givenknowledgebase.

TheTHEOREMA systemis amulti-methodsystem, i.e. it providesdifferent(specialized)proving / comput-
ing / solvingmethodsfor differentpurposes.Concerningtheaspectof proving, it distinguishestwo classes
of provers,black-boxproversandwhite-boxprovers. Black-boxproverstypically transformthe original
prove probleminto someotherproblem,for which solutionalgorithmsalreadyexist. As anexample,the
Gröbnerbasisprover transformsa prove problemgivenasuniversallyquantifiedbooleancombinationof
polynomialequationsover the complex numbersinto theproblemof decidingwhethera systemof poly-
nomialequationshasa solution,which canbedoneby testingtheGröbnerbasisof thesystemto be ò,í9ó .
Anothercategory of black-boxproversis offeredin the THEOREMA-systemthroughlinking existing ex-
ternalautomatedprovers,e.g.OTTER. Black-boxproversusuallytell theuserwhethersomemathematical
statementis trueor falsebut do notprovideevidencewhythis is so.

White-boxprovers,on the otherhand,try to obtaina mathematicalproof in a style like a formally well-
trainedmathematicianwould write up the proof. Evidencefor thruth or falsity of the statementunder
considerationis given by listing a sequenceof logical inferencesteps,which show why the statement
follows logically from theassumptions.In this class,THEOREMA providesgeneral provers for first order
predicatelogic, proving by casedistinction,proving equalitiesby simplificationor equationalproving and
theoryspecificprovers for inductionon naturalnumbers,tupleinduction,or settheory. Thesegeneraland
theoryspecificproversaredesignedin a modularstructuresothatthey canbecombinedto morepowerful
provers.

For milestone2.1 we decidedto go towardsenhancementon the user level, i.e. to embedreasoningfa-
cilities into an existing CAS by implementingvariousgeneralandspecialtheoremproversthat interact
with thealgebraicalgorithmsavailablein theCAS.TheTHEOREMA system,developedat RISCon top of
Mathematica, is surelythemostadvancedsystempropagatingthisapproach.Wewill giveamorethorough
descriptionof thissystembelow.

2.2.b The THEOREM A System

In this section,we will give a brief descriptionof thedistinctive featuresof the THEOREMA system.We
will emphasizeon THEOREMA ’s proving capabilitiesandbasethepresentationof individual systemcom-
ponentsontypicalexamples.Duringthefirstexamplein Section2.2.b,wewill alsoexplaintheTHEOREMA

userinterface,whichallows inputandoutputof mathematicaltext in acomfortableandeasy-to-readform.
In Sections2.2.bto 2.2.bwe will describelatestdevelopmentsthathave beenaddedto thesystemin the
frameof theCalculemusproject.In orderto makethispresentationself-contained,wegiveanoverview on
themostimportantaspectsof THEOREMA in Section2.2.b. In particular, the issueof integratingproving
capabilitieswith computingcapabilitiesavailable from the underlyingMathematicasystemwill be dis-
cussedin thisconcludingsection.For anoverview on thesystemphilosophybehindTHEOREMA, werefer
to [62], [67], [68], [146], [144], [145].

The PCSParadigm for AutomatedTheorem Proving

Foraquicksummary, thelevelof qualityin automatedtheoremprovingwhichweachievedin thefirstphase
is bestdocumentedby our examplesfrom elementaryanalysis:With our new proof strategies,notablythe
“PCS” (= “proving, solving,computing”)strategy, we manageto generateproofsof the typical theorems
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in elementaryanalysis(on thenotionof limit, continuity, etc.) completelyautomaticallyandwith almost
nosuperfluousbranchesin thesearchspace.Also, theproofsgeneratedhaveacoupleof distinctivequality
features:

ß Theproofsarestructurallysimpleandclearandresembletheproofsgeneratedby humans.

ß Theproofscontainintermediateexplanatorytext in naturallanguage.(At themoment,Englishand
Japanesearethechoices.)

ß Whenbrowsing a proof on the screen,the level of proof detailsshown can be controlledby the
user. Also, variousauxiliary information,e.g.on thedefinitionsused,canbemadevisible in pop-up
windows.

ß Theproofsgeneratedshow thetermsconstructedin theproof of existentialsubgoalsexplicitly and
thus,mathematically, aremoretelling thantheusualproofsshown in mathtextbooks.

In theautomatedtheoremproving community, theautomatedgenerationof proofsin elementaryanalysis
is consideredto be an importantbenchmarkproblemand,so far, wasbeyond thecapabilitiesof theorem
proving systems.Thus,wethink thatbeingableto producesuchproofscompletelyautomaticallyandwith
distinctivequality featuresis a gooddocumentationof theprogressthathasbeenachieved.

We now show onetypical examplein all details,namelytheproof of thetheoremthatthelimit of thesum
of two sequencesis thesumof thelimits of theindividual sequences.

TheTHEOREMA systemis implementedontopof thewell-known CASMathematica, usingthehigh-level
programminglanguageavailablein Mathematica. TheTHEOREMA systemcanthereforeaccessall compo-
nentsof Mathematica, mostimportantlyits powerful user-interface.Sincethereleaseof Mathematica3.0
in 1996,theMathematicafront-endsupportstraditionalmathematicalinputandoutputin two-dimensional
form containingalsospecialcharacterscommonlyusedin mathematicaltexts. Throughits programming
language,it allowsevencustomizationof theinputparserandthetypesettingof mathematicalexpressions,
i.e.wecanextendtheclassof expressionsrecognizedby standardMathematicawith arbitraryexpressions
that seemconvenientfor a softwaresystemsupportingthe entiremathematicalproblemsolving process.
As for supportingreasoning, onewill needthepossibilityto enterstructuredmathematicalknowledgeinto
thesystem.

Structuredmathematicalknowledgeis more thanjust formulaeand terms. In usualmathematicaltexts,
mathematicalknowledgeis presentedin theform of definitions,axioms,theorems,lemmata,andthelike,
which enricha pureformulawith additionalinformationlike a descriptionof thesymbolsoccuringin the
formula, conditionsfor the variables,underwhich the formula holds,labelsfor referencingthe formula
later in a proof or a computation. This additionalinformation is commonlygiven in natural language.
The THEOREMA formal text language givesa formal framefor structuringmathematicalinformationin
this way. Eachstructuralentity is calledanenvironment, insideanenvironmentthereis thepossibility to
declarecertainsymbolsasvariables,put conditionson variables,or assignnamesto formulae. For later
referenceeachenvironmentalsohasa name.Let usnow considerthe definitionof the convergenceof a
sequenceandthe theoremthat the sumof two convergentsequencesconverges,which would appearin
conventionalmathematicaltextsasfollows:

Definition 1 (convergence)For anysequenceï andany â , wesay ï convergesto â if andonly if for allô¿õ ë thereexistsan ö such that for all ÷ õ ö
ø ïÛùyÖ�â øûú ô

We call ï convergentif andonly if thereexistsan â such that ï convergesto â .
Theorem1 (convergenceof sum) For any two convergent sequencesï and ü the sum-sequenceï�Ñìü
converges.
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We analyzetheingredientsof thesetwo entitiesanddiscusstheir representationin theTHEOREMA formal
text language:

ß Keywords(Definition, Theorem) indicatethe “type” of mathematicalknowledge,labelsareintro-
ducedfor later reference. The THEOREMA formal text languageprovides variouskeywords for
mathematicalenvironments,suchasDefinition,Theorem,Lemma,Proposition,Theory, etc.

ß In the traditionaldefinition,a phrasesuchas“For any sequenceï andany â ” tells that in thesub-
sequentformulaeany free occurencesof ï and â areto be understooduniversally quantified. The
THEOREMA formal text languageprovidestheconstructany[...] for this purpose.

ß Conditionsmaybeput on someof theuniversallyquantifiedvariables.TheTHEOREMA formal text
languageprovidestheconstructwith[...] for easyreading.

ß Superfluousnaturallanguageingredients,suchas “For”, “we say”, and “we call”, do not have a
counter-partin THEOREMA sincethey canbeomitted.

ß ï convergesto â if andonly if . . . is a definition for a new binary predicate,e.g.convergesý ï�Ó�â,þ .
Alternatively, we couldinventsomeinfix notation,e.g. ïèçÿâ , for convergesý ï�Ó�â,þ .

ß For thecoreof a mathematicalenvironment,i.e. theformulaitself, THEOREMA providesa concrete
naturalsyntaxfor higherorderpredicatelogic. Input of formulaein naturalsyntax(specialsymbols
like � , � , sub-andsuperscripts,under- andoverscriptsandthe like) aresupportedby the standard
Mathematicafront end,specialdefinitionsfor theconcretesyntaxhave beenaddedin theframeof
THEOREMA.

ß Definitionsof new predicatescanbewritten in predicatelogic in theform ������� 	�
��
� .
ß thephrase“for all ôÚõ ë thereexistsan ö suchthat for all ÷ õ ö :

ø ïÛù­Ö1â ø*ú ô ” canbewritten in
purepredicatelogic in theform ���� Ø �� �ù � � ø ïlùPÖVâ øûú ô��
Dependingon thetasteof theauthor, this form might beusedevenin traditionaltext insteadof the
naturallanguageformulationfor quantifiedformulae.

ß Following thesamerules,wecouldwrite thesecondpartof thedefinitionas

convergentý ï*þ�� 	�� � convergesý ï�Ó�â9þ �
ß A THEOREMA environmentmay containmore thanone formula, eachformula canoptionally be

givena label. If no labelis givenexplicitely, formulaearelabeledusingascendingnumbers.

ß As soonasanenvironmentkeyword with label label hasbeenenteredin a THEOREMA session,
its contentscanbeaccessedthroughkeyword[label] .

In THEOREMA, Definition 1 andTheorem1 canbeenteredasshown below6:

6We will provide screenshotsfrom a THEOREMA sessionin the first examplesto show the real appearancein the Mathematica
front-end.In laterexamples,wewill show THEOREMA-environmentstypesetin LATEX.
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Of course,wecannotproveTheorem“convergenceof sum”if nothingis knownaboutthenotionsappearing
in thedefinitionandthetheorem.It is interestingto notethatthefollowing knowledgeis sufficient for the
proof:

Definition[“sum of sequences”,any[ ï�ÓRü�Ó�÷ ],

ÐÕï~ÑVü<Ô ù ä ï ù Ñ1ü ù þ
Lemma[“distanceof sum”,any[ ãeÓ���Ó��@Ó��¾Ó��ÛÓ ô ],ø ÐÂã�Ñ��<Ô Ö Ð�� Ñ��RÔ ø�ú �±Ñ ô � ø ãIÖ!� øûú �#" ø �PÖ!� øûú ô þ
Lemma[“max greater”,any[ $�Ó�% í,Ó�% Þ ],$'& maxý % í,Ó�% ÞÛþ)( Ð*$+&,% í-".$'&/% Þ,Ô þ
The first formula definesthe sum of sequencescomponent-wise.The secondformula, essentially, for-
mulatescontinuity of addition on real numbers. The third formula formulatesan easypropertyof the
maximumfunction,whichalsocouldbeconsideredaspartof thedefinitionof themaximumfunction.

In THEOREMA, we now have the possibility to combineknowledgeto “theories”. In fact, the “Theory”
constructis recursive and,thus,we canbuild up arbitrarily nestedhierarchiesof knowledgebases.In our
example,wecombinetheindividual formulaeof theknowledgebaseto onetheorycalled“convergence”.

Theory[“convergence”,
Definition[“convergence”]
Definition[“sumof sequences”]
Lemma[“distanceof sum”]
Lemma[“maxgrater”]

]

Theonly thing we have to do now for theautomatedgenerationof a proof of thetheoremis to call oneof
the THEOREMA provers,in this casethe“PCS” prover, andaskit to prove theTheorem[“convergenceof
sum”] usingtheknowledgebaseTheory[“convergence”]:

Prove [ Proposition[“convergenceof sum”], usingç Theory[“convergence”], by ç PCS]

After a few seconds,the proof shown in Figures7 to 9 will appearin an extra notebook.Note that the
entireproof text, includingtheexplanatorycommentsin English,is producedfully automaticallywithout
any userinteraction.

In order to obtaina quick impressionaboutthe typical achievementswe madein the first phaseof the
project,it is worthwhileto studythisproof in detail7. Somecommentson themostimportantphasesin the
proof are:

ß The proof startswith a “Prove” phase,in which THEOREMA structuresthe proof applying basic
inferencerulesof predicatelogic, see(1) and(2).

ß Thenit appliesthedefinitionof convergentin a rewriting style(“Compute”phase),see(3) and(6).

ß Thenagain,basicinferencerulesof predicatelogic areapplied,see(4) and(7).

ß Now it comesto acrucialphase,in which it appliesSkolemization,see(5) and(8). Thiswill beim-
portantfor beingable,later, to “construct”thefinal solvingterms.NotethatweapplySkolemization

7To shortentheproofwecompressedthetwo partsof Definition[“convergence”] into only oneformula,whichdoesnotessentially
changetheproof!
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Figure7: Proof“Convergenceof Sum” (part1)
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Figure8: Proof“Convergenceof Sum” (part2)
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Figure9: Proof“Convergenceof Sum” (part3)
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only “in small doses”andnot in thegeneralway like this is donein resolution.This is crucial for
keepingtheproofs“natural”.

ß Now thedefinitionof convergentis appliedto thegoal,see(9). This is arewriting (“Compute”)step.

ß Now we cometo a “Solve” phase,i.e. we have to constructa suitable â , see(10). Note that, by
the introductionof a “find” constant(constantswith asterisks),we can continueto work on the
“outermost”symbolsof formulae.

ß Now weapplythedefinitionof thesumof sequences,see(11),a “Compute”step.

ß Thenext stepis againcrucial in ourmethod:Matchingthegoalwith thepropositionon thecontinu-
ity of additionis not directly possible.Insteadwe applya new proof rule (which we call “semantic
matching”)whichforcesamatchto bepossibleontheexpenseof introducingnew existentialquanti-
fiers(for �¾Ó�� and 0 Ó�� , respectively), see(12). By this,weagainarriveat as“Solve” situation,which
weagainhandleby solveconstants,see(13).

ß By unificationusingformulaefrom theknowledgebase,we caninstantiatesomeof thesolve con-
stants,see(14).

ß Part of thegoal formula is easyenoughto readoff from it the instantiationfor theremainingsolve
constant,see(15). Note that, by this, the proof by itself constructsthe value to which the sum
sequenceconverges!

ß After a standard“Proof” step,see(16) and (17), we againentera “Solve” phase,in which we
introducesolveconstantsfor 0 , � , and ö , see(18).

ß (18) is now transformedby a coupleof rewriting steps(“Compute”steps),usingtheskolemized(!)
assumptionsinto apuresolveproblem,see(20).

ß Thissolveproblem,in fact,is neatlydecomposedinto apartwhichcanbehandledby purepredicate
logic anda partwhich is a solveproblemwith all constantsover therealnumbers(!), see(20). This
is essential:Summarizing,what happenedin the proof, wasa reductionof the proof problemthat
containedvariablesover functionsto asolveproblemover therealnumbers.

ß Now we cancall any of thepowerful methodsof computeralgebrafor solvingconstraintsover the
realsandwe aredone! (In the particularexample,a relatively simpleconstraintsolver would be
sufficient, in morecomplicatedexamplesthefull potentialof currentconstraintsolversis helpful.)

ß Note that we do not show a traceof the constraintsolver because,in an “exploration round” on
the notion of convergence,it is absolutely“uninteresting” to seepartsof the proof that refer to
the earlier “exploration round” of proving and solving over the real numbers! We think it is of
utmostimportancefor understandingthe significanceof formal proving to formulatethe notion of
“importanceor unimportanceof details”relativeto agivenexplorationround.

ß Notealsothattheproofdoesnotonly stopwith sayingthatthefinal proofsituation(which,actually,
is a solve problem)can be handled(in this case,by a call to a black-boxconstraintsolver) but,
rather, it exhibits the solving term,which containsmathematicallyanddidacticallyhighly relevant
andinterestinginformation: In our case,the final solving term for ö2131�1 tells us a “method” how,
if we know a “method” for finding theappropriateö s for given ô s for theinput sequences,we also
canfind anappropriateö for given ô s for thesumof theinput sequences!In otherwords,theproof
is not only a guaranteefor the truth of the propositionbut canalsobe consideredasa “program
synthesis”algorithmfor constructing“methods”from “methods”. Notealsothat thetermassigned
to ö213131 is analgorithm(!) if, in concretecasesof input sequencesï and ü we know algorithmsöPØ
and ö�Ù . All this interestinginformationon thesolvingterms,usually, is not producedin mathtext
booksalthoughit would have enormousvaluefor “constructive analysis”andalsofor thedidactics
of understandingthenotionof convergenceandits interactionwith operationsonsequences!
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The SetTheory Prover

The THEOREMA settheoryprover is a specialprover availablefor proving theoremsinvolving language
constructsfrom settheory. TheTHEOREMA languageprovidessyntaxfor variouslanguageconstructsfrom
settheoryandsomesemanticalknowledgefor finite sets,whichallowsdoingcomputationsinvolving finite
sets.Beforewe go into detailson the settheoryprover, we show someTHEOREMA computationsusing
semanticsfor setsfrom theTHEOREMA language.Considerthedefinitions

Definition[“reflexivity”, any[ ×aÓ54 ],
is-reflexive6§ý74�þ�� 	 �8�9 6 ã:4ìã þ

Definition[“relation sets”,any[ ãeÓ�×aÓ54 ],
class6<; =§ý ã@þ>�zäîò�â@?�× ø âA4 ã ó “class”
factor-set=±ý ×¿þ>�zä ò class6<; =±ý ã<þ ø8�9 6 ó “f actor-set”þ

introducingthe notionsof reflexivity on × for somebinary relation 4 , the notion of the class(w.r.t. ×
and 4 ) of ã , andthenotionof the factor set(with respectto 4 ) of someset × , respectively. Usingbuilt-
in knowledgeaboutnumbersavailable throughMathematicaand built-in semanticsfor quantifiersand
setsavailablefrom THEOREMA we cancomputee.g.theclassof 6 (with respectto ò%í9Ó�Þ<Ó �B�C� Ó3Dûó andthe
divisibility relation“

ø
”) andthefactorsetof ò%í9Ó�Þ<Ó �B�C� Ó3Dûó (with respectto thedivisibility relation“

ø
”). In a

THEOREMA session,thesecomputationsappearas

Compute [classEGF øFIH Ù ;7J7J7J7; K L ;NM ý OÛþ , usingç Definition[“relationsets”],

built-in çQP Built-in[“Numbers”], Built-in[“Quantifiers”], Built-in[“Sets”] R ]
ò,í9Ó�Þ�Ó�S<Ó�O<ó

Compute [factor-setM ý}òBT øFIH Ù ;7J7J7J ; K óEþ , usingç Definition[“relationsets”],

built-in çQP Built-in[“Numbers”], Built-in[“Quantifiers”], Built-in[“Sets”] R ]
ò,ò,í9ó,Ó¸ò%í9Ó�Þûó,Óuò,í,Ó�S�ó,Ó¸ò,í9Ó�Uûó,Ó¸ò,í9Ó3D,ó%Ó¸ò9í,Ó�ÞûÓ�V<ó9Óuò,ílÓ�Þ�ÓGS@Ó�Oûó,ó

After somemorecomputations,onemightconjecturethefollowing lemma:

Lemma[“f actorsetcovers”,any[ ×aÓ54 ], with[is-reflexive6 ý 4�þ ]W
factor-set=±ý ×±þ<X × þ

Thesettheoryprovercangenerateaproof of Lemma[“factorsetcovers”] fully automatically8.

Prove:

(Lemma(factorsetcovers)) �6<; = Y is-reflexive6Äý74�þZ(�[ factor-set=±ý ×¿þ�X ×]\ ,

undertheassumptions:

(Definition (reflexivity)) �6<; = ^ is-reflexive6§ý 4�þ>� 	 � 8 ÐÂã_?�×`( ã:4 ã�ÔGa ,

(Definition (relationsets):class) �6<; 8 ; = ^ class6<; =±ý ã<þ>� äcb9â ø� â.?�×�"èâA4 ã<d a ,

(Def.(relationsets):factor-set) �6<; = ^ factor-set=±ý ×±þ��zäcb class6<; =±ý ã@þ ø8 ãe?�×Ad a .

8In a THEOREMA session,theproof would appearin a separatewindow asalreadyshown in Figures7 to 9. We try to imitateits
appearanceascloselyaspossiblein LATEX.
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We assume

(1) is–reflexive6gf9ý74 Ø þ ,
andshow

(2)
W

factor–set=gf,ý × Ø þ>X × Ø .
Formula(2), using(Definition (relationsets):factor-set),is implied by:W b class6 f ; = f9ý ã@þ ø8 ãe?�×�Ø d X ×¿Ø ,
which,using(Definition (relationsets):class),is impliedby:

(3)
W b�b â ø� â@?�× Ø "èâh4 Ø ã d ø8 ãe?�× Øid X × Ø .

Formula(1), by (Definition (reflexivity)), implies:

(4) � 8 Ð#ã_?�× Ø ( ãg4 Ø ã�Ô .
For proving (3) we choose

(5) jlk@Øm?�×¿Ø ,
andshow:

(6) jlk Ø ? W b�b â ø�Äân?�× Ø "èâo4 Ø ã d ø8 ãe?�× Ø d .
In orderto show (6) wehave to show

(9) �8Bp jik*Øm?qjsrt"ujsr_?�b�b9â ø� â.?�×�Ø " âo4 ØEã<d ø8 ãe?�×¿Øid .
In orderto solve (9) wehave to find jsr 1 suchthat

(10) jik Ø ?ejsr 1 "q�8 ^ ã_?�× Ø " ^ jsr 1 ä b â ø� â.?�× Ø " âo4 Ø ã d a�a .

Since(5) matchesapartof (10)we try to instantiate,i.e. let know ãe�zävjik@Ø .
Thus,by (10),we choosejsr 1 � äcb%â ø� â@?�×�Ø "èâh4�Øwjlk*Øid .
Now, it sufficesto show

(12) jik Ø ?�× Ø "ujik Ø ?�b9â ø� â.?�× Ø "èâo4 Ø jik Ø d .
We provetheindividualconjunctivepartsof (12):

Proofof (12.1) jik Ø ?�× Ø :
Formula(12.1)is truebecauseit is identicalto (5).

Proofof (12.2) jik Ø ?xb,â ø� â.?�× Ø "åâo4 Ø jik Ø d :
In orderto prove(12.2)wehave to show:

(13) jik Ø ?�× Ø "ujik Ø 4 Ø jlk Ø .
Formula(13),using(4), is impliedby:

(14) jik Ø ?�× Ø .
Formula(14) is truebecauseit is identicalto (5). y
We briefly commenton theessentialstepsin theproof:
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ß Theproof startswith a “Prove” phase,in which the universallyquantifiedimplication in the proof
goalis reducedby naturaldeductioninferencerules,see(1) and(2).

ß In a “Compute” phase,the goal andthe knowledgebasearerewritten usingthe definitionsin the
knowledgebase,see(3) and(4).

ß Theproverswitchesbackagainto a“Proof” phase,but now specialinferencerulesfor settheoryare
appliedin orderto eliminatesettheoreticoperators(“ X ” and“

W
”) in thegoal,see(5), (6), and(9).

ß Theexistentialgoal(9) hasthespecialstructure �8Bp ãmíuØz?èã�Þ#" ã�ÞA?�òB{ 8 ø8}| 8 ó , which is alwaysthe

caseafter reducinga goalof theform ãmíuØn? W òB{ 8 ø8 | 8 ó . Thereforewe entera settheoryspecific

“Solve” phase,in whichtheexistentialquantifieris eliminatedby introducingthesolveconstantã�Þs1 ,
andtheexpansionof theinnermembershipã�Þs1~?�ò�{ 8 ø8 | 8 ó introducesanotherexistentialquantifier

(for ã ), see(10).

ß The existentialsubformulain (10) in solved for ã by unificationwith formulaein the knowledge
base.In fact, in this examplematching is sufficient, but we provide unificationin this stepfor the
generalcase.Having solved for ã , the solve constantã�Þs1 canbe instantiatedfrom the equational
subformulaã�Þs1�ä �C�B� in (10), reducingthesolveproblem(10)againto a proof problem,see(12).

ß Thegoal(12) is split usinggeneralpredicatelogic, subgoal(12.1)is trivially true,andsubgoal(12.2)
is handledfirst by a settheoryspecificproverule,see(13).

ß Finally, thegoal(13) is provedby simplerewriting usingimplicationsfrom theknowledgebasein a
final “Compute”phase,see(14).

Another featureworth mentioning,thoughnot appearingin the above proof, is the set theory specific
“Compute” phase. In this phase,semanticsfor set theory specific languageconstructsavailable from
the THEOREMA languageis appliedfor rewriting. In particular, finite setsare computedto a canonic
representationin exactly thesamewayasit is donein computationsonthetop-level whenusingCompute
asshown at thebeginningof thissection.Moreover, built-in knowledgeaboutcertainnumbersandnumber
setscanbeappliedfor simplificationpurposes,e.g.thefact that Oq?!� holdswheninterpreting‘6’ asthe
built-in naturalnumbersix and‘ � ’ as the built-in setof naturalnumbers.For detailson the set theory
prover, we refer to [268], [271], [270], and[267], anextensive casestudyof usingtheprover is given in
[269].

The Equational Prover

TheTheoremaequationalprover is aproverfor unit equalityproblems.It consistsof two parts- theprover
kernelandtheproofpresenter. Thekernelis animplementationof theunfailing completionprocedure,see
[26], with extensionsto handleexistentialgoalsandusingvarioussimplifiers. Theprover canbe run on
problemswhicharein purelyequationalform. All theequalitiesin theknowledgebaseof theproblemare
universallyclosedandeachvariablein thegoalis eitheruniversallyor existentiallyquantified.Handlingof
existentialgoalsin the“Solve” phaseis basedonunification.Theunificationprocedurehasbeenextended
in orderto supportspeciallanguageconstructs(flexible arity symbols, i.e. functionandpredicatesymbols
that can be appliedto a flexible numberof arguments,and sequencevariables, i.e. variablesthat can
be substitutedby zeroor an arbitrarynumberof terms)availablein THEOREMA. It hasbeenshown that
unfailingcompletionremainsarefutationallycompleteprovingmethodif sequencevariablesoccurin terms
only in the last argumentposition,see[169]. The proof presenteris basedon the Proof Communication
Language– PCL, see[115]. We give againoneexampleto illustratethe method(variableswith overbar
aresequencevariables).

Prove:
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(Proposition(goal)) � �8 Ð sortý�PRí9Ó�S<Ó�Þ<ÓGViRÒþ�ä�P��ãZR�Ô ,
undertheassumptions:

(Axiom 1) sortý�P�RÒþ�ä�P�R ,
(Axiom 2) � ù Ð insertý ÷�ÓBP�RÆþ�ä�PÂ÷�RRÔ ,
(Axiom 3) �8 ; �� Ð prependý ãeÓBPC��oRÒþ ä�PÂãmÓs��)RRÔ .
(Axiom 4) �8 ; �� Ð sortýIPÂãmÓ���oRÒþ ä insertý ãeÓ sortý�PC��hRÆþ¶þÂÔ ,
(Axiom 5) �ù ; �]; �8 Ð insertý ÷�ÓBP�$ Ó��ã�RÒþ ä prependý �@����ý $ Ó�÷�þÕÓ insertý �t�I�mý ÷�ÓG$åþÕÓ�P5�ã�RÆþ¶þÂÔ ,
To prove(Proposition(goal)),we have to find �ãZ1 suchthat

(1) sortýIPCí,Ó�S@Ó�Þ�Ó�VlRÆþ�ä�P5�ãg1�R .
We choose �ã 1 äv�i�B�l�o�B�)���%ý V*Ó�S@Ó�Þ�ÓEí¸þ
andshow thattheequality(1) holdsfor thisvalue(assumingthatthebuilt-in simplification/decomposition
is sound):

(Theorem) sortýIPCí9Ó�S<Ó�Þ�ÓGViRÒþ�ä�P*V*Ó�S<Ó�Þ�ÓEí�R .
Proof.

sortýIPCí9Ó�S<Ó�Þ�ÓGViRÒþ�ä�P*V@Ó�S<Ó�Þ�ÓuíwR
if andonly if (by (Axiom 4) LR )

insertý¶í9Ó insertý S<Ó insertý Þ�Ó insertý V*Ó sortý�P�RÒþ>þ¶þ>þ>þ ä�P*V@Ó�S<Ó�Þ�ÓuíwR
if andonly if (by (Axiom 1) LR, (Axiom 2) LR )

insertý}í,Ó insertý S<Ó insertý Þ�Ó�P*VlRÆþ¶þ>þ�ä�P*V*Ó�S<Ó�Þ�ÓEí�R
if andonly if (by (Axiom 5) LR )

insertý}í,Ó insertý S@Ó prependý �@��� ý V@Ó�Þ�þÒÓ insertý �t�I�eý Þ<ÓGV9þÕÓ�P�RÒþ>þ>þ¶þ�ä�P*V*Ó�S@Ó�Þ�ÓEí�R
if andonly if (by (Axiom 2) LR, (Axiom 3) LR )

insertý}í,Ó insertý S<ÓBP��@��� ý V*Ó�Þ�þÒÓG�t�I� ý Þ<ÓGV9þ�RÆþ¶þ�ä�P*V*Ó�S<Ó�Þ�ÓEí�R
if andonly if (by (Axiom 5) LR, (Axiom 5) LR, (Axiom 2) LR, (Axiom 3) LR, (Axiom 3) LR, (Axiom 5)
LR, (Axiom 5) LR, (Axiom 5) LR, (Axiom 2) LR, (Axiom 3) LR, (Axiom 3) LR, (Axiom 3) LR )

P��t����ý �@��� ý �t��� ý V*Ó�Þ�þÒÓ�SlþÕÓEí¸þÒÓG�@����ý �@��� ý �A�I�mý Þ�Ó�VlþÒÓG�t�I� ý S@ÓG�@��� ý V*Ó�ÞÛþ¶þ>þÕÓ
�t�I�mý¶í9ÓG�@����ý �@��� ý V*Ó�Þ�þÒÓ�Slþ¶þ>þÒÓG�@����ý �t�I�mý �A�I�eý S<Ó��t����ý V@Ó�Þ�þ>þÕÓ��t���eý Þ�Ó�Vlþ>þÕÓ
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�A�I�mý �t���mý}í,ÓG�@��� ý �@��� ý V@Ó�Þ�þÒÓ�Slþ¶þÒÓG�@����ý �t�I�eý Þ�ÓGV9þÕÓ��t���eý S<Ó��@��� ý V*Ó�Þ�þ>þ>þ¶þ>þÕÓ��t��� ý �t��� ý �t�I�eý}í,Ó�t����ý �@��� ý V@Ó�ÞÛþÕÓ�SÛþ>þÕÓ��@����ý �t���mý Þ<ÓGVlþÒÓG�t�I�eý S<ÓG�@����ý V@Ó�Þ�þ>þ¶þ>þÕÓ��t��� ý �t���eý S<Ó��@��� ý V*Ó�Þ�þ>þÒÓG�t���mý Þ<ÓGVlþ>þ>þ�R
ä�P�V@Ó�S@Ó�Þ<Óuí�R

if andonly if (by thebuilt-in simplification/decomposition)

P�V@Ó�S@Ó�Þ<Óuí�R_ä�P*V@Ó�S<Ó�Þ�ÓuíwR
which,by reflexivity of equality, concludestheproof. y

ß Theproof hasanexistentialgoal, thus,it startswith a “Solve” phase,wherea solve constant�ãZ1 is
introducedfor thesequencevariable �ã , see(1).

