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| zempdnaci — B 1]

File Edit Insert Mathematics Format Document View Go Tools Help Plato
TaHSeaxX (s BaRbRe@
IVt (l)e<2+p|aBCIBHE

Axiom 1.16 [Definition of N] :
It holds that VU, V,z.(z€eUNV)&S ((zcU)A(zeV)).

2 - [Distributivity in Simple Sets]

Context 2.1 :
We refer to the definitions and axioms of the theory — [Simple Sets].

Theorem 2.2 [Distributivity of 1] :
Tt holds that VA, B, C.(AN(BUC))= ((ANB)U(ANC)).

Proof 2.3 :

We want to show the theorem. _ R — R
(AN(BUC))C((ANB)U(ANC)) Apply Inference

— Name
- , — [Definitionof C|
We consider the subgoals — Result
— (z € (AN(BUC))) = (z €((ANB)U(ANCY)))
Apply Strategy '
and ((ANB)U(ANC)) C (AN (BUC))by the — [Definitionof=] . i

i
article plato mems math roman 10 pl-document pltheory pl-proof pl-subgoals pl-subgoal menued-object i-menu tuple(1) i-choice tuple(1) i-apply tuple(3
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Applications/Specialisations of Mathematics Assistance Systems

HW/SW-Verification Mathematics
E-Learning in HW/SW-Verif. E-Learning in Maths
Observation

Many proof assistants are based on higher-order logic
Motivation for

Automation of HOL (research is decades behind)
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HOL-Syntax: Simple Typed A-Calculus |

Simple Types 7.

Typed Terms:
Xa
Ca
(Foz—>6 Ba)ﬁ
(AYq Aﬁ)a—ﬁ
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HOL-Syntax: Simple Typed A-Calculus |

0 (truth values)
Simple Types 7. L (individuals)
(o — ) (functions from « to j9)

Typed Terms:
Xa Variables (V)
o Constants & Parameters (>~ & P)
(F,—53B,)s Application
(AYo Aj)o—3  A-abstraction

Equality of Terms: «, (3, n
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HOL: Adding Logical Connectives

1, —true

1, — false

—5_.o — Negation
Vo .o .0 — disjunction
No .0 -0 — CONjUNCtioN
=0 .00 — IMmplication

So 00 — €quivalence

VX.. ... —universal quantification over type « (V types )
X, ... — existential quantification over type « (V types «)
=. 00 —equality at type « (V types «)
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HOL: Adding Logical Connectives
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HOL: Lelibniz Equality

Impredicative definition of equality

A, =B, means VP, .o(PA = PB)

VP, _o(~P A VP B)
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Semantics
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Model Classes
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Standard Models G%(X)

|dea of Standard Semantics:

. — D, (choose)
o — D, =AT,F} (fixed)
(@ = f5) —

D&_ﬁ = f(Da, D@) (fIXEd)
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Model Classes (Extensionality)

(©Benzmiiller 2006

Standard Models G%(X)

|dea of Standard Semantics:

. — D, (choose)
o — D, ={T,F} (fixed)
(@ = f) —

D&_ﬁ = f(Da, D@) (fIXEd)

Henkin's Generalization:

D.—3 € F(D,,Ds) (choose)
but elements are still functions!

[Henkin-50]
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Model Classes (Extensionality)
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fixed:

(© Benzmiiller 2006 -p.15



Model Classes (Extensionality)

Non-Extensional Models 9z (X) Formulas valid in M3(X) ?

choose: D,, D, 3,also non—functions, D,
fixed:

(© Benzmiiller 2006 -p.15



Model Classes (Extensionality)

We additionally studied different model classes with 'varying degrees of extensionality’
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Model Classes (Extensionality)

non-extensional models

b: Boolean extensionality, D, = {T,F}
f(=n + £): functional extensionality
n: n-functional
&: &-functionality

