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synonyms in this talk

Church's Simple T yp e Theo ry

Classical Higher Order Logic (HOL)

Christoph Benzmüller Combining Logics in Simple T yp e Theo ry (and . . . )



HOL (Alonzo Church, 1940)

I
simple t yp es �; � ::= � j o j� � � (opt. further base t yp es)

I
HOL de�ned b y

s ; t ::= p � j X �

j (� X � s � )� � � j ( s � � � t � )�

j (:
o � o

s

o

)
o

j ( s

o

_
o � o � o

t

o

)
o

j (8 X � t

o

)
o

j ( s � = � � � � o

t � )
o

I
HOL is w ell understo o d

- Origin (Church, J.Symb.Log., 1940)

- Henkin semantics (Henkin, J.Symb.Log., 1950)

(Andrews, J.Symb.Log., 1972)

- Extens./Intens. (BenzmüllerEtAl., J.Symb.Log., 2004)

(Musk ens, J.Symb.Log., 2007)
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Opinions ab out HOL:

I
HOL is exp ressive

but . . .

I
HOL can not b e e�ectively automated

I
HOL is a classical logic and not easily compatible with

I
mo dal logics

I
intuitionistic logic

I
. . .

I
HOL can not fruitfully serve as a basis fo r combining logics
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Opinions ab out HOL: P osition of this talk

I
HOL is exp ressive and w e exploit this here

but . . .

I
HOL can / / / /not b e e�ectively automated (at least pa rtly)

I
HOL is a classical logic and / / / /not easily compatible with

I
(no rmal) mo dal logics

I
intuitionistic logic

I
. . .

I
HOL can / / / /not fruitfully serve as a basis fo r combining logics

. . . I will give theo retical and p ractical evidence
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Quanti�ed Multimo dal Logics (QML)

as HOL F ragments

(jww La rry P aulson)
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Quanti�ed Multimo dal Logics (QML)

I
QML de�ned b y

s ; t ::= P j ( k X

1 : : : X

n )

j : s j s _ t

j 2
r

s

j 8 i

X s j 8 p

P s

I
Kripk e st yle semantics

I
three notions of (QS5) mo dels: (Fitting, J.Symb.Log., 2005)

QS5 � �

QS5 �
QS5 � +

(BenzmüllerP aulson, T echn.Rep o rt, 2009)
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P s

I
Kripk e st yle semantics

I
three notions of (QS5) mo dels: (Fitting, J.Symb.Log., 2005)

QS5 � � �! QK � �

QS5 � �! QK � (co rresp ondence to Henkin mo dels)

QS5 � + �! QK � +

(BenzmüllerP aulson, T echn.Rep o rt, 2009)
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(No rmal) QML as F ragment of HOL

� related, but signi�cantly extending (Ohlbach, 1988/93) �

Straightfo rw a rd enco ding

I
base t yp e � : non-empt y set of p ossible w o rlds

I
base t yp e � : non-empt y set of individuals

QML fo rmulas �! HOL terms of t yp e � � o

QML op erato rs as abb reviations fo r sp eci�c HOL terms

: = �� � W � : � W

_ = �� � � W � W _  W

2 = � R �� � W 8 V : R W V _ � V

(8 i ) � � = �� � W 8 X (� X ) W (quantif. over individuals)

(8 p ) � � � o = �� � W 8 P (� P ) W (quantif. over p rop ositions)
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(� P ) W
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(No rmal) QML as F ragment of HOL

Enco ding of validit y

valid = �� � � o

8 W � � W

Christoph Benzmüller Combining Logics in Simple T yp e Theo ry (and . . . )



Example: In all r -accessible w o rlds exists truth

F o rmulate p roblem in HOL using o riginal QML syntax

valid 2
r

9 p

P � � o

P

then automatically rewrite abb reviations

2
r

rewrite �! : : :

9 p

rewrite �! : : :

valid

rewrite �! : : :
�� #
�! 8 W � 8 Y � : r W Y _ (:8 P � � o

: ( P Y ))

and p rove automatically (LEO-I I, Isab elleP , TPS, Satallax, . . .

here the p rovers need to generate witness term P = � Y � > )
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Soundness and Completeness

Soundness and Completeness Theo rem:

j= QML

QK � s if and only if j= HOL

Henkin

valid s � � o

(BenzmüllerP aulson, T echn.Rep o rt, 2009)

Soundness and Completeness Theo rem fo r Prop ositional

Multimo dal Logic

(BenzmüllerP aulson, Log.J.IGPL, 2010)
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F urther interesting F ragments of HOL

I
Intuitionistic Logic

(exploiting Gö del's translation to S4)

(BenzmüllerP aulson, Log.J.IGPL, 2010)

I
A ccess Control Logics

(exploiting a translation b y Ga rg and Abadi)

(Benzmüller, IFIP SEC, 2009)

I
Region Connection Calculus � later in this talk

I
. . .
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Reasoning ab out Combinations of

