X
O
—

Approaches to Higher-Order
Resolution

e UNIVERSITAT
jlislijp DES

(©)Benzmiiller, 2006 5 SAARLANDES ATPHOL06-[12] — p.30



Preliminaries and Notation

only logical constants: —, .o, Vo—0—0, and N(n—0)—o
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Preliminaries and Notation

only logical constants: —, .o, Vo—0—0, and N(n—0)—o

other logical operators can be defined (e.g.,
AANB := —|(—|A V —lB), VX P X := I'I((a_m)_)o) ()\XaP X), and
X P X := =2VX 0= (P X))
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Preliminaries and Notation

only logical constants: —, .o, Vo—0—0, and N(n—0)—o

other logical operators can be defined (e.g.,
AANB := —|(—|A V —lB), VX P X := I'I((a_m)_m) ()\XaP X), and
X P X := =2VX 0= (P X))

variables are printed as upper-case (e.g., X.), constants as
lower-case letters (e.g., c,), and arbitrary terms appear as bold
capital letters (e.g., T.)
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Preliminaries and Notation

only logical constants: —, .o, Vo—0—0, and N(n—0)—o

other logical operators can be defined (e.g.,
ANB = —|(—|A V —lB), VXP X = I"I((a_)o)_m) ()\XaP X), and
X P X := =2VX 0= (P X))

variables are printed as upper-case (e.g., X.), constants as
lower-case letters (e.g., c,), and arbitrary terms appear as bold
capital letters (e.g., T.)

we abbreviate function applications by h,, ..., U , which
stands for (- - (ho,—..—a,—p Us,) - - UL ).
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Preliminaries and Notation

only logical constants: —, .o, Vo—0—0, and N(n—0)—o

other logical operators can be defined (e.g.,
AANB := —|(—|A V —lB), VX P X := I'I((a_m)_m) ()\XaP X), and
X P X := =2VX 0= (P X))

variables are printed as upper-case (e.g., X.), constants as
lower-case letters (e.g., c,), and arbitrary terms appear as bold
capital letters (e.g., T.)

we abbreviate function applications by h,, ..., U , which
stands for (- - (ho,—..—a,—p Us,) - - UL ).

a-, 3-, n-, Bn-conversion and the definition of S-normal,
#n-normal, long #n-normal, and head-normal form defined as
usual (see [Barendregts4])
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Preliminaries and Notation

only logical constants: —, .o, Vo—0—0, and N(n—0)—o

other logical operators can be defined (e.g.,
AANB := —|(—|A V —lB), VX P X := I'I((a_m)_m) ()\XaP X), and
X P X := =2VX 0= (P X))

variables are printed as upper-case (e.g., X.), constants as
lower-case letters (e.g., c,), and arbitrary terms appear as bold
capital letters (e.g., T.)

we abbreviate function applications by h,, ..., U , which
stands for (- - (ho,—..—a,—p Us,) - - UL ).

a-, 3-, n-, Bn-conversion and the definition of S-normal,
#n-normal, long #n-normal, and head-normal form defined as
usual (see [Barendregts4])

substitutions defined as usual
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Preliminaries and Notation T

substitutions are represented as [T /X4, ..., T, /X,] where the
X; specify the variables to be replaced by the terms T;. The
application of a substitution ¢ to a term (resp. literal or clause)
C is printed C,,
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Preliminaries and Notation

substitutions are represented as [T /X4, ..., T, /X,] where the
X; specify the variables to be replaced by the terms T;. The
application of a substitution ¢ to a term (resp. literal or clause)
C is printed C,,

a resolution calculus R provides a set of rules {r,| 0 < n <}
defined on clauses
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Preliminaries and Notation

substitutions are represented as [T /X4, ..., T, /X,] where the
X; specify the variables to be replaced by the terms T;. The
application of a substitution ¢ to a term (resp. literal or clause)
C is printed C,,

a resolution calculus R provides a set of rules {r,| 0 < n <}
defined on clauses

we write ¢ =" C (C' +"™ C) iff clause C is the result of a one step
application of rule r, € R to premise clauses C/ € ¢ (to C’
respectively)
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. . - . {
Preliminaries and Notation T

substitutions are represented as [T /X4, ..., T, /X,] where the
X; specify the variables to be replaced by the terms T;. The
application of a substitution ¢ to a term (resp. literal or clause)
C is printed C,,

a resolution calculus R provides a set of rules {r,| 0 < n <}
defined on clauses

we write ¢ =" C (C' +"™ C) iff clause C is the result of a one step
application of rule r, € R to premise clauses C/ € ¢ (to C’
respectively)

multiple step derivations in calculus R are abbreviated by
1 FR @y (or C1 Fr Cy)
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Def.: General Bindings

Let o := (' — ~) and let h be a constant or variable of type
(a —> ’y) N >,
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Def.: General Bindings

Let o := (' — ~) and let h be a constant or variable of type
(6 — ) in X, then

G = Ax_'ﬁ,.h vm

(m > 0) is called a partial binding of type « and head h (see
also [SnGa89,Snyder91]),
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Def.: General Bindings

Let o := (' — ~) and let h be a constant or variable of type
(6 — ) in X, then

G := AXl.h VI

(m > 0) is called a partial binding of type « and head h (see
also [SnGasg,sSnyderot]), if VI = H' XI@ and the H' are new variables of

types 8! — §'.
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Def.: General Bindings

Let o := (' — ~) and let h be a constant or variable of type
(6 — ) in X, then

G := AXl.h VI
(m > 0) is called a partial binding of type « and head h (see
also [SnGasg,sSnyderot]), if VI = H' XI@ and the H' are new variables of
types 3! — §'.
Partial bindings, where the head is a bound variable ij are called

projection bindings (we write them as gﬁ;) and imitation bindings
(written G") otherwise.
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Def.: General Bindings

Let o := (' — ~) and let h be a constant or variable of type
(6 — ) in X, then

G := AXl.h VI
(m > 0) is called a partial binding of type « and head h (see
also [SnGasg,sSnyderot]), if VI = H' Xl@ and the H' are new variables of
types 3' — §'.
Partial bindings, where the head is a bound variable ij are called
projection bindings (we write them as Qﬂ;) and imitation bindings
(written G") otherwise.