Y

Sﬁgﬂ, (Z) ~ f)(Z) Henkin models

full
\/

S%(Y) standard models
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\ b*
MNgp ()
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/
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A
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Model Classes (Extensionality)

Mz (X) non-extensional models

e (=) I M ()

Mgy ()
‘N Yk

Mgip (X) ~ H(X) Henkin models

full
\/

S%(Y) standard models
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Model Classes (Extensionality)

smﬁ(z)

e v\

zmﬁ@ | |

mﬁb ()

w/ o

(©Benzmiiller 2006

Maep (X)

\& W«/

fuII
\/

f | Y CA (Z)
e

non-extensional models

Henkin models

standard models
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Semantics - Calculi - Abstract Consistency

Semantics:
Model Classes (Extensionality)

JSL(2004)69(4):1027-1088
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Semantics - Calculi - Abstract Consistency

Semantics: Reference Calculi:
Model Classes (Extensionality) ND (and others)
/ | AN
/ | \ nae) /TR0 o)
V Ve \ \
- : | T o

\I

}’
4;;
<
‘\
l

BN

l (é) \‘ﬁﬁ(b) m(g)/ |
MNA(n)

\J
i
7

>

| / |
\ n / g \mw) R(n) RO
"N Y 4 \
Mg (T)

JSL(2004)69(4):1027-1088
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Semantics - Calculi - Abstract Consistency

Semantics: Reference Calculi:
Model Classes (Extensionality) ND (and others)
e /N
/E 1 \ nre) /TR0 )
R AN ys \4 \

I . . JERE
\ 774N R \ 7 74N Y
M () Maeo () [ Nseo RNGC

L N | -
. 13 MR(E)
\ n ‘)’(ﬁ(b) ‘ﬁﬁ(n)
N 77 N\ 774
Migge ()

Abstract Consistency / Unifying Principle:
Extensions of Smullyan-63 and Andrews-71

7 o N
y'4 Y N\
5
[ « Su_w/ ]
JSL(2004)69(4):1027-1088 Y N v
5
N '/ v
% n
778
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Automated Theorem Proving

Y
O

-

Extensional Resolution
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Extensional HO Resolution &R

[Andrews-71]

- proof search & blind variable instantiation

[Huet-73/75]
proof search & delayed
eager unification pre-unification

[Benzmiiller-99]

Interleaved proof search & unification
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Proof Theory

Cut-simulation
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Sequent Calculi for HOL

We work with a one-sided sequent calculus:

examples for two-sided rules:

r— AAB
g<\/]nt7“0) g(vElim)
- AAVB AVB — A

corresponding one-sided rules:
-(MNUAAB

~(MUA,AVB
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A,C stands for A U{C}
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r— AAB [A—A TB-— A
g<\/]nt7“0) g(vElim)
- AAVB AVB — A

corresponding one-sided rules:
-(MNUAAB

~(MUA,AVB

G(V+)

A,C stands for A U{C}

(© Benzmiiller 2006 -p.21



(©Benzmiiller 2006

Sequent Calculi for HOL

We work with a one-sided sequent calculus:

examples for two-sided rules:
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We work with a one-sided sequent calculus:

examples for two-sided rules:

r— AAB [A—A TB-— A
g(\/]nt’m) g(vElim>
- AAVB AVB — A

corresponding one-sided rules:

-(MNUAAB -(MHuA—~A —(MNUA—-B

—mjuAAVBgW” ~(NUA,~(A Vv B) V=)

A,C stands for A U{C}
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Sequent Calculi for HOL

A atomic (and #-normal)

G(init)
A—-AA
A—-A A -B
G(vV-)
A,—I(A V B)

A,ﬂ(AC)lﬁ C € cwff, (X)

G(v©)
A, —YX, A

(©Benzmiiller 2006

A A
A,——A

G(—)

AAB

A,(AV B) 9V+)

A,(Ac)lﬁ Ca € X new

G (VS
A X, A (V)