ß The solve constantis instantiatedby unification. Note, that in this casesequenceunification is
applied.Thesolveproblemis reducedto anequationalproof problem,see(Theorem).

ß The prover entersa “Compute” phase,in which it tries to prove the equalityby rewriting the goal
equalityusingequalitiesfrom theknowledgebase.

ß After having appliedall possiblerewrite steps,the remainingequality is simplified usingbuilt-in
semanticknowledge.In theconcretecase,theproverhasbeengivenaccessto availableMathemat-
ica functionsMin andMax in orderto simplify termscontainingmin andmax. This is achieved
throughaBuilt-in environment

Built-in [“MathematicaMinMax”,
min ç Min
max ç Max

þ
in theprover’s knowledgebase,which tells theprover to interpretmin asMathematica’s Min and
max asMathematica’sMax. By this, �@����ý �@��� ý �@��� ý V@Ó�Þ�þÒÓ�SlþÕÓEí¸þ simplifiesto 4 etc.

ß Thegoal is reducedto a simpleequalitywith identicalleft handsideandright handside,thusthe
proof is finished.

For detailson theequationalprover, we referto [169], [170], [168], [171], and[167].

Logicographic Symbols

We presenttheideaof logicographicsymbolsby usingthetheoryshowing thecorrectnessof merge-sort.

Algorithm [“stmg”, any[ Ü ],

stmgý ÜÝþ�� ä�� Ü � ø Ü øl� í
mgý stmgý lspý Ü�þ>þÕÓ stmgý rspý ÜÝþ¶þ>þ � otherwise

þ
Algorithm [“mg”, any[ ÜÝÓ��NÓ�â�Ó�æ�Ó��ã�Ós�� ],

mgý�P�R¾Ó��Pþ��zä,�
mgý ÜÝÓ�P�RÆþ>�zä Ü
mgý�P+â*Ós�ãZR¸ÓBPÕæ�Ó���oRÒþ>� ä � ât� mgýIP5�ãgR¾ÓBPÕæ�Ós��oRÆþ � â.&ìææ�� mgýIP#â�Ó��ã�R¾Ó�P���)RÆþ � otherwise

þ

Definition[“istv”, any[ ÜÝÓ�� ],

istv ý ÜÝÓ��4þ
	 ist ý Ü�þl" ipm ý ÜÝÓ��!þ þ
Lemma[“mg”, any[ ×aÓ�� ],
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lsp[X] left split of X

rsp[X] right split of X

mg[X,Y] theresultof merging two tuplesX andY

stmg[X] theresultof sortingX by merging

ipm[X,Y] X is a permutedversionof Y

ist[X] X is a sortedtuple

istv[X,Y] X is a sortedversionof Y

Figure10: LogicographicSymbolsfor theMerge-SortTheory

ist ý ×±þh" ist ý �4þZ( ist ýmgý ×aÓ��aþ¶þ þ
Lemma[“mg2”, any[ ×PÓ�� ],

ipm ýmgý ×aÓ��4þÒÓ�×v v�4þ þ
In the THEOREMA notation,‘ P�R ’, ‘ P#ãeÓ �Ü¡R ’, ‘ ã2�3Ü ’, ‘ Ü¢ �� ’ standfor ‘empty tuple’, ‘a tuplewith the
first elementã anda finite sequence�Ü of elements’,‘tuple Ü with elementã prepended’,‘the concatena-
tion of tuple Ü andtuple � ’ respectively. With the additionalexplanationin Figure10 (for the moment
ignoretheleftmostcolumn),themeaningof theaboveformaltext shouldbeself-explanatory. For example,
the definitionof ‘stmg’ describesthe algorithmof merge-sort:If the lengthof the argumenttuple ‘ Ü ’ is
lessthanor equalto 1, thentheresultis ‘ Ü ’. Otherwise,‘ Ü ’ splits into ‘lsp[ Ü ]’ and‘rsp[ Ü ]’, theneach
of thesetuplesis sortedby a recursivecall of ‘stmg’ and,finally, thetwo sortedpartsaremergedby ‘mg’.

With thedefinitionsabove,thecorrectnessof merge-sortcanbeformalizedasfollows:

Proposition[“Correctnessof MergeSort”, any[ × ],

istv ý stmgý ×±þÒÓ�×¿þ þ
This propositionstatesthat for any tuple ‘ × ’, after applicationof the algorithm‘sortedby merging’, the
resultingtuple‘stmg[× ]’ is a sortedversionof ‘ × ’. It will bepossibleto provethis theoremautomatically
by oneof theTHEOREMA provers.

Of course,onecouldbehappy with theabove formal text from a strictly formal point of view. However,
it is difficult to graspthe intuition behindthe algorithmin the formal way. So we will now demonstrate
how, by theintroductionof new “logicographic”symbolsin two-dimensionalnotation,theaboveformulae
becomeeasierto understand.

Figure10 shows a possiblechoiceof logicographicsymbolsfor themerge-sorttheory. Of coursetheuser
hascompletefreedomin designingnew symbolsfor thevariousnotions.With theselogicographicsymbols,
theaboveformaltext cannow bewrittenin thewayshown in Figure11. Theexpressionsarerepresentedin
anested2-dimensionalsyntaxwith darkgrayandlight graycoloringfor indicatingthesyntacticalstructure.
(Theuserscanchangethecoloringby writing anappropriate%îâs�G�
£�$èâl�¤T¤¥¸â function).

Using Logicographic Symbols

Sincelogicographicsymbolscanbeevaluatedandthey arejust a differentway of writing thecorrespond-
ing THEOREMA (functionor predicate)constants,they canbeusedin all contexts in which functionand
predicateconstantsappearin THEOREMA (e.g.in Definition[.. . ], Prove[.. . ], etc.)Namely, whenformulae
containinglogicographicsymbolsareevaluated,this causesthesameeffect asexecutingtheformulawith
all logicographicsymbolsreplacedby their internalconstants.As we saw in Figure11, we cancompose
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Figure11: FormalizedMerge-SortTheorywith LogicographicSymbols

arbitraryknowledgebasesusinglogicographicsymbols.

The logicographicpresentationcan be usedfor displayingformal proofs. Note that the above logico-
graphicsymbolsmayappearwith variousdifferentargumenttermsatdifferentplaceswithin thetext. One
couldcontrolwhich expressionsshouldbedisplayedwith logicographicsymbolsby specifyingtheoption
Notation in theoptionShowOptions of theTHEOREMA Prove command.For example,

Prove [ Proposition[“Correctnessof MergeSort”],
using ç Theory[“MergeSort”], by ç CourseOfValueProver,
ShowOptions ç�ò Notation ç LogicographicNotation[“MergeSort”] ó ]

Thefollowing proof sketchshows thecorrectnessof merge-sortwhich demonstratesthepositive effect of
logicographicsymbolson makingproofseasierto understand.

Prove:

We usecourseof value inductionon A. Let now ¦¨§ be
arbitrarybut fixedandassume

andshow

Weprove(G) bycasedistinctionusing(Algorithm: stmg).

Case© ¦ §w©�ª�« : Wehave to prove

By (Definition: istv), we have to prove

Thesearetrue, because(propertiesof sortedtuples)and
(reflexivity of perm).
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Case© ¦ § ©�¬�« : We have to prove

By (Definition: istv), we have to prove

By (ind-hyp),we know

And hence,by (Definition: istv) we alsoknow

Weprove (G1): By (Lemma:mg)and(K1),

Weprove(G2): Weknow (C1)by (Lemma:mg2),(C2)by
(propertiesof permutation),(C3) by (propertiesof split-
ting),

Hence,by (C1), (C2), (C3) and(transitivity of permuta-
tion), (G2) is proved.

For detailson logicographicsymbols,wereferto [204], [205], [207], [206], and[65].

FocusWindows

The“focuswindowspresentation”anew techniquefor presentingproofs,in particularproofsgeneratedby
automatedtheoremproving systemslike THEOREMA. We call this technique“focus windows” technique
becausewith this technique,in eachproof step,all therelevantformulaearecollectedin onewindow (the
“focuswindow”) sothatthereadercanfocuson them.Thesequenceof focuswindowsalternatesbetween
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Figure12: Attentionwindow andtransformationwindow (part1)

“attentionwindows” and“transformationwindows”. In an attentionwindow, exactly thoseformulaeare
displayed– andhighlighted– that arerelevant for the next proof step. In the subsequenttransformation
window, in additionto the highlightedformulae,the formulaearedisplayedthat areaddedasa goal or
additionalknowledge. Also, a standardnaturallanguagetext is presentedthat briefly characterizesthe
proof techniqueused.

Focuswindows presentationsare intendedfor interactive presentationof proofs on a computerscreen.
Theirbenefitis basedonfacilitiesavailablein today’swindowing systemssuchas“multiple windows” and
“mouseclicking”. Therefore,it is difficult to demonstratetheadvantagesof this typeof proofpresentation
on paper. We show partsof the proof of Lemma[“factorsetcovers”] from Section2.2.busingthe focus
windowspresentation.Notethattheproofobjectusedis thesameasfor linearproofpresentation,meaning
theformulaeandtheir labelsarethesameasin Section2.2.b.

Thepresentationstartswith a transformationwindow showing theproofgoalandthecompleteknowledge
base. After clicking the “Next” button in the navigation panelon the bottomof the window, an atten-
tion window shows only the proof goal, becausethe proof will proceedby reducingthe goal. Clicking
“Next” several timespresentsthe attentionwindow shown in Figure12. The top of the window shows
a treerepresentationof the proof with a “ y ” indicatingthe currentposition9. Thenthe currentgoal (3)
is displayed,followed by two assumptions(1) and(Definition (reflexivity)) from the currentknowledge
base,i.e. attentionfor thenext proof stephasto bepaidjust to theseformulae.Clicking “Next” bringsup
thetransformationwindow shown in Figure12, which containsthesameitemsastheprecedingattention
window plusthenew assumption(4) obtainedby rewriting (3) using(Definition (reflexivity)).

In thefinal phaseof theproof, we needto reducethegoalusinganimplicationfrom theknowledgebase.
The attentionandtransformationwindow for this stepareshown in Figure13. In the attentionwindow
only the goal (13) andthe known implication (4) areshown, clicking “Next” bringsup the reducedgoal
(14) in thetransformationwindow. In particularin longerproofs,this typeof presentationis advantageous,
becauseit alwayskeepsthefocuson just thosepartsof theproof thatarerelevantfor just thecurrentor the
next step.For detailson thefocuswindow presentationtechniquesee[220], [218], and[221].

9The cell brackets at the right margin are a featureoffered by the Mathematicanotebookfront end. Clicking cell brackets
opens/closescellssothattheir contentsis displayed/hidden.By default, thecell showing thetreerepresentationis closed.
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Figure13: Attentionwindow andtransformationwindow (part2)

Theorema: An Intr oduction to the System

Integrating Proving and Computing

The integrationof proving andcomputingin oneframeis a challengefor the logic andthe languageof
a system. Purecomputationsystems,suchasMathematicaMAPLE or others,containa hugedatabase
of mathematicalknowledge,which is applied implicitly in eachcomputation. In a proving system,on
the otherhand,the userneedsexplicit control over the knowledgebasethat is usedto obtaina proof. A
systemthat combinesproving andcomputingneedsto resolve this conflict betweenimplicit andexplicit
knowledge,seealso[61], [62] for morebackgroundon this issue.

Thus, in the THEOREMA system,we decidedto designthe languagein sucha way, that thereis a clear
separationbetweenthe implementationof syntaxandsemanticsof the language.The syntaxof expres-
sionsis pre-definedby the THEOREMA expressionlanguagebut thereis no hiddenimplicit semanticsof
THEOREMA expressions.Of course,weoffer theusualsemantics,evenin theform of algorithms,wherever
possiblebut it mustalwaysbeappliedexplicitly!

We try to illustratethe critical issuein the systemdesignagainin oneexample:ConsidertheexpressionÞ�Ñ/D . For servingasa computationsystem, thesystemmusthave knowledgeaboutthesymbolsinvolved
in the expression,ı.e. “2”, “+”, and“7”. SinceTHEOREMA is built on top of Mathematica,it would be
convenientto usetheknowledgebuilt into Mathematica,that is “2” and“7” arenaturalnumbersand“+”
is the well-known addition. On the otherhand,we want to prove formulaesuchas �8 ; � ãåÑ,�1ä­�­Ñ ã
(commutativity of “+”), where,of course,we do not wantto usethebuilt-in interpretationof “+”, because
the built-in addition is alreadyassumedto be commutative. The samekind of conflict ariseswith all
semanticsthatwe implementfor theTHEOREMA language.Thus,we decidedto hideall semanticson the
top level andinsteadforce theuserto enterCompute [2+7,built-in ç Built-in[“Operators”][+]] in order
to compute“2+7” usingthebuilt-in operator“+”. A detailedexplanationof this issueis givenin [80] and
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[74].

Built-in[“Operators”] is a THEOREMA pre-definedcollectionof translationsof frequentlyusedoperator
symbols(‘+’, ‘ ® ’, ‘

�
’, etc.) to availableMathematicaoperations(‘Plus’, ‘Times’, ‘LessEqual’,etc.).Var-

iouspre-definedBuilt-in[. . . ] collectionsareavailable,moreover, thereis thepossibility for user-defined
translations,asit hasalreadybeendemonstratedin theexampleof theequationalprover in Section2.2.b,
whentranslating‘min’ and‘max’ to the Mathematicafunctions‘Min’ and‘Max’. Throughthis mecha-
nism,theentirealgorithmlibrary of Mathematicais availablefor doingcomputationsin THEOREMA.

ProveStrategies

All theproversof theTHEOREMA systemworkonproofsituations. A proofsituation PÆòw��¯�¯G�)�A°o±��I²��)¯¸ó,ÓG³s²s��´�R
consistsof a collectionof assumptionsanda goal formula. In oneproof stepa prover carriesout a proof
deductionstepthat reducesa given proof situationto hopefully simpler proof situations. For instance,
the rule “For proving ×µ"2� we prove × andwe prove � ” is representedasa rewrite rule which trans-
formstheproof situation PCò���¯�¯��o�t°h±��I²��)¯¸ó,Ó�×¶"e�·R into thetwo proof situationsPCò��s¯�¯��o�t°h±��I²��
¯¾ó,Ó�×]R andPÆòw��¯�¯G�)�A°o±��I²��)¯¸ó,Ó��AR . Most of the ruleswill, in fact,produceonly oneproof situation,however someof
therulesproduceseveralproofsituationsconnectedby AND (asabove),andsomeruleswill produceproof
alternativesconnectedby OR. Somerulesareterminal– like “the goal is amongthe assumptions”– and
producefinal proofsteps.

Theproof is representedinternallyasanAND-ORtree,calledproof-object, whosenodescontainannota-
tions documentingthe proof steps.Theseannotationsareusedlater to producea humanreadableproof.
Finalproofstepsaretheleavesof thetree.Themanagementof theproof-objectis doneby acontrolmech-
anismwhichalsoallowsto combineseveralprovers– e.g.simplificationandinduction–, for thedetailswe
referto [251], [252], [250], and[258].

As a meta-strategy, THEOREMA providesthe cascade. Intuitively, the ideais that, givena goal ¸ anda
knowledgebase¹ , we let a given prover | try to find a proof. If | succeeds,we stopandpresentthe
proof. If not,we let a “f ailureanalyzer”analyzetheproof attemptandconjecturea lemma º , which could
be strongenoughto allow | to prove ¸ from ¹ W º . Now we let | try to prove º from ¹ . If this
succeedswe let | try, again,to prove ¸ but this time undertheassumption¹ W º . Otherwisewe let the
failureanalyzerwork on thefailing proof. In otherwords,givena prover | anda“conjecturefrom failure
generator”» , the recursive “cascade”may result in a muchstrongerprover that, in fact, doesnot only
provemoretheoremsthan | but, on theway of proving a goal from a knowledgebase,graduallyextends
theknowledgebaseby “useful” lemmas.For detailssee[59], [8], and[72].

Proof Presentationand Proof Simplification

Oneof thegoalsof theTHEOREMA systemis to produceproofsin anaturalstyle,i.e. in astylethatwould
typically beusedby a humanmathematician.In Figures7 to 9 we alreadyshowedanexampleof a proof
generatedby oneof theTHEOREMA provers.Many moreexamplescanbefoundin thevariouspublications
on THEOREMA seefor example[74], [70], [76], or [72], seealsohttp://www.theorema.org .

For achieving thegoalof producingnatural-styleproofs,thegenerationof a proof is split into two phases:

ß thegenerationof anabstractproof objectand

ß thegenerationof thewrittenpresentationof theproof.

In the first phase,asalreadydescribedin Section2.2.b,a proof is generatedby applicationof inference
rules. The processof searchingfor a successfulproof is storedin an internal tree structure,the proof
object.Eachnodein theproof objectrepresentsonedeductionstep,with which a textual representationis
associated.Oncethe proof objectis generated,thewritten proof presentationis generatedby processing
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the individual nodesof the proof object. Note that the textual presentationof theproof is not partof the
proofobject.Thus,proofscanbeproducedin differentlanguagesfrom oneandthesameproofobject.See
for instance[250], [8], and[59].

Dependingon thepurpose,theproofobjectcanbepresentedin differentways:

ß theentireproofobjectincludingall failing branches,

ß only thesucceedingbranch,

ß only stepsthatactuallycontributeto thesuccessfulproof,

ß or only theinformation,whethertheproof succeededor not.

This processof proof simplificationis a naturalstrategy, alsoappliedby humanprovers: In a first attempt
onetries to find a crudeversionof a proof, which might still be unnecessarilycomplicated.Then, in a
secondstep,oneworkson theproof foundandtriesto simplify it in variousways.

In [258] thecurrentlyavailablesimplificationmechanismsareexplained.We alsostartedto work onmore
sophisticatedtechniquesfor proof simplification,for exampleextractingsimilar proof partsfrom various
parallelbranchesof the proof. Suchproof simplificationstrategiesthat work, aspost-processors,on the
proofobjectsgeneratedby ourprovers,arecurrentlyimplementedin theongoingPhDthesis[219], for first
resultssee[222].

General and SpecialInter nal Provers

In thefirst phaseof theproject,severalgeneralandspecialprovemethodshavebeenimplemented:

PropositionalLogic Prover for proving formulaein propositionallogic usinginferencerulesin natural
deductionstyle. This prover is basedon a setof ruleswhich aresimilar to theonesusedin sequent
calculus,someexamplesarebelow:PÆòB×PÓ�¼_×PÓ �C�B� ó%Ó�¸zRVÖ*ç ½¿¾�²�À���ÁPÆòB×PÓ�×v(Â� Ó �B�C� ó,Ó�¸zR1Ö*ç PÆò�×aÓ��IÓ �B�C� ó,Ó�¸zRPÆò �B�C� ó,Ó�¸ Ø¨Ã ¸ ÙÄÃ �B�C� Ã ¸ ù RVÖ�ç PÆò�¼2¸ Ù Ó �B�C� Ó3¼¡¸ ù Ó �C�B� ó%Ó�¸ Ø RPÆòB× Ã � Ó �C�B� ó%Ó�¸zR Ö*ç PÆòB×PÓ �B�C� ó%Ó�¸zR

ANDPÆò�� Ó �B�C� ó%Ó�¸zRPÆòB×v(�¸�Ó �C�B� ó%Ó�¸zR Ö�ç PÆò �B�C� ó,Ó�×~R
ORPÆòw¼_×PÓ �B�C� ó,Ó�¸zR

As a generalstrategy, the prover will try to move the negationsymbol insidethe formulaeandto
split the assumptionsand the goal until a final proof situation is found. Someexamplesof the
propositionalproofsaregivenin [74].

PredicateLogic Prover for proving formulaein first orderpredicatelogic usinginferencerulesin natural
deductionstyle. This prover usesthe rulesof the propositionalprover intermixed in a convenient
waywith new rulesfor predicatelogic. Someexampleof suchrulesarelistedbelow:PÆò �B�C� ó,Ó¤� 8 | ý ã<þ*RVÖ�ç PÆò �B�C� ó,Ó | ý ã*Ø¸þ*RPÆòw� 8m| ý ã<þÒÓ �B�C� ó,Ó�¸zR�Ö�ç PÆò | ý ã*Ø¸þÒÓ �B�C� ó,Ó�¸zRP b | ý â,þ�ä�(¢Å~ý â,þÒÓ¤� 8 | ý ã<þÒÓ �C�B� d Ó�¸zR§Ö*çÆP b Å~ý â9þÒÓ¤� 8 | ý ã<þÒÓ �B�C� d Ó�¸zR
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Rulesasaboveare“simplifying rules”becausethey simplify theproofsituation.Suchrulesareused
alsoin thePCSprover(describedin thesequel)in the“proving” phase.

However, onealsoneedsrules,which“complicate”theproofsituationeitherby addingnew assump-
tions,eitherby creatingseveralbranches.An exampleof anapplicationsof suchrulesis:P�b�� 8 | ý ã<þ ä�(�Å~ý ã<þÒÓ | ý â,þÕÓ �C�B� d*Ó�¸zRÄÖ�çÇP�biÅ~ý â,þÒÓ¤� 8 | ý ã@þ ä�(¢Å~ý ã@þÕÓ | ý â,þÒÓ �B�C� d*Ó�¸zR
which correspondsto forward reasoning. By backward reasoningonereplacesthecurrentgoalby
usinganuniversalassumption,but in orderto insurecompletenessof theprover oneusuallyhasto
follow severalalternatives.

Theusageof suchruleshasto bedonefollowing a certainproof searchstrategy in orderto insure
completenessandefficiency of theprover. Onesuchstrategy is definedby thePCSprover(described
later), which usesspecialuniversalassumptions(implications,equivalences,equalities)asrewrite
rules.

In order to approachproof problemshaving universalassumptions,we have also implementeda
level saturation strategy for predicatelogic proving, which is applicableboth in forward modeand
in backward modeor combined,see[158]. For instance,in forwardmode,afterall the“simplifying
rules” have beenexhausted,in oneproof stepall possiblenew assumptionsareproducedbasedon
existing groundliteralsanduniversalassumptions,usinga generalforwardinferencerule. Thenthe
simplifying rulesareappliedagain,etc. This strategy producesproofsfor proof problemsthat can
besolvedusinggroundassumptions.

In dualfashion,thebackwardmodeconsistsin replacingthegoalat eachcycle with all possibleal-
ternativesthataredeterminedby theuniversalassumptions.Combiningthetwo strategiesefficiently
producesproofsfor problemshaving groundgoalsor simpleexistentialgoals.

However, this is notsufficient,for instance,for problemscontainingformulaewith alternatingquan-
tifiers. Currentlyweareimplementingastrategy, whichusestheanalysisof therelationshipbetween
the existentialgoalsandthe universalassumptionsin order to make the appropriateinstantiations
that allow then the applicationof simpler rules. Preliminaryexperimentsshow that this method
canproduceproofs for a large classof problems,especiallywhenit is combinedwith the useof
metavariables,see[147], [159], [142], [143].

Induction Provers for variousdomains,e.g. naturalnumbersor tuples,proving universallyquantified
formulaein the respective domainby induction. The induction provers implementthe induction
schemefor the respective domaindependingon the inductive structureof the domain. General
induction provers,which infer the inductive structureof the underlyingdomainfrom the functor
definition (see[266] and[8]) of the domainwill be implementedin future versionsof the system.
Somefirst experimentshave beendonein theframeof thePhDThesis[250], for examplesseealso
[74]. Recently, extensivecasestudiesin thedomainof tupleshavebeencarriedoutby aCalculemus
YVR, see[110], [109].

Simplifier Prover for provingequalitiesby simplification.Thisproverappliesterm-simplificationonboth
sidesof equalities.Variousoptionscanbeusedto adjustthebehavior of theprover with respectto
propertiesof theoperatorsinvolved(commutativeoperators,associativeoperators,etc.).

CaseDistinction Prover for proving formulaeinvolving predicatesor functionsdefinedby casedistinc-
tion. This prover is rarelyusedasstand-aloneprover, but is normallyusedin combinationwith the
otherprovers,see[258] and[252].

All proversmentionedabove are so-calledWhite-Box-Provers in the sensethat they produceproofs in
humanreadablestyle that canbe checkedeasilyby a humanmathematicianby applyingbasicinference
rules. However, many powerful proof methodshave beendevelopedover the years,which arebasedon
applyingpowerful algorithmsfrom computeralgebraas“black boxes” that,however, canbeusedonly in
specialtheoriesapplyingspecialmathematicalknowledgeto a transformedprove problem.We put some
effort into integratingthesesophisticated,known methodsinto thecurrentversionof THEOREMA. By now,
thefollowing methodshavebeenimplemented:
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Gröbner BasesProver for proving booleancombinationsof multivariatepolynomialequationsusingthe
Gröbnerbasesmethod.Theclassof formulaedecidableby this prover includesalsothe important
classof geometricaltheoremsin cartesiancoordinatesformulation,see[63] and[64]. In the thesis
[230] this prover is alsosuppliedwith an interactive graphicalinput tool. Also, in this thesis,other
algebraicmethodsfor geometricaltheoremproving, in particularWu’smethodandtheareamethod,
arere-implementedin theframeof THEOREMA with aperspectiveto studytheinteractionwith these
methodwith ourpredicatelogic provers,see[231], [229].

Paule-Schorn Prover for proving combinatorialidentitiesbasedon a methoddevelopedby P. Pauleand
M. Schorn.Thismethodwascompletelyinventedandimplementedin Mathematicaalreadyin [215],
andwasintegratedinto the languageandlogic frameof THEOREMA, see[70], asa modelfor the
potentialof THEOREMA to integratesmoothlyvariousalgebraicmethodsdevelopedby othergroups
in theCalculemuscommunity.

ResolutionProver for proving formulaein first orderpredicatelogic by resolution.Highly sophisticated
resolutionproversareavailablefrom variousresearchgroupsaroundthe world. Therefore,at first
sight, it seemsto beappropriatenot to devoteeffort into developinga new resolutionprover in the
frameof THEOREMA. In fact,we establishedlinks to existing resolutionprovers,seenext section.
However, we decidedto embarkalsoon the implementationof resolutionwithin THEOREMA, see
[169], becausewe wantto combinetheessentialcomponentsof resoulution,notablyunificationand
equationalparamodulation,with ournaturaldeductionstyletheoremprovers.Fundamentalresearch
work in relatedtopicshasbeendonein [166] and[165].

The PCSProveStrategy

Since,of course,mostproofscannot be doneby applyingjust onemethod,eachTHEOREMA-prover is
a certaincombinationof the above components.The systemprovidesa mechanismto combineprover
componentsto a new prover in a simpleway by just describing,which methodto beappliedunderwhat
circumstances.For instance,thePCS-provers combineProve,Compute,andSolve phases,which results
in verynaturalproofsfor theoremsof type“for all ô exists � ” asthey appearoften,for example,in analysis.
See[79], [66], and[60] for anoverview and[258] for adetaileddescriptionof thePCSapproach,which is
applied,in asimilar way, alsoin [268]. ThePCSapproachresultedin theautomaticgenerationof natural-
styleproofsfor many theoremsof elementaryanalysis,which sofar hasstill beena challengefor theorem
provers.

In thecaseof theanalysisproofs,the“Prove” andthe“Compute”phasereducetheproofproblemto asolve
problemover therealnumbers,which thencanbesolvedby calling oneof theexisting computeralgebra
methodsfor constraintsolving,e.g.Collins’ algorithm.Thisopensthepossibilityto establishastronglink
betweentheoremproving andcomputeralgebra.

User Interaction

Thefeasibilityof computer-supportedtheoremproving dependsdrasticallyonthepossibilityof reasonable
userinteraction. We believe that the mostimportanttype of interactionis by composingthe appropriate
knowledgebasefor aparticularproveproblem.Theimportanceof thispossibilityis oftenunderestimated.
In THEOREMA, weputparticularemphasison convenientknowledgebasemanagement,which is possible
by our formal text tools,see[69]. More researchwill bedonein theongoingPhDthesis[259].

However, we alsoinvestigatedandimplementedpossibilitiesfor userinteractionduringthegenerationof
proofs,which is particularlyusefulalsofor applicationsof THEOREMA in didactics,see[162], [161], [8],
and[223].
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External Provers

Theproversdescribedin Section2.2.bimplementedin theframeof THEOREMA in theMathematicapro-
gramminglanguagearetheso-calledinternal provers. SinceTHEOREMA wantsto serve asanintegrative
tool for all phasesof mathematicalwork, thesystemshouldoffer abig varietyof provingmethodsfrom dif-
ferentfieldsof mathematics.Dueto thefactthatsomeof thoseproving methodsarealreadyavailable,the
systemalsoprovidesinterfacesto existingexternalproversdevelopedoutsideTHEOREMA. TheMathLink
protocolprovidedby Mathematicato communicatewith externalprogramsis usedto exchangedatawith
externalproversrunningasexternalprograms.At themomentTHEOREMA providesinterfacesto OTTER,
EQP, Gandalf,BLIKSEM, anda modelsearcherMace.Detailson interfacingto externalproversaregiven
in [172].

Moreover, an interfaceto the quantifierelimination packageQEPCAD, originally developedby Hoon
Hong,hasbeenimplemented,which offersa sophisticatedmethodto solve constraintsover therealnum-
bers. Using this interface,THEOREMA providesquantifiereliminationasa special“solving-technique”
on the top-level (i.e. in a user-requestto solve a setof constraintsover the reals)aswell asit canalsobe
appliedasa blackbox duringthesolve-phasein thePCSprovers,seeSection2.2.b,see[63].

2.2.c Discussion

Mathematicalsoftwaresystemsthatshouldgive computer-supportin theentirespectrumof mathematical
activity mustcombinethe strengthsof both ComputerAlgebraSystems(CAS) andDeductionSystems
(DS).Mostof today’sCASprovidehugealgorithmlibrariesfor performingheavy computationsinvolving
complicatedmathematicaldata. Moreover, most CAS provide facilities for graphicalrepresentationof
data,a programminglanguagefor implementinguserextensions,anda comfortableuserinterface. DS,
on theotherhand,put their emphasison formal rigor andon thelogical correctnessof manipulationsthey
perform.

Differentapproachescanbe taken in order to combinethe powersof CAS andDS. In this section,we
reporton thepossibilitiesto enhanceCAS with reasoningpower, i.e. to embedDS into CAS. In theframe
of the Calculemusproject, several levels of enhancementhave beenexplored. Mainly, we distinguish
enhancementonthesystemlevel, enhancementon thetheorylevel, andenhancementon theuserlevel. For
milestone2.1andfor futuredevelopmentin Task2.2,wedecidedto focusonuserlevelenhancement,which
aimsatanimplementationof generalandspecialtheoremproving facilitiesontopof anexistingCASusing
theprogramminglanguageprovidedby theCAS. THEOREMA developedat RISC,is anexampleof such
a system.TheTHEOREMA systemis presentedin detailasa prototypeof a CAS enhancedwith deductive
power representingmilestone2.1of theproject.

62



Task2.3: Enhancing the Computation
Power of DeductionsSystems

TASK LEADER: UED
SCIENTISTS IN CHARGE: ALAN BUNDY, SIMON COLTON, EWEN MACLEAN

RESEARCH TEAM : UED, ITC-IRST, UGE, UBIR

2.3.a Overview

This reportintroducessix piecesof researchwhich make useof enhancedcomputationalpower. We de-
scribetwo systemswhich combinetheproof-plannerÈ�»��#âl$ [228] with othersystemsandperformcom-
putationallycostly tasks. We give an overview of work donein combiningsystemsto discover attacks
to securityprotocols. This work makesuseof computationalpower in that it generatesa large number
of clausesin its process.We give a brief descriptionof work donein the È
»��+âl$ proof-plannerto con-
structverylargeandmodularproof-plansfor complicatedrealanalysistheorems.Finally weintroducetwo
piecesof work doneoutsideEdinburghwhichrendertechniquesfrom automatedreasoninghighly efficient
by usingenhancedcomputationalpower.