Since we need both imitation and projection bindings for
higher-order unification, we collect them in the set of general

bindings for h and a (AB" = {G"} U {G\ | j < 1}).
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Def.: General Bindings

Let o := (' — ~) and let h be a constant or variable of type
(6 — ) in X, then

G := AXl.h VI
(m > 0) is called a partial binding of type « and head h (see
also [SnGasg,sSnyderot]), if VI = H' Xl@ and the H' are new variables of
types 3' — §'.
Partial bindings, where the head is a bound variable ij are called
projection bindings (we write them as Qﬂ;) and imitation bindings
(written G") otherwise.

Since we need both imitation and projection bindings for
higher-order unification, we collect them in the set of general

bindings for h and a (AB" = {G"} U {G\ | j < 1}).
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Def.: Literals

literals, e.g., |[A]*, consist of a literal atom A and a polarity
pne{T,F}
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Def.: Literals

literals, e.g., |[A]*, consist of a literal atom A and a polarity
pne{T,F}
we distinguish between proper literals and pre-literals: the

(normalised) atom of a pre-literal has a logical constant at head
position, whereas this must not be the case for proper literals
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Def.: Literals

literals, e.g., |[A]*, consist of a literal atom A and a polarity
pne{T,F}
we distinguish between proper literals and pre-literals: the

(normalised) atom of a pre-literal has a logical constant at head
position, whereas this must not be the case for proper literals

for instance, [A v B]' is a pre-literal and [p,_, (A VB)|" isa
proper literal
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Def.: Literals

literals, e.g., |[A]*, consist of a literal atom A and a polarity
pne{T,F}
we distinguish between proper literals and pre-literals: the

(normalised) atom of a pre-literal has a logical constant at head
position, whereas this must not be the case for proper literals

for instance, [A v B]' is a pre-literal and [p,_, (A VB)|" isa
proper literal

a literal is called flexible if its atom contains a variable at head
position
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Def.: Unification Constraints

a unification problem between two terms T! and T? (between
nterms T!, ..., T") generated during the refutation process is
called an unification constraint
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Def.: Unification Constraints

a unification problem between two terms T! and T? (between
nterms T!, ..., T") generated during the refutation process is
called an unification constraint

it is represented as [T! 7 T?] (resp. [’ (T,...,T"))
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Def.: Unification Constraints

a unification problem between two terms T! and T? (between
nterms T!, ..., T") generated during the refutation process is
called an unification constraint

it is represented as [T! 7 T?] (resp. [’ (T,...,T"))

a unification constraint is called a flex-flex pair if both
unification terms have flexible heads, i.e. variables at head
position
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Def.: Unification Constraints

a unification problem between two terms T! and T? (between
nterms T!, ..., T") generated during the refutation process is
called an unification constraint

it is represented as [T! 7 T?] (resp. [’ (T,...,T"))

a unification constraint is called a flex-flex pair if both
unification terms have flexible heads, i.e. variables at head
position

a unification constraint is called a flex-rigid pair if one
unification term has a flexible head, i.e. variable at head
position
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Def.: Clauses

clauses consist of disjunctions of literals or unification
constraints
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Def.: Clauses

clauses consist of disjunctions of literals or unification
constraints

the unification constraints specify conditions under which the
other literals are valid
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Def.: Clauses

clauses consist of disjunctions of literals or unification
constraints

the unification constraints specify conditions under which the
other literals are valid

for instance, the clause
Pa—p—o To, T3T V [TE # S5V [T5 #" S3] can be read as: if
T! is unifiable with S and T2 with S? then (p T! T?) holds

(©Benzmiiller, 2006 ATPHOL06-[12] — p.31!



Def.: Clauses

clauses consist of disjunctions of literals or unification
constraints

the unification constraints specify conditions under which the
other literals are valid

for instance, the clause
Pa—p—o To, T3T V [TE # S5V [T5 #" S3] can be read as: if
T! is unifiable with S and T2 with S? then (p T! T?) holds

we implicitly treat the disjunction operator Vv in clauses as
commutative and associative
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Def.: Clauses

clauses consist of disjunctions of literals or unification
constraints

the unification constraints specify conditions under which the
other literals are valid

for instance, the clause
Pa—p—o To, T3T V [TE # S5V [T5 #" S3] can be read as: if
T! is unifiable with S and T2 with S? then (p T! T?) holds

we implicitly treat the disjunction operator Vv in clauses as
commutative and associative

additionally we presuppose commutativity of #£° and implicitly
identify any two a-equal constraints or literals.

AOORN  UNIVERSITAT
mmﬁ‘ﬁu,mwﬁ DES
“=5)  SAARLANDES ATPHOL06-[12] - p.31:

(©)Benzmiiller, 2006



Def.: Clauses

clauses consist of disjunctions of literals or unification
constraints

the unification constraints specify conditions under which the
other literals are valid

for instance, the clause
Pa—p—o To, T3T V [TE # S5V [T5 #" S3] can be read as: if
T! is unifiable with S and T2 with S? then (p T! T?) holds

we implicitly treat the disjunction operator Vv in clauses as
commutative and associative

additionally we presuppose commutativity of #£° and implicitly
identify any two a-equal constraints or literals.

furthermore we assume that any two clauses have disjoint sets
of free variables, i.e. for each freshly generated clause we
choose new free variables
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Def.: Clauses (contd.)

if a clause contains at least one pre-literal we call it a
pre-clause, otherwise a proper clause
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Def.: Clauses (contd.)

if a clause contains at least one pre-literal we call it a
pre-clause, otherwise a proper clause

a clause is called empty, denoted by L[], if it consists only of
(possibly none) flex-flex pairs.
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Rem.: Skolemisation
an important aspect of clause normalisation is Skolemisation
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Rem.: Skolemisation
an important aspect of clause normalisation is Skolemisation

we employ Miller’s sound adaptation of traditional first-order
Skolemisation [miller:piholg3], which associates with each Skolem
function the minimum number of arguments the Skolem
function has to be applied to
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Rem.: Skolemisation
an important aspect of clause normalisation is Skolemisation

we employ Miller’s sound adaptation of traditional first-order
Skolemisation [miller:piholg3], which associates with each Skolem
function the minimum number of arguments the Skolem
function has to be applied to

higher-order Skolemisation becomes sound, if any Skolem
function f" only occurs in a Skolem term, i.e., a formula
S = f"An, where none of the A' contains a bound variable

AOORN  UNIVERSITAT
mmﬁ‘ﬁu,mwﬁ DES
57 SAARLANDES ATPHOL06-[12] - p.31'