ALA stands for A U {A}
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Sequent Calculi for HOL: G,

The sequent calculus Gg is defined by the rules
G(init), G(=), G(V-), G(V+), G(VE), G(V4)

Is sound for the eight model classes 9.

is complete for the model class Mis(X)

suitable for automation? — Analysis of admissibility of cut:

AC A-C
A

G(cut)

Gs Is Indeed cut-free

(©Benzmiiller 2006
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Cut-simulation with Leibnizequations

Leibniz-equations M =“ N (:= VP,,.—PM Vv PN) support
cut-simulation in Gg in only 3 steps.

Proof:
A,C
-9 n-c G(vV_)
A—-(-CVC B
’ ( \% ) g(v)_\Xa.C)

A= A,—VP,,.—PM Vv PN

(©Benzmiiller 2006 -p.24



Cut-simulation with Extensionality Axioms

The Boolean extensionality axiom /5, Is:

VA,VBo(A < B) = A ="B

The infinitely many functional extensionality axioms 7 are:

VFor 3 VGarge(WXaeFX =7 GX) = F =270 G

(©Benzmiiller 2006 -p.25



Cut-simulation with Extensionality Axioms

The functional extensionality axioms support effective
cut-simulation in Gg In 11-steps.
Proof:

3 steps; easy

A fa =" fa a. AC A-C
g(\v’_'_ ) ) =
A (VXWX = fX) G(~) . 3 steps; see before
A, —=X X = £X A~ =277 f)
A~ (~(VXafX =7 1X) v F =070 f)
N

G(V-)
2 x G(V)

(©Benzmiiller 2006 -p.26



Cut-simulation with Extensionality Axioms

It also works with Boolean extensionality axiom — in 14 steps.

Proof:
[ steps; easy
; A.C A-C
Aa < a : 3 steps; see before
A,——(a & a) G(2) A,ﬂ(a. =2 a)
G(v-)

A—~(—(aea)Va="a) .
NS 2 x G(V%)

(©Benzmiiller 2006 -p.27



Cut-simulation with other Axioms

Reflexivity definition of equality (Andrews) 4 steps

AXaAY 0V Qu oo (VZee(Q Z Z)) = (Q X Y)
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n e
A

Reflexivity definition of equality (Andrews) 4 steps

Cut-simulation with other Axioms

Instances of Comprehension axioms 16 steps

3P, LoaVX,.PX & X =" X
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Cut-simulation with other Axioms

(©Benzmii

n e
A

Reflexivity definition of equality (Andrews) 4 steps
Instances of Comprehension axioms 16 steps
Axiom of Induction 18 steps

VP, _0:PO A (¥X,.PX = P(sX)) = VX,.PX

ller 2006 -p.28



Cut-simulation with other Axioms

n e
A

Reflexivity definition of equality (Andrews)
Instances of Comprehension axioms
Axiom of Induction

Axiom of Choice

Tl (a—0)—as?Qa—o-TXanQX = Q(IQ)

(©Benzmiiller 2006

4 steps

16 steps
18 steps
[ steps
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A

Cut-simulation with other Axioms

Reflexivity definition of equality (Andrews) 4 steps
Instances of Comprehension axioms 16 steps
Axiom of Induction 18 steps
Axiom of Choice 7 steps
Axiom of Description 25 steps

HI(aﬁo)%a.VQ&_m.(HlYa.QY) — Q(|Q>

(©Benzmiiller 2006 -p.28



n e
A

Cut-simulation with other Axioms

Reflexivity definition of equality (Andrews) 4 steps
Instances of Comprehension axioms 16 steps
Axiom of Induction 18 steps
Axiom of Choice 7 steps
Axiom of Description 25 steps
Axiom of Excluded Middle 3 steps

\V/QO'Q V _'Q
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Cut-simulation with other Axioms

