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Vision of Leibniz (1646—1716): Calculemus!

Quo facto, quando orientur controversiae, non magis dis-
putatione opus erit inter duos philosophos, quam inter
duos Computistas. Sufficiet enim calamos in manus
sumere sedereque ad abacos, et sibi mutuo ...dicere:
calculemus. (Leibniz, 1684)

If controversies were to arise, there
would be no more need of disputa-
tion between two philosophers than
between two accountants. For it
would suffice to take their pencils
in their hands, to sit down to their
slates, and to say to each other ...: .
Let us calculate. Required: . . L
(Translation by Russell) characteristica universalis and calculus ratiocinator
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Our Contribution: Towards a Computational Metaphysics

Ontological argument for the existence of God

We focused on Gddel’'s modern version in higher-order modal logic

Automation with provers for higher-order classical logic (HOL)
@ confirmation of known results
e detection of some novel results
e systematic variation of the logic settings

e exploited HOL as a universal metalogic
(characteristica universalis)
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A Long History

pros and cons
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Anselm’s notion of God (Proslogion, 1078):
“God is that, than which nothing greater can be conceived.”

To show by logical reasoning:
“God exists.”
AxG(x)
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Anselm’s notion of God (Proslogion, 1078):
“God is that, than which nothing greater can be conceived.”

Godel’s notion of God:
“A God-like being possesses all ‘positive’ properties.”

To show by logical reasoning:
“Necessarily God exists.”
OdxG(x)
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The Ontological Proof Today

Types, Tableaus,
and Gédel’'s God
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Scott’s Version of Godel’s Axioms, Definitions and Theorems

Axiom A1
Axiom A2

Thm. T1
Def. D1

Axiom A3
Cor. C

Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: V$[P(—=¢p) & —P(¢)]
A property necessarily implied by a positive property is positive:

VOVPI(P(P) A BYx[(x) — P(x)]) — PY)]

Positive properties are possibly exemplified: VYoO[P(¢p) = OTIxp(x)]
A God-like being possesses all positive properties: G(x) & YO[P(p) = ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: OAxG(x)
Positive properties are necessarily positive: Yo[P(¢p) — OP(¢)]

An essence of an individual is a property possessed by it and necessarily
implying any of its properties: ¢ ess x < P(x) A YP((x) = aYy(py) — Yy))
Being God-like is an essence of any God-like being: Yx[G(x) — G ess x]

Necessary existence of an individual is the necessary exemplification of all its
essences: E(x) & Yol ess x — 0Tyd(y)]

Necessary existence is a positive property: P(E)
Necessarily, God exists: 0dxG(x)
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Scott’s Version of Godel’s Axioms, Definitions and Theorems

Axiom A1 Either a property or its negation is positive, but not both: Vo[P(=¢) < —P($)]

Axiom A2 A property necessarily implied by a positive property is positive:

VOVPI(P(P) A BYx[(x) — P(x)]) — PY)]

Thm. T1 Positive properties are possibly exemplified: VYoO[P(¢p) = OTIxp(x)]
Def. D1 A God-like being possesses all positive properties: G(x) & YO[P(p) = ¢(x)]
Axiom A3 The property of being God-like is positive: P(G)
Cor. C Possibly, God exists: OAxG(x)
Axiom A4 Positive properties are necessarily positive: Yo[P(¢p) — OP(¢)]

Def. D2 An essence of an individual is a property pQ
implying any of its properties: ¢ ess x <
Thm. T2 Being God-like is an essence of any God-lik

by it and necessarily
() AV (x) = DYY(P(Y) = Y¥))
: Vx[G(x) = G ess x]

Def. D3 Necessary existence of an individual is the necegsary exemplification of all its

essences:

Axiom A5 Necessary existence is a positive property;
Thm. T3 Necessarily, God exists:

E(x) & Yol ess x — 0Tyd(y)]

P(E)
OdxG(x)

Difference to Godel (who omits this conjunct)
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Scott’s Version of Godel’s Axioms, Definitions and Theorems

Axiom A1 Either a property or its negation is positive, but not both: Vo[P(=¢) < —P($)]

Axiom A2 A property necessarily implied by a positive property is-positive:
VOVYI(P(9) | OY
Thm. T1 Positive properties are possibly exemplified:
Def. D1 A God-like being possesses all positive properties:
Axiom A3 The property of being God-like is positive:
Cor. C Possibly, God exists:

Axiom A4 Positive properties are necessarily positive:
Def. D2 An essence of an individual is a property possefsed by it and necessz

VOIP(¢) — 0Txp(x)]
G(x) & YO[P(P) = ¢(x)]

P(G)

o (Oy) — b))

Thm. T2 Being God-like is an essence of any God-likefbeing: Vx[G(x) = G ess x]
Def. D3 Necessary existence of an individual is the flecessary efemplification of all its

essences:
Axiom A5 Necessary existence is a positive propertyf
Thm. T3 Necessarily, God exists:

(%) & Yol ess x — OFyd(y)]

P(E)
OdxG(x)

Modal operators are used
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Scott’s Version of Godel’s Axioms, Definitions and Theorems

Axiom A1 Either a property or its negation is positive, but not both: Vo[P(=¢) < —P($)]

Axiom A2 A property necessarily implied by a pogiliveproperty is positive:

VOVPY(P(P) A BYx[(x) — P(x)]) — PY)]