(©)Benzmiiller, 2006



Rem.: Skolemisation
an important aspect of clause normalisation is Skolemisation

we employ Miller’s sound adaptation of traditional first-order
Skolemisation [miller:piholg3], which associates with each Skolem
function the minimum number of arguments the Skolem
function has to be applied to

higher-order Skolemisation becomes sound, if any Skolem
function f" only occurs in a Skolem term, i.e., a formula
S = f"An, where none of the A' contains a bound variable

thus, the Skolem terms only serve as descriptions of the
existential witnesses and never appear as functions proper
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Rem.: Skolemisation
an important aspect of clause normalisation is Skolemisation

we employ Miller’s sound adaptation of traditional first-order
Skolemisation [miller:piholg3], which associates with each Skolem
function the minimum number of arguments the Skolem
function has to be applied to

higher-order Skolemisation becomes sound, if any Skolem
function f" only occurs in a Skolem term, i.e., a formula
S = f"An, where none of the A' contains a bound variable

thus, the Skolem terms only serve as descriptions of the
existential witnesses and never appear as functions proper

without this additional restriction the calculi do not really
become unsound, but one can prove an instance of the axiom
of choice ([Andrews73]), which we want to treat as an optional
axiom for the resolution calculi presented here
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Andrews’ Higher-Order Resolution R

We present and discuss Andrews’ higher-order resolution
calculus [Andrews71] in our uniform notation; we call this calculus R

X-Conversion

Andrews’ provides two rules for a-conversion and (-reduction
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Andrews’ Higher-Order Resolution R

We present and discuss Andrews’ higher-order resolution
calculus [Andrews71] in our uniform notation; we call this calculus R

X-Conversion

Andrews’ provides two rules for a-conversion and (-reduction

he does not provide a rule for n-conversion: consequently
n-equality of two terms (e.g., f,_., = AX,.f X) cannot be proven

in this approach without employing the functional extensionality
axiom of appropriate type
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Andrews’ Higher-Order Resolution R

We present and discuss Andrews’ higher-order resolution
calculus [Andrews71] in our uniform notation; we call this calculus R

A-Conversion
Andrews’ provides two rules for a-conversion and (-reduction

he does not provide a rule for n-conversion: consequently
n-equality of two terms (e.g., f,_., = AX,.f X) cannot be proven
in this approach without employing the functional extensionality
axiom of appropriate type

we omit explicit rules for a- and (-convertibility and instead
treat them implicitly, i.e. we assume that the presented rules
operate on input and generate output in S-normal form and we
automatically identify terms which differ only with respect to the
names of bound variables
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Andrews’ Higher-Order Resolution R

Clause Normalisation

R introduces only four rules belonging to clause normalisation:
negation elimination, conjunction elimination, existential
elimination, and universal elimination
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Andrews’ Higher-Order Resolution R

Clause Normalisation

R introduces only four rules belonging to clause normalisation:
negation elimination, conjunction elimination, existential
elimination, and universal elimination

as our presentation of clauses in contrast to [Andrews71] explicitly
mentions the polarities of clauses and brackets the literal
atoms we need additional structural rules, e.g., the rule v’
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Andrews’ Higher-Order Resolution R

Clause Normalisation

R introduces only four rules belonging to clause normalisation:
negation elimination, conjunction elimination, existential
elimination, and universal elimination

as our presentation of clauses in contrast to [Andrews71] explicitly
mentions the polarities of clauses and brackets the literal
atoms we need additional structural rules, e.g., the rule v’

Cv[-A]T . Cv —A]F

negation elimination: —
Cv[AJF CvIA]T
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Andrews’ Higher-Order Resolution R

Clause Normalisation

R introduces only four rules belonging to clause normalisation:
negation elimination, conjunction elimination, existential
elimination, and universal elimination

as our presentation of clauses in contrast to [Andrews71] explicitly
mentions the polarities of clauses and brackets the literal
atoms we need additional structural rules, e.g., the rule v’
Cv [-A]" . Cv —A]F
cCvI[A]fF CVvI[A]T
conjunction/disjunction elimination:

negation elimination:

CVvI[AvB]T . CVI[AvVBF
Cv[A]Tv[B]T ¥ CviAF ! cv[BF
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Andrews’ Higher-Order Resolution R

Clause Normalisation (contd.)

existential/universal elimination:

Cv [M*A]T . C
cviaAx, Tl cv
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Andrews’ Higher-Order Resolution R

Clause Normalisation (contd.)

existential/universal elimination:

Cv [neA]T Cv [NeAJF
|—|T |—|F
CVIA X" CVI[As,|"
X, IS a new free variable and s, is a new Skolem term
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Andrews’ Higher-Order Resolution R

Clause Normalisation (contd.)

existential/universal elimination:

CVv [M*A]" Cv [NeAJF
|—|T |—|F
CVIA X" CVI[As,|"
X, IS a new free variable and s, is a new Skolem term

additionally Andrews presents rules addressing commutativity
and associativity of the \V-operator connecting the clauses
literals; we have already mentioned the implicit treatment of

these aspects here
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Andrews’ Higher-Order Resolution R

Clause Normalisation (contd.)

existential/universal elimination:

CVv [M*A]" Cv [NeAJF
|—|T |—|F
CVIA X" CVI[As,|"
X, IS a new free variable and s, is a new Skolem term

additionally Andrews presents rules addressing commutativity
and associativity of the \V-operator connecting the clauses
literals; we have already mentioned the implicit treatment of
these aspects here

we refer with Cnf(A) to the set of clauses obtained from
formula A by exhaustive clause normalisation
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Andrews’ Higher-Order Resolution R

Resolution & Factorisation

Instead of a resolution and a factorisation rule — which work in
connection with unification — Andrews presents a
simplification and a cut rule. The cut rule is only applicable to
clauses with two complementary literals which have identical
atoms. Similarly Sim is defined only for clauses with two
identical literals. In order to generate identical literal atoms
during the refutation process these two rules have to be
combined with the substitution rule Sub presented below.
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Andrews’ Higher-Order Resolution R

Resolution & Factorisation

Instead of a resolution and a factorisation rule — which work in
connection with unification — Andrews presents a
simplification and a cut rule. The cut rule is only applicable to
clauses with two complementary literals which have identical
atoms. Similarly Sim is defined only for clauses with two
identical literals. In order to generate identical literal atoms
during the refutation process these two rules have to be
combined with the substitution rule Sub presented below.
A|*V IA*VC
AlF vV C

Simplification: Sim
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Andrews’ Higher-Order Resolution R

Resolution & Factorisation

Instead of a resolution and a factorisation rule — which work in
connection with unification — Andrews presents a
simplification and a cut rule. The cut rule is only applicable to
clauses with two complementary literals which have identical
atoms. Similarly Sim is defined only for clauses with two
identical literals. In order to generate identical literal atoms
during the refutation process these two rules have to be
combined with the substitution rule Sub presented below.