Reflexivity definition of equality (Andrews)
Instances of Comprehension axioms
Axiom of Induction

Axiom of Choice

Axiom of Description

Axiom of Excluded Middle

(©Benzmiiller 2006

n e
A

4 steps
16 steps
18 steps

7 steps
25 steps

3 steps
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Cut-simulation with other Axioms

Reflexivity definition of equality (Andrews)

Instances of Comprehension axioms

Axiom of Induction

Axiom of Choice

Axiom of Description
Axiom of Excluded Middle

This motivates lots of further research on HOL automation:

(©Benzmiiller 2006

4 steps
16 steps
18 steps

7 steps
25 steps

3 steps

How to avoid / treat cut-strong axioms and formulas?!?

[, -VP(PA)A

- p.28



Conclusion

(>) Two hearts are beating in my chest:

Towards integrated mathematics assistance systems
... by joining resources ...

Foundations and automation (not only!) of HOL
semantics < proof theory < automation
automation still decades behind first-order ATP

Currently I am
Implementing LEO-II (new version of resolution prover LEO)

want to integrate LEO-II with Isabelle/HOL (& others)
Involved in building up a HOTPTP and the THF syntax
working towards a HOL prover competition

(©Benzmiiller 2006 -p.29



HOL Challenge: Impredicativity

Notion: (Impredicativity)
guantification over sets and predicates

support impredicative definitions and reflection
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P «—— {x|true} (AX Ty)
P« {x|x =1} (AX X =1)
P« {xlx=1vx=2} (X X=1VX=2)
P+—— {x|x > 0} (AX X > 0)
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HOL Challenge: Impredicativity

Notion: (Impredicativity)
guantification over sets and predicates
support impredicative definitions and reflection

Ex.: Automation already problematic for very simple quantifications
over sets: 4P (P 1)

P «—— {x|true} (AX Ty)
P« {x|x =1} (AX X =1)
P« {xlx=1vx=2} (X X=1VX=2)
P+—— {x|x > 0} (AX X > 0)
etc.

unification not powerful enough — guessing is state of the art

problem not limited to HOL
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Automated Theorem Proving

Extensional Resolution

(© Benzmiiller 2006 -p.31



Ex.: Extensional HO Resolution &R

VBa—0, Casos Da—oBU(CND)=(BUC)N(BUD)

Negation and definition expansion with
U=Mga—0,Ba—o, Xa-(AX)V(BX) N=AAg_0,Ba—o,Xa:(AX)A(BX)
leads to:
Cy: [MXae(b X) V ((€ X) A (d X)) %7 MXau((b X) V (¢ X)) A ((b X) V (d X)))]
Goal directed functional and Boolean extensionality treatment:

Co: [(bx) V ((ex) A (dx)) & ((bx) V (cx)) A((bx)V (dx))]"

Clause normalization results then in a pure propositional, i.e. decidable, set of
clauses. Only these clauses are still in the search space of Leo(in total there
are 33 clauses generated and Leo finds the proof on a 2,5GHz PC in 820ms).

Similar proof in case of embedded propositions:
VP (a—0)—0s Bamo, Camo, Damo:P(BU(CND)) = P(BUC)N(BUD))

(© Benzmiiller 2006 -p.32



Ex.: Extensional HO Resolution &R

VPo—or(P o) A (P bo) = (P (a A bo))
Negation and clause normalization
Cir:fpal’  Co:fpb]' Cs:fp(anb))
Resolution between C; and C; and between C, and Cs
Ca:[paz p(anb)] Cs:[pb# p(anb)

Decomposition
Co:[a#" (aAnb)] Cr:[b#" (aADb)]

Goal directed extensionality treatment and clause normalisation:
from Ce Cs : [a]F V [b]F Co : [a]T V [b]T Cio : [a]T
from C7 Cll : [a}F V [b]F 612 : [a]T \% [b]T 613 X [b]T