Logics
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Reasoning ab out Combinations of Logics: Co rresp ondence

Co rresp ondences b et w een p rop erties of accessibilit y relations lik e

symmetric = � R 8 S ; T R S T ) R T S

serial = � R 8 S 9 T R S T

and co rresp onding axioms

8 R symmetric R

0 : 0 s(
0 : 0 s) valid 8 p � � � 2

R

3
R

� ( B )

8 R serial R

0 : 0 s(
0 : 0 s) valid 8 p � 2

R

� � 3
R

� ( D )

Such p ro ofs � including axioms D, M, 4, B, 5 � can b e

automated with LEO-I I in no-time!
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Reasoning ab out Combinations of Logics: Mo dal Cub e

K KB

M B

= MB

S4 S5

= M5 = MB5 = M4B5

= M45 = M4B = D4B

= D4B5 = DB5

K4 KB5

= K4B5 = K4B

D

D4

K45

D45

DB

K5

D5

K

M

4

5

B

(J. Ga rson, Mo dal Logic, SEP 2009)
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Reasoning ab out Combinations of Logics: M5 , D4B

8 R

valid 8 p � 2
R

� � �
^ valid 8 p � 3

R

� � 2
R

3
R

�

)

M 5

,

valid 8 p � 2
R

� � 3
R

�
^ valid 8 p � 2

R

� � 2
R

2
R

�
^ valid 8 p � � � 2

R

3
R

�

9
=

;
D 4 B
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Reasoning ab out Combinations of Logics: M5 , D4B

8 R

valid 8 p � 2
R

� � �
^ valid 8 p � 3

R

� � 2
R

3
R

�

)

M 5

,

serial R

^ valid 8 p � 2
R

� � 2
R

2
R

�
^ symmetric R

9
=

;
D 4 B
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Reasoning ab out Combinations of Logics: M5 , D4B

8 R

re�exive R

^ euclidean R

)

M 5

,

serial R

^ transitive R

^ symmetric R

9
=

;
D 4 B
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Reasoning ab out Combinations of Logics: M5 , D4B

8 R

re�exive R

^ euclidean R

)

M 5

0 : 1 s,

serial R

^ transitive R

^ symmetric R

9
=

;
D 4 B

Pro of with LEO-I I in 0.1s

Christoph Benzmüller Combining Logics in Simple T yp e Theo ry (and . . . )



Reasoning ab out Combinations of Logics: Cub e V eri�cation

S5 = M5 , MB5

, M4B5

, M45

, M4B

, D4B

, D4B5

, DB5

KB5 , K4B5

, K4B

M5 ) D45

D45 ) M5
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Reasoning ab out Combinations of Logics: Cub e V eri�cation

S5 = M5

0 : 1 s, MB5

0 : 2 s, M4B5

0 : 1 s, M45

0 : 1 s, M4B

0 : 1 s, D4B

0 : 2 s, D4B5

0 : 1 s, DB5

KB5

0 : 2 s, K4B5

0 : 1 s, K4B

M5

0 : 1 s) D45

D45

???) M5

Pro ofs with LEO-I I < 0.2s
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Reasoning ab out Combinations of Logics: Cub e V eri�cation

S5 = M5 , MB5

, M4B5

, M45

, M4B

, D4B

, D4B5

, DB5

KB5 , K4B5

, K4B

M5 ) D45

D45 6) M5

Countermo del 34.4s (Isab elleN)
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Reasoning ab out Combinations of Logics: Cub e V eri�cation

D �! M

Inclusion statement � countermo del b y HOL mo del �nder?

8 R serial R ) ( serial R ^ re�exive R )

Negated inclusion statement � p ro of b y HOL A TP?

( w o rld1 6= w o rld2 )

`

:8 R serial R ) ( serial R ^ re�exive R )
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Reasoning ab out Combinations of Logics: Cub e V eri�cation

K KB

M B

S4 S5

K4 KB5

D

D4

K45

D45

DB

K5

D5

b est p roving time

(seconds-System)

L=LEO-I I

I=Isab elleN

S=Satallax

T=TPS

P
= 95 :1 sec

?

.2-S

.3-S

.3-S

.1-L 4-S

.2-L

.7-S

.2-L

.4-T

7-T

10-I

.4-T

49-T

.4-S

.6-S

.7-S

.4-S

.8-T

10-I

.4-T

.4-T

4-T

.2-L

.5-T

3-S
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Reasoning ab out Combinations of Logics: Cub e V eri�cation

K KB

M B

S4 S5

= M5 = MB5 = M4B5

= M45 = M4B = D4B

= D4B5 = DB5

K4 KB5

= K4B5 = K4B

D

D4

K45

D45

DB

K5

D5

no. of 'p ro ofs'

?