2.3.b Integrating MathWeband ÉAÊ�ËBÌ�Í
Thework of JürgenZimmerandLouiseDennisincorporatesthe È
»��+âs$ proof-plannerinto theMathWeb
system.Heretheservicesofferedby È�»��#âl$ to MathWebaredescribed,andtheservicesusedby È
»��+âs$
thatMathWeboffers. È
»��+âl$ offerstwo servicesto MathWeb:

planProblem This servicetakes an OMDOC document,containinga single conjecture,as an argu-
ment. The servicestartsthe È
»��+âs$ proof planningmechanismon the conjecture.In the current
implementation,the serviceexpectsthe conjectureto be aboutnaturalnumberarithmetic. A pro-
posedextensionof the serviceallows clientsto alsoprovide the theoryin which the conjectureis
defined.Client applicationsusingtheplanProblem servicecanuseoptionalargumentsto deter-
minewhich proof strategy (compoundmethod)È�»��#âl$ shouldusefor theplanningattempt,andto
give a time limit in seconds.In the currentimplementation,the servicesimply returnsthe OPEN-
MATH symbol true if È
»��+âs$ could find a proof plan within the given time limit, and false if no
proofplancouldbefound.

ripple È�»��#âl$ offers its rippling mechanismasa separateserviceto MathWeb. Theserviceis givena
singleinput formattedusingthe OMDOC standard.The OMDOC mustcontaina non-emptysetof
rewrite rules,formalisedaslemmas,andagoalsequentÎÐÏuÑ asaconjecture.Theripple service
triesto reducethedifferencebetweenÑ andthebestsuitablehypothesisin Î usingtherewrite rules.
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Theripple servicealsotriesto applyfertilisationto reducethegoal Ñ to thetrivial goaltrue. As a
result,theserviceripple returnsanOMDOC which containstheresultingproof planninggoalas
asequentÎÒÏ:Ñ�Ó .

Experimentshave also beendonein È�»��#âl$ using MathWeb services. In particularexperimentshave
beendoneusingMAPLE throughtheMathWeb interface. The resultsof the combinedsystemhave been
comparedagainstthe CLAM-Lite systemas developedby Toby Walsh. Interestinglyone theoremfor
which thecombinedsystemfounda proof-plan,couldnot beplannedin Clam-Lite.Thetheoremis:Ô ùFIH Ø�Õ TCæÛÐ�TCÔ_ä Õ TCæÛÐÂ÷IÑ Þ9Ô Ö í
In orderto completetheproof for this theorem,sometermrearrangementneedsto bedonewhich canbe
performedeasilyby MAPLE. Walsharguesthat the simplicity of the planningmechanismin Clam-Lite
preventsaproof-planbeingyieldedfor this theorem.

Theresultsof thework confirmthemainthesisof theresearchwhich is thatit is abetterchoiceto combine
existing deductionsystemsvia protocolsinsteadof re-implementingthemon top of a ComputerAlgebra
System.

2.3.c Implementation of the GS Systeminto the ÉAÊ�ËBÌ�Í Proof Plan-
ning System

PredragJanǐcić andAlan BundyhaveimplementedtheGS framework in (Teyjus)LambdaPrologandwithin
the È�»��#âl$ proof planningsystem[242]10. All GS macroinferencerulesareimplementedasmethodsand
all combination/augmentationschemesareimplementedascompoundmethods.Thesemethodsaddnew
power to the È�»��#âl$ system.The GS framework hasbeenreformulatedasa backwardreasoningsystem
(in theoriginal version,it is a proofby refutationsystem[83]).

A numberof conjecturesbelongingto combinationsof decidabletheoriescanbeprovedby theGS methods
in only seconds.It is believedthatfurtherdevelopmentof TeyjusLambdaPrologwill increasetheefficiency
androbustnessof their implementationof GS framework.

A detailedaccountof this work is given in the paper(this paperwill be submittedto a majorautomated
reasoningconference):

PredragJanǐcić, Alan Bundy: Implementationof theGS Framework for UsingDecisionProcedureswithin
the È�»��#âl$ Proof–PlanningSystem

Thereareplansto work on further refinementsandimprovementsof thepresentedimplementation.This
includesaddingsupportfor new underlyingtheories,workingonimproving theirefficiency, andalsowork-
ing on automaticandsemi-automaticsynthesisof decisionprocedures.

As a part of the work on usingdecisionproceduresin theoremproving, andasa powerful extensionof
theGS framework [83] theproblemof automaticandsemi-automaticsynthesisof decisionprocedureshas
beentackled.Thiswork is basedonAlan Bundy’sprogrammepublishedin [82].

Decisionproceduresareoftenvital in theoremproving [83]. In orderto havedecisionproceduresusablein
a theoremprover it is oftennecessaryto havethemimplementednot only efficiently, but alsoflexibly. The
implementationshouldalsobesuchthat canbe verified in someformal way. In addition,it is important
to have decisionproceduresfor new theories,arisingfrom somespecificexamples.For all thesereasons,
it canbe fruitful if the processof synthesisingandimplementingdecisionprocedurescanbe automated.
It would alsoutilise avoiding humanmistakesin implementingdecisionprocedures.All routinestepsin

10 Ö�×ÙØ�Ú�Û is a tool for automatedtheoremproving in higher order theories. In particular, Ös×ÙØNÚ�Û specialisesin proof using
inductionbasedon therippling heuristic. Ö�×ÙØ�Ú�Û is a higher-orderversionof ×ÙØNÚCÛ . As ×ÙØ�Ú�Û , Ö�×ÙØ�Ú�Û alsousesproof planning
to guidethesearchfor aproof.
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thesetasksshouldbeautomated.Sincemostof thestepsin differentdecisionprocedurescanbedescribed
via rewriting, objectlevel proofscanberelatively easilyderivedfrom thesequenceof methodsapplied.

As discussedin [82], moststepsof many decisionprocedurescanbe describedvia setsof rewrite rules.
Specificsubsetsof rewrite rulesareorganisedinto methods,while methodsareorganizedinto compound
methods(or decisionproceduresthemselves).Dueto its importancein softwareandhardwareverification,
thework focuseson lineararithmetic.As it is interestingandnon-trivial, theFourier/Motzkinprocedureis
usedasanillustratingexample.

Thefollowing methodgeneratorshave beenimplemented:generatorsfor remove methods,stratify meth-
ods,thin methods,left-assoc(for moredetailssee[82]) andabsorbmethods.Thesegeneratorscantake
a given BACKUS-NAUR form (BNF), transformit into anotherone,andbuild a methodwhich usessome
availablerewrite rulessuchthateachinput formula (which belongsto the first BNF) will be transformed
into a formulawhichbelongsto thesecondBNF. On thesetof all thesegenerators,a(heuristicallyguided)
searchfor a sequenceof methodscanbe performed,which goesfrom the startingBNF to a trivial BNF

(consistingof only Ü and Ý ), hence,giving a decisionprocedure.

Theirfirst targettheorywasgroundarithmetic.All thenecessaryrewrite ruleswereavailable.Theirsystem
synthesisedthedecisionproceduresfor this theorycompletelyautomaticallyin around10 secondsof CPU

time. While a decisionprocedurefor groundarithmeticcanbe alsoobtainedby exhaustive application
of all rewrite rules,their systemgivesa procedurewhich usesthemonly in stepsandgiving a structured
proofs(easilyunderstandableto ahuman).

Theirsecondtargettheorywas(quantified)lineararithmetic.For this theorythreemoremethodgenerators
neededto beimplemented:onefor adjustingtheinnermostquantifier, onefor isolatinga variable,andone
for removing a variable(cross-multiplyandaddstep).Their systemautomaticallysynthesiseda decision
procedurefor lineararithmeticin around20 secondsof CPU time.

For mostof usedconditionalrewrite rules,the above procedurecanbe usedin order to prove that their
conditionscoverall possiblecases.

Thisapproachgivesdecisionproceduresin somecases,but alsoahigh-level wayof understandingsyntac-
tical transformationsandformularewriting.

2.3.d Discovering Security Protocol Attacks by Finding Counterex-
amplesto Inducti ve Conjectures

GrahamSteelhasimplementedasystemwhich canbeusedto find counterexamplesto universallyquanti-
fied conjecturesin first orderlogic, andhasappliedthework to automaticallydetectingattacksto security
protocols.

Cryptographicprotocolsareusedin distributedsystemsto allow agentsto communicatesecurely. Assumed
to bein thesystemis a spy, who canseeall thetraffic in thenetwork andmaysendmaliciousmessagesin
orderto try andimpersonateusersandgainaccessto secrets.

The methodchosenin this work to tacklethis problemis proof by consistencywhich is a techniquefor
automatinginductiveproof. Recentversionshavebeenprovento detectnon-theoremsin afinite amountof
time- in otherwordsthey arerefutationcomplete. ComonandNieuwenhuishave provedthatall previous
techniquesfor proof by consistency canbegeneralisedto anew form which they call anI-Axiomatisation,
asdefinedin definition1, which providesaneasyseparationbetweentheinductivecompletionandincon-
sistency detection.Thecrucialresultof thetheoryis givenby theorem1.

Definition 1 A setof first-order formulae Þ is an I-Axiomatisationof à if

1. Þ is a setof purelyuniversallyquantifiedformulae
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Figure14: Systemoperation

2. à is theonlyHerbrandmodelof ßµ[uÞ up to isomorphism.

An I-Axiomatisationis normalif Þ ø äv�@àä,� for all pairsof distinctnormalterms � and �
Theorem1 Let Þ be a normal I-Axiomatisation,and » Ø Ó3» Ù Ó �B�C� be a fair induction derivation. Thenà ø ä`»NØ iff Þµ[�òw¥�ó is consistentfor all clauses¥ in

W F » F .
Figure14 illustratesthe operationof the system. The input is an inductive problemin Saturate for-
mat anda normalI-Axiomatisation(seeDefinition 1, above). The versionof Saturate customisedby
Nieuwenhuisfor implicit induction (the right handbox in the diagram)getsthe problemfile only, and
proceedsto pursueinductive completion,i.e. to derive a fair inductionderivation. Every non-redundant
clausegeneratedis passedvia the server to the refutationcontrol program(the leftmostbox). For every
new clausereceived, this programgeneratesa problemfile containingthe I-Axiomatisationandthe new
clause,andspawnsa standardversionof Saturate to checktheconsistency of thefile. Crucially, these
spawnedSaturate s arenot giventheoriginal axioms– only theI-Axioms arerequired,by Theorem1.
This meansthatalmostall of thesearchfor an inconsistency is doneby theproverdesignedfor inductive
problemsandthespawnedSaturate sarejustusedto checkfor inconsistenciesbetweenthenew clauses
andtheI-Axiomatisation.This shouldleadto a falseconjecturebeingrefutedafter fewer inferencesteps
havebeenattemptedthanif theconjecturehadbeengivento a standardfirst-orderprover togetherwith all
theaxiomsandI-Axioms

Thesystemhasbeenappliedto cryptographicprotocolproblemsusinga first-orderversionof thehigher
orderformalismusedby Paulsonin Isabelle/HOL.Preliminaryresultsincluderediscoveringseveralknown
attacks.TheproblemthatPaulsonencounteredwhenproving propertiesof theprotocolinteractively was
that it wasvery hardto tell, evenfor anexpert,whetherthereasonfor a proof not succeedingwasa false
conjecture.By applyingthe counterexamplefinderdevelopedin thework presentedhere,attackscanbe
automaticallydetectedandpresented[244, 245].
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2.3.e Proof Planning Non-StandardAnalysis

EwenMacleanhasbeenusing È�»��#âl$ to automaticallyconstructproof-plansfor realanalysisproofsusing
non-standardanalysis[131, 179]. The latestwork incorporatesinductionin constructingproof-plansfor
suchtheoremsastheIntermediateValueTheoremandRolle’sTheorem[180]. This techniqueis illustrated
hereby meansof presentinganoutling of a proof-planfor anexampletheorem;namelytheIntermediate
ValueTheorem.

IntermediateValueTheoremin non-standardanalysisis expressedasfollows:

ïe��áìçÂá
â*Ó�æ�Ó�¥~��á��ãmÓG�n? 1 á �}â â � ã � â æ¡" â â � � � â æ¡" ãqã/� ç 1 ï_Ð#ã�Ô-ã 1 ïmÐ��<Ô (1)

â ú æ
ï_Ð#â�Ô � ¥ � ï_Ð+æuÔÏu�ûã¡?uá � â � ã � æ±ç�ï_ÐÂã�ÔGäµ¥

In orderto establishawitnessfor theexistentialin theconclusion,thenotionof apartitionis introduced.A
sequenceò%ý â F Ó�æ F þ+ó of partitionsis generated,startingfrom the initial interval ý â�Ó�æ�þ , which areguaranteed
to containthe point ã . A recursive function is definedto constructthis sequence,characterisedby the
illustrationin figure15. Now conjecturescanbestatedrepresentingpropertiesaboutthisrecursivefunction

c

f

1

b0
b1
b2

b3a3

a
2

x0a
a

Figure15: Thesequenceof partitions

which ascertainthat the point ã lies insideany interval in thesequence.Theselemmasareprovedusing
induction,andtheproof-plansfor theseproofstake advantageof theexisting expertisein proof planning
for induction;in particular, exploiting therippling mechanismin È
»��+âl$ . Oncetheconjectureshavebeen
establishedastheoremsthey aregeneralised,andaddedashypothesesto theinitial theorem.Thevariablesä

areintroducedand Ñ , andaddthefollowing hypotheses:ä Ó3Ñ_�å1Cáä ã`Ñâ â � Ñ � â æâ â � ä � â æ1Eï_Ð�Ñ�Ô#& â ¥~&/1Eï_Ð�Ñ�Ô
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Fromthis it canbedeterminedusingnon-standardanalysisthatthereexistsjustonerealin theinfinitesimal
neighbourhoodof

ä
, say ã , and that thereis just one real in the infinitesimalneighbourhoodof 1Eï Ð ä Ô ,

namely¥ . Thentheresult 1Eï_Ð âã�Ô ã â ¥ is deduced,whichreduceseasilyto ï_ÐÂã�ÔNä,¥ establishingthevalidity
of thetheoremby findingawitnessfor theexistentiallyquantifiedreal ã .

Thistechniquehasbeenextendedto otherexamplessuchasRolle’sTheoremandtheMeanValueTheorem.
Also proof-planscan be automaticallygeneratedto accountfor higher order meta-theoremsabout the
technique.

2.3.e Integration of Computer Algebray Systemsinto æ MEGA

Integrationof computeralgebrasystemsinto the proof plannerof the ç MEGA systemis work that has
alreadybegunbeforethestartof theCalculemusprojectandis mainly undertakenby Volker Sorge[151,
152, 243]. The main achievementsarean integrationof certaincomplex computationsfrom large-scale
computeralgebrasystemsthatguaranteescorrectnessof thecomputationsby justifying themwith machine-
checkablelogicalcalculusproofs.Thesejustificationsarecomputedwith asmall.self-tailoredsystemthat
givesprotocolinformationon its calculations.Moredetailson thisaregivenin section1.1.cof this report.

Technically the integration is achieved with the Sapperinterfacethat can genericallyconnectarbitrary
computeralgebrasystemsto ç MEGA. Theinterfacecontainsbridgingfunctionalityto varioussystemsbut
alsotakescareof collectingandprocessingprotocolinformationto constructcorrectnessproofs. During
the Calculemusproject the interfacehasbeenconnectedto the MathWeb softwarebus and it hasbeen
extendedandnow integratesseveralCAS,suchasMAPLE, GAP,andMAGMA.

Besidesthedescribedintegratiotechniquewehavedevisedadditionaltechniquesto employ symboliccom-
putationsin proofplanning,in particularto enabletheuseCASin controlrulesandfor multi-strategyproof
planning.An accountof thesetechniquescanalsobefoundundertask1.1.

The enhancedproof plannerof ç MEGA hasbeensuccessfullyappliedin severalcasestudies;for details
seethereporton task3.5of theproject.

2.3.f Learn æ matic –EnhancingProof Planningby aMachineLearn-
ing Algorithm

Intr oduction We deviseda framework within which a proof planningsystem[81] canlearnfrequently
occurringpatternsof reasoningautomaticallyfrom a numberof typical examples,andthenusethemin
proving new theorems.The availability of suchpatterns,capturedasproof methodsin a proof planning
system,reducessearchandproof length. We implementedthis learningframework for theproof plannerç MEGA [238], andcall oursystemLEARN ç MATIC. Theentireprocessof learningandusingnew proof
methodsin LEARN ç MATIC consistsof thefollowing steps:

1. Theuserchoosesinformativeexamplesandgivesthemto ç MEGA to beautomaticallyproved.Traces
of theseproofsarestored.

2. Proof tracesof typical examplesaregiven to the learningmechanismwhich automaticallylearns
so-calledmethodoutlines.

3. Methodoutlinesareautomaticallyenrichedby addingto themadditionalinformationandperforming
searchfor informationthatcannotbereconstructedin orderto get fully fleshedproof methodsthatç MEGA canusein proofsof new theorems.
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Learning and Using Learnt Methods The methodswe aim to learnarecomplex andarebeyond the
complexity that can typically be tackled in the field of machinelearning. Therefore,we simplify the
problemandaim to learnmethodoutlines, which areexpressedin thefollowing languageº , where | is a
setof known identifiersof primitivemethodsusedin amethodthatis beinglearnt:ß for any áq? | , let áe?uº ,

ß for any � Ù Ó�� p ?eº , let ý � Ù Ó�� p þ<?uº ,

ß for any �#Ù�Ó�� p ?uº , let ý �#Ù ø � p þ<?uº ,

ß for any �<?uº , let ��1~?qº ,

ß for any �Ù?uº and ÷!?q� , let � ù ?eº ,

ß for any ��T¤�B� suchthatall � F ?q�*T��B� are
also � F ?eº , let {PÐ���T¤�B�RÔ-?eº .

“ ý ” and “ þ ” are auxiliary symbolsusedto separatesubexpressions,“,” denotesa sequence, “
ø
” denotes

a disjunction, “ ® ” denotesa repetitionof a subexpressionany numberof times(including ë ), ÷ a fixed
numberof times,and { is a constructorfor a branchingpoint ( ��T¤�B� is a list of branches),i.e., for proofs
which arenot sequencesbut branchinto a tree. For moreinformationon thechoiceof this language,the
readeris referredto [139].

Here is an examplefrom group theoryof a simplify methodoutline which appliesthe associativity left
methodseveral times,andthenreducesthe theoremby applyingappropriateinversemethodsandafter-
wardsanidentity method: ý assoc-l1lÓEý inv-r

ø
inv-l þÒÓ id-l þ .

Learning Technique Our learningtechniqueconsiderssometypically small numberof positive exam-
pleswhich arerepresentedin termsof sequencesof identifiersfor primitivemethods(e.g.,assoc-l,inv-r),
andgeneralisesthemsothat thelearntpatternis in languageº (e.g.,simplifygivenabove). Thepatternis
of smallestsizewith respectto a definedheuristicmeasureof size, which essentiallycountsthenumberof
primitivesin anexpression.Thepatternis alsomostspecific(or equivalently, leastgeneral)with respectto
thedefinitionof specificityspec. specis measuredin termsof thenumberof nestingsfor eachpartof the
generalisation.Again,this is aheuristicmeasure.Wetakeboth,thesize(first) andthespecificity(second),
in accountwhenselectingtheappropriategeneralisation.If thegeneralisationsconsideredhave thesame
ratingaccordingto thetwo measures,thenwereturnall of them.

The algorithmis basedon the generalisationof the simultaneouscompressionof well-chosenexamples.
Hereis anabstractdescriptionof thelearningalgorithm,but thedetailedstepswith examplesof how they
areappliedcanbefoundin [139]:

1. Split everyexampletraceinto sublistsof all possiblelengths.

2. If thereis any branchingin theexamples,thenrecursively repeatthis algorithmon every elementof
thelist of branches.

3. For eachsublistin eachexamplefind consecutiverepetitions,i.e. patterns,andcompressthemusing
exponentrepresentation.

4. Findcompressedpatternsthatmatchin all examples.

5. If thereareno matchesin thepreviousstep,thengeneralisetheexamplesby joining themdisjunc-
tively.

6. For every match,generalisedifferentexponentsto a Kleenestar, andthesameexponentsto a con-
stant.

7. For everymatchingpatternin all examples,repeatthealgorithmonbothsidesof thepattern.

8. Choosethegeneralisationswith thesmallestsizeandlargestspecificity.
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For instance,thethreesequencesof methodoutlines

ý assoc-l,assoc-l,inv-r,id-lþÒÓEý assoc-l,inv-l,id-l þÒÓEý assoc-l,assoc-l,assoc-l,inv-r,id-lþ
will begeneralisedto thesimplifymethod

ý assoc-l1 ÓEý inv-r
ø
inv-l þÒÓ id-l þ �

The learningalgorithm is implementedin SML of NJ v.110. Its inputs are the sequencesof methods
extractedfrom proofsthatwereconstructedin ç MEGA. Its outputaremethodoutlineswhich arepassed
backto ç MEGA. Thealgorithmwastestedon severalexamplesof proofsandit successfullyproducedthe
requiredmethodoutlines.Propertiesof our learningalgorithmarediscussedin [139].

Therearesomedisadvantagesto our technique,mostlyrelatedto therun time of thealgorithmrelative to
thelengthof theexamplesconsideredfor learning.Thealgorithmcandealwith relatively smallexamples,
which we encounterin our applicationdomain,in an optimal way. The complexity of the algorithmis
exponentialin theworstcase.Hence,weusesomeheuristicsfor largeandbadlybehavedexamples.

Using learnt methods Froma learntoutlinea learntmethodcanautomaticallybegenerated.Thelearnt
methodis applicableif someinstantiationof themethodoutline,i.e.,asequenceof methods,is applicable.
Sincemethodsareplanningoperatorswith pre-andpostconditions,theseconditionsmustbecheckedfor
themethodsof themethodoutline.Thecomplex structureof methodsdoesnot allow thepreconditionof a
subsequentmethodof thelearntoutlineto betested,without theinstantiatedpostconditionsof theprevious
methods.Thatis, themethodsof anoutlinehave to beappliedto thecurrentproof situation.

Theapplicabilitytestperformsadepthfirst searchon thelearntoutline.Besidesthechoicepointsfrom the
operatorsof theoutlinelanguage,i.e.,disjunctionsandnumberof repetitionsfor theKleeneoperator, there
canbemorethanonegoalwherea methodof thelearntoutlinecanbeapplied.Additionally, for methods
containingparameters,an instantiationhasto bechosen.Theparametersof a methodareinstantiatedby
controlrulesthatguidetheproofsearch.Everycontrolrule thatgivesaninstantiationof parametersfor the
currentmethodis evaluatedandtheresultingpossibilitiesfor parametersareaddedto thesearchspace.

The applicationtest is performedas the preconditionof the learntmethod. The applicationof a learnt
methodfor which the testwassuccessfulwill introducetheopennodesandhypothesesgeneratedduring
theapplicabilitytestaspostconditionof thelearntmethodto thecurrentproof.

Dissemination/Availability In order to evaluateour approach,we carried out an empirical study in
different problemdomainson a numberof theorems. A demonstrationof LEARN ç MATIC implemen-
tation can be found on the following web page: http://www.cs.bham.ac.uk/˜mmk/demo s/
LearnOmatic/ . Further information, also with links to paperswith more comprehensive references
canbefoundonhttp://www.cs.bham.ac.uk/˜mmk/project s/CAL CULEMUS/ .

Thisworkhasbeencarriedoutin collaborationof thenodesin BirminghamandSaarbr̈ucken.It particularly
involvedtheYVR Martin Pollet.Theresultswherepublishedin [139, 140, 141].

2.3.g The MathSat Procedure

The MathSatsolver [20, 23], developedby ITC-IRST, is a state-of-the-artsolver basedon the MathSat
framework, ableto reasonon booleancombinationsof lineararithmeticformulas.Theefficiency of Math-
Sat is dueboth to the tight integrationof the booleanandmathematicalsolving subroutines,and to the
layeredstructureof the mathematicaldecider, which is organizedinto levels dealingwith subclassesof
formulasof increasingcomplexity.
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mnLayer0 mnLayer1 mnLayer2 mnLayer3 mnLayer4

mn (Differences)mn(Equalities)mn (Booleans) mn (Genericexpressions)mn(Disequalities)
mnMATHEMATICAL LAYERS

mnExpressivity

mnBOOLEANLAYER

Figure16: Thelayeredstructureof MathSat

The MathSatsolver is basedon a highly layeredstructure(seefigure 16). The goal of the solver is to
decideaboutthe satisfiabilityof an input formula including both booleanandmathematicalatoms. The
first layer dealswith the booleancomponentand is implementedasa DPLL procedure,asdescribedin
theprevioussection.Thebasicideais thatof performinga booleanabstractionof themathematicalatoms
(i.e., assigninga new propositionalsymbolto every differentmathematicalatomin theoriginal formula),
andusethe DPLL subroutinefor generating(oneby one)a completecollectionof booleanassignments
possiblysatisfyingthe input formula. Despitethe abstraction,the booleanphaseis alreadycapableof
cuttinga largepartof thesearchspaceconsistingof unsatisfiableassignments.

Therole of themathematicalsolvingcomponentis thatof checkingwhethertheassignmentsproducedby
the DPLL procedureareconsistentor not, by taking into accountthe actualmathematicalatomswhich
correspondto the artificially introducedpropositionalsymbols. The mathematicalcomponentis in turn
organizedinto differentlayersof increasingcomplexity. The layeredstructureallows for early detection
of inconsistencies,thusgreatlyimproving theoverall performanceof thealgorithm. Theideais thatsim-
pler subclassesof mathematicalformulascanbedealtwith by specialized,fastersatisfiabilityprocedures,
whereasmorecomplex satisfiabilityproceduresshouldbecalledonly if needed.

ThecurrentMathSatimplementationis ableto dealwith (a subsetof) linearmathematicalformulaswith
equality, disequalityandcomparisonoperators.The layerscorrespondingto the currentMathSatimple-
mentationarethefollowing:

ß the first layer considerequality constraints,performing equality propagation,building equality-
drivenclustersof variablesanddetectingequality-drivenunsatisfiabilities;

ß the secondlayer handlesalso inequalitiesof the kind è,ÙaÖ,è påé á2¥ , with é á being a comparison
operator, by usingavariantof theBellman-Fordminimal pathalgorithm;

ß the third layer also considergeneralinequalities,except for negatedequalities,using a standard
simplex algorithm.

ß thelastlayerconsidersalsonegatedequalities.

A numberof optimizationtechniquesareaddedto improve the performanceof the MathSatsolver. In
particular, earlypruningstrategiesallowsfor theearlydetectionof inconsistencies,andlearningstrategies
areusedfor theory-dependent,run-timetuningof theMathSatprocedure.

2.3.h RDL, Rewrite and DecisionProcedure Laboratory

RDL [6] simplifiesclausesin a quantifier-freefirst-orderlogic with equalityusinga tight integrationbe-
tweenrewriting anddecisionprocedures.If, on the onehand,the integrationof rewriting with decision
proceduresis consideredto be the key ingredientfor the successof state-of-the-artverificationsystems,
suchasACL2 [149], STEP [118], Tecton[148], andSimplify[116], on theotherhand,obtaininga princi-
pledandeffective integrationis notoriouslydifficult. This is dueto thefollowing reasons:
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ß thereareno formal accountsof theincorporationof decisionproceduresin rewriting. This makesit
difficult to reasonaboutbasicpropertiessuchassoundnessandterminationof the implementation
of theproposedschema.

ß Secondly, mostintegrationschemasaretargetedto agivendecisionprocedureandthey donot allow
to easilyplug new decisionproceduresin therewriting activity.

ß Thirdly, only a tiny portionof theproofobligationsarisingin many practicalverificationefforts falls
exactly into thetheorydecidedby theavailabledecisionprocedure.

RDL solvestheproblemsaboveasfollows:

1. RDL is basedon CCR(ConstraintContextual Rewriting) [11, 12], a formally specifiedintegration
schemabetween(ordered)conditionalrewriting anda satisfiabilitydecisionprocedure[210]. RDL
inheritsthepropertiesof soundness[11] andtermination[12] of CCR.It is alsofully automatic.

2. RDL is an opensystemwhich canbe modularlyextendedwith new decisionproceduresprovided
theseoffer certaininterfacefunctionalities(see[12] for details).

In its currentversion,RDL offers ‘plug-and-play’decisionproceduresfor thetheoriesof Universal
Presburger Arithmeticsover the Integers(UPAI), UniversalTheoryof Equality (UTE), andUPAI
extendedwith uninterpretedfunctionsymbols[237].

3. RDL implementsinstancesof a genericextensionschemafor decisionprocedures[13]. The key
ingredientof suchaschemais a lemmaspeculationmechanismwhich ‘reduces’thevalidity problem
of a giventheoryto thevalidity problemof oneof its sub-theoriesfor which a decisionprocedureis
available.Theproposedmechanismis capableof generatinglemmaswhichareentailedby theunion
of thetheorydecidedby theavailabledecisionprocedureandthefactsstoredin thecurrentcontext.
Threeinstancesof theextensionschemalifting a decisionprocedurefor UPAI areavailable. First,
augmentationcopeswith user-definedfunctionswhosepropertiescanbe expressedby conditional
lemmas. Second,affinization is a mechanismfor the ‘on-the-fly’ generationof lemmasto handle
a significantclassof formulaein the theoryof UniversalArithmetic over Integers(UAI). Third, a
combinationof augmentationand affinization puts togetherthe flexibility of the former with the
automationof the latter. Finally, RDL canbe extendedwith new lemmaspeculationmechanisms
providedthesemeetcertainrequirements(see[13] for details).

Sinceextensionsof quantifier-free first-orderlogic with equalityareuseful in practicallyall verification
efforts, RDL canbeseenasanopenreasoningmodulewhich canbe integratedin largerverificationsys-
tems.In fact,moststate-of-the-artverificationsystemsfeaturesimilarcomponents,e.g.ACL2’ssimplifier,
STEPvalidity checker, Tecton’sintegrationof contextualrewriting andadecisionprocedurefor UPAI, and
Simplifydevelopedwithin theExtendedStaticCheckingproject.

RDL is availablevia the Constraint Contextual Rewriting Project HomePage at http://www.mrg.
dist.unige.it/ccr .
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Writing Mathematical Publications

TASK LEADER: RISC
SCIENTISTS IN CHARGE: BRUNO BUCHBERGER, WOLFGANG WINDSTEIGER, TUDOR JEBELAN

RESEARCH TEAM : USAAR, RISC, UWB

3.1.a Overview

Thegeneralgoal in theframeof Task3.1 is to usethedevelopedprototypesystemsduringtheprocessof
writing mathematicalpublications.Typically, a mathematicalpublicationcontainsthe following ingredi-
ents:

ß naturallanguagetext,

ß mathematicalformulae,

ß formal text, i.e. definitionsandtheorems,

ß proofs,

ß examples,typically with computations,

ß graphics,tables,drawings,sketches,etc.

In the optimal case,a software systemfor supportingmathematicalpublicationswould supportall the
facetsof mathematicalpublicationslistedabove. Severalsystemsandlanguageshave beenusedfor case
studiesin thisarea.