(©Benzmiiller 2006 -p.33



HOL Application: Hardware Verification

Some Basic Devices

i~Do—o

i1 —
R

NOT(i,0) =

AND(il, i2, O) =

(©Benzmiiller 2006

OR(il, i2 O) =
(O = —li) (O = (il A\ iz)) (O = (il V |2)
NOT'(i,0) = AND’ (i1, iz, 0) =

(Vt.o(t) = —i(t))

(Vt.o(t) = (i1(t)Aia(t)))




HOL Application: Hardware Verification

Specification of NAND Device

DT

NAND—SPEC(i1, iz, 0) =
(O = —|(i1 VAN ig))

NAND—-SPEC/(i1,i»,0) =
(Vto(t) = —(i1(t) Aia(t)))
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HOL Application: Hardware Verification

Implementation of NAND Device

SRR

NAND—IMP(iy, ip, 0) =
Fho.AND(i1, i, h) A NOT(h, 0)

NAND—IMP’ iy, iz, 0) =
3h,—o6.AND(i1, i2, h) A NOT(h, 0)

(©Benzmiiller 2006 -p.36



HOL Application: Hardware Verification |

Implementation is correct

NAND—IMP(i1, i, 0) = NAND—SPEC(i1, i», 0)
NAND—IMP’ (i1, i», 0) = NAND—SPEC/(i1, iz, 0)

(©Benzmiiller 2006 -p.37



HOL Application: Hardware Verification |

Implementation is correct

NAND—IMP(i1, i, 0) = NAND—SPEC(i1, i», 0)
NAND—IMP’ (i1, i», 0) = NAND—SPEC/(i1, iz, 0)

Definition expansion

(©Benzmiiller 2006 -p.37



HOL Application: Hardware Verification |

Implementation is correct

NAND—IMP(i1, i, 0) = NAND—SPEC(i1, i», 0)
NAND—IMP’ (i1, i», 0) = NAND—SPEC/(i1, iz, 0)

Definition expansion

(0 = =(i1 Aia)) = (3ho-AND(i1, in, h) A NOT(h,0))

(©Benzmiiller 2006 -p.37



HOL Application: Hardware Verification

(©Benzmiiller 2006

Implementation is correct

NAND—IMP(iq,i2,0) = NAND—-SPEC(iy, i, 0)
NAND—IMP’(i1,ip,0) = NAND—SPEC'(i1, ip, 0)
Definition expansion
(0 ==(i1 Aiz)) = (FhosAND(i1,i2,h) ANOT(h,0))
(O = —l(il N\ ig)) = (Hho.(h = (il /N\ ig)) N\ (O = —|h))

-p.37



HOL Application: Hardware Verification |

Implementation is correct

NAND—IMP(i1, i, 0) = NAND—SPEC(i1, i», 0)
NAND—IMP’ (i1, i», 0) = NAND—SPEC/(i1, iz, 0)

Definition expansion

(0 = —(iy Ai)) = (Fho.AND(iy, iz, h) A NOT(h, 0))
(O = —l(il N\ i2)) = (Hho.(h = (il /N\ i2)) N\ (O = —ih))

(out = —(iy Ain)) = (3h,_o.AND(i1,is, h) A NOT(h,0))

(©Benzmiiller 2006 -p.37



HOL Application: Hardware Verification |

Implementation is correct

NAND—IMP(iq,i2,0) = NAND—-SPEC(iy, i, 0)
NAND—IMP’(i1,i2,0) = NAND—SPEC'(i, i, 0)
Definition expansion
(0 ==(i1 Aiz)) = (FhosAND(i1,i2,h) ANOT(h,0))
(O = —l(il N\ i2)) = (Hho.(h = (il /N\ i2)) N\ (O = —Ih))

(out = (i1 Ain)) = (Fh, o AND(iy, in, h) A NOT(h, 0))
(out — —l(il /N\ i2)) —

(Fhi—or(Vtin(h(t) = (i1 (t) Ai2(t)))) A (Vti(o(t) = —h(t))))