4

4

2

4 3

6

3

5

2

2

2

2

1

3

1

3

1

2

1

2

5

1

6

5

3
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Reasoning ab out Combinations of Logics: Segerb erg

(Segerb erg, 1973) discusses a 2-dimensional logic p roviding t w o S5

mo dalities 2
a

and 2
b

. He adds further axioms stating that these

mo dalities a re commutative and o rthogonal. It actually turns out

that o rthogonalit y is already implied in this context.

re�exive a ; transitive a ; euclid. a ;

re�exive b ; transitive b ; euclid. b ;

valid 8� 2
a

2
b

� , 2
b

2
a

�

` HOL

valid 8�;  2
a

(2
a

� _ 2
b

 ) � (2
a

� _ 2
a

 )

^

valid 8�;  2
b

(2
a

� _ 2
b

 ) � (2
b

� _ 2
b

 )
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Reasoning ab out Combinations of Logics: Segerb erg

(Segerb erg, 1973) discusses a 2-dimensional logic p roviding t w o S5

mo dalities 2
a

and 2
b

. He adds further axioms stating that these

mo dalities a re commutative and o rthogonal. It actually turns out

that o rthogonalit y is already implied in this context.

re�exive a ; transitive a ; euclid. a ;

re�exive b ; transitive b ; euclid. b ;

valid 8� 2
a

2
b

� , 2
b

2
a

�

` HOL

p ro of b y LEO-I I in 0.2s

valid 8�;  2
a

(2
a

� _ 2
b

 ) � (2
a

� _ 2
a

 )

^

valid 8�;  2
b

(2
a

� _ 2
b

 ) � (2
b

� _ 2
b

 )
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Reasoning within Combined Logics
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Reasoning within Combined Logics: Wise Men Puzzle

Wise Men Puzzle

Once up on a time, a king

w anted to �nd the wisest

out of his three wisest men.

He a rranged them in a cir-

cle and told them that he

w ould put a white o r a black

sp ot on their fo reheads and

that one of the three sp ots

w ould certainly b e white.

The three wise men could

see and hea r each other but,

of course, they could not

see their faces re�ected any-

where. The king, then,

ask ed to each of them to

�nd out the colo r of his o wn

sp ot. After a while, the wis-

est co rrectly answ ered that

his sp ot w as white.
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Reasoning within Combined Logics: Wise Men Puzzle

Wise Men Puzzle

Once up on a time, a king

w anted to �nd the wisest

out of his three wisest men.

He a rranged them in a cir-

cle and told them that he

w ould put a white o r a black

sp ot on their fo reheads and

that one of the three sp ots

w ould certainly b e white.

The three wise men could

see and hea r each other but,

of course, they could not

see their faces re�ected any-

where. The king, then,

ask ed to each of them to

�nd out the colo r of his o wn

sp ot. After a while, the wis-

est co rrectly answ ered that

his sp ot w as white.

(adapting (Baldoni, PhD, 1998))

I
epistemic mo dalities:

2
a

; 2
b

; 2
c

: three wise men

2
fo ol

: common kno wledge

I
p redicate constant:

ws : 'has white sp ot'

Christoph Benzmüller Combining Logics in Simple T yp e Theo ry (and . . . )



Reasoning within Combined Logics: Wise Men Puzzle

Wise Men Puzzle

Once up on a time, a king

w anted to �nd the wisest

out of his three wisest men.

He a rranged them in a cir-

cle and told them that he

w ould put a white o r a black

sp ot on their fo reheads and

that one of the three sp ots

w ould certainly b e white.

The three wise men could

see and hea r each other but,

of course, they could not

see their faces re�ected any-

where. The king, then,

ask ed to each of them to

�nd out the colo r of his o wn

sp ot. After a while, the wis-

est co rrectly answ ered that

his sp ot w as white.

(adapting (Baldoni, PhD, 1998))

I
common kno wledge:

at least one of the wise men has a white sp ot

valid 2
fo ol

( ws a ) _ ( ws b ) _ ( ws c )

if X one has a white sp ot then Y can see this

( valid 2
fo ol

( ws X ) ) 2
Y

( ws X ))

if X has not a white sp ot then Y can see this

valid 2
fo ol

: ( ws X ) ) 2
Y

: ( ws X ))

X 6= Y 2 f a ; b ; c g
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Reasoning within Combined Logics: Wise Men Puzzle

Wise Men Puzzle

Once up on a time, a king

w anted to �nd the wisest

out of his three wisest men.

He a rranged them in a cir-

cle and told them that he

w ould put a white o r a black

sp ot on their fo reheads and

that one of the three sp ots

w ould certainly b e white.

The three wise men could

see and hea r each other but,

of course, they could not

see their faces re�ected any-

where. The king, then,

ask ed to each of them to

�nd out the colo r of his o wn

sp ot. After a while, the wis-

est co rrectly answ ered that

his sp ot w as white.