Thm. T1 Positive properties are possibly exenplified: VYoO[P(¢p) = OTIxp(x)]
Def. D1 A God-like being possesses all posftive properties: G(x) DP(p) = P(x)]

Axiom A3 The property of being God-like is pg¢sitive: P(G)

Cor. C Possibly, God exists: OAxG(x)

Axiom A4 Positive properties are necessarily dositive: Yo[P(¢p) — OP(¢)]

Def. D2 An essence of an individual is a progerty possessed by it #hd necessarily

implying any of its properties: ¢ ks x & P(x) A Yyhx) — avVy(d(y) — ()

Thm. T2 Being God-like is an essence of any Qod-like being; Vx[G(x) = G ess x]
Def. D3 Necessary existence of an individual iqthe neceggary exemplification of all its

essences: E(x) & Yol ess x — 0Tyd(y)]

Axiom A5 Necessary existence is a positive prope P(E)

Thm. T3 Necessarily, God exists: OdxG(x)

second-order quantifiers
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Proof Overview

D1: G(x) = Yo.[P(@) = ¢(x)]

D2: ¢ ess x = p(x) AV .(P(x) = OVx .(@(x) = P(x)))

D3: NE(x) = V. .[p ess x = OFy.p(y)]

,,,,,,,,,,, A2 ______ ____AMa_
A3 Y. Y [(P(p) A OV [p(x) = P(0)]) = P(Y)] V. [P(=p) = =P(p)]
PG) T1: Y. [P(p) — odr.p()]
C: 032.G(2)
,,,,, Atb A4
Vo [2Pp) 5 PEp)] Vo dPp) > OP@]  pg
T2: V. [G(y) = Gess y] P(NE)
L1: 3z.G(z) — 0dx.G(x) S5
03z.G(z) — ©03x.G(x) Vé. . [oné — né]

L2: ©03z.G(z) — 03x.G(x)

C: 03z.G(2) L2: ©3z.G(z) —» 0dx.G(x)
T3: 03x.G(x)
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How to automate Higher-Order Modal Logic?

Christoph Benzmiiller and Bruno Woltzenlogel Paleo
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Embedding HOML in HOL

Challenge: No provers for Higher-order Modal Logic (HOML)

Our solution: Embedding in Higher-order Classical Logic (HOL)
Then use existing HOL theorem provers for reasoning in HOML
[BenzmiillerPaulson, Logica Universalis, 2013]

Previous empirical findings:

Embedding of First-order Modal Logic in HOL works well
[BenzmlllerOttenRaths, ECAI, 2012]
[Benzmdiller, LPAR, 2013]
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Embedding HOML in HOL

HOML ¢, ¢ == ... |=@|loA¢|le—¢|0p|Op|Vxe|dxe| VP

e Kripke style semantics (possible world semantics)

HOL s,t u= C|x|Axs|st|—s|sVt|Vxt

@ Church’s simple type theory [Church, 1940], [Henkin, 1950]
@ various theorem provers exist
interactive: Isabelle/HOL, HOL4, Hol Light, Cog/HOL, PVS, ...
automated: TPS, LEO-II, Satallax, Nitpick, Isabelle/HOL, ...

Christoph il and Bruno | Paleo Automating Godel's Ontological Proof of God's Existence 14




HOML ¢,¢ ==
HOL

oAyl > Y| 0p | Op | Yxe | x| VP
s, t

Clx|Axs|st|—s|sVt]|Vxt
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Embedding HOML in HOL

HOML ¢, ¢ == ...|=@|oAY|p—-U|0p|O@|VYxe|Ixp|YPe
HOL s,t u= C|x|Axs|st|—s|sVt|Vxt

HOML in HOL: HOML formulas ¢ are mapped to HOL predicates ¢,, .,

Ao AWy —pw
AQu—oAp—oAwy(pw A )
AQu-oAY o Awy(mpw V Yw)
Ahy, . (usoyAwy Yd,y, hdw
/\hyﬁ(“ﬁo))\wuady hdw

W< | >
I T T

Ax

A@uooAw Yuy (rwu V gu)
A@yoAwy Juy, (rwu A pu)

<& 0O

valid

AP oYWy pw

Christoph il and Bruno | Paleo Automating Godel's Ontological Proof of God's Existence




Embedding HOML in HOL

HOML ¢, ¢ == ...|=@|oAY|p—-U|0p|O@|VYxe|Ixp|YPe
HOL s,t u= C|x|Axs|st|—s|sVt|Vxt

HOML in HOL: HOML formulas ¢ are mapped to HOL predicates ¢,, .,

Ao AWy —pw

A@u- oA o Aw,(pw A Pw)
AQu-oAY o Awy(mpw V Yw)
Ahy, . (usoyAwy Yd,y, hdw
/\hyﬁ(“ﬁo))\wuady hdw

W< | >

Ax

A@uooAw Yuy (rwu V gu)
A@yoAwy Juy, (rwu A pu)

<& 0O

valid

AP oYWy pw

The equations in Ax are given as axioms to the HOL provers!
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Example
HOML formula

Ozle(x)

i
v
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Example
HOML formula

HOML formula in HOL

OAxG(x)
valid (¢AxG(x)) y—o

it
v
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Embedding HOML in HOL
Example