Benzmiiller 2006



HOL Application: Hardware Verification |

Implementation is correct

NAND—IMP(i1, i, 0) = NAND—SPEC(i1, i», 0)
NAND—IMP’ (i1, i», 0) = NAND—SPEC/(i1, iz, 0)

Definition expansion

( = —l(il A\ ig)) = (Hho.AND(il, 12, h) A\ NOT(h,O))
(0==(i1 Ai2)) = (Fho(h = (i1 Ai2)) A (0 = —h))

(out = —(i1 Ai2)) = (3h,—o-AND(i1,i2,h) ANOT(h,0))
(out = —(i1 Aip)) =
(Fh,—on(Vtin(h(t) = (i1(t) Aia(t)))) A (Vti(o(t) = —h(t))))
LEQO’s proof:
time: 620ms, cl. gen.: 309, cl. fo-like: 68, proof length: 55 cl.
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Extensionality Axioms as Clauses

EXT-FUnc™: VF,_5VGy g(VXgF X =GX) = F =G
Clauses:

C1 : [Pa—o (Fs3)]" VIQFIF VQG]T

Co: [ps—o (Gsp)]' VIQFI" V[QG]T

EXT-Bool™: VA..VB..(A < B) & A=°B

Clauses:

Ci: [AFV[BIF VI[P AFVIPB]T
Co: [A]" Vv [B]T V[P AFVIPB]T,
Cs: [AF VBT v I[p AT,

Cs: [AIFV[B]" Vv [p BF,

Cs : [A]" v [B]" v [p A]",

Co : [A]" v [B]" Vv [p B

(©Benzmiiller 2006 -p.38



Proof Theory

Calculi for HOL
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ND Calculi for HOL

Base Calculus 9183

— NA(Hyp) — NR(H)

— YR(~I) — NR(—E)

— NR(VIL) — NR(VIR)

— NR(VE)

— MR(II)™

— NR(IIE) — NR(Contr)
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ND Calculi for HOL

Extensionality Rules




ND Calculi for HOL

Extensionality Rules
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ND Calculi for HOL

Extensionality Rules
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ND Calculi for HOL

Extensionality Rules

- oG =""H

(©Benzmiiller 2006

® I Vx,.Gx =" Hx

| 27 N, o 7/ _ OFYaM=PN
; 9. A v & (Axa-M) =% Oxa.N)
\4 - Y
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ND Calculi for HOL

MNARge

?

PRCET:

(©Benzmiiller 2006

/

?

?

74

g |

L/ / V
MWseo
w/

Extensionality Rules

® - (Axe.M

® I Vx,.Gx =" Hx

RIGIEY
b G =""H

PxAFB ¢xBlI A
T A(b)

d-A="8B
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Soundness and Completeness of 1R,

Thm.: Each calculus is sound wrt. the corresponding model class

Thm.: Each calculus complete wrt. the corresponding model class

For this we extended the
abstract consistency proof method (unifying principle) of

[Smullyan-63]
[Andrews-71]
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Semantics

Y
O

_

Abstract Consistency Proof
Method
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Abstract Consistency

QlccB

\?
//v \

Accge Acegy,

Acegs Accgep ?

Sl

c C35b

full function domains

v

Benzmiiller 2006
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Abstract Consistency

Q[ccﬁ Properties for 2Accg: (Ig is class
of sets of formulas; & € Iy)

\ If A is atomic, then A ¢ & or
If =——A € &, then A € 5.