3.1.b MIZAR

M IZAR approachto this task is basedon two kinds of softwarewhich automatethe processof writing
formalmathematicalpapers:

ß softwareusedto prepareanarticleasa formal text whosecorrectnessis computerverifiedand

ß the software for automatic(or semi-automatic)translationinto the natural language(particularly
English);this includesalsothesoftwarefor translationinto XML-basedformats.



Task3.1: AutomatedSupportto Writing MathematicalPublications

The cooperationwith other Calculemussitesincludesdevelopmentof the Mizar MathematicalLibrary
(MML) andalsotheabovementionedtranslationinto XML formats.Themainpartnersare:USAAR,UED
andCharlesUniversity (ChU) in Prague.TheYoungVisiting Researchesinvolvedin thework are: Josef
Urban(ChU), MarkusMoschner(USAAR) andHazelDuncan(UED). Quite intensive cooperationwith
TUE hasbeenrealizedusingotherfunds. It includesthevisits of FreekWiedijk, Femke vanRaamsdonk
andDanSynek.

Mizar Mathematical Library

In orderto write anew articleoneusestheknowledgestoredin theM IZAR database.Currently, it contains
33186theorems,6448definitions,and680schemes.Thedatabaseis basedonpreviouslysubmittedarticles
which arestoredin theMizar MathematicalLibrary (MML). At themoment,in the library thereare755
articles. The only acceptableway to increasethe databaseis to provide a new article. Moreover, all
changesof the databaseareprocessedby modifying the articlesalreadystored. Becauseof the sizeof
the databasespecificsoftware for searchingthroughits contentsis provided (MML Query, http://
megrez.mizar.org/mmlquery/three.htm l ). Additionally, M IZAR modefor Emacscreatedby
JosefUrbanincludestoolsfor searchingin theMML.

Thecontentsof theMML is revisedquiteoften.Therearetwo mainreasonsfor that: findinga betterway
of formalizationandsteadydevelopmentof the M IZAR software. Therevisionsenablewriting articlesin
moreconciseandtransparentway. Takinginto accounttheir scopetherevisionsmaybeclassifiedas:

ß revisionsthatimprovethequality of theMML without changingthedatabaseor

ß deeperrevisionsduringwhich not only therevisedarticleis changed,but alsootherarticlesdepend-
ing on it.

On the otherhand,we canclassify the revisionsaccordingto the sizeof changesdone. Thereare two
extremecases:

ß hugesystematicrevisions(e.g.changingthetypeElement of REALto thetypereal number ,
wherepracticallythewholeMML is involved(thiskind of revisionsis usuallycarriedout automati-
cally by specificsoftware)or

ß smalladhocrevisionschangingand,asa rule,generalizingonly onetheorem,alwaysdoneby hand.

Rarely, so-calledrestructuringof theMML is performed.It concernsmoving someof theinformationfrom
onearticleto another.

Thebasicconceptsof settheoryarequitewell developedin theMML. This includes:

ß thetheoryof booleanoperationson sets(XBOOLE 011, XBOOLE 1)

ß infinite operationson sets(ZFMISC 1),

ß binaryrelations(RELAT 1, RELAT 2),

ß setfamilies(SETFAM 1),

ß enumerablesets(ENUMSET1),

ß functions(FUNCT 1, FUNCT 2),

ß ordinalandcardinalnumbers(ORDINAL1, ORDINAL2, CARD 1, CARD 2).

11This is anexampleof Mizar article identifier. A full list of M I ZAR articlescanbefoundat http://mizar.uwb.edu.pl/
JFM/mmlident.html
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Also thebeginningsof classicalmathematicsarealreadydone.This includes:

ß realnumbers,

ß complex numbers,

ß trigonometry,

ß realfunctions,

ß differentialandintegralcalculus,

ß sequencesandseries.

An exampleof a recentachievementis theproofof FundamentalTheoremof Algebraby RobertMilewski
[199].

In themodernmathematicsthemostdevelopedfieldsare:

ß generaltopology,

ß latticetheory(that is partially causedby oneof theattacksto formalizecontemporarymathematics,
[126]),

ß category theory; two approachesto this theory were investigated:one in which a category is a
quintuple ú,ê Ó�% Ó�ë é $�Ó�¥ é ë*Ó�¥ é $yá õ
thesecondapproachcloserto homologicalalgebrain whicha category is presentedasa triple

úìê ÓuòBío²s��Ð é Ù Ó é p Ô¾ówî3ï�; î�ð 9�ñ Óuò�ò�î3ï�; î�ð3; îGólówî3ï�; î�ð5; î�ó 9�ñ õ
where ò�î3ï�; î�ð5; î�ó~��ío²���Ð é Ù Ó é p Ô#ôuío²���Ð é p Ó é�õ ÔGçöío²s��Ð é Ù Ó é�õ Ô �

ß the theoryof vectorspaces(real spacesaswell asvectorspacesover arbitraryfields – actuallya
specificpartof thetheoryof modulesover rings);it includesHahn-Banachtheorems,

ß grouptheory, e.g.Frattini subgroupandsolvablegroupsarealreadydefined.

A seriouseffort hasbeenmadein thetheoryof RandomAccessTuringMachines(RATM). It includesboth
RATMs working on specificdatatypes(integers,finite sequencesof integers)andgenericones(RATMs
overanarbitraryring).

TheMML consistsmostlyof ’primary’ informationi.e. articleswhich apartfrom main theoremsinclude
alsolemmasrelatedto variousfieldsof mathematics.It is thereasonwhy theknowledgerelatedto thesame
topic is dispersed.Recently, someeffort hasbeenmadeto develop’secondary’informationapproachand
organizethemostusefultheoremsinto theories.As yet, theideahasbeenappliedin articlesXBOOLE 0,
XBOOLE 1 devotedto thebasicpropertiesof booleanoperationson sets.In thenearestfuture thesame
will bedonewith elementarytheoryof realnumbers.It is thebasisof whatwe call TheEncyclopediaof
Mathematicsin Mizar (EMM).

Writing an article

A new article is preparedasa plain text file usingany ASCII editor. However, GNU Emacsis preferable
sinceall M IZAR distributionsprovide a specialmodewhich facilitatesthe processof writing M IZAR ar-
ticles. A M IZAR article is written by step-wiserefinementapproach.It usuallystartswith a proof plan
andthen,aftergettingreporton errors,the gapsin the reasoningarefilled. Every article consistsof two
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parts:theenvironmentdeclarationandthepropertext. They areprocessedby separateprograms.Thefirst
part is processedby ACCOMMODATOR that communicateswith the databaseandprepareslocal environ-
mentfor the article. The authordeclareswhich resourcesfrom the databaseareneeded.The directives
thatcontrol this processmaybedividedinto threecategories:lexical directiveswhich areusedto prepare
lexical environmentof thearticle- usedsymbols,library directivesrelatedto previouslystoredarticlesand
requirementsdirectiveswhich enableusingbuilt-in informationrelatedto particularmathematicalobjects
(sets,numbers).Therearealsosomeutilities which assistthepreparationof theenvironmentdeclaration.
Someof themare:

ß
FINDVOC - informsin which vocabularya particularsymbolhasbeenintroduced

ß
CONSTR - showswhich constructorsarenecessaryto usea specificresourcefrom thedatabase(e.g.
a theorem).

Thepropertext of anarticleis processedby aprogramcalledVERIFIER. Its mostimportantlogicalmodules
areREASONER, CHECKER andSCHEMATIZER.

ß
REASONER Themainroleof thismoduleis to checkwhetherthestructureof theproof is correctwith
respectto the formula beingproved. We saythata proof ’fits’ a formula if it is createdaccording
to tacticsdeterminedby the structureof the formula. Apart from checkingthe fitnessof formulae
REASONER computesalsotheresultof diffusedreasoningandgeneratesformulaecorrespondingto
genericwordsusedin Mizar (e.g.,uniqueness , existence (correctnessconditionsof functor
definitions),symmetry (a default propertyof somepredicates),thesis (the currentgoal in the
proof)). It alsogeneratesdefinitionaltheorems.

ß
CHECKER It is ashortcutfor ’inferencechecker’. It checkswhetherareferenceprovidedin astraight-
forwardjustificationmakesaninferenceobviousfor thesystem.

ß
SCHEMATIZER This moduleenablestheuseof so-called’schemes’thataretheoremswith second-
orderfreevariables.

All partsof thesystemareundersteadydevelopment.Let uslist thework in progress:

ß new requirements thatintroduceto thesystemmoreelementsof computeralgebra

ß automationof theuseof definitionalexpansionsin CHECKER (now it is only donein REASONER)

ß new implementationof attributes (staticreconstructionof argumentsof adjectives);it will en-
ableremoving somepeculiaritiesof the system(e.g. non-clusterableattributes)andwill make the
CHECKER stronger.

ß new semanticsfor SCHEMATIZER with thegoalto make it moretransparent

ß introducingtheconceptof ’structureloci’ thatwill makeobviousfactslike ’if a topologicalgroupis
compactthenthetopologicalspaceof it is compact’.

Enhancingan Article

A collectionof so-called’enhancers’playsa specialrole in theM IZAR system.Theseareutilities thatare
usedto makearticlesbetterin qualityandusuallymoreconcise.They areusedin variousways:

ß by theauthorto enhancehis articles,

ß aftera revision to makeuseof newly introducedchangesto theMML or M IZAR itself, and
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ß in therefereeprocess.

Themostimportantof themare:

ß
IRRVOC - findsunnecessaryvocabularynamesin avocabulary directive

ß
IRRTHS - reportsirrelevantarticlenamesin theorem andschemes directives

ß
RELPREM - findsunnecessaryreferencesin a justification

ß
RELINFER - findsconsecutiveproof stepsthatmaybedonein onestep

ß
RELITERS - indicatestwo consecutivestepsin iterativeequalitiesthatcanbedonein onestep

ß
TRIVDEMO - reportswhena proofcanbesubstitutedby astraightforwardjustification

ß
CHKLAB - findslabelsthatarenot referredto

ß
INACC - showssuperfluousfragmentsof thetext.

Theoutputof theabove utilities is markedaserrorsin the text of anarticleandtheauthorcorrectsthese
errorsby hand.For thesake of revisionsanautomaticversionof theutilities arealsomaintained.

Publishing an Article

FormalizedMathematics(a computerassistedapproach) (FM), ISSN1426-2630,publishesthe contents
of M IZAR articlessubmittedto theMML. All atriclespublishedin FM arein English. Thetranslationof
M IZAR texts into Englishis madeautomatically. Thematerialpublishedconcernsthesurfacepartof Mizar
articles. Proofsforming the innerpartsarenot yet translated,but otherelements- theorems,definitions,
schemes,andreservationsandglobalsetsif necessary- are.

An electronicextensionof FM, Journalof FormalizedMathematics, is availablefrom URL addresshttp:
//mizar.uwb.edu.pl/JFM/ . In contrastto the paperedition, the electronicextensionis dynamic
andcanfollow changesin the M IZAR systemandin theMML aswell asreflectthe improvementsto the
translationprocess.As a result,therearetranslationsof M IZAR articlesupdatedaccordingto their current
statein theMML.

Theprocessof translationis mechanized,but thefinal resultmaybeimprovedby author-editorinteraction.
Thegoalof the interactionis to optimizethetranslationpatternsfor new M IZAR formatsfrom thearticle
beingtranslated.

The processof translationis performedin several steps. First, a M IZAR article is parsedandstoredin
someabstractform. Next, the analyzingrulesareappliedto enrich the abstractform by somestatistic
information.After that,translationpatternsfor formulaeandformatsareused.Finally, thefilling text, the
summary, andthesectiontitlesareadded.

Thesestepsandthe managementof translationpatternsarerealizedby the following programslisted in
Table1.

In Table1, $1 standsfor the nameof M IZAR article, $2 standsfor the nameof a databasefile “$2.frd”
with translationpatterns,and$3 standsfor the nameof a list of M IZAR articles(usuallya codefor the
journal issue)in thefile “$3.lar”. Thequestionmarksin “$1.?” and“ ® .?” standfor thesectionnumberof
the M IZAR article and ® indicatesthenamesof M IZAR articlesfrom the list in file $3.lar. ACCOM($1),
PREL($1),andPRELstandfor M IZAR internalformatfilescreatedby theACCOMMODATOR or available
from M IZAR directories.

Thecontentsof thefiles areasfollows:
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Program param. inputfiles outputfiles
accom $1 $1.miz,PREL ACCOM($1)
fmparse $1 $1.miz,ACCOM($1) $1.fma,$1.nfr
newfmfrm $1-l$2 $2.frd,ACCOM($1),PREL($1) $1.fmn,$1.fmd
addfmfrm $1-l$2 $2.frd,$1.fmn $2.$-$
fmfrm $1-l$2 $2.frd,$1.nfr, $1.fmn,ACCOM($1) $1.fmf,$1.fmz
resvar $1 $1.miz,ACCOM($1) $1.ire
fmnotats $1 PREL($1) $1.fms
fmanalyz $1 $1.fma,$1.fmf, $1.ire,ACCOM($1) $1.?
jformath $3 [/d

ø
/f] [formath.set,]$3.lar, ® .bnt, ® .fms, ® .? $3.tex

latex $3 $3.tex, ® .?, formath.cls, fom10.clo,
mizarfrm.tex [, ® .bbl]

$3.dvi,$3.aux

Table1: Managementof translationpatterns

$1.fma - an abstractdescriptionof the surfacepart of article $1.miz(reservations,definitions,theorems,
schemes,andglobalsets).

$1.nfr - new formatsintroducedin article$1.miz.

$1.fmd - generatedtranslationpatterns(with identification)of old formatsexistingin $2.frdwhichareused
in definitionsin article$1.miz.

$1.fmn - generated(or re-editedby theeditoror theauthorof anarticle)translationpatterns(with identifi-
cation)of new formatsfrom article$1.miz(not yet introducedinto $2.frd).

$2.frd - databasefile of translationpatterns(with identification).

$1.fmf - translationpatterns(without identification)of formatsorderedaccordingto $1.frm from AC-
COM($1)and$1.nfr.

$1.fmz - formatidentificationsorderedaccordingto $1.frmfrom ACCOM($1)and$1.nfr.

$1.ire - informationfor reservedvariablesif they areusedin elementstranslated.

$1.fms - (signature)list of articlesintroducingnotation(constructors)usedin translatedelementsfrom
article$1.miz.

$1.?, ® .? - final LATEX input includinga translationof thesectionnr ? from article$1.miz(or ® .miz).

$3.lar - list of articlenames.

$1.bnt - bibliographicnotesof thearticle,thesummary, andthesectiontitles.

formath.set - basicinformationof thepublicationissue.

formath.cls, fom10.clo,mizarfrm.tex - LATEX stylefiles.

We planto changethe internalformatusedby thetranslator( ® .fmafiles) to theXML-basedformat. As a
resultof cooperationwithin theCalculemusprojectvariantsof M IZAR utilities havebeendesignedto work
with theXML versionof thedatabase.Also, thetranslationof theMML into OMDOC styleis in progress.

3.1.c THEOREM A

THEOREMA is a prototypesoftwaresystemdesignedto givecomputer-supportto theworking mathemati-
cianduringall phasesof mathematicalactivity. Theaspectof automatedgenerationof mathematicalproofs
in THEOREMA hasalreadybeendescribedin Task2.2. In thissection,wewantto describefacilitiesoffered
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in theTHEOREMA systemthatmakethesystemfeasiblefor writing entiremathematicalpublicationsinside
thesystem.

THEOREMA is implementedon top of thewell-known computeralgebrasystemMathematica, see[188],
in the high-level programminglanguagethat is providedby Mathematicaandit is designedcurrentlyas
anadd-onpackageto Mathematica. This hasthe implication thatMathematicais neededin orderto run
THEOREMA, but, on the otherhand,THEOREMA cansharethe highly sophisticateduserfront-endfrom
Mathematica. Moreover, it runson all hardwareenvironmentson thatMathematicais supported,which
rangesfrom Windows95/NTovervirtually all Unix environmentsto alsoMacintoshcomputers.TheMath-
ematicanotebookfront-endis analmostperfectenvironmentfor composingmathematicaltexts allowing
to mix input,output,graphics,andstructuredtext in onetypeof document.Specialmathematicalnotation
is supportedin all categories,evenin theinput to thesystem.Theuserfront-endis highly configurableand
throughtheMathematicaprogramminglanguageweevenhaveaccessto manipulatetheinputparser. This
particularlynice featuremadeit possibleto implementthe entireTHEOREMA mathematicallanguageon
top of Mathematicaby appropriatemodificationsto theMathematicainput parser.

The style of using THEOREMA is, thus, very similar to the way of communicatingwith Mathematica.
TheMathematicafront-endis aninteractiveenvironmentthatacceptsuserinput typically in form of com-
mandswritten into input cellsthatcanbesentto theMathematicakernelfor evaluation.After loadingthe
THEOREMA packageduringastandardMathematicasession,thebasicusermodeis a“command-process-
answer”loop, in which the userentersa commandin the Mathematicanotebookfront-end,THEOREMA

processesthecommandandprovidestheanswerfor theuserwithin theMathematicanotebookfront-end
again.Dependingon thetypeof command,theTHEOREMA systemanswercanbetheresultof acomputa-
tion in aMathematicaoutputcell or anaturallanguagerepresentationof aproofgeneratedby thesystemin
aseparatewindow, i.e.aseparateMathematicanotebook.SomeTHEOREMA commands,whenthey areof
anadministrativenature,do not producevisible outputbut they only manipulatetheinternalsystemstate,
on which thefollowing interactionsmaydepend.

The THEOREMA system,basically, consistsof a languagefor mathematics,in which all the commands
canbe formulated. Furthermore,it containsmethodsfor processingdifferent typesof commandsgiven
by the user. The entiresystemis implementedasextensionsof the Mathematicakernel written in the
Mathematicaprogramminglanguage,thusbeingfully portableacrossall imaginablehardwareplatforms.
Exceptfor abovementionedadministrativecommands,thebasiccommandssupportedby theTHEOREMA

systemare Prove , Compute , and Solve . When formulating statementshaving somemathematical
content,thehighly sophisticatedlanguageof mathematicsdevelopedover thelastcenturies– thelanguage
of predicatelogic – canbeusedbothin input andin systemoutputincludingall two-dimensionalfeatures
suchassuperscripts,indices,writing somethingon top of anotheror below, usingspecialmathematical
characterslike the setbraces,logical quantifiers,the integral sign,or the summationsign. In additionto
this, we developeda small language,the THEOREMA formal text language,for organizingmathematical
knowledgeinto hierarchicallystructureddefinitions,propositions,theorems,knowledgebases,etc. thatcan
bepassedasargumentsin thecallsto Prove,Compute,or Solve. A descriptionof theformal text language
hasalreadybeengivenin thereporton Task2.2of this document,all detailscanbefoundin [268].

FromtheMathematicanotebookfront-endwe inherit additionaltext-processingfacilities,which arenec-
essary, becauseamathematicalpublicationdoesnotsolelyconsistof mathematicalformulae.For thispur-
pose,anotebookcancontaintext cells,whichallow formattingof naturaltext likestandardtext-processors,
e.g.differentfonts,font sizes,andfont faces,inlinedanddisplayedmathematicalformulae,structuringinto
sectionsandsubsections,automaticnumberingandcross-referencing,hyperlinks,importing picturesor
drawings,etc. TheMathematicafront-endalsoservesasa WYSIWYG-editorfor notebooksthatcontains
severaltoolssupportingdocumentcreation(keyboardshortcutsfor editingcommandsandinput palettes).
Theappearanceof notebookscanbe customizedthroughstylesheets,which determinethe behavior and
theformattingof eachcell type.

Thesefeaturesqualify THEOREMA asa powerful systemfor creatingmathematicalpublicationsentirely
insidethesystem.“Classical”mathematicaldocumentscanbewrittenthatareintendedmainlyfor printout,
as for instancethe thesis[268] or the conferencepapers[266], [267], and [269]. In the remainderof
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this section,we will reporton two casestudiesusing THEOREMA to develop interactive lecture notes.
The CalculemusnodeRISC is very active in the mathscurriculumat the University of Linz andoffers
two mandatorycoursesfor first-yearstudents.Both, “Algorithmic Methods”and“PredicateLogic asa
Working Language”,provide computer-supportfor studentsthroughinterctive coursematerialbasedon
THEOREMA.

Theoremain Algorithmic Methods

The lecture“Algorithmic Methods”focuseson the interplaybetweenmathematicalknowledge andmath-
ematicalalgorithms, concretelyon the transformationof mathematicalknowledgeinto algorithms. The
approachchosenis to show thatmany timesmathematicalknowledgeis alreadyanalgorithmwithout any
needof furthertranslation.Thecoursematerialavailablefor studentsis writtenentirelyin THEOREMA and
it is availablein electronicform for the students.MathematicaandTHEOREMA areinstalledon laptops
thatcanbeusedby thestudentsduringtheir first yearof study.

Theemphasisof thecourseis beingput on themathematicalrepresentationof mathematicalobjectssuit-
able for performingcomputations.Mathematicaldata-structures,suchas polynomialsor matrices,are
presentedin an algorithmicform, suchthat their definitionscanimmediatelyserve asalgorithmsfor do-
main operations. Using this approach,we do not needto translatemathematicaldefinitionsinto their
representationin someprogramminglanguage,andmathematicalstatementscanbe usedasexecutable
algorithms.

In theTHEOREMA language,Functorsareavailablefor this typeof algorithmicconstructionof mathemat-
ical domains,see[266]. Roughlyspeaking,a functor defines,how new operationson objectsof a new
domainaredefinedin termsof known operationsin known domains.The THEOREMA languageseman-
tics providesalgorithmicdefinitionsfor basicoperationson numbers,tuples,andsets.For arithmeticon
numberswe accessthe availableoperationsfrom Mathematica, thuswe have all kindsof numbersavail-
ablethatMathematicacandealwith. TuplesarerepresentedasMathematicalists, basictupleoperations
areimplementedbasedon list operationsavailablein Mathematica. For basicoperationson finite setswe
implementedour own semantics,basedagainon list operationsavailablein Mathematica. Usingfunctors
we canthenbuild up new mathematicaldomainsfrom thebasicdomainsnumbers,tuples,andsets.

An Example: Algorithms usingPolynomials

Asanexample,wedemonstratethedefinitionof univariatepolynomialsoversomefield ¹ andanalgorithm
for polynomial interpolationwritten in THEOREMA. The functor definition of the domainof univariate
polynomialsover ¹ in THEOREMA is shown in Figure3.1.c.

The polynomial functor given in Figure3.1.cdefines,for any ¹ , Poly[¹ ] to be such a domain | , such
that,for any á , ÷ , ÷ , â

ß á is anelementof | if f á is a tupleandeachcomponentof á is in ¹ ,

ß the0 in | is thetupleconsistingof the0 in ¹ ,

ß the1 in | is thetupleconsistingof the1 in ¹ ,

ß the ã in | is thetupleconsistingof the0 in ¹ andthe1 in ¹ ,

ß thedegreein | of á is definedvia somecasedistinction(notethespeciallanguageconstructø Ftù F
denotingthe T suchthat ù F ),

ß thecanonicform in | of á is á without trailing zeros,

ß thesumin | of á and ÷ is thecanonicform of thecomponent-wisesumin ¹ of á and ÷ ,
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Definition[“PolynomialDomain”,any[ ¹ ],½Ù²s´�ú ý ¹�þ��zä,û)�o�)��±�²�¾
ü | Ó����iú�ý áeÓ�÷ûÓR÷�Ó�â9þÒÓ?ý ý á@þ
	 is-tupleý á@þi" �F�H Ù ;7J7J7J7;NM þ�M ?ÿ ý á F þ
ëý � ä�P¸ëÿ R
íý � ä�PÛíÿ R
ãý � ä�P¸ëÿ Ó@íÿ R
Áh�B³ý ý á@þ��zä�� ë � �� H Ù ;7J7J7J7;NM þ�M á � ä ëÿ

Ð øFIH Ù ;7J7J7J7;NM þ�M á F àä ëÿ " �� H�F�� Ù ;7J7J7JN;NM þ�M á � ä ëÿ Ô_Ö í � otherwise

��²i���ý ý ámÓR÷�þ��zä � á*ù � Ù � ÷!& ë}"å÷ � Áh�C³ý ý á@þ
ëÿ � otherwise

canonicý ý á<þ��zä�Pzá F øFIH Ù ;7J7J7J ; �	��
��
 þ�� � Ù R
áåÑ ý ÷å�zä canonicý ü P���²i���ý ý áeÓ�TÕþÂÑ ÿ ��²i���ý ý ÷ûÓGTÕþ øF�H Ø ;7J7J7J ;Maximum
 ����
� 
 þ��I; �	��
� 
 � � � R��
á�Ö ý ÷å�zä canonicý ü�P���²i���ý ý áeÓ�TÕþÕÖÿ ��²i���ý ý ÷ûÓGTÕþ øF�H Ø ;7J7J7J ;Maximum
 ����
��
 þ��I; �	��
��
 � � � R �
á2®ý ÷å�zä�P�� ÿ� H Ø ;7J7J7J7; F ��²i���ý ý ámÓ��9þ5®ÿ ��²i���ý ý ÷ûÓGTmÖ��9þ øF�H Ø ;7J7J7J7; �	��
� 
 þ�� � ����
� 
 � � R
â��ý áe�zä�P+âÙ®ÿ �C²l���ý ý ámÓGTÕþ øF�H Ø ;7J7J7J ; ����
� 
 þ�� R
á êý â.�zä�P���²i���ý ý áeÓ�TÕþ¾êÿ â øFIH Ø ;7J7J7J ; ����
� 
 þ�� R

� þ

Figure17: Functordefinitionfor thedomainof univariatepolynomials
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ß thedifferencein | of á and ÷ is . . . ,

ß theproduct ® in | of á and ÷ is . . . ,

ß the product � in | of a constantâ and á is the tuple containingthe productin ¹ of â with each
componentof á , and

ß thedivision ê in | of á by a constantâ is thetuplecontainingthequotientin ¹ of eachcomponent
of á with â .

Computationswith polynomialscannow immediatelybeperformedwith theCompute commandof THE-
OREMA12. Knowledge,whichshouldbeavailablethroughoutthesession,canbeputto aglobalknowledge
baseusingthecommandUse.

In[1]:= �������  Built-in � !�"$#&%&'(�)��!+*-, Built-in � !�./#10+2�354 61�)7���!+*-, Built-in � !�8:9�2&2;�=<�354 >��)��!+*-,
Built-in � !�?@#;ACBD�)7���!+*-, Built-in � !�?@#&AEBF�)7�G/9�AH0+4(2&��!+*-, Definition I !�JK9�' L;2;9�AM4N0+'NG/9�AH0+4(2&!+*POQ*

In[2]:= 8:9�AM%&#;35RTS-UWVX:,;YZ:,5[;,F\XKO^]_;`�a b�c dKe U�[;,f\Y OQg
Out[2]= UWVXh,ji\ [ ,�[;,D\XkO
In[3]:= 8:9�AM%&#;35R S UWVX:,;YZ:,5[;,F\XKOml_;`�a b�c dKe U�[;,n\X [ ,jY\ Xh,	opkO g
Out[3]= U�[;, YV Z , p \X Y Z , Y;\=q+V\ X q Z , Z i\=Y�q , YX i , oY;\ O
In[4]:= 8:9�AM%&#;35R S p r_;`�a b�c dKe U�[;, \X [ , Y\ X:, op$O g
Out[4]= U�[;, pX [ , \)V\ X , o O
In[5]:= 8:9�AM%&#;35RTS-U�[;,M\X [ ,jY\ X:,	op$Ots_;`�a b�c dKe p g
Out[5]= U�[;,u\Y;\ [ ,jYi;\ ,joV�i O
Having giventhealgorithmicdefinitionof univariatepolynomialsasoneof thefundamentaldatastructure
for algorithmicmathematics,we canthenusepolynomialarithmeticwhendiscussingalgorithmsfor poly-
nomialinterpolation. Thealgorithmfor Lagrangeinterpolation,asanexample,computestheinterpolating
polynomial for (tuples) v , w of degree x over somefield y asa certainlinear combinationof Lagrange
basispolynomials.Whatwe needfor beingableto computetheinterpolationpolynomialis thealgorithm

Algorithm [“LagrangeInterpolation”,any[ v�zWwhzWx{zWy ],|@}D~f��}F�K~F�	���f���������f��}D�W���F�:� v@zWwhz=x{z�y����N� �K�k�P���T��� �F� �C��W�/�+�(�(�(�(� � w �  ¡�¢=£¥¤ � �C�§¦ � � v@z=x{z�y���¨ �
andthedefinitionof theLagrangebasispolynomials¦ � .
Definition[“LagrangeBasisPolynomial”,any[ v�zWx{z�©fz�ª ],¦ � � v@z=x{z�y����N�¬«�­ �f��� �1� �C�®��@���(�(�(� � �®�¯�h� «°v�T�W� �1� �C� ±�T��� �1� �C�:² v ®�³=´&´¶µ�f��� �1� �C� ­ �®��@�+�(�(�(� � �®�¯�h� «5v � ±� v ®�´ �
After addingAlgorithm[“LagrangeInterpolation”] and Definition[“LagrangeBasisPolynomial”] to the
globalknowledgebasewecanimmediatelycomputetheinterpolationpolynomialin concreteexamples.

In[6]:= ·�¸�R)¹/'(¸59&I ¹/'(º�9�754 3�»&A¼I¥½�¾$0+º�7�0+2&º�R)¿-2�3�R)75%F9�'N0�354(9�2&À ÀQ*-,�G@R)6&2&4 3�4(9�2$I¥½�¾§0+º�7�0+2&º�R=ÁÂ0+¸�4(¸5JK9�' L;2&9�AM4N0+'(À À¥*(*
In[7]:= 8:9�AM%&#;35R�I ¾$0+º�7�0+2;º�R=¿-2�35R=75%D9�'N0�3�4(9�2kI U \ , Y , X , V , Z O�,�U X , \ , Z , Y , q O�, Z ,�.@*(*
Out[7]= %;Ã1S-U Z \ ,FÄ{\ [ i X\=Y ,	V�V Xo ,DÄ{\=q;\\=Y ,	io OQg

12In aMathematica/THEOREMA sessionlinesprecededby ‘In[i]:=’ denoteinput to thesystem,linesprecededby ‘Out[i]=’
show thecorrespondingoutput.
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This means:thepolynomialfunctionof degree5 over Å , which evaluatesat 1 to 3, at 2 to 1, at 3 to 5, at4
to 2, andat 5 to 6, is thepolynomialfunction(pf) associatedto thepolynomial ²�Æ$Ç z$È �)É�Ê�Ë�)Ì zFÍ�Í ËÎ zKÈ �)Ï���)Ì z ÊÎ ³ ,
i.e. ÆKÇE± ��É+ÊWË�=Ì vÑÐ Í�Í ËÎ v Ì ± �=Ï���)Ì v Ë Ð ÊÎ v Í . We now usetheMathematicacommandPlot for visualization:

In[8]:= J�Ò(Ó+Ô S Z \@Ä \ [ i X\=YÖÕ ]×V�V Xo×Õ&Ø Ä \=q;\\=YÙÕ;Ú ]ÛioTÕ&Ü;Ý�Þ=ÕFÝ \ Ý Z�ß Ý�à/á�â(ã ¾ â(ä R=¸:åæ¹/ç;Ô5Ó�èHé�Ô â(ê g;ë

2 3 4 5

1

2

3

4
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6

Thecorrectnessof this interpolationmethodcouldnow beformulatedin thesamelanguageas

Theorem[“Correctnessof LagrangeInterpolation”,any[ v�zWwhzWx{zWy ],ì®��@���(�(�(�(� � |@}D~f��}F�K~F�	���f���������f��}D�W���F�:� v@zWwhz=x{z�y�� � v ® �Â��w ® �
and it could be proven automaticallyby an appropriateTHEOREMA prover using the sameknowledge
in the knowledgebaseasit wasneededfor computing13! Furtherlessonsin this lecturecover Gaussian
eliminationfor systemsof linearequations,Groebnerbasesfor solvingsystemsof polynomialequations,
andNewton’smethodfor arbitrarysystemsof equations.