HOML formula O AxG(x)
HOML formula in HOL valid (¢AxG(x))y—o
expansion, n-conversion Yw, (OAxG(x))ymo w

Christoph Benzmiiller and Bruno Woltzenlogel Paleo
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Embedding HOML in HOL

Example

HOML formula

HOML formula in HOL
expansion, n-conversion
expansion, fn-conversion

Christoph Benzmiiller and Bruno Woltzenlogel Paleo

O AxG(x)

valid (¢AxG(x))y—o

Yw, (OAxG(x))ymo w

Yw, Juy (rwu A (AxG(x))-o1)

Automating Godel's Ontological Proof of God's Existence 16



Embedding HOML in HOL

Example

HOML formula

HOML formula in HOL
expansion, n-conversion
expansion, fn-conversion
expansion, fn-conversion

Christoph Benzmiiller and Bruno Woltzenlogel Paleo

O AxG(x)

valid (¢AxG(x))y—o

Yw, (OAxG(x))ymo w
Yw, Juy (rwu A (AxG(x))-o1)
Yw, Juy, (rwu A AxGxu)
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Embedding HOML in HOL

Example

HOML formula

HOML formula in HOL
expansion, n-conversion
expansion, fn-conversion
expansion, fn-conversion

O AxG(x)

valid (¢AxG(x))y—o

Yw, (OAxG(x))ymo w
Yw, Juy (rwu A (AxG(x))-o1)
Yw, Juy, (rwu A AxGxu)

Expansion: user or prover may flexibly choose expansion depth

Christoph il and Bruno
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Embedding HOML in HOL

Example

HOML formula

HOML formula in HOL
expansion, n-conversion
expansion, fn-conversion
expansion, fn-conversion

O AxG(x)

valid (¢IxG(x)) y—o

Yw, (OAxG(x))ymo w
Yw, Juy (rwu A (AxG(x))-o1)
Yw, Juy, (rwu A AxGxu)

Expansion: user or prover may flexibly choose expansion depth

What are we doing?

In order to prove that ¢ is valid in HOML,
—> we instead prove that valid ¢, ., can be derived from Ax in HOL.

This can be done with interactive or automated HOL theorem provers.

Christoph il and Bruno
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Embedding HOML in HOL

Example

HOML formula

HOML formula in HOL
expansion, n-conversion
expansion, fn-conversion
expansion, fn-conversion

O AxG(x)

valid (¢IxG(x)) y—o

Yw, (OAxG(x))ymo w
Yw, Juy (rwu A (AxG(x))-o1)
Yw, Juy, (rwu A AxGxu)

Expansion: user or prover may flexibly choose expansion depth

What are we doing?

In order to prove that ¢ is valid in HOML,
—> we instead prove that valid ¢, ., can be derived from Ax in HOL.

This can be done with interactive or automated HOL theorem provers.

Christoph il and Bruno
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Automating Godel's Ontological Proof of God's Existence



Embedding HOML in HOL

Example

HOML formula

HOML formula in HOL
expansion, n-conversion
expansion, fn-conversion
expansion, fn-conversion

O AxG(x)

valid (¢AxG(x))y—o

Yw, (OAxG(x))ymo w
Yw, Juy (rwu A (AxG(x))-o1)
Yw, Juy, (rwu A AxGxu)

Expansion: user or prover may flexibly choose expansion depth

What are we doing?

In order to prove that ¢ is valid in HOML,
—> we instead prove that valid ¢, ., can be derived from Ax in HOL.

This can be done with interactive or automated HOL theorem provers.

For the experts:  soundness and completeness wrt Henkin semantics

Christoph il and Bruno

| Paleo
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Automated Theorem Provers and Model Finders for HOL

1080 1085 1990 1995 2000 2005 2010

TPS .. (Peter Andrews) ?
LEO-I/LEO-II (myself)

Isabelle (Nipkow/Paulson/Blanchette) —_—
Satallax (Brown) -
Nitpick (Blanchette) -
agsyHOL (Lindblatt) —_—

e all accept TPTP THF Syntax [SutcliffeBenzmiiller, J.Form.Reas, 2009]
e can be called remotely via SystemOnTPTP at Miami
e they significantly gained in strength over the last years
e they can be bundled into a combined prover HOL-P

Exploit HOL with Henkin semantics as metalogic
Automate other logics (& combinations) via semantic embeddings
— HOL-P becomes a Universal Reasoner —

Christoph il and Bruno | Paleo Automating Godel's Ontological Proof of God's Existence 17




Proof Automation and Consistency Checking with HOL-P

Terminal — bash — 125x32

MacBook-Chris %
MacBook-Chris %
MacBook-Chris % ./call_tptp.sh T3.p

Asking various HOL-ATPs in Miami remotely (thanks to Geoff Sutcliffe)

MacBook-Chris % agsyHOL---1.@ : T3.p ++++++ RESULT: SOT_7L4x_Y - agsyHOL---1.0 says Unknown - CPU = 0.00 WC = 0.02
LEO-II---1.6.@ : T3.p ++++++ RESULT: SOT_E4SCha - LEO-II- .0 says Theorem - (PU = 0.03 WC = 0.09

Satallax---2.7 : T3.p ++++++ RESULT: SOT_kVZ1cB - Satallax---2.7 says Theorem - (PU = 0.00 WC .14