[A]* Vv [A]* vV C
[A]# Vv C
Al*vC [A]YVD
CvD

Simplification:

Sim

Cut:

Cut
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Andrews’ Higher-Order Resolution R

Unification & Primitive Substitution

As higher-order unification was still an open problem in 1971
calculus R employs the British museum method instead, i.e. it
provides a substitution rule that allows to blindly instantiate
free variables by arbitrary terms. As the instantiated terms may
contain logical constants, instantiation of variables in proper
clauses may lead to pre-clauses, which must be normalised
again with the clause normalisation rules.
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Andrews’ Higher-Order Resolution R

Unification & Primitive Substitution

As higher-order unification was still an open problem in 1971
calculus R employs the British museum method instead, i.e. it
provides a substitution rule that allows to blindly instantiate
free variables by arbitrary terms. As the instantiated terms may
contain logical constants, instantiation of variables in proper
clauses may lead to pre-clauses, which must be normalised
again with the clause normalisation rules.

C
Clr., /Xa]

Substitution of arbitrary terms: Sub
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Andrews’ Higher-Order Resolution R

Unification & Primitive Substitution

As higher-order unification was still an open problem in 1971
calculus R employs the British museum method instead, i.e. it
provides a substitution rule that allows to blindly instantiate
free variables by arbitrary terms. As the instantiated terms may
contain logical constants, instantiation of variables in proper
clauses may lead to pre-clauses, which must be normalised
again with the clause normalisation rules.

C
Clr., /Xa]

Substitution of arbitrary terms: Sub

X, Is a free variable occurring in C.
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Andrews’ Higher-Order Resolution R

Extensionality Treatment

Calculus R does not provide rules addressing the functional
and/or Boolean extensionality principles.
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Andrews’ Higher-Order Resolution R

Extensionality Treatment

Calculus R does not provide rules addressing the functional
and/or Boolean extensionality principles.

Instead ‘R assumes that the following extensionality axioms are
(in form of respective clauses) explicitly added to the search
space. And since the functional extensionality principle is
parameterised over arbitrary functional types infinitely many
functional extensionality axioms are required.
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Andrews’ Higher-Order Resolution R

Extensionality Treatment

Calculus R does not provide rules addressing the functional
and/or Boolean extensionality principles.

Instead ‘R assumes that the following extensionality axioms are
(in form of respective clauses) explicitly added to the search
space. And since the functional extensionality principle is
parameterised over arbitrary functional types infinitely many
functional extensionality axioms are required.

Extensionality axioms

EXT VFo—5-VGo_p.(VXgF X =G X) = F =G

oz—>ﬁ:

EXT; VAoVBo.(A & B) = A =°B
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Andrews’ Higher-Order Resolution R

Extensionality Treatment (contd.)

The extensionality clauses derived from the extensionality
axioms have the following form (note the many free variables,
especially at literal head position, that are introduced into the
search space — they heavily increase the amount of blind
search in any attempt to automate the calculus):
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Andrews’ Higher-Order Resolution R

Extensionality Treatment (contd.)

The extensionality clauses derived from the extensionality
axioms have the following form (note the many free variables,
especially at literal head position, that are introduced into the
search space — they heavily increase the amount of blind
search in any attempt to automate the calculus):

7 p(Fs)]TVIQFFVIQG]T
E77 b (G9)FVIQFFVIQG]T
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Andrews’ Higher-Order Resolution R

Extensionality Treatment (contd.)

The extensionality clauses derived from the extensionality
axioms have the following form (note the many free variables,
especially at literal head position, that are introduced into the
search space — they heavily increase the amount of blind
search in any attempt to automate the calculus):

7 p(Fs)]TVIQFFVIQG]T
E77 b (G9)FVIQFFVIQG]T

o [AlFv[B]Fv[P AlFv[P B]T
£9:[A]TvB]TV[P AF V[P B]T
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Andrews’ Higher-Order Resolution R

Extensionality Treatment (contd.)

The extensionality clauses derived from the extensionality
axioms have the following form (note the many free variables,
especially at literal head position, that are introduced into the
search space — they heavily increase the amount of blind
search in any attempt to automate the calculus):

7 p(Fs)]TVIQFFVIQG]T
E77 b (G9)FVIQFFVIQG]T

o [AlFv[B]Fv[P AlFv[P B]T
£9:[A]TvB]TV[P AF V[P B]T

P5—o0s Sa are Skolem terms and A,, Bo, Po 0, Q(q—p3)—0 are
new free variables.
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Andrews’ Higher-Order Resolution R

Proof Search

initially the proof problem is negated and normalised
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Andrews’ Higher-Order Resolution R

Proof Search
initially the proof problem is negated and normalised

proof search then starts with the normalised clauses and
applies the cut and simplification rule in close connection with
the substitution rule
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Andrews’ Higher-Order Resolution R

Proof Search
initially the proof problem is negated and normalised

proof search then starts with the normalised clauses and
applies the cut and simplification rule in close connection with
the substitution rule

intermediate applications of the clause normalisation rules may
be needed to normalise temporarily generated pre-clauses

A55PN  UNIVERSITAT
IS DES
5 SAARLANDES ATPHOL06-[13] - p.32:

(©)Benzmiiller, 2006



Andrews’ Higher-Order Resolution R

Proof Search
initially the proof problem is negated and normalised

proof search then starts with the normalised clauses and
applies the cut and simplification rule in close connection with
the substitution rule

intermediate applications of the clause normalisation rules may
be needed to normalise temporarily generated pre-clauses

the extensionality treatment in R simply assumes to add at the
beginning of the refutation process the above clauses obtained
from the extensionality axioms
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Andrews’ Higher-Order Resolution R

Proof Search
initially the proof problem is negated and normalised

proof search then starts with the normalised clauses and
applies the cut and simplification rule in close connection with
the substitution rule

intermediate applications of the clause normalisation rules may
be needed to normalise temporarily generated pre-clauses

the extensionality treatment in R simply assumes to add at the
beginning of the refutation process the above clauses obtained
from the extensionality axioms

the proof search can be graphically illustrated as follows:

ext.

axioms proof search & blind variable instantiation
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Andrews’ Higher-Order Resolution R

Completeness

[Andrews71] gives a completeness proof for calculus R with
respect to the semantical notion of V-complexes (corresponds
to our weakest model class 9i3(X))
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Andrews’ Higher-Order Resolution R

Completeness

[Andrews71] gives a completeness proof for calculus R with
respect to the semantical notion of V-complexes (corresponds
to our weakest model class 9i3(X))

as the extensionality principles are not valid in this rather weak
semantical structures, the extensionality axioms are not
needed in this completeness proof
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Andrews’ Higher-Order Resolution R

Completeness

[Andrews71] gives a completeness proof for calculus R with
respect to the semantical notion of V-complexes (corresponds
to our weakest model class 9i3(X))

as the extensionality principles are not valid in this rather weak
semantical structures, the extensionality axioms are not
needed in this completeness proof

Theorem: (V-completeness of R) The calculus R is (sound
and) complete with respect to the notion of V-complexes.