Accge Acegy,
| N
? :
2
v >3 fAVB € then ®,A € I
¢Bcls.
ey Accoms . or ®,b € Iy
_ f =(A vV B) € &, then
\ J) , ®,~A,-B € k.
? v / if N*F € &, then ®,FW € [
& foreach W € cwffq (X).
Acessp i —MNoF - ®, then
. ¢, ~(Fw) € Iz for any pa-
full functionvdomains rameter W, € X Which does

not occur in any sentence of .
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Abstract Consistency

Q[CCB Properties for 2Accg: (Ix is class

\ of sets of formulas; P € [y)
2 If A is atomic, then A ¢ & or
( { v ) ~A ¢ o,

If =——A € O, then A € 5.

Accge Acegy,
| g If A=3gB and A € &, then
) ? : ¢.B c [y.
v o fAVDB €€ o then A € [v
* or®.B € [5.
Rlees Rlecgen it =(A V B) € &, then

\ | / b -A-Bels.
?
5 ? If M*F € &, then ®,FW € [y
& v foreach W € cwffq (X).

if —l*F S ®, then
¢, ~(Fw) € Iz for any pa-

Acessp

rameter wo, € 2, which does

full function domains
\ not occur in any sentence of .
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Abstract Consistency

Accge

| ,_, .
Wé('\

Q(ccﬁ,c

Q[c%

\?
//v \

Acegy,

Accgep

. S
N w//

Acessp

full function domains

v
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Properties for %lccg

Properties for Extensionality
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Abstract Consistency

?

o

Accge

Qlccﬁ,c

(©Benzmiiller 2006

?

L
V/V" //V

A
\

- |

N2

Qlc Cﬁf b

full function domains

v

Properties for %lccg

Properties for Extensionality
f -(A =° B) € o, then
A —-B € Iy or ,-A B €
5.

—p.44



Abstract Consistency

Q[CCB Properties for %lccg
/ . \
Accge Qlcc[gn
Properties for Extensionality
' ' f -(A =° B) € o, then
! b A—-B € Iyo &-AB €
5.

2lcc cc :

Bf pEb Vi rA Y B and A € O, then

\ ®,B € I
? Vi /

full function domains

v

(© Benzmiiller 2006 —p.44



Abstract Consistency

?

full function domains

v

(©Benzmiiller 2006

Properties for %lccg

f -(A =° B) € o, then
bA-B € Iy or -AB €
[z

Bn

f A = Band A € ®, then
¢ Bclk.

it —(AXa0.M —a—h
AXq-N) € ®,  then
&, ~([w/XIM =7 [w/X]N) €

[s- for any new wqo € 2 .
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Abstract Consistency

£ Y N

(©Benzmiiller 2006

P TN

Vi Rlecgy,

full function domains

\/

Properties for %lccg

f -(A =° B) € o, then
bA-B € Iy or -AB €
5.

BN

f A = Band A € &, then
¢ BeEl.

it —(AXq.M —a—h
AXq-N) € ®,  then
&, ~([w/XIM =" [w/X|N) €

[s- for any new wqo € 2 .

it =(G =“"F H) € o, then
®,-(Gw =P Hw) € I5 for any

new Wy € 2 .
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Abstract Consistency

Properties for %lccg
e
\ Vi ™
/ V N\
2[cc5§ Qlcc[gn

~ _ . o
w % /|
% ° ¢ v, f -(A =° B) € o, then
v Vb ! v bA-B € Iy or -AB €

[5-.
2lcc5f Q[Cng[, \Y%: s
Vi

/
% ®Bc k.
b

/‘571

B and A € O, then

. 2(WXeM S
AXq-N) € ®,  then

I
n
&, ~([w/XIM =7 [w/X]N) €

[s- for any new wqo € 2 .

full function domains = f (G =*7P H) € 9, then

®,-(Gw =P Hw) € I5 for any

new Wgo € 2 4.
(© Benzmiiller 2006 —p.44

SI(T)




Abstract Consistency

Thm.: (Model Existence)
Saturated abstract consistency implies model existence

Appl.: (Completeness proofs by pure syntactical means)

FZG = {®|P is C-consistent} is a saturated Acc,

(©Benzmiiller 2006 - p.45
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