Isabelle---2013 : T3.p ++++++ RESULT: SOT_xaOgEp - Isabelle---2013 says Theorem - (PU = 14.06 WC = 17.73 SolvedBy = auto
TPS---3.120601S1b : T3.p ++++++ RESULT: SOT_ROEgsg - TPS- .12060151b says Unknown - (PU = 33.56 WC = 41.57
Nitrox---2013 : T3.p ++++++ RESULT: SOT_WGY1Tx - Nitrox---2013 says Unknown - CPU = 75.55 WC = 49.24

MacBook-Chris %
MacBook-Chris % ./call_tptp.sh Consistency.p

Asking various HOL-ATPs in Miami remotely (thanks to Geoff Sutcliffe)
MacBook-Chris % agsyHOL---1.@ : Consistency.p ++++++ RESULT: SOT_ZtY_7o - agsyHOL---1.@ says Unknown - CPU = 0.00 WC = 0.00

Nitrox---2013 : Consistency.p ++++++ RESULT: SOT_HUz10C - Nitrox---2013 says Satisfiable - CPU = 6.56 WC = 8.50
TPS---3.1206015S1b : Consistency.p ++++++ RESULT: SOT_fpJxTM - TPS---3.120601S1b says Unknown - CPU = 43.00 WC = 49.42

Isabelle---2013 : Consistency.p ++++++ RESULT: SOT_6Tpp9i - Isabelle---2013 says Unknown - CPU = 69.96 WC = 72.62
LEO-II---1.6.0 : Consistency.p ++++++ RESULT: SOT_dY1@sj - LEO-II---1.6.0 says Timeout - CPU = 90 WC = 89.86
Satallax---2.7 : Consistency.p ++++++ RESULT: SOT_QOWSLf - Satallax---2.7 says Timeout - CPU = 90 WC = 90.50

MacBook-Chris % []

Provers are called remotely in Miami — no local installation needed!

Download our experiments from https://github.com/
FormalTheology/GoedelGod/tree/master/Formalizations/THF

Christoph Benzmiiller and Bruno Woltzenlogel Paleo Automating Godel's Ontological Proof of God's Existence


https://github.com/FormalTheology/GoedelGod/tree/master/Formalizations/THF
https://github.com/FormalTheology/GoedelGod/tree/master/Formalizations/THF

Interaction and Automation in Proof Assistant IsaseLLe/HOL

GoedelGod.thy (modified)

2 Goedel

oL PORRS 4 B

corollary C: *[o (3 6)1"
sledgehanner [provers = remote_leo2] by (metis A3 T1)

1

- [text {* Axiom @{text "A4"} is added: $\all \phi [P(\phi) \to \Box \; P(\phi)l$
(Positive properties are necessarily positive). *}

axiomatization where Ad: “[I (A2. P & ms O (P ©))1"

1

text {* Symbol @{text "ess"} for 'Essence’ is introduced and defined as
$\ess{\phi}{x} \biimp \phi(x) \wedge \all \psi (\psi(x) \imp \nec \all y (\phi(y)
\imp \psi(y)))$ (An \emph{essence} of an individual is a property possessed by it
and necessarily implying any of its properties). }

definition ess :: "(u = o) = j = o" (infixr "ess" 85) uhere
"bessx =@ xmAll (M. vxms O (VQy. &yms gy

O

text {* Next, Sledgehammer and Metis prove theorem @{text “T2"}: $\all x [G(x) \imp \ess{G}Hx}I$
(Being God-like is an essence of any God-like being). *}

¥ (Ax. G x m= G ess x)]"
by (metis Alb A4 G_def ess_def)

theoren T:

- [text {* symbol @{text }, for “Necessary Existence', is introduced and
defined as S\NE(x) \biimp \all \phi [\ess{\phi}{x} \imp \nec \ex y \phi(y)1$ (Necessary
lexistence of an individual is the necessary exemplification of all its essences). *}

definition NE :: "u = o where "NE = (Ax. Il (Ab. ® ess x m= O (3 @)))"

1004 +| o/ Auto updare [ Update | [ Detach |

Sledgehammering. . .

B~ | Output README Symbols
(6613/8210) Gsabellesigekick.UTF-

See verifiable Isabelle/HOL journal article at:

http://afp.sourceforge.net/entries/GoedelGod.shtml
o =1 = =

12N G4
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Interaction in Proof Assistant Coa

800

Coalde

Fle Edt_Navigaton TryTactics Templates Queries Display Complle Windows Help

HX3+«FX00H0

©scratch | @ocal | @ModaiClssicaly. EGoeceiGod-Scottv

(* constant
arameter Positive:

e )' o positive ies *)
u -> o) -> o.

L L i G O e s G i e pston S SN e i i )
iom axiomla : V (mforall p, (Positive (fun x: u => m—(p X))) m-> (m- (B

= [ subgoals

fu >
B rositive
B2 | bow (me (Rewists x : u, p %)) w

(1/2)

iom axiomlb : V (mforall p, (m~ (Positive p)) m-> (Positive (fun x: u => m~ (p X))) )~

(* Axiom A2: a property necessarily implied by a positive property is positive *)
xiom axiom2: V (mforall p, mforall g, Positive p m/\ (box (mforall X, (p X) m=> (g X) ))

(* Theorem T1: positive properties are possibly exemplified *)

[fheoren theoreml: V (mforall p, (Positive p) m-> dia (mexists x, p X) ).

