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Difficulty for AR: Impredicativity

Notion: (Impredicativity)
guantification over sets and predicates
support impredicative definitions and reflection

Ex.: Automation already problematic for very simple quantifications
over sets: 4P (P 1)

P «—— {x|true} (AX Ty)
P+« {x|x =1} (AX X =1)
P« {xlx=1vx=2} (X X=1VX=2)
P+— {x|x> 0} (AX X > 0)
etc.

unification not powerful enough — guessing is state of the art

problem not limited to HOL
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HOL: Simple Types

o) (truth values)
Simple Types 7 L (individuals)
(. — B) (functions from « to ()
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HOL: Simply Typed

Typed Terms:
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Constants (%)
Application
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HOL: Simply Typed A-Terms

Xa Variables (V)
an Parameters (P)
Typed Terms: Ca Constants (Y)

(Fa—sBa)s  Application
(AYo Ag)a—p A-abstraction

Equality of terms:

a-conversion Changing bound variables
B-reduction  ((\Y3A,)B) = [B/Y]A
n-reduction (AYoq (FaspyY)) — F (Ys ¢ Free(F))
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HOL: Adding Logical Constants to

1, —true

1, — false

—5_.o — Negation
Vo .o .0 — disjunction
No .0 -0 — CONjUNCtioN
Do 00 — IMplication
So 00 — €quivalence
LS

ZO&

(a—0)—

= — equality at type «

T a—o—0
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(V types «)
(V types «)
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Our choice for signature % in this paper:
—16_.o — Negation
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HOL: Adding Logical Constants to

Our choice for signature % in this paper:

—16_.o — Negation

I_IOé

o(o)

— universal quantification over type «

Use abbreviations for other logical operators
(VAB)

—~(-~A VvV —-B)

-A VB
(ADB)A(BDA)
MN(AX, A)

AV B
ANB
A DB
A < B
VX A
31X, A
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HOL: Adding Logical Constantsto X

Our choice for signature % in this paper:

—16_.o — Negation

I_IOé

o(o)

— universal quantification over type « (V types «)

Use Leibniz-equality to encode equality
A, =B, means VP, .o(PA D PB)
resp. N*(\P,_..—PA VvV PB)
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A Sequent Calculus for HOL

We work with a one-sided sequent calculus:
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Def.. (Basic Rules)

A atomic (and g-normal) AA
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The Sequent Calculus  G;

Def.: The sequent calculus G; Is defined by the rules
G(init), G(=), G(V-), G(V+), GIZ), G(IIE)
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Def.: The sequent calculus G; Is defined by the rules
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The Sequent Calculus G

Def.: The sequent calculus G; Is defined by the rules
G(init), G(=), G(V-), G(V+), GIZ), G(IIE)

Analysis of admissibility of cut:

AC A-C
A

G(cut)

Analysis of Soundness and Completeness:
we need appropriate notions of semantics for HOL
standard semantics not appropriate
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Semantics: HOL-CUBE

91(5 (Z) elementary type theory (Andrews)

b: Boolean extensionality |Do| = 2 _ _
_ _ _ see [Journal of Symbolic Logic (2004) 69(4)]
f(= n + £): functional extensionality

Y

Mgsip (X) ~ H(X) extensional type theory (Henkin semantics)

full function domains

\/

standard semantics

A55PN  UNIVERSITAT
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Semantics: HOL-CUBE

91(5 (Z) elementary type theory (Andrews)
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\

I

Mige
7
L7748
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Abstract Consistency Proof Method

QlccB
\ ?
/ V N
Accse Qlcc[gn
\J EN
Acegs Accgep .
N 1 / L
L7774
Accsip

full function domains

v
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Abstract Consistency Proof Method

Q[ccﬁ Properties for 2Accg: (Ig is class
of sets of formulas; & € Iy)

\ If A is atomic, then A ¢ & or
If =——A € &, then A € 5.