(adapting (Baldoni, PhD, 1998))

I
if X kno ws � then Y kno ws this

valid 8 p � (2
X

� ) 2
Y

2
X

� )

I
if X do es not kno w � then Y kno ws this

valid 8 p � (: 2
X

� ) 2
Y

: 2
X

� )

X 6= Y 2 f a ; b ; c g

I
axioms fo r common kno wledge

valid 8 p � 2
fo ol

� ) � ( M )

valid 8 p � 2
fo ol

� ) 2
fo ol

2
fo ol

� ( 4 )

8R valid 8 p � 2
fo ol

� ) 2
R

�
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Reasoning within Combined Logics: Wise Men Puzzle

Wise Men Puzzle

Once up on a time, a king

w anted to �nd the wisest

out of his three wisest men.

He a rranged them in a cir-

cle and told them that he

w ould put a white o r a black

sp ot on their fo reheads and

that one of the three sp ots

w ould certainly b e white.

The three wise men could

see and hea r each other but,

of course, they could not

see their faces re�ected any-

where. The king, then,

ask ed to each of them to

�nd out the colo r of his o wn

sp ot. After a while, the wis-

est co rrectly answ ered that

his sp ot w as white.

(adapting (Baldoni, PhD, 1998))

I
a, b do not kno w that they have a white sp ot

valid : 2
a

( ws a ) valid : 2
b

( ws b )

I
p rove that c do es kno w he has a white sp ot:

: : : ` HOL

valid 2
c

( ws c )
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Reasoning within Combined Logics: Wise Men Puzzle

Wise Men Puzzle

Once up on a time, a king

w anted to �nd the wisest

out of his three wisest men.

He a rranged them in a cir-

cle and told them that he

w ould put a white o r a black

sp ot on their fo reheads and

that one of the three sp ots

w ould certainly b e white.

The three wise men could

see and hea r each other but,

of course, they could not

see their faces re�ected any-

where. The king, then,

ask ed to each of them to

�nd out the colo r of his o wn

sp ot. After a while, the wis-

est co rrectly answ ered that

his sp ot w as white.

(adapting (Baldoni, PhD, 1998))

I
a, b do not kno w that they have a white sp ot

valid : 2
a

( ws a ) valid : 2
b

( ws b )

I
p rove that c do es kno w he has a white sp ot:

: : : ` HOL

valid 2
c

( ws c )

LEO-I I can p rove this result in 0.4s
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Reasoning within Combined Logics: Epistemic & Spatial

Region Connection Calculus (RCC) (RandellCuiCohn, 1992)

as fragment of HOL:

disconnected : dc = � X � � Y � : ( c X Y )

pa rt of : p = � X � � Y � 8Z (( c Z X ) ) ( c Z Y ))

identical with : eq = � X � � Y � (( p X Y ) ^ ( p Y X ))

overlaps : o = � X � � Y � 9Z (( p Z X ) ^ ( p Z Y ))

pa rtially o : p o = � X � � Y � (( o X Y ) ^ : ( p X Y ) ^ : ( p Y X ))

ext. connected : ec = � X � � Y � (( c X Y ) ^ : ( o X Y ))

p rop er pa rt : pp = � X � � Y � (( p X Y ) ^ : ( p Y X ))

tangential pp : tpp = � X � � Y � (( pp X Y ) ^ 9 Z (( ec Z X ) ^ ( ec Z Y )))

nontang. pp : ntpp = � X � � Y � (( pp X Y ) ^ :9 Z (( ec Z X ) ^ ( ec Z Y )))
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Reasoning within Combined Logics: Epistemic & Spatial

A trivial p roblem fo r RCC:

Cataluny a is a b o rder region of Spain ( tpp cataluny a spain );

Spain and F rance sha re a b o rder ( ec spain france );

P a ris is a region inside F rance ( ntpp pa ris france )

` HOL

Cataluny a and P a ris a re disconnected ( dc cataluny a pa ris )

^

Spain and P a ris a re disconnected ( dc spain pa ris )
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Reasoning within Combined Logics: Epistemic & Spatial

A trivial p roblem fo r RCC:

Cataluny a is a b o rder region of Spain ( tpp cataluny a spain );

Spain and F rance sha re a b o rder ( ec spain france );

P a ris is a region inside F rance ( ntpp pa ris france )

` HOL

2 : 3 s

Cataluny a and P a ris a re disconnected ( dc cataluny a pa ris )

^

Spain and P a ris a re disconnected ( dc spain pa ris )
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Reasoning within Combined Logics: Epistemic & Spatial

valid 8� 2
fo ol

� � 2
b ob

� ;

valid 2
fo ol

(� W ( ec spain france ));

valid 2
b ob

(� W ( tpp cataluny a spain ));

valid 2
b ob

(� W ( ntpp pa ris france ))

` HOL

valid 2
b ob

(� W (( dc cataluny a pa ris ) ^ ( dc spain pa ris )) )
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Reasoning within Combined Logics: Epistemic & Spatial

valid 8� 2
fo ol

� � 2
b ob

� ;

valid 2
fo ol

(� W ( ec spain france ));

valid 2
b ob

(� W ( tpp cataluny a spain ));

valid 2
b ob

(� W ( ntpp pa ris france ))