Proof: [Andrews71].
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Andrews’ Higher-Order Resolution R

Henkin Completeness

We can also prove Henkin completeness of calculus R.
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Andrews’ Higher-Order Resolution R

Henkin Completeness

We can also prove Henkin completeness of calculus R.

Theorem: (Henkin completeness of R) The calculus R is
(sound and) complete with respect to Henkin semantics

provided that the infinitely many extensionality axioms are
given.

Proof: exercise
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Andrews’ Higher-Order Resolution R

Henkin Completeness

We can also prove Henkin completeness of calculus R.

Theorem: (Henkin completeness of R) The calculus R is
(sound and) complete with respect to Henkin semantics

provided that the infinitely many extensionality axioms are
given.

Proof: exercise
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Example Proofs

Exercise: How are the following theorems proved in calculus R?

Leibniz equality and n-equality:

f,, = AX,.f X
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Example Proofs

Exercise: How are the following theorems proved in calculus R?

Leibniz equality and n-equality:

f,, = AX,.f X

The set of all red balls equals the set of all balls that are red:
{X|red X A ball X} = {X|ball X A red X}. This problem can be
encoded as

(AXred X A ball X) = (AX,.ball X A red X)
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Example Proofs

Exercise: How are the following theorems proved in calculus R?

All unary logical operators O,_,, which map the propositions a
and b to T consequently alsomapaAbto T:

VOos—0:(0 a5) A (O by) = (O (ag A by))
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Example Proofs

Exercise: How are the following theorems proved in calculus R?

In Henkin semantics the domain D, of all Booleans contains
exactly the truth values 1. and T. Consequently the domain of
all mappings from Booleans to Booleans contains exactly
contains in each Henkin model at most four elements. And
because of the requirement, that the function domains in
Henkin models must be rich enough such that every term has
a denotation, it follows that D,_., contains exactly the pairwise
distinct denotations of the following four terms: AX,.Xo,
MXo— X, , M. L, and AX..T. This theorem can be formulated
as follows (where f,_,, is a constant):

(f = AXoeXo) V (f = AXoumXo) V (f = Mo L) V (f = AXonT)
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Huet’s Constrained Resolution CR &

We transform Huet’s constrained resolution approach [Huet72,Huet73]
in our uniform notation. The calculus here is the unsorted fragment
of the variant of Huet’s approach as presented in [Kohlhase94]. In the
remainder of this paper we refer to this calculus with CR.

X-Conversion

Calculus CR assumes that terms, literals, and clauses are
implicitly reduced to G-normal form.
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Huet’s Constrained Resolution CR &

We transform Huet’s constrained resolution approach [Huet72,Huet73]
in our uniform notation. The calculus here is the unsorted fragment
of the variant of Huet’s approach as presented in [Kohlhase94]. In the
remainder of this paper we refer to this calculus with CR.

X-Conversion

Calculus CR assumes that terms, literals, and clauses are
implicitly reduced to G-normal form.

Furthermore, we assume that a-equality is treated implicitly,

i.e. we identify all terms that differ only with respect to the
names of bound variables.
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Huet’s Constrained Resolution CR

Clause Normalisation

[Huet72] does not explicitly present clause normalisation rules
but assumes that they are given. Here we employ the rules -,
=, vTvE, v, T, and MF as already defined for calculus R
before.
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Huet’s Constrained Resolution CR

Clause Normalisation

[Huet72] does not explicitly present clause normalisation rules
but assumes that they are given. Here we employ the rules -,
=, vTvE, v, T, and MF as already defined for calculus R
before.
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Huet’s Constrained Resolution CR

Resolution & Factorisation

As first-order unification is decidable and unitary it can be
employed as a strong filter in first-order resolution [Robinson6s.
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Huet’s Constrained Resolution CR

Resolution & Factorisation

As first-order unification is decidable and unitary it can be
employed as a strong filter in first-order resolution [Robinson6s.

Unfortunately higher-order unification is not decidable

(cf. [Lucchesi72,Huet73,Goldfarbg1]) and thus it can not be applied in
the sense of a terminating side computation in higher-order
theorem proving.
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Huet’s Constrained Resolution CR

Resolution & Factorisation

As first-order unification is decidable and unitary it can be
employed as a strong filter in first-order resolution [Robinson6s.

Unfortunately higher-order unification is not decidable

(cf. [Lucchesi72,Huet73,Goldfarbg1]) and thus it can not be applied in
the sense of a terminating side computation in higher-order
theorem proving.

Huet therefore suggests in [Huet72,Huet73] to delay the unification
process and to explicitly encode unification problems occurring
during the refutation search as unification constraints.
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Huet’s Constrained Resolution CR

Resolution & Factorisation (contd.)

In his original approach Huet presented a hyper-resolution rule

which simultaneously resolves on the resolution literals
Al ...A" (1 <n)and B!,...B™ (1 < m) of two given clauses

and adds the unification constraint [£° (Al,... A", B!, ...B™)]
to the resolvent:

Alvv . . VA"*vC [BYYv...vB™"YVvD

Hres
CvDVI[# (Al ...A"B! . ..BM)]

(where i # v).
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Huet’s Constrained Resolution CR

Resolution & Factorisation (contd.)

In order to ease the comparison with the two other approaches
discussed in this paper we instead employ a resolution rule
Res and a factorisation rule Fac.
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Huet’s Constrained Resolution CR

Resolution & Factorisation (contd.)

In order to ease the comparison with the two other approaches
discussed in this paper we instead employ a resolution rule
Res and a factorisation rule Fac.

Like Hres both rules encode the unification problem to be
solved as a unification constraint:
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Huet’s Constrained Resolution CR

Resolution & Factorisation (contd.)

In order to ease the comparison with the two other approaches
discussed in this paper we instead employ a resolution rule
Res and a factorisation rule Fac.