Theoremain PredicateLogic asa Working Language

“PredicateLogic asWorkingLanguage”is acoursewhichwastaughtby B. Buchbergerfor thefirst timein
thesummersemester2002for undergraduatestudentsof mathematics.Thecourseevolvedfrom [77], the
course“Thinking, Speaking,Writing”, andthecourse“Mathematicsfor ComputerScience:Algorithmic
andNonalgorithmicAspects”,which B. Buchberger taughtvarioustimes in the period1980- 2002for
computerscienceandmathstudentsat both theundergraduateandgraduatelevel. Thecourse“Predicate
Logic asa Working Language”differs from the earliercoursesby beingcompletelywritten in the THE-
OREMA language.For eachof theelementaryandmoreadvancedlanguageconstructsof predicatelogic,
first, thesyntaxin many notationalvariants,includingnaturallanguagesyntax,is explained.Theexternal
two-dimensionalTHEOREMA syntaxis usedasareferencestandardandtheinternalTHEOREMA syntax(a
linearsyntaxof nestedterms)is usedasa meansfor clarifying standardparsing.Then,theinferencerules
for the languageconstructsareexplainedin detailaccompaniedby lots of examples.In addition,various
practicalstrategiesaresuppliedfor inventingproofsby combininginferencerules. Also, variouswaysof
structuringandpresentingproofsaregiven. Thevariousrulesandstrategiesaretrainedby examplesand
exercises.Also, it is shown how mostof thesetechniquesareusedin the THEOREMA systemfor gener-
atingproofsin a completelyautomatedway. It is shown how the typical THEOREMA proversimitate the
heuristicsfor findingproofsgivento thestudentsduringthecourse.

In addition to introducinginferencerules and strategies for proving, inferencerules and strategies for
solving andsimplifying formulaeand termsaregiven. Thus,predicatelogic is presentedasa uniform
framefor proving, solving,andsimplifying. During thecourse,“reasoning”is developedmoreandmore
asa network andaninteractionof proving, solving,andsimplifying steps.

13Proving mathematicaltheoremsis, however, not in thescopeof thelecture.
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Computingis viewed as a specialcaseof simplifying (namely, simplifying groundtermsto canonical
forms). In this way, it becomesclearthatpredicatelogic containsa universalprogramminglanguageasa
naturalsublanguage.Basically, this sublanguageconsistsof conditionaltermsandquantifierexpressions
with boundedranges.In this part of the language,“sequencevariables”play an importantpracticalrole.
Sequencevariablesarevariables,for whichanarbitraryfinite numberof termscanbesubstituted.This is in
contrastto theordinaryvariablesof predicatelogic for which we canonly substituteexactly oneterm. By
having a programminglanguagewithin predicatelogic, algorithmicmathematicscanbepresentedin the
samelanguageframeasnonalgorithmicmathematics.Thus,in particular, algorithmverificationis just a
specialcaseof proving within predicatelogic. Also, thecorrectnessproofsof algorithmsandtheexecution
of algorithmson concretedatacanbedonein thesamelanguageframe,namelythe THEOREMA version
of predicatelogic.

Particularemphasisis alsogivento the reasoningtechniquesfor introducingnew conceptsby definitions
of variouskindsandfor extendingthelanguageby specialquantifierswhicharemeaningfulonly in special
theoriesas,for example,the sumandproductquantifier, the setquantifiers,or the limit, derivation,and
integrationquantifiers. Using definitions,a layeredbuild-up of mathematicsis explainedand the tech-
niqueof “theory exploration” (thesystematicexplorationof thepropertiesof new conceptsintroducedby
definitions)is introduced.It is shown how typical proofsin theexplorationof theoriesthat resultfrom a
giventheoryby introducingnew conceptsby definitionsproceedin thethreestepsof unfoldingdefinitions,
working in thegiventheory, andfolding formulaeby usingdefinitionsbackwards.

Finally, it is shown how the generalreasoningrulesfor predicatelogic, i.e. the rulesvalid in the empty
theory, canbegraduallyaugmentedby specialreasoningrulesandstrategies,i.e. rulesandstrategiesthat
arevalid only in specialtheories.As examples,reasoningrulesfor settheoryandfor inductivetheoriesare
provided.

A first versionof lecturenotesfor this coursewasdistributedto the studentsandthe studentswerealso
given the opportunityto experimentwith the THEOREMA system.However, significantadditionalwork
will benecessaryfor a completeandpolishedversionof thelecturesnotes.In themathcurriculumat the
Universityof Linz, this new courseis scheduledfor the secondsemester. In the courseevaluation,some
studentssaidthatthey wouldappreciateto getthesefundamentaltechniquesfor exactreasoningright at the
beginningof their studyin a concentratedform. However, it is clearthat this would entailradicalchanges
in thestructureof themathcurriculum.Also,onemayarguethatit is necessaryfor thestudentsto getsome
first acquaintancewith thecontentsandstyleof universitymathematicsbeforethey canreally appreciate
thetechniquespresentedin this practicalpredicatelogic course.

3.1.d The OMDOC Markup Languagefor OpenMathematical Doc-
umentson the Web

Mathematicaltextsareusuallyverycarefullydesignedto givethemastructurethatsupportsunderstanding
of the complex natureof the objectsdiscussedandthe argumentationsaboutthem. The OMDOC con-
tentmarkupscheme[157], which hasbeendevelopedby MichaelKohlhaseat USAAR, supportsauthors
with writing formal mathematicaldocumentsincludingarticles,textbooks,interactivebooks,andcourses.
OMDOC allows to capturethe semanticsandstructureof thesedocuments.Varioustools, suchasXSL
transformation,areavailableto transformOMDOC documentsinto otherformatsfor presentationpurposes
(using,e.g.,MathML) or to supportinter-systemcommunication(e.g.,by transformationinto thelogic of
a theoremprover).
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3.2.a Overview

Theprimarygoalin this work taskis to investigateandemphasizetherelevanceof themethodsandmath-
ematicalservicetools developedby the CalculemusNetwork for the applicationof formal methodsto
programverification. While formal methodsis undoubtedlya very prospectousapplicationareafor our
research,we have, in addition,identifiedthe educationsectorasanotherinterestingareawhereour con-
tributionsmay have an impact. To stayabreastof changeswe proposea respective amplificationof the
definitionof researchtask3.2in theyearlyreportfor 2002.

We briefly sketchsomeapplicationsin theformal methodsandeducationarea.

Formal MethodsApplicationsí In acooperationbetweenSaarlandUniversity, thesemi-industrialGermanResearchCentrefor Arti-
ficial Intelligence(DFKI), andtheUniversityof Edinburghanapproachto supporttheverificationof
hybridsystemswith thehelpof mathematicalservicesin MathWebis currentlybeingdevelopedand
analyzed[42, 41]. An internshipof a youngvisiting researcherof the network in a major interna-
tional communicationsystemscompany is currentlybeingaccomplishedwith theaim to investigate
therelevanceof this verificationapproachfor practicalapplications.í In a cooperationwith the DFKI in Saarbr̈ucken,University of Genua,andSaarlandUniversitywe
investigatewhetherspecializedreasoningtools within the MathWeb-sbcan fruitfully supportthe
formalverificationof informationflow properties.Informationflow propertiescanbeusedto express
confidentialityandintegrity requirementsof systems.í A similar topic hasbeeninvestigatedin a cooperationbetweentheUniversityof Edinburghandthe
Universityof Genoa.It concernserrordedectionin securityprotocols.
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í At ITC-IRST in Trentoa symbolicverificationtechniquethatextendsBoundedModel Checkingis
investigatedandMathSatis employed in this context. Anothertopic is error detectionin security
protocolswith SAT-basedmodelchecking.í Universityof Edinburghtriesto applyproofplanningin first orderlineartemporallogic (FOLTL) to
featureinteractionsasthey arisein largetelephonenetworks.

Education systemsrelatedactivitiesí The Theoremasystem,which hasbeenpresentedin Task 3.1, is employed in educationpractice
alreadyatUniversityof Linz.í ACTIVEMATH [197] is alearningenvironmentfor mathematicsbeingdevelopedmainlyattheDFKI
in Saarbr̈uckenandpartly at the Universityof Saarbr̈ucken. Thegoalof the project’s researchand
developmentis a web-basedinteractive learningsystem(for mathematics)that usesinstructionas
well as constructivist elements.The project providesan architecture,basicknowledgerepresen-
tations,andtechniquesfor new-generationon-line interactive mathematicsdocuments(textbooks,
courses,tutorials)ande-learning.TheACTIVEMATH system,whichmakesor wantsto makeuseof
mathematcialservicesandtechniquesdevelopedin thenetwork, is alreadyprototypicallyappliedin
lecturesatSaarlandUniversity.

ACTIVEMATH cooperateswith externalsystems,suchasproof planningsystemsor computeralge-
brasystems.They canbecalledin orderto supporta userin exerciseproblemsolvingor to check
thecorrectnessof a solution. Externalsystemscanalsobeusedto presentexamples.In particular,
theknowledgeacquiredfor automatedproof planningcanbeusedto explicitly teachmathematical
methodsandcontrol knowledge. At present,ACTIVEMATH ratherconcentrateson employing ex-
ternalsystemsindividually andindependentfrom eachother. However, it will clearlybenefitfrom
theresearchof thenetwork ontheintegrationof systemsfor deductionandcomputation,sincemany
exercisesdo requiresuchaninterplay.

A subsetof theaboveapplicationswill now bediscussedin moredetail.

3.2.b Hybrid SystemVerification

Hybrid systemsareheterogenousdynamicalsystemscharacterizedby interactingcontinuousanddiscrete
dynamics. The enormouspresenceof hybrid systemsin safetycritical applications,suchasautomated
highwaysystems[138], air traffic managementsystems[178], embeddedautomotivecontrollers[28], and
chemicalprocesses[120], increasinglycalls for safetyguarantees.Sincetraditionalprogramverification
methodsallow at bestto approximatecontinuouslychangingenvironmentsby discretesampling,special
verification methodsfor hybrid systems,suchas [132, 133, 134], have beendeveloped. A frequently
employedmethodis to modelhybrid systemsby hybrid automata.A hybrid automatonis a closedsystem
with abuilt-in controlstructuredeterminingwhenandhow thesystemswitchesbetweenits variousdiscrete
states. Therebythe continuousbehaviour in eachdiscretestateis governedby a differential equation.
Theverificationmethodwe will employ in our work is thededuction-basedmodelcheckingapproachfor
hybridsystemsdescribedin [212]. Givena specificationof a hybridsystemî (a hybridautomaton)anda
safetyproperty ï theapproachgeneratesa secondorderformula ð5ïòñ&ó suchthat thevalidity of thelatter
guaranteesthatpropertyï is valid for î . To supportthevalidationof ð5ïòñ&ó thismethodeliminatessecond
order locationpredicatesin ð5ïòñ;ó oneby onein order to transform ð�ïòñ;ó into an equivalentfirst order
formula ô , if possible.With thevalidationof ô theverificationapproachterminates.

For the above deduction-basedmodelcheckingapproachwe have identifiedthe following mathematical
subtasks:(1) The solution of setsof differential equations,(2) checkingsubsumptionbetweensetsof
constraints,and(3) checkingconsistency of setsof constraints.
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In general,solvingthesetasksis feasiblein caseof linearconstraintsandlineardifferentialequations.Our
aim, however, is to widen the spectrumof the approach,for instance,by allowing alsonon-linearcon-
straintsanddifferentialequations.Mathematicaltaskslike (1) – (3) mayalsoberelevantfor otherhybrid
systemverificationapproaches.For instance,[135] employedthecomputeralgebrasystemMATHEMAT-
ICA to solve linearconstraints.MATHEMATICA waslater replacedby a moreefficient implementationof
a specializedconstraintsolvingalgorithm[136]. However, multiple implementationsof thesamekind of
mathematicalservicesin differentverificationsystemscouldandshouldbestbeavoided,especiallyif their
realizationis complex andchallenging,suchasin our context.

Weproposeto modelexistingreasoningsystems,suchascomputeralgebrasystemsandconstraintsolvers,
asmathematicalservicesandto provide themin a network of mathematicaltools in a way that they can
reasonablysupportsubtasksasthey mayoccurin formal methodsapplications.Themotivationis to make
it simplerto implementandtestverificationapproachesby out-sourcingcomplex but preciselyidentifiable
mathematicalsubtasksfor which specializedreasonersdo alreadyexist. Allowedly, in casea verification
approachlater turnsout to besuccessful(seefor instance[136]) it maybereasonablefrom efficiency as-
pectsandalsofrom concessionaspectsto replacetheconnectionsto mathematicalservicesagainby fastre-
implementationsof theparticularlyneededalgorithms.However, startingwith thelattermaydramatically
slow down aquickdevelopmentandimplementationof new verificationenvironments.This is particularly
true in casetheautomationof the mathematicalsubtasksis alreadyon theedgeof currentresearch,such
asgivenin ourcase.Thismotivatesourproposalto build upanetwork of mathematicalreasoningservices
for formal methods.The moreserviceswill be appropriatelyaddedto sucha network the morelikely it
will bethatalsootherverificationapproachescandirectly employ them(in earlydevelopmentstages)for
thesamepurpose.

We summarizethe deductive modelcheckingapproachdescribedin [212] and identify the subtaskswe
wantto modelasmathematicalservicerequests.

Modelling of Hybrid Systems Hybrid systemsaremodelledashybridautomata,whicharepresentedas
finite graphswhosenodescorrespondto globalstates(locations).An exampleof anhybrid automatonis
givenin Fig. 18.

The local reachabilitytheoryis a logical representationof all immediatefuturestatesthatcanbereached
from a givenstate.For instance,thelocal reachabilitytheoryfor stateõHöø÷ of theautomatonin Fig. 18 is
givenasthefirst orderformula

ì v@z=ùhú õHöø÷$ûüv�zWùKýjþ ÿ� � ù�� Æ��ì���� �
	 � ù ±�� � � Æ þ õHöÙ÷$û v Ð � z=ù ±
� � ý �ù � Æ þ õ��������§û�	Kz=ùKý
Here the possibleimmediatestatetransitionsarecharacterizedby the conjunct ù � Æ þ¶õ��������§û�	kz=ùKý .
In our example,õ��������§û�	KzWùKý is theonly potentialimmediatefuture locationof õÙöÙ÷$ûüv@z=ùKý and ù�� Æ is a
guardfor thetransitionfrom õHöø÷ to õ�������� . In caseof a transitiondatavariablev is re-initializedwith 0.
Thefirst conjuncttellsusthatany valid stateõHöø÷$ûüv�zWùKý hasto satisfythelocationinvariant ù�� Æ . Finally,
the secondconjunctcharacterizesthe potentialtimed successors,i.e., the changeof the datavariablesv
and ù in casenotransitionto asuccessorstateoccurs.Similarly, aninevitability theoryis introducedwhich
characterizesall statesthatareinevitable.

For the constructionof local reachabilitytheory for ¦ it is generallyrequiredto solve the differential
equationscharacterizingthe timed successorsof ¦ . In our examplewe only considervery simplelinear
differentialequationslike �v � Ç and �ù � ±�� in stateõÙöÙ÷ . They expressthat thevalueof v continuously
increasesover time with slope1 andthat the valueof ù continuouslydecreasesover time with slope2.
The correspondingsolutionsfor the differentialequationsare v@û � ý � � Ð�� and ù:û � ý � ±�� � Ð�� . Note
that respective information is requiredfor the formulationof the formula

ì�� � �!	 � ù ±"� � � Æ þõHöÙ÷$û v Ð � zWù ±#� � ý characterizingthetimedsuccessors.If we extendtheapproachto handlealsosetsof
non-lineardifferentialequations,suchas $%�vÛ� v�Ð�ùhz&�ù �('*) or $+�vÛ�-, v Ð.'kz��ùu� Ç z0/v � ù21Mv3) , the
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Zero:�v � Ç�ù � Çù�4 Ç 	
ù �(� Ç

A

One:�v � Ç�ù � Çv54 �
ù � Ç 	76 v��N�8	

B

Three:�v � Ç�ù � ±��v94 �

Two:�v�� Ç�ù � ±��ù�� Æ

v � �C
ù � Æ 6 v��(�"	

D

v � �E

Figure18: Water level monitor: the waterlevel in a tank is controlledthrougha monitor, which contin-
uouslysensesthewaterlevel andturnsa pumpon andoff. We wish to keepthe waterlevel (denotedby
the datavariable ù ) always between1 and12. The figure describesthe monitor that signalswhenever
thewaterlevel passes5 and10 inches. v is theclock of the systemthatdescribesthedelayof thepump
start-up/shutdown. We have to provetheICTL property:�; û Ç 4 ù � ù�4 Ç�� ý .
constructionof thetimedsuccessorformulascanbecomea complicatedtask.Thus,thefollwoing relevant
mathematicaltaskscanbeidentified:

Mathematical service 1: Solving of differ ential equations To supportthe constructionof the timed
successorformulasweproposeto identify suitablemathematicalservicesystemsfor solvingsetsof differ-
entialequations.Our interestis to widenthecurrentspectrumof theapproach,for instance,by extending
it to non-lineardifferentialequationsor secondderivativesin thespecificationof hybrid systems.

Proving Propertiesof Hybrid Systems Propertiesof hybrid systemsaredescribedby formulasof the
Integrator ComputationTreeLogic ICTL [2]. Herewe avoid a formal introductionto ICTL.

An examplepropertyfor our hybrid in Fig. 18 is that for all reachablestatesholdsthat Ç 4æù � ù<4 Ç�� .
With thehelpof the ICTL alwaysoperator:�; this canbeformalizedas ï �":�; û Ç 4 ù � ù=4 Ç�� ý .
In thecontext of ourwork weareinterestedin extendingthedefinitionof ICTL formulassuchthatthey may
alsocontainmathematicalconceptssuchas , õ , >@?�xjûüõøý , ��÷A>Tûüõøý , B)wTxjûüõøý , ��÷�B)wTxjûüõøý , and õ �DC�E . Givena
hybrid systemH, e.g the systemdescribedin Fig 18, and a property ïGF ICTL, e.g. ï �H:�; û Ç 4ù � ù.4 Ç�� ý . We areinterestedto analysethe validity of ï for H. IJ �K$ J 6:î�z;û ¦ z J ýL6 � ï�) describes
thesetof all valuations

J
whereproperty ï is true.SupposeIJ canbedescribedby a (finite) characteristic

constraintformula ð5ïòñ�Mó F CF. Intuitively a characteristicconstraintformuladescribesthenecessaryand
sufficient conditionson thedatavariablessuchthat ï holdsfor ¦ in î . Checkingwhetherî�z	û ¦ z J ý�6 �æï
holdscanbe reformulatedasto checkingwhether

J û	ð5ïòñ�Mó ý is valid. Generally, it is not possibleto find
a characteristicconstraintformula. Insteadof attemptingto construct ð�ïòñ�Mó directly, it is describedfirst
asa formula of the secondorderpredicatecalculus.Thenthe eliminationapproachtries to simplify this
descriptionto a first orderconstraintformulastepby step,if possible.

In our examplewe areinterestedto verify property ï��N:�; û Ç 4�ù � ùO4 Ç�� ý for automatonî sketched
in Fig. 18. This meanswe want to verify that î�z	ûQPR���1÷§z J ý26 �S:�; û Ç 4æù � ùT4 Ç�� ý for all initial states
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ûUP����1÷§z J ý andthis reducesto checkingwhether
J û	ð�:�; û Ç 4 ù � ù�4 Ç�� ý�ñ�V�WYX ¢ó ý for all

J
. Accordingto

ourapproachð�:�; û Ç 4 ù � ù�4 Ç�� ý�ñ�V�WYX ¢ó is givenasthefollowing secondorderformula:

Z[+\D]_^`ba \ced ^cgf ]�\h\

ijjjjjjjjjjjjjjjjjjjjjjjjjjjjk

[+\D]_^mlon7prqhs
t n7pUuR[+\D]_^mlonvpYums w xy z u|{#q~}t*����� }e�|u�� � {.qD}Rw�[+\D]_^mlon�� � pQu�� � su��
q~}Rw `ba \�l�}0p�umst n7pUu `ba \Alonvp�u�s w xy z nL{<�t*����� }e�|n�� � {��gw `ba \Alon�� � pQu�� � sn��.��w c+d ^mlon7pUumst n7pUu c+d ^0lon7pYums w xy z u ���t*����� }e�|u���� ����� w c+d ^0lon�� � pYuR�5� � su�� � w cef ]�\h\�l�}0pUumst n7pUu cef ]�\h\�lon7pUu�s�w xy z nL{<�t*����� }e�|n�� � {��gw cef ]�\h\�lonR� � pUu��O� � sn��.��w�[%\D]@^0lon7pQumst n7pUuR[+\D]_^mlonvpYums w q�{Tub��u�{.qh�t n7pUu `ba \Alonvp�u�s w q�{Tub��u�{.qh�t n7pUu c+d ^0lon7pYums w q�{Tub��u�{.qh�t n7pUu cef ]�\h\�lon7pUu�s�w q�{Tub��u�{.qh�

Here PR���1÷$ûüv@z Ç ý characterizestheinitial state.Thenext four conjunctsspecifythereachabilitytheoryforî composedfrom thelocal reachabilitytheoriesfor all statesasdescribedbefore.Thelastfour conjuncts
finally guaranteethevalidity of property û Ç 4 ù � ù<4 Ç�� ý within all (reachable)states.This formula is
equivalentto

Z[+\D]_^`ba \ced ^cgf ]�\h\

ijjjjjjjjjjjjjjjjjjjjk

[+\D]_^mlon7prqhs
t n7pUuR[+\D]_^mlonvpYums w xy z u|{#q~}+�=q�{Tub�|u�{.qD�t*����� }e�|u�� � {.qD}Rw�[+\D]_^mlon�� � pQu�� � su��
q~}Rw `ba \�l�}0p�umst n7pUu `ba \Alonvp�u�s w xy z nL{<���=q�{Tu��|u�{.qD�t*����� }e�|n�� � {��gw `ba \Alon�� � pQu�� � sn��.��w c+d ^mlon7pUumst n7pUu c+d ^0lon7pYums w xy z u ��� ��q�{Tu���u|{.qh�t*����� }e�|u���� ����� w c+d ^0lon�� � pYuR�5� � su�� � w cef ]�\h\�l�}0pUumst n7pUu cef ]�\h\�lon7pUu�s�w xy z nL{<���=q�{Tu��|u�{.qD�t*����� }e�|n�� � {��gw cef ]�\h\�lonR� � pUu��O� � sn��.��w�[%\D]@^0lon7pQums

wherewehaveexactlyonelocationpredicatefor eachstate.

The Elimination Approach Theremainingproblemconsistsin proving thevalidity of thesecondorder
formula ð�:�; û Ç 4 ù � ù�4 Ç�� ý�ñ�V�WYX ¢ó above. Theeliminationapproachproposesastepwisetransformation
of thesekindsof formulasto equivalentfirst orderstatements.This is doneby a oneby oneelimination
of locationpredicatesin ð�:�; û Ç 4 ù � ù#4 Ç�� ý�ñ�V�WYX ¢ó basedon the eliminationtheorem[213]. General
applicationsof theeliminationtheoremrequiretheevaluationof agreatestfixpoint for thelocationvariable
to be evaluated. For specialapplications,however, the elimination theoremcan be refinedby a much
simplersimplificationlemmawhich doesnot requiresuchcomplicatedcomputations.The specialcases
arethosewhereastate¦ doesnothavedirectedgetransitionsto itself, suchasgivenfor ourautomatonî .
If we canvalidate ð�:�; û Ç 4 ù � ù�4 Ç�� ý�ñ V7W�X ¢óe� � wearedone.Thusit remainsto prove

Z[+\D]_^ ijjk [+\D]_^mlonvp~qhst n7pQuR[+\D]_^mlonvpYums�w xy z u|{.qD}+��qb{Tub��u|{#qD�t��%��� }%�2ug� � {#q~}RwK[%\h]_^0lon�� � pYub� � sn���q~}�w�[+\D]_^ml���p~qhs
Sincewe now facea self-loopthe simplificationlemmais no longerapplicableandwe have to proceed
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with theeliminationtheoremwhereagreatestfixpoint evaluationis generallyrequired.In ourspecialcase
the self-loopis directly subsumedby the initial state. In orderto generallydetectandevaluatefixpoints,
however, we are interestedto checkwhethera current iterative in the fixpoint computationis already
subsumedby a previous iterative. The iterationstherebyaretypically growing compoundsof first order
constraintformulaslike ù�4 Ç 	 �uÇ 4 ù � ù=4 Ç��
which is also the final greatestfixpoint to be evaluatedin our example. As this constraintformula is
consistentthedeductivemodelcheckingapproachtellsusthatproperty

J
is indeedvalid for î , hence,we

aredone.

Thus,wecanidentify thefollowing two mathematicaltasks:

Mathematical service 2: Subsumptionof setsof constraints To supportthefixpoint computationswe
areinterestedin subsumptionchecksfor sets(or conjunctions)of constraints.

Mathematical service 3: Solving setsof constraints We are interestedin the consistency of setsof
constraintsgeneratedby theapproach.Notethatbothtasksarerelatively trivial in caseof linearconstraints.
However, justasfor thedifferentialequationsour interestsis to widenthespectrumof theapproachby, for
instance,includingnon-linearconstraintsin thespecificationof hybrid systems.Thechallenge,however,
will extendtheeliminationapproachto handlealsonon-linearcases.This in turnposesachallengefor the
requestedmathematicalservices.Their strengthsandweaknesseswill determinehow farwe cango.

3.2.c Verification of Inf ormation Flow Properties

Beingableto constructsystemsthatarereliableevenif they operatein hostileenvironmentsis of critical
importance.Whenengineeringsecuresystemsonehasto take into accountthat therearemaliciouspro-
gramslikecomputervirusesor Trojanhorses.Moreover, bugsin (otherwisenon-malicious)programsmay
have similar devastatingconsequences.In orderto ensurethat critical systemsindeedaresecurethe ap-
plicationof formal methodsduringtheir developmentappearsmostappropriate.This meansthatsecurity
requirementshave to bespecifiedformally in a way thatthey canbeverifiedwith mathematicalrigour.

A very elegantapproachto specifysecurityrequirementsis to useinformationflow properties.Following
this approach,e.g.,therequirementthata particularinput givento thesystemmustnot beleakedto some
user is specifiedby the requirementthat the actionsof the systemat the interfaceto that userdo not
dependon theconfidentialinput. Variousdifferentwaysto specifyinformationflow propertieshave been
proposedover thelast20 years.Theapproachthatwe follow hasbeenproposedin [182]. Thecoreof this
approachis a framework (calledMAKS ) for therepresentationof informationflow properties.In MAKS
an informationflow propertyis specifiedby a pair consistingof a view (specifyingwhereinformation
flow is restricted)anda securitypredicate(definingwhat restrictedinformationflow means). Security
predicatesareassembledfrom so-calledbasicsecurityproperties,which arevery primitive information
flow properties.Thismodularrepresentationof informationflow propertieshasmotivatedthenameof the
framework, i.e.ModularAssemblyKit for SecurityProperties, whichwe abbreviateby MAKS .

Techniquesthat simplify the verification of information flow propertieshave beensuggestedin [183].
Thesesocalledunwindingresultsreducethetaskto verify complex informationflow propertiesto thetask
of verifying simplerlocal verificationconditions,theunwindingconditions.Findingwaysto automatethe
verificationof theselocal conditionshasbeenthe objectof our investigations.In the following, we will
illustratethetechniquesthatwe have developedusinga simpleexampleandwill comparetheadvantages
anddisadvantagesof differentapproaches.

We proceedasfollows: Firstly, we specifytheexamplesystemasaneventsystem.Secondly, we specify
theinformationflow propertythatshallbeverified.Thirdly, wespecifyanunwindingrelation,i.e.abinary
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Figure19: A simplesecurityexample

relationbetweenstates.This is a necessaryprerequisitefor verifying unwindingconditions.Fourthly, we
statetheinstantiatedunwindingconditions,i.e. thetheoremsthatwe have proved.After this we areready
to elaborateon theactualverificationeffort andourexperiencesmadewith differentapproachesandtools.

SystemSpecification We considera verysimplesystemwith only 8 differentstates, i.e. > � z�ú	ú�ú�z~> Î . The
set � of statesis specifiedby a predicateis-in-S(seebelow). For our examplesystem,thereareonly three
events(eventsmodelatomicactions),i.e. � � , � Ì and � . The set � of eventsis specifiedby a predicate
is-in-E.

In the following, we assumethat the threenamesfor eventsand the eight namesfor statesall refer to
differentobjects,i.e. � ����8� Ì z�� �������zr� Ì ��8� and > ®b��"> � if ? �� © hold.ì �Tú is-in-Eû��1ý�� û��¼�"� ��� �¼�"� Ì%� �¼�8�hýì >fú is-in-Sû�>&ý�� û�> �8> ��� >ø�"> Ìe� >¼�8> Ë+� >ø�"> Í� >¼�">@  � >¼�8> Ï+� >ø�">�¡ � >ø�8> Î ý (2)

Thepossibletransitionsfor theexamplesystemareviewedin Figure19. Notethateachtransitioninvolves
a startingstate > , an event � that causesthe transition,anda resultingstate >@¢ . The transitionrelationis
specifiedby apredicateis-in-T.ì >fzr>�¢ z��Tú is-in-Tû�>fz��Tzr>�¢Qý�� � û��¼��� � ûWû�>¼�"> � � >�¢���>@ ;ý � û�>¼�"> Ì � >�¢���> Ï ý� ûU>¼�"> Ë � > ¢ �8>�¡	ý � ûU>ø��> Í � > ¢ �"> Î ýWý=ý �û�� �8� � � û=û�>¼�"> � � >�¢���> Ì ý � û�>¼�"> Ë � >�¢���> Í ý� ûU>¼�">   � >@¢:�8> Ï ý � ûU>ø��> ¡ � >@¢h�"> Î ýWý=ý �û�� �8� Ì � û=û�>¼�"> � � >�¢���> Ë ý � û�>¼�"> Ì � >�¢���> Í ý� ûU>¼�">   � >@¢:�8> ¡ ý � ûU>ø��> Ï � >@¢h�"> Î ýWý=ý��

(3)

Specificationof Security Property Thespecificationof a securitypropertyinvolvesthatall eventsare
associatedwith securitydomains.For our simpleexamplesystem,we assumeonly two securitydomains,
i.e. î (for high) and ¦ (for low). The securityrequirementis that no informationshall flow from high
to low. This canbe readasthe confidentialityrequirement:informationin the high domainmustnot be
obtainablefor thelow domain.Theassociationof eventswith securitydomainsis specifiedby a function
dom. ì �Tú domû��1ýj� î � � �"�ì �Tú domû��1ýj� ¦ � û�� �8� � � �¼�"� Ì ý (4)
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Besidesthe associationof eventswith securitydomains,the specificationof securitypropertiesinvolves
two furthertasks.Theseareí specificationof a flowpolicy, sayingwhereflow of informationis allowed/forbiddení specificationof asecuritypredicate, definingwhenarestrictionto theflow of informationis satisfied

For oursimpleexample,theflow policy simplysaysthatthereshouldnot beany informationflow from î
to ¦ .