[Proot.

lintro.

lintro p.

lintro E1.

[proot by conrmatoEtenyazy

lapply not_dia,

Resert (3: ((berx (mtnrall XUmE(B%))) W))% (* Lemma from Scott's motes *)

box_intro wl RL.

intZo x.

Gaaer Ly (ne M((n-J(nexistafe
box_elim K2 wl R1 G:
exact G:

:u, px)) wl)).

clear H2 Rl HL w.
intro H5.
exact H5.

assert (H6: ((box (mforall x, (P X) m=> m~ (X m= X))) W)).
b o

ox_intro wl RL

(* Lemma from Scott's notes *

% (mforall X : u, m~ p X) W

(2/2)

False

See verifiable Coq document at: https://github.com/
FormalTheology/GoedelGod/tree/master/Formalizations/Coq

Christoph Benzmiiller and Bruno Woltzenlogel Paleo

Automating Godel's Ontological Proof of God's Existence
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“Godisdead.”

- Nietzsche, 1883

Nietzsche is dead.”

- God, 1900
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Main Findings

Al
A2
T1
D1
A3

A4
D2

D3
AS

MC

FG

MT

co

DY
co’

HOL encoding dependencies

V812 By o (X (X)) £ “(ph)]
Yo Vo (Pusarro® A BV X, (BX D YX)) S ]

Vo Plu—)—o® D G3X,-$X] Al(2),A2
. ALA2

Bu-o = A Nuoe Plum oy o S X

[p_h-_l‘*LTJAGrgﬂ‘"T

[63X 8,0 X] T1,D1,A3
A1,A2,D1,A3

Véyson Pu—so)-o$ S Opgl . .

8501101 op-r0 = AWprsas Ay X AV, e (PX S OVY,.. (BY S ¢Y))

VX £ X S (€58 (um ) 8 X)] Al1,D1,A4,D2

A1,A2,D1,A3,A4,D2
NEi.o = AX,u V6,0 (e55 ¢X 5 (1Y, 6Y)

[Py—c)~oNE,—o.

[B3X, g e X1 D1,C,T2,D3,AS
Al,A2,D1,A3,A4,D2,D3,AS
D1,C,T2,D3,A5
Al,A2,D1,A3,A4,D2,D3,A5

[so 5 Bs0] D2,T2,T3

. . Al,A2,D1,A3,A4,D2,D3,A5
Ve VX (g e X D (H(Plum)-e ) 5 2($X)))] AL, D1
Al1,A2,D1,A3,A4,D2,D3,A5
VX VY (8o X D (g Y 35X =) DLFG
Al1,A2,D1,A3,A4,D2,D3,A5

0 (no goal, check for consistency) Al,A2,DI1,A3,A4,D2,D3,A5

€88¢m0)pmse = APy AX Vo= (PX D OVY,- (Y D YY)

0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS
Al,A2,D1,A3,A4,D2°,D3,A5

logic

ksl

KB
KB

KB
KB
KB
KB
KB
KB

KB

KB
KB

status

THM
THM

THM
THM

THM
THM

CSA
CSA
THM
THM

THM
THM
THM
THM
THM
THM

SAT

UNS
UNS

LEO-IT
const/vary

0.1/0.1
0.1/0.1

0.0/0.0
0.0/0.0

19.1/18.3
12.9/14.0

—)—

_/_
0.0/0.1
_/_

17.9/—
_/_
16.5/—
12.8/15.1
_/_
_/_

—)—

7.5/7.8
——

Satallax
const/vary

0.0/0.0
0.0/5.2

0.0/0.0
52/313

0.0/0.0
0.0/0.0

_/_
_/_
0.1/53
_/_
33/32
_/_
0.0/0.0
0.0/5.4
0.0/3.3
_/_

—f—

—f—
—f—

Nitpick
const/vary

—/—
—f—

—f—
—/—

—f—
—/—

Christoph il and Bruno | Paleo Automating Godel's Ontological Proof of God's Existence