Like Hres both rules encode the unification problem to be
solved as a unification constraint:

A*vC [B]*VvD

R
CVvDVIA #£° B] ©

Constrained resolution:

(where u # v).
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Huet’s Constrained Resolution CR

Resolution & Factorisation (contd.)

In order to ease the comparison with the two other approaches
discussed in this paper we instead employ a resolution rule
Res and a factorisation rule Fac.

Like Hres both rules encode the unification problem to be
solved as a unification constraint:

A*vC [B]*VvD

R
CVvDVIA #£° B] ©

Constrained resolution:

(where u # v).

[A]*V [B]*V C
[A]J*V CV[A #' B]

Constrained factorisation: = Fac
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Huet’s Constrained Resolution CR

Resolution & Factorisation (contd.)

One can easily prove by induction on n + m that each proof
step applying rule Hres can be replaced by a corresponding
derivation employing Res and Fac.
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Huet’s Constrained Resolution CR

Resolution & Factorisation (contd.)

One can easily prove by induction on n + m that each proof

step applying rule Hres can be replaced by a corresponding
derivation employing Res and Fac.

For a formal proof note that the unification constraint
£ (Al,...A",B!,...B™M)] is equivalent to

(AT £ A% VA2 £ AV VAT AT ANV [AN £
Bllv B! £ B? v B4 B3 v...v[B"! £ B".
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Huet’s Constrained Resolution CR

Unification & Splitting

[Huet75] introduces higher-order unification and higher-order
pre-unification and shows that higher-order pre-unification is
sufficient to verify the soundness of a refutation in which the
occurring unification problems have been delayed until the
end.
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Huet’s Constrained Resolution CR

Unification & Splitting

[Huet75] introduces higher-order unification and higher-order
pre-unification and shows that higher-order pre-unification is
sufficient to verify the soundness of a refutation in which the
occurring unification problems have been delayed until the end.

The higher-order pre-unification rules presented here are
discussed in detail in [Benzmiiler-PhD-99]. They furthermore
closely reflect the rules as presented in [SnyderGallierg9].
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Huet’s Constrained Resolution CR

Unification & Splitting

[Huet75] introduces higher-order unification and higher-order
pre-unification and shows that higher-order pre-unification is
sufficient to verify the soundness of a refutation in which the
occurring unification problems have been delayed until the end.

The higher-order pre-unification rules presented here are
discussed in detail in [Benzmiiler-PhD-99]. They furthermore
closely reflect the rules as presented in [SnyderGallierg9].

?
Elimination of trivial pairs: oA [‘AZ;A Al Triv
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Huet’s Constrained Resolution CR

Unification & Splitting

[Huet75] introduces higher-order unification and higher-order
pre-unification and shows that higher-order pre-unification is
sufficient to verify the soundness of a refutation in which the
occurring unification problems have been delayed until the end.

The higher-order pre-unification rules presented here are
discussed in detail in [Benzmiiler-PhD-99]. They furthermore
closely reflect the rules as presented in [SnyderGallierg9].

?
Elimination of trivial pairs: Cv [‘AZ;A Al Triv
| CV [hUM £7 hvn
Decomposition | a | Dec

CVv UL £ Viv...v[U" £ V"]
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

Elimination of A-binders:
(weak functional extensional-

ity)

CcvV [Ma_ﬁ 7&? Na_ﬁ]
CV [Ms, #° N s,]

Func
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

Elimination of A-binders:
(weak functional extensional-

ity)

CcvV [Ma_ﬁ 7&? Na_ﬁ]
CV [Ms, #° N s,]

Func

s, 1S @ new Skolem term.
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

Elimination of A-binders: CV [My_js £’ No_g]

(weak functional extensional- > Func
ity) CV [Ms, # N s,

s, IS a new Skolem term.

o o CVI[F,U"# hV"M G e AB"
Imitation of rigid heads: - FlexRigid
CVI[F#£A G]V[FU" £ h VM
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

Elimination of A-binders:
(weak functional extensional-

ity)

CcvV [Ma_ﬁ #? Na_ﬁ]
CV [Ms, #° N s,]

Func

s, IS a new Skolem term.

o o CV[F,U"#£ hV™ G e AB" o
Imitation of rigid heads: - ————— FlexRigid
CVIF# G]V[FU"#" hVm]|

AB is the set of general bindings of type ~ for head h.
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

Huet points to the usefulness of eager unification to filter out
clauses with non-unifiable unification constraints or to
back-propagate the solutions of easily solvable constraints
(e.g., in case of first-order unification problems occurring
during the proof search): many of the higher-order unification
problems occurring in practice are decidable and have only
finitely many solutions.

AOORN  UNIVERSITAT
“=5)  SAARLANDES ATPHOL06-[14] - p.33!

(©)Benzmiiller, 2006



Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

Huet points to the usefulness of eager unification to filter out
clauses with non-unifiable unification constraints or to
back-propagate the solutions of easily solvable constraints
(e.g., in case of first-order unification problems occurring
during the proof search): many of the higher-order unification
problems occurring in practice are decidable and have only
finitely many solutions.

Hence, even though higher-order unification is generally not
decidable it is sensible in practice to apply the unification
algorithm with a particular resource, such that only those
unification problems which may have further solutions beyond
this bound need to be delayed.
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

In our presentation of calculus CR we explicitly address the
aspect of eager unification and substitution by rule Subst. This
rule back-propagates eagerly computed unifiers to the literal
part of a clause.
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

In our presentation of calculus CR we explicitly address the
aspect of eager unification and substitution by rule Subst. This
rule back-propagates eagerly computed unifiers to the literal
part of a clause.

Eager unification & substitution:

CVI[X# Al X¢free(A)
Cla/x

Subst

AOORN  UNIVERSITAT
) E‘ﬁu}{,"% W’"‘ DES

5’ SAARLANDES ATPHOL06-[14] — p.34

(©)Benzmiiller, 2006



Huet’s Constrained Resolution CR
Unification & Splitting (contd.)

The literal heads of our clauses may consist of set variables
and it may be necessary to instantiate them with terms

iIntroducing new logical constant at head position in order to
find a refutation.
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

The literal heads of our clauses may consist of set variables
and it may be necessary to instantiate them with terms
iIntroducing new logical constant at head position in order to
find a refutation.

Unfortunately not all appropriate instantiations can be
computed with the calculus rules presented so far.
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

The literal heads of our clauses may consist of set variables
and it may be necessary to instantiate them with terms
iIntroducing new logical constant at head position in order to
find a refutation.