Accge Acegy,
| N
? :
?
v >3 fAVB € o then ®,A € Iy
¢ BeEl.
ey Accoms . or ®,b € Iy
_ f =(A vV B) € &, then
\ J) , ®,~A,-B € k.
? v / If [N*F € &, then . FW € [
& foreach W € cwffq (X).
Acessp i —MNoF - ®, then
. ¢, ~(Fw) € Iz for any pa-
full functionvdomains rameter W, € X Which does
not occur in any sentence of .
6(’{(:) ASOORN  UNIVERSITAT
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Abstract Consistency Proof Method

Q[CCB Properties for 2Accg: (Ix is class

\ of sets of formulas; P € [y)
2 If A is atomic, then A ¢ & or
( { v ) ~A ¢ o,

Accse Accs If =—A € O, then P, A € 5.
| g If A=3gB and A € &, then
) ? . ¢.B c [y.
v o fAVDB €€ o then A € [v
* or®.B € [5.
Rlees Rlecgen it =(A V B) € &, then

\ | / b -A-Bels.
?
5 ? If M*F € &, then ®,FW € [y
& v foreach W € cwffq (X).

If —=l1*F - ®, then

Acessp
¢, ~(Fw) € Iz for any pa-
full function domains rameter Wo € 2o which does
\ not occur in any sentence of .
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Abstract Consistency

Q[ccﬁ Properties for %lccg
Accge Accg,,
| N Properties for Extensionality
5 ? :
\/ ‘A
Acegs Accgep ;
\ | / 2 /
?
QlCCﬁf[,

full function domains

v
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Abstract Consistency

Q[CCB Properties for %lccg
/ / v \v4
Accge Acegy,
| “ N < Properties for Extensionality
-
? ' ° f -(A =° B) € o, then

bA-B € Iy or -AB €
[s-.

full function domains

SI(T)
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Abstract Consistency

Q[CCB Properties for %lccg
2[cc5§ Qlc%?
Properties for Extensionality
f -(A =° B) € o, then
v ? 3 ®A-B € ko ®-AB ¢
[s-.
2lcc 2lcc
3 Accago tAZ Bad A € , then
\ v ®B €y
i =(AXa@.M '
\ v MaoN) € @ then
[ Accapo | ®,=([w/XIM =7 [w/X]N) €

[s- forany new wqo € 2.

full function domains

v
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Abstract Consistency

Properties for 2lccg
/ ’ \

? v ?
Qlc%g Qlc%?
N Properties for Extensionality
' f -(A =° B) € o, then
v ? 3 ®A-B € ko ®-AB ¢
[s-.
2lcc cc Vi cc
Bf pee f il tA % Band A € o, then
\ | . 7 ®Bc[y.
5 .
? if (A Xa-M '
\ v MoN) € b, then
®,~([w/XIM = [w/X|N) €
[s- forany new wqo € 2.
full function domains it =(G =*"F H) € &, then
&, -(Gw =P Hw) € I5 for any
6(‘{(:) 45O\ UNIVERSITAT new Wy € 2 .
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Abstract Consistency

Properties for %lccg
e
\ Vi ™
/ V N\
2[cc5§ Qlcc[gn

~ _ . o
w % /|
g ¢ v, f~(A =° B) € &, then
v Vb* v ®A-B € ko &,-AB €
5.
2lcc5f Q[Cng[, \Y%:
Vo

If A 2 B and A € 9, then
/
Vg ¢ BeEl.

F —(AXa.M '
AX.IN) S ®, then

I
n
&, ~([w/XIM =7 [w/X]N) €

[s- forany new wqo € 2.

full function domains it =(G =*"F H) € &, then
&, -(Gw =P Hw) € I5 for any
6(‘{(:) 45O\ UNIVERSITAT new Wy € 2 .
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Model Existence Theorem

Thm.: (Model Existence Theorem(s) for 2Acc,)
If a class of sets of formulas I
IS a saturated abstract consistency class in 2lcc,
then each ¢ < [y is satisfied by a model M in 901...
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[[F = {®|® is G-consistent} is a saturated 2Acc,

Def.. (Saturated)
[s- 1s saturated if for all & € [y and formulas A
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(©Benzmiiller 2006 IJCAR’06, Seattle — p.14



A7s
or!

The Sequent Calculus  G;

Thm.: (Soundness of Gz for 91..)
Gs Is sound for the eight model classes 9It...

(©Benzmiiller 2006 IJCAR’06, Seattle — p.15



A4 7o
oH

The Sequent Calculus  G;
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The Sequent Calculus  G;

Thm.: (Soundness of Gz for 91..)
Gs Is sound for the eight model classes 9It...