` HOL

20 : 4 s

valid 2
b ob

(� W (( dc cataluny a pa ris ) ^ ( dc spain pa ris )) )
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Reasoning within Combined Logics: Epistemic & Spatial

valid 8� 2
fo ol

� � 2
b ob

� ;

valid 2
fo ol

(� W ( ec spain france ));

valid 2
b ob

(� W ( tpp cataluny a spain ));

valid 2
b ob

(� W ( ntpp pa ris france ))

` HOL

20 : 4 s

valid 2
b ob

(� W (( dc cataluny a pa ris ) ^ ( dc spain pa ris )) )

6`HOL

valid 2
fo ol

(� W (( dc cataluny a pa ris ) ^ ( dc spain pa ris )) )
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Reasoning within Combined Logics: Epistemic & Spatial

valid 8� 2
fo ol

� � 2
b ob

� ;

valid 2
fo ol

(� W ( ec spain france ));

valid 2
b ob

(� W ( tpp cataluny a spain ));

valid 2
b ob

(� W ( ntpp pa ris france ))

` HOL

20 : 4 s

valid 2
b ob

(� W (( dc cataluny a pa ris ) ^ ( dc spain pa ris )) )

6`HOL

39 : 7 s

valid 2
fo ol

(� W (( dc cataluny a pa ris ) ^ ( dc spain pa ris )) )
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Reasoning within Combined Logics: Epistemic & Spatial

valid 8� 2
fo ol

� � 2
b ob

� ;

valid 2
fo ol

(� W ( ec spain france ));

valid 2
b ob

(� W ( tpp cataluny a spain ));

valid 2
b ob

(� W ( ntpp pa ris france ))

` HOL

20 : 4 s

valid 2
b ob

(� W (( dc cataluny a pa ris ) ^ ( dc spain pa ris )) )

6`HOL

39 : 7 s

valid 2
fo ol

(� W (( dc cataluny a pa ris ) ^ ( dc spain pa ris )) )

Key idea is �Lifting� of RCC p rop ositions to mo dal p redicates:

( tpp cataluny a spain )
| {z }

t yp e o

�! (� W ( tpp cataluny a spain ))
| {z }

t yp e � � o
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LEO-I I

(EPRSC grant EP/D070511/1 at Camb ridge Universit y)

Thanks to La rry P aulson
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LEO-I I emplo ys F O-A TPs: E, Spass, V ampire

http://www.ags.uni- sb.de/~leo
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Summa ry I

I
HOL seems w ell suited as framew o rk fo r combining logics

I
automation of object-/meta-level reasoning � scalabilit y?

I
emb eddings can p ossibly b e fully veri�ed in Isab elle/HOL?

(consistency of QML emb edding: 3.8s � Isab elleN )

I
current w o rk: application to ontology reasoning (SUMO)

Y ou can use this framew o rk right a w a y! T ry it!

I
new TPTP infrastructure fo r automated HOL reasoning

(Sutcli�eBenzmüller, J.F o rmalized Reasoning, 2010)

I
standa rdized input / output language (THF)

I
p roblem lib ra ry: 3000 p roblems

I
y ea rly CASC comp etitions

I
p rovers and examples a re online; demo: http://tptp.org

Wise Men Puzzle:

http://www.cs.m ia mi .e du /~t pt p/ cg i- bi n/ See TP TP ?C at ego ry =P ro bl em s&D om ai n= PU Z&F il e= PU Z0 87^ 1. p
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ONTOLEO (DF G grant BE 2501/6-1)

Application in Higher-Order Ontology Reasoning

(jww A dam P ease)
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Background: SUMO and Sigma

I
SUMO � Suggested Upp er-Level Ontology (NilesP ease, F OIS,

2010)

I
op en source, fo rmal ontology: www.ontologyport al. or g

I
has b een extended fo r a numb er of domain sp eci�c ontologies

I
altogether app ro x. 20,000 terms and 70,000 axioms

I
emplo ys the SUO-KIF rep resentation language, a simpli�cation

of Genesereth's o riginal Kno wledge Interchange F o rmat (KIF)

I
Sigma: b ro wsing and inference system fo r ontology

development (P ease, CEUR-71, 2003)

Imp o rtant: SUMO (and simila rly Cyc) contains a small but

signi�cant amount of higher-o rder rep resentations (e.g. emb edded

fo rmulas and mo dalities), but there is only very limited automation

supp o rt so fa r

) b etter automation supp o rt is goal of the ONTOLOEO p roject
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Background: SUMO and Sigma

I
SUMO � Suggested Upp er-Level Ontology (NilesP ease, F OIS,

2010)