22



Main Findings

HOL encoding dependencies logic status LEO-II Satallax Nitpick
g
Al V¢ o D)o (X, (X)) = (pg)]
A2 Yoo VW om (Puooyoo® ABYX,.(8X 2 yX)) S py]
Tl Voo Pumarmod D OIX,-$X] Al(2),A2 K THM 0.1/0.1 0.0/0.0 ——
. Al,A2 K THM 0.1/0.1 0.0/5.2 ——
D1 Bu-c = Ay NPyson Plu-r o > X
A3 [Pyororo8u-e
C [63X - 2,0 X] T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
A1,A2,D1,A3 K THM 0.0/0.0 52/313 —/—
At Vo P8 Opgl . .
D2 €8S40)ue = Wyoo- XX AV, e (UX S BVY,. (BY 5 YY)
T2 VX 8o X D (€554 ac g X)] Al,D1,A4,D2 K THM 19.1/183 0.0/0.0 ——
Al1,A2,D1,A3,A4,D2 K THM 12.9/14.0 0.0/0.0 ——
D3 NE,_o = AX,.Vd, .o (ess $X 5 OAY .. 6Y)
A5 [Py-o)-oNEymo
T3  [B3X,g.--X] D1,C, T2,D3,AS K CSA —/— —— 3.8/6.2
Al,A2,D1,A3,A4,D2,D3,A5 K CSA —/— —— 82/75
D1,C,T2,D3,A5 KB THM 0.0/0.1 0.1/5.3 —f—
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——
— —
MC [syS0Osq] D2,T2, T3 KB THM 17.9/— 3.3/3.2 ——
. . Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——
FG  [Vu—oe VX (8o X D ((Plyo )~ P) D H(9X)))] Al,D1 KB THM 165/— 0.0/0.0 ——
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM 12.8/151 0.0/5.4 ——
MT VX VY (guoX D (gue0¥ 3X=Y)] DI1,FG KB THM —/— 00/33  —/—
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —f R
CO  0(no goal, check for consistency) Al,A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —— 73174
D2 e85uo0)mpmo = Moo AX s Vo (PX D OVY,. (Y D YY)
CO’ 0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS KB UNS 17.5/7.8 —f— —f—
Al,A2,D1,A3,A4,D2°,D3,A5 KB UNS —/— —— ——
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HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al [v¢[l—~ﬂ' p(,H,)ﬁ,,(R.X,. "(¢X)) = S(pg)]
A n'v P A A Ll
T1 [V¢,H,.pw4,)ﬁ,¢ 5 63X,.4X] Al(2),A2 K THM 0.1/0.1 0.0/0.0 ——
Al, K THM 0.1/0.1 0.0/5.2 ——
Tr——rr T
A3 [Pyro)wo8u-cl
o} 63X, g0 X1 T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
Al1,A2,D1,A3 K THM 0.0/0.0 52/313 —/—
A4 [Va,,w- Pu-o)so® =] ﬁﬂiﬂ] . .
D2 e8Sgciops = Wy Ay X AV (X S OVY,. (Y 5 YT))
VX, gy o X D (€85(ums0) o 8X)] Al,D1,A4,D2 K 19.1/18.3
A1 A2 D] A3 A 9/14.0

N'E,H,, = AX, Vo (8
[Py o

5 g0 X1

VX VY (8o X S (g,

0 (no goal, check for con

€SS0y mpmo = A@Hv'
0 (no goal, check for con:

~ Christoph Benzmiller and Bruno Woltzenlogel Paleo  Automating Gédel's Ontological Proof of God's Existence 2



HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al [v¢[l—~ﬂ' p(,H,)ﬁ,,(R.X,. "(¢X)) = S(pg)]
A n'v P A A Ll
T1 [V¢,H,.pw4,)ﬁ,¢ 5 63X,.4X] Al(2),A2 K THM 0.1/0.1 0.0/0.0 ——
Al, K THM 0.1/0.1 0.0/5.2 ——
Tr——rr T
A3 [Pyro)wo8u-cl
o} 63X, g0 X1 T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
Al1,A2,D1,A3 K THM 0.0/0.0 52/313 —/—
A4 [Va,,w- Pu-o)so® =] ﬁﬂiﬂ] . .
D2 e8Sgciops = Wy Ay X AV (X S OVY,. (Y 5 YT))
VX, gy o X D (€85(ums0) o 8X)] Al,D1,A4,D2 K 19.1/18.3
A1 A2 D] A3 A 9/14.0

N'E,H,, = AX, Vo (8
[Py o

5 g0 X1

VX VY (8o X S (g,

0 (no goal, check for con

€SS0y mpmo = A@Hv'
0 (no goal, check for con:
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HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al [v¢[l—~ﬂ' p(ﬂ—m')ﬁtr(/lxﬂ "(¢X)) = S(pg)]
A n'v P A A Ll
T1 [V¢,H,.pw4,)ﬁ,¢ 5 63X,.4X] A1(D),A2 K THM 0.1/0.1 0.0/0.0 ——
Al, K THM 0.1/0.1 0.0/5.2 ——
Tr——rr T
A3 [Pyro)wo8u-cl
o} 63X, g0 X1 T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
Al1,A2,D1,A3 K THM 0.0/0.0 52/313 —/—
A4 [Va,,w- Pu-o)so® =] ﬁ'ﬂ'ﬂ] . .
D2 e8Sgciops = Wy Ay X AV (X S OVY,. (Y 5 YT))
VX, gy o X D (€85(ums0) o 8X)] Al,D1,A4,D2 K 19.1/18.3
A1 A2 D] A3 A 9/14.0

NE,.o = X Vy0n (d
[Pty—c)~oNEy—¢]
(03X, g0 X1

VX VY (8o X S (g,

0 (no goal, check for con

€SS0y mpmo = A@Hv'
0 (no goal, check for con:
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HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al Vfuon Ppuo)o WXy S(@X)) = <(pg)]
A2 Ny Vo Pyooy2o A avX,. (9X 5 yX)) 5 pyl
Tl Voo Pumarmod D OIX,-$X] A1(D),A2 K THM 0.1/0.1 0.0/0.0 ——
X AlLA2 K THM 0.1/0.1 0.0/5.2 ——
Dl gyo = AXp Yy o Pluc)-o® O X
Al PR
C (63X, g0 X1 T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
Al1,A2,D1,A3 K THM 0.0/0.0 52/313 —/—
ST — .
D2 eSSy = oo AXr BX AV e (X 5 BVY, (BY S YY)
T2 VX guoX D (€8Suo)pogX)] Al1,D1,A4,D2 K 19.1/18.3
A1 A2 D1 A3 A 9/14.0

