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Mathematisc he Assistenzsysteme

Assistenzsystem fur die Mathematik:
m Beweisen mathematischer Aussagen
B Mathematische Berechnungen
® Verwaltung mathematischen Wissens in Datenbanken

® Multi-modale Interaktion mit dem Mathematiker:
Graphische Reprasentation, Hypertext, Dialog

®m Lehren mathematischer Inhalte
B Exploration neuen mathematischen Wissens

m Verifikation mathematischer Texte

= Ressourcenbiundelung erforderlich
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Beweisen mathematisc her Aussagen

Frege, Russel, Hilbert pradikatenkalkiil und Typentheorie als
formale Basis fir die Mathematik

Ve,y,z.(x + (y+2)) = ((z +y) + 2)

Gentzen Kalkil des Natiirlichen SchlieRens (ND)

ND-Regeln

(Bsp.) A:>BB A mp ND-Beweis fiir (AAB) = (BA(CV A))
A B AT [A]l [A A BJy
AAB : [A A BJ; A\
AAB B . B N CVA Vi
A M aop =l BA(CVA) N 1
AN (AAB)= (BA(CvA)) 1

B
B /\Er ... USW. ...
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Beweisen mathematisc her Aussagen

Robinson (1965): Resolutionskalkll als Grundlage zur Automatisierung

CLense
Deseenar e

Tgremes
Prryvies

Bild: J6rg Siekmann

ioms !umm 5.
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Beweisen mathematisc her Aussagen

Erfolge: Robbins Lemma wurde erstmals bewiesen mit Maschine (EQP) in 1997

Beispielbeweis durch OTTER fiir: +/2 ist irrational

Problemeingabe

ZHere's an input file that gets a proof guickly.
EMote that he has a cancellation rule for multiplication.

set(auto).
seti{ur res).
3331gn{max distinct wars, 1.

listiusable).
H o= K

mil, =) = =,
miz, 1) =

m, miy, z}} = mimix=, yi, ).
My, = miy.x).

miz, ¥l = mixz) | ¥

-dioy) | omx £ ?I':I

miz, z) = v | dix

¥ .
—diﬁ;mix,w) | di2,2) | diZ y).

mia,a) = m{2, mb, b)),
—-dix, a} | -dizxbh) | = =1
2 1= 1.

end_nf_llat

Eidentity

fassoclativity
Ecommutativity
#cancellation
%¥this and next line define diwides

%2 2 is prime (with 12)
z a/h = sqrt(Z)

% a/h 15 in lowest terms
% I almost forgot this!

Beweisausgabe

———————————————— PROOF --—-—————mmm -
1 [] miz vil=mix, =) |y=5.

2 [] -diz= vl Imix £ixyi)=y.

3 [] mizyil=z|dix z).

4[] -diZ, mixy))1di2, =) [d(2, v).

5[] -di=.a)| -dix h)|x=1

B[] 21=1

T [factor, 4,2, 3] A2, m{x ) 1AL, =),

13 ] mix miy, =) )=m{nix, v}, =).

14 [copy, 13, £f1ip. 1] mim(z= v, 2)=mix miy, )3 .

16 [] mi= v)=m(y, x).

17 [] miz a)=miZ, mh, b)),

18 [copy, 17, f1lip. 1] miZ. mib, B)i=mia, a).

30 [hyper,18,3] d{Z, m{a, 2)).

39 [para_from,18.1.1,1.1.1] mia, a) l=m (2, =) |m{h, b} =x.

42 [hyper, 30, 7] d(Z,a).

46 [hyper, 42, 2] m(Z, £{2,a))=a.

48 [ur, 42, 5,68] -diZ, h).

B0 [ur,48 7] -d{&, mih, b)),

B9 [ur, 50,3] mi{g,x) l=mih,b).

60 [copy.59,f1ip. 1] mib, B 1=m{2, =) .

145 [para_from, 46.1.1,14.1.1.1, flip. 1] m{Z, m{Ef {2, a), =) )=m{a, ).
139 [ur B0, 39] mia, a) l=m(2, m(2, 217,

190 [copy, 189, flip. 1] mi2, m{2, %)) I=m{a, a).

1261 [para_into, 1451 1. 2,16.1.1] mi2, mix, £{2,2) ) 1 =mia, x).
1272 [para_from, 145.1.1,190.1.1. 2] m(2, mia, =) ) l=m{a, a).
1273 [binary, 1272.1, 1261.1] &F.