I
op en source, fo rmal ontology: www.ontologyport al. or g

I
has b een extended fo r a numb er of domain sp eci�c ontologies

I
altogether app ro x. 20,000 terms and 70,000 axioms

I
emplo ys the SUO-KIF rep resentation language, a simpli�cation

of Genesereth's o riginal Kno wledge Interchange F o rmat (KIF)

I
Sigma: b ro wsing and inference system fo r ontology

development (P ease, CEUR-71, 2003)

Imp o rtant: SUMO (and simila rly Cyc) contains a small but

signi�cant amount of higher-o rder rep resentations (e.g. emb edded

fo rmulas and mo dalities), but there is only very limited automation

supp o rt so fa r

) b etter automation supp o rt is goal of the ONTOLOEO p roject
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SUMO to HOL/THF

I
achieved:

SUO-KIF �! THF

translation mechanism fo r SUMO as pa rt of Sigma

I
main challenge: �nd consistent t yping fo r unt yp ed SUO-KIF

(instance instance BinaryPredicate)

I
translation example available at:

http://www.ags.uni- sb.de/~chris/papers/SUMO.thf
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Challenge: Emb edded F o rmulas � T emp o ral Context

Example (I: Reasoning in temp o ral contexts)

What holds that holds at all times. Ma ry lik es Bill. During 2009

Sue lik ed who ever Ma ry lik ed. Is there a y ea r in which Sue has lik ed

someb o dy?

A: (=> ?P (holdsDuring ?Y ?P))

B: (likes Mary Bill)

C: (holdsDuring (YearFn 2009)

(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))

Query: (holdsDuring (YearFn ?Y) (likes Sue ?X))

Pro of b y LEO-I I in 0.16s
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Challenge: Emb edded F o rmulas � T emp o ral Context

Example (I: Reasoning in temp o ral contexts)

What holds that holds at all times. Ma ry lik es Bill. During 2009

Sue lik ed who ever Ma ry lik ed. Is there a y ea r in which Sue has lik ed

someb o dy?

A: (=> ?P (holdsDuring ?Y ?P))

B: (likes Mary Bill)

C: (holdsDuring (YearFn 2009)

(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))

Query: (holdsDuring (YearFn ?Y) (likes Sue ?X))

Pro of b y LEO-I I in 0.16s
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Challenge: Emb edded F o rmulas � T emp o ral Context

Example (I I: Reasoning in temp o ral contexts � I mo di�ed)

What holds that holds at all times. Ma ry lik es Bill. During 2009

Sue lik ed who ever Ma ry lik ed. Is there a y ea r in which Sue has lik ed

someb o dy?

A: (=> ?P (holdsDuring ?Y ?P))

B: (likes Mary Bill)

C: (holdsDuring (YearFn 2009)

(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))

Query: (holdsDuring (YearFn ?Y) (likes Sue ?X))

.
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Challenge: Emb edded F o rmulas � T emp o ral Context

Example (I I: Reasoning in temp o ral contexts � I mo di�ed)

What holds that holds at all times. Ma ry lik es Bill. During 2009

Sue lik ed who ever Ma ry lik ed. Is there a y ea r in which Sue has lik ed

someb o dy?

A': (holdsDuring ?Y True)

B: (likes Mary Bill)

C: (holdsDuring (YearFn 2009)

(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))

Query: (holdsDuring (YearFn ?Y) (likes Sue ?X))

.
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Challenge: Emb edded F o rmulas � T emp o ral Context

Example (I I: Reasoning in temp o ral contexts � I mo di�ed)

What holds that holds at all times. Ma ry lik es Bill. During 2009

Sue lik ed who ever Ma ry lik ed. Is there a y ea r in which Sue has lik ed

someb o dy?

A': (holdsDuring ?Y ( 1 + 1 = 2 ) )

B: (likes Mary Bill)

C: (holdsDuring (YearFn 2009)

(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))

Query: (holdsDuring (YearFn ?Y) (likes Sue ?X))

.
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Challenge: Emb edded F o rmulas � T emp o ral Context

Example (I I: Reasoning in temp o ral contexts � I mo di�ed)

What holds that holds at all times. Ma ry lik es Bill. During 2009

Sue lik ed who ever Ma ry lik ed. Is there a y ea r in which Sue has lik ed

someb o dy?

A': (holdsDuring ?Y (forall (?P) (=> ?P ?P)))

B: (likes Mary Bill)

C: (holdsDuring (YearFn 2009)

(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))

Query: (holdsDuring (YearFn ?Y) (likes Sue ?X))

.
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Challenge: Emb edded F o rmulas � T emp o ral Context

Example (I I: Reasoning in temp o ral contexts � I mo di�ed)

What holds that holds at all times. Ma ry lik es Bill. During 2009

Sue lik ed who ever Ma ry lik ed. Is there a y ea r in which Sue has lik ed

someb o dy?