As securitypredicatewe chooseBSD. This basicsecuritypredicateis formally defined,e.g, in [184].
However, this definitionis not requiredherebecause,accordingto a resultin [183], BSDis implied by the
two conditionslrf andoscthatwill bedefinedfurther in thetext. Hence,whatwe have to do duringproof
searchis: we haveto verify thesetwo conditions.

Specificationof Unwinding Relation Theunwindingrelation £ is abinaryrelationbetweenstates.This
relationis specifiedasfollows.ì >fz~>@¢5ú û_£Hû�>fzr>�¢Qý�� û=ûU>¼�">@  � >�¢���> � ý � û�> �8> Ï � >�¢���> Ì ý� û�> �8>�¡ � >�¢���> Ë ý � û�> �8> Î � >�¢��"> Í ý=ý=ý (5)

Theunwindingrelationis anauxiliaryobjectthatis usedasaparameterof theconditionslrf andoscbelow.

Unwinding Conditions Thetwo unwindingconditionslrf andosc imply thatBSDholds. Thesecondi-
tionscanbespecifiedasfollows:

lrf ¤ � ¥T� C �§¦ � ì >fz��Tzr>�¢ ú�ûWû domû��1ýò��î � is-in-TûU>fz��Tzr>�¢PýWý+¨©£HûU>@¢5zr>&ýWý
osc¤ � ¥T� C �§¦ � ì >fz��Tzr> ¢ z«ª/z«ª ¢ úQû=û domû��1ýò� ¦9� is-in-Tû�>fz��Tz~> ¢ ý=ý � £Hû�ª@z~>&ý=ý¨H¬�ª�¢ úQû is-in-Tû�ª/z��Tz«ª�¢Pý � £Hû�ª�¢5zr>�¢�ýWý (6)

Overall Proof Obligation Usingthepreviousdefinitions,we wantto provethefollowing theorem:û � ý � û�'fý � û�­§ý � û Æ ý � û�®fý%¯ lrf � osc (7)

The General Case Someremarksin orderto avoid thatmisunderstandingsarisefrom thesimplicity of
this example.í We have fixed the unwinding relation. In the generalcase,the unwinding relation is not given.

Thus,to find an unwindingrelationfor which the unwindingconditionshold is a subtaskin proof
construction.í Theexamplesystemis finite. Thetheoryof securitythatweusecanalsobeusedfor infinite systems.
We make thissimplificationhere,in orderto setup asimplestartingpoint.í Thereare other basicsecuritypredicatesthan BSD in the theory. The correspondingunwinding
conditionsdiffer from theonesfor BSD. However, they arestill quitesimilar. So if we succeedfor
BSD, thereis a goodchancethatthis will extendto otherbasicsecuritypredicates.

Employing SAT or QBF solver to tackle the problem As part of the Calculemusinitiative we want
to investigatewhetherspecializedand powerful tools for testingthe satisfiability of quantifiedboolean
formulae(QBF) canbeemployedasmathematicalservicesto supporttheverificationof informationflow
propertiesastheonessketchedabove.
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Mathematical Service1 & 2 Amongthesystemswewantto employ aretheSAT solverChaff, which is
suitedfor solvinglargerealworld SAT instances,andtheQBF-solverQuBE(version1.3).

Mathematical Service 3 We have to to provide appropriatetransformationservicesin order to map
informationflow propertiesspecifiedin first orderpredicatelogic as illustratedabove to the respective
input formatrequestedby theSAT andQBF solverswe wantto employ.

As partof theprojectwe alsowantto explorethedifferencesbetweentheSAT theQBFapproach.Ideally
this analysisleadsto a strategy thatchoosesthebestapproachandanoptimalencodingfor theproblemat
hand.

The SAT and QBF encodingof the aboveexample For aproperencodinginto a SAT or QBFproblem
we have to transformtheoriginal problemformulationinto a booleanformulation. As a preliminarystep
we mustprovidebinaryencodingsfor eventsandstates.

For theeventswe choosethefollowing encoding: ð��$ñ �°	0	 , ð�� � ñ �N	 Ç , and ð�� Ì ñ � Ç 	 . For thestatesthe
following encodingis particularlyconvenient: ð�> ® ñ�� û�? ± Ç ý«± for ? � Ç z�ú	ú�ú�zr² , where x3± is the binary
representationof thenumberx . For instance,ð�> � ñ¼�"	0	0	 and ð�> Ë ñ¼�"	 Ç 	 .
We now provide new encodingsfor the formulae(3), (5), and(6) definedbefore. This canbe doneby
replacingeachvariableof “sort” event,say � , with two booleanvariables,say ³ É and ³ � , andeachvariable
of “sort” state,say > , with threebooleanvariables,say ´ É , ´ � , and ´ Ì .
Thetransitionrelationthenbecomes:

is-in-Tû�´ É z�´ � z�´ Ì zr³ É z�³ � z�´ ¢É z�´ ¢ � zr´ ¢Ì ý+µ
¶····¸
¹ ³ É � ¹ ³ � � ¹ ´ É � ´@¢É � ´ �_º ´@¢ � � ´ Ì�º ´@¢Ì�¹ ³ É � ³ � � ¹ ´ Ì � ´�¢Ì � ´ É�º ´�¢É � ´ �hº ´�¢ ��³ É � ¹ ³ � � ¹ ´ � � ´�¢ � � ´ É º ´�¢É � ´ Ì º ´�¢Ì

»½¼¼¼¼¾
Theunwidingrelationbecomes:£Hû�´ É zr´ � z�´ Ì z�´ ¢É zr´ ¢ � z�´ ¢Ì ý+µ û�´ É � ¹ ´ ¢É � ´ �_º ´ ¢ � � ´ Ì�º ´ ¢Ì ý
To prove the unwinding conditions,say (6.1) and (6.2), by meansof a SAT-solver we turn them into
satisfiabilityproblemsby reasoningby refutation. For instance,the validity of (6.1) is equivalentto the
unsatisfiabilityof its negationwhich,aftersomeobvioussimplifications,is:¬�>fzr> ¢ ú�û is-in-Tû�>fzr��zr> ¢ ý � ¹ £ÖûU> ¢ zr>&ýWý (8)

Thebooleanencodingof (8) is:¬*´ É zr´ � zr´ Ì z�´�¢É zr´@¢ � z�´�¢Ì ú û ¹ ´ É � ´�¢É � ´ �@º ´�¢ � � ´ Ì�º ´�¢Ì �¹ û�´@¢É � ¹ ´ É � ´@¢ � º ´ � � ´@¢Ì º ´ Ì ýWý (9)

Fromtheunsatisfiabilityof (9) we canreadilyconcludethevalidity of (6.1).

As above,thevalidity of (6.2) is equivalentto theunsatisfiabilityof its negationwhich is:¬�>fzr> ¢ z�ª@ú ûWû domû��1ýj� ¦¿� is-in-Tû�>fzr�fz~> ¢ ýWý � £Hû�>fz«ªÂý �ì ª7¢ ú�û ¹ û domû��1ýj� ¦-� is-in-Tû�ª/z��Tz�ª7¢�ý=ý � ¹ £×û�>�¢�z«ª�¢Pý=ýWý (10)

Where¦ �8� � zr� Ì .
This canbeencodedinto a booleanformulaasin thepreviouscasewith theonly additionaldifficulty due
to thereplacementof thesubformulaì ª ¢ ú�û ¹ û domû��1ýj� ¦¿� is-in-Tû�ª/z��Tz�ª ¢ ý=ý � ¹ £ÖûU> ¢ z�ª ¢ ý=ý (11)
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with thecorrespondingexpansion.Theresultingbooleanformulacanbefed to a SAT-solver to decideits
unsatisfiability.

To underlinedifferencesbetweenSAT andQBF encoding,we have to investigatethequantifiersrule into
theencoding.SAT-encodingsrequirethatall variablesinvolvedmustbeexistentialquantified.Whenwe
encountera universalone, we have to unfold it, usinga groundinstantiation. This easily explains the
exponentialgrowing of thespaceinvolved into the computation.UsingQBF-encoding,we canmaintain
universalquantifiers,declaringthemin the headof the Q-dimacsformat(avariantof dimacs).The main
advantagesarethelimitation in thegrowing andaneasierencoding.

Moreover, our strategy workswith thequantifierlist, trying to reducethenumberinvolvedinto the PNF.
Every time we encounteraslastquantifiercloseto theformula,a universalone,we purgeall its instances
into thePNF, reducingthenumberof variables.In thebestcase,wecanreducethePNFto aSAT-problem,
whereall involvedvariablesareexistentialquantified.Lookingat thepreviousexample,thestrategy results
with a SAT-encoding,dueto theeliminationof theuniversalquantifierover ª�¢ .
Solving the problem with Chaff and QuBE As back-engineswe choosestateof theart solver in their
fields.For SAT we employ Chaff 14 andfor QBFour choicewasQuBE15. We startencodingtheproblem
into a Q-dimacsformat,if thequantifiereliminationresultswith only existentialquantifiers,we convert it
into a dimacsformat. After thecomputationwith theconvenientsolver, we parsetheoutput,showing the
paththat satisfiesthe negationof the formula. Note that the solver returnsonly variablesinstantiatedto
true,all theothersareintendedto false.

3.2.d Err or Detectionin Security Protocols

A relatedtopic hasbeeninvestigatedin a cooperationbetweenthe Universityof Edinburgh andthe Uni-
versity of Genoa. It concernsthe useof deduction/computationtechniquesto tackle the verificationof
industrial-strengthsapplications.

In particular, aprocedurefor errordetectionin securityprotocolshasbeenstudiedanddeveloped.Theidea
of this approachis to encodesecurityprotocolproblemsinto propositionallogic which canbeeffectively
usedto find attacksto protocolsby exploiting the computationalpower of state-of-the-artSAT-Solvers
(e.g. Chaff, SIM, etc.). While the approachis quite successfulin finding attacksin securityprotocols,
if the analyzedsecurityprotocol is not affectedby an attack,the proceduremay not terminate. Hence,
it hasbeenstarteda studyon how to extendthe approachfrom falsificationto verification. By security
protocolfalsificationwemeantheproblemto provethattheanalyzedsecurityprotocoldoesnotsatisfythe
specifiedsecurityproperty(e.g.secrecy, authentication,etc.)by returningtheappropriatecounter-example.
Viceversa,with securityprotocolverificationwe meanthe problemof proving that theanalyzedsecurity
protocolsatisfiesthespecifiedsecurityproperty.

Notice that the securityprotocolverificationproblemis undecidablein the generalcase. Therefore,as-
sumptionsaboutthesecurityprotocolshave beenidentifiedin orderto ensuretermination.However, the
relatedwork donein this domainis oftencharacterizedby strongassumptionsthatmake theresultsappli-
cableonly to restrictedclassof protocols.Ouraim is to extendandintegratetheideas/techniquesproposed
in the relatedwork and to adaptit to our approachbasedon the reductionof the securityproblemsto
propositionalsatisfiability.

14http://www.ee.princeton.edu/˜chaff/
15http://www.mrg.dist.unige.it/star/qube/
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3.2.e BoundedModel Checking for Timed System

ITC-IRST hassuccessfullyusedtheMathSatsolver to solve verificationproblemsfor timedsystems[23].
Theverificationof timedsystemsis avery importantandchallengingproblem,in thatit combinesthechal-
lengeof handlingfinite-statevariables,which is typically encodedasa booleandeductionproblem,with
theproblemsrelatedto time elapsing,which areencodedinto mathematicalconstraintson realvariables.
In fact,a statecanbeseenasanassignmentto propositionalvariablesandto real variables,representing
absolutetime andclocks.

The approachextendsthe BoundedModel Checking(BMC) [52] techniquefor the verificationof timed
systems,andis basedon the following ingredients.First, a BMC problemfor timed systemsis reduced
to thesatisfiabilityof a mathematicalformula, i.e., a booleancombinationof propositionalvariablesand
linearmathematicalrelationsover realvariables(usedto representclocks). Then,theMathSatprocedure
describedin theprevioussectionsis usedto checkthesatisfiabilityof theresultingformula.

Theapproachis rathergeneral,sinceit allowsto expressspecificationsin full LinearTemporalLogic (LTL),
suchasfairnessproperties.Furthermore,theapproachis fully symbolic: it allowsoneto tacklethedigital
componentof timedsystemswith symbolictechnologiesasin theuntimedcase,while thetimedcomponent
is tackledby meansof specializedmathematicalconstraintsolvers. Finally, the mathematicalformulas
generatedarepolynomialwith respectto thesizeof therepresentationof theinputsystemandthemaximum
path lengthk, andaresolved by a solver requiringa polynomialamountof memory. The experimental
analysisperformedin [23] confirmsthe potentialof the approachandshows that, with a propertuning,
MathSatcanoverperformtraditionalapproachesbasedonDifferenceBoundMatrices(DBMs), Difference
DecisionDiagrams(DDDs),or ClockDifferenceDiagrams(CDDs).

3.2.f Proof Planning in First-Order Linear Temporal Logic

University of Edinburgh hasinvestigatedthe combinationof proof planningandreasoningin first-order
temporallogics, in particularthe linear, discretetime variant(FOLTL). Theoriginal claimsof theproject
werethat(a) thereareexamplesof problemswhich naturallyfit into FOLTL, (b) ProofPlanningcanhelp.

During theseyears,a theoreticalframework hasbeendevised,consistingof a family of labelledsequent
calculi,soundandcompletefor awiderangeof first-ordermodallogics,whichcanbeextendedto FOLTL,
obviously losingcompletenessbut keepingsomeof thebenefits.See[101] for moredetails.

On thepracticalside,theproblemof FeatureInteractionsin telecommunicationsystems(FI) is currently
being addressed;an examplehasbeenmechanized(see[100]) and a full set of FI test casesis under
examination.

As far the above items are concerned,(a) is confirmedby the FI test caseand as well by someother
publications(e.g., [1] and [273]); (b) is theobjectof thecurrentstudy.
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Task3.3: Support to the Solution of
UndergraduateExam in Calculus and
Economics

TASK LEADER: USAAR
SCIENTISTS IN CHARGE: JÖRG SIEKMANN, CHRISTOPH BENZMÜLLER

RESEARCH TEAM : USAAR, UED

3.3.a Overview

Theaimof thistaskis to applysystemsandapproachesdevelopedin thenetwork to mathematicalproblems
asthey arisein mathseducation.Our initial proposalwasto chooseproblemsasthey occurin exams(e.g.
Harvard)in calculusandeconomics.

Weproposeto slightly modify thedefinitionof theproblemdomainto beconsideredin this task.Insteadof
strictly stickingto theproposalof consideringHarvardcalculusandeconomicsexamsweproposeto leave
the choiceof problemsmoreflexible. A constraint,however, shouldbe that the problemsconsideredin
this taskareratheratmathexamlevel thanonmathresearchlevel. Calculusremains,of course,aproblem
domainof interest.

Theresearchquestionin this taskis not whethertheapproachesandsystemsdevelopedin thecalculemus
network arecapableof solvingchallengingandprobablyopenmathematicalproblems.This is theaim of
theTask3.5andthereweactuallyillustratehow challengingtheoremssuchasthefundamentaltheoremof
algebraandthefundamentaltheoremof analysisareattacked.

In this taskwe rathermorefocuson muchsimplerandmathseducationorientedproblemswith a strong
emphasison the particularway the problemsaresolved, how interactionwith the useris supportedand
how thesolutionis presented.We wantto analyzewhetheroursystemscanbeemployedin a userfriendly
andadequateway andwhetherthe interactionandmathspresentationcapabilitiesof the systemsareap-
propriate.

Differenttaskrelevantcasestudieshave beencompleted,arecurrentlycarriedout, or areplannedfor the
nearfuture.Amongstthemare:í Irrationalityof , �í Exercisesfrom theGermanBundeswettbewerbMathematikí Calculusexamplesfrom [36] currentlyinvestigatedin the ACTIVEMATH project [197]. ACTIVE-

MATH is aweb-basedmathslearningenvironmentthatcurrentlyencodesvariouspartsof mathemat-
ical textbooksin orderto make themavailablefor online educationpurposes.The ACTIVEMATH
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projectwantstograduallyimproveits integarationandusageof computeralgebrasystemsanddeduc-
tion systemsto supportinteractiveexerciseswherethestudentscanmeasuretheir learningprogress.
It thusappearsusefulto coordinatetheexerciseinvestigatedin this projectwith theexercisesto be
investigatedwithin ACTIVEMATH, sincebothpartiesmaybenefitfrom eachothersexperienceand
preparatorywork.

3.3.b Irrationality of À Á
HenkBarendregt andFreekWiedeijk at NijmegenUniversityproposedthis casestudy, in which the inte-
grationof computationanddeductionplaysanimportantrole. Theideais to comparethemostprominent
state-of-the-artsystemswith respectto avarietyof criteriasuchaswhetherthey supportthedeBruijn prin-
ciple (provide proof objects),thePoincareprinciple (capableof proving correctnessof calculationsauto-
matically),facilitateauser-orientedinteractionstyle,etc.Theresultsof thiscasearereportedin [265, 263].
In thiscasestudyalsothesystemsOmega,Theorema,Coq,andMizar developedby thepartnersin theCal-
culemusnetwork particatedanddemonstratedtheircapabilities.FurtherinformationontheOmegasolution
on thiscasestudy, for instance,is availablein [240, 48, 239].

3.3.c Exercisesfr om the German Bundeswettbewerb Mathematik

SaarlandUniversityhasbegunto investigateexamplesfrom theGermanBundeswettbewerbMathematik16

for highschoolmathsstudents.Theseexamplesareveryattractivesincethey typically haveanelementary
andelegantsolution,whichis oftenrathertricky to find. Themotivationof theseexamplesis to getstudents
engagedin small,but interestingandchallengingproblemsin orderto stimulatetheir generalinterestfor
mathematics.Theexamples,whichareusuallyformulatedin naturallanguage,cantypically beformalized
in variousways.Whichformalisationmayleadto themostelegantsolutionis oftennoteasyto determineat
thebeginning.An importantissuefor tacklingtheseproblemsis to provideanadequatesystemframework
thatis capableof supportingall relevantaspectsincluding,for instance,playingwith representations,acces
to strongmathematicalknowledgebase,investigationsof vagueideasat a ratherabstractformalisation
level, accessto possibly integrateddeductionandcomputationsystems,and facilities to checka proof
attemptat calculuslevel.

Thefollowing is anexampleexercise17.

Problem:Given ÆKÇ pointsin a sqarewith a sidelengthof Â . Provethatthereexistsa unit circlecontaining
at least ' of them.

Solution:We cover thesquarewith �fÆ smallersqaresof sidelength Â0Ã Æ . By applicationof thepigeonhole
principle, oneof themcontainsat least' points.Sincethediagonalof thesmallquaresare Â0Ã Æ 1Ä>�Å���B�û � ý+Æ� , we cancover it with aunit circle. QED.

Thisexampleshowsthatweneedto applyseverallemmasfrom aknowledgebase,including(a)pigeonhole
principle, (b) it is possibleto cover a squareof side length w with x Ì smallersqaresof side length w�Ã&x
(alternatively, we canusea moregeneralversionfor rectangles),(c) for a squareof sidelength w , there
is a smallestcircle covering it. It hasa radiusof w�Ã � 1Ç>�Å���B�û � ý . Also, we needto verify the inequalityÇ ú ­LÆ
>�Å���B�û � ý .
Although the examplesof the Bundeswettbewerb are still rathersimple they neverthelessrequirequite
heterogeneoussystemsupportto besolved in a adequateway (from theperspective of a mathseducation
system).Similar to the“Irrationality of , � ” examplethey arealsowell suitedto illustratethefunctioning
andworkingprinciplesof oursystemsto highschoolscholarsandmathsstudentssincethey lie in thescope
of theirmathematicalcapabilities(at leastwhenworkingwith paper).

16Seehttp://www.bundeswettbewerb- mathematik.de/
17Seealsohttp://www.oliver- faulhaber.de/mathematik/b wm70.htm\#BWM722
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3.3.d Discussion

Theintentionof this taskis to examinewhetherour systemsandapproachescanattackeducationoriented
examplesandpresentthe respective resultsin a humanorientedway. We areparticularly interestedin
exampleswhereavarietyof requirementscomeinto play, amongthemalsotheintegrationcomputationand
deduction.While thework in thetaskhasjustbegun,wecanalreadyconcludefrom thecasestudieson the
Irr ationalityof , � thatin particulartheissueof providingadequatemathsformalizationandrepresentation
facilitiesarenotsufficiently solvedyet. While thesystemsparticipatingin thiscasestudyshowedthatthey
are indeedcapableof tackling the problemsufficiently in casethey areorchestratedby expertsof these
systems,we claim that no novice studentuserwould easilybe ableto comeup with similar solutionsif
he/sheisnotfirst givenadetailedintroductionto thepecularitiesof thesystemthey useandits mathematical
knowledgerepresentationfacilities.Hence,thereis achallengeto attackthegapbetweentheeleganceand
beautyinformal mathsoften shows and the low level formalizationtricks typically requiredin current
systems.
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asMathematical Services

TASK LEADER: ITC-IRST
SCIENTISTS IN CHARGE: FAUSTO GIUNCHIGLIA , ROBERTO SEBASTIANI , MARCO BOZZANO, ALESSAN-
DRO CIMATTI

RESEARCH TEAM : ITC-IRST, UWB, UGE

3.4.a Overview

Theprimarygoalof thistaskis to investigatethepossibilityof modelingexistingcomputeralgebrasystems
anddeductivesystemsasmathematicalservices.Thework donesofar hasconcentratedbothon develop-
ing the requiredinfrastructure(languages,protocols,semanticspecifications,architecturalschemata)for
makingexisting systemsinteroperate,andon studyingextensionsandenhancementsof thereasoningca-
pabilitiesof someexisting tools.Therelevantcontributionsare:í theMathSat frameworkdevelopedatITC-IRST[22, 21]. As previouslysaidin task1.2,theMathSat

framework introducesa formal framework, a generalizedalgorithmandarchitecturefor integrating
booleanreasonersandmathematicalsolverssothatthey canefficiently solve booleancombinations
of booleanandmathematicalpropositions.Many techniquesaredescribedto optimizethis integra-
tion. Moreover, the MathSatframework evidencesthe main requirementsbooleanreasonersand
mathematicalsolversmustfulfill in orderto achieve the maximumbenefitsfrom their integration.
TheMathSatprocedure[20, 23] is ITC-IRST implementationof an integratedprocedurebasedon
theMathSatframework.í RDL (Rewrite andDecisionprocedureLaboratory),developedby UNIGE, is a systemfor formula
simplificationdevelopedwithin theConstraintContextual Rewriting Project.Thesystemallows for
experimentingwith theintegrationof decisionproceduresandconditionalrewriting.í LBA (Logic Broker Architecture),developedby UNIGE, is an architecturewhich provides the
requiredinfrastructurefor making mechanizedreasoningsystemsinteroperate.In the LBA each
mechanizedreasoningsystemis seenasanentity providing and/orrequiringa setof mathematical
services.The LBA provideslocation transparency, a way to forward requestsfor logical services
to appropriatereasoningsystemsvia asimpleregistration/subscriptionmechanism,andatranslation
mechanismensuringthetransparentandprovablysoundexchangeof logical services.í Within the MathWeb-SBarchitecture,developedby USAAR, the generalisationalgorithmfor the
learningof methodslearning(describedin task 2.3) hasbeenaddedto the pool of mathematical
services.Furthermorethe proof planningsystemÈ7ÉÇ� w�Ê , developedat UED, hasbeenintegrated
into theMathWeb-SBframework. As a result, È7ÉÇ� w�Ê cannow usereasoningservicesprovidedby
existingsystemsin MathWeb-SB,andprovidenew reasoningservicesto them.
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In theremainderof this reportwe discussthesecontributionsin moredetail.

3.4.b The MathSat Framework

As pointedout in [22, 21], asignificantnumberof existingproceduresusedin variousapplicationdomains
canbemodeledwithin theMathSatframework. Theseprocedureseitherarepurelysymbolicor combine
symbolicandnumerictechniques.We briefly recallsomeof them.

Omega [224] is a symbolic+numericprocedureusedfor dependenceanalysisof software.It is aninteger
programmingalgorithmbasedon Fourier-Motzkin variableeliminationmethod.It handlesboolean
combinationsof linearconstraintsby pre-computingtheDNF of theinput formula.

PtautEq [7] is a purely symbolicprocedurewhich handlesbooleancombinationsof booleanvariables
andequalitiesbetweenfirst-ordervariables,which wasembeddedin the GETFOL [127] system.It
combinesavariantof DPLL booleansolver [113, 112] with anad-hocsolver for setsof equalities.

SMV+QUAD-CLP [102] is anincompletesymbolic+numericprocedureintegratingOrderedBinary De-
cision Diagrams,OBDDs [57], with a quadraticconstraintsolver to verify transitionsystemswith
integerdatavalues.It performsa form of intermediateassignmentchecking.

TSAT [4] is an optimizedsymbolic+numericprocedurefor temporalreasoningable to handlesetsof
disjunctive temporalconstraints.It integratesDPLL with a simplex LP tool, addingsomeform of
forwardcheckingand(static)learning.

LPSAT [272] is anoptimizedsymbolic+numericprocedurefor math-formulaeoverlinearrealconstraints,
usedto solve problemsin thedomainof resourceplanning. It acceptsonly formulaewith positive
mathematicalconstraints.LPSAT integratesDPLL with an incrementalsimplex LP tool, andper-
formsbackjumpingandlearning.

DDD’s [200] areOBDD-like datastructureshandlingbooleancombinationsof temporalconstraintsin
the form ûüv ±8Ë 4!'fý , which areusedto verify timed systems.They combineOBDDs with an
incrementalversionof Belman-Fordalgorithm.

ICS [121] is a mostly symbolic decisionprocedurefor combinedtheories,including theory of arrays,
bitvectors,lists andinductive datatypes,lineararithmeticover the integers.Very recently(2002)it
hasbeenintegratedwith theDPLL solver CHAFF [203].

CVC [246] is a symbolic+numericdecisionprocedurefor combinedtheories,includingtheoryof arrays,
inductive datatypes,linear arithmeticover the reals. It combines,amongothers,the DPLL solver
CHAFF with a Fourier-Motzkin procedure.

3.4.c The CCR Framework

The generalityof ConstraintContextual Rewriting (CCR) is witnessedby the numberof state-of-the-art
systemswhosesimplificationmechanismscanbe seenas instancesof CCR. Thesesystemsrangefrom
automatedtheoremprovers(suchasNQTHM, Tecton,andSPIKE) to computeralgebrasystems(suchas
MAPLE). In particular:

NQTHM. Thesimplifier of NQTHM canbeseenasanengineeredversionof CCR(LA), whereLA is a
decisionprocedurefor UniversalPresburger Arithmeticsover the Integers(UPAI). Detailscanbe
foundin [11].
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Figure20: TheLogic Broker Architecture.A client C wantsto prove a formula; it subscribesits queryto
the Logic Broker (LB), waiting for a result. LB tries to find in the database(DB) a server matchingthe
requestedserviceandprovide to C theservicepointer.

Tecton. Thesimplifierof TectoncanbeseenasCCR(LA+EQ),whereLA+EQ is adecisionprocedurefor
thecombinationof UPAI andtheUniversalTheoryof Equality(UTE). Detailscanbefoundin [11].

SPIKE. The simplifier of SPIKE canbe seenasan extensionof CCR(LA+EQ).The extensionis here
neededto allow thedecisionprocedureto useinductionhypothesesduringproof by implicit induc-
tion. Detailscanbefoundin [16].

MAPLE. MAPLE’sevaluationprocesscanbeseenasCCR(SR)whereSRis aspecialisedreasoningmodule
reproducingthefunctionaltiesof MAPLE’spropertyreasonerandsolver. Detailscanbefoundin [3].

3.4.d The LBA Ar chitecture

UNIGE hasbothdesignedtheconceptualmodelof theLBA [17, 18] anddevelopedtwo prototypeimple-
mentationsof the LBA: onebasedon CORBA and– recently– onebasedon XML. Moreover, a bridge
betweenLBA andMathWebhasbeendefined[276].

The Logic Broker Architecture(LBA) addressesthe problemsarising from the integration of different
reasoningsystems.In particular, interconnectionof two differentreasonerscanleadto unsoundresults,
becauseof differencesin theunderlyingsemantics.TheLBA architectureaddressesthisproblemby means
of adiversificationbetweenthelogic layerandthecommunicationlayer. A reasoningtheorycanbethought
of ascomposedof a sequentsystemandsomeinferencerules, which respectively modelassertionsand
inferencesteps.Beforeinstantiatingacommunication,aclient sendsto theLogic Brokerapaircontaining
its setof inferencerulesandtheservicerequested.Thebroker thentries to make a matchbetweenclient
query and servicesregisteredin its own database.If there is a positive result, then the Logic Broker
providesthe connectionbetweentheobjects.The architecturecanbe seenfrom the point of view of the
client like a library of functions,which canbe easily integratedinto the local environment,without any
overheadcomingfrom network connections.Note that theclient doesnot askabouta specificserver, but
callsa servicelike simplify anequation,solve a setof constraints,etc. As a result,thesameclient
canreceivemany solutionscomingfrom differentserversandit canapplysomepoliciesto decidewhich is
thebestfor its computation.This level of decisioncanbeshiftedto thebroker, askingfor thefirst solution,
or for thecompletelist of them.

Oneof the main goalsof LBA is to useonly consolidatestandards,which canbe easilyimplementedin
the mostcommondevelopmentenvironments. Due to this, the new versionof LBA supportstwo main
technologies,namelyCORBA andXML. CORBA comesout from the tradition of LBA, guaranteesthe
possibilityto shareanddistributenot only results,but alsopartsof theproof or partsof thestrategy, when
this is possible.XML ensuresthepossibility to communicatewith a largevarietyof webservicesandto
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Name ripple

Context Rewrite Theory
Types
Input omdoc:OMDoc;
Output result:OMDoc
InConstraints elements(omdoc,Elements),lemmas(Elements,RewRules)

member(sequent(), Elements),
not(RewRules= nil).

OutConstraints elements(result,[Sequent]),
not(member(Rule,RewRules),applicable(Rule,goal(Sequent)).

TextDescriptions Triesto reducethedifferencebetweenthegoalof thegiven
OMDOC sequentandoneof its hypothesesusingLClams
stepcasemethodandtherewritesgivenaslemmas
in theOMDOC.

Figure21: Therippling serviceofferedby È7ÉÇ� w�Ê
interpolatedatavery fast. LBA alsousesa standardfor sharingmathematicaldocuments,namelyOPEN-
MATH. Thanksto theextremelyopendesign,OPENMATH canbeusedto describeahugevarietyof math-
ematicalknowledge.Everythingis regulatedby theagreementof theContentDictionaries,which contain
theclassificationsof mathematicalsymbols.Eachclient/serverhasits own phrase-bookthattranslatesthe
local languageinto thecommonlayerOPENMATH.

3.4.e The MathWebSoftwareBus

Thearchitectureof MathWeb-SBhasbeenintroducedin task1.2. In thissectionwedescribetheintegration
of existingsystemswithin this framework.

The ÈvÉÇ�5w�Ê Proof Planning System During his stay as a young visiting researcher(YVR) in Edin-
burgh, J. Zimmer integratedthe proof planningsystemÈvÉÇ�5wmÊ into the MathWeb-SB[114]. Due to this
integration,È7ÉÇ� w�Ê cannotonly usetheservicesof any reasoningspecialistalreadyintegratedin theMath-
Web-SB,suchastheCAS MAPLE, but canalsooffer its theoremproving expertiseto othersystemsin the
MathWeb-SB.First, ÈvÉÇ�5wmÊ offersaninductive theoremproving serviceto theMathWeb-SBwhich takes
a problemdescriptionformulatedin OMDOC asaninput andruns È7ÉÇ� w�Ê on thegivenproblem.Second,
therippling heuristicsof ÈvÉÇ�5wmÊ [241] is offeredasa servicethat takesa setof rewrite rulesanda proof
planningsequentasaninput andappliestherippling methodof È7ÉÇ� w�Ê with thegivenrewrites. Thetwo
servicesofferedby È7ÉÇ� w�Ê arenew examplesfor mathematicalservicesofferedby theMathWeb-SBthat
havenotbeenformally specifieduntil now.