———————————— end of proof --———----——---
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Beweisen mathematisc her Aussagen:

Beweisplanen:  Domanenspezifisches Schliel3en auf abstrakterer Ebene
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Beispiele fur Beweismethoden:

Klassische Automatische Beweiser:
M Diagonalisierungsprinzip
M Integration in Beweismethoden
M Induktionsbeweis
B und in Steuerungsheuristiken

+ heuristische Steuerung
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Beweisen mathematisc her Aussagen:
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Uberprifung der Korrektheit
durch ...
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Beweisen mathematisc her Aussagen:
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Beweisverfeinerung (Expansion)
Uber mehrere Ebenen
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Beweisen mathematisc her Aussagen:
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evtl. unterstitzt durch
klassische Automatische Beweiser ...
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Beweisen mathematisc her Aussagen:
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abschlielRende Verifikation auf der
elementaren Logikebene
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Beweisen mathematisc her Aussagen:

(AMEGA Bewelisobjekt

Abstract Proof Plan

uoisuedx3y

Abstraction

Higher Order Natural Deduction
Proof Object
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Beweisen mathematisc her Aussagen:

Uberbriickung des Kommunikationsproblems

Abstract Proof Plan

Teilproblem l

m —>

g Y TRAMP

o= o | -

"6' QO

© a g Transformation in Reprasentation des Al
— —

7 o = Aufruf des ATP

Qo S =

<< Bl Rekonstruktion des ATP—-Beweises

Transformation zu ND-Beweis

ND-Teilbeweis
(in OMEGA Sprach®)

Higher Order Natural Deduction
Proof Object
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Computer Algebra Systeme

Erste Rechenmaschine: Abakus (ab ca. 500 v. Chr.)

-4 = Finished

That's the answer.

Sulwng first degree [Ilncar] equatmns Problem 13

Fnshed]’ §rz.ph Pe EdtNet

the prablem

add 5

multiply by 2
subtract 6x

change signs

Wilhelm Schickard’s Rechenmaschine
(1592 - 1635)

MathPert System (Michael Beeson)

Heutige Systeme: Derive, MAPLE, MathCad, Mathematica, Reduce, ...
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Computer Algebra Systeme

Komplementare Schwachen und Starken von Beweisern und Computer
Algebra Systemen
B Beweiser: Schwachen bei der Symbolischen Berechnung
W Berechnung als Beweissuche
M logische Reprasentationen schlecht flir Berechnung
B Computer Algebra Systeme: Schwachen beim Symbolisches
Schliel3en; eingeschrankte Tauglichkeit als Beweiser
W Algorithmen abstrahieren von Nebenbedingungen
B Bsp.: 1 = 2=2 gilt nur falls = # 2

x_

= Integration von Beweisern und CAS erstrebenswert
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Computer Algebra Systeme:

Methode2 \ Methode3 \
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Computer Algebra Systeme:

M Integration in Beweismethoden

M und in Steuerungsheuristiken
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Computer Algebra Systeme:

Uberbriickung des Kommunikationsproblems

Abstract Proof Plan

Berechnungsproblem l

CASs

m MAPLE Il
c
Qo S Sapper
C QO MATHEMATICA el
© a @ Transformation in Représentation des C/
o = S -
I o COSIE z Aufruf des CAS
Q0 S =
<t =

™ Rekonstruktion der CAS-Berechnung

Transformation zu ND-Beweis

ND-Teilbeweis
(in OMEGA Sprache)™

Higher Order Natural Deduction
Proof Object
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Mathematisc hes Semantisc hes Web:

MATHWEB-sb: Ein Netzwerk mathematischer Service Systeme im Internet

UNIGE

Active request
math [~ Broker Otter
C“ent ____________ Mosh ------- MS
(XMLRPC) accept/deny (02) ——
MS
.| CoSIE
DORIS o3
Client Broker
- 7 Maple
MS
USAAR .
------ = MBase
/'/ ~. e
Qmega
l - Qm
Client | I W Mgga
(ACL) '
| TPS Bliksem
- T firewall MS e
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Mathematisc he Wissensbanken

B Ontologie mathematischer Theorien: Mengen, Relationen,
Funktionen, ..., Gruppen, ..., natirliche Zahlen, ..., relle Zahlen,

B Theorie: Definitionen, Axiome, Lemmata, Theoreme, Beweise, ...