A': (holdsDuring ?Y True)

B: (likes Mary Bill)

C: (holdsDuring (YearFn 2009)

(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))

Query: (holdsDuring (YearFn ?Y) (likes Sue ?X))

Bo olean extensionalit y: ( P , Q ) , ( P = Q ) .
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Challenge: Emb edded F o rmulas � T emp o ral Context

Example (I I: Reasoning in temp o ral contexts � I mo di�ed)

What holds that holds at all times. Ma ry lik es Bill. During 2009

Sue lik ed who ever Ma ry lik ed. Is there a y ea r in which Sue has lik ed

someb o dy?

A': (holdsDuring ?Y True)

B: (likes Mary Bill)

C: (holdsDuring (YearFn 2009)

(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))

Query: (holdsDuring (YearFn ?Y) (likes Sue ?X))

Pro of b y LEO-I I in 0.08s .
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Challenge: Emb edded F o rmulas � Epistemic Context

Example (I I I: Reasoning in epistemic contexts � I I mo di�ed)

A�: (knows ?Y True)

B: (likes Mary Bill)

C': (knows Chris

(forall (?X) (=> (likes Mary ?X) (likes Sue ?X)))

Query': (knows Chris (likes Sue Bill))

Pro of b y LEO-I I in 0.04s

b

Bo olean extensionalit y is in con�ict with (epistemic) mo dalities!

(Has Bo olean extensionalit y ever b een questioned fo r KIF?)
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Challenge: Emb edded F o rmulas � Epistemic Context

Example (I I I: Reasoning in epistemic contexts � I I mo di�ed)

A�: (knows ?Y ( 1 + 1 = 2 ) )

B: (likes Mary Bill)

C': (knows Chris

(forall (?X) (=> (likes Mary ?X) (likes Sue ?X)))

Query': (knows Chris (likes Sue Bill))

Pro of b y LEO-I I in 0.04s

b

Bo olean extensionalit y is in con�ict with (epistemic) mo dalities!

(Has Bo olean extensionalit y ever b een questioned fo r KIF?)
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Challenge: Emb edded F o rmulas � Epistemic Context

Example (I I I: Reasoning in epistemic contexts � I I mo di�ed)

A�: (knows ?Y True)

B: (likes Mary Bill)

C': (knows Chris

(forall (?X) (=> (likes Mary ?X) (likes Sue ?X)))

Query': (knows Chris (likes Sue Bill))

Pro of b y LEO-I I in 0.04s

b

Bo olean extensionalit y is in con�ict with (epistemic) mo dalities!

(Has Bo olean extensionalit y ever b een questioned fo r KIF?)
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Challenge: Emb edded F o rmulas � Epistemic Context

Example (I I I: Reasoning in epistemic contexts � I I mo di�ed)

A�: (knows ?Y True)

B: (likes Mary Bill)

C': (knows Chris

(forall (?X) (=> (likes Mary ?X) (likes Sue ?X)))

Query': (knows Chris (likes Sue Bill))

Pro of b y LEO-I I in 0.04s

b

Bo olean extensionalit y is in con�ict with (epistemic) mo dalities!

(Has Bo olean extensionalit y ever b een questioned fo r KIF?)
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Challenge: Emb edded F o rmulas � Epistemic Context

Solution: T ranslate into Quanti�ed Multimo dal Logic QML

I
T-Bo x lik e info rmation in SUMO:

(instance holdsDuring AsymmetricRelation) �!
valid (instance holdsDuring AsymmetricRelation) � � o

I
A-Bo x lik e info rmation as in query p roblem: current w o rld cw �

(lik es Ma ry Bill) �!
(lik es Ma ry Bill) � � o

cw �

(kno ws Chris (lik es Sue Bill)) �!
(2

Chris

(lik es Sue Bill)) � � o

cw �
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Challenge: Emb edded F o rmulas � Epistemic Context

Solution: T ranslate into Quanti�ed Multimo dal Logic QML

I
T-Bo x lik e info rmation in SUMO:

(instance holdsDuring AsymmetricRelation) �!
8 W � (instance holdsDuring AsymmetricRelation) � � o

W �

I
A-Bo x lik e info rmation as in query p roblem: current w o rld cw �

(lik es Ma ry Bill) �!
(lik es Ma ry Bill) � � o

cw �

(kno ws Chris (lik es Sue Bill)) �!
(2

Chris

(lik es Sue Bill)) � � o

cw �
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Challenge: Emb edded F o rmulas � Epistemic Context

Solution: T ranslate into Quanti�ed Multimo dal Logic QML

I
T-Bo x lik e info rmation in SUMO:

(instance holdsDuring AsymmetricRelation) �!
8 W � (instance holdsDuring AsymmetricRelation) � � o

W �

I
A-Bo x lik e info rmation as in query p roblem: current w o rld cw �

(lik es Ma ry Bill) �!
(lik es Ma ry Bill) � � o

cw �

(kno ws Chris (lik es Sue Bill)) �!
(2

Chris

(lik es Sue Bill)) � � o

cw �
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Challenge: Emb edded F o rmulas � Epistemic Context