Unfortunately not all appropriate instantiations can be
computed with the calculus rules presented so far.

To address this problem Huet’s approach provides the
following splitting rules:
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

Instantiate
set variables:
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.) P A]T vV C

Instantiate QT VIRITVCVI[PA # (QoVRo)
set variables:

Sy
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.) P A]T vV C

. g’
Instantiate [Q}T \/ [R]T v C vV [P A 75? (Qo \/ Ro)] Vv
set variables:
P AFvC oF
[P AJ* Vv C -+ QFVCVIPA £ (QVRo)] 7
QYVCVIPA £ -Q]  [RFVCVIPA #° (QoV R,
(where u # v)
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

PA]TVC o
Instantiate [Q}T \/ [R]T v C vV [P A 75? (Qo \/ Ro)] Vv
set variables:
P AFvC oF
[P AJ* Vv C -+ QFVCVIPA £ (QVRo)] 7
QYVCVI[PA # -Q,) ° [RFVCVIPA #° (QoVR,)]
(where u # v) P A, TVC
a—0 S-Ill'

Moo Z]TVC VI[P A £ NM]
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

PA]TVC o
Instantiate [Q}T \/ [R]T v C vV [P A 75? (Qo \/ Ro)] Vv
set variables:
P AFvC oF
P AJ* Vv C -+ QFVCVIPA £ (QVRo)] 7
QYVCVI[PA # -Q,) ° [RFVCVIPA #° (QoVR,)]
(where u # v) P A, TVC ]
My—o Z]TVC VI[P A £ T1°M] Sn
PA, . ]FvC
P Aol oF

My—os]F VC VI[P A £ NM]
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

PA]TVC o

Instantiate [Q}T \/ [R]T v C vV [P A 75? (Qo \/ Ro)] Vv
set variables:

P AFvC oF

P AJ* Vv C -+ QFVCVIPA £ (QVRo)] 7

QYVCVI[PA # -Q,) ° [RFVCVIPA #° (QoVR,)]
(where u # v) P A, TVC ]
My—o Z]TVC VI[P A £ T1°M] Sn
PA,_.JfvC
sh

My—os]F VC VI[P A £ NM]

SE and SE are infinitely branching as they are parameterised
over type a. Qo, Ry, My_.0, Z, are new variables and s, is a
new Skolem constant.
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Huet’s Constrained Resolution CR

Unification & Splitting (contd.)

A theorem which is not refutable in CR if the splitting rules are
not available is A, .A:

A55PN  UNIVERSITAT

(©Benzmiiller, 2006 =5) SAARLANDES ATPHOL06-[14] — p.34



Huet’s Constrained Resolution CR
Unification & Splitting (contd.)

A theorem which is not refutable in CR if the splitting rules are
not available is A, .A:

After negation this statement normalises to clause C; : [A]F,
such that none but the splitting rules are applicable. With the
help of rule SIF and eager unification, however, we can derive
C» : [A’]T which is then successfully resolvable against C;.
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Huet’s Constrained Resolution CR

Extensionality Treatment

On the one hand n-convertibility is built-in in higher-order
unification, such that calculus CR already supports functional
extensionality reasoning to a certain extend.
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Huet’s Constrained Resolution CR

Extensionality Treatment

On the one hand n-convertibility is built-in in higher-order
unification, such that calculus CR already supports functional
extensionality reasoning to a certain extend.

On the other hand CR nevertheless fails to address full
extensionality as it does not realise the required subtle
interplay between the functional and Boolean extensionality
principles.
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Huet’s Constrained Resolution CR

Extensionality Treatment

On the one hand n-convertibility is built-in in higher-order
unification, such that calculus CR already supports functional
extensionality reasoning to a certain extend.

On the other hand CR nevertheless fails to address full
extensionality as it does not realise the required subtle
interplay between the functional and Boolean extensionality
principles.

Without employing additional (Boolean and functional!)
extensionality axioms CR is, e.g., not able to prove the rather
simple examples presented before.
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Huet’s Constrained Resolution CR

Proof Search

Initially the proof problem is negated and normalised. The
main proof search then operates on the generated clauses by
applying the resolution, factorisation, and splitting rules.
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Huet’s Constrained Resolution CR

Proof Search

Initially the proof problem is negated and normalised. The
main proof search then operates on the generated clauses by
applying the resolution, factorisation, and splitting rules.

Despite the possibility of eager unification CR generally
foresees to delay the higher-order unification process in order

to overcome the undecidability problem.
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Huet’s Constrained Resolution CR

Proof Search

Initially the proof problem is negated and normalised. The
main proof search then operates on the generated clauses by
applying the resolution, factorisation, and splitting rules.

Despite the possibility of eager unification CR generally
foresees to delay the higher-order unification process in order
to overcome the undecidability problem.

When deriving a potentially empty clause (no normal literals),
CR then tests whether the accumulated unification constraints
justifying this particular refutation are solvabile.
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Huet’s Constrained Resolution CR

Proof Search (contd.)

Like R, the extensionality treatment of CR requires to add
infinitely many extensionality axioms to the search space.
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Huet’s Constrained Resolution CR

Proof Search (contd.)

Like R, the extensionality treatment of CR requires to add
infinitely many extensionality axioms to the search space.

The following figure graphically illustrates the main ideas of the
proof search in CR.

proof search & delayed
eager unification pre-unification
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Huet’s Constrained Resolution CR

Completeness Results

[Huet72,Huet73] analyses completeness of CR formally only with
respect to Andrews V-complexes, i.e. Huet verifies that the set
of non-refutable sentences in CR is an abstract consistency
class for V-complexes.
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Huet’s Constrained Resolution CR

Completeness Results

[Huet72,Huet73] analyses completeness of CR formally only with
respect to Andrews V-complexes, i.e. Huet verifies that the set
of non-refutable sentences in CR is an abstract consistency
class for V-complexes.

Theorem (V-completeness of CR): The calculus CR is
complete with respect to the notion of V-complexes.

Proof: [Huet72,Huet73]
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Huet’s Constrained Resolution CR

Completeness Results

[Huet72,Huet73] analyses completeness of CR formally only with
respect to Andrews V-complexes, i.e. Huet verifies that the set
of non-refutable sentences in CR is an abstract consistency
class for V-complexes.

Theorem (V-completeness of CR): The calculus CR is
complete with respect to the notion of V-complexes.

Proof: [Huet72,Huet73]

Theorem (Henkin completeness of CR): The calculus CR is
complete wrt. Henkin semantics provided that the infinitely
many extensionality axioms are given.