N'E,H,, = AX, Vo (8
[Py o

5 g0 X1

VX VY (8o X S (g,

0 (no goal, check for con

€SS0y mpmo = A@Hv'
0 (no goal, check for con:
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HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al Vfuon Ppuo)o WXy S(@X)) = <(pg)]
A2 Ny Vo Pyooy2o A avX,. (9X 5 yX)) 5 pyl
Tl Voo Pumarmod D OIX,-$X] Al(2),A2 K THM 0.1/0.1 0.0/0.0 ——
. AlLA2 K THM 0.1/0.1 0.0/5.2 ——
Dl Bu-c = Ay NPyson Plu-r o > X
A3 [p.(;ﬁaa)au'gﬂﬁlr
o} [03X,n g0 X1 T1,D1,A3 K THM 0.0/0.0 0.0/0.0 —/—
Al1,A2,D1,A3 K THM 0.0/0.0 52/313 —/—
A4 [Va,,w- P(,Hn)ﬁm-¢ > tpgl . 5
i P TS T VIR RO
T2 [VX#. g,H,X‘_‘J (muhg)ﬂhggx)] Al,D1,A4,D2 19.1/18.3  0.0/0.0

nm.lH,, = A

o)
5 g0 X1

2z

VX VY (8o X S (g,

0 (no goal, check for con

€SS0y mpmo = A@Hv'
0 (no goal, check for con:
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HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al Vfuon Ppuo)o WXy S(@X)) = <(pg)]
A2 Ny Vo Pyooy2o A avX,. (9X 5 yX)) 5 pyl
Tl Voo Pumarmod D OIX,-$X] Al(2),A2 K THM 0.1/0.1 0.0/0.0 ——
. AlLA2 K THM 0.1/0.1 0.0/5.2 ——
Dl Bu-c = Ay NPyson Plu-r o > X
A3 [p.(;ﬁaa)au'gﬂﬁlr
o} [03X,n g0 X1 T1,D1,A3 K THM 0.0/0.0 0.0/0.0 —/—
Al1,A2,D1,A3 K THM 0.0/0.0 52/313 —/—
A4 [Va,,w- Pu-o)so® =] ﬁﬂiﬂ] . .
D2 eSSy = oo AXr BX AV e (X 5 BVY, (BY S YY)
T2 VX guoX D (€8Suo)pogX)] Al,D1,A4,D2 19.1/18.3  0.0/0.0 ——

D3 NE,o = 2V, o
AS s 1

(839X, g0 X]

VX VY (8o X S (g,

0 (no goal, check for con

€SS0y mpmo = A@Hv'
0 (no goal, check for con:

Ve
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Main Findings

LEO-IT

o

0.1/0.1
0.1/0.1

0.0/0.0
0.0/0.0

19.1/18.3
12.9/14.0

Satallax

0.0/0.0
0.0/5.2

0.0/0.0
5.2/313

0.0/0.0
0.0/0.0

Nitpick

e
——

——
e

——
e

HOL encoding dependencies logic status

Al Voo Plum)o (AN S($X)) = 5(pp)]
A2 Voo (Puarso® A VX, (@X Dy X)) S py]
Tl Voo Pu—e)mc® D SIX,.6X] A1(2),A2 K THM

Al,A2 K THM
Dl guo = AV Py S X
A3 [Py-o)-oBu-o
C  [03Xungu-oX] T1,D1,A3 K THM

A1,A2,D1,A3 K THM
Ad Vo Puor-o® S Opg] . .
D2 e88g)uro = AW A $X AV, 0 (PX S OVY,. (BY D YY)
T2 VX guo X D (e88¢0) o gX)] Al,D1,A4,D2 K THM

Al,A2,D1,A3,A4,D2 K THM
D3 NE,_o = AX,.Vd, .o (ess $X 5 OAY .. 6Y)
A5 [Py-o~oNEyms - -

N O3 2o X] Automating Scott’s proof script
Summary

MC [K @ proof verified and automated
FG Vo <X @ KB is sufficient (critisized logic S5 not needed!)
MT YK VYo (gi-0 X5 (e o proof works for constant and varying domains
CO 0 (no goal, check for con @ exact dependencies determined experimentally
DY o) = Ayn -
CO' 0o poal. heck for son @ ATPs have found alternative proofs (shorter)

Christoph

and Bruno

| Paleo

Automating Godel's Ontological Proof of God's Existence
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Main Findings

Al
A2
T1

HOL encoding

Y8yt Pus)0 (A (P X)) £ (p)]
V8o Voo (P20 @ A DY X, (9X D YX)) 3 py]

Vo Pmrc)~a® D &

dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
oX1 ALY A2 K ToM__01/0.1 0.0/00

Bu—o = AX “Ima,-p(“,
[Pgy—0)-+0 8u-o
[03X,- g0 X]

Voo Pso)—o® S Op

OAX e gyo X1

Consistency check: Godel vs. Scott

@ Scott’s assumptions are consistent;

shown by Nitpick

o Godel’s assumptions are inconsistent;
shown by LEO-II (new philosophical result!)