B komplexe Vererbungshierarchie gemald Ontologie

Eindrucksvolle mathematische Wissensbank: MIZAR (www.mizar.org)

Journal of Formalized Mathematics, Volume 15, 2003
Table of contents

4. On the Hausdorff Distance Between Compact Subsets by Adam Grabowski
5. Chains on a Grating in Euclidean Space by Freek Wiedijk
6. Bessel’s Inequality by Hiroshi Yamazaki, Yasunari Shidama, and ...
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Mathematisc he Wissensbanken:

MBASE

M grosse mathematische Wis-
sensbank

M aus QMEGA Projekt hervorge-
gangen

B Import von MizAR Daten nach
MBASE madglich

Kooperation mit
M. Kohlhase, CMU, USA

mega

Theorem Proverhneeds structured and adjusted d

uniform, adjusted 'semantic’ requests
data

. . collecting of data
Mediator: semantic filtering of data

structuring and unifying of data

heterogenous 'syntactic’ requests
data

Database: syntactic filtering of data
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Interaktion mit dem Mathematiker:

Warum uberhaupt Benuzterinteraktion?
B auf langere Zeit nicht eliminierbar
B wichtig fur Ausbildung und Lehre
|Idealerweise Kommunikation mathematischer Inhalte durch
B Textuelle Reprasentationen
B Graphische Reprasentationen: Beweisgraphen, Diagramme, ...
B Maus, Hypertext
B Natlrlichsprachige Kommunikation
I
Wichtig auch

B Pro-aktives versus passives mathematisches Assistenzsystem
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Interaktion mit dem Mathematiker:

mega

& Lovely Omega User Interface@brandt (Proof Plan: SQRT2-HOT-RAT-1) =lol x|
File Presentation Edit View Go Theories Planner Agents Misc Presentation Exzamples Omega Extem Analogy Omega Basic Tactics Venfy dbas: Options Help
8| +|+ Ex0E &
Lahel Hypothesis Tenm Method Premises
Al |_1 LL rat (sqrt 23 HYP il
Ll RAT-CRITE 1 Existse-Sort L3 L10O
m’gm CRITERID thn“all sort (Ax, (Exists-sor ITHM
Ld {int n? ~ {exists—sort {(Adc HYP
L6 L4 int n ANDEL L4
LS L5 fint m) A {({{{=gqrt 2Z) #* n) :HYP
(e L Gt e A T = B e i) HYP
Lig LT int k ANDEL L17
L19 LR mo= {2 % k) ANDER L
L20 {HigTz =N e ISLAND-TACTI L12 LZ24
Le (i} int m ANDEL LS
{E=) 5 i{izqrt 2} *= nd = m} ~ “{ex ANDER LS
Liz L5 “{exists-sort ¢hdc-255, {comr ANDE L9
(L, 15 flggrt 20 * nd = m ANDE =)
L13 Ld LS (2 % {power n 2} = {power rISLANMD-TACTI L11 L& L8
8211 it 5 {power n 2y = {2 = {power k ISLAMD-TACTI L19 L13 L& L8 L18
j L2z LS Ld L17 evenp {(power n 2} ISLAND-TACTI L21 L& L18
L23 {7z Jils) il EVENR N ISLAMD-TACTI L22 L&
L1d (B lLS) evenp {(power m 2} ISLAND-TACTI L13 Lb L&
(L=} L4 LS eveEnp m ISLAMD-TACTI L1d L&
LZd iz Ll 1 common-divisor nom 2 ISLAND-TACTI L15 L2323 Le LS
v v v L1& L4 L& exiztz-sort (Adc—263,(m = (DefrE L15
[ 1A IE 14 paT o Eloiter nsc e lFE o v
El =] ] = ] =l 3R] =
t Pretty Tenm
o G e =2 Bt e o peli2dix d e = 2d Bl —iid e =2 5 I
E] i 7 A “(exists-sort
(adc-2585, (common-divisor do-248 deo-251 do-25530
l Message} Error} Warning ] Trace 1 inty
A int)}
int
forall-sort
{hx, lexists—sort
Ay, texists—sort
(hz, (iix = yi = 2} » "d{exists-sort {Ad, {common—divisor yw = dry intli?}
inti:
intr:
rat
El JiS = ] ]
He 40 13 So @7 A4 A1 Ao Voo Tot 25 Depth: 0 Command: Show-Original-Froof — Time: 230ms |
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Interaktion mit dem Mathematiker:

& LML Browser =101 |
File Help
¢+ B8
Locotion:

N

Theorem: le?there bea)yin Z such that there exisisazinZ
such thar x*v = z and there is ro d in £ such that d is o common
dnvesor af p and z for all x in Q. Therefore sgrd(2) isn't

Fedional,

Froaf:

Letthere be a ¥ in Z such that there exists az in Z such that
%7 =z and there is no d in Z such that d is a common divisor of
vandzforallxzin Q.