Proof: exercise
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Example Proofs

Exercise: How are the following theorems proved in calculus CR?

Leibniz equality and n-equality:

f,, = AX,.f X
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Example Proofs

Exercise: How are the following theorems proved in calculus CR?

Leibniz equality and n-equality:

f,, = AX,.f X

The set of all red balls equals the set of all balls that are red:
{X|red X A ball X} = {X|ball X A red X}. This problem can be
encoded as

(AXred X A ball X) = (AX,.ball X A red X)
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Example Proofs

Exercise: How are the following theorems proved in calculus CR?

All unary logical operators O,_,, which map the propositions a
and b to T consequently alsomapaAbto T:

VOos—0:(0 a5) A (O by) = (O (ag A by))
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Example Proofs

Exercise: How are the following theorems proved in calculus CR?

In Henkin semantics the domain D, of all Booleans contains
exactly the truth values 1. and T. Consequently the domain of
all mappings from Booleans to Booleans contains exactly
contains in each Henkin model at most four elements. And
because of the requirement, that the function domains in
Henkin models must be rich enough such that every term has
a denotation, it follows that D,_., contains exactly the pairwise
distinct denotations of the following four terms: AX,.Xo,
MXo— X, , M. L, and AX..T. This theorem can be formulated
as follows (where f,_,, is a constant):

(f = AXoeXo) V (f = AXoumXo) V (f = Mo L) V (f = AXonT)
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Extensional HO Resolution &R

Clause normalization

CVIAvVB]T . CVI[AvB|F F
CvIAT VBT CvAF Cv[BF
Cv[-A]T . C Vv [-A]F
CVI[AF CVI[A]T

CVv [M*A]" X, new variable
CVvIAX]T

|—|T

C v [N*A]F sk, Skolem term
CV I[A sk,

|—|F

This rules may be combined into a single rule Cnf.
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Extensional HO Resolution &R

Resolution and Factorisation

IN]*vC [MPVD a#§8
CVDVI[N#"M]
INJ*V [M]*VvC «a€{T,F}
[N]*V CV [N #£° M]

Res

Fac

QUF*vC P egpiVIVNIseT
[Q,UK|* v CV[Q#" P

PrimX
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Extensional HO Resolution &R

(Pre-)unification rules

CVI[My_pg# No_gl" s, Skolem-Term

F
CV[Ms# Ns| Hne
CvV [hm 7&? hW] Dec Cv [A #? A] |
CV [Ul 7&? Vl] V...V I[U" 75? VN C Triv

CV[F,Un A" hVn] G e gnh
ik f L ——" Flex/Rigid
CV [F £" GV [FU" £7 hVn]

CVE E solved for C
Cnf(substg(C))

Subst

(©Benzmiiller, 2006
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Extensional HO Resolution &R

Extensionality rules

CV [Mo #° NoJF

Cnf(CV [Mg < No|F)

Equiv

CVI[My £ NoJF a € {o,}

Leib

Cnf(C V [VPy_0.PM = PNJF)
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Extensional HO Resolution &R

Extensionality Treatment

Instead of adding infinitely many extensionality axioms to the
search space CR provides two new extensionality rules which
closely connect refutation search and eager unification.
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Extensional HO Resolution &R

Extensionality Treatment

Instead of adding infinitely many extensionality axioms to the
search space CR provides two new extensionality rules which
closely connect refutation search and eager unification.

The idea is to allow for recursive calls from higher-order
unification to the overall refutation process.
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Extensional HO Resolution &R

Extensionality Treatment

Instead of adding infinitely many extensionality axioms to the
search space CR provides two new extensionality rules which
closely connect refutation search and eager unification.

The idea is to allow for recursive calls from higher-order
unification to the overall refutation process.

This turns the rather weak syntactical higher-order unification
approach considered so far into a most general approach for
dynamic higher-order theory unification.
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Extensional HO Resolution &R

Proof Search

Initially the proof problem is negated and normalised. The
main proof search then closely interleaves the refutation
process on resolution layer and unification, i.e. the main proof
search rules Res, Fac, and Prim and the unification rules are
integrated at a common conceptual level. The calls from
unification to the overall refutation process with rules Leib and
Equiv introduce new clauses into the search space which can
be resolved against already given ones.
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Extensional HO Resolution &R

Proof Search

Initially the proof problem is negated and normalised. The
main proof search then closely interleaves the refutation
process on resolution layer and unification, i.e. the main proof
search rules Res, Fac, and Prim and the unification rules are
integrated at a common conceptual level. The calls from
unification to the overall refutation process with rules Leib and
Equiv introduce new clauses into the search space which can
be resolved against already given ones.

The following figure graphically illustrates the main ideas of the
proof search in ER.

interleaved proof search & unification
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Ex.: Extensional HO Resolution &R

VBa—o0, Ca—sos Da—oBU(CND)=(BUC)N(BUD)

Negation and definition expansion with

U= Ma—so,Baso; Xa:(AX)V(BX) N =Aa_o,Ba—o;Xa:(AX)A (BX)
leads to:

Cy: [MXae(b X) V ((€ X) A (d X)) #£7 MXaa((b X) V (¢ X)) A ((b X) V (d X)))]

Goal directed functional and Boolean extensionality treatment:
Co: [(bx) V ((ex) A (dx)) & ((bx) V (cx)) A((bx)V(dx))]"
Clause normalization results then in a pure propositional, i.e. decidable, set of

clauses. Only these clauses are still in the search space of Leo(in total there
are 33 clauses generated and Leo finds the proof on a 2,5GHz PC in 820ms).

Similar proof in case of embedded propositions:
VP (a—0)—0s Bamo, Camo, Da—o:P(BU(CND)) = P(BUC)N(BUD))
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Ex.: Extensional HO Resolution &R

VPo—or(P o) A (P bo) = (P (a A bo))
Negation and clause normalization
Cr:lpal’ Co:fpb]" Cs:fp(anb)
Resolution between C; and C3; and between C, and C;

Cs:[pa#'p(aAb)] Cs:[pb# p(anb)

Decomposition
Co:[a#" (aAb)] Cr:[b#" (aADb)]

Recursive call of proof process with rules Equiv and Cnf

Cg . [a]F V [b]F Cg . [a]T V [b]T ClO . [a]T Cll . [b]T
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Ex.: Extensional HO Resolution &R

Further small examples which test Henkin completeness:

VFoon(F = AXoXo )V (F 2= AXoemXo) V(F = AXoe L)V (F = MXouT)

VHooH L=H (HT =H 1)
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