D1.C,T2,D3,A5 ’ KB THM 0.0/0.1 0.1/5.3 i
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——
[so S 0so] D2, T2, T3 KB THM 179/—  3.3/32 R
. . Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——
FG Voo VX (8o X D (Pl - o) S S(@XO)]  Al,DI KB THM 165/—  0.0/0.0 —)—
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM 12.8/151 0.0/5.4 ——
MT  [VXuVYu(guaoX D (gue0¥ 3X=Y)] DI,FG KB THM —/— 00/33 —/—
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —f R

CO  0(no goal, check for consistency) Al,A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —f— 13/74

D2 eSSuoc)mpmo = Aucae AXy- Vo (U X 5 OVY, (Y YY)

CO’ 0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS KB UNS 17.5/7.8 —f— —f—
Al,A2,D1,A3,A4,D2°,D3,A5 KB UNS —/— —— —/—
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Main Findings

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al Vo P (AX (X)) = 5(pg)]
A2 Yoo YW om (Pucyoo® A OV X, (9X DY X)) S py]
Tl Voo Pumarmod D OIX,-$X] Al(2),A2 K THM 0.1/0.1 0.0/0.0 ——
. Al,A2 K THM 0.1/0.1 0.0/5.2 ——
Dl guv = AKXy Vo Pl gl
A3 [Pyoor—oBu—el
S T Further Results
A4 Vo Boo)-o® D Op :
e @ Monotheism holds
3 (esS(uor) .
" o God is flawless
wioo = WXV .o (d
u—a)—o ;H«r]
[63X,. 840 X] D1,C, T2,D3,AS K CSA —/— —— 3.8/6.2
Al,A2,D1,A3,A4,D2,D3,A5 K CSA —/— —f 8.2/75
D1,C, T2,D3,A5 KB THM 0.0/0.1 0.1/5.3 ——
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——
MC [s;D0Os,] D2,T2,T3 KB THM 179/— 3.3/3.2 —/—
Al A2 DA Ad D2 D31 AS IR MNSLY L
FG Voo VX (8o X D (2(Pluo)-c ) D 2(@X)))] Al,D1 KB THM 165/—  0.0/0.0 ——
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM 12.8/151 0.0/5.4 ——
MT VX VY (guoX D (gueo¥ 3X=Y))] DI1,FG KB THM —/— 00/33  —/—
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —f —
CO  0(no goal, check for consism}cy) Aly, A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —f— 13/74
D2 eSSuoc)mpmo = Aucae AXy- Vo (U X 5 OVY, (Y YY)
CO’ 0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS KB UNS 17.5/7.8 —f— —f—
Al,A2,D1,A3,A4,D2°,D3,A5 KB UNS —/— —— —/—
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Main Findings

HOL encoding

Y8yt Plus) o (AN s
Yo W (P
V8o Pu—c)-c$ > O3

8o = Ay NG yon P}
[Pgy—0)-+0 8u-o
63X, -0 X1

o) ® S ap
essg. ) o = APy on
X 8o X D (550

NEio = XV, .o (4
[Py~ NEy- o]

Modal Collapse
V(e D O¢)

@ proved by LEO-Il and Satallax
o for constant and varying domains

Main critique on Gédel’s ontological proof:
@ there are no contingent truths
@ everything is determined / no free will

T3 (83X 2o X] o why using modal logic in the first place?

MC [sy 5 0s4] D2, T2, T3 KB THM 179/—  3.3/32 R
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —/— ——

O T T S D e T A AL DT yivs) T o LALAY T —
Al,A2,D1,A3,A4,D2,D3,A5 KB THM 12.8/15.1 0.0/5.4 ——

MT  [VXuVYu(guaoX D (gue0¥ 3X=Y)] DI,FG KB THM —/— 00/33  —/—
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— — —

CO  0(no goal, check for consistency) Al,A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —f— 13/74

D2 e55uo0)opmo = Moo AX s V- (PX D OVY,. (Y D YY)

CO’ 0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS KB UNS 17.5/7.8 —f— —f—
Al,A2,D1,A3,A4,D2°,D3,A5 KB UNS —/— —— —/—
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Avoiding the Modal Collapse: Very recent work (not yet published)

Variants of Godel’s proof that avoid the modal collapse

@ [Frode Bjgrdal, Understanding Gédel’s Ontological Argument, 1998]
(verified and automated)

@ [Anthony Anderson, Some emendations of Gédel’s ontological proof, 1990]
(verified and automated)

@ [Melvin Fitting, Types, Tableaux and Gédel’s God, 2002] (ongoing)

Future work

@ [André Fuhrmann, 2005]

@ [Petr Hajek, 1996, 2001, 2002, 2008, 2011]
@ [Szatkowski, 2011]

° ...
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Conclusion

Achievements

@ significant contribution towards a Computational Metaphysics

@ HOL very fruitfully exploited as a universal metalogic

@ systematic study of a prominent philosophical argument

@ even some novel results were found by HOL-ATPs

@ infrastructure can be adapted for other logics and logic combinations
Relevance (wrt foundations and applications)

@ Theoretical Philosophy, Atrtificial Intelligence, Computer Science, Maths

Little related work: only for Anselm’s simpler argument
o first-order ATP PROVER9 [OppenheimerZalta, 2011]
@ interactive proof assistant PVS [Rushby, 2013]

Future work
@ continuation of systematic study of the ontological argument
@ further studies in Computational Metaphysics
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See links at https://github.com/FormalTheology/GoedelGod/tree/master/Press.
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