Thm.: (Completeness of G for Miz(X))
The calculus Gz is complete for the model class 9iz(%).

Proof: Show Fzgﬁ = {®|® finite and Gg-consistent (l.e. 7, ﬂblﬁ)}
IS a saturated abstract consistency class in 2lccg.

Thm.: (Cut and Saturation)
Fzgﬁ is saturated if and only if G(cut) is admissible in Gg.

Cor.: (Cut-freeness of Gg)
The cut rule G(cut) is admissible in Gg.
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k-Admissibility

Def.: We say a sequent calculus rule

Al An - is admissible in G

A
If g A holds whenever g A; (V1<i<n).
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Def.: We say a sequent calculus rule

Al An - is admissible in G

A
If g A holds whenever g A; (V1<i<n).

Def.: For any k > 0, we call an admissible rule r
k-admissible

If elimination of any instance of r causes < k additional steps.
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k-Admissibility

Def.: We say a sequent calculus rule

Al An - is admissible in G

A
If g A holds whenever g A; (V1<i<n).

Def.: For any k > 0, we call an admissible rule r
k-admissible

If elimination of any instance of r causes < k additional steps.

ldea: k-admissible (or k-derivable) rules are effectively simulated by
the calculus
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Is G(cut) k-Admissible in  G3?

Claim: G(cut) is not k-admissible (i.e. not effectively simulated) in Gg
for any k € N.
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Claim: G(cut) is not k-admissible (i.e. not effectively simulated) in Gg
for any k € N.

Why?
Gs cannot use higher-order to prove a first-order sequent A
hyper-exponential speed-up results for first-order logic
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Claim: G(cut) is not k-admissible (i.e. not effectively simulated) in Gg
for any k € N.

Why?
Gs cannot use higher-order to prove a first-order sequent A
hyper-exponential speed-up results for first-order logic

Oops!: G(cut) becomes k-admissible (i.e. can be effectively simulated)
In Gz If certain formulas are available the sequent A we wish to
prove.
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Is G(cut) k-Admissible in  G3?

Claim: G(cut) is not k-admissible (i.e. not effectively simulated) in Gg
for any k € N.
Why?
Gs cannot use higher-order to prove a first-order sequent A
hyper-exponential speed-up results for first-order logic

Oops!: G(cut) becomes k-admissible (i.e. can be effectively simulated)
In Gz If certain formulas are available the sequent A we wish to
prove.

Hence: Certain formulas allow for effective cut-simulation.

Thread to the suitability of a calculus for proof automation!
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Cut-Simulation

e UNIVERSITAT
jlislijp DES

(©Benzmiiller 2006 &> SAARLANDES IJCAR'06, Seattle — p.18



Leibniz-equations support Cut-Simulation _

Ex.: Available Leibniz-equations M =" N (:= VP,,.-PM V PN))
support cut-simulation in Gz in only 3 steps.
(G(cut) is 3-derivable, hence 3-admissible, in Gg)
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Leibniz-equations support Cut-Simulation _

Ex.: Available Leibniz-equations M =" N (:= VP,,.-.PM Vv PN))
support cut-simulation in Gz in only 3 steps.
(G(cut) is 3-derivable, hence 3-admissible, in Gg)

Proof:

A,C

A,——-C 5(=) A,~C
A,ﬁ(ﬂC \V C)

A = A,~VPy.~PMV PN

G(v-)
g(ni\Xa.C)
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Extensionality AXioms

The extensionality axioms are usually added to HOL systems
(e.g. [Huet73]) to reach Henkin completeness.

(©Benzmiiller 2006 IJCAR’06, Seattle — p.20



Extensionality AXioms

The extensionality axioms are usually added to HOL systems
(e.g. [Huet73]) to reach Henkin completeness.

Def.: The Boolean extensionality axiom /5, is:

VA,VBo.(A & B) = A ="B

(©Benzmiiller 2006 IJCAR’06, Seattle — p.20



Extensionality AXioms

The extensionality axioms are usually added to HOL systems
(e.g. [Huet73]) to reach Henkin completeness.