However, we tried to usethedescriptionlanguageLARKS describedin section1.2.dto giveafirst charac-
terizationof therippling serviceofferedby ÈvÉÇ�5wmÊ (seefigure21).

Generalisation Algorithm of Learn Ì matic The applicationof learningtechniquesto proof planning
hasbeendescribedin task2.3. LEARN Ì MATIC is a hybrid systemconsistingof the implementationof
a generalisationalgorithmascomputationalcomponentandthe proof planner Ì MEGA. The generalisa-
tion algorithmhasbeenintegratedasanextremelyspecializedandnew kind of mathematicalserviceinto
MathWeb-SB.Thegeneralisationalgorithmacceptsarbitrarysequencesof objectsin OMDOC syntaxand
returnsa generaliseddescription.
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3.4.f Discussion

In this documentwe have reportedthe currentstatusof the researchaboutmodelingexisting systemsas
mathematicalservices.In particular, thework donesofarhasconcentratedbothondevelopingtherequired
infrastructure(languages,protocols,semanticspecifications,architecturalschemata)for makingexisting
systemsinteroperate,with an emphasison the infrastructurefor mathematicalweb services(seeSection
3.4.d),andon studyingextensionsandenhancementsof existingsystems(seeSections3.4.band2.3.h).

We expecta positive impacton theseresearchdirectionto comefrom thework beingdonein thecontext
of task1.2,whichconcernsthedefinitionof mathematicalservice.
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TASK LEADER: UKA
SCIENTISTS IN CHARGE: JACQUES CALMET, VOLKER SORGE

RESEARCH TEAM : USAAR, UED, UKA, TUE, UWB, UBIR

3.5.a Overview

Oneof theobviouschallengingmathematicalproblemsrelevantto this network is probablyto answerthe
question“What arethelimits of (artificial or natural)intelligence?”.Thissimple,apparentlyphilosophical
questionleadsin fact to very difficult mathematicalproblemssuchasthe decidabilityof the Mandelbrot
set. A brief descriptioncan be found in the January2000 issueof the ”GazettedesMathematiciens”
publishedby theSMF, theFrenchMathematicalSociety. Thepaperof Smaleproposessomechallenging
mathematicalproblemsfor the21stcentury. Thequestfor mathematicalchallengesis to befound in any
field. For instance,JeanE. Taylor introducesthosefor materialsciencein the January2003issueof the
Bulletin of theAMS (Vol. 40,No. 1).

To providea definitionof a challengemathematicalproblemthatcanbeacceptedby all partnersis almost
impossible.However, if we introducetheword ”mechanized”in front of mathematical,we canthenopen
a few tracksalongthefollowing directions(see[174]):

1. Mechanizenew areasof Mathematicssuchas algebraictopology or even Grothendieck’s theory
whenalsoincludinggeometry. Symbolicintegrationis a well-known examplewherea problemin
Analysiswasturnedinto analgebraicproblem,

2. Devise new proofs techniquesfor domainswherethe amountof computation,not the theoretical
difficulties is the challenge.An exampleis to prove sometheoremson p-groupsthatwould take a
lifetime by handcalculation,

3. Identify andmasternew representationof mathematicalobjects.This is well understoodwhende-
signing usualalgebraicalgorithmsfor CASs. A certainly challengingtask is to investigatehow
algebraicfieldscouldbeintroducedin mechanizingalgebraicgeometryproblems,

4. Spaceandtimecomplexity issueswhendesigningproofsandalgorithms.A prototypicalexampleis
thefactorizationof integernumbers.Otherexamplesarisewhentrying to improvedoublyexponen-
tial algorithmssuchasGroebnerbasesor whendealingwith parameterswhich leadsto constraint
programming(see[27]).
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An Example in Group Theory

A testproblemis asfollows,wherethewordsuitableisusedto avoidatoolongpresentationof theproblem:

Givena “suitable” infinite collectionof Í -groups,givea formulafor theleast x such that the? -th groupin thecollectioncanbeembeddedin � � , not in > � È � .
This is, accordingto theexperts,avery longtermprojectevenwhenusingDSsandCASs.However, when
analyzingthe problem,it is possibleto identify sub-problems.Many of themarepurely computational
ones.For instance,onemustcomputedeterminantsof matrices.Dependingon thesizeof thesematrices,
a very thoroughmanagementof thecomputationis required.Therearedeductionproblemsaswell. One
of themis supposedto besimpleandcanbeseenasa testof feasability.

Canweprove, by machine, that everysubgroupof Î � E , thequaterniongroupof order � � , is
normal?

3.5.b Preliminary Work

Duringthework onothertaskssomechallengingmathematicalproblemshadto betackledalready, in order
to have non-trivial working examples.Herewe briefly summarizethatwork thathasbeendoneso far in
this respect.Someof theexamplesweredoneeitherby singlepartnernodesor in collaborationbetween
someof thenodes.

FundamentalTheorem of Algebra:

At the Calculemusmeetingin Eindhoven,HenkBarendregt hasput asa “challengeproblem” to formal-
ize the FundamentalTheoremof Algebrain a theoremprover. (Every non-constantpolynomial Ï û Ë ý �w � Ë � Ð�w � È � Ë � È � Ð×ú	ú�úWÐ w � Ë Ð�w É overthecomplex numbershasaroot, i.e.a Ë FOÐ suchthat Ï û Ë ý �"	 .)
Consequently, this taskhasbeentakenup by theMizar groupandtheresearchgroupof Barendregt at Ni-
jmeenNijmegen(subsiteof EUT). In Nijmegenaconstructiveformalizationof theFundamentalTheorem
of Algebrain Coqhasbeenmade.We reporton thatdevelopmentandits presentcontinuations.

Formalizing a ConstructiveProof of the FundamentalTheoremof Algebra in Coq

This work hasbeendoneby HermanGeuvers,FreekWiedijk, JanZwanenburg, RandyPollack,Milad
Niqui, andHenk Barendregt from the University of Nijmegen,NL. It wascalled the FTA project. The
motivationsfor startingthis projectwerethefollowingí Formalizea largepieceof realmathematics.Seewhetherit canbedoneandwhich problemsarise.í Createa library for basicconstructivealgebraandanalysis,to beusedby others.Often,a formaliza-

tion is only usedby thepersonthatcreatedit (or is not usedfurtheratall!), whereasoneof thegoals
of formalizingmathematicsis to createa joint repositoryof mathematics.í Investigatethecurrentlimitationsof theoremprovers,notablyCoq,andthetypetheoreticapproach
towardstheoremproving.í Managethis project. Work with a groupof peopleon onetheory/proof-development. Initially, we
distinguishedthefollowing threesequential/parallelphases:
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Mathematicalproof LATEX document(themathematicalproof
with lots of detailsfilled in)

Theorydevelopment Coqfile
(justdefinitionsandstatementsof lemmas)

Proofdevelopment Coqfile (formalproofsfilled in)

Thegoal is to keepthesephasesconsistent,so the theory/proofdevelopmentprocessproceedsin a
“literate programming”style: by working (in parallel)on threedocuments,onecreatesa complete
formal developmentof FTA, togetherwith a documentation,which consistsof theLATEX document
(thehigh level specification)andthetheorydevelopment(thelow level specification,containingall
the precisedefinitionsandnamesof lemmasetc.) We noteherethat it is not trivial to keepthese
phasesconsistent(andin factwe did not maintainthemtill theend): a lemmain theLATEX version
maybejustwrong,adefinitionmaybeincompleteor the‘basicproperties’thatonethinksoneneeds
(sayaboutfields)arejust not theonesthatonereally needs.í Constructiveproof. Weview arealnumberasa (potentially)infinite object.Sotheequalityon them
is undecidableandonecannot definefunctionsby cases.A positive aspectis thatwe areactually
proving thecorrectnessof a root-findingalgorithm.Detailsof theproof canbefoundin [125].

We did not proceedby constructingtherealsin Coq,but by axiomaticreasoning.Sowe have definedthe
axiomsof the real numbersin Coq. As a matterof fact,we have proceededevenmoregenerallyby first
definingan algebraichierarchy(semi-groups,monoids,groups,rings, fields, orderedfields); see[124].
Theadvantagesof thisapproachare:reuseof provenresultsandreuseof notation.(Therealsandcomplex
numbersarefieldsandthepolynomialsform aring.) ThenwehavedefinedÑ to bean(arbitrary)Cauchy-
completeArchimedeanorderedfield andgivensuchan Ñ , we define Ðt�(�ÒÑ°Ó9Ñ . To make surethatour
axiomsfor Ñ makesense,a concreteinstantiationfor Ñ hasbeenconstructedby Niqui.

Completelyformalizedin thetheoremprover Coq,theproof andtheorydevelopmentamountsto thefol-
lowing. This is thesizeof our inputfiles (definitions,lemmas,tacticscripts)

SetsandBasics 41kb
Algebra(uptoOrderedFields) 165kb
Reals 52kb
Polynomials 113kb
Real-valuedfunctions/ BasicAnalysis 30kb
Complex numbers 98kb
FTA proof 70kb
Constructionof Ñ (Niqui) 309kb
RationalTactic 49kb

To modularizetheproof andin orderto createa real“library”, wehavefirst definedanalgebraichierarchy
in theFTA project.In proving FTA, wehaveto dealwith realnumbers,complex numbersandpolynomials
andmany of the propertieswe usearegenericandalgebraic.To be ableto reuseresults(alsofor future
developments)we have defineda hierarchyof algebraicstructures.The basiclevel consistsof construc-
tive setoids, ² : z~Ô2ÕCz+��Õ ³ , with : �ÄÖ�×_Ø , Ô2Õ an apartnessand ��Õ an equivalencerelation. (Classically,
apartnessis just thenegationof equality, but constructively, apartnessis more‘primiti ve’ thanequalityand
equalityis usuallydefinedasthenegationof apartness.To understandthis, think of two reals v and ù as
(infinite) Cauchysequences:we may determinein a finite amountof time whether v�Ô ù , but we canin
generalneverknow in a finite amountof time that v � ù .) On thenext level wehavesemi-groups,² � z+Ð ³ ,
with � asetoidand Ð anassociativebinaryoperationon � .

Insidethealgebraichierarchywehave ‘inheritancevia coercions’.We have thefollowing coercions.
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OrdField >-> Field >-> Ring >-> Group
Group >-> Monoid >-> Semi_grp >-> Setoid

This meansthat all propertiesof groupsare inheritedby rings, fields, etc. Also notationis inherited:
x[+]y denotesthe additionof x andy for x,y:G from any semi-group(or monoid,group,ring,...) G.
Thecoercionsmustform atree,sothereis norealmultiple inheritance,e.g.it is notpossibleto definerings
in sucha way thatit inheritsbothfrom its additivegroupandits multiplicativemonoid.

In theproof of FTA we neededproofsof equalitiesbetweenrationalexpressionssuchasÇv Ð ù Ð Çv ± ù � � vv Ì ± ù Ì
Theseareobtainedby ‘partial reflection’. Following thereflectionmethod:we define

� � ± � �ò����þÙÑ with� thetypeof rationalexpressions.So � containsa constructorerecip : E -> E
But in thecaseof rationalexpressions,the

� � ± � � cannot betotal,sowehaveaso-called‘partial reflection’.

Theaxiomsfor realnumbersare(apartfrom thefactthattherealsform a constructiveorderedfield)í All Cauchysequenceshavea limit:

SeqLim � ûUÚ+Û:� natþ.ÜnúCauchyÛKýjþÝÜ
CauchyProp � ì Û:� natþ#ÜnúQû CauchyÛ$ýjþì�Þ � Ü+ß É úà¬*áÛ� âòú ì Êã�äá�úQû�6 Û0å ± û SeqLimÛ$ý@6�Æ Þ ýí Axiom of Archimedes:(thereareno non-standardelements)ì v�� Ünú ¬$x{� ânû x�æ vhý

Theaxiomof Archimedesprovesthat ‘
Þ
-Cauchysequences’and‘

�ç -Cauchysequences’coincide(similar
for limits):
Viz: Û � nat þÝÜ is a

�ç -Cauchysequenceifì ª:� âEúà¬�á �§âCú ì ÊG�
á û�6 Û0å ± Û0è 6*Æ Çª Ð Ç ý
To be surethat our axiomscan be satisfied,we have also constructeda real Numberstructurevia the
standardtehniqueof takingtheCauchysequencesof rationalnumbersanddefininganappropriateapartness
on them. It turnsout (aswasto be expected)that real numberstructuresarecategorical: Any two real
numberstructuresareisomorphic.This facthasbeprovedwithin Coq.

In conclusionwe have found that real mathematics,involving both a bit of algebraanda bit of analysis
canbe formalizedcompletelywithin a theoremprover (Coq). Settingup a basiclibrary andsomegood
proof automationproceduresis a substantialpartof thework. An importantissueremainshow to present
thedevelopment(andtheproof). In theformalizationprocess,theconnectionwith theLATEX file hasbeen
abandoned.We believe that it is essentialto provide a systemin which onecanwrite the formalization
andthedocumentation.We have attemptedto extractanalgorithmfrom theproof, but that turnedout to
bevery difficult, becauseall thecoercionsgetclutteredup in theextractedprogram.This will be further
investigated.It shouldbenotedthatcomputationally, thebehaviour of theroot-findingalgorithmdepends
mainlyon therepresentationof thereals.

InvolutiveBases

Involutive basesarea specialkind of Gröbnerbaseswith additionalcombinatorialpropertiesthat make
themvery useful for many applications(see[89]). They exist in many polynomialalgebras(alsonon-
commutativeones)includingordinarypolynomialsandlineardifferentialor differenceoperators.They are
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thusa possibleapproachto investigatesymbolicsolutionsto systemof (partial)differentialequations.An
INTAS projectcoordinatedby UKA wasdevotedto this topic. It terminatedin April 2002(see[85]) and
someof theresultsobtainedby UKA arealsorelevantfor Calculemus.On thetheoreticalside,numerous
resultson the relationsbetweendifferentkinds of involutive bases,Grbnerbasesandcharacteristicsets
have beenobtainedboth for ordinary and for differential ideals. Several characterisationtheoremsfor
involutive baseshave beenprovedandthe computationof (differential)dimensionpolynomialshasbeen
studied.Wehavethoroughlyinvestigatedthehomologicalapproachto involutionvia Spencercohomology.
An algebraicalgorithmfor thegeometriccompletionto involutionwasdeveloped(includingaconstructive
solutionof theproblemof delta-regularity.

Exploration in Finite Algebra

This work wasa casestudyon combiningproof planningwith computeralgebrasystems.Its goalwasto
show thatvarioushuman-orientedproving techniquescanberealizedwith a multi-strategy proof planner
andthat the searchspaceof the proof plannercanbe drasticallyreducedby employing computationsof
computeralgebrasystemsduringtheplanningprocess.

Thecasestudyessentiallyconsistedof threeparts:(1) To implementa setof proofplanningstrategiesthat
realizedifferentproof techniquesfor the residueclassdomain. Therebywe were interestedin examin-
ing basicalgebraicpropertiesof givenresidueclassstructuresto classifytheminto termsof thealgebraic
structurethey form. Furthermore,structuresof thesametypeandcardinalityarethenclassifiedinto setsof
isomorphicstructures.Theimplementedproof planningstrategiesemploy to a varyingdegreethecompu-
tationsof CASsto easetheplanningprocess.(2) To testtheeffectivenessof the implementedmachinery
weconducteda largenumberof experimentsby automaticallyandsystematicallyclassifyingresidueclass
structuresin termsof their basicalgebraicpropertiesandinto differentisomorphismclasses.And (3) to
verify theusefulnessof thecombinationof proofplanningandcomputeralgebrawealsocomparedourap-
proachwith alternative techniques.In particular, we experimentedwith substitutingcomputeralgebraby
modelgenerationandby proving theoremswith a first orderequationaltheoremprover insteadof a proof
planner. The former turnedout to be quite effective andcanfruitfully complementthe useof computer
algebra.Thelatterprovedto beapplicablefor constructingmostof therequiredproofsbut is lessrobustin
a largecasestudythanourcombinedproof planningandcomputeralgebraapproach.

Thecasestudywasconductedin the é MEGA system,usingits proofplannerMulti andtheCASMAPLE [227]
andGAP[123]. Major partsof thework hasbeencarriedout in collaborationof theSaarbr̈uckenandBirm-
inghamnodesandhave involvedtheYVR Martin Pollet. Part (1) and(2) of thecasestudywerereported
in [195] and[193], wherethe former wasconcernedwith proofsof simplealgebraicpropertiesand the
latterwith the isomorphismproofs. An extensive reporton both, includinga detailedpresentationof the
constructedproofshasalsobeenpublishedin [192]. Part (3) of thecasestudyhasbeenpresentedin [194].

The ResidueClassDomain

We definea residueclassset over the integersas the set of all congruenceclassesmodulo an integerê , i.e., ëRì , or as an arbitrary subsetof ë�ì . More concretely, we are dealing with setsof the formëRí_î�ëRïDîrëRírð�ñ0òó�í�ômî�ë�ï�ð�ñmòõ ï�ô , ñmòó@ö�î_ò÷ öAî_òø öAômî etc. where ò ó@ö denotesthe congruenceclassof ó modulo ù . Ifú is an integer we alsowrite úhû ì�ü ú@ý for the congruenceclassof ú modulo ê . A binary operationþ on a
residueclasssetis givenin ÿ -functionnotation,and þ canbeof theform ÿ���� � , ÿ���� � , ÿ���� ú whereú is a
constantcongruenceclass(e.g., ò ó@í ), ÿ���� � ò� � , ÿ���� � ò� � , ÿ���� � ò� � , where ò� , ò� , ò� denoteaddition,multi-
plication,andsubtractionof congruenceclassesover theintegers,respectively. Furthermore,þ canbeany
combinationof thebasicoperationswith respectto a commonmodulofactor, e.g., ÿ���� ü�� ò� ò ó í ý ò� ü�� ò� ò	 í ý .
We oftenabbreviatetheoperationsÿ���� � ò� � , ÿ���� � ò� � and ÿ���� � ò� � by ò� , ò� and ò� , respectively.

For a singlestructureü�

� ì îDþ ý we areinterestedin whatkind of algebraicstructureit forms,i.e. whether
it is a group, a monoid, a semigroup,etc., by showing simple algebraicpropertiessuchas associativ-
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ity, existenceof inverses,and so on. For two given structuresü�

���ì îDþ�� ý and ü�

���å î~þ�� ý we examine
whetheror not they areisomorphic;thatis, wedeterminewhetheror not thereis a function ��� ü�

���ì îDþ�� ý��ü�

���å î~þ�� ý suchthat � is injective, surjective, andhomomorphic.18 Both for showing simpleproperties
andisomorphism/non-isomorphismproofsweemploy proofplanningguidedby computeralgebracompu-
tation. In particularfor isomorphismandnon-isomorphismproofs,theappropriateguidanceis crucial for
success.

CheckingSimple Properties

First, we are interestedin classifyingresidueclasssetsover the integerstogetherwith given binary op-
erationsin termsof whatalgebraicstructurethey form. We automaticallyclassifystructuresof the formü�

� ì îDþ ý in termsof magma(alsocalledgroupoid),semi-group,monoid,quasi-group,loop, group,and
whetheror not they areAbelian.Theclassificationis doneby first checkingsuccessively if theproperties:
closure,associativity, existenceof theunit element,existenceof inverseelements,andthequasi-groupax-
iom (i.e., that for eachtwo elements�7î�����
�� ì thereexist elements�3î�� �!

� ì suchthat � þ"� #$� and�|þ"�%#&� ) hold andthenconstructinganddischarginganappropriateproof obligation.Thepropertiesare
checkedmainlywith GAPandproofsfor theconstructedobligationsareplannedwith Multi. For instance,
GAP is usedto checkwhethera givenstructurecontainsa unit element;dependingon theresult,a proof
obligationis constructedstatingthereexistsor theredoesnot exist a unit elementin thestructure.Multi
thentries to producea proof planfor this statement.If it succeedsthenext propertyis checked; if it fails
Multi tries to prove thenegation. For discharging proof obligationswe have implementedthreedifferent
proving techniqueswith strategiesin Multi, which usesymboliccomputationsto a varyingdegree.

Exhaustive caseanalysis. This techniqueis possiblesincewe are in a finite domainand can always
enumerateall occurringcases.Theplanningprocessusuallystartswith theexpansionof definedconcepts
suchas unit, associative, etc. For resultinguniversallyquantifiedgoalsrangingover a residueclassa
casesplit on all elementsof the structureis performed. For existentially quantifiedgoalsall possible
instantiationsfor thequantifiedvariablearesuccessively checked.Thelatteris doneby introducingameta-
variablethatis boundsuccessively to thedifferentelementsof theresidueclassset.Herethesearchspace
canbe reducedby computingthe (probably)correctinstantiationimmediatelyasa hint with a computer
algebrasystem.For instance,whenshowing that for eachelementin thestructurethereindeedexistsan
inverse,GAPcancomputetherespective inverses.Whenthesubsequentsubgoalscannotbeproved,Multi
backtracksto theinstantiationof themeta-variableandchoosesthenext element.After thequantifiersare
eliminated,thestatementsaboutresidueclassesaretransformedto statementsaboutintegerswhichcanbe
solvedby numericalsimplifications.

Equational reasoning. This approachtries to constructtheproofsby usingasmuchaspossiblegeneral
equationsolving. Problemsaredecomposedto the level of equationson integers;universallyquantified
variablesare replacedby constantsand existentially quantifiedvariablesby meta-variables. The prop-
erty thenholds,whenall equationscanbe solved by the CAS MAPLE to checkthe universalvalidity of
the equationor, in casethe equationcontainsmeta-variables,if thereis an instantiationof thesemeta-
variables,suchthat the equationis universallyvalid. For instance,the equationfor the inverseelementúhû ì ü ú_ý ò� úhû ì ü�')( ý # òõ ì containingcongruenceclasses(where ú is a constantand ')( is a meta-variable)is
reducedto the correspondingequationon integers ü ú � ')( ý '+*-, ê # õ '+*-, ê beforeMAPLE returnsa
generalsolutionfor '.( .
Applying known theorems.For this techniquetheplannerusestheoremsfrom é MEGA ’sknowledge-base
to reducea given problem. This strategy doesnot dependon the supportof a computeralgebrasystem.
Moreover, the theoremsareappliedto statementsaboutresidueclassstructuresdirectly; a reductionto
statementsaboutintegersis not necessary.

18Observe that we avoid confusionbetweenindicesand modulo factorsby writing indicesas superscripts,except in indexed
variablessuchas /�021�354 asthey areclearlydistinctfrom congruenceclassesof theform 68790;:</�= .
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Techniquesfor Isomorphism Proofs

In orderto prove that two givenstructuresareisomorphictheproof plannercanreusethethreestrategies
developedfor checkingsimplealgebraicproperties.But unlike thoseproofsthatcouldbesolvedin most
caseswithin onestrategy, for isomorphismproofsdifferentsubproofscanbesolvedby differentstrategies.

Exhaustive caseanalysis. Whenconstructingan isomorphismproof we have to searchfor a bijective
homomorphism� amongall existing mappingsbetweenthe two residueclassstructuresinvolved. The
mapping� is representedasa pointwisedefinedfunction,wheretheimageof eachelementof thedomain
is explicitely specifiedasan elementof the codomain. The searchcanbe abbreviatedby computinga
pointwiseisomorphismwith MAPLE.

As an exampleconsiderthe proof that ü�ë � î ò� ý and ü�ë � î~ÿ���� � ò� � ò� ò ó � ý are isomorphic. Thereexist >
possiblepointwisefunctions�+�0ë � � � ë � . MAPLE computesasfunction �3ü�òõ � ý #Nòó � î��ÄüYòó � ý #Òòõ � , which
is usedto subsequentlyshow the propertiesinjectivity, surjectivity, andhomomorphywith anexhaustive
caseanalysis. Eachof the subproofshasthe complexity ê � where ê is the cardinalityof the structures
involved.19 However, if no suitablehint can be computedthereare ê ì pointwisedefinedfunctionsto
check.Thisbecomesinfeasiblealreadyfor relatively small ê .

Equational reasoning. Isomorphismproofscanoftenbe simplified by computinga polynomialthat in-
terpolatesthe pointwisedefinedisomorphicmapping. If an interpolationpolynomialcanbe computedit
is introducedinto the proof insteadof the pointwisemapping. For the constructionof the interpolation
polynomialfrom a givenpointwisefunctionweemploy againMAPLE.

For the exampleproblemthat ü�ë � î ò� ý is isomorphicto ü�ë � îrÿ���� � ò� � ò� ò ó � ý the correspondingpointwise
isomorphismmappingis �3ü òõ � ý # ò ó � î��Äü òó � ý # òõ � . MAPLE computesthe interpolationpolynomial� � ü�� � ó%'+*-, 	 ý which is introducedinto the proof. Multi now hasa chanceto find the subproofs
for surjectivity andthehomomorphismpropertyby equationalreasoning,i.e. by reducingthesetwo sub-
problemsto equations,which might besolvableby MAPLE. However, in thesubprooffor injectivity we
have to show for eachtwo distinctelementsthat their imagesdiffer, which cannotbeconcludedby equa-
tional reasoning.

Applying known theorems.Like for theproofsof simplealgebraicpropertiesthisstrategy canbeapplied
to theoverall problemdirectly. Moreover, it canalsobeappliedduringtheproof of oneof theinjectivity,
surjectivity, or homomorphysubgoals.In particular, it is usedto exploit thesimplemathematicalfactthat
in finite domainssurjectivity implies injectivity andvice versa.UsuallyMulti provesfirst thesurjectivity
subgoal;thenthe injectivity subgoalis shown by applyingthe following theorem:A surjectivemapping
betweentwo finitesetswith thesamecardinality is injective.

Techniquesfor Non-Isomorphism Proofs

In ourpreviouswork [193, 194], wehaveimplementedseveralprooftechniquesfor theproofplannerMulti
to show that two structuresarenot isomorphic.Theserequirevaryingdegreesof guidancefrom computer
algebraor modelgeneration:

Testingall possiblefunctions � . Essentiallythis correspondsto a casesplit on all possibleinstantiations
for themapping� andshowing in eachcasethat � is not an isomorphism.While this techniquedoesnot
requireany guidancefor Multi, for two structureswhosesetshave cardinality ê , Multi hasto considerê ì
possiblefunctions,which becomesinfeasibleevenfor relatively small ê .

Proof by contradiction. Theideaof thistechniqueis to find apairof distinctelementsin onestructurethat
is alwaysmappedto thesameimageundereachhomomorphism� . Thisshowsthatthereexistsnoinjective� and thereforeno isomorphism. For this technique,a prospective pair of elementscan be computed

19Theproof of eachof thesepropertiesresultsin formulaswith two nestedquantificationsrangingover setsof cardinality ? . This
resultsinto ?A@ possiblecases.
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eitherwith thecomputeralgebrasystemMAPLE or, morereliably, with theSEM modelgenerator[274].
However, evenwith thisguidance,thesubsequentproofprocessis essentiallyequationaltheoremproving,
andsuccessis notguaranteed.

Using predefinedinvariants. An intuitive way to show non-isomorphismis to find an invariantproperty
of onestructurethat theotherstructuredoesnot exhibit. We have alreadyimplementeda proof planning
approachfor thefollowing predefinedinvariants:(1) thestructuresinvolvedareof differentcardinality;(2)
thestructuresform differentalgebraicentities;e.g.,onestructureis agroupwhile theotheris asemigroup;
(3) oneof thestructurescontainsanelementof someorder B andnoelementin theotherstructurehasorderB . For structureswithoutaunit element,wecansimilarly usetheorderof tracesof elements.Multi checks
theseinvariantsin this order. To computeboth ordersand tracesof elements,Multi usesthe computer
algebrasystemGAP. In theautomaticexplorationof theresidueclassdomain(see[194]) we usuallystart
with setsof similar algebraicstructuresof the samecardinality (e.g., quasigroupsof order

ø
). Hence

invariant(3) is theonly oneof relevance,andthepredefinedcriteriaareoftennot sufficient to successfully
constructa non-isomorphismproof.

Evaluation

For assessingthe effectivenessof thecombinationof proof planningandcomputeralgebrawe compared
our approachwith alternative techniques.In particular, we experimentedwith (1) substitutingcomputer
algebraby model generationand (2) by proving theoremswith a first order equationaltheoremprover
insteadof aproof planner.

For (1) we employed the modelgeneratorSEM [274] andsubstitutedits computationsfor all computer
algebracomputationin theproofplanningprocess.It turnedoutthatin generalbothapproachesareequally
robustanddo not outperformeachother. In fact,theapproachescomplementeachotherin somerespects:
For instancefor guidingthenon-isomorphismproofs,MAPLE waslesseffectivesinceit notalwaysreturned
all possiblesolutionsto ahomomorphismequationsystem.SEMontheotherhandprovidedthenecessary
answers.

The experiments(2) were performedby using the theoremprover Waldmeister[137]. It proved to be
applicablefor constructingmost of the requiredproofs (except for isomorphismproblems)but is less
robust in a largecasestudythanthecombinedproof planningandcomputeralgebraapproach.While the
theoremprover hasa clearadvantagewith respectto runtime,producingsolutionsmuchfasterthanthe
proofplanner, it couldfind proofsfor all statedproblems.In particular, if structureswith largercardinality
wereinvolvedthelikelihoodof failurewouldgrow. Moreover, theproblemformulationwasratherintricate
andunintuitive.

Proving with Invariants

In thecasestudypresentedin section3.5.bit turnedout that themostdifficult problemwasto show that
two givenstructuresarenon-isomorphic.Theproofattemptsoftenfailedbecausetheproofplannerdid not
get theappropriateguidancefrom a computeralgebrasystemor a modelgenerator, which wasnecessary
for themoreadvancedproving techniques.To overcomethisdilemmawegeneralizethetechniqueof using
invariantpropertiesto show non-isomorphism:Giventwo structures,weconstructanappropriate,bespoke
discriminant(i.e.,aninvariantpropertythatonly oneof thestructuresexhibits) to show thatthestructures
arenot isomorphic.More formally, for two structures�C� and ��� we want to find a property D suchthatD�üE�C� ý�F+G D�üE��� ý holds.