Example (I I I: Reasoning in epistemic contexts � Solution)

A�: 8 Y � � � � o

(2
Y

> ) cw

B: ( lik es Ma ry Bill ) cw

C': (2
Chris

(8 i

X � (( lik es Ma ry X ) � ( lik es Sue X )))) cw

Query': (2
Chris

( lik es Sue Bill )) cw

Axioms fo r 2
Chris

can b e added:

M: valid 8 p � � � o

2
Chris

� � �
4: valid 8 p � � � o

2
Chris

� � 2
Chris

2
Chris

�
5: valid 8 p � � � o

2
Chris

: � � 2
Chris

: 2
Chris

�

.
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� � �
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� � 2
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Challenge: Emb edded F o rmulas � Epistemic Context

Example (I I I: Reasoning in epistemic contexts � Solution)

A�: 8 Y � � � � o

(2
Y

> ) cw

B: ( lik es Ma ry Bill ) cw

C': (2
Chris

(8 i

X � (( lik es Ma ry X ) � ( lik es Sue X )))) cw

Query': (2
Chris

( lik es Sue Bill )) cw

Axioms fo r 2
Chris

can b e added:

M: valid 8 p � � � o

2
Chris

� � �
4: valid 8 p � � � o

2
Chris

� � 2
Chris

2
Chris

�
5: valid 8 p � � � o

2
Chris

: � � 2
Chris

: 2
Chris

�

LEO-I I cannot solve this p roblem anymo re! .
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Challenge: Emb edded F o rmulas � Epistemic Context

Example (I I I: Reasoning in epistemic contexts � Solution)

A�: 8 Y � � � � o

(2
Y

> ) cw

B: (2
Chris

( lik es Ma ry Bill )) cw

C': (2
Chris

(8 i

X � (( lik es Ma ry X ) � ( lik es Sue X )))) cw

Query': (2
Chris

( lik es Sue Bill )) cw

Axioms fo r 2
Chris

can b e added:

M: valid 8 p � � � o

2
Chris

� � �
4: valid 8 p � � � o

2
Chris

� � 2
Chris

2
Chris

�
5: valid 8 p � � � o

2
Chris

: � � 2
Chris

: 2
Chris

�

But LEO-I I can solve this p roblem (0.15s) ! .
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Challenge: Emb edded F o rmulas � Epistemic Context

Example (I I I: Reasoning in epistemic contexts � Solution)

A�: 8 Y � � � � o

(2
Y

> ) cw

B: (2
fo ol

( lik es Ma ry Bill )) cw

C': (2
Chris

(8 i

X � (( lik es Ma ry X ) � ( lik es Sue X )))) cw

Query': (2
Chris

( lik es Sue Bill )) cw

Axioms fo r 2
Chris

can b e added:

M: valid 8 p � � � o

2
Chris

� � �
4: valid 8 p � � � o

2
Chris

� � 2
Chris

2
Chris

�
5: valid 8 p � � � o

2
Chris

: � � 2
Chris

: 2
Chris

�

Axioms fo r 2
fo ol

can b e added . . . .
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Summa ry I I

I
SUMO (and simila rly Cyc) emplo y higher-o rder

rep resentations: emb edded fo rmulas, mo dalities, relation

va riables, lamb da-abstraction, etc.

I
automation remains a challenge

I
p rogress p ossible with HOL/THF p rovers

I
p roblem detected: Bo olean extensionalit y versus mo dalities

I
solution p rop osed: emplo y our emb edding of Quanti�ed

Multimo dal Logic into HOL/THF

I
further reading: (BenzmüllerP ease,ARCOE-10,2010)

(BenzmüllerP ease,P AAR,2010)

I
Is there any other system/app roach that can elegantly enco de

and solve all the p roblems p resented here? Please let me kno w!
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Summa ry I

I
HOL seems w ell suited as framew o rk fo r combining logics

I
automation of object-/meta-level reasoning � scalabilit y?

I
emb eddings can p ossibly b e fully veri�ed in Isab elle/HOL?

(consistency of QML emb edding: 3.8s � Isab elleN )

I
current w o rk: application to ontology reasoning (SUMO)

Y ou can use this framew o rk right a w a y! T ry it!

I
new TPTP infrastructure fo r automated HOL reasoning

(Sutcli�eBenzmüller, J.F o rmalized Reasoning, 2010)

I
standa rdized input / output language (THF)

I
p roblem lib ra ry: 3000 p roblems

I
y ea rly CASC comp etitions

I
p rovers and examples a re online; demo: http://tptp.org

Wise Men Puzzle:

http://www.cs.m ia mi .e du /~t pt p/ cg i- bi n/ See TP TP ?C at ego ry =P ro bl em s&D om ai n= PU Z&F il e= PU Z0 87^ 1. p
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