Def.: The Boolean extensionality axiom /5, is:

VA,VBo.(A & B) = A ="B

Def.: The infinitely many functional extensionality axioms %3 are:
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Extensionality AXioms

The extensionality axioms are usually added to HOL systems
(e.g. [Huet73]) to reach Henkin completeness.

Def.: The Boolean extensionality axiom /5, is:

VA,VBo.(A & B) = A ="B

Def.: The infinitely many functional extensionality axioms %3 are:

VF o gV G e (VX aeFX =7 GX) = F =27F G

|s adding these axioms a suitable option for proof automation?
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Sequent Calculus  Gj

Def.: (Sequent Calculus G)
We define G5 := Gs U {G(%5), G(B)}

A-Fg afeT o A, B,
A . A
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Sequent Calculus  Gj

Def.: (Sequent Calculus G)
We define G5 := Gs U {G(%5), G(B)}

A,_‘Faﬁ Oéﬁ & T Ay_'BO

- G (%) -

Thm.: (Soundness and Completeness of gg)
gg IS sound and complete for Henkin semantics.
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Sequent Calculus  Gj

Def.: (Sequent Calculus G)
We define G5 := Gs U {G(%5), G(B)}

A,_‘fa@ @6 & T Ap_'BO

- G (%) -

Thm.: (Soundness and Completeness of gg)
gg IS sound and complete for Henkin semantics.

But: Qg supports effective cut-simulation.
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Ext. Axioms support Cut-Simulation

Ex.. The functional extensionality axioms support effective
cut-simulation in G5 in 12-steps.
(G(cut) is 12-derivable, hence 12-admissible, in G)
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Ext. Axioms support Cut-Simulation

Ex.. The functional extensionality axioms support effective
cut-simulation in G5 in 12-steps.
(G(cut) is 12-derivable, hence 12-admissible, in G)
Proof:

3 steps; easy

A fa = ~f fa o AC A-C
g(ﬂ+ ) ’ . 9
A, (VXX = fX) : 3 steps; see before

(=) 0
A~ =YX X =7 X AT Gy
A~ (~(VXafX =7 £X) Vv F =270 f) .
A—F; 2 x G(II")

A 9(Jap)
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Ext. Axioms support Cut-Simulation

Ex.: It also works with Boolean extensionality axiom —in 15 steps.
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Ext. Axioms support Cut-Simulation

Ex.: It also works with Boolean extensionality axiom —in 15 steps.

Proof:

[ steps; easy
; A.C A-C
Aa < a : 3 steps; see before
A,——(a & a) G(2) A,ﬂ(a. =2 a)
G(v-)

2 x G(II%)

A—~(—(aea)Va="a)

G(B)

Ay_'Bo
A
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Cut-Simulation with other Formulas

Reflexivity definition of equality (Andrews) 4 steps
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Cut-Simulation with other Formulas

Reflexivity definition of equality (Andrews) 4 steps
Instances of Comprehension axioms 16 steps
Axiom of Induction 18 steps

Axiom of Choice 7 steps

IJCAR’06, Seattle — p.24
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Instances of Comprehension axioms 16 steps
Axiom of Induction 18 steps
Axiom of Choice 7 steps
Axiom of Description 25 steps

Axiom of Excluded Middle 3 steps
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Cut-Simulation with other Formulas

Reflexivity definition of equality (Andrews) 4 steps
Instances of Comprehension axioms 16 steps
Axiom of Induction 18 steps
Axiom of Choice 7 steps
Axiom of Description 25 steps
Axiom of Excluded Middle 3 steps

277
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How to Avoid Cut-Simulation?

Key: Avoid cut-strong axioms (here extensionality)
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How to Avoid Cut-Simulation?

Key: Avoid cut-strong axioms (here extensionality)

Def.. We define calculus Ggs, == G U {G(f),G(b),G(Init=),G(d)}

A, (VX0 FX =7 GX)| A-AB A-BA

G(f) G(b)
A(F =" G) A, (A =° B)
A,AiOB _‘_ | A,Al el Bl A,An ~ BN i
G(Init™) B — G(d)
A—~A B AhA" =X hB"
T A,B atomic t n>1,8¢€{o,i}, hgi_g € L parameter

e UNIVERSITAT
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How to Avoid Cut-Simulation?