For example,considerthe pairwisenon-isomorphicquasigroups����î����0î�� í given with their respective
multiplication tablesin Fig. 22. When comparingthe tablesof � � and � � , one discriminantis fairly
obvious: while ��� hasonly òõ ï on themaindiagonal,all elementson themaindiagonalof ��� aredistinct.
Thus, the invariant propertywe can useis HI� JK� �L#M��þN� . Things becomelessobvious when we
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���O#Sü�ë ï î ò� ý ���P#Sü�ë ï î~ÿ���� ü ò	 ï ò� � ý ò� � ý � í # ü�ë ï îrÿ���� ü ò÷ ï ò� � ý ò� � ý�C� òõ ï�òó@ï�ò	 ï�ò÷ ï�ò>mïòõ ï òõ ï ò> ï ò÷ ï ò	 ï ò ó ïò ó ï ò ó ï�òõ ï�ò> ï�ò÷ ï�ò	 ïò	 ï ò	 ï�òó ï�òõ ï�ò> ï�ò÷ ïò÷ ï ò÷ ï ò	 ï ò ó@ï òõ ï ò>mïò>�ï ò>�ï�ò÷ ï�ò	 ï�òó�ï�òõ ï

��� òõ ï�òó�ï�ò	 ï�ò÷ ï�ò>mïòõ ï òõ ï ò ó ï ò	 ï ò÷ ï ò> ïò ó ï ò	 ï�ò÷ ï�ò> ï�òõ ï�òó ïò	 ï ò> ï�òõ ï�òó ï�ò	 ï�ò÷ ïò÷ ï ò ó@ï ò	 ï ò÷ ï ò>�ï òõ ïò>mï ò÷ ï�ò>�ï�òõ ï�òó�ï�ò	 ï

� í òõ ï�òó@ï�ò	 ï�ò÷ ï�ò>mïòõ ï òõ ï ò ó ï ò	 ï ò÷ ï ò> ïò ó ï ò÷ ï�ò> ï�òõ ï�òó ï�ò	 ïò	 ï ò ó ï�ò	 ï�ò÷ ï�ò> ï�òõ ïò÷ ï ò>�ï òõ ï ò ó�ï ò	 ï ò÷ ïò>�ï ò	 ï�ò÷ ï�ò>�ï�òõ ï�òó@ï
Figure22: Somequasigroupmultiplicationtables

comparethemultiplicationtablesof ��� and � í . Here,oneinvariantof � í , which doesnot hold for ��� , isJK� JK� ü�� þC�)#Q� ý�R ü��ÇþC�S#T� ý .
Thegeneralizedproof procedureis asfollows: giventwo structures� � and � � we haveto:

1. find anappropriatediscriminantD ,

2. show that D�üU��� ý holds,

3. show that G D�üU��� ý holds,andfinally

4. show that JWV JYX D�ü�V ýYF+G D�üEX ý�R VMZ[ X holds20.

Thesingleproof partscombineto give thefollowing, sketchedformalproof:\
.... ü 	 ýD�üU� � ý

\
.... ü ÷ ýG D�üU� � ýD�üU� � ý]F.G D�üU� � ý F_^mêY`;a *

\
.... ü�> ýJWV JWX D�ü�V ýYF)G D�üEX ý�R VMZ[ XD�üE� � ý�F+G D�üE� � ý�R � � Z[ � � JYb û�c '�üE� � îd� � ý� � Z[ � � e *-,gfWhiD
* ê�j�ê h

Theproofstrategy is realizedin Multi with thehelpof variousexternalsystems:To automaticallydetectthe
discriminantD we employ theHR system[107]. HR performsautomatedtheoryformationby inventing
concepts,makingconjectures,proving theorems,andfinding counterexamples. The main functionality
usedfor the applicationfor finding discriminantsdiscussedhereis conceptformation,which is achieved
by usingproductionruleswhich takeone(or two) old conceptsasinput andreturna new concept.

Discriminantscomputedby HR aretranslatedinto appropriateconceptsandprovidedto theproofplanner.
Theremainderof theproof is subsequentlyconstructedasfollows: Subproofs(2) and(3) areplannedwith
Multi possiblyusingthesupportof a computeralgebrasystem.The latterdependson theactualstrategy
Multi choses.

Subproof(4) on theotherhandis contributedby first-orderautomatedtheoremprovers(ATPs),which are
calledvia theTRAMP-system[191], aninterfaceandtransformationsystem.It transformsagivenproblem
into theinput formatsof connectedATPsandrunsthesesystemsconcurrently. Outputof theATPsis then
translatedbackinto naturaldeduction(ND) proofsandinsertedasproof for theoriginal subproblem.For
ourwork we employedfirst orderresolutionproversOTTER, BLIKSEM, andSPASS.

Thiswork hasbeencarriedout in collaborationof thenodesin Birmingham,Edinburgh,andSaarbr̈ucken.
It particularlyinvolvedtheYVR SimonColton,theauthorof theHR system.Theresultswherepublished
in [196].

20While step4 is fairly obviousfor ahumanmathematician,it is crucialfor a formal proof.
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The Jordan CurveTheorem for SpecialPolygons

The proof of Jordan curve theorem for specialpolygonsis the first part of the formalizationof general
Jordancurvetheoremfor simpleclosedcurves:

Jordan curve theorem
Thetheoremthat statesthat everysimpleclosedcurvedividesa planeinto two parts and is
thecommonboundarybetweenthem.(see[217]).

This theoremseemsquite obvious, however it is commonknowledgethat it is very difficult to prove it
rigorously. M IZAR formalizationfollows the script [248] by Y. NakamuraandY. Takeuchi. The work
actuallystartedin 1992with thearticle[208] by Y. NakamuraandJ.Kotowicz in whichtheJordanproperty
wasintroduced.Thatarticlewasprecededby severalotherarticlesin which Euclideanspacesandspecial
polygonalarcsweredefined. A polygonalcurve is calledspecialif its line segmentsareparallel to the
axes.Anotherusefulconceptof so-calledGo-boardswasalsodefinedbeforethesubmissionof [208]. By
a Go-board theauthorsmenta matrixof pointsof theplaneasbelowkl

m ü�� � î�� � ýonpnqn ü�� � î�� ì ý...
. . .

...ü�� ì î5� � ýrnpnqn ü�� ì î5� ì ý
sut
v

with the propertythat ordinatesof points in the samecolumnareequalaswell asabscissaeof pointsin
rows and,moreover, ��wyxz��{ and �gw�xz�|{ for c x&} . Using the techniquesof Go-boards the following
theoremwasprovedin [163]:

Everytwo specialarcslying in a rectangle
 such that thefirst arc joins theupperandlower
sidesof 
 andthesecondarc joins theleft andright sidesof 
 havea nonemptyintersection.

Togetherwith severalsubsequentarticlesdevotedto furtherdevelopmentof the theoryof Go-boards, the
abovelemmamadeit possibleto completethefirst partof theJordantheorem(sayingthatthecomplement
of thecurveis theunionof two components)in [209]. Later, thesecondpart(statingthatthesecomponents
aredifferent)wasprovedin [255], andfinally, thecompletetheoremwasprovedin [160].
Thepreliminarywork on theproof of generalJordancurvetheoremstartedwith definingtheexternal(so-
calledCages) andinternal(so-calledSpans) approximationof the curve by specialpolygonsin [84] and
[254] respectively. Recently, we work on proofsof lemmasleft to completethewholeproof. 74 articles
devotedto this theoremhave beencollectedso far, which makesabout ó õ�~ of the Mizar Mathematical
Library. However, someof thearticlescontainsuplementarytheory, only indirectly relevantto theproof.

Continuous Lattices

Oneof thelargestconcentratedefforts in developingMML hasbeentheformalizationof A Compendiumof
ContinuousLatticesby G.Gierz,K.H. Hofmann,K. Keimel,J.D.Lawson,M. MisloveandD.S.Scott[126]
in its entirety. Thisprojectstartedin 1996.Theeffort wasoriginally motivatedby thequestionof whether
or not the M IZAR systemwassufficiently developedfor the taskof expressingadvancedmathematics21.
Thecurrentstateof theformalization—57M IZAR articleswrittenby16authors—indicatesthatin principle
theM IZAR systemhassuccessfullymetthechallenge.

More detailedreportson theprojectmaybefoundin [29], [30], and[31].

Theformalizationwasdividedinto two seriesof MIZAR articles:

YELLOW: articlesbridgingthegapbetweenthecontentsof MML andtheknowledgeassumedin [126],

21Theabovequestionwasraisedat the2ndQEDWorkshopheldin Warsaw in 1995http://www-unix.mcs.anl.gov/qed
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WAYBEL22: articlesformalizingthemaincourseof [126].

No formalizationof examplesandexercisesweredoneunlesssomeitem in the main text dependson it.
Thiswasmeantto reducetheworkloadasnoneof theparticipantsspecializedin continuouslattices.

Theformalizationis ascloseaspossibleto [126], but provisionsweremadefor someM IZAR peculiarities
suchasbuilt-in conceptsandmechanisms,reuseof MML, andthelike.

Wheneverpossible,theformalizationwasmoregeneralthan[126].

[126] Formalized ThedeBruijn factor
Characters(bytes) 327,929 3,098,460 9.44
Compressed 100,839 566,720 5.62
Tokens(words) 55,142 808,020 14.65

Table2: ThedeBruijn factors

Thebook[126] contains334pagesdividedinto8 chapterscoveringatotalof 715items.Of these,254items
areexamplesandexerciseswhich we did not plan to cover. By the endof April 2002,the formalization
covered231itemswhich is slightly morethan50%of thework originally planned.On average,anarticle
in theWAYBELseriescovers7 items,varyingfrom 1 to 18with amedianof 5.

1996 1997 1998 1999 2000 2001 Total
YELLOW 8 1 5 3 1 4 22
WAYBEL 10 6 8 4 5 2 35

All 18 7 13 7 6 6 57

Table3: Articlesover theyears

Table 3 summarizesthe numberof articlessubmittedto MML from this project. The YELLOWseries
constitutes38.6%of thearticles,muchlessthanoriginally anticipated.However, this maychangein the
nearfutureasweareapproachingthepartof [126] which is poorlycoveredin MML.

Order SortedAlgebras

The theoryof order sortedalgebras (a conceptoriginally introducedby JosephGoguen)wasdeveloped
in M IZAR by JosefUrbanfrom CharlesUniversity(Prague)duringhis visit to Universityof Bialystokas
YVR of CALCULEMUS. This work consistsof 5 M IZAR articlescoveringbasicconceptsof the theory.
The notion of a signature of an order sortedalgebra introducedin [257] is a 5-tuple x���îd�=î5�%î��+î���� ,
where � is the set of sort symbols, � is the set of operationsymbols, � is an equivalencerelation of� , �Q�C� � � and �L��� � ��� ( ��� denotesthe free monoidgeneratedby � ). Order sortedalgebra
wasdefinedusingthe structureof a many-sortedalgebra previously introducedin [253]. A manysorted
algebra (over a givensignature) is a 2-tupleof the form x$��î���� , where � is a functionwhich assigns
somesortto any sortsymboland � is thecharacteristicof thealgebrawhich assignssomeoperationgiven
by thesignature to everyoperationsymbol.Thedevelopmentof thetheoryof manysortedalgebrascovers
the conceptsof subalgebras,quotientalgebrasandhomomorphismsbetweenalgebras.Eventually, free
ordersortedalgebrasweredefinedin [256].

3.5.c Ongoingand Futur e Work

In the remainderof theprojectwe intendto tacklethe following challengingproblemsandanticipatethe
following collaborations.

22Thewaybelowrelationis thekey conceptin continuouslattices,see[126,p. 38].
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InvolutiveBases

A work in progressis to investigatetheimpactof involutivetechniquesin field theory, adomainof Physics.
Most if not all physicalsystemsarerepresentedby systemsof partialdifferentialequations.Amongsuch
systemsarethewell-known Yang-Mills or Einsteinequationsfor instance.Without aimingat doingbetter
thanwhatthevery many expertphysicistsof stringtheoryaredoing,it is possibleto studywhethersome
systemsare integrableor not. What is challengingis to solve symbolically over- or under-determined
systemsof polynomialor differentialequationsor in simplertermsto extendtheconceptof Groebnerbases
to suchsystems.This is anold well-known problemthatwasmuchearlierinvestigatedby Cartanandhis
co-workersbeforebeingput aside.Theneedto designconstructive methodsin mechanizedmathematics
wasat the origin of a revival. But, we still needto find out the properrepresentationsin which to better
formulateinvolutive bases.Again in very simplewords, we are in a situationwherewe canget some
informationon local solutionsof non-linearsystemsandwe aim at extendingthemto somekind of non-
localneighborhood.

Proofsin HomologicalAlgebra

In the courseof the Calculemusproject the Basic PerturbationLemmawas identified as an interesting
challengeproblem,sinceits field is the AlgebraicTopologyandthe role of the infinity in this field. In
theparticularcasein which theapplicationdomainof a symboliccomputationsystemis HomologicalAl-
gebraor AlgebraicTopologythe analysisof the correctnessof its algorithms,usingasa tool an ATP, is
particularlycomplex, dueto the needof using infinite datastructuresand,then,higher-orderfunctional
programming[235], [233]. This specificsituationimplies that thereis a deepsemanticgapbetweenthe
proofswhich appearin thestandardliteratureon AlgebraicTopologyandthesemanticsof theimplemen-
tationlanguageusedto build thesymboliccomputationsystem.Ouraimis to bridgethisgapby usingATP
technology.

Kenzo(Sergeraertet al. [117]) is a CommonLisp symbolic computationsystemfor Algebraic Topol-
ogy. Kenzohascomputedhomologygroupsunknown until its construction[233]. Hence,the following
objectivedefinesaninterestingresearchtask.

Goal 1. Givea proofof theKenzocorrectness.

This goalbeingvery complex (duebothto thesizeandconceptualcomplexities of Kenzo),we derive the
following sequenceof subgoals.

Subgoal1.1.Verify andestablishformalmodelsfor Kenzofragments.

Subgoal1.1.1.Giveautomatedcertifiedversionsof somecentralpartsof theprogram.

SincetheBasicPerturbationLemma(BPL) is themostimportanttool in algorithmichomologicalalgebra,
this is sensibleto stateasa first task:

Subgoal1.1.1.1.Givea certifiedversionof theBPL implementationusedin Kenzo.

Here,it is necessaryto choosea theoremprover to make theautomatedproof of correctness.Due to the
previous work donein Isabelle[211] aboutalgebraicstructuresandits expresiveness,this hasbeenour
choice.But linking CommonLisp (theKenzoimplementationprogramminglanguage)andIsabelleseems
difficult from a technicalpoint of view. So, we preferstartingwith a BPL implementationin ML (the
Isabelleimplementationprogramminglanguage).

Subgoal1.1.1.1.1.Implementin ML a certifiedversionof theBPL algorithm.

Terminationproblemscausedifficultiesto theautomatedproving process,soin a first step,we intendedto
giveanIsabelleautomatedproofof theBPL theorem. This is theproblemtackledin thisextendedabstract.

Subgoal1.1.1.1.1.1.GiveanIsabelleautomatedproofof theBPL theorem.

In the following definitions,somenotionsof homologicalalgebraarebriefly introduced(for details,see
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[173] for instance).

Definition 2. A gradedgroup � � is a family of abeliangroupsindexed by the integer numbers: � � #ñ|� ì ô ìI��� , with each � ì an abeliangroup. A gradedgroup morphism�Q��� � ��� � of degree B ( ��ë )
betweentwo gradedgroups � � and � � is a family of grouphomomorphisms:��#Kñ-� ì ô ìA��� , with � ì �� ì ��� ì��]� grouphomomorphismJ ê ��ë . A chain complex is a pair üE� � î�,�� � ý , where � � is a graded
group,and ,�� � (the differential map) is a gradedgrouphomomorphism,�� � �C� � � � � of degree-1
suchthat ,g� � ,�� � # õ . A chain complex homomorphism���3üE� � î�,�� � ý�� ü � � î�,�� � ý betweentwo chain
complexes ü�� � î�, � � ý and ü � � î�, � � ý is a gradedgrouphomomorphism���A� � ��� � (degree0) suchthat�W, � � #Q, � � � .
Definition 3. A reduction � � R � � betweentwo chaincomplexesis a triple üU�7î8 �î�� ý where: (a) The
components� and   arechaincomplex morphisms�!��� � � � � and  %�g� � � � � ; (b) Thecomponent�
is a homotopy operatoron � � , that is to say:a gradedgrouphomomorphism�!��� � � � � of degree+1;
(c) Thefollowing relationsaresatisfied:(1) �� ¡# id � � ; (2)  �� � ,�¢ � � � ��,�¢ � # id ¢ � ; (3) �Y�+# õ ; (4)�� £# õ ; (5) ���)# õ .
Definition 4. Let � � bea chaincomplex. A perturbationof thedifferential ,�¢ � is a morphismof graded
groups ¤p¢ � �¥� � � � � (degree-1) suchthat ,�¢ � � ¤p¢ � is a differential for the underlyinggraded
groupof � � . A perturbation¤q¢ � of ,�¢ � satisfiesthe nilpotencycondition, with respectto a reductionüE�7î5 7îd� ý ��� � R � � , if thecomposition¤q¢ � þ�� is pointwisenilpotent,that is, üE¤p¢ � þP� ý ì ü�� ý # õ for anê �.¦ dependingoneach� in � � .
Theorem 5. Basic Perturbation Lemma — Let üU�7î8 �î�� ý �¥� � R � � be a chain complex reduction
and ¤ ¢ � ��� � � � � a perturbationof the differential , ¢ � satisfying the nilpotency condition with
respectto the reduction üE�7î5 7îd� ý . Thena new reduction üU�W§�î5 I§�î���§ ý �_�¡§� R ��§� canbe obtainedwhere
the underlyinggradedgroupsof � � and � §� (resp. � � and � §� ) are the same,but the differentialsare
perturbed: , ¢�¨� #©, ¢ � � ¤ ¢ � î�, ��¨� #L, � � � ¤ � � , and ¤ � � #ª�Y«K¤ ¢ �   ; � § #©�Y« ;   § # ü�ó � �K«K¤ ¢ � ý   ;��§�#¬�K« , where «.#�­¬®w°¯Y± ü � ó ý w üE¤ ¢ � þ"� ý w .
TheBPL is a centralresultin algorithmichomologicalalgebra(in particular, it hasbeenintensively used
in the symboliccomputationsystemsEAT [234] andKenzo[117]). It first appearedin [236] andit was
rewritten in moderntermsin [56]. Sincethen,plentyof proofshave beendescribedin literature(see,for
instance,[130], [35], [232]).

Work on this project is currentlyunderway at the Universidadde La Rioja (Dr. Julio Rubio andJeśus
Aransay)in collaborationwith Dr. ClemensBallarinatTU München,wheretheformalizationof proofsof
someauxiliary lemmasin thetheoremprover Isabellehasbeencompleted.

Proofsin Graph Theory

The goal of this casestudyis to generatenon-isomorphismproofsin graphtheory, i.e. to show that two
given graphsarenot isomorphic. To answerthis questionthereexist currentlyelaboratecomputational
techniquesas,for instance,implementedin theNautysystem[190]. Unfortunately, thesesystemsusually
only give an answerbut no detailedjustificationswhy the two graphsare not isomorphic. However, a
working mathematicianmight be interestedin moreinsightsinto theproblem,not only to checkthecor-
rectness,but alsoto put theadditionalinformationto furtheruse.To furtherthisendwewantto employ the
techniquewehavedevelopedfor task1.1duringtheintegrationof computeralgebrainto proofplanningas
well asthemechanismsimplementedfor thecasestudydescribedin section3.5.b.

The overall ideais to prove that two given graphs² � and ² � arenot isomorphic,by showing that there
respective automorphismgroupsarenot isomorphic. So far we have defineda setof eight problemsin
permutationgroupsthatwill partof themoregeneralsolution:

In computationalpermutationgrouptheory, a group ³ is specifiedby a list of generatingpermutations�´#�µ � � î�� � î npnqn î��A�i¶ , where � consistsof permutationsof thepoints é¬�9# ñmómî 	 î npnqn î ê ô , i.e. theelements
of � belongto thesymmetricgroupSymì . We oftenwrite ³ª#©·��¹¸ to denotethat ³ is generatedby � .
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We let our permutationacton pointsfrom theright.

1. Membership The first questionis how to prove that a permutation  belongsto the group ³ . We
definea word in � to beanexpressionof theform

�Aº5»w » �Aº;¼w ¼P½q½p½ �Iº8¾w ¾
wherethe indices c { are in the range ómî npnqn îdB andthe exponentsj { are integers. It is now easily
shown thata permutation %� Symì is anelementof ³ if, andonly if, it canbeexpressedasaword
in � .

2. Subgroup Suppose¿ is anotherpermutationgroupwith generatingset � andthatwewish to prove
that ¿ is a subgroupof ³ . Fromthedefinitionof a generatingsetit follows that ¿ is a subgroupof³ if, andonly if, everyelementof � is containedin ³ .

3. Orbit Theorbit of � undertheactionof ³ is ��³À#¿ñq�� %�- ¡� ³ ô . We wish to determineanorbit
containingagivenpoint of é .

4. Schreier tr eeStabilisersubgroupsareof fundamentalimportanceto boththeoreticalandcomputa-
tionalpermutationgrouptheory. Thestabilisersubgroupin ³ of � is

³
ÁN#Òñp ¡�+³Â���� Ã#Q�&ô n
It is not immediatelyclearhow to computewith thissubgroup,for, althoughthedefinitiongivesusa
testfor whether  is anelementof ³ Á , it doesnot giveusageneratingset.

The following Orbit Lemmaestablishesa one-to-onecorrespondencebetweenthe orbit of a point
andthesetof cosetsof its stabiliser.

If �%�.�K³ , then ñÄ %�+³Â���� S#T�7ô is a cosetof ³ Á . In particular, Å �K³¡Åg#zÅ ³¡Å Æ�Å ³ Á Å .
Supposethat for every element � of the orbit ��³ , we choosè ü�� ý �À³ with the property that� ` ü�� ý #Ç� . Then it follows immediatelyfrom the Orbit Lemmathat all such ` ü�� ý form a setof
cosetrepresentativesfor ³
Á in ³ . It wouldbeinefficient to storeall theelements̀ ü�� ý , soinsteadwe
constructaSchreiertreerootedat � . Thatis, asubgraphÈ of theorbit graphÉ containing� whichis
a tree(whenweview theedgesasbeingundirected)with root � . For every �)�.V , thereis a unique
minimalpathin È from � to � (again,disregardingthefactthatthelabelededgesaredirected).

5. Stabiliser Now thatwehaveasetof cosetrepresentativesfor ³ Á , we canuseit to computea gener-
atingsetfor thestabiliserof � in ³ . Thisqueryis baseduponSchreier’s lemma:

Suppose³ is a groupwith generating set � , and ¿ is a subgroupof ³ . If Ê is a setof
cosetrepresentativesfor ¿ in ³ , andthefunction ` �g³ � Ê mapsan element  of ³ to
therepresentativeof ¿   , thena generatingsetfor ¿ is givenbyË fK� ` ü�fW� ýdÌ � �gf �ÍÊ�î��S�+�ÏÎ n

Observe that for �T�
é and ¿Ð#À³
Á , the function ` �]³ � Ê doesnot dependon the choiceof
elementin a coset¿   , sothemap ` �mé � ³ givenby ` ü���  ý # ` üÑ  ý , is well defined.This indicates
how to applySchreier’sLemmato permutationgroups.

6. BaseNow that we have a stabiliserof a subgroup,we can repeatthe processto form a chainof
subgroups.A basefor ³ is afinite sequence� #Òµ � � î npnqn î�� � ¶ of distinctpointsin é suchthat

³
Á »dÓ Á ¼ÄÓÕÔÕÔÕÔ Ó Á|Ö�#°ó n
Hence,the only elementof ³ which fixesall of the points � � î�� � î nqnpn î�� � is the identity. Clearly
everypermutationgrouphasa base,but not all basesfor a givengroupareof thesamelength.If we
write ³£× w°Ø #Q³ Á » Ó Á ¼ ÓÕÔÕÔÕÔ Ó ÁqÙ , thenwe haveachainof stabilisers

³$#Q³ × ±�ØCÚ ³ ×Ñ� ØCÚ ½q½p½ Ú ³ × � Ì � Ø�Ú ³ × �ÛØ #Òó n
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We oftenrequirethata basehastheadditionalpropertythat ³£× w°Ø Z#¬³£× w°� � Ø .
A basecan be constructedby startingwith � #Üµ � � ¶ , and recursively choosinga letter � w in a
nontrivial ³ Á » ÓÕÔÕÔÕÔ Ó ÁqÙ�Ý » -orbit andappendingit to � . Theconstructionis finishedwhen ³ Á » ÓÕÔÕÔÕÔ Ó ÁqÙ #Òó .

7. Non-membershipHerewe dealwith the complementaryqueryto the first onetreated:Prove that
thepermutation  doesnot belongto ³ . Givena base� #Þµ � � î npnpn î5� � ¶ of ³ , we have a chainof
subgroups ³Ò#Q³ × ±�Ø�Ú ³ ×ß� Ø�Ú ½p½q½ Ú ³ × � Ì � ØCÚ ³ × �ÛØ # ó
and sets ÊÏ× w°Ø consistingof cosetrepresentatives for ³£× w°� � Ø in ³£× w°Ø . For we can take ³£× w°Ø #³ Á » ÓÕÔÕÔÕÔ Ó ÁiÙÑÝ » and Ê£× w<Ø # ` üE³£× w<Ø ý the setof Schreierelementscorrespondingto a Schreiertree for³ × w<Ø rootedat � w Ì � .
An element  of ³ is containedin exactlyonecosetof ³£×ß� Ø in ³£× ±dØ , so  £#�� � f ± for someunique� �
in ³£×ß� Ø and f ± in ÊÏ× ±dØ . By induction,wecanshow that  £#Tf � f � Ì � ½p½p½ f � f ± whereeachf w �!ÊÏ× w°Ø
is uniquelydeterminedby   . This process,calledsifting anelement,givesa canonicalform for the
elementsof ³ andunderpinsmostof themoreadvancedapplicationsof stabiliserchains.

On theotherhand,if   is not in ³ , thensifting failsbecauseat somestagewe getthat � w � w Ì � is not
in theorbit � w ³£× w Ì � Ø , andso � w Ì � is not in ³£× w Ì � Ø . Thisgivesusourproof of non-membership.

8. Order The orderof a permutationgroupcannow be effectively computed.We usethe following
OrderLemma:

Suppose³ is a permutationgroupand � #$µ � � î nqnpn î5� � ¶ is a basefor ³ . Then

Å ³¡Åà# �á
w°¯ � Å � w ³ ×

w Ì � Ø Å n
We have currently implementedspecializedalgorithmsin the computeralgebrasystemGapto compute
the necessaryinformation for the above problems. Thesecomputationsarenow employed in the proof
plannerof é MEGA to derive thenecessaryproofsfor theproblems.Fromthis we will work towardsnon-
isomorphismproofsfor automorphismgroups,which will eventuallyleadup to thefull non-isomorphism
proofsfor graphs.

Thework will bejointly carriedoutby thenodesin Birmingham,Eindhoven,andSaarbr̈ucken.Therebythe
Eindhovennodeis responsiblefor generatingthecertificatesin thecomputeralgebrasystemGap,whereas
theBirminghamandtheSaarbr̈uckennodewill bejointly responsiblefor anadequateformalisationof the
problemsin anintuitive logical formalismin é MEGA, andtheproof planningincludingcomputeralgebra
computations.Currentlythework involvestheYVR Martin Pollet.

Exploration in Zariski Spaces

Zariski Spaceswereintroducedin 1998in [189]. As they area fairly new andbarelyresearcheddomain,
they offer the opportunityto apply someof the techniquesdevelopedin the CalculemusNetwork to un-
chartedmathematicalterritory.

Beforedefininga Zariski Space,we first recall the definition of a Zariski Topologyof a ring. Let 
 be
a commutative ring with unity, andlet h�â j�ú 
 denotethe collectionof prime idealsof 
 n Now for each
(possiblyempty)subset� of 
 î thevarietyof � is givenbyã ü�� ý #°ñ|DÒ� h5â j�ú 
$���$äåD ô n
It is easily shown that the collectionof all suchvarietiesconstitutes(the closedsetsof) a topologyonh�â j�ú 
 , calledtheZariskiTopologyof 
2î whichwedenoteby æ�ü�
 ýÄn Furthermore,everytopologyis clearly
a semiring,if onetakesthe operationsof additionandmultiplication to be set-theoreticintersectionand
union,respectively.
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Now let
e

bean 
 -module,andmoreor lessrepeattheabove process.That is to say, let h�â j�ú e denote
thecollectionof all primesubmodulesof

e î andfor eachsubset� of
e î let thevarietyof � begivenbyã ü � ý #ÒñiDÒ� h�â j�ú e � � äçD ô n

Finally, let æ�ü e ý representthecollectionof all varietiesof subsetsof
e n Thenonecanshow that æ�ü e ý

is closedwith respectto intersections,but not unions,andthereforedoesnot in generalform a topology.
However, it doesform asemimoduleoverthesemiringæ�üE
 ý î wheretheadditiveoperationin æ�ü e ý is taken
to beintersection,andscalarmultiplicationis givenby

ã üE� ý ã ü �2ý # ã ü�
�� �2ý . We call thissemimoduleæ�ü e ý theZariski Spaceof
e n

We plan to transfertechniquesdevelopedfor the residueclassdomainto Zariski Spaces.In particular
we intendto performa classificationof concrete,smallZariski spaces,for instanceover integermodules
automaticallyusingtheproof plannerMulti, computeralgebrasystemslike SingularandMacAulay2,the
modelgeneratorSEMandtheHR conceptformationsystem.

Thework will bejointly carriedout by theBirminghamandtheEdinburghnode.Sinceoneof theauthors
of theoriginal Zariski Spacespaper, R. L. McCasland,is now a researchfellow with theEdinburghnode,
we have the uniqueopportunityto exploit his indepthknowledgeand mathematicalknow-how for our
experiments.

Jordan CurveTheorem

The work on the M IZAR formalizationof Jordancurvetheorem is quite advanced.Only sometechnical
lemmasremainto beprovedandwe hopeto completetheproof for arbitrarysimpleclosedcurvesduring
thefirst partof theyear2003.

Continuous Lattices

We intendto formalizein M IZAR a substantialpartof theremainingtheoryin A Compendiumof Contin-
uousLattices, [126]. Althoughtheformalizationalreadyincludes57 M IZAR articles,thereis still a lot of
work to do.

As the first stepwe will concentrateon the theory of function spaces(spacesof continuousfunctions
equippedwith theScotttopology)whichseemsto bethemostdifficult topicontheprojectresearchfrontier.
It dealswith categorial propertiesunifying the lattice aspectsof function spaceswith topologicalones.
Namely, we must addresslattice and topologicalproducts,top-latticesof mapspreservingsomelattice
propertiesandtop-latticesof continuoustopologicalmaps,andcorrespondencebetweenthemin this topic.
It is well advanced,but still sometheoremsarewaiting.

As thesecondstepwewill formalizetheproofof equivalenceof Lawsontopologyandlim-inf topology. It
is requiredby thetheoryfrom ChapterV. This will coverChapterIII. Also, theformalizationof Chapters
IV andV is started.However, thetheoryfrom ChapterV dependsonthetheoremsfrom thefirst andsecond
step.It needsequivalenceof Lawsonandlim-inf topologiesandformalizedresultscannotbesubmittedyet
to theMML. For ChapterIV therewereandstill areseveralformalizationsrequiredto fill thegapsbetween
knowledgeassumedin [126] andthestateof theMizar MathematicalLibrary.

We expecta new edition of the monographwhich is supposedto be publishedby CambridgeUniversity
Pressin March 2003 as ’ContinuousLatticesand Domains’. Therefore,our work will also include a
revision of Mizar MathematicalLibrary accordingto thenew approachpresentedin thenew edition. We
seekpartnersin theCalculemusprojectto cooperatewithin all theabovefields.
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126:389–412,2002.

[234] J. Rubio,F. Sergeraert,andY. Siret. EAT: SymbolicSoftwarefor Effective HomologyComputa-
tion. Technicalreport, Institut Fourier, Grenoble,1997. ftp://fourier.ujf- grenoble.
fr/pub/EAT .

[235] F. Sergeraert.Thecomputabilityproblemin AlgebraicTopology. Advancesin Mathematics, 104:1–
29,1994.

[236] W. Shih. Homologiedesespacesfibrés.PublicationsMathématiquesdel’I.H.E.S., 13,1962.
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