We prove that sqrt(2) isn't rational by a contradiction. Let
sqrt(2) be rational,

Letnin Z and let there be a de_251 in & such that sqri{2)*n =

de 251 and there is no de_ 255 in Z such that de 255 is a common
divisor of n and de 251, Letmin Z, let sqrt{2)*n = m and let

there beno do 255 in Z such that de 255 is a common divisor of 11
andm. W in £ min £ and sqrt(2*n=mlead to 2*n"2 = m"2.
Therefore m"2 is even because nin Z and min £ That implies that
mis even because min 2 That implies that there is adc_263in 2
such that m=2*de_283.

Letkin £ andlet m = 2*k n"2 = 2*k"2 sincenin Z, min Z, kin
Z,m=2*% and 2*n*2 = m"2, That implies that n*2 is even since n
nZandkinZ Thatleads to evennbecauseninZ Hence2is a
common divisor of n and m since mis even, nin Z and min £ Thus
we have a contradiction because there is no de_255 in £ such that
dc_2551s a common divisor of n and m.

QED
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Interaktion mit dem Mathematiker:

mega

Dynamische Generierung von Vorschlagen durch Pro-aktive Agenten

| nter active
User

and/or @

Selector

Rule1

Suggestions

Rule4
Rulel1

Rule 3

Rule 2

*****

******

Partial
Pr oof
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Lehren mathematisc her Inhalte:

Behauptung: Die Mathematikausbildung wird sich durch den Einsatz
mathematischer Lernumgebungen und mathematischer Assistenzsysteme
entscheidend verandern.

= Siehe Vortrag von Erica Melis um 14:30

Beispiel der Verwendung von (2MEGA:

M zur interaktiven Bearbeitung von Beispielaufgaben in der
Mathematik-Lernumgebung ACTIVEMATH

B zur unterstltztenden Steuerung eines naturlichsprachigen tutoriellen
Dialogs
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Lehren mathematisc her Inhalte:

Tutor -1:

Bitte zeigen Sie: (AUB)N (CUD)= (AN B)U(CND)
Student-1.:

(correct) nach deMorgan-Regel-2ist AUB)N(CuD)=AUBUCUD
Tutor -2:

Das ist richtig.

Student-2:

(correct) A U B ist laut DeMorgan-1 AN B

Tutor -3:

Das stimmt auch.

Student-3:

(correct) und C' U D ist ebenfalls laut DeMorgan-1 C N D
Tutor -4: Auch das stimmt.
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Exploration neuen mathematisc hen Wissens

Konnen Maschinen neue mathematischen Beweise finden?

Antwort bereits geliefert Ja
Frage nun:

Konnen Maschinen neue mathematische Strukturen entdecken?

Antwort (eingeschranktes) Ja

B Beispiel: HR System (Simon Colton, Imperial College, London)
hat neue Integer-Sequenzen entdeckt fir Encyclopedia of Integer
Sequences

Ziel vorerst:;

Unterstltzung des Mathematikers bei Exploration

@© Christoph Benzmdiller 2003



Verifikation mathematisc her Publikationen

THE BAKEE-QAMKMELWILLE COITECTIUVEE 850

hoz linssr meszure 0, Hausdof dirmensicn 0, and even logarithmic dicenzion
7 [30]. G. Fetruslo haz shown [38] that the relabed quantity
13

HH )

i

l.u:asup

map azgume any value in [0,1] az A aod ¢ range ower the unit cicls Using his
results, wecan ensily show that R(g) mar sssume sy veluein [0, 1], Gurioosly
Z H I . encugh, the radinz of convergence 8 g) of &, need not coincide with the radine

Ie of meromeorphy of &, that iz, the largest circle centre 0 irzide which &, map
be meromnrphically continusd, On the boundary of that circle, we show thak
K hez s patoral boundary:

B Uberprufung der Korrektheit o e 22 e~ o e s ¢ et et ofnt: et
(&) £y fas o notwral doxndary en the circle {-

mathematischer  Publikationen @) L2 i) 2 e

H H by &, hae a nabemi bowndary on e eirele 20 |2 = 1. Memeuer,
durch mathematische Assistenz- o 4 g ot s e, () i someme sy s 1]

[e] Forg @ G, Rlg) =plg) =1 n parkcsar, His fe dree for ae. o

Systeme We are oot sure if p(g) mer s2zome values < 1, but are inclined to beliars

that alwaps g(q) = 1. At lesst for “mest™ o, the above result asserks thak H,
iz given by (1.3) inzide its radiuz of merome rphy.
We are alsn inberested in how £y variss sz ¢ does, especislly near rooks

Erste Verlage/Journale denken bereits o unif, 2 the bk of Hy bould then et s and e o e
. . . . . Tueorer 2.3, Letln| =1,k = 1, and assume fhat
Uber machinentberprifbare Beweise @ iy 4=
(&) Then umiformiy in compart subsete of {2 1|z] = 5:[.‘[:}:5[}:
nach ... (29) L () = H, ).
(b) Zet F= L and let g be a primitive & reot of wity, and
{z.10) plad = 20 kL
Let [}y and (- be open comnected ecte with (37 © (3. and () confaiming a

branehgoint ef 2, that is, rontaining one of the £ valwer of [——:ll"(
meresuer Mot

el =
sl
)

Aggrme

[2.11) sEfy = gt lER
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Zusammenfassung

B spannendes, ambitioniertes und multi-disziplinares Forschungsfeld
B (OMEGA-Team eines der weltweit grofdten Teams auf diesem Gebiet

B Ressourcenbtndelung durch Kooperationen erforderlich
B An UdS: DFKI, SFB 378, Computerlinguistik (Prof. Pinkal)

B EU Netzwerke:
CALCULEMUS (2MEGA-Team ist Coordinator), MKMNet

B Carnegie Mellon University, USA

B The University of Edinburgh, Scotland

B The University of Birmingham, England
B Cornell University, USA

B ... viele weitere Kooperations-Partner . ..
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Demonstration: Direkt nach Vortrag

Theorem: /2 is irrational.

Proof: (by contradiction)

Assume /2 is rational, that is, there exist natural numbers m, n with no
common divisor such that v/2 = m/n. Then ny/2 = m, and thus 2n? = m?2.
Hence m? is even and, since odd numbers square to odds, m is even; say
m = 2k. Then 2n? = (2k)? = 4k?, that is, n? = 2k?. Thus, n? is even too,
and so is n. That means that both n» and m are even, contradicting the fact
that they do not have a common divisor.

Demonstration durch: Martin Pollet und Armin Fiedler
12:30 Uhr, Foyer
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Demonstration: Direkt nach Vortrag

Proof:

Let 2 be a common divisor of x and y if x is even and y is even for all y € Z for all x € 7Z. Let
x be even if and only if 22 is even for all z € Z. Let there be a y € Z such that there exists a
z € 7Z such that x - y = z and there is no d € Z such that d is a common divisor of y and z for
all x € Q.

We prove that v/2 isn't rational by a contradiction. Let +/2 be rational.

Let n € Z and let there be a dcagg € Z such that /2 - n = dcagg and there doesn'’t exist a
dcars € Z such that dcyrg is a common divisor of n and dcogg.

Let m € Z, let /2 - n = m and let there be no dca7g € Z such that dco7g is a common divisor
of n and m.

We prove that m? = 2 - n? in order to prove that there is a dcogy € Z such that m? =

2 . dcagr. m2 = 2 - n? because v2 - n = m.

Hence m? is even. Hence m is even since m € Z. Thus there exists a dcss43 € Z such that m
=2 d0343.

letkeZandletm =2-k.2 € Z.

We prove that n? = 2 - k2 in order to prove that there is a dcss3 € Z such that n? = 2 - dcsss.
n?=2-k%?sincem?=2-n*andm =2 -k.

That implies that n2 is even. That leads to even n because n € Z. That leads to a
contradiction because m € Z, n € Z, there is no dca79 € Z such that dcarg IS @ common
divisor of n and m, m is even and 2 € Z.

|
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