Key: Avoid cut-strong axioms (here extensionality)

Def.: We define calculus Ggs, == Gs U {G(§),G(b),G(Init=),G(d)}

A, (VX0 FX =7 GX)| A-AB A-BA

G(f) G(b)
A(F =" G) A, (A =° B)
A,AiOB "‘ | A,Al -y Bl A,An —~ % gn i
G(Init™) B — G(d)
A,—-A B A hAM =" hBn
T A,B atomic t n>1,08¢€{o,t}, hg_z € X parameter

Thm.: The calculus Ggj, Is sound and complete for Henkin semantics.
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How to Avoid Cut-Simulation?

Key: Avoid cut-strong axioms (here extensionality)

Def.: We define calculus Ggs, == Gs U {G(§),G(b),G(Init=),G(d)}

A, (VX0 FX =7 GX)| A-AB A-BA

G(f) G(b)
A(F =" G) A, (A =° B)
A,AiOB "' | A,Al -y Bl A,An —~ % gn :}:
G(Init™) B — G(d)
A,—-A B A hAM =" hBn
T A,B atomic t n>1,08¢€{o,t}, hg_z € X parameter

Thm.: The calculus Ggj, Is sound and complete for Henkin semantics.

Claim: Ggj, does not support effective cut-simulation
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Abstract Cut-Elimination Result

The rules G(Init~),G(d) motivate corresponding

abstract consistency conditions for Henkin semantics

Vin If A, B € cwff,(X) are atomic and A, —-B € 9,
then ® x =(A =° B) ¢ I5.

Vs If ~(hA" =7 hBP) € ¢ for some types «; where
B € {o,t} and hz=_, 5 € X is a parameter, then
thereisani (1 <i < n) such that
® x -(AT =Y Bi) € ;.
which sufficiently replace the strong saturation condition Vj,;

e UNIVERSITAT
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Abstract Cut-Elimination Result

The rules G(Init~),G(d) motivate corresponding

abstract consistency conditions for Henkin semantics

Vin If A, B € cwff,(X) are atomic and A, —-B € 9,
then ® x =(A =° B) ¢ I5.

Vs If ~(hA" =7 hBP) € ¢ for some types «; where
B € {o,t} and hz=_, 5 € X is a parameter, then
thereisani (1 <i < n) such that
® x -(AT =Y Bi) € ;.
which sufficiently replace the strong saturation condition Vj,;

abstract cut-elimination result for Henkin-semantics

e UNIVERSITAT
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Conclusion

Issues for the automation of IL:
avoid naive treatment of cut-strong axioms and formulas

only some first steps achieved:. comprehension,
extensionality, primitive equality
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Conclusion

Issues for the automation of IL:
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only some first steps achieved:. comprehension,
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Debatable:

How useful is 'cut-freeness’ criterion in IL?
(without also considering cut-simulation)
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Conclusion

Issues for the automation of IL:
avoid naive treatment of cut-strong axioms and formulas
only some first steps achieved:. comprehension,
extensionality, primitive equality

Debatable:

How useful is 'cut-freeness’ criterion in IL?
(without also considering cut-simulation)

Further work:
...research is only at its very beginning ...

ASOORN  UNIVERSITAT
5 SAARLANDES IJCAR'06, Seattle — p.27

(© Benzmiiller 2006



	Many Connected Stories in the Paper
	Difficulty for AR: Impredicativity
	HOL: Simple Types
	HOL: Simply Typed $lambda $-Terms
	HOL: Adding Logical Constants to $Signat $
	HOL: Adding Logical Constants to $Signat $
	A Sequent Calculus for HOL
	Sequent Calculus Rules
	The Sequent Calculus $SEQCALCD $
	Semantics: HOL-CUBE
	Abstract Consistency Proof Method
	Abstract Consistency
	Model Existence Theorem
	The Sequent Calculus $SEQCALCD $
	$k$-Admissibility
	Is $seqcut $ $k$-Admissible in {	ermcolor $SEQCALCD $}?
	
	Leibniz-equations support Cut-Simulation
	Extensionality Axioms
	Sequent Calculus {$SEQCALCD ^E$}
	Ext. Axioms support Cut-Simulation
	Ext. Axioms support Cut-Simulation
	Cut-Simulation with other Formulas
	How to Avoid Cut-Simulation?
	Abstract Cut-Elimination Result
	Conclusion

